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Image reconstruction in off-axis terahertz digital holography is complicated due to the harsh recording conditions
and the non-convexity form of the problem. In this paper, we propose an inverse problem-based reconstruction
technique that jointly reconstructs the object field and the amplitude of the reference field. Regularization in the
wavelet domain promotes a sparse object solution. A single objective function combining the data-fidelity and
regularization terms is optimized with a dedicated algorithm based on an alternating direction method of multi-
pliers framework. Each iteration alternates between two consecutive optimizations using projections operating
on each solution and one soft thresholding operator applying to the object solution. The method is preceded by
a windowing process to alleviate artifacts due to the mismatch between camera frame truncation and periodic
boundary conditions assumed to implement convolution operators. Experiments demonstrate the effective-
ness of the proposed method, in particular, improvements of reconstruction quality, compared to two other
methods. ©2023Optica PublishingGroup

https://doi.org/10.1364/JOSAA.504126

1. INTRODUCTION

Terahertz (THz) waves refer to electromagnetic radiations
with a frequency of 0.1–10 THz, located between the infrared
and microwave frequencies. The THz band owns the unique
property of penetrating non-polar materials such as polymers,
fabrics, biological tissues, and semiconductors without ion-
ization damage [1–3], making THz imaging an emerging
technique of high potentials in security, biomedical, and indus-
trial non-destructive testing applications [4,5]. Terahertz (THz)
imaging techniques have been growing for the last decades.
Various imaging techniques have been successfully migrated
from the visible to the THz band [5]. Digital holography (DH)
was one of the first techniques in the coherent lensless imag-
ing family implemented in the THz band [6]. It permits to
reconstruct the complex wavefront ψ of an object from one
interference pattern recorded by a digital image sensor. Various
configurations for holographic setups exist [7] including the
two complementary techniques of Gabor inline and off-axis
holography. For the THz domain, the off-axis configuration is
an appropriate choice when the investigated object is non-sparse
and complex, as discussed in [8]. This configuration uses off-axis
illumination with a separate reference beam (see Fig. 1).

Image reconstruction in off-axis DH consists in recovering
the object field ψ from intensity measurements. Compared to
the visible configuration, the off-axis THz DH suffers from a

Fig. 1. Off-axis DH setup.

few particular problems that make the reconstruction task chal-
lenging [9]. First, the recording distance should be minimized
to several centimeters to get a reasonable lateral resolution. Such
a limited configuration makes the injection of reference wave
more difficult, possibly causing excessive diffraction fringes that
degrade the reference wave uniformity. Second, due to the large
wavelength range, the diffraction effect is more significant in
the THz range. The excessive diffraction caused by the optic
mounts or the camera housing contributes to bright and dark
fringes deteriorating the reference wave uniformity. Finally, the
pixel resolutions of the THz cameras are lower than the visible
cameras. The above-mentioned problems inevitably deteriorate
the reconstruction quality.
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Classical reconstruction approaches rely on filtering in the
Fourier domain [10]. In particular, in the direct Fourier method,
the reference beam is set to an oscillating function that shifts the
spectral content of the input image and allows recovery of the
object field by removing the zero- and minus one-order terms
of the spectral information [11,12]. However, classical Fourier
approaches are corrupted by ringing artifacts due to the loss of
high-frequency components.

Inverse problem (IP)-based methods are alternative
approaches for solving reconstruction problems in various
fields of imaging. They consist of estimating images by minimiz-
ing an objective/cost function promoting both a good fidelity
to the available observations and specific image structures. In
off-axis DH, the reconstruction problem is complicated due
to its non-convexity form and the difficulty of estimating the
amplitude of the reference field that displays slow spatial varia-
tions due to the non-ideal holographic devices. In off-axis DH,
the first IP-based approaches come from the work of Sotthivirat
and Fessler [13–15] using a penalized-likelihood objective func-
tion and a regularization based on an edge-preserving filter. The
objective function is minimized by solving a simple surrogate
problem with an iterative algorithm.

To cope with the non-uniformity of the reference field ampli-
tude, Bourquard et al. proposed an IP-based technique in which
an additive unknown map α is introduced to represent the
relative intensity of the reference beam [16]. The optimization
is obtained in a dual-step way: the data-fidelity term is min-
imized up to a given precision, and then the object solution
is regularized by a total variation (TV) regularization (both
minimizations being solved with gradient-descent algorithms).
This method demonstrated that IP-based methods can greatly
reduce ringing artifacts and slightly increase resolution recov-
ery compared to classical Fourier methods. Furthermore, it is
robust to noise and data sub-sampling [9,17,18]. Nevertheless,
this method suffers from weaknesses. The TV regulariza-
tion, promoting sparsity in the gradient domain, is adapted to
cartoon-shape, piecewise constant models [19]; this is, however,
not a realistic hypothesis for all images depending on the shape
of the object being observed. The interleaving of two separate
objective functions in the data and solution spaces leads to slow
convergence [17] and can miss points that jointly minimize the
data-fidelity and regularization terms. More recently, Schretter
et al . presented in [17] another IP-based technique in which
the non-convex problem is replaced by a sequence of surrogate
convex problems using a simple projection operator on a sub-
space of solutions in the data domain. The convex problems
are solved with a Nesterov acceleration of the simultaneous
Kaczmarz method. No explicit regularization is employed, but
instead the solution ψ with minimum `2-norm in the wavelet
domain is selected. The amplitude of the reference field is not
introduced as a variable of the problem, but instead a global gain
calibration factor is estimated at each iteration and integrated
into the projection operator.

The works of [16,17] considered off-axis DH reconstruction
in the visible domain. In this work, we propose an IP-based
reconstruction technique for off-axis DH in the THz domain.
As the technique [16], it jointly reconstructs the object field ψ
and the amplitude of the reference fieldα. In the visible domain,
the modeling of α by a function showing slow spatial variations

is compliant with the reality. In THz, the homogeneity of the
reference field amplitude is disturbed with fringes. In [16], the
αmap is defined on a sampled 2D pixel grid that can be as fine as
the one of ψ , and the only regularization applied to it is the
possibility to down-sample it. This is incompatible with the
smoothing property of α and, due to the increase of unknowns
making the reconstruction problem more ill-posed, leads to slow
convergence and often divergence when the down-sampling is
not chosen adequately. To avoid such issues, in this work, we
consider a simpler model for the α map. Indeed, if we do not
take the fringe disturbances into account, we can consider α
as a smooth function that is, in first approximation, spatially
constant. Such assumption reduces the model of α to one single
parameter. Contrary to what has been suggested in [16,17],
in this work, a single objective function combining both data-
fidelity and regularization terms is optimized. Our scheme
thus targets the finding of critical points (local minima) of this
function, which can be missed by the alternate formulation. A
`1-norm regularizer expressed in the wavelet domain provides a
sparse solutionψ .

The optimization of our reconstruction method relies on a
dedicated algorithm involving an alternating direction method
of multipliers (ADMM)-based framework. Examples of its
application for solving other phase retrieval problems can be
found in [20,21]. However, as far as we know, this has never
been applied to off-axis DH reconstruction. In addition, we
developed an extension of the original ADMM algorithm to
consider α as a variable of the problem. Each iteration of our
optimization algorithm alternates between two consecutive
optimizations: one with respect to variable ψ and one with
respect to variable α. The optimizations use projection oper-
ators derived from the one defined in [17] to minimize the
data-fidelity terms and one soft thresholding operator to mini-
mize the regularization term. The projections operate not only
on solutionψ but also on solutionα.

Our method, as many other reconstruction methods, adopts
a periodic boundary condition (BC). Such assumption is
unnatural but merely motivated by computational convenience.
Nevertheless, in the case of off-axis DH in the THz domain
where the frame is truncated by the camera, a periodic BC
assumption creates discontinuities in the input image by peri-
odic reproduction. This mismatch produces oscillation artifacts
emanating from the boundaries of the solution throughout
the whole image [22–25]. In the proposed method, a simple
pre-processing by apodization is adopted, as in [8], to alleviate
these artifacts.

2. OFF-AXIS DIGITAL HOLOGRAPHY

A. Geometry

The setup of off-axis DH is depicted in Fig. 1. A laser beam
is separated by a beam splitter into two parts with equivalent
intensity: the reference and the object beam, traveling in differ-
ent directions. The camera then records the interference pattern,
i.e., a hologram.
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B. Forward Model

The general continuous DH model that we consider is standard
in the literature [16]. In the case of a thin object, located at
z=−d from the detector plane, the observed intensity y (x) at
spatial position x is then given by this forward model:

y (x)= |o(x , 0)+ r (x , 0)|2, (1)

where o(x , z) and r (x , z) denote the (complex) object and
reference fields at position x and depth z≤ 0, respectively. The
object field measured at z= 0 amounts to a blurred observation
of the objectψ(x)= o(x ,−d) that we want to estimate,

o(x , 0)= (Adψ)(x , 0),

where Ad is the instrumental point spread function. Its
expression in the Fourier domain results from the successive
application of the spatial-frequency cutoff function associated
to the microscope objective and the digital propagation function
with distance d (see, e.g., [16]).

However, in addition to ψ , the amplitude function
α(x)= |r (x , 0)| of the reference field r is also unknown
and must be estimated. Introducing8(x)= arg(r (x , 0)) as the
phase of r , and r̄ = e−i8, Eq. (1) becomes

y (x)= |(Adψ)(x , 0)+ (αr̄ )(x , 0)|2.

The sampling induced by the N-pixel camera followed by the
vectorization (transforming images into vectors) results in the
following discrete forward model:

ȳ= |o+ α� r|2 = |Adψ + α� r|2

where the square modulus is applied component-wise onto
vectors, the vectors ȳ ∈RN

+
, o ∈CN , ψ ∈CN , α ∈RN

+
, and

r ∈CN are obtained by sampling and vectorizing the func-
tions y , o , ψ , α, and r̄ , respectively, and Ad ∈CN×N is the
doubly block circulant matrix associated with the filter Ad . In
this work, we assume that α is spatially constant (see introduc-
tion), i.e., α = (α, . . . , α)ᵀ; therefore, the previous expression
becomes

ȳ= |o+ αr|2 = |Adψ + αr|2. (2)

The discrete forward model also takes into account the exter-
nal disturbances (noise) intrinsic to the physical measurement
process. Due to its simplicity, an additive white Gaussian noise
(AWGN) model is typically adopted in imaging systems as DH
where the true noise model is unknown [26]. This consideration
yields

y= ȳ+ n (3)

where n ∈RN represents an AWGN noise of varianceσ 2.

3. RECONSTRUCTION METHOD

A. Reconstruction Problem

The objective of off-axis DH reconstruction is to deduce
from the recorded measurements y the unknown complex
image ψ and the (unknown) amplitude α, in other words,
to solve the inverse problem related to the forward relation

in Eqs. (2) and (3). This is an instance of the phase retrieval
problem [27], that is, the recovery of a complex signal from
the magnitude of a transform of that signal. With an IP-based
approach, the objective of off-axis DH reconstruction is to
retrieve two estimates ψ̃ and α̃ by minimizing the following
data-fidelity term, or cost function, which measures the distance
between the actual measurements and the ones given by two
candidates and the forward model defined as Eqs. (2) and (3):

D(ψ, α)= ‖ y− |Adψ + αr|2‖2
2 . (4)

Solving this problem is challenging. First, it is non-convex
relatively to the unknowns ψ and α. This can be seen by the
cross-term obtained when developing the square modulus in
Eq. (4). Therefore, D can have many local minima. Second,
the problem is ill-posed: it is undetermined since the number
of unknowns (the dimension of ψ and α) is larger than the
number of measurements (the dimension of y), which makes it
difficult to separate solutions ψ and α. Moreover, it is unstable
and highly sensitive to noise due to the frequency distribution
of the operator Ad . Therefore, regularization is mandatory for
selecting a meaningful solution among all compatible solutions.

We regularize the solution ψ in the wavelet domain by min-
imizing the `1-norm of its wavelet coefficients for promoting
sparse solutions [17,28]. We consider here the frame synthesis
(FS) formulation of the wavelet-based regularization [22,29]
where the regularizer is applied to the frame coefficients and
the image to reconstruct is synthesized from its frame coeffi-
cients. As in [17], the wavelet representation is obtained by the
discrete wavelet transform (DWT) [30] with the biorthogo-
nal Cohen-Daubechies-Feauveau (CDF) 9/7 wavelet and is
implemented with the lifting scheme representation [31]. This
wavelet, used in the JPEG 2000 compression standard for lossy
compression [32], was recommended by Bettens et al. [28] for
yielding sparse representations and robust reconstructions for
compressive DH.

We rewrite the noise-free model of Eq. (2) and the data-
fidelity term of Eq. (4) with respect to the wavelet coefficients cψ
ofψ as

ȳ(cψ , α)=
∣∣Ad W −1cψ + αr

∣∣2, (5)

D(cψ , α)= ‖ y− ȳ(cψ , α)‖2
2, (6)

where W is the matrix of fast DWT. Taking into consideration
these equations, the wavelet-based regularization of the off-
axis DH reconstruction leads to the following minimization
problem:

(c̃ψ , α̃)= argmin
cψ ,α

D(cψ , α)+ λ ‖cψ‖1, (7)

whereλ> 0 controls the regularization strength.

B. Reconstruction Algorithm

The minimization problem Eq. (7) is non-convex. Despite the
lack of guarantees of convergence toward an optimal solution,
we still use a convex optimization algorithm to solve it, in this
case, an algorithm inspired by the ADMM approach. The
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ADMM is a particular variant of the augmented Lagrangian
methods (ALM) that are part of a certain class of algorithms
for solving constrained-optimization problems (COP) and
were originally known as the method of multipliers [33]. The
ALMs replace a COP by a series of unconstrained-optimization
problems and add a penalty term to the objective function.
The ADMM, originally proposed in [34], has been extensively
explored in recent years in wide variety of problems such as
image processing [35], applied machine learning and statis-
tics [36], sparse optimizations, and other relevant fields [34].
Most of the works on the ADMM algorithm focused on the
real domain. The application to off-axis DH problem is made
possible by the generalization of the ADMM algorithm to the
complex domain presented by Li et al. in [33], called here the
ADMMCP algorithm. We developed an extension of this algo-
rithm to integrate the dependency of the optimization on the
variable α, which is presented in Appendix B. The application
of the ADMMCP algorithm to off-axis DH reconstruction
problem requires the computation of proximity operators of the
data-fidelity function, which is detailed in Appendix C.

Our extended ADMMCP algorithm, described in
Appendix B, is intended to solve problems in the form of
Eq. (B3). We adapted it for solving problem Eqs. (5)–(7). First,
we express Eq. (7) in the form of Eq. (B3), where x1 = cψ ∈
Cx1 ⊂CN , x2 = α ∈Cx2 ⊂R, z1 ∈Cz1 ⊂CN , z2 ∈Cz2 ⊂R,
f (x1, x2)= D(x1, x2), g 1(z1)= λ ‖z1‖1, g 2(z2)= 0,
A1 = A2 = I , B1 = B2 =−I , c1 = 0, and c 2 = 0. Since
the matrices Al and B l are not singular, we use the expression
Eq. (B6) of the extended ADMMCP iterations. In addition,
for the variable x2 = α, the equality prox0(v)= v permits the
reduction of the three related iterations to the single iteration
αk+1
= prox 1

2ρ D(α
k). Therefore, the iterations of the extended

ADMMCP become
ck+1
ψ = prox 1

2ρ D(z
k
− uk)

zk+1
= prox λ

2ρ ‖·‖1
(ck+1
ψ + uk)

uk+1
= uk

+ ck+1
ψ − zk+1

αk+1
= prox 1

2ρ D(α
k)

.

The cψ - and the α-updates use the proximity operator of the
same function D implicitly considered as a single-variable
function of cψ and α′ = αr at the first and fourth line, respec-
tively; they are respectively obtained by replacing in expressions
Eqs. (C9) and (C10) of the proximity operators v by zk

− uk

and byαk for γ set at 1
2ρ . The z-update is given by the proximity

operator of the `1-norm, which is the soft-thresholding operator
extended to the complex domain [33]. If Sγ denotes this opera-
tor for the threshold γ , the z-update is zk+1

= S λ
2ρ
(ck+1
ψ + uk).

Since Eqs. (C9) and (C10) do not depend on parameter γ , the
expressions of cψ - and the α- updates do not depend on param-
eter ρ, the dependency to this parameter in the z-update can be
removed, and the previous iterations become

ck+1
ψ = W A†

d P b,δ(Ad W−1(zk
− uk)), b= αk r

zk+1
= Sλ(ck+1

ψ + uk)

uk+1
= uk

+ ck+1
ψ − zk+1

αk+1
= 〈|P b,δ(α

k r)|〉, b= Ad W−1cψ

, (8)

Algorithm 1. ADMMCP-based algorithm

1: Initialization: c0
ψ = 0, α0

= 0, z0
= 0, u0

= 0
2: while stopping condition not reached do
3: b← αk r
4: ck+1

ψ ←W A†
d P b,δ(Ad W−1(zk

− uk))

5: zk+1
← Sλ(ck+1

ψ + uk)

6: uk+1
← uk

+ ck+1
ψ − zk+1

7: b← Ad W−1cψ
8: αk+1

←〈|P b,δ(α
k r)|〉

which leads to the ADMMCP-based algorithm for the problem
of Eqs. (5)–(7) (see Algorithm 1).

This algorithm alternates between two consecutive optimiza-
tions: one with respect to ψ and one with respect to α. Each
optimization uses one projection operator P b,δ , defined by
Eq. (C7) and based on the projector defined in [17] to minimize
the data-fidelity term, and the optimization with respect to ψ
uses one soft thresholding operator to minimize the regulari-
zation term. Contrary to what has been proposed in [17], the
projections operate not only onψ but also onα.

Algorithms dedicated to inverse problem approaches involve
a set of parameters controlling the optimization process. For
clarity, we use the term hyperparameters, borrowed from the
machine learning field, to name such parameters and distinguish
them from the parameters estimated by the learning process.
For coherence, we also use this term for the parameters con-
trolling the quality of the reconstruction of the classical Fourier
methods. In our experiments, we fix the number of wavelet
decomposition levels at the largest possible value (depending
on the dimensions of the solution ψ) and the hyperparameter
µ involved in the definition of the projection operators P b,δ

at µ= 3. The constant σ that quantifies the noise level and is
also used in the definition of P b,δ can be seen as another regu-
larization hyperparameter due to its difficult estimation and its
effect on the regularization [see Eq. (C7)]. In addition, to use
the advantages of the wavelet-based regularization for adjusting
the regularization of the components of ψ according to their
resolution, we introduced a dependency on the levels l in the
regularization strength by defining λ(l)= λ f −(l−1)( f ≥ 1).
A value of f larger than 1 has the effect of decreasing the regu-
larization strength as l increases and, thus, as the resolution
decreases. Using such setting for f has, thus, the effect to more
regularize the high-resolved structures. Our algorithm depends,
thus, on only four processing hyperparameters: the regulariza-
tion strength λ, its modulation factor f , another regularization
hyperparameterσ , and the number of iterations ni .

Since the cost function of problem Eq. (7) is non-convex,
the solution obtained with a convex optimization algorithm
should depend on the initialization. Nevertheless, in practice,
we observed that our algorithm converges to the same solution
regardless of the initial estimates. We set the initial estimate of
ψ as the solution of the direct Fourier method since it leads to a
faster convergence.

C. Protocol for Adjusting Hyperparameters

The adjustment of the hyperparameters is a complex work due
to the high dimension of the hyperparameters space. To pro-
vide a strategy, we established a protocol based on the analysis
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of the influences of the hyperparameters on the quality of the
reconstruction with the help of following criteria: visual charac-
teristics as the proportion of artifacts and details in the solution
ψ and performance measures computed between the solution
ψ(α) and its true distribution ψ0(α0). The following com-
plementary similarity measures were used: the signal-to-noise
ratio (SNR) and the structural similarity index measure (SSIM).
The SNR is inversely proportional to the magnitude of the
reconstruction error. It ranges between [0, +∞], and a higher
SNR value indicates less difference between the reconstructed
image and its original distribution. The SNR measure is relevant
from a mathematical point of view, but it is not always inform-
ative since it does not correlate well with visual evaluation.
The SSIM was developed to circumvent this problem [37]. It
ranges between [0,1], and a higher SSIM value indicates better
similarity between the reconstructed image and its original
distribution.

It is instructive to note that, even if the protocol has been
proven on synthetic data, it does not depend on the performance
measures for its application to real data. The protocol is as fol-
lows. In a first step, the hyperparameters λ and f are tuned for
adjusting the regularization of the components of ψ according
to their resolution. To that aim, the hyperparameter λ is first
decreased as much as possible to better reconstruct the details of
ψ while not adding artifacts and residual noise; then, the hyper-
parameter f is increased to get a sufficient level of details in the
components of low resolution without adding artifacts, and
finally the hyperparameterλ is increased for reducing the level of
residual noise and correcting a possible lack of uniformity in the
areas of low resolution. In a second step, the hyperparameter σ
is increased to decrease the possible residual noise and artifacts.
In a final step, the hyperparameter ni is increased as much as
possible until there is no significant improvement of the solu-
tionψ . This adjustment is justified because, in our experiments,
the method is convergent in the sense that all criteria used in the
protocol are optimized at a given number of iterations ni = ni 0
and remain stable at larger number of iterations, thus yielding a
solution independent of the choice of ni provided that it is larger
than ni 0.

D. Pre-processing

Periodic boundary condition (BC) is unnatural but merely
motivated by computational convenience. Our method involves
the acquisition system operator and its pseudo-inverse (Ad and
A†

d ) that are convolution operators. The convolution effect
implies that the pixels located near the boundary of the output
depend on pixels of the input outside of its domain. The typical
way to formalize this issue is to adopt a periodic BC that allows
very fast implementation of the convolution using point-wise
multiplication in the Fourier domain, efficiently realized using
the FFT. In the case of off-axis DH in the THz domain where
the frame is truncated by the camera, periodic reproduction of
the input image creates discontinuities. This mismatch pro-
duces oscillation artifacts emanating from the boundaries of the
solution throughout the whole image [22–25]. Such artifacts,
which we call artifacts due to camera frame truncation due
to their origin, are produced by any reconstruction method
assuming periodic BC assumption. The simplest way to alleviate

these artifacts is, as proposed for direct methods, to apply a
pre-processing by apodization [8]. This solution has the defect
of producing a decrease in intensity in the border area of the
reconstructions. For a solution that does not have this limita-
tion, as proposed in [22,38], a more realistic BC—an unknown
BC—instead of a periodic BC should be considered for both
solutions ψ and α. Nevertheless, the proposed pre-processing
technique has the advantage of being simple to implement. As in
[8], apodization is performed with a 2D Tukey window.

4. EXPERIMENTS

We implemented the described reconstruction method in
MATLAB. Executable files of the software are available upon
request from the authors.

The experimental setup is described in Section 4.A. It
involves a laser (2.52 THz, wavelength λ= 118.83 µm) and a
camera (480× 640 pixels with pitch of 17µm).

We have reconstructed synthetic and real data with the
proposed method. For a comparison purpose, we also applied
reconstruction of the direct Fourier method and the method of
Bourquard et al. [16]. The direct Fourier method uses one single
hyperparameter: the cutoff frequency of the low-pass filtering in
the Fourier domain. The main hyperparameters of the method
of Bourquard et al. are εSNR, the precision up to which the data-
fidelity term is minimized converted into SNR, γ , the value
balancing the respective influence of the phase and amplitude
regularizations, µ, the step size of the gradient-descent for TV
regularization, dα , the down-sampling scale for the α map, and
ni the number of iterations. To optimize the reconstruction
quality of the proposed method, we use the protocol described
in Section 3.C. For experiments on the synthetic data, the
optimization of the quality reconstruction required us to set f
at 1.5, which implies an adaptation of the regularization with
respect to the resolution. For experiments on the real data, no
such adaptation was made since the protocol led to the value
1 for f . There is no such protocol for the two other methods.
For the direct Fourier method, we adjust the cutoff frequency to
keep most of the signal of interest while removing most of the
signal of the reference field. For a fair comparison, we developed
for the method of Bourquard et al. an ad-hoc protocol similar
to ours. It is worth noting that the adjustment of the hyperpa-
rameters is more complicated for the method of Bourquard et al.
than for the proposed method due to non-convergence and
interdependence of hyperparameters εSNR and µ. In addition,
to compare the methods in term of the frequency recovery, we
compute the power spectral density (PSD) of the measures y,
their reconstructionsψ , and their true distributionsψ0, in case
of synthetic data.

A. Experiments on Synthetic Data

1. DataDescription

The off-axis angle is set to 45◦ in vertical and horizontal direc-
tions, and the distance between the object and the recording
plane is 8.5 mm. We performed simulations of a highly trans-
parent phase object. The amplitude and the phase distributions
of the simulated object are both a USAF resolution target.
The values of the amplitude and the phase are, respectively,
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Fig. 2. Synthetic data: cases without noise and with noise of
SNR 10.

in the range [0.8, 1] and [0, π ] after normalization. We simu-
lated the amplitude of the reference field with a constant. We
generated several holograms, one without noise and others
with addition of AWGN noise. To evaluate the limitations of
the reconstruction methods with respect to the noise level, we
generated three sets of holograms with different noise levels
corresponding to SNRs in {10,20,30} dB, each of these sets
counting 10 holograms. Figure 2 shows simulation results with-
out noise and with noise of SNR 10. For all the methods, the
hyperparameters are adjusted on one image of each data set and
then are used for each other image in the data set. In the method
of Bourquard et al., the α map can be spatially variable or not.
For a fair comparison, since the true αmap is spatially constant,
we consider the second option.

2. Results

To better analyze the results on synthetic data, we introduce per-
formance measures to quantify the average deviation between
the estimated and true distributions of all solutions: for α,
the relative difference 1α between α and its true value α0; for
ψ , the relative difference 1a

ψ (1p
ψ ) between the means of the

amplitude (phase) ofψ and of its true distributionψ0.
The off-axis DH reconstruction is a difficult problem to solve

due to the mixing between object field ψ and reference field
αr. We first show the influence of an incorrect estimation of αr
on the solution ψ for the proposed method. The conclusions
drawn from this study are also valid for all methods based on
inverse problem approaches.

To estimate the effect of a mis-estimation of the amplitude
of the reference field, we reconstructed the synthetic data by
fixing α at different values around its true value α0 ∼ 0.95
and considering the hyperparameters selected for the normal

Fig. 3. Reconstruction of synthetic data without noise by the
proposed method: effect of incorrect estimation of α (orange arrows
indicate oblique fringe artifacts).

reconstruction (with variability of α). Figure 3 shows the results
for the synthetic data without noise for α = 0.95 and α-values
equidistant from 0.95 at which the reconstruction quality starts
to decrease. As it is shown, a relatively small mis-estimation
of α is enough to reduce the reconstruction quality and the
performance results. More specifically, it produces oblique
fringe artifacts in ψ (see orange arrows) in the direction of the
fringes in the acquired reference field and hologram (see Fig. 2)
and an over-estimation (under-estimation) of α produces an
under-estimation (over-estimation) of the average amplitude
ofψ . The conclusions drawn from this study are valid for all the
selected noise levels, and the only difference is that the quality of
the reconstruction is more sensitive to an incorrect estimation
of α when the noise level is lower. Indeed, the introduction of
high noise levels in the algorithm increases the risk of various
kinds of artifacts and remaining noise that dominates the fringe
artifacts. In addition, for transparent phase objects for which
the amplitude is of low contrast, the deterioration ofψ by all the
artifacts is more visible on its amplitude than on its phase.

To estimate the effect of a mis-estimation of the phase of
the reference field, we reconstructed the synthetic data with-
out noise by fixing α at its true value α0 and by performing
the reconstruction with incorrect phases of r associated to a
same off-axis angle θ in both direction close to its true value
θ0 (45◦). Figure 4 shows the results for θ = θ0 and for values
of θ equidistant from θ0 at which the reconstruction quality
starts to decrease. As it is shown, a very small mis-estimation of
the phase of r is enough to reduce the reconstruction quality
and the performance results; more specifically, it produces line
artifacts in both components ofψ . Therefore, since the off-axis
angles of r are not unknowns of the reconstruction problem, it
is crucial to correctly calculate them. Their estimation, based
on the analysis of the interference patterns of y in the frequency
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Fig. 4. Reconstruction of synthetic data without noise by the
proposed method: effect of incorrect estimation of phase of r.

Fig. 5. Reconstruction of synthetic data: performance measures
with respect to noise level. Comparative study of three methods: the
direct Fourier method (F), the method of Bourquard et al. (B), and the
proposed method (P).

spectrum, provides an error much lower than 1◦, which does not
cause any reconstruction problems.

Figure 5 shows the performance measures of the compara-
tive study of the three methods with respect to the noise level,
i.e., their values for the data without noise and the mean and
standard deviation over the 10 trials for the data with noise. We
can see that the proposed method (P) provides at all noise levels,
the best SSIMs on amplitude ofψ , the best SNRs on phase ofψ ,
and the best SNRs onα. It also provides the best SSIMs on phase
of ψ and the best SNRs on amplitude of ψ at all noise levels
except at the lowest one where the best values are given by the
method of Bourquard et al. (B). The latter produces the highest
standard deviations except for the SSIM on phase of ψ at the

highest noise level. This shows a strong variation of the results
qualities with respect to the noise realizations.

Figure 6 illustrates the best performance of the proposed
method at the highest noise levels. Since the three compared
methods behave similarly on noise-free data and on noisy data
of highest SNRs (20 and 30), we show in this figure the results
on the noise-free data. The direct Fourier method (F) shows
ringing artifacts on the whole image (see oscillations in the flat
areas) resulting from the loss of high-frequency components. As
shown by comparing the PSDs of all reconstructions with the
one of the simulation, the methods based on inverse problem
approaches permit better recovery of high-frequency compo-
nents. The average amplitude of ψ is mis-estimated by the two
other methods due to a mis-estimation of α (which is under-
estimated by the method of Bourquard et al. (B) as indicated
by 1α). On the other hand, the proposed method (P) yields
a correct estimation of α and the average amplitude of ψ . In
addition, as shown in the zoomed images and the cut profile, in
comparison to the method of Bourquard et al. (B), it provides
slightly better resolution and weaker signal fluctuations in the
flat areas. The only weakness of the proposed method (P) is
the production of blocky artifacts that are faintly visible. Such
artifacts are due to Gibbs problems; they are unavoidable for
any kind of regularization, and the effects are well-localized for
wavelet-based regularization.

Figure 7 illustrates the poorer performance of the proposed
method at the lowest noise level. In this case, the average ampli-
tude of ψ is underestimated due to an overestimation of α as
indicated by 1α . As such value of 1α , at lower noise level, the
reconstructed ψ would have been altered with oblique fringe
artifacts, but, as mentioned here-above, for this noise level, the
fringe artifacts are dominated by other artifacts, here blocky
artifacts, and remaining noise. In addition, for transparent phase
objects, for which the amplitude of ψ is of low contrast, the
deterioration ofψ by these artifacts is more visible on its ampli-
tude than on its phase, and, as shown in the zoomed images
and the cut profile, compared to the two other methods, the
proposed method (P) provides on the phase more resolution and
a signal closer to the original one.

We conclude from synthetic experiments that the proposed
method outperforms the two other methods for low to medium
noise levels. For a high noise level, it outperforms the two other
methods only for the reconstruction of the phase. This con-
clusion must be nuanced since, for a highly transparent phase
object, the main objective of the reconstruction is to retrieve its
phase.

B. Experiments on Real Data

1. DataDescription

The off-axis angle is set to 41◦/21◦ in the horizontal/vertical
directions, and the distance between the object and the record-
ing plane is 9.5 mm. The investigated sample (Fig. 8) is a visibly
opaque 550-µm-thick polypropylene (PPP) slab with differ-
ent engraved patterns. Polypropylene is highly transparent
at 2.52 THz. Patterns 1–3 are three squares of surface area
1× 1 mm2 and depth 44 µm, 72 µm, and 105 µm, respec-
tively. The line widths of patterns 4–6 are 245 µm, 155 µm,
and 140µm to evaluate lateral resolution performance. Figure 8
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Fig. 6. Reconstruction of synthetic data without noise. Comparative study of three methods: the direct Fourier method (F), the method of
Bourquard et al. (B), and the proposed method (P).

(Measure) shows the recorded hologram. An acquisition
obtained in the same condition without any object provides
an acquisition of the amplitude of the reference field (Fig. 8,
Reference). This image illustrates a typical reference wavefront
with diffraction patterns caused by the camera truncation.

2. Results

We performed the reconstructions of the real data with all
the considered methods. Since the true α map is certainly not
spatially constant, for a fair comparison, we select in the method

of Bourquard et al. the option for spatially adaptive estima-
tion of α, and we set dα at 8 as suggested in [16]. In Fig. 9, we
observed, in the results of the three methods, artifacts emanating
from the boundaries of the images throughout the whole image
(see red arrows). Such artifacts, named here artifacts due to
camera frame truncation, are produced by any reconstruction
method assuming periodic BC due to the mismatch between
such assumption and frame truncation by the camera (see
Section 3.D). The implementation of the two other methods
also use periodic BC (for Fourier filtering in the direct Fourier
method and for the convolution operators in the method of
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Fig. 7. Reconstruction of synthetic data with noise of SNR 10: comparative study of three methods: the direct Fourier method (F), the method of
Bourquard et al. (B), and the proposed method (P).

Bourquard et al.). The pre-processing method by apodization
described in Section 3.D is therefore applied before all three
compared methods.

Figure 10 shows the results obtained with the proposed pre-
processing. As expected, it permits the reduction of the artifacts
due to camera frame truncation for all the considered methods.
Compared to the two other methods, the proposed method (P)
removes the zero- and minus one-order terms of the acquired
spectrum more efficiently, providing gain in resolution. As for
synthetic data, the direct Fourier method (F) yields ringing

artifacts on the whole image (see oscillations in the flat areas). In
addition, it produces, as is also the case for method of Bourquard
et al. (B), oblique fringe artifacts (see orange arrows). Although
the method of Bourquard et al. (B) uses spatially adaptive esti-
mation of the α map, it provides, as the direct Fourier method
(F), lower quality reconstruction. As can be seen by comparison
with Fig. 8, the α map provided by method of Bourquard et al.
(B) contains information not coming only from amplitude of
the reference field but also from the observed measures includ-
ing a large part of solution ψ . It therefore does not correctly
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Fig. 8. Real data: white light image of the sample, recorded
holograms with or without the presence of the object and PSD.

Fig. 9. Reconstruction of real data without pre-processing: com-
parative study of three methods: the direct Fourier method (F), the
method of Bourquard et al. (B), and the proposed method (P) (red
arrows indicate artifacts due to camera frame truncation).

separate solutions ψ and α. It is understandable since, by
assuming spatial variability of α, the number of unknowns of
the reconstruction problem is increased making the inverse
problem even more ill-posed and therefore more difficult to
solve. In addition, it over-estimates the mean of the α map that
produces, as explained in Section A.2, an underestimation of
the average amplitude of ψ and oblique fringe artifacts in ψ
in the direction of the fringes in the acquired hologram. The
proposed method (P) generates anα-value certainly closer to the
true value α0 since it does not cause any oblique fringe artifacts,
which results in better visibility of the patterns. Nevertheless,
the scalar hypothesis for α could be questioned since it does not
permit modeling of the fringes in the reference field caused by
the camera truncation. To investigate this question, we used one
acquisition of the reference field to modelα as the square root of
this acquisition modulated by a constant. Integrating this model
in the proposed method delivers very similar results for the real
experiments. This proves that such modeling does not bring any
improvement compared to the constant modeling. In addition,
the difficulties of the method of Bourquard et al. to deal with the
complete spatial variability for α suggest that a simpler model
with few parameters, in particular, one single scalar, is a good
approximation for modelingα.

We conclude from real experiments that the proposed
method outperforms the two other methods.

5. CONCLUSION AND DISCUSSION

This work presented a convergent iterative method based on an
inverse problem approach to image reconstruction of off-axis
holograms. A key advantage of IP approaches is their resolution
gain with flexible regularization priors, as well as their ability
to model noise and to consider sub-sampled data. The method
jointly reconstructs the object field as well as the amplitude of
the reference field. The tuning of the hyperparameters is reliable
due to their intuitive meaning. In addition, a protocol has been
proposed for adjusting the hyperparameters in order to optimize
the quality of the reconstruction. The method shows benefits
due to the wavelet-based regularization: it can apply adap-
tive regularization with respect to the awaited resolution. For
application in real situations, we proposed a pre-processing by
apodization to reduce the artifacts due to the mismatch between
the camera frame truncation and periodic boundary conditions
assumed for our implementation. Experiments demonstrate
improvements in terms of image quality such as gain in resolu-
tion and absence of fringe and ringing effects, compared to two
other reconstruction methods, i.e., the direct Fourier method
and the method of Bourquard et al. [16].

The protocol proposed for tuning the hyperparameters could
be improved. Ideally, adjusting these hyperparameters could
be done by optimizing additional metrics such as the sharpness
of the object edges. Another possibility is to study the spectral
characteristics of the residual noise in the measurement domain,
as commonly done in image deconvolution methods [39,40] in
order, e.g., to optimize the whiteness of the residual noise.

The experiments on real data suggested that a simple model
forα is a good approximation. Nevertheless, the difficulties with
the separation of the solutionsψ and α due to the ill-posedness
of the reconstruction problem can certainly be reduced with
other choices for the parameterization of α. We should analyze
other modeling for α requiring only few parameters to not
increase the space of unknowns too much and thus not make
the reconstruction problem more ill-posed and more difficult to
solve. This should provide a finer comparison with the method
of Bourquard et al . in terms of the influence of the spatially
invariant or spatially variant hypothesis for α. As many other
algorithms not intended for non-convex optimization, our algo-
rithm has difficulties dealing with many non-optimal minima,
which prevents the handling of complex models for α. Variants
of the proximal gradient approach, initially developed for con-
vex optimization, have been studied for solving non-convex
problems [41,42]. We should examine if such optimization
approaches can better deal with more complex models of α.
An improved separation between solutions ψ and α should be
provided with an increase of information about α. Therefore,
we should also study how to integrate extra measurements in the
data-fidelity term to improve the quality of the reconstruction.

The pre-processing by apodization produces a decrease in
intensity in the border area of the reconstructions. A solution to
avoid this limitation would be to consider, instead of a periodic
BC, an unknown BC for both solutionsψ andα, as proposed in
[22,38].
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Fig. 10. Reconstruction of real data with pre-processing: comparative study of three methods: the direct Fourier method (F), the method of
Bourquard et al. (B), and the proposed method (P) (orange arrows indicate oblique fringe artifacts).

The development of the proposed algorithm is inspired by the
difficulties encountered in THz DH, and it is independent of
the recording wavelengths. The potential of proposed algorithm
should be studied in future works.

APPENDIX A: MATHEMATICAL NOTATIONS

In this paper, light symbols denote scalars (or scalar functions),
and bold symbols refer to vectors and matrices (e.g., η ∈R,
g ∈ L2(R), f ∈RN , G ∈CN×N). Expression f (x ; θ) denotes
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a function f of variable x parameterized by θ . The convolution
between two functions f and g is written f ~ g . The kth com-
ponent (iterate) of a vector x is denoted by xk (x k). The mean,
the absolute value (taken element-wise), the `1-norms, and
the `2- norms of a vector x are denoted by 〈x〉, |x |, ‖ x‖1, and
‖ x‖2, respectively. The element-wise product of two vectors
x and y are denoted by x � y. The superscripts .ᵀ, .A, ·−1,
and ·† are used for the transpose, the adjoint, the inverse, and the
Moore-Penrose pseudo-inverse of a matrix or an operator. All
images are defined on a rectangular grid of N = Nx × Ny pixels
and are represented by vectors of size N after vectorization in
lexicographical order.

APPENDIX B: ADMMCP ALGORITHM AND
EXTENSION

The ADMM is devoted to the solving of specific convex
separable optimization problems, expressed, in the complex
domain, as

min{ f (x)+ g (z) : Ax + B z= c}, (B1)

where x ∈Cx ⊂Cn, z∈Cz ⊂Cm , and Cx , Cz are convex sets,
A and B are arbitrary matrices of Cp×n and of Cp×m , respec-
tively, c is a vector in Cp , and f , g are proper, closed, convex
real-valued functions. The ADMMCP is composed of the
following iterations:

x k+1
= argminx f (x)+ ρ

∥∥Ax + B zk
− c + uk

∥∥2
2

zk+1
= argminzg (z)+ ρ

∥∥Ax k+1
+ B z− c + uk

∥∥2
2

uk+1
= uk

+ Ax k+1
+ B zk+1

− c

,

(B2)
where u is the so-called scaled dual variable and ρ is a penalty
parameter. Li et al. proved that under the assumptions that the
extended-real-valued functions f , g are proper, closed, and
convex functions and the Lagrangian function of the problem of
Eq. (B1) has a saddle point, the ADMMCP converges.

We consider an extension of the original ADMMCP algo-
rithm for adding variables in the problem of Eq. (B1). More
precisely, we deal with the following generalization of Eq. (B1):

min{ f (x 1, . . . , x L)+
L∑

l=1
g l (zl ) : ∀1≤ l ≤ L, Al x l + B l zl = cl } ,

(B3)
where x l ∈Cxl ⊂Cnl , zl ∈Czl ⊂Cml , L ≥ 1, f is a proper,
closed, convex function, Cxl is a convex set and for all 1≤ l ≤ L ,
Czl are convex sets, Al and B l are arbitrary matrices of Cpl×nl

and of Cpl×ml , respectively, c l is a vector of Cpl , and g l repre-
sents proper, closed, convex real-valued functions. We map the
problem of Eq. (B3) into the form of Eq. (B1) as follows. First,
we define matrices A and B as A = diag(A1, . . . , AL) ∈Cp×n ,
B = diag(B1, . . . , B L) ∈Cp×m , where p = p1 + . . .+ pL ,
n = n1 + . . .+ nL , and m =m1 + . . .+mL , we define the
vectors x , z, c, and the iterate uk as

x = (x1, . . . , x L)
ᵀ
∈Cn, z= (z1, . . . , zL)

ᵀ
∈Cm,

c = (c1, . . . , cL)
ᵀ
∈Cp , uk

= (uk
1, . . . , uk

L)
ᵀ
∈Cp ,

(B4)

and we define the function g onCm as g (z)=
∑L

l=1 g l (zl ). The
separable structure of g , the block structure of matrices A and
B , and the decomposition of Eq. (B4) allow us to rewrite the
expression of iterations of Eq. (B2) in terms of the initial matri-
ces, vectors, and variables of the problem of Eq. (B3), i.e., the
matrices Al and B l , the vectors cl , and the variables zl .

The z-update in Eq. (B2) can be decoupled into L independ-
ent minimizations, each of the form zk+1

l = argminzl
g (zl )+

ρ ‖Al x
k+1
l + B l zl − cl + uk

l ‖
2
2, and, although function f

is not separable, the x -update in Eq. (B2) can be decoupled
into L independent minimizations, each of the form x k+1

l =

argminx l
fl (x l )+ ρ ‖Al x l + B l zk

l − cl + uk
l ‖

2
2, if we define

fl as the function f considered on the variable x l , the other
variables being constant. The u-update in Eq. (B2) can also
be decoupled into L updates, each of the form uk+1

l = uk
l +

Al x
k+1
l + B l z

k+1
l − cl . Consequently, the extended

ADMMCP iterations are made of 3× L independent iterations
corresponding to 3× L optimization problems:

x k+1
l = argminx l

fl (x l )+ ρ
∥∥Al x l + B l zk

l − cl + uk
l

∥∥2
2

zk+1
l = argminzl

g l (zl )+ ρ
∥∥Al x

k+1
l + B l zl − cl + uk

l

∥∥2

2

uk+1
l = uk

l + Al x
k+1
l + B l z

k+1
l − cl

.

(B5)
This algorithm converges under the assumptions that the

extended-real-valued functions f , g l are proper, closed, and
convex functions and the Lagrangian function of the problem of
Eq. (B3) has a saddle point. The proof is direct: we easily show
that, under these assumptions, the functions f , g defined for the
mapping of the problem of Eq. (B3) into the form of Eq. (B1)
are proper, closed, and convex functions and that the Lagrangian
function of the problem of Eq. (B1) for this mapping has a
saddle point too. Finally, if the matrices Al and B l are all not sin-
gular, we can rewrite the two first lines of iterations of Eq. (B5)
by using proximity operators (see definition in Appendix C),

x k+1
l = prox 1

2ρ fl (A
−1
l (cl − B l zk

l − uk
l ))

zk+1
l = prox 1

2ρ g l (B
−1
l (cl − Al x

k+1
l − uk

l ))

uk+1
l = uk

l + Al x
k+1
l + B l z

k+1
l − cl

. (B6)

APPENDIX C: PROXIMITY OPERATORS OF
DATA-FIDELITY FUNCTION

Proximity operators, originally introduced in the real domain
in [43], have been broadly used in signal processing where
convex optimization in the real domain is required (see for
example [22] and references therein). The proximity operator
of any proper, closed, and convex function g with penalty γ
can be generalized on the complex domain as proxγ g (v)=

argminx∈Cn
1
2 ‖ x − v ‖2

2 +γ g (x). In this appendix, we
blindly assume that the data-fidelity function is convex, and
we compute its proximity operators with respect to variables cψ
andα.

We successively compute the proximity operator of the data-
fidelity function D [see Eqs. (5) and (6)] for the minimization
variables cψ and α. For α, we must take into account that it is a
strictly positive real number, i.e., the complex vector α′ = αr is
in the direction of the unit vector r. For this purpose, we take α′
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as the minimization variable while α will be computed as 〈|α′|〉.
According to that, we consider the following generic form of the
data-fidelity function of the variable x ∈CN :

D(x)=‖ y− |Ax + b|2 ‖2
2 (C1)

where

x = cψ , A = Ad W−1, b= αr (C2)

for variable cψ and

x = α′ = αr, A = I , b= o= Adψ (C3)

for variableα.
The proximity operator of the function of Eq. (C1) is given by

proxγ D(v)= argmin
x

1

2
‖ x − v ‖2

2 +γ ‖ y− |Ax + b|2 ‖2
2,

(C4)
which can be solved from the work of Brandwood [44] and
requires canceling the conjugate gradient of the function to
minimize. With the resulting equations being difficult to
resolve, we proceed in another way. If we take the approximated
assumption of a convex optimization context, the optimization
of Eq. (C4) is equivalent to

argmin
x
‖ x − v ‖2

2:
∣∣ y− |Ax + b|2

∣∣≤ δ, N∑
j=1

δ2
j = ε, ε > 0,

which, by assuming that all the components of the vector
δ are the same constant δ, can be solved by the following
minimization:

argmin
x
‖ x − v ‖2

2:

∣∣∣y j −
∣∣(Ax) j + b j

∣∣2∣∣∣≤ δ, δ > 0, ∀1≤ j ≤ N.

(C5)
We implement an approximation of the solution of problem

Eq. (C5). First, we split it in two optimization problems: first we
obtain Ax through

argmin
a
‖ a− Av ‖2

2 s.t.
∣∣ y− |a+ b|2

∣∣≤ δ, (C6)

and then we estimate x solving the well-known least-squares
problem argminx ‖ x ‖2

2 s.t. Ax = a, whose solution is
x = A†a. Second, we give an approximate solution of Eq. (C6)
with the use of the projection operator initially designed by
Schretter et al. [17] for projecting any vector x of the data
domain on its sub-space of solutions o satisfying Eqs. (2) and
(3) of the forward model. More precisely, since in Eq. (3) the
noise n is unknown, Schretter et al. defined the projection
operator on the sub-set o ∈CN

: | y− |o+ r|2| ≤ ε2, where ε2

is the variance of the noise on signal
√

y. We consider here an
extension in order to project on the sub-space of solutions o or
of solutionsα′ = αr of Eqs. (2) and (3) of the forward model. In
addition, for taking the noise into account, we rather define the
tolerance margin as δ, where δ =µσ ,σ is the standard deviation
of the noise of the signal y, andµ is a positive factor. Therefore,
for application to problem Eq. (C6), we define the projection
operator P b,δ on the set {a ∈CN

: | y− |a+ b|2| ≤ δ}by

P b,δ(a) =
√

yδ
a+ b
|a+ b| − b,

yδ =


max( y− δ, 0) if |a+ b|2 <max( y− δ, 0)

y+ δ if |a+ b|2 > y+ δ

|a+ b|2 otherwise

,

(C7)
where all operations are considered component-wise and the
variable b can be o or α′ = αr. This provides an approximation
of solution of Eq. (C6) as P b,δ(Av), which yields the following
approximated solution of Eq. (C4):

x = A† P b,δ(Av). (C8)

The approximate solution of Eq. (C4) is obtained in replacing
in Eqs. (C7) and (C8) the variables A and b by their definitions
[Eq. (C2) for variable cψ and Eq. (C3) for variable α′], which
gives

proxγ D(v)≈W A†
d P b,δ(Ad W−1v), b= αr (C9)

for variable cψ ,

proxγ D(v)≈ P b,δ(vr), b= o= Adψ

for variableα′, and finally

proxγ D(v)≈ 〈
∣∣P b,δ(vr)

∣∣〉, b= o= Adψ (C10)

for variableα. Expressions of Eqs. (C9) and (C10) show that the
proximity operators of the data-fidelity function are obtained by
projecting each solution (o or α′ = αr) so that its combination
with the other solution (α′ = αr or o) is compatible with the
measurements y.
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