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�You see things; and you say 'Why?'
But I dream things that never were; and I say 'Why not?' �

George Bernard Shaw





v

UNIVERSITY OF LIÈGE

Abstract

Faculty of Applied Sciences
Aerospace and Mechanical Engineering Department

Doctor in Engineering Sciences

Stochastic Multiscale Modeling and Analysis of Polymer-Based Material

by Juan Manuel Calleja Vázquez

This Work focuses on the accurate and e�cient modeling of polymer materials. In a �rst step,
the large strain hyperelastic phenomenological constitutive model proposed by V.D. Nguyen et
al. for the modeling of highly nonlinear, rate-dependent amorphous glassy polymers at isother-
mal conditions is enhanced with the introduction of new strain dependent bulk and shear moduli
sti�ening terms. This addition, allows the correct modeling of the elastic sti�ening exhibited by
some polymer materials, such as semi-crystalline polymers at large strains. While being able to
accurately capture the behavior of highly non-linear polymers, large strain models can become
prohibitive for the modeling of composite materials due to their high computational cost. To that
end, this Thesis introduces a, possibly damage-enhanced, pressure-dependent based incremental-
secant mean-�eld homogenization (MFH) scheme for two-phase composites. The incremental-
secant formulation consists on a �ctitious unloading of the material up to a stress-free state, in
which a residual stress is attained in its phases. Then the secant method is performed in order to
compute the mean stress �elds of each phase. One of the main advantages of this method is the
natural isotropicity of the secant tensors that allows de�ning the linear-comparison-composite
(LCC). In this Work, we show that this isotropic nature is preserved for a non-associated pres-
sure dependent plastic �ow, making possible the direct de�nition of the LCC. Through several
comparisons against full-�eld simulations and an experimental test, it is shown the ability of this
model to capture the behavior of uni-directional (UD) composites, while reducing the computa-
tional cost of the large strain model by several orders of magnitude. This was used as basis for
a surrogate for nonlinear stochastic multiscale analyses of two-phase composites. The homoge-
nized stochastic behavior of the UD composite material is �rst characterized through full-�eld
simulations on stochastic volume elements (SVE) of the material microstructure. Then, in order
to conduct the stochastic nonlinear multiscale simulations, the microscale problem is substituted
by a MF-ROM, whose properties are identi�ed by an inverse process from the full-�eld SVE
realizations. Homogenized stress-strain curves are used for the identi�cation process of the non-
linear range. However, a loss of size objectivity is encountered once the strain softening onset
is reached. This problem is addressed by introducing a calibration of the energy release rate
obtained with a nonlocal MFH micromechanical model, allowing to scale the variability found
on each SVE failure characteristics to the macroscale. The obtained random e�ective properties
are then used as input of a data-driven stochastic model to generate the random �elds used
to feed the stochastic MF-ROM. The MF-ROM is then veri�ed through nonlocal stochastic �-
nite element method (SFEM) simulations against an experimental test and full-�eld simulations.
The introduced innovations allows to conduct stochastic studies on the failure characteristics of
material samples without the need for costly experimental campaigns, paving the way for more
complete and a�ordable virtual testing.
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Chapter 1

Introduction

Since the �rst Wright Flyer �ight in December 17th, 1903, the aeronautical sector has not stopped
the search for faster, more e�cient and safer �ights. Over the years, the aeronautical sector has
made great advancements in technology and safety, where material science has been a crucial
part of this evolution. New materials have allowed for unimaginable weight reductions which
directly translate into more e�ciency, more payload capabilities and more design �exibility.
However, with more than 46 million airline �ights and 4.5 billion passengers worldwide per year
(IATA, 2021), safety of transported people as well as �own over is paramount, and therefore,
material and structural integrity is closely regulated. To this end, the airworthiness authorities
such as the European aviation safety agency (EASA), the Federal aviation administration (FAA)
or the international civil aviation organization (ICAO) impose a large certi�cation campaign for
the introduction of new materials in which the materials are tested under a wide variety of
situations. These certi�cations follow what is called the building-block tests approach, also
called pyramid of tests (Brunner, Alderliesten, and Pascoe, 2023; Division, 2017; Poulton, 2009)
(see Fig. 1.1). The airworthiness authorities state that new technologies must be at least as safe
as the already existing technologies, which means the introduction of new materials is always
accompanied by a large and expensive testing campaign for thorough material properties and
variability characterization.

Coupons

Elements

Components

Structure

Figure 1.1: Aeronautical pyramid of tests. Brunner, Alderliesten, and Pascoe (2023)

With the search of the minimum weight to strength ratio, metallic materials have set them-
selves as the king of materials for aeronautical structures over many decades. However, this
homogeneity has been disrupted by the introduction of composite materials. As an example,
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the A350 XWB has a composite material composition of more than 50% of the total materials
used for its construction (Poulton, 2017). This disruption is caused by the many advantages
of these materials over traditional metals and alloys, such as the lack of fatigue, lack of corro-
sion, low density and ability to tailor the properties in di�erent directions by means of di�erent
combinations of plies. Nonetheless, these advantages do not come without some disadvantages
that present a challenge to the industry, such as complex failure modes or scattered properties
that can directly impact the structural integrity of the aircraft. While metals were mostly stan-
dardized, due to the highly tailoring possibilities of composites, which would technically allow
for an in�nite number of combinations, it is quite common for each company to end up devel-
oping a unique material system with a speci�c manufacturing process. This leads to a lack of
standardization and therefore to longer and more complex testing campaigns. For this reason,
the scienti�c and the industrial communities have realized that nondeterminism is a major issue
which a�ects structural and material performance and reliability. One source of uncertainties
is at the material level itself and its mechanical properties. Since experimental characterization
alone would require an excessive number of tests, there is an increasing interest in stochastic
virtual testing.

The next generation of aircrafts could see the arrival of new smart materials. Such is the
case of shape memory polymers (SMPs). SMPs have potential applications in the aeronautical
industry due to their ability to deform and recover their original shape in response to an exter-
nal stimulus, such as heat or light (Sharma and Srinivas, 2020). SMPs can be used to create
wings that can change shape in-�ight (known as morphing wings), allowing aircraft to optimize
their aerodynamic performance at di�erent speeds and altitudes. For example, researchers have
developed SMP-based wing �aps that can adjust their shape and position to control air�ow and
reduce drag. Similarly, these materials could be introduced to create deployable structures, such
as antenna re�ectors or solar panels, that can be compactly stowed during launch and then de-
ploy to their full size and shape in orbit (Squibb, 2023; Wilson et al., 2020; Santo et al., 2014).
The polyvalence of these materials makes them interesting for other implementations, such as
the creation of surfaces that prevent ice from forming, or to shed ice that has already formed,
reducing the risk of ice-related accidents in �ight, or as a matrix material in composite repairs,
as they can be shaped to �t complex geometries and then cured to retain that shape. This could
help to extend the lifespan of aircraft components and reduce maintenance costs.

1.1 High-crosslinked epoxies and their modeling

One of the most common materials used as matrix phase in the composition of �ber reinforced
composite materials is epoxy, a group of thermoset polymers. Epoxy is a large family of resins
that presents great mechanical properties while exhibiting low moisture absorption and good
degradation resistance, which makes them attractive for aeronautical applications.

The epoxy materials present a viscous nature that allows the resin to impregnate the mesh
of �bers used for the composite reinforcement, minimizing the amount of gas bubbles inside the
composite after processing. In order to solidify the composite, what is called a curing process is
performed. The curing process is a chemical reaction that generate crosslinks between di�erent
polymer molecules. These crosslinks attach the molecules one to another impeding their sliding as
shown in Fig. 1.2 and therefore making the resin to become solid. Several levels of crosslinks can
be achieved through this hardening process, being the epoxies with higher crosslink density the
ones with higher structural strength. In aeronautics, high-crosslinked epoxy resins are commonly
used due to their good structural properties.

Many experimental works, such as Boyce, Arruda, and Jayachandran (1994), Buckley et
al. (1994), Chen, Lu, and Cheng (2002), Fiedler et al. (2001), Hine et al. (2005), Lesser and
Kody (1997), Morelle, Pardoen, and Bailly (2015), or Mulliken and Boyce (2006), have shown
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Molecule Crosslink

Figure 1.2: Representation of the molecules and crosslinks of a hardened epoxy.

that this amorphous glassy molecular composition of the epoxy makes its behavior quite com-
plex, showing viscous behavior dependent on the deformation rate, dependency on temperature,
and having a large di�erence between its tensile and compressive behaviors. One of the most
noticeable di�erences is the higher peak values for compressive loadings when compared to the
tensile ones, result of the hydro-static pressure dependency of these kind of materials. Di�erent
plastic stages can be observed in the strain-stress response of these materials. First, a plastic
part is observed which leads to a �rst peak value, also called macro-yield point. Due to its amor-
phous glassy nature, at these strain deformations, molecules can be submitted to high internal
loading provoking large modi�cations in their layout, and therefore, triggering plastic localization
zones that appear as micro-shear bands. These bands propagate and create localization zones
at the macro-structure, which for example in an experimental tensile test would be seen as a
necking of the material sample. This micro-shear bands cause the apparition of a softening stage
(Tomita and Adachi, 1997; Tomita and Lu, 2002; Lu and Ravi-Chandar, 1999; Morelle, Pardoen,
and Bailly, 2015) in which the loading bearing capability of the material is reduced. Once this
phenomenon stabilizes, the molecule chains start to slide and align themselves in the direction
of highest positive strains causing an increase in the strain-stress curve at larger strain states
before the �nal failure stage is reached. This phenomenon is generally called the rehardening
stage. Polymers present a pressure-dependent behavior, which makes them tend to have higher
peak stresses, failure stresses, and failure strains under compression than under tension at the
same strain rate. Figure 1.3 shows the complete behavior of epoxy under compression. Most
epoxies reach fracture before reaching the peak stress under tension (Fiedler et al., 2001; Morelle,
Pardoen, and Bailly, 2015), so the softening and rehardening phenomena are not always present.

Rehardening

Failure

Pre-peak nonlinear
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Figure 1.3: Schematic strain-stress behavior of an epoxy material under compression.

As already introduced, epoxy materials exhibit a high pressure dependency, making plasticity
models based on the H. Tresca's (Tresca, 1864) or R. Von Mises'(Mises, 1913) yield criteria insuf-
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�cient for their correct modeling. Pressure-sensitive models have been applied for decades, espe-
cially in the case of rock-like and porous materials. Some examples of basic pressure-dependent
yield functions are the Mohr-Coulomb and the Drucker-Prager models. The Drucker-Prager
model (Drucker and Prager, 1952) is one of the most recognized models inside the scienti�c
community. This model is a generalization of the Mohr-Coulomb hypothesis and is based on the
�rst and second invariants. When represented in the Haigh-Westergaard space, these pressure-
dependent models di�er from their pressure-insensitive counterparts in their cone-like shape (see
Fig. 1.4), asymmetry introduced by the �rst invariant, that allows the modeling of the lower
bearing capabilities of the material in tension than in a compressive stress state that present
these pressure dependent materials.
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Figure 1.4: Representation of the Von Mises yield criterion on the right, and of the Drucker-
Prager criterion on the right on the Haigh-Westergaard space.

Many of the plasticity models used nowadays derive from these basic models as for example
the pressure-dependent model developed by Lee et al. (2021), which make use of the Drucker-
Prager yield surface with a non-associated �ow rule depending on the e�ective deviatoric stress
and the hydrostatic stress, or the one used in the work by Cheng et al. (2015) which used a
Drucker-Prager based pressure-dependent model into a limit analysis based on the bipotential
theory in order to be able to implement the non-associated �ow. Zhao et al. (2019) implemented
this criterion in an incremental variational principle. The works by Guéry et al. (2008) and Shen
et al. (2012) applied this yield model to homogenization techniques focused on the modeling of
Callovo-Oxfordian argillites and clayey rocks respectively. The Modi�ed Cam-Clay is another
widely used model. This pressure-dependent plasticity model by Roscoe and Burland (Roscoe
and Burland, 1968) forms a closed ellipsoid in the Haigh-Westergaard stress, which allows to
avoid the theoretical complications that may be related to the Drucker-Prager model. It is
widely used in the modeling of clay, as in the case of Islam and Gnanendran (2020), which
developed a new yield surface based on this Modi�ed Cam-Clay model with a non-associated
�ow rule-based elasto-viscoplastic model for isotropic clays. The work by Gao et al. (2011)
focused on the modeling of pressure-dependent isotropic materials by introducing a yield surface
which is a function of the hydrostatic stress as well as the second and third invariants of the
stress deviator. The used plastic �ow potential uses a similar de�nition to the yield surface,
which also depends on the three stress invariants and three scalar parameters.

Due to the pressure-dependent nature of polymers, composite materials is a domain in which
the use of asymmetric yield surfaces is very extended. Such is the case of Kaiser and Stom-
mel (2014), which modelled pressure-dependency for short-�ber reinforced composites, or the
model developed by Raghava, Caddell, and Yeh (1973), which is capable of accounting for pres-
sure e�ects and di�erences in compressive and tensile yield strengths. This nonsymmetric yield
surface was used in R. Balieu et al. (Balieu et al., 2013; Balieu et al., 2014). Similar to the
Drucker-Prager criterion, this yield surface uses a critical combination of the �rst and the second
invariant of the stress tensor in order to de�ne plasticity. The tension-compression asymmetry
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found on this type of materials is modeled on this yield criterion by means of a parameter de-
�ned by its ratio. As polymers do not deform in an isochoric way, a non-associated viscoplas-
tic potential �ow depending on two parameters de�ning the volume variation for positive and
negative hydrostatic pressures was used, allowing for an independent evolution of the positive
and negative pressures. It appears that when considering a single-phase polymeric matrix, the
Drucker-Prager yield criterion with a non-associated plastic �ow is a widely used model by the
research community and has been proven multiple-time to be successfully applied to many ap-
plications. This model was used in the works by Melro et al. (2013), Chevalier, Camanho, and
Pardoen (2019) and V.D. Nguyen (Nguyen et al., 2016; Nguyen, Wu, and Noels, 2019). All these
papers address the modeling of polymers used in composites and the obtained results were in
good agreements with experiments.

Experiments on amorphous polymers indicate that the micro-structure of a polymer has a
strong in�uence on the mechanical properties (Arruda, Boyce, and Jayachandran, 1995; G'Sell
and Jonas, 1995; Zaïri, Woznica, and Naït-Abdelaziz, 2005), which means that these properties
could change when used as matrix phase in a composite material. The reinforcement inclusions
modify the spatial arrangement at the microstructure level, and therefore can have a big impact
on the behavior of the epoxy phase, especially when reaching the failure phase. All macroscale
cracks are a result of these microstructure variations, meaning that the mechanical behavior of the
microstructure must be taken into account in the modeling of full macroscale composite materials,
and hence the presence of the two phases of di�erent behavior, for a correct representation. As
full-�eld simulations accounting for all the inclusions is computationally una�ordable, multiscale
approaches must be used to model these materials.

1.2 Homogenization techniques and damage representation

The use of composite materials has introduced new challenges within the industry, as the
complex microstructure makes the use of direct numerical simulations unfeasible due to the high
computational cost. As previously exposed, a multiscale approach represents the solution for
accurate representations of composite materials with epoxy matrix phases. This approach comes
into play to become a bridge between these di�erent scales. The development of the multi-scale
methods has paved the way to a better understanding of some important processes and creation
of new methods such as microstructural deformation, homogenization of materials, damage and
failure processes, or microstructure evolution.

The need for modeling in an e�cient way the complexity of the microstructure of materials has
made homogenization a very widespread technique, as shown by many reviews such as Kanouté
et al. (2009), Geers, Kouznetsova, and Brekeclmans (2010), Llorca et al. (2011), Nemat-Nasser
and Hori (2013) and Noels, Wu, and Adam (2016). It consists of methods that allow a strongly
heterogeneous material to be substituted for an equivalent homogeneous one. This is achieved by
obtaining an equivalent or e�ective response from a �nite volume of material, which is generally
assumed to be statistically homogeneous, a so-called representative volume element (RVE). The
homogenization principle is based on the principle of scale separation, which states that the scale
of the microstructure must be much smaller than the size of the considered RVE, and in turn
must be much smaller than the length of the characteristic �uctuation in the macroscopic strain
�eld (see Figure 1.5). While this principle is valid within the concept of local action of continuous
mechanics, it is sometimes violated when a microstructural length scale tends to be large.

A great progress in homogenization techniques was made from the decade of the 50s to the
70s with works from Eshelby and Peierls (1957), Kröner (1958), Hashin and Shtrikman (1963),
Hill (1963), Mori and Tanaka (1973) or Willis (1977a) as some examples. At �rst, these techniques
focused in the elastic response of materials, being used to predict the apparent elastic response of
heterogeneous material systems (Nemat-Nasser and Hori, 2013). Later, works such as the one by
Hill (1965b), Kröner (1958) or Hutchinson (1977) started paving the way to the homogenization of
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Figure 1.5: Scale separation from macrostructure to microstructure

nonlinear responses, which found an increase in interest and the apparition of many developments
in elasto-plasticity, viscoplasticity and viscoelasticity in the decades of the 80s and the 90s. Some
examples of these developments in the nonlinear modeling to be mentioned are P. Castañeda
(Castaneda, 1991) with his work on the e�ective mechanical properties of nonlinear isotropic
composites, Willis (1977b), Nemat-Nasser (Nemat-Nasser and Obata, 1986; Nemat-Nasser and
Hori, 2013), Zaoui and Masson (2000) or Gurson (1977) with his well-known Gurson model.

The homogenization techniques could be divided into semi-analytical methods and numerical
ones. While purely numerical approaches can yield accurate representations, the semi-analytical
approaches allow to largely reduce the computational cost of simulations. Therefore, both ap-
proaches remain relevant nowadays. Some examples of semi-analytical methods are the gen-
eralized method of cells (GMC) which was reviewed by Aboudi (1996), the Transformation-
Field Analysis (TFA) pioneered by Dvorak, Wafa, and Bahei-El-Din (1994), or its non-uniform
transformation-�eld analysis extension (NTFA) developed by Michel and Suquet (2003). Re-
garding purely numerical methods, some examples are Ghosh et al. Voronoi cell �nite element
method (VCFEM) (Ghosh, Lee, and Moorthy, 1995), a purely numerical method which combines
the asymptotic homogenization technique with the microstructural modeling using Voronoi cells,
Lissenden and Arnold's method of cells (Lissenden and Arnold, 1997), and its generalizations by
Michel, Moulinec, and Suquet (1999), Feyel (1999) or Terada et al. (2000).

To this day, homogenization techniques have grown inside the scienti�c community, hav-
ing a widespread recognition, and becoming a more common research topic. Some of the cur-
rently most used homogenization techniques are the unit cell �nite element (FE)-based compu-
tations (Wieckowski, 2000; Segurado, Llorca, and González, 2002; Ju and Wang, 2003; Carrere
et al., 2004), the mean-�eld homogenization (MFH) method (Castaneda, 1991; Lahellec and
Suquet, 2007a; Miehe, 2002; Doghri, Adam, and Bilger, 2010; Doghri et al., 2011; Berveiller
and Zaoui, 1978; Hill, 1965b; Wu et al., 2013c), or the work by Kouznetsova, Brekelmans, and
Baaijens (2001) in which a �nite element model of the RVE was associated to each macro-scale
integration point that led to the FE2 method (Kouznetsova, Brekelmans, and Baaijens, 2001;
Kouznetsova, Geers, and Brekelmans, 2004; Matous et al., 2017; Geers et al., 2017). This FE2
method, while being a very �exible approach due to its nature, the need for the solving of a large
number of microstructural boundary value problems makes this method an unrealistic option for
real heterogeneous macroscale applications.

In order to cope with the issue of macroscale heterogeneous problems, projection-based re-
duced order models (ROM) are becoming a widespread alternative to the costly FE2 method-
ology, allowing a speeding up of the microscale solution with pre-o�ine computations. This
method projects the governing equations into a suitably selected reduced order space where the
microscale model is solved with a reduced number of unknown variables which are de�ned by
means of proper orthogonal decomposition of the degrees-of-freedom (Yvonnet and He, 2007; Ra-
dermacher et al., 2016). The demanding computational cost of the internal forces arising from
the assessment of local constitutive equations can be further decreased by the implementation
of hyper-reduction techniques (Hernandez et al., 2014; Soldner et al., 2017; Oliver et al., 2017;
Zahr, Avery, and Farhat, 2017).

Within the framework of model reduction through a micromechanics-based homogenization
model, the nonuniform transformation �eld analysis (NTFA) (Michel and Suquet, 2009) employs
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pre-de�ned modes of internal variables obtained from pre-o�-line full-�eld analyses. A tangent
second-order (NTFA-TSO) expansion of the dissipation potential was then employed by Michel
and Suquet (2016) to decrease the evolution equations associated with the reduced internal
variables.

To avoid nonlinear pre-o�-line computation, clusters of the micro-structure having similar
elastic strain concentration tensors with respect to the applied deformation are homogenized
using a self-consistent method (Liu, Bessa, and Liu, 2016). Although the use of such model
reductions speeds up a multiscale simulation by several orders of magnitude, the reduction is
still usually performed for a given deterministic micro-structure. Indeed, the required pre-o�ine
computations can become prohibitive when several di�erent micro-structures should be consid-
ered, in particular in the context of nonlinear responses such as irreversible deformations and/or
damage and failure.

In order for multiscale simulations to become a reality in the nonlinear range, it is thus
necessary to build surrogate models that can predict the homogenized properties of a given mi-
crostructure without actually solving it, or by solving a limited amount of them during an o�ine
stage. This is the reason why machine learning and its application to computational mechanics
have become an important topic of study. Once trained in an o�ine step, Machine Learning
algorithms can approximate the behavior of real materials and RVEs responses, without solving
constitutive laws or constitutive models (Nguyen and Noels, 2022; Ghaboussi and Sidarta, 1998;
Le�k and Schre�er, 2003; Jung and Ghaboussi, 2006; Furukawa and Yagawa, 1998; Settgast
et al., 2020), by only introducing some given variables of interest as inputs. Many examples of
these applications can be found, such as the feed-forward implementation in the works by Le,
Yvonnet, and He (2015), Fritzen, Fernández, and Larsson (2019), Yang, Tang, and Liu (2019) or
Gorji et al. (2020).

In the work by Yvonnet, Monteiro, and He (2013), the macroscopic stress and elastic tan-
gent tensors of heterogeneous materials are computed thanks to the developed nonconcurrent
multiscale homogenization method. This method relies on a database that describes the varia-
tion of the strain energy density potential in the macroscopic right Cauchy-Green strain tensor
space. The database values are computed through FEM simulations on a representative volume
element. Then, the database is reduced by a tensor product approximation in order to accel-
erate the interpolations at the macroscopic scale. A continuous representation of the potential
is obtained by an interpolation scheme, allowing the calculation of the macroscopic stress and
elastic tangent tensors for macroscopic structures. In Bessa et al. (2017), a database of homoge-
nized behaviors was obtained by varying microstructure entries and performing homogenization;
the database is then used as entry of the neural network to predict the composite homogenized
quantities. The main challenge faced by the so-called feed-forward neural network algorithms, in
which information only �ows forward, is the modeling of irreversible phenomena, meaning that
complex loading cycles cannot be predicted by these machine learning algorithms. To this end,
these feed-forward algorithms could be enriched in order to take into account these complex be-
haviors, such as in the case of the proper orthogonal decomposition feedforward neural network
(PODFNN) proposed by Huang et al. (2020). Recurrent neural-networks (RNN) have seen an
increase these last years due to its native ability to account for history-dependent behaviors.
Recurrent neural-networks were successfully implemented in the works by Wu et al. (2020a),
Wu and Noels (2022), Ghavamian and Simone (2019), Moza�ar et al. (2019), Gorji et al. (2020)
or Logarzo, Capuano, and Rimoli (2021). One of the main concerns of these neural-network-
based surrogate models is the large sampling space that must be used to train the algorithm, as
predicting the behavior outside this training space would yield spurious results.

Another approach based on the use of machine learning algorithms is the so-called deep
material network (DMN). Introduced by (Liu, Wu, and Koishi, 2019) for two-phase heterogeneous
materials, this approach is capable of predicting nonlinear behaviors outside the sampling space
thanks to the o�ine training of the two-phase laminate-based model that allows to take into
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account not only the behavior of the phases, but also their interaction. The DMN approach has
been satisfactorily applied in the study of interface failure (Liu, 2020) and 3D microstructures
(Liu and Wu, 2019). This method has been used as a basis for new works, such as the work by
Gajek, Schneider, and Böhlke (2020), who presented a new online evaluation procedure based
on energy minimization, or the work by Wu, Adam, and Noels (2021), who made use of a mean-
�eld homogenization model in the material node for the study of woven composite materials (see
Figure 1.6), achieving an important reduction on the number of needed mechanistic building
blocks.

Figure 1.6: Woven composite homogenization.

Multiscale homogenization methods have improved over the years, and they are currently
capable of accurately represent the behavior of composites in their elastic and nonlinear regimes
as Pierard et al. (2007) shows. However, one of the most complex problems in multiscale modeling
is the representation of damage. Damage is a phenomenon that crosses all length scales, and
de�ning its scale transition has been proved not to be a straightforward task. Nowadays, damage
is not a fully understood phenomenon, and therefore, it has not been easy to properly model its
causes and evolution in a complete physical way, which explains the phenomenological nature of
most of the damage models used currently in multiscale simulations.

The introduction of damage representation can cause some mathematical di�culties at the
strain-softening onset, such as the loss of ellipticity in the governing equations as shown by
the works by Llorca et al. (2011) or Geers, Kouznetsova, and Brekeclmans (2010). This loss of
ellipticity causes the �nite element solution to be nonunique, introducing a high mesh dependence.
In order to address this issue, higher order terms could be introduced into the governing equations
as presented in the review by De Borst et al. (1993), making possible an interaction between a
given point and its surroundings through the introduction of a characteristic length associated
with the failure mechanisms and microstructure of the studied material. This methodology
has allowed the scienti�c community to address this challenge, not without the inconvenient of
largely increasing the complexity of the base models, by introducing higher order terms and a
characteristic length that allows to represent the failure mechanisms into the model allowing for
an interaction between a given material point and the material surrounding it. Such is the case
in the works by Baºant, Belytchko, and Chang (1984) with his nonlocal averaging approach,
Zbib and Aifantis (1989) gradient-dependent �ow theory, or De Borst (1991) with his reappraisal
of the Cosserat continuum model, or other models such as the ones developed by Aifantis (1992),
or by Svedberg and Runesson (1997) to name a few. Even though these formulations could
circumvent the nonunique solution problem, these higher order terms introduce also the need
to solve higher-order derivatives, increasing the complexity of these models. By formulating the
nonlocal approach implicitly, a new nonlocal variable emanates as a result of the resolution of
a new boundary value problem. This was proposed in the context of homogeneous materials by
Peerlings et al. (1996); Peerlings et al. (1998); Geers (1997), which developed a new approach by
implementing an implicit nonlocal formulation approach that allowed to make it fully nonlocal.
Based on a weighted averaging integral, this approach introduces a new nonlocal variable that
results from the resolution of the resolution of a boundary value problem.

These approaches mainly started as an implementation for direct numerical simulations,
however, they have been successfully implemented in multiple works in the scope of multiscale
simulations. Some examples of multiscale implementation of these nonlocal approaches are the
constitutive model by Knockaert and Doghri (1999), which implemented a nonlocal constitutive
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model with gradients of internal variables for the one dimensional case, the Cosserat model
was applied in the Mori-Tanaka model by Liu and Hu (2005) and Coenen, Kouznetsova, and
Geers (2011a); Coenen, Kouznetsova, and Geers (2011b) who generalized the Massart et al.
(Massart, Peerlings, and Geers, 2005; Massart, Peerlings, and Geers, 2007) nonlocal approach for
masonry wall computations, showing the possibility to apply this approach to semi-analytical or
numerical computational homogenizations. Wu et al. (2013c) implemented an implicit-gradient-
enhanced approach of the incremental-secant MFH scheme, which permitted to account for
damage in UD composite simulations while retaining the main bene�ts of the incremental-secant
formulation.

When considering the case of damage on a composite material, complex damage formula-
tions can be found for the modeling of full composites, such is the case of Barbero, Abdelal,
and Caceres (2005), where the damage model depends on the combination of matrix, �ber and
interphase damage models, constructing a second-order damage tensor and being necessary the
use a fourth-order damage-e�ect tensor to compute the e�ective stress from the damaged one,
or when accounting for di�erent e�ects such as void nucleation caused by decohesion between
phases, as in Östlund et al. (2014), where strain based failure criterion introduced by Haggblad
et al. 2009 is used in a modi�ed J2 yield criterion, which makes use of a single scalar localization
function introduced to reduce the load bearing capability of the material. When a homogeniza-
tion technique is considered, damage is modelled on each phase separately, as the response at
the composite level inherits from the homogenization scheme (Wu et al., 2021). In the case of
the strain driven damage of Costa et al. (2021), the model is capable of modeling several failure
modes on composite by using only two damage variables (one for the matrix and one for the
�ber), raising the question of the real need of more damage variables for a single-phase mate-
rial since one variable is capable of capturing the most important damage modes dominated by
the matrix phase while keeping a low number of mathematical operations. Most of the mod-
els developed for single-phase materials in the literature consider scalar damage, most of the
time a single damage scale parameter, such are the cases in the work by Balieu et al. (2014),
where a nonlocal version of the Gurson model which makes use of a local variable with a single
scalar parameter is implemented. This is an alternative nonlocal formulation of the model pro-
posed by Tvergaard and Needleman (1995); Tvergaard and Needleman (1998). Multi-mechanism
nonlocal Gurson damage model was developed by Nguyen, Pardoen, and Noels (2020), and a
multi-mechanisms nonlocal continuum based constitutive model for amorphous glassy polymers
developed by Nguyen et al. (2016).

In the context of homogenization, the development of localization bands within the mi-
crostructure volume element introduces a loss of size objectivity at the strain-softening onset,
and thus the absence of existence of a representative volume element. This issue has been studied
in the past and avoided by making use of a representative quantity that allows to recover this
size objectivity. Di�erent quantities have been used during the years to address this problem,
such as the traction-displacement jump softening response, the critical energy release rate or the
fracture toughness of the material (Mosby and Matous, 2015; Phu Nguyen et al., 2010; Verhoosel
et al., 2010; Wu et al., 2021; Nguyen, Wu, and Noels, 2019).

1.3 Stochastic multiscale methods

All materials, and more especially, composite materials, contain several microstructure uncre-
tainities, such as geometric. These uncertainties propagate among the di�erent scales, making
one sample of a given material to behave di�erently to another sample of the same material. The
homogenization of materials does not allow to take these e�ects into account. Stochastic �nite
element method (SFEM) is a way of approaching this problem (Ghanem and Spanos, 1991). This
methodology is based on proper random �elds (Charmpis, Schuëller, and Pellissetti, 2007) that
allow representing the stochastic properties of the material. These random �elds would have to
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be obtained from a large number of experiments in order to obtain accurate results, which is
not always possible. In order to avoid this costly step, these random �elds can be de�ned from
micromechanical information (Charmpis, Schuëller, and Pellissetti, 2007; Ostoja-Starzewski and
Wang, 1999) that contains the statistic properties of the uncertainties present on the microstruc-
ture of the material, being then possible to generate realistic virtual microstructures that contain
the same stochastic properties as the real material.

The RVEs in which most homogenization techniques rely on, must be statistically represen-
tative of the microstructure, which means that its size varies with the sources of uncertainties.
Some works have focused on the correct de�nition of this RVE for di�erent heterogeneous mate-
rial microstructures. Such is the case of the integrated framework using fast statistical homoge-
nization procedure (FSHP) developed in Pingaro et al. (2019). The developed framework makes
use of the virtual element method (VEM) and allows to e�ciently converge towards the RVE
size detection by solving a series of simulations. The FSHP has been used for the estimation
of e�ective properties in a wide variety of random heterogeneous microstructures, such as for
random porous materials (Pingaro, Reccia, and Trovalusci, 2019) or ceramic matrix composites
(CMC) (Pingaro et al., 2023). In some cases, the existence of the de�nition of an RVE is impos-
sible because of the large size required to be statistically representative of nonlinear behaviors
(McDowell, 2010; Ostoja-Starzewski et al., 2007), meaning that the separation criterion for a
multiscale analysis is not always met.

If the separation criterion is not met, the multiscale analysis should be performed based on
multiple virtual microstructures called stochastic volume elements (SVEs) (Ostoja-Starzewski
and Wang, 1999) (see Fig. 1.7). With the use of multiple SVEs, the homogenized properties
depend on the location as well as on the applied boundary conditions as shown in Fig. 1.7 (Wu
et al., 2018; Ostoja-Starzewski et al., 2007; Salmi et al., 2012; Trovalusci et al., 2015; Reccia
et al., 2018; Ostoja-Starzewski, 2005; Hachemi et al., 2014).
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Figure 1.7: Nonlinear stochastic homogenization-based multiscale analysis schematic.

These SVEs are the means used to propagate the uncertainties from the microscale to the
macroscale. Therefore, being capable of reproducing the internal structure and geometry of
composite materials microstructure accounting for the uncertainties that they can contain is
one of the main steps towards the development of stochastic multiscale models. These synthetic
microstructures are extremely useful for studying the e�ects of micro-scale features and defects on
the macro-scale properties and performance of the materials without the need of relying on real
material samples. Di�erent methods have been proposed for generating synthetic microstructures
for multiple kinds of composite materials as shown in the review by Noels (2022).
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In the case of UD composites, the main challenge is to capture the random distribution and
interaction of the �bers, especially at high �ber volume fractions. Vaughan and McCarthy (2010)
present a new method to generate realistic �ber distributions for high volume fraction compos-
ites, based on experimental data. The method uses a modi�ed version of nearest neighbor dis-
tribution functions to de�ne the distances between �bers. Melro, Camanho, and Pinho (2008)
propose another model for generating the cross-section of composites with randomly distributed
long �bers and high �ber volume fraction thanks to the development of a simple and fast algo-
rithm modelling the random �ber distribution. Wu et al. (2018) develop a statistical method
for generating realistic numerical models of the cross-section of unidirectional carbon �ber re-
inforced composites. The method uses SEM images of the cross-section to analyze the spatial
distribution of the �bers and their interactions. The method then uses the copula framework to
represent the empirical statistical descriptors as dependent variables and generate random micro-
structures that match the observed ones. These micro-structures are used as stochastic volume
elements (SVEs) for further analysis. Similarly, synthetic microstructures for other types of mi-
crostructures have been developed over the years. One example is the case of woven composites,
which present a more complex geometry and more sources of variability. the work by Blacklock
et al. (2012) present a Monte Carlo algorithm that can generate realistic virtual specimens of
textile composite materials based on data from computed tomography images. The algorithm
models the textile reinforcement as one-dimensional tow loci in three-dimensional space, which
can capture both periodic and stochastic variations in the tow geometry and defects. Tal and
Fish (2016) present a methodology for generating a realistic volume element of a composite ma-
terial with random micro-scale defects. The paper uses data from two-dimensional micrographs
of a Sic/SiNC sample to statistically characterize the shape, size, orientation and distribution
of the defects. The paper then uses a Monte-Carlo simulation to introduce three-dimensional
ellipsoidal voids to a defect-free eight-harness weave model based on the statistical characteris-
tics. The paper aims to create a volume element that has the same defect statistics as the micro-
graphs. Another example is the work by Vanaerschot et al. (2013), which present a method for
analyzing the stochastic nature of a textile reinforcement in a multi-ply laminate. The method,
called reference period collation, separates the �ber characteristics into systematic trends and
stochastic �uctuations. The results show that the in-plane centroid position of the tows is the
most variable parameter. The paper also discusses how the �ber characteristics are in�uenced
by the cross-over points within and between the plies.

Being these SVEs the main tool to propagate the e�ects of the microscale geometric un-
certainties to the macroscale (Ostoja-Starzewski et al., 2007; Salmi et al., 2012; Trovalusci et
al., 2015; Reccia et al., 2018), this means that in order to obtain accurate macroscale simulations,
the mesh used in these simulations must have a size lower than the correlation length, which
itself depends on the size of the SVE used to de�ne the random properties of the microscale
(Lucas et al., 2015). For linear behaviors it is possible to de�ne mesoscale random �elds of
homogenized properties through o�ine simulations of the SVEs. This has ben done in works
such as the one by Stefanou, Savvas, and Papadrakakis (2015), in which a method for linking
the random variation of the microstructure geometry of two-phase composites with the e�ective
material properties and the structural response at the macroscale was presented. This method
combines the extended �nite element method (XFEM) and Monte Carlo simulation (MCS) to
compute the e�ective elastic modulus and Poisson's ratio of the composites. Another example is
Stefanou et al. (2022). Using a covariance decomposition method, the reference creates sample
functions of the random �elds at the mesoscale level. Then, it uses Monte Carlo simulations to
compute the response variability of di�erent composite structures, being able to study how the
uncertainty in the random �eld parameters in�uences the variability in the structural response.
This approach was also used for the stochastic simulations of UD composites in the linear range
in Wu et al. (2018). This reference proposes a two-step homogenization procedure that preserves
the statistical content of the micro-scale random �eld in the meso-scale random �eld, which can
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be used in structural stochastic analyzes. In addition to only focusing in the stochastic simu-
lations of composites in the linear range, the work by Hun et al. (2019) proposes a stochastic
approach to model crack propagation in random heterogeneous media. To this end, the reference
results and an estimation of the e�ect of the subscale randomness on the macroscopic response
are obtained by performing Monte-Carlo simulations on microstructural samples. The stochastic
model is then built to describe the mesoscopic elasticity as a non-Gaussian random �eld. This
is then used in the phase-�eld approach to simulate the crack propagation within the material
sample without the need to perform computational homogenization. The stochastic analysis of
elastic heterogeneous materials was also addressed in Clément, Soize, and Yvonnet (2012), where
a computational method for nonlinear stochastic homogenization of hyperelastic heterogeneous
microstructures using a nonconcurrent multiscale approach was presented.

In the nonlinear range, the number of required SVE resolutions makes approaches such as the
�nite element square (FE2) (Kouznetsova, Brekelmans, and Baaijens, 2001; Kouznetsova, Geers,
and Brekelmans, 2004) method, which uses �nite element (FE) simulations for the full-�eld
analysis, unfeasible for these kinds of materials. Indeed, while being capable of yielding accurate
predictions thanks to the explicit de�nition of the microstructures and the phases properties on
the microscale BVP, multiscale approaches imply high computational requirements due to the
explicit de�nition of the microstructure, imposing a strong constraint on the mesh level. For this
reason, this methodology has been mainly used taking into account a deterministic microscale
called representative volume element (RVE). For this reason, stochastic reduced models are
widely used to conduct virtual testing in the nonlinear range. An example of this approach in
the nonlinear range are the works by L. Wu et al. (Wu, Adam, and Noels, 2018; Wu et al., 2019),
who extended their previous work (Wu et al., 2018) to the stochastic analysis of UD composites
in the nonlinear range.

Another approach to perform stochastic simulations is the spectral stochastic FEM, a very
computationally expensive but accurate method. This approach combines the spectral repre-
sentation of stochastic processes with the discretization of the spatial domain. One example of
implementation of this method is the work by Pivovarov, Steinmann, and Willner (2020), where
a reduction of the main factors a�ecting the computational cost related to this approach was
introduced. To this end, a hyper-reduction is performed through a new element-based modi�ca-
tion of the element-based empirical approximation method (EDEAM), which is combined with
the proper orthogonal decomposition incorporated into the spectral stochastic FEM.

In the past decades, the use of surrogate models has seen an increased interest, making
stochastic multiscale simulations of complex nonlinear materials �nally possible (See Figure 1.8).
To this end, machine learning techniques have recently been employed as a powerful tool to
construct accurate and e�cient surrogate models, as only o�-line microstructure computations
would be needed to train the algorithm, and therefore to build the surrogate. In Hashemi, Safdari,
and Sheidaei (2021), the database of thermal conductivities used for the training of the algorithm
was obtained with the use of a fast Fourier transform (FFT) homogenization method on di�erent
microstructures identi�ed through several features such as the volume fraction, size distribution,
and aspect ratio. This dataset was used as an input for the training of a supervised machine
learning. This surrogate model showed its capabilities not only predicting a given microstructure
behavior, but also good inverse design capabilities. In the work by Lu et al. (2021), a data-driven
FE2 method was developed, for which a hybrid neural network (NN) interpolation scheme was
introduced, achieving an improved accuracy of the NN surrogate and permitting to lower the
number of RVE needed as database for the training of the NN to account for microstructure
variations. Similarly, NN has been used in Lu et al. (2019), in which a data-driven multiscale
method for anisotropic electrical responses has been developed, and in Fritzen, Fernández, and
Larsson (2019), where its use in calibration of surrogate models is seen as promising.

The DMN approach by Liu, Wu, and Koishi (2019), has been also used as a basis in other
works, such as in Huang et al. (2022), which introduced a microstructure-guided deep material
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Figure 1.8: Scheme of a surrogate model approach.

network that avoided the need for further training to predict the nonlinear response of new
microstructures, allowing for good accuracy while largely improving the e�ciency of the modeling
of heterogeneous materials with uncertainty.

As addressed in the review by Noels (2022), a wide variety of approaches can be found nowa-
days, underscoring the promising role of neural network-based surrogates in achieving stochas-
tic multi-scale methods, such as the work by Rao and Liu (2020) with their three-dimensional
deep convolution neural network (3D-CNN). The developed neural network is able to predict
the linear anisotropic e�ective material properties of a given RVE with random inclusions by
providing its image, and not using features as other approaches. While this method is not yet
used in nonlinear stochastic multiscale analysis, it showcases the wide variety of new possibilities
introduced by the neural networks in this �eld.

Most of the works emphasize the three main challenges especially when involving nonlin-
earities. The �rst challenge is the need for a rich synthetic database for e�ective training of
the model. Creating such databases, implies the need of a substantial number of direct numer-
ical simulations. The second main challenge is being able to relate the stochastic behavior at
the macroscale to the uncertainties present at the microstructure. The third challenge is the
modeling of the nonlinear range, and more speci�cally the stochastic modeling of the material
failure. Nowadays, there is a clear lack of methods for the stochastic multiscale modeling of
materials up to its complete failure. Some papers such as the one by Hun et al. (2019) address
the crack propagation in random heterogeneous materials, but they treat the fracture stage as
deterministic.

1.4 Objectives of the Thesis

The aim of this Work is to develop an e�cient framework that allows the scienti�c and industry
communities to further improve the virtual testing of polymeric composites. To that end, a
methodology that allows to take the microstructure variability of the material into account must
be used, so that irreversible behaviors such as plasticity and/or damage and failure and behavioral
variability can naturally be taken into account.

When the microstructures involve geometrical properties and material responses that may
vary, traditional multiscale approaches coupled with Monte-Carlo simulations cannot be envi-



14 Chapter 1. Introduction

sioned because of the overwhelming computational cost. For nonlinear materials and complex ge-
ometries such as woven composites, computational homogenization (FE2) (Kouznetsova, Geers,
and Brekelmans, 2002), which solves boundary value problems (BVP) at both scales using full-
�eld analyzes such as �nite elements reveals itself to be an accurate methodology, however, as
previously mentioned, the resolution of the two BVP should be concurrent, involving a high
computational cost, and therefore, making its use prohibitive in the case of a deterministic com-
plex 3D problem. In order to circumvent this problem, this Work focused on the development of
MFH based ROM for composite materials. To that end, we �rst need to have accurate simula-
tion of composite volume elements, which requires an accurate model of the polymeric matrix.
Then the MFH ought to be able to capture the complex behavior of the matrix, such as its
pressure-dependent response. Finally, the stochastic micromechanics ROM have to be developed
to represent the composite response variability, including during the failure stage.

This Thesis will start generalizing the �nite strain nonlocal damaged-enhanced viscoelastic-
viscoplastic constitutive model developed by Nguyen et al. (2016) introducing bulk and shear
moduli sti�ening terms. This introduction will allow us to consider a wider range of polymers
as it will be exempli�ed by brie�y exploring the modeling of shape memory polymers and their
sti�ening behavior at large strains as reported by Srivastava, Chester, and Anand (2010).

The second goal of this Thesis is to develop a mean-�eld homogenization framework capable
of correctly capture the behavior of two-phase composites with a pressure dependent matrix
phase up to its failure with a view to e�cient stochastic studies of this type of composites. The
incremental-secant-based MFH model developed by L. Wu et al. (Wu et al., 2017; Wu, Doghri,
and Noels, 2015; Wu et al., 2013a; Wu et al., 2013c; Wu et al., 2012) is here used as the basis
methodology. This methodology allows to avoid a common problem for most MFH schemes:
the need for an isotropization step to avert the over sti� predictions. Being able to obtain good
predictions in plasticity and avoiding this isotropization step has been shown to not be a straight-
forward task. This Work implements a MFH scheme that allows to take elasto-plastic behaviors
with pressure-dependency into account, permitting to consider damaging phases and to remain
accurate under nonproportional loading conditions, while maintaining the intrinsic advantages of
the incremental-secant scheme: the isotropic nature of the linear-comparison composite (LCC)
instantaneous sti�ness tensor circumvents and makes the isotropization step unnecessary, re-
sulting into a simpli�ed implementation of the material constitutive material law. Similarly to
the approach followed in the works by V.D. Nguyen et al. (Nguyen et al., 2016; Nguyen, Wu,
and Noels, 2019), this Thesis implements the enhanced Drucker-Prager model described in Sec-
tion 2 in combination to a non-associated �ow rule that allows to control the evolution of the
plastic-Poisson's ratio.

This pressure-dependent MFH model is then used as a surrogate model for the construction
of a UD composite stochastic reduced order model, which represents the third objective of this
Thesis. As shown in Figure 1.9, by constructing a micro-informatics model of the microstructure
using statistical indicators, homogenized behaviors can be predicted in a stochastic way. The
homogenized stochastic behavior of the studied composite is �rst characterized through full-�eld
simulations of stochastic volume elements (SVEs) of the material microstructure, permitting to
capture and characterize the e�ect of the microstructural geometrical uncertainties. Then, by
applying an inverse identi�cation process on each SVE realization, the random e�ective properties
needed by the pressure-dependent incremental-secant mean-�eld homogenization formulation are
obtained and used to feed the data-driven stochastic MF-ROM used to perform stochastic �nite
element method (SFEM) simulations.
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Figure 1.9: UD composite ROM methodology.

Such methodology was developed in the works by L. Wu et al. (Wu et al., 2018; Wu et
al., 2019) for pressure independent composite materials. The new developed damaged-enhanced
pressure-dependent MFH model allow to complete this ROM with pressure dependency and the
ability to recover the size objectivity of the solution after the failure onset by introducing a new
calibration step based on the critical energy release rate of the material. The calibration step will
consist on an iterative process that will compute the failure-damage surrogate model parameters
required to recover the same critical energy release rate obtained during the full-�eld realizations
(as shown in Fig. 1.10). The addition of this new step means the stochastic MF-ROM is now
able to naturally assess the stochasticity of the material failure.
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Figure 1.10: Iterative calibration of the MFH model to reach the critical energy release rate
of the SVE realization.

The MF-ROM accelerates the prediction of the variability in a structural response by several
orders of magnitude, allowing to e�ciently study particular quantities of interest (QoI), e.g. a
structure strength, with a given con�dence range studied in terms of the microstructure.

1.5 Scienti�c novelties

� The correct modeling of the elastic sti�ening observed for some polymers at large strains is
addressed. This is performed by means of the addition of bulk and shear moduli sti�ening
terms to the large strain nonlocal damaged-enhanced viscoelastic-viscoplastic constitutive
model developed in Nguyen et al. (2016).
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� The developed MFH scheme allows to take elasto-plastic behaviors with pressure-
dependency into account while maintaining the intrinsic advantages of the incremental-
secant scheme: the isotropic nature of the LCC instantaneous sti�ness tensor circumvents
and makes the isotropization step unnecessary, and results into a simpli�ed implementation
of the material constitutive material law.

� The developed pressure-dependent MFH is used as a basis of an incremental-secant based
stochastic MF-ROM for UD composites constructed from MFH parameters obtained
through an inverse identi�cation process, making possible stochastic simulations capable
of accounting for the pressure-dependent behavior of epoxy matrices.

� The MFH loss of size objectivity after the localization onset is addressed. This recovery
of the size objectivity of the damaged-enhanced MFH model after the softening onset is
performed by taking the energy release rate of the studied material as a reference value for
the de�nition of the MFH nonlocal damage evolution law.

The following articles were published in the scope of this Thesis:

� Calleja Vázquez, JM, Wu, L, Nguyen, V-D, Noels, L. An incremental-secant mean-�eld ho-
mogenization model enhanced with a non-associated pressure-dependent plasticity model.
Int J Numer Methods Eng. 2022; 123(19): 4616�4654. doi:10.1002/nme.7048

� Calleja Vázquez, JM, Wu, L, Nguyen, V-D, Noels, L. A micromechanical mean-�eld ho-
mogenization surrogate for the stochastic multiscale analysis of composite materials failure.
Int J Numer Methods Eng. 2023; 1-63. doi: 10.1002/nme.7344

1.6 Thesis outline

This Thesis will present the work performed during this PhD in a linear way, allowing the
reader to understand the reasoning behind this Work. This document is divided into �ve chapters:

� Chapter 1: Introduction

This chapter introduces the general context and the motivation of the study carried in this
Thesis. Focusing on composite materials, the high-crosslinked epoxies are introduced showing
their pressure-dependent behavior. The techniques used in computational mechanics in order to
model pressure-dependent plastic behaviors are then introduced and reviewed, followed by an
introduction to homogenization techniques.

� Chapter 2: Generalized large strain nonlocal damage enhanced viscoelastic viscoplastic
constitutive model for semi-crystalline and glassy polymers

This Chapter presents a generalized framework for the modeling of glassy and semi-crystalline
polymers. Here, the nonlocal damage formulation used for the softening of the material and the
enhanced large strain nonlocal damage enhanced viscoelastic viscoplastic constitutive model are
recalled (Nguyen et al., 2016). This enhanced constitutive model will feature the introduction
of bulk and shear moduli sti�ening terms, which will allow to correctly capture the sti�ening
behavior observed in some polymers, such as semi-crystalline shape memory polymers. The
constitutive model is based on a generalized Maxwell viscoelastic model completed by pressure-
dependent non-associated viscoplastic Perzyna approach. This Chapter will develop the imple-
mentation of the large strain nonlocal damaged-enhanced viscoelastic-viscoplastic constitutive
model in a FE framework. Finally, the Chapter will end by testing the e�ciency of the intro-
duced enhancements in the constitutive model against real tests on DMA samples of the shape
memory polymer PCL76-4MAL/FUR 3 wt%CNT.
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� Chapter 3: Incremental-Secant implementation of a possibly damaged enhanced non-
associated pressure-dependent plasticity model

This chapter starts by introducing some MFH generalities, which will build the path to
the introduction of the incremental-secant based MFH. Then, the pressure-dependent plasticity
model used in this Thesis and the MFH resolution in the nonlocal FE framework are addressed
before showing the performance of this methodology through the veri�cation of its predictions
against FE simulations and experiments.

� Chapter 4: A micromechanical mean-�eld homogenization surrogate for the stochastic
multiscale analysis of composite materials failure

The fourth chapter starts by the de�nition of the meso-scale boundary value problem followed
by the multiscale homogenization scale transition. Then, the inverse identi�cation process used
for the obtention of the MFH parameter dataset is presented followed by a statistical analysis
of these parameters. These parameters will then be used for the generation of proper random
�elds that allow the construction of the stochastic-ROM. This chapter will �nalize by showing
the capabilities of the reduced order model on several applications.

� Chapter 5: Conclusion and future perspectives

Finally, this chapter will discuss and analyze the di�erent results obtained at each step of this
Work, allowing to have a more general view of the achievements of this Thesis and the points
that are still to be addressed and improved in future works.
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Chapter 2

Generalized large strain nonlocal
damage enhanced viscoelastic
viscoplastic constitutive model for
polymers1

Epoxies are a group of thermoset polymers that are commonly used as the matrix phase in �ber
reinforced composite materials. Their properties have made these group of materials to gain pop-
ularity in the aeronautical industry these last decades. As previously presented, the amorphous
glassy molecular composition of epoxies results in complex behaviors. It has been shown these
materials are found to be dependent on factors such as deformation rate and temperature, with
a large di�erence between tensile and compressive behaviors. In particular, compressive loadings
exhibit higher peak values due to the hydrostatic pressure dependency exhibited by this family
of materials.

Amorphous glassy polymers, such as epoxies, exhibit di�erent plastic stages in their strain-
stress response, with micro-shear bands causing a softening stage and reduction in loading bear-
ing capability before the rehardening stage caused by the alignment of the molecule chains is
reached. This complex behavior makes viscoelastic constitutive models, such as the widely used
generalized Kelvin model (Zhang and Moore, 1997) and the generalized Maxwell model (Reese
and Govindjee, 1998; Buhan and Frey, 2011; Takagi et al., 2008), or other well-known models
such as the Schapery model (Haj-Ali and Muliana, 2004; Zhang et al., 2022), or the fractional
model (Schiessel et al., 1995; Hajikarimi et al., 2022), to be insu�cient for the correct modeling
of polymers. In order to properly represent the glassy polymer behavior, plasticity, softening,
and failure must be taken into account. As a result, complex constitutive models are necessary
to fully model its behavior.

Viscoplasticity has been an extensive subject of study for the scienti�c community, which has
approached this phenomenon in multiple ways. Some works focused on a physical approach in
order to model these materials (Boyce, Parks, and Argon, 1988; Arruda, Boyce, and Jayachan-
dran, 1995; Tervoort et al., 1997; Govaert, Timmermans, and Brekelmans, 1999). The main
drawback of these models is the large amount of parameters they require, which translates on a
complex testing campaign required for the calibration of the model. The use of phenomenolog-
ical models (Krempl, McMahon, and Yao, 1986; Bodner and Partom, 1975; Perzyna, 1971) can
drastically reduce the number of parameters to be calibrated. This lower calibration complexity
makes this approach highly attractive for the modeling of this kind of materials. As an example,
many examples of this modeling approach can be observed in the study of polymers as shown in
the works (Colak, 2005; Bodner and Partom, 1975; Frank and Brockman, 2001; Zairi et al., 2008).
One of the most stablished models in the viscoplastic theory is the phenomenological viscoplastic
model introduced by Perzyna (1971). Several works such as the ones by Van Der Sluis, Schreurs,
and Meijer (2001), Kim and Muliana (2010), Al-Rub, Tehrani, and Darabi (2015) or Nguyen et

1Part of this chapter is an adapted version of the paper (Gulasik et al., 2023), while the main concept is from
(Nguyen et al., 2016)
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al. (2016) successfully introduced this viscoplastic approach for the modeling of the viscoplastic
e�ect on these materials.

Damage-enhanced viscoelastic-viscoplastic models, in which a viscoelastic model can be used
together with a phenomenological viscoplastic model, allow to have a full representation of the
behavior of these polymers. This approach yielded good results in multiple publications, as shown
in the works by Al-Rub, Tehrani, and Darabi (2015), Zairi et al. (2008), Krairi and Doghri (2014),
Chowdhury, Benzerga, and Talreja (2008), Chowdhury, Talreja, and Benzerga (2008), Nguyen
et al. (2016), Zhao et al. (2021), Liu et al. (2022), Carvalho, Coda, and Sanches (2023) or
Narayanan, Pramanik, and Arockiarajan (2023).

Nguyen et al. (2016) addressed the complex behavior of glassy polymers with his large strain
nonlocal damaged-enhanced pressure-dependent viscoelastic-viscoplastic constitutive model.
This model is a hyperelastic viscoelastic-viscoplastic-damage constitutive model based on a mul-
timechanism nonlocal damage continuum to model the matrix phase of the composite material.
This model showed great capabilities to mimic real epoxy materials like the high-crosslinked
RTM6 epoxy resin (Nguyen, Wu, and Noels, 2019) thanks to the introduction of the pressure-
dependency. In this approach, di�erent models are used depending on the strain level. At small
strains, an enhanced generalized Maxwell model is used to capture the viscoelastic behavior.
When the strain exceeds a certain limit characterized by a pressure-sensitive yield function,
the material enters a viscoplastic region. In this region, the plastic �ow is governed by a non-
associated Perzyna-type �ow rule, which considers the pressure-sensitive yield function and a
quadratic �ow potential. The damage evolution inside the material is taken into account in a
Lemaitre-Chaboche style, also called continuum damage mechanics (CDM) approach (Lemaitre
and Chaboche, 1994) using a nonlocal formulation. This nonlocal formulation allows to circum-
vent the ill-posedness of the boundary value problem after the localization stage.

The behavior of some hyperelastic polymers like the shape memory polymers, can present a
characteristic elastic sti�ening behavior at high deformations as observed by Srivastava, Chester,
and Anand (2010). This behavior was not captured by the model introduced by Nguyen et
al. (2016), which accounted for linear terms in its elastic de�nition. The aim of this Chapter
is to present an enhanced version of the large strain nonlocal damaged-enhanced viscoelastic-
viscoplastic constitutive model developed by Nguyen et al. (2016) for the modeling of such
polymer materials. This enhancement consists in the introduction of bulk and shear moduli
sti�ening terms, which will allow to capture the elastic sti�ening observed in polymers such as
SMPs. This generalization of the original model will allow to better capture the wide range of
properties that can be observed in polymeric materials.

This Chapter will start by presenting the nonlocal damage formulation used for the softening
of the material. Then, the viscoelastic-viscoplastic constitutive model enhanced with the new
bulk and shear moduli sti�ening terms will be presented. To that end, �rst the kinematics
framework of the studied problem will be brie�y presented, followed by the introduction of the
generalized Maxwell viscoelastic model. Then, viscoplastic part of the model will consist on the
presentation of the non-associated Perzyna approach used for the viscous modeling, followed by
the de�nition of the pressure-dependent yield surface and the �ow potential, and the hardening
modeling. Finally, this Chapter will end by presenting the implementation of the large strain
nonlocal damaged-enhanced viscoelastic-viscoplastic constitutive model.

2.1 Nonlocal damage formulation

Let us brie�y present the nonlocal mechanics of a studied body ω with a reference con�guration
ωref and boundary ∂ωref . Considering a volumetric force Ω applied to the body ω, its boundary
can be divided into Newman (∂Nωref) and Dirichlet (∂Dωref) boundaries. A surface traction
Tb is applied on boundary ∂Nωref , while the boundary ∂Dωref is set to a displacement ub. In
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this case, considering N the unit outward normal to the body boundary ∂ωref and P the �rst
Piola-Kirchho� stress tensor, the equilibrium equations of the studied body ω write:

P ·∇0 = −Ω on ωref ,
u = ub on ∂Dωref , and
P ·N = Tb on ∂Nωref .

(2.1)

where ∇0 stands for the gradient operator with respect to the reference con�guration and u
refers to the displacement.

Elasto-plastic materials are history dependent. In order to account for these history and path
dependent irreversibilities, a set of internal variables q is used. The material constitutive law
that completes the set of equations governing the studied problem writes:

P = P(F(t); q(τ), τ ∈ [0, t]), (2.2)

where F stands for the deformation gradient tensor.
In the work by Nguyen et al. (2016), the damage e�ect within the material is taken into

account in a Lemaitre-Chaboche style (Lemaitre and Chaboche, 1994). This damage formulation
accounts for the evolution of damage within the studied material through an internal scalar D,
whose value ranges from 0 to 1, where 1 stands for a fully damaged material, and 0 for a
undamaged material.

The evolution of this scalar is governed by an evolution law which writes:

Ḋ = D (D,F(t); q(τ), τ ∈ [0, t]) . (2.3)

Assuming the material strain in its undamaged state equals the current strain state
(Lemaitre, 1985), the �rst Piola-Kirchho� writes in terms of the scalar D and the e�ective
Piola-Kirchho� as:

P = (1−D) P̂, (2.4)

where the e�ective Piola-Kirchho� stress is governed by the undamaged material constitutive
law:

P̂ = P̂ (F(t); q(τ), τ ∈ [0, t]) . (2.5)

The evolution law presented in Eq. (2.3) allows to locally de�ne the value of the damage
scalar for a given strain history, however, once the strain softening occurs, the boundary value
problem is no longer well-posed. This formulation will therefore yield mesh dependent results
and damage localization. In order to solve this problem, Peerlings et al. (1996) introduced a
nonlocal implicit approach that allowed to circumvent this issue. Instead of considering the local
value of a given internal variable q at a material point in a position xref , this approach takes an
average of this quantity over a characteristic volume ωc:

q̆(xref) =
1

ωc

∫
ωc

q(Y )θ(r)dω, (2.6)

where Y stands for a position belonging to the characteristic volume ωc, dω is the di�erential
volume, and where θ(r) stands for the weight function that accounts for the level of in�uence of
a point at a radius r = xref −Y belonging to the characteristic volume ωc as shown in Fig. 2.1.
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Figure 2.1: Graphic representation of the nonlocal averaging of variable q over a volume ωc.

It was shown in Peerlings et al. (1996); Peerlings et al. (2001), that this expression with θ,
the Green's function can be expressed as a Helmoltz-type equation:

q̆(xref , t)− l2∆0q̆ = q, (2.7)

where l stands for the characteristic length of the studied material. Making use of this nonlocal
variable, the evolution of the damage scalar D will write:

Ḋ = D (D,F(t),Q(t); q(τ), τ ∈ [0, t]) Q̇, (2.8)

where q is the vector with the undamaged internal variables, and Q is a monotonically increasing
nonlocal variable which writes:

Q = max [Q0, q̆; 0 ≤ τ ≤ t] . (2.9)

As already introduced in Chapter 1 and shown in Fig. 2.2, multiple investigations (Boyce,
Arruda, and Jayachandran, 1994; Buckley et al., 1994; Chen, Lu, and Cheng, 2002; Fiedler et
al., 2001; Hine et al., 2005; Lesser and Kody, 1997; Morelle, Pardoen, and Bailly, 2015; Mulliken
and Boyce, 2006) have shown a very complex behavior that depends on various external factors
such as hydrostatic pressure, temperature or deformation rate. In order to present the modeling
strategy used for the damage of these materials, let us consider uniaxial loading conditions. As
it can be seen from Fig. 2.2, Multiple stages can be observed from this response, from which we
can observe two major damage-related stages: The post-peak softening and the failure stages.

ε

σ
σ̂

(1−Ds∞)σ̂

X̂
(1
−
D
s ∞

)X̂

(1−Ds∞)(1−Df )σ̂

Rehardening

Failure

Pre-peak nonlinear

Post-peak softening

Elastic

ε

σ

Figure 2.2: Schematic representation of a typical amorphous glassy polymer stress-strain curve
for a uniaxial compressive monotonic loading condition on the right and graphic representation

of the damage modeling used in (Nguyen et al., 2016) on the left

In order to model these stages, a two-step damage modeling is used (see Fig. 2.2). In order
to model the post-peak softening, a softening damage variable Ds will be used, while a failure
damage variable Df will later be triggered in order to model the failure of the epoxy material.
Using these two damage variables, the damage variable D writes:
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D = 1− (1−Ds)(1−Df ), (2.10)

rewriting Eq. (2.4) as:

P = (1−Ds) (1−Df ) P̂. (2.11)

In order to avoid the previously mentioned problems that local damage can introduce, both
damage scalars will be de�ned in an implicit nonlocal formulation. This formulation is then
completed with natural boundary conditions for the respective nonlocal variables used for each
damage. The softening damage will therefore write:

q̆s(x, t)− l2s∆0q̆s = qs,

Ḋs = Ds (Ds,F(t),Qs(t); q(τ), τ ∈ [0, t]) Q̇s,
Qs(t) = max [Qs0, q̆s; 0 ≤ τ ≤ t] ,
∇0q̆s ·N = 0 on ∂ωref ,

(2.12)

where ls stands for the softening characteristic size. Equivalently, the failure damage Df will be
formulated as: 

q̆f (x, t)− l2f∆0q̆f = qf ,

Ḋf = Df (Df ,F(t),Qf (t); q(τ), τ ∈ [0, t]) Q̇f ,
Qf (t) = max [Qf0, q̆f ; 0 ≤ τ ≤ t] ,
∇0q̆f ·N = 0 on ∂ωref ,

(2.13)

where lf stands for the failure characteristic size. This nonlocal formulation of the damage allows
a complete uncoupling of the damage variables and the constitutive behavior of the material,
permitting a high degree of �exibility of the model.

2.2 Viscoelastic-viscoplastic constitutive model

Having a material point which initially was at a reference point xref and is currently at position
x, the deformation gradient tensor F is de�ned as:

F =
∂x

∂xref
, (2.14)

where the deformed con�guration x is a two-point mapping depending on the reference con�gu-
ration and time t: x = x(xref , t). De�ning the displacement vector u = x−xref , the deformation
gradient tensor F writes:

F = x⊗∇0 = 1 + u⊗∇0, (2.15)

where 1 stands for the second-order identity tensor, and ∇0 stands for the gradient operator
with respect to the reference con�guration.

This Section will now present the viscoelastic-viscoplastic constitutive model that will be used
for the modeling of the glassy amorphous polymers. This Section will start by brie�y presenting
the strain-stress measures before presenting the viscoelastic and viscoplastic models. Finally, this
Section will present how the model is implemented numerically, displaying the predictor-corrector
steps to follow its solution.

2.2.1 Logarithmic strain-stress measures

The deformation gradient F can be divided into viscoelastic Fve and viscoplastic Fvp gradients,
such that:
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F = Fve · Fvp. (2.16)

These deformation gradients are then used for the de�nition of the right Cauchy strain tensor
and the viscoelastic right Cauchy strain tensor, which write:

C = FT · F, Cve = FveT · Fve, (2.17)

or again using Eqs. (2.16, 2.17) as:

C = FvpT ·Cve · Fvp. (2.18)

These de�nitions of the right Cauchy strain tensors can then be used to de�ne the logarithmic
strain operator for the total and viscoelastic terms:

E =
1

2
ln C, and Eve =

1

2
ln Cve. (2.19)

If an irrotational viscoplastic �ow is assumed, which means that the anti-symmetric part of
the viscoplastic spatial gradient of velocity Lvp vanishes (Wvp = 0), the viscoplastic strain rate
tensor ε̇vp will be equal to Lvp, being possible to write:

ε̇vp = Lvp = Ḟvp · Fvp−1. (2.20)

This Eq. (2.20) allows us to �nd an expression for the plastic evolution, which yields:

Ḟvp = ε̇vp · Fvp. (2.21)

The hyperelastic formulation of this model is based on the assumption of the existence of an
elastic potential depending on the logarithmic viscoelastic strain operator Ψ(Eve), from which
the e�ective Kirchho� stress κ̂ and the e�ective corotational Kirchho� stress τ̂ can be de�ned
as:

Ψ̇ = κ̂ : Lve = τ̂ : Ėve, (2.22)

or solving for κ̂:

κ̂ = 2Fve · ∂Ψ

∂Cve
· FveT = Fve−T · τ̂ · FveT . (2.23)

We note that in order for τ̂ to be the e�ective Kirchho� stress expressed in the viscoelastic
corotational space, we need to assume that Cve and τ̂ permute, which is not the case for the
viscous terms as discussed later.

After the de�nition of the deformation gradients Fve and Fvp and the Kirchho� stress, it is
then possible to de�ne the �rst Piola-Kirchho� stress P̂ as:

P̂ = κ̂ · F−T = 2Fve · ∂Ψ

∂Cve
· Fvp−T = Fve · Sve · Fvp−T = Fve−T · τ̂ · Fvp−T , (2.24)

where Sve writes:

Sve = τ̂ : L with L =
∂ ln Cve

∂Cve

∣∣∣∣
Cve(t)

. (2.25)

In the case for which the logarithm is evaluated following an approximation:
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ln(1 + A) = A− A2

2
+

A3

3
− A4

4
+ . . . , (2.26)

being A an arbitrary second-order tensor. The derivative L is computed from this approximation.

2.2.2 Viscoelasticity and Kirchho� stress

One of the most consolidated mechanical models of viscoelasticity is the Maxwell model. Pio-
neered by (Maxwell, 1867), this model is built connecting an elastic spring with a viscous dashpot
as shown in Fig. 2.3. This model allows then to represent not only the static behavior of the
material, but also to take into account the rate dependency of its response.

Eη

P P

Figure 2.3: Schematic representation of the viscoelastic Maxwell model.

As in the work by V.D. Nguyen et al. (Nguyen et al., 2016; Simo, 1987), an enhanced
viscoelastic potential based on this generalized Maxwell model in the is used in this Thesis. The
model contain N+1 springs (see Fig. 2.4) with elastic potentials Ψ∞ and Ψi, and N dashpots
with dissipation functions Υi:

Ψ (Eve; q1, . . . , qN ) = Ψ∞ +

N∑
i=1

[Ψi (Eve) + Υi (Eve; qi)] , (2.27)

where i = 1, ..., N .

Ψ∞
Ψ1 Ψ2 ΨN

Υ1 Υ2 ΥN

· · ·

Figure 2.4: Schematic representation of the generalized viscoelastic Maxwell model.

The N Maxwell spring potentials are modeled with a bi-logarithmic potential function which
writes:

Ψi (Cve) =
κi
2

ln2 Jve + µi (Eve)dev : (Eve)dev with i = 1, . . . , N, (2.28)

where κi and µi stand for the bulk and shear moduli of the material with i = 1, ..., N .
In the present Work, Ψ∞ is modi�ed to account for bulk and shear moduli terms that directly

depend on the evolution of Eve. The term Ψ∞ therefore writes:

Ψ∞ (Cve) =

∫ trEve

0
κ∞

(
tr Eve′

)
tr Eve′d tr Eve′ +

∫ (Eve)dev

0
2µ∞(|Eve′ |)(Eve′)dev : d tr Eve′ ,

(2.29)
where tr(•) is the trace operator, (•)dev = (•)− (•)vol is the deviatoric operator, being (•)vol =
1/3 tr(•)1, where 1 stands for the second-order identity tensor; and κ∞ and µ∞ are the nonlinear
bulk and shear moduli respectively of the purely elastic branch. This nonlinearity added to
the original model presented in Nguyen et al. (2016) allows to recover the sti�ening behavior
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observed on some polymers at a large deformation (Srivastava, Chester, and Anand, 2010). The
new expressions for the nonlinear bulk and shear moduli write:

κ∞ = κ̂∞

1 + Vκ

[
tanh

(
ϑκ
3

(tr Eve)2 − ζκ
)

+ tanh (ζκ)

]
︸ ︷︷ ︸

fκ(trEve)

 , and (2.30)

µ∞ = µ̂∞

1 + Vµ

[
tanh

(
ϑµ(Eve)dev : (Eve)dev − ζµ

)
+ tanh (ζµ)

]
︸ ︷︷ ︸

fµ(Eve)dev

 , (2.31)

being µ̂∞ and κ̂∞ the linear shear and bulk moduli at in�nitesimal strain, and Vκ, Vµ, ϑκ, ϑµ, ζκ
and ζµ are the parameters to model the evolution of the bulk and shear moduli. The introduction
of these six parameters allows a maximum generalization of the enhanced bulk and shear moduli,
and gives the model the ability to capture a wide range of elastic sti�ening behaviors.

For the modeling of the viscous dashpots, quadratic dissipating functions are used (Nguyen
et al., 2016; Simo, 1987):

Υi (Eve, qi) = −qi : Eve +
1

18κi
(tr qi)

2 +
1

4µi
(qi)

dev : (qi)
dev with i = 1, . . . , N. (2.32)

The internal variables qi allow to account for the viscoelastic e�ect and their evolution is
characterized by a retardation action (Simo, 1987):

(q̇i)
dev =

2µi
gi

(Eve)dev − 1

gi
(qi)

dev,

tr q̇i =
3κi
ki

tr Eve − 1

ki
tr qi,

(2.33)

where gi and ki are respectively the characteristic relaxation times for the deviatoric and volu-
metric terms.

The e�ective corotational Kirchho� stress can be computed as the derivative of the viscoelas-
tic potential Ψi (Eve) with respect to the viscoelastic logarithmic strain measure Eve:

τ̂ =
∂Ψ

∂Eve
. (2.34)

Finally, the viscous terms can be found by integration as:

(qi)
dev =

2µi
gi

∫ t

−∞
exp

(
− t− s

gi

)
(Eve)dev(s)ds, and

1

3
tr qi =

κi
ki

∫ t

−∞
exp

(
− t− s

ki

)
tr Eve(s)ds,

(2.35)

yielding:
qi = (qi)

dev + (qi)
vol. (2.36)

As it can be observed from the previous equations, the corotational Kirchho� stress can be
directly divided into a deviatoric and a volumetric contribution as:

τ̂ = (τ̂ )dev + (τ̂ )vol. (2.37)

Introducing Eq. (2.27) into Eq. (2.34), the e�ective corotational Kirchho� stress writes:
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{
(τ̂ )dev = 2µ∞(Eve)dev(t) +

∫ t
−∞ 2µ(t− s) : d

ds(E
ve)dev(s)ds,

1
3 tr τ̂ = κ∞ tr Eve(t) +

∫ t
−∞ κ(t− s) d

ds tr Eve(s)ds,
(2.38)

where:

µ(t) =

N∑
i=1

µi exp

(
− t

gi

)
, and κ(t) =

N∑
i=1

κi exp

(
− t

ki

)
. (2.39)

Using the de�nition of the derivative L (see Eq. (2.25)), the expression for the �rst Piola-
Kirchho� stress follows Eq. (2.24).

2.2.3 Viscoplasticity

After presenting the viscoelastic constitutive law, the next step consists in the modeling of the
viscoplastic stage. This Section will start presenting the viscous modeling strategy, followed by
the de�nition of the used pressure-dependent yield surface, the �ow potential and the extended
yield condition. Finally, the hardening modeling strategy will be introduced.

Viscoplastic �ow The viscoelastic model that has been presented thus far is applicable within
the elastic range. The boundary of this validity, which signi�es the shift from elasticity to
plasticity, is established by the yield condition F . In order to model the viscous behavior of
these polymer materials, a non-associated Perzyna-type (Perzyna, 1971) viscoplastic �ow is used
to de�ne the viscoplastic strain rate:

ε̇vp =
1

η
〈F 〉

1
γ︸ ︷︷ ︸

λ

Q, (2.40)

where η is the material viscosity parameter, λ is the consistency parameter, γ is the rate sensi-
tivity exponent, Q is the normal to the plastic �ow potential G, to be further de�ned

(
Q = ∂G

∂τ̂

)
and 〈•〉 = 1

2(•+ | • |). Fixing the material viscosity parameter η to 0, the rate-independent case
can be recovered if desired. It is worth noting that as a non-associated �ow rule is used, the �ow
potential G di�ers from the yield surface F .

By introducing the consistency parameter λ, it becomes possible to formulate the viscoplastic
extended yield function that can represent rate-dependent materials. This can be expressed in a
generalized form as follows:

F̄ = F − (ηλ)γ ≤ 0. (2.41)

As it is shown in �gure 2.5, three di�erent regions can therefore be de�ned. The �rst region will
be delimited by the yield function F . This region is called the viscoelastic region, as the material
behaves in a viscoelastic way. While the material state lies inside this region, the yield function
F and the extended yield condition F̄ remain the same. Once the plastic limit is surpassed, i.e.
F > 0, plasticity starts to develop and the yield surface F will be modi�ed. The new de�nition
of the extended viscoplastic yield function is obtained through a Kuhn-Tucker-type condition
computed with the use of the consistency parameter λ:

λF̄ = 0, λ ≥ 0, and F̄ ≤ 0. (2.42)

The third region would belong to a F̄ > 0 case, which is a no-access region.
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F̄ = 0

F > 0

F̄ > 0

F < 0

F = 0

No-access Region

Viscoplastic Region

Viscoelastic Region

Figure 2.5: Schematic representation of the viscoelastic-viscoplastic yield surface regions.

Yield surface The Drucker-Prager yield surface model is a well-known yield criterion whose
yield surface not only varies with respect to the second invariant, but also presents a dependence
on the hydrostatic stress, showing a cone-like shaped yield surface (see Figure 2.6).
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−σ1
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Tension

Compression
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Compression

Tension

−σ2

−σ3
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Figure 2.6: Graphical representation of the von Mises (left), the pressure-dependent Drucker-
Prager (center) and Nguyen et al. (2016) (right) yield surfaces on the stress space.

This yield surface was later extended multiple times to represent accurately di�erent material
behaviors. The used yield function for the modeling of plasticity represents a power-enhanced ver-
sion of the original Drucker-Prager. This criterion was used by Nguyen et al. (2016), who applied
it to the case of amorphous glassy polymers, developing a hyperelastic viscoelastic-viscoplastic-
damage constitutive model based on a multimechanism nonlocal damage continuum. The de-
veloped power-enhanced version of the Drucker-Prager is then capable of not only representing
materials following the classical Drucker-Prager yield surface or the Melro et al. (2013) yield
surface, but also more complex power yield surfaces. This model has the capabilities to mimic
real epoxy materials like the high-crosslinked RTM6 epoxy resin (Nguyen, Wu, and Noels, 2019).

This allows for a more versatile and adaptable approach to modeling plasticity, which is of
crucial importance when studying materials that exhibit rate-dependent behavior or have other
complex characteristics. This yield surface is written in terms of a combined stress tensor φ
written in terms of the e�ective corotational Kirchho� stress and the corotational backstress
tensor b̂ as:

φ = τ̂ − b̂. (2.43)

In order to account for the pressure dependency, the Drucker-Prager yield function depends
on the �rst and second invariants of the combined stress tensor. The coe�cients that complete
the yield function are found by accounting for two di�erent yield conditions at di�erent pressure
states as shown by Nguyen et al. (2016), where uniaxial tension and compression were used. This
enhanced Drucker-Prager yield function writes:



2.2. Viscoelastic-viscoplastic constitutive model 29


F (φ) = a2 (φeq)α − a1φ̂− a0 ≤ 0,

a2 = 1
σαc

; a1 = 3m
α−1
m+1

1
σc

; a0 = mα+m
m+1 ,

φeq =
√

3
2(φ)dev : (φ)dev,

φ̂ = 1
3 trφ = 1

3 tr τ̂ − 1
3 tr b̂,

(2.44)

where the exponent α is a material constant, trφ = φii and σc represents the isotropic compres-
sive yield stress. Finally, m = σt

σc
is the ratio between the current compressive and tensile yield

stresses, where σt represents the current tensile yield stress. The evolution of the tensile and
compressive yield stresses will be dictated by a tensile (Ht) and a compressive (Hc) hardening
functions respectively, and the evolution of the backstress tensor will be ruled by a kinematic
hardening evolution law (Hb).

It is worth noting that as shown in Nguyen et al. (2016), the exponent α must satisfy the
inequality α ≥ 0 in order to ensure the positive semide�nite condition of the Hessian:

∂2F

∂τ̂∂τ̂
= a2α (φeq)α−1 ∂

2φeq

∂τ̂∂τ̂
+ a2α(α− 1) (φeq)α−2 ∂φ

eq

∂τ̂
⊗ ∂φeq

∂τ̂
. (2.45)

Flow potential and extended yield condition Following previous contributions (Al-Rub,
Tehrani, and Darabi, 2015; Melro et al., 2013; Vogler, Rolfes, and Camanho, 2013), a non-
associated �ow rule is used for the correct capturing of the polymer behavior. The �ow rule will
then evolve in a direction normal to a plastic �ow potential, which writes:

G = φeq 2 + βφ̂2, (2.46)

where β is a material parameter. This �ow potential allows a correct control of the Poisson
e�ect during plasticity. A plastic Poisson's ratio νp yields from this potential �ow, modeling the
volumetric plastic deformation. At the plastic �ow onset, this νp writes (Melro et al., 2013):

νp =
9− 2β

18 + 2β
. (2.47)

Once the plastic �ow onset is reached, the plastic Poisson's ratio decreases from this value as
plasticity evolves within the material.

The non-associated �ow being de�ned, it is now possible to �nd the direction of the plastic
�ow normal to the plastic �ow potential. This normal direction writes:

Q =
∂G

∂τ̂
= 3(φ)dev +

2β

3
φ̂1. (2.48)

To consider the non-reversible nature of a process, it is necessary to incorporate an internal
variable as the reference value. In this Work, this internal variable is chosen to be the equivalent
plastic strain p. The reason for using this variable is that it allows quantifying the amount
of plastic deformation that has occurred in a material, being an ideal indicator of the level of
plasticity that it has sustained. The evolution of this plastic strain writes:

ṗ = k
√
ε̇vp : ε̇vp = kλ

√
6φeq 2 +

4

3
β2φ̂2, (2.49)

where k is de�ned in terms of the plastic Poisson's ratio νp as:

k =
1√

1 + 2ν2
p

; k =

√
2

3
if incompressible �ow rule. (2.50)
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It is then possible to rewrite the extended yield condition presented in Eq. (2.41) as:

F̄ =

(
φeq

σc

)α
− 3

mα − 1

m+ 1

φ̂

σc
− mα +m

m+ 1
−

 ηṗ

k
√

6φeq 2 + 4
3β

2φ̂2

γ

≤ 0. (2.51)

As it can be deduced from Eq. (2.51), the equivalent plastic deformation ṗ allows to account for
the rate dependent e�ects of the material.

Hardening modeling As already introduced, the hardening will be modeled through the e�ect
of three hardening laws: the compressive and tensile isotropic hardenings, which will control the
evolution of the compressive and tensile yield stresses, and the asymmetric plastic �ow behavior
and the kinematic hardening, which will model the evolution of the backstress tensor b̂.

The hardening evolution laws de�ning the evolution of the compressive and tensile isotropic
yield stresses are de�ned as a function of the equivalent plastic strain ṗ as:{

σ̇c = Hc(p)ṗ, with σc(p = 0) = σ0
c ,

σ̇t = Ht(p)ṗ, with σt(p = 0) = σ0
t .

(2.52)

Hc and Ht, respectively stand for the compressive and tensile isotropic hardening moduli.
Finally, the kinematic hardening allows to describe the evolution of the corotational backstress

tensor during the plastic evolution. The backstress tensor evolution writes:

˙̂
b = kHb(p)D

vp with b̂(p = 0) = 0, (2.53)

where Hb represents the kinematic hardening modulus.

2.3 Constitutive model implementation

To demonstrate the numerical implementation of the constitutive model, let us consider a par-
ticular time step n + 1. The time increment between this step and the previous step is repre-
sented by ∆tn, such that the current time can be expressed as tn+1 = tn + ∆tn. For the sake of
conciseness, the subscript indicating the current time step n+ 1 will be omitted.

At time tn+1 the �rst Piola-Kirchho� stress tensor writes:

P̂ = Fve · Sve · Fvp−T , (2.54)

where Sve (Eq. (2.25)) writes:

Sve = τ̂ : L with L =
∂ ln Cve

∂Cve

∣∣∣∣
Cve(t)

, (2.55)

and where the derivative L is approximated following Eq. (2.26).
The viscous terms are found by integrating the expression given in Eq. (2.35). For the

deviatoric part, one has:

(qi)
dev = 2µi(E

ve)dev −
∫ t

−∞
2µi exp

(
− t− s

gi

)
d

ds
(Eve)dev(s)ds︸ ︷︷ ︸

Ai

, (2.56)

where Ai can be approximated using the midpoint rule as shown by Nguyen et al. (2016),
yielding:
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Ai =

∫ t

−∞
2µi exp

(
− t− s

gi

)
d

ds
(Eve)dev(s)ds

≈ Ain exp

(
−∆tn

gi

)
+ 2µi exp

(
−∆tn

2gi

)(
(Eve)dev − (Eve

n )dev
)
.

(2.57)

The deviatoric term of the corotational Kirchho� stress obtained in Eq.(2.38) can be found
following equivalent computations to the ones used for dev qi, obtaining:

(τ̂ )dev = 2µ∞(Eve)dev +

N∑
i=1

Ai. (2.58)

We note that the presence of the terms Ai does not allow to demonstrate the commutativity of
Cve and τ̂ , see discussion on Eq. (2.23).

Similarly for the volumetric terms one has:

1

3
tr qi = κi tr Eve −

∫ t

−∞
κi exp

(
− t− s

ki

)
d

ds
tr Eve(s)ds︸ ︷︷ ︸

Bi

, (2.59)

where, following equivalent computations as the ones followed for Ai one can �nd:

Bi = Bin exp

(
−∆tn

ki

)
+ κi exp

(
−∆tn

2ki

)
(tr Eve − tr Eve

n ) . (2.60)

As for the deviatoric term of τ̂ , it is therefore possible to �nd the expression for the volumetric
term:

1

3
tr τ̂ = κ∞ tr Eve +

N∑
i=1

Bi. (2.61)

The corotational Kirchho� stress can then be written by dividing it into its volumetric and
deviatoric terms as:

τ̂ = (τ̂ )dev + (τ̂ )vol. (2.62)

Introducing the expression of Ai Eq. (2.57) into Eq. (2.58) and using Eq. (2.31), the deviatoric
part of the corotational Kirchho� stress writes:

(τ̂ )dev = 2µ̂∞(Eve)dev +
N∑
i=1

Ai︸ ︷︷ ︸
(τ̂0)dev

+ 2µ̂∞fµ((Eve)dev)(Eve)dev︸ ︷︷ ︸
(τ̂c)dev

, (2.63)

where (τ̂0)dev is the term that is found in Nguyen et al. (2016), and (τ̂c)
dev is the deviatoric

enhancement term that accounts for the nonlinear elastic response.
Carrying equivalent computations for the volumetric part using Eq. (2.30), one can �nd:

1

3
tr τ̂ = κ̂∞ tr Eve +

N∑
i=1

Bi︸ ︷︷ ︸
1
3

tr τ̂0

+ κ̂∞fκ(tr Eve) tr Eve︸ ︷︷ ︸
1
3

tr τ̂c

, (2.64)

where 1
3 tr τ̂0 is the term that is found in Nguyen et al. (2016), and 1

3 tr τ̂c is the pressure
enhancement term.
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During the time interval between tn and tn+1, the corotational Kirchho� stress τ̂ , the vis-
coelastic deformation gradient Fve, and the viscoplastic deformation gradient Fvp are calculated
using a predictor-corrector scheme. The scheme involves two stages, known as the viscoelastic
predictor and viscoplastic corrector stages.

2.3.1 Viscoelastic predictor

The computation of the step tn → tn+1 starts by a pure viscoelastic step in which a viscoelastic
predictor state is obtained. First, the plastic deformation tensor Fvp tr is assimilated to the
previous step value Fvp tr

n , being possible to obtain the viscoelastic deformation gradient predictor
as:

Fve tr = F · Fvp tr−1. (2.65)

Therefore, at this stage, the viscoelastic logarithmic operator will correspond to the quantity
obtained through the current predictor of the plastic deformation tensor:

Eve = Eve tr =
1

2
ln Cve tr. (2.66)

Using these new predictor values, the predictor of the corotational Kirchho� stress writes:

τ̂ tr = (τ̂ tr)dev + (τ̂ tr)vol = (τ̂0
tr)dev + (τ̂ tr

0 )vol + (τ̂c
tr)dev + (τ̂ tr

c )vol. (2.67)

In this Equation, the deviatoric part of τ̂ tr
0 writes:

(τ̂ tr
0 )dev = 2µe(E

ve tr)dev − 2 (µe − µ̂∞) (Eve
n )dev +

N∑
i=1

[
Ain exp

(
−∆tn

gi

)]
, (2.68)

where:

µe = µ̂∞ +
N∑
i=1

µi exp

(
−∆tn

2gi

)
. (2.69)

The nonlinear deviatoric term writes:

(τ̂ tr
c )dev = 2µ̂∞fµ((Eve tr)dev)(Eve tr)dev, (2.70)

while the volumetric term writes:

1

3
tr τ̂ tr

0 = κe tr Eve tr − (κe − κ̂∞) tr Eve
n +

N∑
i=1

[
Bin exp

(
−∆tn

ki

)]
, (2.71)

where:

κe = κ̂∞ +
N∑
i=1

κi exp

(
−∆tn

2ki

)
, (2.72)

with the nonlinear term:
1

3
tr τ̂ tr

c = κ̂∞fκ(tr Eve tr) tr Eve tr. (2.73)

The predictor of the combined stress tensor is then written as:

φtr = τ̂ tr − b̂n = (τ̂ tr
0 )dev − b̂n + (τ̂ tr

c )dev + (τ̂ tr
0 )vol + (τ̂ tr

c )vol. (2.74)
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Dividing φtr into its deviatoric and volumetric terms one has:

(φtr
0 )dev = (τ̂ tr

0 )dev − (b̂n)dev, (2.75)

(φtr
c )dev = (τ̂ tr

c )dev, (2.76)

φ̂tr
0 =

1

3
trφtr

0 =
1

3
tr τ̂ tr

0 −
1

3
tr b̂n, and (2.77)

φ̂tr
c =

1

3
trφtr

c =
1

3
tr τ̂ tr

c . (2.78)

At the end of the predictor step, the yield condition is veri�ed to satisfy the condition
F (φtr) ≤ 0. If this condition is not satis�ed, a correction step is performed.

2.3.2 Viscoplastic correction

If the yield condition is not satis�ed, plasticity is occurring within the material, and therefore,
the accumulated plastic strain p should evolve. During this correction step, the plastic strain p
is updated to satisfy the extended yield condition F̄ Eq. (2.51).

Using the radial return mapping algorithm (Simo and Hughes, 2006), the viscoplastic defor-
mation gradient writes:

Fvp = exp(ΓQ)Fvp
n , (2.79)

where Γ is de�ned as:

Γ =

∫ t

tn

λ(t)dt. (2.80)

This allows to correct the elastic deformation gradient and the right Cauchy tensor as:

Fve = F · Fvp−1 = F · Fvp−1
n [exp(ΓQ)]−1, (2.81)

Cve = [exp(ΓQ)]−T ·Cve tr · [exp(ΓQ)]−1, (2.82)

being possible to �nd the corrected expression for the viscoelastic logarithmic strain measure:

Eve = Eve tr − ΓQ. (2.83)

Applying the correction to the deviatoric and volumetric terms of the corotational Kirchho�
one has:

(τ̂ )dev = (τ̂0)dev + (τ̂c)
dev, and (2.84)

1

3
tr τ̂ =

1

3
tr τ̂0 +

1

3
tr τ̂c, (2.85)

where:

(τ̂0)dev = 2µe
(
Eve tr − ΓQ

)dev − 2 (µe − µ̂∞) (Eve
n )dev +

N∑
i=1

[
Ain exp

(
−∆tn

gi

)]
, (2.86)
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which can be simpli�ed to:

(τ̂0)dev = (τ̂ tr
0 )dev − 2µeΓ(Q)dev. (2.87)

The deviatoric nonlinear term reads:

(τ̂c)
dev = 2µ̂∞fµ((Eve tr − ΓQ))dev(Eve tr − ΓQ)dev, (2.88)

and the volume terms becomes:

1

3
tr τ̂0 = κe tr(Eve tr − ΓQ)− (κe − κ̂∞) tr Eve

n +
N∑
i=1

[
Bin exp

(
−∆tn

ki

)]
, (2.89)

which can be simpli�ed to:

1

3
tr τ̂0 =

1

3
tr τ̂ tr

0 − κeΓ tr Q, (2.90)

while the nonlinear part eventually reads:

1

3
tr τ̂c = κ̂∞fk(tr(E

ve tr − ΓQ)) tr(Eve tr − ΓQ). (2.91)

Eqs. (2.84) and (2.85) can therefore be written as:

(τ̂ )dev = ∆(τ̂c)
dev + (τ̂ ve tr)dev − 2µeΓ(Q)dev, (2.92)

where ∆(τ̂c)
dev = (τ̂c)

dev − (τ̂ tr
c )dev, and:

1

3
tr τ̂ = ∆(

1

3
tr τ̂c) +

1

3
tr τ̂ tr − κeΓ tr Q, (2.93)

where ∆(1
3 tr τ̂c) = 1

3 tr τ̂c − 1
3 tr τ̂ tr

c .
Finally, following Eq. (2.53), the backstress tensor is corrected as:

b̂ = b̂n + kHbΓQ. (2.94)

Using these new corrected expressions for τ̂ and b̂ and making use of the de�nition of the
normal Q found in Eq. (2.48), it is then possible to �nd the corrected expressions for (φ)dev, φ̂
and φeq:

(φ)dev = (τ̂ )dev − (b̂)dev = ∆(τ̂c)
dev + (φtr)dev − 2µeΓ(Q)dev − kHbΓ(Q)dev, (2.95)

being possible to express the updated value of φ as:

(φ)dev =
(φtr)dev + ∆(τ̂c)

dev

u
, (2.96)

where u = 1 + 6µ̌Γ and µ̌ = µe + k
2Hb. As a result, one can evaluate the equivalent combined

stress following:

φeq =

√
3

2

(φtr)dev + ∆(τ̂c)dev

u
:

(φtr)dev + ∆(τ̂c)dev

u
=

(φtr + ∆(τ̂c)
dev)eq

u
. (2.97)

Similarly, the volumetric term of τ̂ writes:
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φ̂ =
1

3
tr τ̂ − 1

3
tr b̂ = ∆(

1

3
tr τ̂c) + φ̂tr − κeΓ tr Q− 1

3
kHbΓ tr Q. (2.98)

Again, making use of the de�nition of Q, Eq.(2.48), and solving for φ̂ , it is possible to write
it as:

φ̂ =
φ̂tr + ∆(1

3 tr τ̂c)

v
, (2.99)

where v = 1 + 2βκ̌Γ and κ̌ = κe + k
3Hb.

With these corrections, Eq. (2.48) is rewritten as:

Q =
3((φtr)dev + ∆(τ̂c)

dev)

u
+

2β

3

φ̂tr + ∆(1
3 tr τ̂c)

v
1. (2.100)

The equivalent plastic deformation p can be now computed. Integrating Eq. (2.49) and
making use of Eq. (2.80), its increment is approximated as:

∆p = kΓ
√

Q : Q = kΓ

√
6φeq 2 +

4

3
β2φ̂2︸ ︷︷ ︸

A

. (2.101)

Using the corrected values of φeq and φ̂, it is possible to rewrite A as:

A =

√√√√6

(
((φtr)dev + ∆(τ̂c)dev)eq

u

)2

+
4

3
β2

(
φ̂tr + ∆(1

3 tr τ̂c)

v

)2

. (2.102)

The corrected extended yield condition F̄ (Eq. 2.51) writes:

F̄ = a2

(
((φtr)dev + ∆(τ̂c)

dev)eq

u

)α
− a1

φ̂tr + ∆(1
3 tr τ̂c)

v
− a0 −

 η∆p

∆tk
√

6φeq2 + 4
3β

2φ̂2

γ

= 0.

(2.103)
Using Eq. (2.101), and solving for Γ, one �nd that:

Γ =
∆p

k
√

6(φeq)2 + 4
3β

2φ̂2
=

∆p

kA
, (2.104)

being possible to write F̄ as:

F̄ = a2

(
((φtr)dev + ∆(τ̂c)

dev)eq

u

)α
− a1

φ̂tr + ∆(1
3 tr τ̂c)

v
− a0 −

(
η

Γ

∆t

)γ
= 0. (2.105)

To �nd the value of the only unknown variable in Eq. (2.105), Γ, the equation is solved using
an iterative Newton-Raphson algorithm, for which it is necessary to compute:

dF̄

dΓ
=

∂F̄

∂∆p

∂∆p

∂Γ
+
∂F̄

∂Γ
, (2.106)

where ∂F̄
∂∆p ,

∂∆p
∂Γ and ∂F̄

∂Γ are developed in Appendix A.

At each step, a new value of 1
3 tr τ̂c shall therefore be computed, which, as shown by Eq.

(2.91), depends on the corrected logarithmic strain measure (Eve tr − ΓQ). The dependency of



36
Chapter 2. Generalized large strain nonlocal damage enhanced viscoelastic viscoplastic

constitutive model for glassy polymers

the corrected logarithmic strain measure on the normal Q, makes it dependent on the value that
is being updated 1

3 tr τ̂c, making it required the use of a secondary Newton Raphson iterative
loop at �xed Γ. To this end, a new function Jv is de�ned as:

0 = Jv = κ̂∞fκ(tr(Eve tr − ΓQ)) tr(Eve tr − ΓQ)− 1

3
tr τ̂c, (2.107)

where making use of Eq. (2.100):

tr Q = 2β
φ̂tr + ∆(1

3 tr τ̂c)

v
. (2.108)

The Jacobian of Eq. (2.107) at �xed Γ and using ∂(trQ

∂( 1
3

tr τ̂c)

∣∣∣
Γ

= 2β
v writes:

∂Jv

∂(1
3 tr τ̂c)

∣∣∣∣∣
Γ

= −2βΓ

v
κ̂∞[tr(Eve tr − ΓQ)f ′κ + fκ]− 1, (2.109)

where f ′κ follows from Eq. (2.30) and writes;

f ′κ(tr Eve) =
∂fκ

∂ tr Eve
=

2Vκϑκ
3

[
1− tanh2

(
ϑκ
3

(tr Eve)2 − ζκ
)]

tr Eve. (2.110)

A similar approach is followed for the deviatoric part following Eq. (2.88). Let us de�ne the
new function Jdev:

0 = Jdev = 2µ̂∞fµ((Eve tr − ΓQ)dev)(Eve tr − ΓQ)dev − (τ̂c)
dev, (2.111)

where following Eq. (2.100) one has:

Qdev = 3
(φ̂tr)dev + ∆(τ̂c)

dev

u
, and

∂Qdev

∂(τ̂c)dev

∣∣∣∣
Γ

=
3

u

(
I − 1

3
1⊗ 1

)
, (2.112)

where I stands for the fourth order identity tensor.
The Jacobian of Jdev therefore writes;

∂Jdev
∂(τ̂c)dev

∣∣∣∣
Γ

= −6Γ

u
µ̂∞

[
(Eve tr − ΓQ)dev ⊗ f ′µ + fµ

(
I − 1

3
1⊗ 1

)]
−
(
I − 1

3
1⊗ 1

)
, (2.113)

where the derivative f ′µ follows from Eq. (2.31) and writes:

f ′µ((Eve)dev) =
∂fµ

∂(Eve)dev
= 2Vµϑµ[1− tanh2(ϑµ(Eve)dev : (Eve)dev − ζµ)](Eve)dev. (2.114)

The scheme presented in Fig. 2.7 shows a summary of the plastic correction algorithm
presented hereabove.

Once all the updated values are computed, it is possible to compute the updated �rst Piola-
Kirchho� stress P̂ using Eq. (2.54). Finally, the e�ective tangent operator L̂ = ∂P̂

∂F can be
obtained as:

L̂ =
∂P̂

∂F
=
∂Fve

∂F
2 ·
(
Sve · Fvp−T

)
+ Fve · 1∂Sve

∂F
2 · Fvp−T + (Fve · Sve) · ∂Fvp−T

∂F
. (2.115)
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Figure 2.7: Plastic correction algorithm summary.

where i · (·i) stands for the ith left (right) dot product operator of two tensors considering the
ith index of the left (right) tensor. The derivatives required to compute the e�ective tangent
operator L̂ can be found in Appendix A.

The numerical implementation of the here developed constitutive model was performed mod-
ifying the original C++ code of the pressure dependent model developed by Nguyen et al. (2016).
The new strain dependent elastic sti�ening introduces changes in the de�nition of the viscoelastic
predictor and mainly in the viscoplastic correction, where the code is modi�ed to account for
the additional two new Newton Raphson loops which allow to �nd the volumetric and deviatoric
terms of τ̂c. In addition, all the involved derivatives were adapted to account for the newly
introduced terms. This code implementation allows to seamlessly switch from the original model
to the enhanced without any further inconvenience.

2.4 SMP viscoelastic modeling

Polymers is a large family of materials that o�ers a wide range of properties and behaviors that
allows its introduction to a large range of applications. One kind of polymer that is gaining
interest in the scienti�c community is the shape memory polymer family. The concept of elastic
memory was �rst introduced by Vernon et al. in their patent (Vernon and Vernon, U.S. Patent ,
1941) when they observed that a styrene methacrylate resin could change shape when heated and
cooled. Its properties were temporary shape �xation and recovery of the original shape. It was
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the beginning of a newly discovered a class of smart materials called shape memory polymers
(SMPs). The shape memory e�ect can be observed in a wide variety of polymers, including
thermoplastic and thermoset. Each of these polymers has unique properties that make them
suitable for di�erent applications and manufacturing processes. These polymers can change
shape in response to certain stimuli, such as thermal phase transition. In this method, the
polymer is deformed to a temporary shape by an external application of force, such as the
application of pressure or stretching. After unloading the material, the polymer is heated above
its phase transition or activation temperature, which is the temperature at which the polymer
undergoes the phase transition and returns to its original shape.

For many �elds of engineering, this discovery has been of major importance. Scientists
have shown interest in the better understanding of its characteristics, and engineers have used
the SMPs di�erent and interesting applications in a wide variety of sectors. Self-regenerating
materials, smart fabrics, reticular structures, solar cells, self-deployable structures, sensors, pipes,
biomedical devices, among other applications, bene�t from the introduction of SMPs (Sánchez
et al., 2022; Zende, Ghase, and Jamdar, 2023).

Depending on the nature of the SMP used, the shape memory e�ect may be unidirectional or
one-way or bidirectional, or two-way SMPs (see Figs. 2.8 and 2.9). Unidirectional SMPs (1W-
SMPs) are designed to change from an initial shape to a speci�c �nal shape in one direction only,
and then return to their original shape when the appropriate stimulus (such as temperature) is
activated. However, once they have returned to the original shape, they cannot change shape
without reprogramming. On the other hand, bidirectional SMPs (2W-SMPs) are programmed
to change between two di�erent �nal shapes in two opposite directions. This means that the
material can change from an initial shape to an end shape 1 and subsequently return to the initial
shape or change to end shape 2. Within the group of the 2W-SMPs, semi-crystalline polymers
in particular, have a unique property in that they elongate during the crystallization phase when
a constant stress is applied to them as shown in the experiments by De�ze et al. (2012) and
Sánchez et al. (2022). By reheating the sample under the same stress, the polymer can return to
its initial high-temperature deformation state. Similarly, by cooling the sample under constant
stress, the low-temperature deformation state can be recovered.

Initial State High T
Deformation

Constant Stress
Cooling

Constant Cooling
(Shape Fixity)

Low T
Unloading

Heating
(Shape Recovery)

High T
Deformation

Initial State Constant
Stress Reheating

Figure 2.8: One way shape-memory behavior on top, and two-way shape-memory polymer
behavior below.
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Figure 2.9: One way shape-memory behavior shown in a deformation-temperature plot on the
left, and deformation-temperature plot of a two-way shape-memory polymer on the right.

Some polymers, such as shape memory polymers, exhibit elastic sti�ening at high deforma-
tions, as observed by Srivastava, Chester, and Anand (2010). In order to demonstrate the ad-
vantages of the introduced correction, this model will be directly compared with results obtained
in laboratory tests. A test campaign was conducted to investigate the shape memory behavior of
a semicrystalline polymer, PCL76-4MAL/FUR 3 wt%CNT (Gulasik et al., 2023). This polymer
was created as a thermoreversible network through the synthesis of star-shaped precursors based
on PCL (polycaprolactone) containing terminal groups FUR (furano) or MAL (maleimide) via
a Diels-Alder (DA) process. These precursors were co-precipitated with multi-walled carbon
nanotubes (MWCNT) in a 3% weight ratio. This process is detailed in the work by Houbben et
al. (2023). Thermomechanical cycles of uniaxial stress were studied using a dynamic mechanical
analysis (DMA) testing machine, DMA Q800 (TA Instruments), on samples measuring approx-
imately 1050.54mm3. Since a DMA testing machine was employed, it is assumed that tempera-
ture and deformation were uniform within the sample, and numerical analysis was performed at
a material point.

A viscoelastic-viscoplastic model for shape memory polymers was developed in the work by
Gulasik et al. (2023); however, the elastic sti�ening of the viscoelastic response observed during
uniaxial tests above the transition temperature could not be captured. For this reason, the
here developed enhanced version was developed. This Section will show the performance of the
introduced enhanced terms and how this behavior can now be captured.

2.4.1 Model calibration

Shape memory polymers present very distinct behaviors at di�erent temperatures, which allows
them showing the so-called shape memory e�ect. The temperature di�erence introduces changes
in the material microstructure. This Section aims to calibrate the hereabove presented model
showing its capability of correctly capturing the elastic sti�ening exhibited by these type of
materials at large strains. To that end, two di�erent tests will be used as reference in order
to capture the behavior of this semi-crystalline polymer above the melting temperature of the
crystalline phase and below the crystallization temperature of this phase. In particular it will
be shown that considering the elastic sti�ening is required in order to capture the viscoelastic
response above the melting temperature. These tests will also give us the opportunity to directly
compare the original model against the new enhanced model with the bulk and shear moduli
sti�ening terms.

2.4.1.1 Cyclic uniaxial tensile test at 65°C

The �rst test2 consists of a cyclic uniaxial tensile test on DMA samples to assess material
properties at high temperatures (65°C) under di�erent stress levels: 0.6 MPa, 1.0 MPa, and 1.4

2This test was performed by Maxime Houbben and published in Gulasik et al. (2023)
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MPa. The results of this test are presented in Fig. 2.10. Initially, the samples were heated to 65°C
and held at this temperature for 10 minutes to achieve stabilization. The test was conducted by
applying an initial deformation to eliminate any thermal expansion. Once a uniform temperature
was reached, a constant rate load of 0.06 MPa/min was applied until reaching 0.6 MPa. Once
this stress level was reached, the sample was suddenly released and left to rest for 5 minutes.
This process was repeated four times, followed by the same procedure with the other stress levels.
Resting times of 10 and 15 minutes were used for the 1.0 MPa and 1.4 MPa stresses, respectively.
In the case of the 1.4 MPa stress level, some slippage at the grips was observed, as shown in Fig.
2.10(b). It was also noted that the material sti�ness decreased even for the same stress level,
suggesting damage to the material.

0 40 80 120 160 200 240 280 320
Time [min]

0

20

40

60

80

100

120

140

160

180

200

220

240

E
n

g.
st

ra
in

[%
]

(a)

0 40 80 120 160 200 240
Eng. strain [%]

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

E
n

g.
st

re
ss

[M
P

a]

(b)

Figure 2.10: Experimental cyclic uni-axial tensile test measured at 65°C on the DMA samples:
(a) Time-strain; and (b) Strain-stress curves. Experimental data from Gulasik et al. (2023)

Calibration was performed with reference to the �rst cycle shown in Fig. 2.10(a). In this
�rst cycle, excessive permanent deformation is observed, which disappears in subsequent cycles
at 0.6 MPa. This phenomenon represents the adaptation of the specimen to the load, a common
behavior in polymers. In order to demonstrate the capability of the added bulk and shear
sti�ening terms in the original model, plasticity and damage evolution in the material are not
required at this load level, simplifying the calibration of the model. The material properties
were calibrated using the �rst test cycle to prevent the sti�ness reduction, as illustrated in Fig.
2.11. Due to the limited available experimental data information, it was decided to use the same
values for the parameters governing the bulk and shear moduli. The calibrated properties using
two viscous branches are shown in Table 2.1.

Table 2.1: Constitutive model inputs and identi�ed parameters for PCL76-4MAL/FUR 3
wt%CNT at 65oC.

Property Value Unit

Young's moduli E∞ = 3.15, E1 = 0.181, E2 = 0.181 [MPa]
Bulk modulus sti�ening Vκ = 3.89, θκ = 1.09, ζκ = 1.34 [-]
Shear modulus sti�ening Vµ = 3.89, θµ = 1.09, ζµ = 1.34 [-]
Bulk-shear relaxation times of viscous branches k1 = g1 = 8.15, k2 = g2 = 115.05 [s]
Poisson's ratio ν = 0.26 [-]

It is evident that the obtained results closely approximate the behavior of the experimental
test. In the Figure 2.11, a mild viscoelasticity is observed when the sample is suddenly released.
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Figure 2.11: Experimental cyclic uni-axial tensile test vs. numerical result from our model
obtained at 65°C: (a) Time-strain; and (b) Strain-stress curves. Experimental data from Gulasik

et al. (2023).

2.4.1.2 Cyclic uniaxial tensile test at 0°C

Similar to the tests at 65°C, the material was tested at a temperature of 0°C under the same
loading cycles as the previous test (see Fig. 2.12). In this test3, the sample was cooled to 0°C and
held at that temperature for 20 minutes to stabilize it, after which the initial thermal expansion
was removed by resetting the deformation. As in the previous test, the material was loaded at
a constant rate of 0.06 MPa/min to 0.6 MPa, followed by a sudden release. Then, the material
was isothermally held at 0°C for 15 minutes. This loading cycle was repeated four times for each
stress level.
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Figure 2.12: Experimental cyclic uni-axial tensile test measured at 0°C: (a) Time-strain; and
(b) Strain-stress curves. Experimental data from Gulasik et al. (2023).

In this case, the sti�ness of the crystallized phase is much higher than that of the melted
phase, and a viscous e�ect can still be observed during the loading cycles. As for the previous
case, it was decided to use the same values for the parameters governing the bulk and shear

3Test performed by Maxime Houbben and published in Gulasik et al. (2023)
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moduli due to the limited experimental data information available. The calibrated viscoelastic
properties are reported in Table 2.2.

Table 2.2: Constitutive model inputs and identi�ed parameters for PCL76-4MAL/FUR 3
wt%CNT at 0oC.

Property Value Unit

Young's moduli E∞ = 383, E1 = 89, E2 = 90 [MPa]
Bulk modulus sti�ening Vκ = 1.37, θκ = 0.685, ζκ = 0.822 [-]
Shear modulus sti�ening Vµ = 1.37, θµ = 0.685, ζµ = 0.822 [-]
Bulk-shear relaxation times of vicous branches k1 = g1 = 8.15, k2 = g2 = 83.55 [s]
Poisson's ratio ν = 0.26 [-]

The comparison of experimental test results and numerical model results for the �rst cycle
at the highest stress level are shown in Fig. 2.13. The model is capable of accurately capturing
the viscoelastic and hysteresis behavior, as illustrated in Fig. 2.13(b).
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Figure 2.13: Experimental cyclic uni-axial tensile test vs. numerical result from our model
obtained at 0°C: (a) Time-strain; and (b) Strain-stress curves. Experimental data from Gulasik

et al. (2023).

2.4.2 Elastic sti�ening at large deformation

After the viscoelastic calibrating the model and showing its capability to correctly capture the
viscoelastic behavior of the material at di�erent temperatures, this Section will focus on the
ability of the bulk and shear moduli sti�ening introduced in the original model to capture the
large deformation stress states. To this end, the material was tested at 60°C, a temperature above
the melting temperature of the crystalline phase. Therefore, the material properties reported
in Table 2.1 obtained for the calibration of the material at 65°C will be used for the numerical
simulations. The tests presented in this Section were load controlled with three di�erent levels:
0.623 MPa, 0.973 MPa and 1.723 MPa. In order to avoid the damage evolution in the material
observed in the cyclic test at high temperature, di�erent specimens were used for each test.

The test started by heating the material sample to a temperature of 60°C. After 10 minutes
allowing the sample to stabilize, the e�ect of the thermal expansion is removed by resetting
the strain of the sample. Then, the sample is loaded isothermally at a rate of 0.06 MPa/min
up to the �nal load level. The results of these tests and a direct comparison to the obtained
numerical response can be observed in Fig. 2.14. In order to complete the understanding of the
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e�ect introduced by the bulk and shear moduli sti�ening, the curves obtained using the original
viscoelastic model without the introduction of these terms are added to the Figure.

Figure 2.14: Engineering strain-Engineering stress curves of isothermal loads at a rate of 0.06
MPa/min up to the targeted stress of three di�erent material samples. Comparison between
experimental results, original viscoelastic model and bulk and shear moduli correction enhanced

viscoelastic model. Experimental data from Gulasik et al. (2023).

Even though a slight sti�er behavior was shown by the sample used for the test in which the
sample specimen was loaded up to 1.75MPa due to variations in the microstructure of the used
samples, it is possible to observe the capability of the calibrated model of correctly capturing
the sti�ening behavior observed in the semi-crystalline polymer at large deformations of up to
100% engineering strain. The direct comparison between the enhanced model and the original
one clearly shows the e�ciency of the introduced bulk and shear sti�ening terms capturing this
behavior.

2.5 Summary

The complex behavior of the materials belonging to the family of polymers makes necessary the
use of complex material models. This chapter presented an enhanced version of the large strain
nonlocal damaged-enhanced viscoelastic-viscoplastic constitutive model developed by Nguyen
et al. (2016) for the modeling of glassy polymer materials. The introduction of the bulk and
shear moduli sti�ening terms allows the model to capture the elastic sti�ening observed on some
hyperelastic polymer like the SMPs. This constitutive model uses a generalized Maxwell for
the viscoelastic stage at low strains. The transition from the viscoelastic to the viscoplastic is
bounded by an enhanced Drucker-Prager pressure dependent yield function. This enhanced ver-
sion permits the representation of wide range of behaviors thanks to its ability to model di�erent
power yield surfaces including the classical Drucker-Prager yield surface. The viscoplastic �ow
was governed by a non-associated �ow rule following a quadratic �ow potential that allows a
correct control of the Poisson e�ect during plasticity. The viscous e�ects were modeled through
a non-associated Perzyna-type viscous model.

Damage was introduced into the model using a nonlocal implicit gradient formulation in
order to circumvent the problem of the loss of solution uniqueness. Polymer materials exhibit a
multi-stage nature of the damage evolution. With the goal of being able to mimic this behavior,
a two-step damage model ruled by two softening damage scalar variables was used. First, a
softening damage Ds permits the modeling of the post-peak softening. Then, once the failure
stage is reached, a failure damage Df is added to the damage de�nition. The damage evolution
laws as well as the hardening laws will be developed later in Chapter 4, where the model is used
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to perform the full �eld simulations of the �ber reinforced RTM6 SVEs that will allow to conduct
the stochastic multiscale simulations.

In order to show the e�ciency of the bulk and shear moduli sti�ening terms introduced in the
model, the model was calibrated to mimic the behavior of the semicrystalline polymer, PCL76-
4MAL/FUR 3 wt%CNT. Even though the uniqueness of the parameter calibration is di�cult to
proove due to the limited amount of experimental data, the purpose of this Section is to show
the capability of the newly introduced elastic hardening to mimic the observed behavior of these
kinds of materials for two extreme cases. A direct comparison between the results obtained with
the enhanced model and the results obtained in experimental tests and using the original model
clearly exposes the capability of the model to capture the elastic sti�ening behavior shown by
this material.

A more thorough calibration of the model was carried out in the work by Gulasik et al. (2023),
where the introduction of this enhanced constitutive model in a phenomenological model for
SMP allows the use of more experimental data to calibrate the here developed model. These
bulk and shear moduli sti�ening terms makes the model the perfect constitutive ingredient for
a phenomenological model as exploited by Gulasik et al. (2023). This reference focuses on the
modeling of highly nonlinear polymers exhibiting one-way and two-way shape memory e�ects
under phase change. As shown in the 1D analogy of the model shown in Figure 2.15, this
reference treats the semi-crystalline polymer as a two-phase composite material comprising a
semi-crystalline (CR) phase and an amorphous (a) phase.

P
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N+N+ N+

amorphous (za)CR melted (1− za)(1− zc)CR crystallized (1− za)zc
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Figure 2.15: 1D analogy of the SMP constitutive model used by Gulasik et al. (2023).

The polymer operates above the Tg of the amorphous phase, assuming that the amorphous
phase maintains a constant volume fraction (za) and constant material properties without under-
going phase changes with temperature. The temperature range of interest includes Tc and Tm,
enabling the shape memory behavior through the phase transition of the crystalline phase. The
crystalline phase is further divided into two phases: the crystallized phase (c) and the melted
phase (m). The crystallized phase becomes active at low temperatures, while the melted phase
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becomes active at high temperatures, with both phases contributing during the phase transition.
The volume fractions of the phases vary based on temperature and strain, following a tempera-
ture and strain dependent function (zc) that represents the volume fraction of the glassy phase.
Finally, the volume fractions of each phase, relative to the reference volume, are expressed as:

vc = (1− za) (zc)

vm = (1− za) (1− zc)

va = (za)

(2.116)

The here developed model is used as constitutive model governing the mechanical defor-
mation gradient of each of the branches together with other deformation measures to model
temporary (imperfect shape �xity) and permanent (imperfect shape recovery) deformations in a
thermomechanical loading cycle. In this work, the plasticity modeling developed in this Chapter
is used to model plastic �ow during the phase changes. This work is able to naturally capture
the SMP behavior at di�erent temperatures, including the load-dependent and anisotropic ther-
mal expansion observed during the transition temperatures and permits to capture one-way and
two-way shape memory e�ects as shown in Fig. 2.16.

Figure 2.16: Two-Way Shape Memory test on DMA sample vs. numerical result under thermo-
mechanical loading: (a) Temperature-strain; (b) Strain-stress curves. Results from Gulasik et

al. (2023)

This Figure shows a direct comparison between experimental tests and the results obtained
with the model developed in Gulasik et al. (2023). Starting at a temperature of 60°C, the sample
is loaded isothermally at a rate of 0.06 MPa/min up to the �nal load level. Then, the specimen
is cooled down to -10°C at a rate of 3°C/min, after which the specimen is suddenly unloaded.
Finally, the specimen is heated up back to 60°C at a rate of 3°C/min. As observed, the model is
capable of correctly capture the two-way behavior of the polymer, including the elastic sti�ening
observed in the �rst phase of the test and the apparent negative thermal expansion coe�cient
of the polymer before crystallization.
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Chapter 3

Incremental-Secant implementation of a
possibly damaged enhanced
non-associated pressure-dependent
plasticity model1

Among the homogenization methods recalled in Chapter 1, MFH is a semi-analytical technique
developed to obtain e�cient modeling of multi-phase composites. The main goal the of mean-
�eld homogenization is to avoid the computation of the detailed microstrain or microstress �elds
by assuming relations between the volume averages of the strain and stress �elds of each material
phase. Some of the advantages that MFH presents over other homogenization techniques are
its easiness of implementation in a FE code as a material law, its semi-analytical nature, and
low computational requirements. The purpose of this Chapter is to extent the MFH to the
pressure-dependent plasticity model presented in Chapter 2 but formulated in a small-strain
setting.

The fundamental solution derived by J.D. Eshelby for single ellipsoidal inclusions (Eshelby
and Peierls, 1957) served as a basis for the �rst mean-�eld homogenization (MFH) methods for
linear-elastic cases and it is still considered as one of the most important solutions used in MFH.
Most of the current models are still based on this fundamental solution, among which we can
�nd the self-consistent model, (Kröner, 1958; Hill, 1965b; Hill, 1965a) which is mostly applicable
for high inclusion volume fractions or poly-crystalline materials, the incremental or di�erential
models (Maalej, Imene El Ghezal, and Doghri, 2013), or the Mori-Tanaka (M-T) model (Mori
and Tanaka, 1973; Benveniste, 1987). By using similar steps to the ones used by Eshelby and
Peierls (1957) on its single inclusion solution and applying it to a multiple-inclusions RVE, the
M-T model is one of the most widely used MFH models for low and moderate inclusion volume
fractions due to its ease of use and accurate predictions for two-phase composite materials.
However, not all MFH methods are directly based on the Eshelby solution, as it is the case of the
composite sphere assemblage proposed by Hashin (1962), the generalized self-consistent (GSC)
model by Christensen and Lo (1979), which was based on the composite sphere assemblage and,
the double inclusion model (Hori and Nemat-Nasser, 1993), that took inspiration from the GSC
model formulating the ellipsoidal inclusions similarly to the M-T model.

Even though MFH models were initially developed for linear behaviors, they can be extended
in order to represent material nonlinearities with very low computational cost. The most com-
mon approach is the de�nition of a linear comparison composite (LCC) (Talbot and Willis, 1985;
Hill, 1965b). An LCC is a �ctitious material de�ned from linear phases with the same behavior
as the linearized behavior of the studied material. The LCC can be de�ned through di�erent
approaches, as for example through direct linearization of the nonlinear constitutive models of
the material phases or through variational formulations. The single potential approach pioneered
by Ponte Castañeda (Castaneda, 1991; Castaneda, 1992), the two-potential approach by Lahel-
lec and Suquet (Lahellec and Suquet, 2007a; Lahellec and Suquet, 2007b) or the incremental

1This chapter is an adapted version of the paper (Calleja Vázquez et al., 2022)
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variational (Miehe, 2002; Brassart et al., 2011; Brassart et al., 2012; Boudet et al., 2016; Luc-
chetta et al., 2019; Lucchetta et al., 2021) formulations are some examples of variational for-
mulations. The direct linearization approach for the de�nition of the LCC is used in the secant
formulation by Berveiller and Zaoui (1978), Tandon and Weng (1988), and so forth, to represent
viscoplastic behaviors under proportional and monotonic loading conditions. Other approaches
are the a�ne formulation (Molinari, Canova, and Ahzi, 1987; Masson et al., 2000; Pierard and
Doghri, 2006) which is valid for arbitrary loading history of viscoplastic models, the incremen-
tally a�ne formulation (Doghri, Adam, and Bilger, 2010; Miled et al., 2013), or the incremental-
tangent formulation (Hutchinson and Hill, 1970; Hill, 1965b; Doghri and Ouaar, 2003; Mercier,
Kowalczyk-Gajewska, and Czarnota, 2019), which allow representing arbitrary loading. There is
one main drawback when using the a�ne, incrementally-a�ne and incremental-tangent formula-
tions, which is the anisotropicity of their tangent operators. This generally leads to a sti� behav-
ior, yielding inaccurate MFH predictions. In order to improve the MFH solution, it is possible
to isotropize the tangent operators when computing the strain concentration tensors (Chaboche,
Kanouté, and Roos, 2005; Haddad, Doghri, and Pierard, 2022). This step is not needed in the
case of the incremental-secant linearization (Wu et al., 2017; Wu et al., 2013c; Wu et al., 2013a)
since its material operators are isotropic by nature. The incremental-secant linearization �rst
applies a �ctitious elastic unloading to the studied composite material at a given step con�gu-
ration. While the composite material reaches a zero-stress state, this is not the case for each of
the phases, as these can have a residual stress. Then, the composite is reloaded until reaching
the new composite con�guration in the next step. The secant operators of each phase, which are
naturally isotropic, are then used to de�ne the LCC. This formulation allows for good accuracy
in nonproportional loading conditions and damage-enhanced elasto-plastic cases as shown in the
work by Wu et al. (2013a). In order to avoid the loss of ellipticity in the governing equations at
the strain-softening onset, a nonlocal damage approach based on a Lemaitre-Chaboche approach
was successfully introduced in the model.

The incremental-secant approach was developed by Wu et al. (Wu et al., 2013c; Wu et
al., 2013a) by considering J2 plasticity in the di�erent phases, meaning this approach was
only valid for pressure insensitive materials. However, to be representative of the behavior
of polymer-based materials, the phases response should account for a pressure dependent be-
havior. Such is the case for amorphous glassy polymers, which can present a high pressure
dependence. This behavior was studied and modeled on fully discretized microstructures by
Nguyen et al. (Nguyen et al., 2016; Nguyen, Wu, and Noels, 2019), who implemented a hyper-
elastic viscoelastic-viscoplastic-damage constitutive model based on a multimechanism nonlocal
damage continuum to model the matrix phase of the composite material. This model showed
great capabilities to mimic real epoxy materials like the high-crosslinked RTM6 epoxy resin
(Nguyen, Wu, and Noels, 2019). However, the resolution time of this full discretization remains
prohibitive, motivating the development of MFH embedding pressure-dependent phases. The
behavior of polymeric material can be captured by considering a yield surface written in terms
of the pressure and equivalent stress in combination with a non-associated plastic potential �ow
depending on the same two parameters de�ning the volume variation during plastic �ow (Nguyen
et al., 2016; Nguyen, Wu, and Noels, 2019; Melro et al., 2013; Chevalier, Camanho, and Par-
doen, 2019). In this Work, it is thus intended to model the matrix phase of the composite mate-
rial with the power-enhanced version of the pressure dependent yield surface in combination with
the non-associated plastic potential developed by Nguyen et al. (2016) and recalled in Chapter
2. The anisotropic and more complex behavior of the composite material naturally arises from
the homogenization process.

Pressure-sensitive models have been applied in homogenization methods, especially in ho-
mogenization of rock-like and porous materials, where taking into consideration the hydrostatic
pressure e�ect on the material behavior is of crucial importance. Such is the case of Guéry et
al. (2008), who developed a two-step homogenization procedure to study the behavior of callovo-
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oxfordian argillites or Shen et al. (2012) who studied the mechanical behavior of clayey rocks
with a plastic compressible porous matrix. In order to capture the pressure sensitive behavior of
these materials, the Drucker-Prager-based yield criterion was used in both works, which based
their nonlinear homogenization techniques on an adaptation of the incremental method proposed
by Hill (1965b), which formulates the macroscopic tangent operator accounting for nonlinear lo-
cal behaviors on each phase of the composite. One of the main drawbacks of this procedure
is the sti� behavior that the homogenized results present at the macroscopic level. In order to
solve this problem, both works opted to implement an isotropization technique to improve the
obtained material response. Composite materials are also a domain in which the hydrostatic
pressure e�ects are important. An example is the work by Kaiser and Stommel (2014), which fo-
cused on improving the modeling of short �ber reinforced thermoplastics by using the quadratic
yield formulation proposed by Kolling et al. (2005). This yield criterion was implemented in
the second moment incremental formulation-based MFH approach developed for elastic-plastic
composites by Doghri et al. (2011). Recently, this model has been used in the work by Naili and
Doghri (2023), where a predictive micromechanical approach for analyzing porous materials with
elasto-plastic matrices is developed. As for the previous cases, an isotropization step was needed
in order to avoid over-sti� behaviors, for which the isotropization proposed by Bornert, Bretheau,
and Gilormini (2001) was applied. Other approaches such as introducing a pressure sensitivity in
the damage evolution law have been studied, although, wrong predictions were obtained. Such is
the case of Krairi (2015), who proved that the introduction of pressure-sensitivity in the damage
law evolution was not enough to capture the correct pressure e�ect on the studied materials.

The aim of this Work is to develop a pressure-dependent MFH by implementing the consti-
tutive model developed in Chapter 2, this time in an in�nitesimal strain formulation, in Wu et
al. (Wu et al., 2013c; Wu et al., 2013a) incremental-secant approach. We will show that the
incremental-secant approach allows de�ning naturally isotropic operators for pressure-sensitive
models, circumventing the need for an isotropization step as in other formulations. We will
also show that the approach inherits the bene�ts of the incremental-secant approach, that is,
its ability to consider damaging phases and to remain accurate under nonproportional loading
conditions. The model is completed with the possibility to account for damage in the matrix
phase by using an implicit nonlocal approach, which avoids the loss of ellipticity that is found in
local formulations once the strain softening onset is reached. The implementation enables thus
to take into account this pressure-dependent behavior observed in polymer-based materials while
keeping the mentioned advantages.

Regarding the structure of this Chapter, Section 3.1 starts by presenting a recall of
MFH incremental-secant generalities. When considering homogenization of composite mate-
rials through a MFH scheme, scalar damage variables can be considered in each phase in order
to capture the composite response (Wu et al., 2021). In this Work, we consider the damage of the
matrix phase only since we are interested in accounting for the e�ect of the pressure-dependent
yield surface on the homogenization scheme. In that case, it was shown by Nguyen et al. (2016),
model in which the constitutive model recalled in Chapter 2 was based, that a scalar damage
variable framed in a Lemaitre-Chaboche damage model was able to capture the failure of high-
crosslinked polymer materials, including in 3D tests with barreling e�ects. As in the model re-
called in Chapter 2, which was developed by Nguyen et al. (2016), the authors also considered a
second damage variable to capture the post peak saturated softening observed under compressive
loading, which is neglected in the present work: introducing this second scalar damage variable
in the model does not require to modify the formulation since an equivalent damage variable can
be obtained from two damage evolution laws. Then, Section 3.2 opens with a brief introduction
of the pressure-sensitive yield function used and continues with its mathematical implementation
in the residual incremental-secant approach. Section 3.3 introduces then the pressure-sensitive
mean-�eld homogenization scheme. This MFH scheme is later veri�ed in Section 3.4 for the
elasto-plastic and damage-enhanced elasto-plastic cases by comparing the MFH predictions to
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full-�eld FE simulations on 2D UD composite RVE and 3D composites reinforced with spherical
inclusions. In Section 3.5, the approach is further validated against a macroscale transverse
compression experiment performed on a UD composite sample.

3.1 MFH recall

In this Section, a brief presentation of the basis of the MFH method using the Mori-Tanaka
assumption is provided. Then, the incremental-secant MFH is recalled introducing the residual
and zero incremental-secant operators.

3.1.1 MFH generalities

Macro-scale

Micro-scale

ε∆ε

σCX

ω

Micro-scale

ω
BV P

xref

xref

Figure 3.1: Multiscale simulation scheme.

Considering a multiscale problem (Figure 3.1), two di�erent scales are present: the macroscale
and the microscale. At the macroscale, either the macrostrain ε̄ or the macrostress σ̄ is known
at a given point X and the unknown quantity is obtained by solving a microscale boundary-
value problem (BVP). This point X, from a microscale perspective, represents a set of points
xref that belongs to a RVE domain, such that xref ∈ ω, with a boundary ∂ω. As a two-phase
composite material is taken into account, the subindex 0 represents the matrix subdomain ω0

and the subindex I the inclusion subdomain ωI.
As already stated, the MFH assumes relations between volume averages of the stress or strain

�elds of each phase, which avoids the high computational requirements needed for the complete
resolution of the microstrain/microstress �elds. The average stress (σi) and strain (εi) of a given
phase ωi can be computed as:

σi =
1

|ωi|

∫
ωi

σ(xref)dV,

εi =
1

|ωi|

∫
ωi

ε(xref)dV,

(3.1)

where dV stands for the di�erential volume. The scale transition is written as a relation between
the macrostrains and macrostresses and the RVE average strains. In the studied case of two-
phase isothermal composite material, having the matrix (v0) and inclusion (vI) volume fractions
such that v0 + vI = 1, the scale transition can be rewritten as:{

ε̄ = v0ε0 + vIεI,
σ̄ = v0σ0 + vIσI.

(3.2)

3.1.1.1 Linear behavior

Completing Eq. (3.2) with the constitutive laws of each of the phases one can write:
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{
σ0 = Cel

0 : ε0,
σI = Cel

I : εI,
(3.3)

where the constitutive material tensors Cel
i are considered to be uniform per phase.

The MFH scheme reduces the complexity of the SVE formulation, by assuming a simpli�ed
morphology of the SVE in which only an ellipsoidal inclusion de�ned by the geometrical property
(I) and volume fraction (vI) is embedded into the matrix phase. By de�ning a strain concentration
tensor Bε, it is possible to link the strain averages of the matrix and inclusion phases:

εI = Bε
(

I,Cel
0 ,C

el
I

)
: ε0, (3.4)

where I stands for the geometrical information of the inclusions required to de�ne Bε.
Due to its good performance for two-phase composite materials for which the matrix can be

identi�ed, the Mori-Tanaka (M-T) model (Mori and Tanaka, 1973) is used to de�ne the strain
concentration. Assuming this model, the strain concentration Bε reads:

Bε
(

I,Cel
0 ,C

el
I

)
=

{
I + S

(
I,Cel

0

)
:

[(
Cel

0

)−1
: Cel

I − I
]}−1

, (3.5)

where S stands for the Eshelby tensor (Eshelby and Peierls, 1957) that depends on the geometry
of the inclusions (I) and the matrix elastic operator Cel

0 , and I is the fourth order identity tensor.
For the case of linear elastic composites, Eqs. (3.2, 3.3 and 3.4) can be used to write the

following constitutive equation:

σ̄ = C̄el
(

I,Cel
0 ,C

el
l , vl

)
: ε̄, (3.6)

where C̄el writes:

C̄el
(

I,Cel
0 ,C

el
I , vl

)
=
[
vIC

el
I : Bε

(
I,Cel

0 ,C
el
I

)
+ v0C

el
0

]
:
[
vIB

ε
(

I,Cel
0 ,C

el
I

)
+ v0I

]−1
. (3.7)

3.1.1.2 Nonlinear behavior

As already stated in the Introduction, the MFH method was extended to nonlinear behaviors
through the use of a Linear Comparison Composite. This LCC is a �ctitious material with linear
phases, whose behavior is the same as the linearized behavior of the original composite material.
Therefore, considering a material with a matrix phase with virtual elastic operator CLCC

0 and
inclusions phase with virtual elastic operator CLCC

I , it is possible to write the MFH equations
of a linear composite material. In this case, the relation between the incremental strains of both
phases Eq. (3.4) can be written as:

∆εI = Bε
(
I,CLCC

0 ,CLCC
I

)
: ∆ε0, (3.8)

and the relations between the macro and the micro strains and stresses Eq. (3.2) write:{
∆ε̄ = v0∆ε0 + vI∆εI,
σ̄ = v0σ0 + vIσI.

(3.9)

By using the virtual elastic operators CLCC
0 and CLCC

I of the LCC, the Mori-Tanaka model
(Mori and Tanaka, 1973) that de�nes Bε is rewritten as:

Bε =
{
I + S :

[(
CLCC

0

)−1
: CLCC

I − I
]}−1

. (3.10)
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Several approaches have been developed to de�ne this LCC, as for example through lineariza-
tion of the nonlinear constitutive models of the material phases (Berveiller and Zaoui, 1978; Tan-
don and Weng, 1988) or through variational formulations (Castaneda, 1991; Lahellec and Su-
quet, 2007a; Miehe, 2002; Brassart et al., 2011; Boudet et al., 2016; Lucchetta et al., 2019).
Other approaches are the a�ne formulation (Molinari, Canova, and Ahzi, 1987; Masson et
al., 2000; Pierard and Doghri, 2006), the incrementally a�ne formulation (Doghri, Adam, and Bil-
ger, 2010; Miled et al., 2013), or the incremental-tangent formulation (Hutchinson and Hill, 1970;
Hill, 1965b; Doghri and Ouaar, 2003; Mercier, Kowalczyk-Gajewska, and Czarnota, 2019). These
formulations yield anisotropic formulations of their tangent operators, leading to sti� predictions
of the material behavior and therefore needing an isotropization step (Chaboche, Kanouté, and
Roos, 2005). This step is not needed in the case of the incremental-secant linearization (Wu
et al., 2017; Wu et al., 2013c; Wu et al., 2013a; Haddad, Doghri, and Pierard, 2022; Calleja
Vázquez et al., 2022) since its material operators are isotropic by nature. In this Work, the
incremental-secant formulation is used.

3.1.2 Incremental-secant MFH (Wu et al., 2013a)
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Figure 3.2: Composite and phase elastic unloading and loading processes for LCC de�nition
for damage-enhanced elasto-plastic materials. Virtual elastic unloading on the left pictures and

incremental-secant loading on the right pictures.

Let us consider a time step interval [tn, tn+1] in which strain increments ∆ε̄n+1 and ∆εin+1

are applied to the composite material and its phases respectively, such that the total strain at
tn+1 yields:

ε̄n+1 = ε̄n + ∆ε̄n+1 and εin+1 = εin + ∆εin+1 . (3.11)



3.1. MFH recall 53

The damage e�ect is introduced by a single scalar value (Di) with a Lemaitre-Chaboche
approach. In this case, the elasto-plastic (EP) �ow is evaluated in the apparent stress state. The
concept of e�ective stress (σ̂i) is therefore introduced, having:

σ̂i =
σi

1−Di
. (3.12)

Let us detail the operations carried at each step.

3.1.2.1 Virtual elastic unloading

As recalled in the introduction, the incremental-secant approach �rst virtually unloads the com-
posite material to a zero-stress state (see Figure 3.2), but this is not necessarily the case for the
phases composing the composite material, since each sees a residual stress (σ̂ires

n ) and a residual
strain tensor (εres

in
).

One thus de�nes the unloading and residual stress states as:
∆εunload

i = εin − εres
in

σ̄res
n = 0 = σ̄n − C̄elD : ∆ε̄unload,

σ̂res
in = σ̂in −Cel

i : ∆εunload
i ,

(3.13)

being εires
n the phase strain reached at this composite zero-stress state, ∆ε̄unload = ε̄n − ε̄res

n ,
where ε̄res

n is the composite strain when reaching the zero-stress state, and where C̄elD is the
macroscale damaged elastic operator, which is evaluated from CelD

i , the phase damaged elastic
operators, following:

C̄elD
(

I, CelD
0 ,CelD

I

)
=
[
vIC

elD
I : Bε

(
I,CelD

0 ,Cel
I

)
+ v0C

elD
0

]
:
[
vIB

ε
(

I,CelD
0 ,CelD

I

)
+ v0I

]−1

and CelD
i = (1−Din)Cel

i .
(3.14)

In this Work, we consider the damage of the matrix phase only since we are interested in ac-
counting for the e�ect of the pressure-dependent yield surface on the homogenization scheme.
Assuming damage is only present in the matrix phase of the composite material from now on, it
is possible to write the �nal system of equations as:

σ̄n − C̄elD
(

I,CelD
0 ,Cel

I

)
: ∆ε̄unload = 0,

∆ε̄unload = v0∆εunload
0 + vI∆ε

unload
I ,

∆εunload
I = Bε(I,CelD

0 ,Cel
I ) : ∆εunload

0 ,

0 = σ̄res = v0σ
res
0 + vIσ

res
I .

(3.15)

At time tn, and at unloaded state, the e�ective stress tensors write:{
σ̂in =

σin
(1−Din ) ,

σ̂res
in

=
σres
in

(1−Din ) .
(3.16)

3.1.2.2 Incremental-secant loading

The virtually unloaded composite material is then reloaded, until reaching the new stress-state.
The computation of this reloading is made by de�ning a LCC subjected to a strain increment
∆ε̄r

n+1 from which the stress tensor is computed. Considering the residual strain tensors, Eq.
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Figure 3.3: Graphical representation of the de�nition of the residual-secant operator (left)
and the zero-secant operator (right).

(3.11) can be rewritten as: {
ε̄n+1 = ε̄res

n + ∆ε̄r
n+1,

εin+1 = εres
in + ∆εr

in+1
,

(3.17)

where ∆εr
in+1

is the phase strain increment from the residual strain to the new strain εn+1 and
where ∆ε̄r

n+1 is the composite strain increment from the residual strain to the new strain ε̄n+1

as shown graphically in Figure 3.3.
The phases e�ective stress tensor at tn+1 can be de�ned from the stress increment such that:

σ̂in+1 = σ̂res
in + ∆σ̂r

in+1
, (3.18)

being ∆σ̂r
in+1

de�ned as:

∆σ̂r
in+1

= CSr
in+1

: ∆εr
in+1

, (3.19)

where CSr
i is the residual-incremental-secant operator of the elasto-plastic material. The compu-

tation of this residual-incremental-secant operator is detailed later in this Section, but its phys-
ical interpretation is illustrated in Figure 3.3. It is then possible to write the apparent stress
tensor as:

σin+1 =
(
1−Din+1

)
σ̂res
in +CSDr

in+1
: ∆εr

in+1
, (3.20)

where the damaged incremental-secant operator is de�ned as:

CSDr
in+1

=
(
1−Din+1

)
CSr
in+1

. (3.21)

The residual macro scale incremental-secant operator can then be de�ned as:

C̄SDr =
[
vIC

Sr
I : Bε

(
I,CSDr

0 ,CSr
I

)
+ v0C

SDr
0

]
:
[
vIB

ε
(
I,CSDr

0 ,CSr
I

)
+ v0I

]−1
. (3.22)

With the macro scale incremental-secant operator de�ned, it is possible to compute the macro
scale stress tensor as:

σ̄n+1 + v0

(
D0n+1 −D0n

)
σ̂res

0n = C̄SDr
n+1

(
I,CSDr

0n+1
,CSr

In+1
, vI

)
: ∆ε̄r

n+1. (3.23)

As lengthily discussed by Wu et al. (Wu et al., 2017; Wu et al., 2013a; Wu et al., 2013c),
when considering only �rst statistical moments, the incremental-secant method main limitation
is the over-sti� results predicted when studying composites whose elasto-plastic inclusions are
much sti�er than the matrix phase during the plastic �ow. It was shown for a wide variety of
test cases that by neglecting the residual stress in the matrix phase, see Figure 3.3, this over-



3.1. MFH recall 55

sti�ness was counterbalanced. This is called the zero-incremental secant method. The need for
this zero-incremental secant can be circumvented with the use of second statistical moments (Wu
et al., 2017). In the zero-incremental case, the new e�ective stress tensor would be de�ned by
means of the zero secant operator CS0

i as:

σ̂in+1 = CS0
i : ∆εr

in+1
, (3.24)

Using CS, standing for either CSr or CS0, and CSD for either CSDr or CSD0 we can de�ne
the LCC using the strain concentration tensor:

Bε
(
I,
(
1−D0n+1

)
CS

0 ,C
S
I

)
, (3.25)

being possible to close the system of equations that writes:

∆ε̄r
n+1 = v0∆εr

0n+1
+ vI∆ε

r
In+1

,

∆εr
In+1

= Bε
(

I,CSD
0n+1

,CS
In+1

)
: ∆εr

0n+1
,

CSD
0n+1

= (1−D0n+1)CS
0n+1

,

σ̄n+1 = v0

(
1−D0n+1

)
σ̂0n+1 + vIσ̂In+1 .

(3.26)

3.1.2.3 Phase constitutive behavior

Finally, the phase responses obey the damage-enhanced elasto-plastic law:{
σ̂i(t) = σ̂i (εi(t); q(τ), τ ∈ [0, t]) ,

Di(t) = Di (εi(t); q(τ), q̌(τ), τ ∈ [0, t]) ,
(3.27)

where q is a set of internal variables and q̌ is their nonlocal counterpart used to avoid the mesh
dependency of the solution.

In the work by Wu et al. (2017), the J2 yield surface was used for the development of the
MFH model. While the model showed an excellent performance against full-�eld simulations,
the J2 plasticity model is not able to capture the high pressure dependency observed in real life
composite materials with a polymer-based matrix. This pressure dependency a�ects not only the
tension-compression yield asymmetry, but also the behavior of the material when introducing
triaxiality e�ects. Let us take as an example a small 2D UD composite material sample of 45x45
µm2 with an RTM6 matrix, using the model with pressure sensitive yield surface reported in
Chapter 2. To this end, the model using the calibration of the parameters performed in the work
by Nguyen, Wu, and Noels (2019) is used. As shown in Fig. 3.4, after calibration, the J2-based
MFH model is able to capture the behavior of the material when undergoing uniaxial loading in
direction 11. The strain evolution obtained from this simulation (ε11ref and ε22ref ) is taken as
reference. As soon as we start constraining the strain evolution of the sample across direction 22
up to ε22 = 0, and hence increasing the triaxiality within the sample, we observe how the MFH
is not able to capture the correct behavior anymore. This highlights how crucial accounting for
pressure-dependency is when studying these materials, and represents the motivation behind the
here developed pressure-dependent MFH model.
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Figure 3.4: Full-Field and MFH behavior comparison for di�erent load conditions. On the top
left, uniaxial loading is applied to the sample. On the top right, a strain evolution ε11 = ε11ref
and ε22 = 3/4ε22ref is applied. On the bottom, ε11 = ε11ref and ε22 = 1/4ε22ref is applied on

the left, and ε11 = ε11ref and ε22 = 0 on the right.

3.2 Pressure sensitive phase material law (Calleja Vázquez et
al., 2022)

In this Chapter, with a view to its embedding in a MFH scheme, the power-enhanced yield
version of the Drucker-Prager criterion presented in Chapter 2 is implemented at the phase level
in an incremental-secant approach for elasto-plastic and damage enhanced cases. To this end,
the model is reformulated in a small-strain setting. For the sake of conciseness, the subscript
referring to the phase is omitted.

3.2.1 Pressure-dependent model in a small-strain setting

The Drucker-Prager yield function consists of a linear combination of the two �rst invariants,
making it dependent on the hydrostatic pressure. Nguyen et al. (2016) enhanced this model by
adding an exponent (α ≥ 1) in the octahedral term. Considering that the plastic �ow is written
in the e�ective stress space in case of damage, the yield criterion reads:

F (σ̂, p) =
((σ̂)eq)α

σαc
− 3

mα − 1

(m+ 1)σc
φ̂− mα +m

m+ 1
≤ 0, (3.28)

where the superscript �eq� stands for the equivalent von Mises e�ective stress, φ̂ = 1/3 tr(σ̂) ,
σc represents the current compressive yield stress and m = σt

σc
is the ratio between the current

tensile and compressive yield stresses. With a view to the damage-enhanced case, the yield
surface is written in the e�ective space.

The exponent α observed in the �rst term of the yield criterion allows recovering di�erent
power yield surfaces. It is possible to observe that when α is set to one, the classical Drucker-
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Prager yield criterion is recovered. For the case in which a value of α = 2 is used, the paraboloidal
yield surface studied by Melro et al. (2013) is recovered. The ratio between the current yield
stresses permits to model the e�ect of a tension-compression �ow asymmetry.

In order to correctly capture the complex behavior of polymers, the use of a non-associated
�ow rule is normally integrated (Al-Rub, Tehrani, and Darabi, 2015; Melro et al., 2013; Vogler,
Rolfes, and Camanho, 2013). This means that, contrary to the case of an associate �ow rule in
which the plastic �ow evolves taking into account the gradient of the yield function, the non-
associated �ow rule follows a direction normal to a plastic �ow potential. In this Work, as in
Nguyen et al. (2016), a quadratic �ow potential is used in order to be able to control the Poisson's
ratio during the plastic process. This plastic �ow potential is written as (Melro et al., 2013):

G = (σ̂eq)2 + βφ̂2, (3.29)

where β is a material parameter. This �ow potential permits modeling the volumetric plastic
deformation with what is called a plastic Poisson's ratio. At the plastic �ow onset, the plastic
Poisson's ratio writes:

νp =
9− 2β

18 + 2β
. (3.30)

This combination of the modi�ed Drucker-Prager yield surface coupled with the use of the �ow
potential described by Melro et al. (2013) was proven to yield satisfactory results and to be able of
accurately representing the pressure-dependent plastic behavior of high-crosslinked epoxies such
as the RTM6 in previous works, and allows to easily match a wide variety of pressure-dependent
behaviors thanks to the modi�cations applied to the original criterion. This �exibility and proven
performance made this an ideal option for this Work and future implementations of this scheme.

The direction of the �ow is then de�ned as Q = ∂G
∂σ̂ and can be evaluated (Nguyen et al., 2016)

as:

Q =
∂G

∂σ̂
= 3σ̂dev +

2β

3
σ̂vol, (3.31)

where σ̂vol = φ̂1, with �vol�standing for the volume operator (•)vol = 1
3tr(•)1 with 1 being the

second order identity tensor and where �dev� stands for the deviatoric operator (•)dev = •−(•)vol.
The plastic �ow evolution can be written as:

ε̇p = Γ̇Q, (3.32)

where Γ is related to the equivalent plastic strain rate as:

ṗ = k
√
ε̇p : ε̇p = kΓ̇

√
Q : Q; (3.33)

and (Melro et al., 2013):

k =
1√

1 + 2ν2
p

; k =

√
2

3
if incompressible �ow rule. (3.34)

3.2.2 Residual incremental-secant pressure-dependent model
implementation

This Section frames this pressure-dependent model into the incremental-secant framework
step by step. First the elastic trial is developed, following with the radial return mapping used
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for the plastic process, �nishing with the de�nition of the secant tensors.

3.2.2.1 Elastic trial

First, an elastic �ow is assumed to compute a trial e�ective stress tensor σ̂tr
n+1. Using the

relations developed in Section 3.1.2, the trial e�ective stress tensor reads:

σ̂tr
n+1 = σ̂n +Cel : ∆εn+1 = σ̂n +Cel :

(
∆εr

n+1 + εres
n − εn

)
= σ̂res

n +Cel : ∆εr
n+1, (3.35)

where the elastic operator Cel, being isotropic, can be expressed in terms of its volumetric and
deviatoric components as:

Cel = 3κelIvol + 2µelIdev, (3.36)

where the volume and deviatoric fourth order tensors write Ivol ≡ 1
31 ⊗ 1 and Idev = I − Ivol,

κel is the elastic compressibility modulus and µel is the elastic shear modulus.
The pressure-sensitive yield criterion is then veri�ed to check whether an elastic or a plastic

�ow is occurring, with

F tr
(
σ̂tr
n+1, pn

)
=

((
σ̂tr
n+1

)eq)α
σαc

− 3
mα − 1

(m+ 1)σc
φ̂tr
n+1 −

mα +m

m+ 1
≤ 0, (3.37)

where σc = σc0 + R(p) where p is the accumulated plastic strain and R(p) the hardening law in
terms of p. In this Chapter, the ratio σt

σc
is considered to be constant during the hardening, and

the hardening law is de�ned with respect to the compressive behavior. This assumption is not
restrictive for the methodology.

If the yield criterion is ful�lled, then the trial e�ective stress σ̂tr
n+1 = σ̂n+1, pn+1 = pn and

the secant operator CSr = Cel.

3.2.2.2 Radial return mapping

If the yield criterion is not ful�lled (F tr > 0), a plastic correction must be applied:

σ̂n+1 = σ̂tr
n+1 −Cel : ∆εp. (3.38)

Following Wu et al. (Wu et al., 2013c; Wu et al., 2013a), the normal direction shown in Eq.
(3.31) is modi�ed as:

Qn+1 = 3
(
CSr : ∆εr

n+1

)dev
+

2β

3

(
CSr : ∆εr

n+1

)vol

= 3 (σ̂n+1 − σ̂res
n )dev +

2β

3
(σ̂n+1 − σ̂res

n )vol .

(3.39)

As discussed by Wu et al. (2019), for in�nitesimal strain increments ∆ε → 0 for a single phase
material, this expression Qn+1 tends to the normal of the yield surface. At the trial state, Qtr

n+1

writes:

Qtr
n+1 = 3

(
Cel : ∆εr

n+1

)dev
+

2β

3

(
Cel : ∆εr

n+1

)vol

= 3
(
σ̂tr
n+1 − σ̂res

n

)dev
+

2β

3

(
σ̂tr
n+1 − σ̂res

n

)vol
.

(3.40)

SinceCel is isotropic, Cel : ∆εp =
(
3κelIvol + 2µelIdev

)
: ∆εp, where the plastic strain increment

reads:

∆εp = ΓQ, (3.41)
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with the plastic multiplier Γ related to the increment in accumulated plastic strain deformation
as:

∆p = kΓ
√

Q : Q = kΓ

√
6 ((σ̂n+1 − σ̂res

n )eq)2 +
4

3
β2
(
φ̂n+1 − φ̂res

n

)2
. (3.42)

Decomposing the normal into its deviatoric and volumetric parts (Qn+1 = Qdev
n+1 + Qvol

n+1)
and following the developments in Nguyen et al. (2016) one can rewrite the plastic correction
shown in Eq. (3.38) as:

(σ̂n+1)dev =
(
σ̂tr
n+1

)dev − 2µelΓQdev
n+1, and (3.43)

(σ̂n+1)vol =
(
σ̂tr
n+1

)vol − 3κelΓQvol
n+1, or (3.44)

φ̂n+1 = φ̂tr
n+1 − 3κelΓ

2β

3

(
φ̂n+1 − φ̂res

n+1

)
. (3.45)

Equations (3.43) and (3.44) can also be written as:

(σ̂n+1 − σ̂res
n )dev =

(
σ̂tr
n+1 − σ̂res

n

)dev − 2µelΓQdev
n+1, and (3.46)

(σ̂n+1 − σ̂res
n )vol =

(
σ̂tr
n+1 − σ̂res

n

)vol − 3κelQvol
n+1. (3.47)

Using Eq. (3.39), these two equations are respectively rewritten:

(σ̂n+1 − σ̂res
n )dev =

(
σ̂tr
n+1 − σ̂res

n

)dev − 2µelΓ
(

3 (σ̂n+1 − σ̂res
n )dev

)
=

(
σ̂tr
n+1 − σ̂res

n

)dev

1 + 6µelΓ
,

(3.48)

and

(σ̂n+1 − σ̂res
n )vol =

(
σ̂tr
n+1 − σ̂res

n

)vol − 3κelΓ

(
2β

3
(σ̂n+1 − σ̂res

n )vol

)
=

(
σ̂tr
n+1 − σ̂res

n

)vol

(1 + 2κelΓβ)
.

(3.49)

It is then possible to use Eqs. (3.48) and (3.49) to �nd the relation between Qn+1, Eq. (3.39),
and Qtr

n+1, Eq. (3.40), which writes:

Qn+1 = 3

(
σ̂tr
n+1 − σ̂res

n

)dev

1 + 6µelΓ
+

2β

3

(
σ̂tr
n+1 − σ̂res

n

)vol

(1 + 2κelΓβ)
, (3.50)

or when separated into their deviatoric and volumetric terms:

Qdev
n+1 =

1

1 + 6µelΓ

(
Qtr
n+1

)dev
; Qvol

n+1 =
1

1 + 2κelΓβ

(
Qtr
n+1

)vol
. (3.51)

At this stage, the pressure-sensitive yield criterion is rewritten as:

F (σ̂) =

(
(σ̂n+1 − σ̂res

n + σ̂res
n )eq

σc

)α
− 3

mα − 1

(m+ 1)σc

(
φ̂n+1 − φ̂res

n + φ̂res
n

)
− m

α +m

m+ 1
= 0. (3.52)
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Making use of the Eqs. (3.48) and (3.49), since only the deviatoric parts are involved when
evaluating the equivalent operator, Eq. (3.52) can be expressed in terms of σ̂tr, σ̂res and Γ as:

F
(
σ̂tr,Γ

)
=


(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)eq

σc


α

− 3
mα − 1

(m+ 1)σc

(
φ̂tr
n+1 − φ̂res

n

1 + 2κelΓβ
+ φ̂res

n

)
− mα +m

m+ 1
= 0.

(3.53)
In order to �nd the expression of the plastic multiplier Γ, a Newton-Raphson algorithm is used.
Using this �nal expression of the yield criterion Eq. (3.53), the derivative with respect to Γ
writes:

dF

dΓ
=

[
− α

σα+1
c

∂R(∆p)

∂∆p

((
σ̂tr
n+1 − σ̂res

n

1 + 6µelΓ
+ σ̂res

n

)eq)α
+3

mα − 1

(m+ 1)σ2
c

∂R(∆p)

∂∆p

(
φ̂tr
n+1 − φ̂res

n

1 + 2κelΓβ
+ φ̂res

n

)]
∂∆p

∂Γ
+
∂F

∂Γ
,

(3.54)

where, from Eqs. (3.42, 3.48, 3.49), one has:

∂∆p

∂Γ
= k

√√√√6

((
σ̂tr
n+1 − σ̂res

n

1 + 6µelΓ

)eq)2

+
4β2

3

(
φ̂tr
n+1 − φ̂res

n

1 + 2κelΓβ

)2

− kΓ

2

√
6
((

σ̂tr
n+1−σ̂res

n

1+6µelΓ

)eq)2

+ 4β2

3

(
φ̂tr
n+1−φ̂res

n

1+2κelΓβ

)2

[
72µel

((
σ̂tr
n+1 − σ̂res

n

)eq)2
(1 + 6µelΓ)

3

+
16β3κel

3

(
φ̂tr
n+1 − φ̂res

n

)2

(1 + 2κelΓβ)
3

 ,
(3.55)

and

∂F

∂Γ
= −α


(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)eq

σc


α−1

9µel
(
σ̂tr
n+1 − σ̂res

n

)dev
:
(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)dev

σc (1 + 6µelΓ)
2
(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)eq

+ 3
mα − 1

(m+ 1)σc

(
φ̂tr
n+1 − φ̂res

n

(1 + 2κelΓβ)
2 2κelβ

)
.

(3.56)

Finally, the algorithmic operator Calg = ∂σ̂
∂ε is given in Appendix B.1.

3.2.2.3 Radial return mapping neglecting the residual stress

In the case in which the residual stress is neglected when de�ning the LCC, see Section 3.1.2,
the normal direction shown in Eq. (3.31) is the classical direction:

Qn+1 = 3 (σ̂n+1)dev +
2β

3
(σ̂n+1)vol . (3.57)
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At the trial state, Qtr
n+1 writes:

Qtr
n+1 = 3

(
σ̂tr
n+1

)dev
+

2β

3

(
σ̂tr
n+1

)vol
. (3.58)

The plastic multiplier Γ is therefore related to the increment in accumulated plastic strain de-
formation as:

∆p = kΓ
√

Q : Q = kΓ

√
6 ((σ̂n+1)eq)2 +

4

3
β2
(
φ̂n+1

)2
. (3.59)

The relation between Qn+1 and Qtr
n+1 neglecting the residual stress writes:

Qn+1 = 3

(
σ̂tr
n+1

)dev

1 + 6µelΓ
+

2β

3

(
σ̂tr
n+1

)vol

(1 + 2κelΓβ)
. (3.60)

The pressure-dependent yield criterion is then expressed in terms of σ̂tr and Γ as: :

F
(
σ̂tr,Γ

)
=


(

σ̂tr
n+1

1+6µelΓ

)eq

σc


α

− 3
mα − 1

(m+ 1)σc

(
φ̂tr
n+1

1 + 2κelΓβ

)
− mα +m

m+ 1
= 0. (3.61)

The plastic multiplier Γ is then computed, as in the case in which the residual is considered, by
means of a Newton-Raphson algorithm, with the derivatives following from Eqs. (3.54 - 3.56)
without the residual stress.

The updated expressions when neglecting the residual stress of dF
dΓ , Eq. (3.54), ∂∆p

∂Γ , Eq.
(3.55), ∂F∂Γ , Eq. (3.56), and of Calg = ∂σ̂

∂ε are given in Appendix B.1.

3.2.2.4 De�nition of the secant operators in the elasto-plastic case

Knowing Γ and therefore σ̂n+1, CSr can be computed using Eqs. (3.18) and (3.38). Indeed, one
has:

∆σ̂r
n+1 = CSr : ∆εr

n+1 = Cel : ∆εr
n+1 −Cel : ∆εp

= Cel : ∆εr
n+1 − 2µelΓQdev

n+1 − 3κelΓQvol
n+1.

(3.62)

Using the relation Eq. (3.51) between Qn+1 and Qtr
n+1:

∆σ̂r
n+1 = Cel : ∆εr

n+1 − 2µelΓ
1

1 + 6µelΓ

(
Qtr
n+1

)dev − 3κelΓ
1

1 + 2κelΓβ

(
Qtr
n+1

)vol
, (3.63)

which, using Eq. (3.40), can be rewritten as:

∆σ̂r
n+1 = Cel : ∆εr

n+1 −
6µelΓ

1 + 6µelΓ

(
Cel : ∆εr

n+1

)dev
− 2βκelΓ

1 + 2κelΓβ

(
Cel : ∆εr

n+1

)vol
, (3.64)

or again

∆σ̂r
n+1 =

[
Cel − 6µelΓ

1 + 6µelΓ

(
Idev : Cel

)
− 2βκelΓ

1 + 2κelΓβ

(
Ivol : Cel

)]
: ∆εr

n+1. (3.65)

Having that the e�ective stress increment is de�ned as ∆σ̂r
n+1 = CSr : ∆εr

n+1, C
Sr is identi�ed

to be:

CSr = Cel − 6µelΓ

1 + 6µelΓ

(
Idev : Cel

)
− 2βκelΓ

1 + 2κelΓβ

(
Ivol : Cel

)
. (3.66)
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Since Cel is isotropic, so is the residual-incremental-secant operator of the LCC (CSr) and it is
possible to write:

Cel = 3κelIvol + 2µelIdev; and CSr = 3κr
sI

vol + 2µr
sI

dev, (3.67)

where the expressions for κr
s and µ

r
s are respectively:

κr
s = κel − 2βκel2Γ

1 + 2κelΓβ
; and µr

s = µel − 6µel2Γ

1 + 6µelΓ
. (3.68)

This �nding means that the isotropic nature of the LCC secant tensors is preserved for the case
of non-associated pressure dependent plastic �ow, which avoids the need for the isotropization
step during the MFH process.

In the case the zero-incremental-secant approach is considered, that is, when the residual
stress is neglected, the zero-incremental-secant operator would be de�ned by taking into account
the residual strain, but neglecting the residual stress, such that σ̂ would be de�ned as:

σ̂ = CS0 : ∆εr
n+1, (3.69)

where CS0 writes:
CS0 = 3κ0

sI
vol + 2µ0

sI
dev, (3.70)

with the expressions for κ0
s and µ

0
s

κ0
s = κel − 2βκel2Γ

1 + 2κelΓβ
; and µ0

s = µel − 6µel2Γ

1 + 6µelΓ
. (3.71)

These expressions are similar to Eq. (3.68), where Γ does not take into account the residual in
its de�nition.

3.2.2.5 De�nition of the secant operators in the damage-enhanced elasto-plastic
case

In the damage-enhanced case, the damage present at the next time step Dn+1 should now be
computed using the chosen nonlocal damage model, Eq. (3.27). Section 3.4 particularizes the
damage evolution law used in this Work. Once the new damage state is known, it is possible to
compute the LCC's damage-enhanced residual-incremental-secant operator and the �nal stress
as:

CSDr = (1−Dn+1)CSr, with (3.72)

σn+1 = (1−Dn+1) σ̂res
n +CSDr : ∆εr

n+1. (3.73)

Equation (3.72) implies that the damaged shear and bulk moduli are then written as:

κDr
s = (1−Dn+1)

(
κel − 2βκel2Γ

1 + 2κelΓβ

)
,

µDr
s = (1−Dn+1)

(
µel − 6µel2Γ

1 + 6µelΓ

)
. (3.74)

In the case the zero-incremental-secant approach is used, the damage-enhanced zero-
incremental-secant operator and the �nal stress would write:

CSD0 = (1−Dn+1)CS0, with (3.75)



3.3. MFH resolution within a nonlocal FE framework 63

σn+1 = CSD0 : ∆εr
n+1. (3.76)

In this case, the damaged shear and bulk moduli, as for the previous case, write:

κD0
s = (1−Dn+1)

(
κel − 2βκel2Γ

1 + 2κelΓβ

)
,

µD0
s = (1−Dn+1)

(
µel − 6µel2Γ

1 + 6µelΓ

)
. (3.77)

In the following Sections, CS, κs, µs and CSD, κD
s and µD

s respectively stand either for CSr,
Eq. (3.67), κr

s, µ
r
s, Eq. (3.68), C

SDr, Eq. (3.72), κDr
s and µDr

s , Eq. (3.74), or for CS0, Eq. (3.70),
κ0
s, µ

0
s, Eq. (3.71), C

SD0, Eq. (3.75), κD0
s and µD0

s , Eq. (3.77).
The developed residual and zero incremental-secant MFH pressure-dependent models, as well

as the used damage evolution model were introduced in the C++ core of the CM3 in-house code.

3.3 MFH resolution within a nonlocal FE framework

In this Section, a general description of the "�rst-order moment" based MFH process is presented
and then the complete pressure sensitive MFH computation scheme is exposed and detailed step
by step.

Making use of nonlocal damage in the matrix phase, one can write the governing equations
of the homogenized material for the interval [tn, tn+1] as:

∇ · σ̄Tn+1 + f̄n+1 = 0, (3.78)

where f̄ stands for the macroscale body force vector.
By using an implicit nonlocal form of elasto-plasticity (Peerlings et al., 1996) to de�ne the

nonlocal internal variables, the matrix governing equations are completed by the Helmholtz-type
equation that relates the internal variable p0 ∈ qi and its nonlocal counterpart p̆0 ∈ q̆i :

p̆0n+1 −∇0 ·
(
cg ·∇0p̆0n+1

)
= p0n+1 for ω0, (3.79)

where p0 is a representation of the matrix plastic strain, p̆0 stands for a representation of the
homogenized matrix nonlocal accumulated plastic strain and where for an isotropic medium (Wu
et al., 2015), cg = diag

(
l2c ; l

2
c ; l

2
c

)
, being lc the characteristic length scale. It is now possible to

rewrite Eq. (3.27) in a nonlocal form as:

σi(t) = σi (εi(t), q̆i(τ); qi(τ), τ ∈ [0, t]) . (3.80)

In this Work, we consider the damage of the matrix phase only since we are interested in
accounting for the e�ect of the pressure-dependent yield surface on the homogenization scheme.
The formulation can be extended to account for �ber failure by considering a scalar damage
variable in the inclusion phase in order to capture the composite response (Wu et al., 2021). As
shown by Wu et al. (2012), the system of equations composed by Eqs. (3.78) and (3.79) can be
solved by combining a weak �nite element form with Newton-Raphson linearization technique.
During this Newton-Raphson resolution, the macrostrain increment ∆ε̄n+1 and the nonlocal
matrix plastic strain p̆0n+1 are the degrees of freedom arising from the weak form discretization.
The total macro strain tensor ε̄n and the internal state variables (including p0n) at the initial
state of the time interval are known from the previous time step resolution. The homogenized
stress σ̄n+1 as well as its derivatives are evaluated by the MFH model.
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Therefore knowing the macrostrain increment ∆ε̄n+1, it is possible to compute the strain
increment that is seen by the LCC ∆ε̄r

n+1 (see Section 3.1.2):

∆ε̄r
n+1 = ε̄n + ∆ε̄n+1 − ε̄res

n . (3.81)

By de�ning the LCC operators CLCC
I and CLCC

0 making use of the isotropic linear compari-
son operators CS

I and CSD
0 , the MFH process can be summed up by the relation between the

phases and composite strains and stresses and the direct relation between the strain phases via
a concentration tensor Bε:

∆ε̄r
n+1 = v0∆εr

0n+1
+ vI∆ε

r
In+1

,

σ̄n+1 = v0σ0n+1 + vIσIn+1 ,

∆εr
In+1

= Bε
(
I,CSD

0 ,CS
I

)
: ∆εr

0n+1
.

(3.82)

The system resolution follows the next steps:

1. In order to solve this set of equations, the strain increment of the inclusions phase is
initialized: ∆ε̄r

n+1 → ∆εr
In+1

. Then, the following scheme is solved iteratively:

(a) The constitutive material law of the inclusions is called and computed using the
phase strain increment tensor ∆εr

In+1
and the internal variables at tn. This updates

the inclusion phase stress σIn+1 , internal variables, incremental-secant operator CSr
In+1

and "consistent" anisotropic operator Calg
In+1

=
∂σIn+1

∂∆εIn+1
reported in Appendix B.1.

(b) It is now possible to compute the matrix average strain as:

∆εr
0n+1

=

(
∆ε̄r

n+1 − vI∆ε
r
In+1

)
v0

. (3.83)

(c) Then, the constitutive material law of the matrix described in Section 3.2 is called
using the strain tensor increment ∆εr

0n+1
and the internal state variables at tn. This

gives the updated matrix stress σ0n+1 , damage state D0n+1 , internal variables and the

consistent and incremental-secant operators Calg
0n+1

, CalgD
0n+1

=
(
1−D0n+1

)
Calg

0 and

CSD
0n+1

.

(d) Knowing the matrix incremental-secant operator, the Eshelby tensor S
(

I,CSD
0n+1

)
is

evaluated.

(e) For the time interval [tn, tn+1] the strain increment of the composite material and the
nonlocal plastic strain of the matrix (∆ε̄r

n+1 and ∆p̆0n+1) are known and the stress
residual vector F of the system of Eqs. (3.82), see Appendix B.2, is evaluated:

F =CSD
0n+1

:

[
∆εr

In+1
− 1

v0
S−1 :

(
∆εr

In+1
−∆ε̄r

n+1

)]
−CS

In+1
: ∆εr

In+1
. (3.84)

(f) The inclusion strain increment is thus corrected following:

∆εr
In+1
← ∆εr

In+1
− J−1 : F , (3.85)

where the Jacobian J is given in Appendix B.2.

(g) Then, a new iteration is started, going back to step (a) until |F | ≤ Tol.

2. Once convergence is reached:
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(a) Compute the internal variables and the homogenized stress:

σ̄n+1 = v0σ0n+1 + vIσIn+1 . (3.86)

(b) Using the "consistent" tangent operators C̄alg = ∂σ̄
∂ε̄ and Cp̆ = ∂σ̄

∂p̆0
, with

C̄alg
n+1 = vIC

alg
I :

∂εI

∂ε̄
+ v0

(
CalgD

0 − σ̂0 ⊗
∂D0

∂ε0

)
:
∂ε0

∂ε̄
, and (3.87)

Cp̆ =vIC
alg
I :

∂εI

∂p̆0
+ v0

(
CalgD

0 − σ̂0 ⊗
∂D

∂ε0

)
:
∂ε0

∂p̆
− v0σ̂0

∂D0

∂p̆0
, (3.88)

the consistent linearization of the homogenized stress can be computed:

δσ̄ = C̄alg : δε̄+Cp̆δp̆0. (3.89)

The expressions of Calg
i are given in Appendix B.1, the expressions of ∂εi

∂ε̄ and ∂εi
∂p̆0

are given in Appendix B.2 and the expressions of ∂D0
∂ε0

and ∂D0
∂p̆0

are given in Appendix
B.5.

In order to solve the weak form (Eqs. (3.78) and (3.79)), one also needs the lineariza-
tion of p0 which writes:

δp0 =
∂p0

∂ε̄
δε̄+

∂p0

∂p̆0
δp̆0, (3.90)

where the derivative of p0 with respect to the strain is indirectly related to the plastic
multiplier, as shown in Eqs. (3.55) and (3.42) through

∂p0

∂ε̄
=
∂p0

∂Γ0

∂Γ0

∂ε0

∂ε0

∂ε̄
, (3.91)

with ∂p0

∂Γ0
obtained from Eq. (3.55), ∂Γ0

∂ε0
from Appendix B.1 and ∂ε0

∂ε̄ from Appendix

B.2. The derivative Cp = ∂p0

∂p̆0
is given in Appendix B.1.

3. Then, the unloading step is performed, obtaining the needed composite material, ma-

trix and inclusion phases, residual strains
(
ε̄res
n+1, ε

res
0n+1

, and εres
In+1

)
, the inclusions resid-

ual stress σres
In+1

and the matrix phase e�ective residual stress σ̂res
0n+1

required for the next
loading increment. To this end:

(a) Considering a pure virtual elastic process, the composite material is unloaded up to
a zero-stress state. The residual strain of the composite is then computed following
Eq. (3.15), yielding

ε̄res
n+1 = ε̄n+1 −∆ε̄unload

n+1 = ε̄n+1 −
(
C̄elD
n+1

)−1
: σ̄n+1. (3.92)

(b) Once the residual strain of the composite is known, the matrix and inclusion phase
residual stresses are computed as:

εres0n+1
= ε0n+1 −∆εunload0n+1

= ε0n+1 −
[
vIB

ε(I,CelD
0 ,Cel

I ) + v0I
]−1

: ∆ε̄unloadn+1 , and
(3.93)

εres
In+1

= εIn+1 −∆εunload
In+1

= εIn+1 −Bε(I,CelD
0 ,Cel

I ) :
[
vIB

ε(I,CelD
0 ,Cel

I ) + v0I
]−1

: ∆ε̄unloadn+1 .
(3.94)
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(c) The residual stress of the inclusion phase and the e�ective stress of the matrix phase
are then computed as:

σ̂res
0n+1

= σ̂0n+1 −Cel
0n+1

: ∆εunload0n+1
, and (3.95)

σres
In+1

= σIn+1 −Cel
In+1

: ∆εunload
In+1

. (3.96)

The MFH resolution in the nonlocal FE framework made use of the C++ code developed
for the paper by Wu et al. (2017). The code was adapted to account for the new de�nition
of the incremental secant tensors, as well as all the required derivatives in the process. This
implementation permits the user to easily switch from the original J2 based incremental secant
MFH to the here developed pressure-dependent model.

3.4 Veri�cation of the MFH scheme prediction with direct FE
simulations

Once the pressure-dependent damage-enhanced incremental-secant MFH model has been devel-
oped, its accuracy is veri�ed against �nite-element full-�eld simulations. To this end, random
UD composite volume element with di�erent volume fractions and spherical inclusions-reinforced
composites are used considering elastic, elasto-plastic and damage-enhanced phases.

For the direct numerical simulations, we consider periodic boundary conditions (PBC) for
displacement �eld and the nonlocal variables. The use of this boundary condition improves the
convergence rate even for nonperiodic structures, as shown in the work by Nguyen et al. (2012).
However, when considering failure, multiple localization bands could appear at the failure onset
when this kind of boundary condition is used. This is not the case under tensile loading con-
ditions for which this condition is valid, since in those cases the failure band is perpendicular
to the loading direction (Nguyen, Wu, and Noels, 2019). While remaining out of the onset of
localization, the PBC conditions are still valid for all test cases. Another problem after local-
ization onset is the loss of size objectivity and thus the absence of existence of a representative
volume element (RVE). In order to recover this size objectivity, a new reference quantity, such
as the energy release rate, must be used as a target in order to correctly de�ne the failure stage
of the material (Verhoosel et al., 2010; Nguyen, Wu, and Noels, 2019). This case will be treated
in Chapter 4. We note that because of the use of a nonlocal damage evolution law, MFH is
energy consistent during localization since the characteristic length can be evaluated to recover
the right amount of dissipated energy during failure (Wu et al., 2021). Nevertheless, the MFH
response during localization cannot be compared to the direct �nite element response since the
latter depends on the size of the volume element.

In order to be able to mathematically discuss the discrepancies found on the loading test cases,
an error measurement scheme is implemented in order to give a more quantitative assessment
of the errors found in the MFH predictions on the composite response as well as on the phases
responses. To this end, the error on a stress component i is evaluated following:

%∆i =

∫
Cycle

|〈σiRVE〉 − σiMFH | dεi∫
Cycle

|〈σiRVE〉| dεi
× 100 , (3.97)

where σiRVE is the corresponding component of the full-�eld simulation stress tensor, and σiMFH
stands for the corresponding component of the MFH simulation stress tensor. In order to avoid
additive problems, dεi is always taken as positive, including during unloading path. For the
phases error, the mean of the inclusion and matrix response errors are considered and added.
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3.4.1 Matrix and inclusions material properties

In this Work, two-phase composites are studied. The spherical inclusions phase is modeled as an
isotropic elastic material, the �ber inclusions phase is modeled as a transversely isotropic elastic
material and the matrix as an elasto-plastic, possibly damage-enhanced, material. This phase
is modeled with the pressure-dependent-based incremental-secant law introduced in Section 3.2
using an exponential hardening for the plastic stage of the matrix response:

R0(p0) = h0

(
1− e−m0p0

)
. (3.98)

The evolution law used to model the damaged-enhanced phase is divided into two contribu-
tions: A softening damage (Ds) and a failure damage (Df ). The softening damage models the
damage evolution up to the strain-softening onset writing:

∆Ds =
Donset

ponset
∆p̆0, (3.99)

where Donset and ponset are the matrix damage and the accumulated plastic strain at the strain-
softening onset respectively. The failure damage Df contribution starts after the matrix strain-
softening onset. This law permits to model the failure characteristics of the material by acceler-
ating the development of damage. The failure damage Df writes:

∆Df = αDam (p̆0 + ∆p̆0 − ponset )βDam ∆p̆0, if p̆0 > ponset . (3.100)

Finally, the used matrix damage evolution law D0 writes:

∆D0 =

{
∆Ds, if p̆0 ≤ ponset ,

∆Ds + ∆Df , if p̆0 > ponset .
(3.101)

The damage law derivatives are given in Appendix B.5. This Lemaitre-Chaboche damage
formulation in which the damage history is taken into account by means of scalar variables was
already used for the modeling of high-crosslinked polymer materials, usually found in composite
materials, and proved to be able to represent accurately the damage evolution as well as failure
for di�erent test cases, including 3D test with barreling e�ects (Nguyen et al., 2016). In this
latter reference, one scalar damage variable captures the material failure, and one scalar damage
variables captures the post-peak saturated softening observed under compressive loading. The
two scalar damage variables follow di�erent damage evolution laws and can be reformulated under
a single damage variable in a Lemaitre-Chaboche model. Therefore, for the sake of simplicity,
we consider a single damage variable in this Work.

The properties used for the inclusion phase are the same as the properties used in Nguyen,
Wu, and Noels (2019) (UD300/CHS carbon �ber) and the matrix properties were chosen so that
it matches the RTM6 epoxy resin behavior studied by Nguyen et al. (2016). The inclusions and
matrix phases properties are reported in Tables 3.1, 3.2 and 3.3.

Table 3.1: Inclusion phase properties for UD composite.

Inclusions phase properties [Unit] Value
Longitudinal Young's modulus EL [GPa] 230
Transverse Young's modulus ET [GPa] 40
Transverse Poisson's ratio νTT [-] 0.2
Longitudinal transverse Poisson's ratio νLT [-] 0.215
Transverse shear modulus µTT [GPa] 16.7
Longitudinal transverse shear modulus µLT [GPa] 24



68
Chapter 3. Incremental-Secant implementation of a possibly damaged enhanced

non-associated pressure-dependent plasticity model

Table 3.2: Inclusion phase properties for 3D spherical inclusion reinforced composite.

Inclusions phase properties [Unit] Value
Young's modulus E [GPa] 230
Poisson's ratio ν [-] 0.215

Table 3.3: Matrix phase properties.

Matrix phase properties [Unit] Value
Young's modulus E [MPa] 2450
Poisson's ratio ν [-] 0.38
Initial Yield σ0 [MPa] 48
Yield ratio m [-] 0.85
Initial plastic Poisson's ratio νp [-] 0.3
Hardening parameter h0 [MPa] 164
Hardening parameter m0 [-] 36.5
Damage parameter ponset [-] 0.14
Damage parameter Donset [-] 0.35
Damage parameter αDam [-] 18
Damage parameter βDam [-] 2.5

3.4.2 2D MFH veri�cation with UD composite RVE

Figure 3.5: 18% (left) 28% (center) 40% (right) volume fraction square UD RVE of 150µm
side length with second order mesh. Matrix phase in blue and �ber phase in green.

In this Section, the 2D performance of the developed MFH scheme is studied by comparing
the MFH predictions for di�erent volume fractions with its RVE full-�eld FE simulation
counterpart. The elasto-plastic and the damage-enhanced elasto-plastic cases are studied
in di�erent test settings, which include uniaxial tension cycles, biaxial tension, shear and
nonproportional loading. The considered RVEs are square UD samples of 150 µm, see Figure
3.5, generated using the generation process developed by Wu et al. (2018). Three di�erent
square RVEs of 150µm side length with di�erent volume fractions were used in order to test the
MFH capabilities for di�erent volume fractions ranging from 18% to 40%. As in the work by
Nguyen, Wu, and Noels (2019), in order to correctly account for the e�ect of �bers in the direct
FE simulations, the matrix phase considers a nonlocal matrix cg = diag(l2c ) with lc = 3.2µm,
value that represents the average radius of �ber. All the 2D FE tests were carried out with the
third dimension constrained so that plane strain conditions are used.
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3.4.2.1 Elasto-plastic case

The �rst veri�cation is made without taking damage into account. As already mentioned, in
order to check the validity of the MFH scheme for di�erent levels of volume fractions, three
di�erent samples with 18%, 28% and 40% have been tested, see Figure 3.5.
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Figure 3.6: Stress-strain curves of tension-compression cycle tests on the elasto-plastic 2D UD
sample with 18% inclusion volume fraction. Cycles with di�erent triaxiality levels starting with

tension on the left and starting with compression on the right.

Pressure-dependency test In order to test the pressure-dependent MFH scheme perfor-
mance under di�erent hydrostatic pressure conditions, four di�erent strain evolution paths have
been used in the two main directions of the 18% RVE. The strain evolution in the 11 direction
is kept the same for all the tests while the loading condition in the 22 direction sees di�erent
constraints, introducing an added pressure e�ect in the ε̄22 = −ε̄11, ε̄22 = ε̄11 and ε̄22 = 0 cases,
or keeping the material free to deform in the 22 direction (σ̄22 = 0). For the 11 direction, two
di�erent loading paths are tested, �rst performing a tension-compression complete cycle, and
then a compression-tension complete cycle. The obtained results are shown in Figure 3.6.

As Figure 3.6 shows, for the tension-compression loading cycle, the MFH scheme is able to
accurately capture the behavior of the two-phase composite material for all the tested cases.
As it is possible to observe, the pressure-dependent scheme is capable of predicting correctly
the tension-compression �ow asymmetry capturing the di�erent behaviors of the composite un-
der di�erent hydrostatic pressure conditions. The same is observed in the compression-tension
loading cycle. The overall prediction of the MFH model is very satisfactory for all the tested
cases.

Volume fraction e�ect After testing the pressure-dependency feature of the model, the e�ect
of the �ber volume fraction is studied. The �rst test performed is a small deformation cyclic
uniaxial tension-compression test (plane-strain in 33-direction) on the UD composite RVE. The
obtained stress-strain curves can be observed in Figure 3.7.

As it can be seen, the MFH yields accurate results for the three volume fractions tested.
From Figure 3.7 it can be said that the lower the volume fraction the more accurate the MFH
prediction is, being the average composite stress predicted by the MFH scheme in the tension
stage accurate compared to the �nite element simulation. It is possible to observe a slope
di�erence in the elastic phases of the cycle. In order to further investigate this slope di�erence,
we compute the slopes found at each elastic phase of the loading cycle. As Table 3.4 shows, most
of the di�erence between the full-�eld simulation and the MFH slope can already be found in
the �rst elastic loading stage, which points to the e�ect of the Mori-Tanaka assumption whose
accuracy decreases with the increase of the volume fraction. Besides, even though small-strain
constitutive behaviors were used in the FE code, the latter is framed in a �nite strain setting,
which causes large local deformations to appear in the matrix between two close positioned �bers,
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Figure 3.7: Stress-strain curves of the uniaxial tension test on the elasto-plastic 2D UD samples
with �ber volume fractions of 18%, 28% and 40%.

Table 3.4: Slopes of the di�erent elastic phases of the uniaxial cycle for the 2D elasto-plastic
MFH and Full-Field simulations for the 3 di�erent volume fractions.

Simulation 18% Load [MPa] Unload [MPa] Reload [MPa] Avg Slope Error
Full-Field 3736.72 3736.71 3736.71
MFH 3707.26 3707.26 3707.26 0.78%

Simulation 28% Load [MPa] Unload [MPa] Reload [MPa] Avg Slope Error
Full-Field 4597.38 4599.38 4599.44
MFH 4527.25 4527.25 4527.25 1.55%

Simulation 40% Load [MPa] Unload [MPa] Reload [MPa] Avg Slope Error
Full-Field 5904.17 5908.07 5908.10
MFH 5634.16 5634.16 5634.16 4.58%

and which leads to a slope discrepancy between the elastic loading and elastic unloading phases
of the direct numerical simulation.
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Figure 3.8: Fiber and matrix phase stress - composite strain curves of the uniaxial tension test
on the elasto-plastic 2D UD samples with �ber volume fractions of 18% (left) and 40% (right).

Figure 3.8 shows a more detailed comparison between the MFH prediction and the Full-Field
simulation by presenting the averaged stress obtained for each of the phases of the composite
with respect to the composite strain evolution. It is possible to observe the good agreement of the
matrix phase response, being the lower volume fraction case more accurate than the 40% volume
fraction one. A higher discrepancy is found in the �ber phase, in which the slope discrepancy
observed in the composite response is also seen in this phase prediction. Following the error
measurement methodology previously presented, it is possible to have a deeper understanding
of the found discrepancies. Table 3.5 shows that a 1.29% total average error was found for the
lowest �ber volume fraction and a 2.90% in the 40% volume fraction case. An averaged total
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error ranging between 1.9% and 4.33% is found in the detailed phases responses, when increasing
the �ber volume fraction. Even though some di�erences are present as already exposed, they
are small enough to conclude that the MFH scheme is capable of satisfactorily predicting the
composite behavior.

Table 3.5: Error percentages for di�erent stress components for the 2D elasto-plastic cyclic
loading conditions and for di�erent �ber volume fractions.

Test and volume fraction Composite 11 Phases 11
Uniaxial; 18% 1.296% 1.901%
Uniaxial; 28% 1.482% 2.184%
Uniaxial; 40% 2.895% 4.334%

Composite 11 Phases 11
Biaxial Cycle; 18% 1.464% 1.764%
Biaxial Cycle; 28% 1.180% 2.765%
Biaxial Cycle; 40% 1.907% 2.745%

Composite 22 Phases 22
Biaxial Cycle; 18% 1.033% 1.114%
Biaxial Cycle; 28% 1.151% 2.32%
Biaxial Cycle; 40% 2.001% 2.094%

Composite 12 Phases 12
Shear Cycle; 18% 1.270% 2.437%
Shear Cycle; 28% 2.037% 2.923%
Shear Cycle; 40% 3.444% 4.812%

Composite 11 Phases 11
Nonproportional ε22 6= 0; 18% 4.380% 4.595%
Nonproportional ε22 6= 0; 40% 8.046% 8.993%

Composite 12 Phases 12
Nonproportional ε22 6= 0; 18% 2.603% 4.129%
Nonproportional ε22 6= 0; 40% 5.634% 7.656%

Composite 11 Phases 11
Nonproportional ε22 = 0; 18% 4.656% 4.566%
Nonproportional ε22 = 0; 40% 9.088% 9.178%

Composite 12 Phases 12
Nonproportional ε22 = 0; 18% 3.056% 5.029%
Nonproportional ε22 = 0; 40% 7.136% 7.039%
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Figure 3.9: Loading and transverse direction stress-strain curves for biaxial loading tests
(ε̄22 = 0) on elasto-plastic 2D UD RVE samples with 18%, 28% and 40% �ber volume fractions.

The next step in the veri�cation is to perform biaxial tension tests in order to verify the
MFH model under di�erent triaxiality conditions. In these biaxial tension tests, the strain in the
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tension-compression direction 11 is modi�ed while the transverse loading direction 22 remains
constant at zero strain (ε̄22 = 0). As in the previous test, RVE with di�erent volume fractions
were used in order to test the MFH performance at di�erent volume fractions. The obtained
results can be observed in Figure 3.9. The MFH shows a good agreement with the obtained
responses for all the volume fractions tested and is further corroborated by the error values
shown in Table 3.5. As in the uniaxial tension test, the higher the volume fraction, the larger the
di�erence in the slope of the unloading/compression phase. The stress in the transverse-loading
direction shows how the MFH model is also capable of correctly predicting the behavior of the
composite in the 22 direction. The homogenization is therefore capable of predicting a correct
composite behavior under di�erent internal pressures showing the ability of the MFH to capture
the pressure-dependence of the simulated material.
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Figure 3.10: Stress-strain curves of shear cycle tests on elasto-plastic 2D UD samples with
�ber volume fractions of 18%, 28% and 40% (left) and matrix and �ber phase stress - composite
strain curves of the cyclic shear test on the elasto-plastic 2D UD sample with �ber volume

fraction of 40% (right).

Once loading in the two in-plane directions has been studied, shear strain is the next veri�-
cation step. Shear is a loading condition in which, due to the kind of deformation applied to the
composite, when high volume fractions of �bers are present, large deformations in the matrix are
observed. As for the previous test, three di�erent RVEs with volume fractions ranging from 18%
to 40% were tested in order to assess the performance of the MFH model. Figure 3.10 shows
again good MFH predictions of the composite behavior for all three tested RVEs. As in the
previous tests, more accurate results are obtained for the lower volume fraction RVEs than for
the higher volume fraction ones. The MFH model shows a slight underestimation of the stress
in the �rst phase of the loading cycle. As for the previous tension tests, the higher the volume
fraction, the higher the di�erence of the elastic slope in the sample response. Closely studying
the responses obtained for each of the phases with respect to the composite strain state shown
in Figure 3.10, it can be observed how, as for the case of the uniaxial tension test, the matrix
phase behavior is correctly captured over the entire path, just showing a small underestimation
of the minimum stress reached during the compression phase. This is not the case for the �ber
phase, which shows higher discrepancies between the predicted and the full-�eld response. Most
of this discrepancy comes from the �ber phase strain evolution predicted by the MFH, in which
the total strain seen by this phase is underestimated compared to the strain observed in the
full-�eld simulation. Detailed error values are reported in Table 3.5 and one can conclude that
the MFH is capable of predicting correctly the behavior of a shear loaded composite with the
total average errors remaining below 3.5% for all volume fractions.

Nonproportional loading case The incremental-secant approach developed by Wu et
al. (2013a) is known for its good accuracy in nonproportional loading cases. Nonproportional
loading conditions on the 18% and 40% RVE is now being tested to see how the implemented
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incremental-secant pressure-dependent MFH model is capable of predicting the behavior of the
composite under this condition. Two di�erent tests have been performed, in which tension-
compression and shear are applied with di�erent loading for the transverse strain direction. The
strain evolutions are depicted in Figures 3.11 and 3.12.
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Figure 3.11: Strain-time evolution (left) and stress-time response evolution (right) of 18% and
40% �ber volume fraction elasto-plastic 2D UD samples loaded nonproportionally with ε̄22 = 0.
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Figure 3.12: Strain-time evolution (left) and stress-time response evolution (right) of 18% and
40% volume fraction elasto-plastic 2D UD samples loaded nonproportionally with ε̄22 6= 0.
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Figure 3.13: Phase stress - time curve of the nonproportional test, with ε̄22 6= 0 on the left
and with ε̄22 = 0 on the right, on the elasto-plastic 2D UD sample with �ber volume fraction

of 18%.

As the results show in Figures 3.11 and 3.12, the MFH model presents a good prediction
of the composite behavior obtained by the FE simulations. In the �rst phase of the loading
cycle, as already shown in the tension-compression and biaxial tests, a very good agreement
between the MFH prediction and the full-�eld simulation is found for both cases, being the
MFH solution slightly sti�er than the full-�eld one. Then, completing the �rst half of the
test, the shear loading shows a good prediction in both cases for the stress evolution in the
longitudinal and shear components. The second half of the test starts by an unloading in the
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Figure 3.14: Phase stress - time curve of the nonproportional test, with ε̄22 6= 0 on the left
and with ε̄22 = 0 on the right, on the elasto-plastic 2D UD sample with �ber volume fraction

of 40%.

longitudinal direction. A small underestimation of the average stress in both components is
observed. However, this di�erence can be considered as relatively small. Finally, in the shear
unload phase of the load cycle, one can observe a slight slope di�erence between the full-�eld
and MFH simulations, being this larger for the highest volume fraction RVE. Figures 3.14 and
3.13 show a detailed look at each phase behavior for the 18% and 40% volume fraction RVEs
on the full-�eld simulation and the MFH prediction. As in previous cases, the matrix phase
behavior is better captured than the inclusion phase, where the largest discrepancies are found
during the 11 direction unloading stage after the shear loading. Table 3.5 shows that although
discrepancies are added up during the full loading cycle, these remain reasonable on both the
composite and the phases averaged errors. The general picture for both test cases shows how the
pressure-dependent incremental-secant MFH model is capable of performing accurately under
nonproportional loading for di�erent triaxiality levels.

3.4.2.2 Damage-enhanced elasto-plastic case

The next step is to verify the MFH predictions when accounting for damage-enhanced elasto-
plastic phases. All the following tests were performed using periodic boundary conditions for
the displacement and for the involved nonlocal variables, and the displacement in the normal
direction was constrained so that plane strain conditions are recovered. The 40% volume fraction
RVE sample, see Figure 3.5, was used in all the tests shown in this Section as it is found to be
the most challenging case for the MFH model.
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Figure 3.15: Stress-strain curves for the damage-enhanced uniaxial loading test on a 40% 2D
UD sample (left), and damage-enhanced shear loading test on a 40% 2D UD sample (right).

In order to test the MFH prediction performance in the damaged-enhanced case, the results
for the uniaxial and shear loading cases are shown herein. When loading the composite up to its
failure onset, Figure 3.15, it is possible to observe a disagreement between both simulations as the
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Figure 3.16: Matrix and �ber phase stress - composite strain curves of the uniaxial tension
test (left) and shear (right) on the damage-enhanced elasto-plastic 2D UD sample with �ber

volume fraction of 40%.

MFH model shows a sti�er behavior when reaching the strain-softening onset, especially in the
shear loading case, where a 4.2% di�erence can be found on the reached maximum stress value. As
previously mentioned, the periodic boundary conditions are suitable for all cases while remaining
out of the localization onset, but once this onset is reached, the PBC suitability can be degraded
in the case of shear loading, as multiple shear bands appear. After this localization onset, a loss
of size objectivity appears for direct numerical simulation and the results cannot be compared
with the MFH which does not su�er from this drawback since the energy dissipation, within a
multiscale framework, is governed by the nonlocal characteristic length (Wu et al., 2021). This
will be addressed in Chapter 4. Figure 3.16 shows a detailed comparison of the phases average
stress between the full-�eld simulation and the MFH prediction. It is possible to observe how
the matrix response is correctly captured up to the failure onset, being the di�erence between
both negligible. In the case of the �ber phase, the MFH prediction shows a sti�er behavior when
reaching the softening onset on both test cases, however it is possible to conclude that both
phases behaviors were correctly represented by the MFH scheme.

Even though a slight slope di�erence is encountered in the averaged stress evolution in the
composite and must be taken into account, one can conclude that the pressure-dependent MFH
method is able to correctly predict the composite behavior under damaging process. A more
extensive study for the damaged-enhanced case accounting for other type of loading conditions
such as biaxial loading and nonproportional loading can be found in Appendix B.6.

3.4.3 Spherical inclusions-reinforced matrix

Figure 3.17: 3D RVE with 20% spherical inclusions and 100 µm side length meshed with a
second order mesh.
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After verifying the accuracy of the MFH scheme in 2D, the MFH methodology is tested in 3D
with a matrix reinforced with spherical inclusions. As for the 2D case, cyclic tests are performed
in order to assess the accuracy of the MFH methodology in 3D. A 20% volume fraction cubic
RVE with around 40 spherical inclusions and 100 µm side length is used, as it was proved to
be representative enough of the studied composite. The used RVE can be observed in Figure
3.17. As in the 2D case, periodic boundary conditions for the displacement and for the nonlocal
variables involved are used in all the performed tests.

3.4.3.1 Elasto-plastic case

As for the 2D case, the elasto-plastic case is studied in the �rst place. This Section presents
equivalent tests to the ones performed in the UD composite case which allow testing the MFH
performance under di�erent conditions, including nonproportional loading.
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Figure 3.18: Stress-strain curves of a uniaxial tension test on an elasto-plastic 3D RVE with
spherical inclusions.

Table 3.6: Error percentages for di�erent stress components for the 3D elasto-plastic cases.

Test and volume fraction Composite 11 Phases 11
Uniaxial 20% 2.637% 3.932%

Composite 11 Phases 11
Triaxial 20% 2.142% 2.251%

Composite 22 Phases 22
Triaxial 20% 1.724% 2.195%

Composite 12 Phases 12
Shear low strain 20% 1.014% 1.637%
Shear high strain 20% 1.623% 2.386%

Composite 11 Phases 11
Nonproportional 20% 4.063% 4.236%

Composite 12 Phases 12
Nonproportional 20% 3.109% 4.764%

Uniaxial, triaxial and shear loading The �rst test performed is low strain cyclic uniaxial
loading (σ̄22 = σ̄33 = 0). In this test the sample is loaded up to a 4% strain and then sym-
metrically compressed before returning to a zero-strain state. The obtained results represented
in Figure 3.18 show a satisfactory prediction of the composite behavior in the entire cycle. In
the �rst quarter of the simulation in which the loading is carried out, the stress evolution is
correctly captured by the MFH method. Then, in the unloading/compression phase, the slight
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di�erence in stress evolution slope already seen in the 2D case is recovered, showing a small
underestimation of the absolute stress of the composite. The total errors are reported in Table
3.6.
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Figure 3.19: 11 and 22 direction stress-strain curves of a triaxial loading test on an elasto-
plastic 3D RVE with spherical inclusions.

In order to check the MFH accuracy under di�erent composite pressure conditions, triaxial
loading is now tested. In this test, the sample is strained in the longitudinal direction (11) and
the strain in the other two main directions (22 and 33) is set to be constant at zero strain.
The obtained results presented in Figure 3.19 show a good match between the full-�eld FE
simulations and the MFH prediction with a total error below 2.2% as stated in Table 3.6. Even
though, the di�erence in the slope seen at the unloading/compression stage is still observed, this
is less pronounced than in the 2D case, and the overall MFH prediction in this 3D case can be
considered as accurate.
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Figure 3.20: Stress-strain curves of a shear cycle test on an elasto-plastic 3D RVE with
spherical inclusions.

After the uniaxial and triaxial cases have been tested, pure shear loading is tested. The
obtained results are shown in Figures 3.20 and 3.21. Figure 3.20 shows a good agreement between
the full-�eld simulation and the MFH prediction. As it can be observed, with a full-cycle error of
1% (Table 3.6), the result is more accurate than the one obtained in the 2D case. Two di�erent
shear tests were performed in order to check the performance of the MFH model under di�erent
strain percentage conditions. The obtained results show a similar performance for both tests,
verifying the correct MFH performance even under higher strain loading paths. Looking at
Figure 3.21 which shows the obtained responses of each of the phases for the full-�eld and MFH
simulations in the case of the wider shear deformation cycle, once again, a good prediction of
the matrix behavior is observed, however a higher di�erence is found between both simulations
for the �ber response, especially in the plastic compressive phase.
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Figure 3.21: Stress-strain curves of a shear cycle test on an elasto-plastic 3D RVE with
spherical inclusions (left) and its respective matrix and �bre phase stress - composite strain

curves (right).
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Figure 3.22: 11 and 12 component stress-strain curves for a nonproportional loading test on
an elasto-plastic 3D RVE with spherical inclusions.

Nonproportional loading Finally, in order to complete the veri�cation of the performance of
the MFH model in a three-dimensional case, a nonproportional loading test is performed. Figure
3.22 shows the applied strain constraints and the obtained response for the longitudinal and
shear components. Figure 3.22 shows a satisfactory response prediction for both components.
The obtained results, with a full cycle error of about 4.1% for the response in 11, see Table
3.6, are comparable to those obtained in the 2D case, being the stress of the material slightly
overestimated along the entire loading path and �nding a small slope di�erence between the
full-�eld simulation solution and the MFH prediction.

3.4.3.2 Damage enhanced elasto-plastic case

When damage was considered in the matrix phase in the 2D case, the MFH method showed a
good agreement between its prediction and the full-�eld FE simulation results. This Section now
brie�y shows the performance of the pressure-sensitive MFH method when damage-enhanced
elasto-plasticity is taken into account in the matrix phase of the composite.

The �rst veri�cation test carried out is uniaxial loading, for which the same test as the one
performed for the elasto-plastic case is used. As it can be observed in Figure 3.23, a good MFH
result is obtained. The loading path is perfectly captured by the MFH model, correctly following
the entire stress evolution. Then, the unloading/compression phase shows a small di�erence in
slope as in the previous cases, which makes the MFH prediction to slightly underestimate the
absolute minimum stress reached in the test. However, this di�erence can be seen as negligible
as the stress evolution is satisfactorily captured over the complete cycle.
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Figure 3.23: Stress-strain curves of a damage-enhanced uniaxial loading test on a 3D RVE
with spherical inclusions.
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Figure 3.24: 11 and 22 component stress-strain curves for a damage-enhanced triaxial loading
test on a 3D RVE with spherical inclusions.

To complete this brief veri�cation of the damage-enhanced 3D case, triaxial loading conditions
are taken into account, which allow us to verify the correct performance of the MFH method
under di�erent pressure conditions. As illustrated in Figure 3.24, this simulation shows a good
longitudinal 11 prediction of the stress evolution as for the elasto-plastic case. The transverse
direction shows a slight overestimation of the prediction in the loading path; however, this is
small enough to consider the MFH prediction as satisfactory.

Table 3.7: Error percentages for di�erent stress components for the 3D damage-enhanced
cases.

Test and volume fraction Composite 11 Phases 11
Uniaxial 20% 2.386% 3.932%

Composite 11 Phases 11
Triaxial 20% 4.028% 4.194%

Composite 22 Phases 22
Triaxial 20% 3.274% 3.723%

Table 3.7 shows how the pressure-dependent MFH method accurately predicts the damage-
enhanced elasto-plastic cases. Similar di�erences to the ones seen in the 2D case were found,
being the slope di�erence in the unloading-compression phase between the full-�eld and the MFH
simulation smaller than in the 2D cases. As for the 2D cases, the MFH scheme has shown good
accuracy in the 3D cases.
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3.5 Experimental compression test

F
F

Same vertical
displacement

Figure 3.25: Experimental setup used in Chevalier, Camanho, and Pardoen (2019) on the
left, boundary conditions in the middle and second-order mesh on the right used for the MFH

multiscale simulation.

Being the performance of the MFH scheme tested at the microscale, in order to complete the
MFH validation, a macroscale transverse compression test is studied. To that end, the compres-
sion test performed on a UD composite cube sample by Chevalier, Camanho, and Pardoen (2019)
is used. For these tests, cubic specimens of UD composite with 10 mm edge length were trans-
versely compressed until reaching failure. In order to simulate this experimental test numerically
at an a�ordable computational cost, a representation of this macroscale test was performed us-
ing a 2D square of 10x10 mm. Figure 3.25 shows a comparison between the experimental and
numerical setups. For the multiscale MFH simulation, an unstructured second-order mesh is
considered, see Figure 3.25.

An inclusion volume fraction of 40% is considered since this is the experimentally measured
one. The material properties of both phases were identi�ed by Nguyen, Wu, and Noels (2019)
for viscoelastic-viscoplastic models. Since in the present Chapter we did not consider the viscous
e�ects, in order to recover the same behavior, a correction is applied to the used Young's modulus.
The applied correction is computed by considering the instantaneous Young's modulus (Nguyen
et al., 2016):

E = E∞ +
N∑
i=1

Eiexp

(
t

τi

)
, (3.102)

where Ei, i = ∞, 1...N , and τi, i = 1...N are the moduli and time constants of the N Maxwell
branches. Using the parameters identi�ed by Nguyen, Wu, and Noels (2019), since the elastic
part of the experimental test conducted at ε̇ = 10−4s−1 took place in a time of around 150s, the
matrix Young's modulus is increased to 2.85 GPa. The other parameters are reported in Tables
3.1 and 3.3. A nonlocal length of 80 µm is used in the multiscale simulation. This nonlocal
value, as well as the post failure onset damage parameters should be calibrated (Nguyen, Wu,
and Noels, 2019) in order to recover the measured experimental energy release rate Gc following
the approach set by Wu et al. (2021), as it will be explained and conducted in Chapter 4.

In transverse loading, the matrix dominates the mechanical response of the composite. Figure
3.26 shows an accurate prediction of the elasto-plastic behavior of the composite cube, success-
fully capturing the transition from elasticity to plasticity on the macrosample as well as repre-
senting a similar plastic evolution. The MFH prediction shows a slightly sti�er behavior, when
reaching the failure onset, phenomenon that was also observed in the results of Section 3.4.2.2,
however this could be due to the simple damage evolution used in this Chapter, as well as the
use of the simpli�ed two-dimensional sample coupled with plane strain.

The failure mode observed experimentally is compared to the numerical predictions in Figure
3.27. As it can be seen, similar failure patterns can be observed between both results, in which
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Figure 3.26: MFH multiscale and experimental stress-strain curves: experimental tests at
ε̇ = 10−4s−1 taken from Chevalier, Camanho, and Pardoen (2019).
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Figure 3.27: Surfaces of the cubic UD specimens after failure as shown in Chevalier, Camanho,
and Pardoen (2019) on the left: the green and red lines emphasize the transition between a tensile
stress dominated crack propagation to a shear one. Reprinted from Composite Structures, 209,
J. Chevalier and P.P. Camanho and F. Lani and T. Pardoen, Multi-scale characterization and
modelling of the transverse compression response of unidirectional carbon �ber reinforced epoxy,
160-176, Copyright (2022), with permission from Elsevier. Damage [-] contour plot on the
deformed sample with a displacement factor of 10 predicted by the multiscale MFH simulations

on the right.

two distinctive fracture directions are found due to the transition from a tensile stress to a shear
one.

3.6 Summary

In this Chapter, the incremental-secant MFH process developed by L. Wu et al. (Wu et al., 2013c;
Wu et al., 2013a) was extended by framing a pressure-dependent yield criterion in an incremental-
secant formulation. This yield criterion allows capturing the behavior of pressure-sensitive ma-
terials such as some epoxy resins while retaining the advantages of using an incremental-secant
approach.

It was proved how the isotropic nature of the secant tensors de�ning the linear-comparison-
composite is preserved for the case of a non-associated pressure-dependent plastic �ow. This
�nding is of crucial importance, as it avoids the isotropization step found in most approaches and
allows for accurate MFH predictions. This implementation was completed with the possibility to
account for damage by using an implicit nonlocal approach, avoiding the loss of ellipticity that
is found in local formulations.

This implementation has shown the accurate prediction capabilities of the pressure-sensitive
residual incremental-secant MFH model in the 2D and 3D cases when considering pure elasto-
plasticity and in the damage-enhanced case. Slight discrepancies in the slope of the stress evo-
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lution between unloading/compression stages were found in the simulations. The Mori-Tanaka
assumption is the principal cause of this phenomenon, with the higher the volume fraction, the
higher the discrepancy between the full-�eld simulation and the MFH prediction. Another cause
to this discrepancy is caused by the di�erence in the matrix material model implementation: al-
though small macroscale deformation simulations were performed, in the direct simulations the
matrix phase can show large deformations locally when two inclusions are close to each other,
and therefore resulting in large local deformation.

In the next chapter, this MFH model will be used to construct a mean-�eld stochastic reduced
order model (MF-ROM) (Wu et al., 2019), which will allow to perform macroscale simulations
of composites with pressure-dependent matrix materials accounting for the inherent stochastic
properties caused by geometrical perturbations in the microstructure.
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Chapter 4

A micromechanical Mean-Field
Homogenization surrogate for the
stochastic multiscale analysis of
composite materials failure1

The inherent complexity of the manufacture of composite materials constitutes a major concern
for all those industries in which the use of these materials has recently been introduced. Many of
these industries need a thorough characterization of the properties and characteristics of the used
materials for certi�cation purposes, for which a large number of tests is normally needed. This
costly step could be largely reduced by means of virtual testing, being possible to characterize
the variability in the performance and the main properties of these materials without the need
of real-life testing campaigns. As already discussed and developed in Chapters 1 and 3, while
MFH allows to obtain e�cient modeling of multi-phase composites, it does not account for the
uncertainty e�ects of the microstructure.

Experimental
measurements

Microstructure
stochastic model

SVE
realizations

Stochastic
homogenization

Stochastic
MFH-ROM

PDF

PDF

rf

d

σ̄

ε̄
ω = ∪iωi

ωI

ω0

Figure 4.1: Schematic representation of the generation of the stochastic MF-ROM. rf stands
for �ber radius, d stands for the �ber nearest distance, σ̄ and ε̄ stand for the homogenized

macro-stress and strains, and ωi stand for the phases i that compose the composite ω.

In the work by Wu, Adam, and Noels (2018), a surrogate model for linear elasticity was
developed by using the mean-�eld homogenization (MFH) theory for the stochastic ROM def-
inition. The uncertainties are contained in a vector of random parameters that will de�ne the
e�ective material properties which are identi�ed by an inverse analysis performed on the full-
�eld SVE simulations. In the work by Wu et al. (2019), the stochastic micromechanics model
serving as mesoscale surrogate model for UD composite materials was further extended to non-
linear behaviors. The geometric microscale information was obtained through SEM images of

1This chapter is an adapted version of the paper (Calleja Vázquez et al., 2023)
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real UD materials, and then used to build synthetic microstructures and SVEs of arbitrary size
and number (Wu et al., 2018) to perform the full-�eld simulation campaign. The homogenized
responses were then obtained from these SVE realizations and used as the input of an inverse
identi�cation process that allows identifying the random e�ective parameters of the stochastic
MFH micromechanical surrogate, which serves as a surrogate that can be used as input for SFEM
analysis. However, the method was not able to account for failure. Besides, when modeling com-
plex loading conditions, some discrepancies were found in the composite material response under
di�erent internal pressure conditions.

The purpose of this Chapter is to develop a stochastic mean-�eld reduced order model (MF-
ROM) capable of modeling the nonlinear and the post-strain softening behaviors of two-phase UD
composite materials and to generate a database used to feed random �elds for SFEM analyses. In
order to be able to consider complex stress state, the pressure-dependent MFH scheme developed
in Chapter 3 is considered.

As previously stated, the obtained homogenized behavior of the SVE is not representative
once the strain softening onset is reached, because of the loss of size objectivity of the SVE
response encountered beyond this point, meaning the homogenized stress-strain curves no longer
represent a valid quantity for the identi�cation process. In order to be able to recover this size
objectivity, the inverse process must rely on a new reference quantity (Verhoosel et al., 2010;
Nguyen, Wu, and Noels, 2019). As already exposed in Chapter 1, this issue has been addressed
in the past thanks to the use of di�erent quantities, such as the traction-displacement jump
softening response, the critical energy release rate or the fracture toughness of the material.
In this Chapter, as when used in multiscale simulations the MFH is mesh insensitive during
this phase because of the nonlocal formulation of the damage evolution law, the critical energy
release rate (Gc) has been chosen as the parameter used to recover this size objectivity. The
critical energy release rate is then extracted from each SVE realization, permitting to upscale the
variabilities found in the failure stage of each SVE to the macroscale through a calibration of the
MFH micromechanical surrogate model. This will allow the stochastic MF-ROM to correctly
predict not only the e�ect of the variabilities in the linear and nonlinear stages, but also the
variabilities and characteristics of the failure stage.

The Chapter is divided into 5 Sections where the di�erent steps of the generation of the
MF-ROM are detailed. In this Work, the steps 1 and 2 of Fig. 4.1 are completed using the
developed microstructure stochastic model in Wu et al. (2018). Section 4.1 focuses on the full-
�eld SVE realizations step, from which the data needed for the surrogate construction will be
extracted (see steps 3 and 4 of Fig. 4.1). This Section uses the polymer large-strain model
developed in Chapter 2 and presents the mathematical basis of the microscale problem and the
scale transition of the obtained results of the performed �nite element simulations. Then, Section
4.2 focuses on the identi�cation of the MFH surrogate model parameters, which takes the MFH
developed in Chapter 3. In this Work, the nonlocal incremental secant scheme is used in order
to model the nonlinear behavior of the composite material including its failure. The inverse
identi�cation of the model parameters used for the de�nition of the MF-ROM completes this
Section. The inverse identi�cation (see step 5 of Fig. 4.1) is detailed for the elastic and pressure-
dependent nonlinear stages of the material response and is completed with the implementation
of a calibration process allowing to recover the size objectivity once the strain softening onset
is reached. This identi�cation process is then applied to the UD composite SVE realizations in
order to construct the MF-ROM, being possible to show a comparison between the predicted
MFH responses and the full �eld SVE results in order to evaluate the accuracy of the inverse-
identi�cation process. The identi�cation of parameters is performed for SVE samples of 45× 45
µm2 and 25× 25 µm2, which allows verifying the size consistency of the presented methodology.
The obtained e�ective random parameters are analyzed in Section 4.3, which ends with a brief
introduction of the data-driven sampling method used to obtain proper random �elds needed for
the construction of the stochastic MF-ROM and a comparison between the distributions of the
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identi�ed and the generated data. This MF-ROM is then applied to the resolution of stochastic
simulations in Section 4.4. To this end, two test cases will be used. First, transverse loading
tests performed on ply realizations are used as test cases to show the performance of MF-ROM
and to assess the results obtained through the two property �eld discretizations corresponding to
the two SVE lengths, by comparing the results with full-�eld realizations. Then, the validity of
the MF-ROM is tested directly against a real-life transverse compression test on a UD composite
material, previously presented in Section 3.5.

4.1 SVE realizations and their apparent responses

In this Work a homogenization-based nonlinear stochastic multiscale analysis is performed. Sev-
eral scales are involved in this analysis. As shown in Figs. 1.7 and 4.1, the homogenized re-
sponses seen at the macroscale level are obtained from the microscale resolution. This section
will present the main equations governing the relation between the di�erent scales. First, the
scale transition and a brief recall of the computational homogenization basics are presented.
When performing the SVE simulations, large local deformations appear in the matrix regions
embedded between two contiguous �bers. Therefore, a �nite strain setting has to be considered
at the SVE level although the homogenized strain remains limited to a few percents. Finally,
this Section concludes with the generation of the full-�eld SVE realizations and the extraction
of their responses, including during their failure stage.

4.1.1 Microscale boundary value problem

Let us consider a point X belonging to the macroscale volume Ω. In the multiscale analysis
based on homogenization, the deformation gradient tensor F̄ and its increment ˙̄F are obtained
from the macroscale boundary value problem (BVP). Then, the BVP resolution of the microscale
volume element with domain xref ∈ ω, which represents a point of the studied macrostructure
X, allows the macro-stress tensor σ̄ to be evaluated.

The position x of a material particle at time t is de�ned as a two-point mapping of its initial
position at the reference con�guration xref such that: x = x(xref , t). De�ning the displacement
vector u = x− xref , the deformation gradient tensor F writes:

F = x⊗∇0 = 1 + u⊗∇0, (4.1)

where 1 stands for the second-order identity tensor, and∇0 stands for the gradient operator with
respect to the reference con�guration. The energetically conjugate to the deformation gradient
tensor, the �rst Piola-Kirchho� stress P, is used as the stress measure.

The microscale is composed of di�erent phases ωi, having that ∪iωi = ω. Assuming that
classical continuum mechanics applies, the equilibrium equations read:{

P ·∇0 = 0 ∀xref ∈ ω,
T = P ·N ∀xref ∈ ∂ω,

(4.2)

where T is the surface traction on boundary ∂ω with outward unit normal N . The material
constitutive law is written as:

P = P
(
F(t); q(τ), τ ∈

[
0, t

])
. (4.3)

Plasticity makes deformation to be a path-dependent process, being then necessary to take
the strain history into account. To that end, a set of internal variables q that stores this
history dependence is used. In the case of a damage-enhanced material, the strain softening
implies a mesh dependency of the result if a local formulation is used. In order to avoid this
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mesh dependency, the implicit nonlocal model (Peerlings et al., 1996; Peerlings et al., 1998;
Geers et al., 1998; Peerlings et al., 2001) is used to de�ne the nonlocal internal variables q̆.
This formulation states that the relation between the internal variable qi ∈ q and its nonlocal
counterpart q̆i ∈ q̆ follow a Helmholtz-type equation, which writes:

q̆i(xref, t)−∇0 · (cg(xref) ·∇0q̆i(xref, t)) = qi(xref, t) ∀xref ∈ ω, (4.4)

where, for an isotropic medium (Wu et al., 2015), cg = diag
(
l2; l2; l2

)
, being lc the characteristic

length scale. It is now possible to rewrite Eq. (4.3) in a nonlocal form:

P = P
(
F(t); q̆(τ), q(τ), τ ∈

[
0, t

])
. (4.5)

4.1.2 Scale transition and computational homogenization

To ensure consistency between scales, the Hill-Mandel condition, which guarantees deformation
power consistency, is used. Expressing it in terms of the macroscopic �rst Piola-Kirchho� stress
tensor P and the macroscopic deformation gradient tensor F, one has:

P : Ḟ = 〈P : Ḟ〉ω =
1

|ω|

∫
∂ω
u̇ · T dA, (4.6)

where ω stands for the volume element of volume |ω|, ∂ω stands for its external boundary,
〈•(xref)〉ω = 1

|ω|
∫
ω •(xref)dω is the volume average, dω represents the di�erential volume and dA

represents the di�erential area. This condition allows us to write the weak form equations: 〈P : (u̇⊗∇0)〉ω −P : Ḟ = 0,〈
(q̆i − qi) ˙̆qi + (cg ·∇0q̆i) ·∇0

˙̆qi

〉
ω

= 0.
(4.7)

The macroscopic quantities can then be estimated by performing the average over the studied
volume. By further integrating by parts and applying the Gauss theorem using Eq. (4.6), one
gets: {

Ḟ = 〈Ḟ〉ω = 1
|ω|
∫
∂ω u̇⊗NdA,

P = 〈P〉ω = 1
|ω|
∫
∂ω T ⊗ xrefdA.

(4.8)

Contrarily to those quantities for which the scale transition •̄ = 〈•(xref)〉ω is performed in the
homogenization step, this is the case neither for the local nor for the nonlocal internal variables,
for which the macroscopic variables correspond to representations of their microscale counterpart
distribution, but not to their volume average.

x+
ref ∈ ∂Tω

x−ref ∈ ∂Lω

x−ref ∈ ∂Bω

x+
ref ∈ ∂Rω

Figure 4.2: Graphical representation of the e�ect of the periodic boundary conditions on a
loaded test sample.

The Hill Mandel condition, Eq. (4.6), and the evolution of the deformation gradient tensor,
Eq. (4.8), have to be satis�ed a priori by the microscopic boundary condition of the displacement
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�eld. In this Work, the periodic boundary condition is used: the periodic boundary condition
decomposes the edges of ω into positive and negative edges, allowing the coincident nodes to
be de�ned. Each point x+

ref belonging to an edge x+
ref ∈ ∂+ω will correspond to its negative

counterpart x−ref ∈ ∂−ω. In this way, the limit ∂ω of the volume ω will be distributed in
these two subdivisions as: ∂+ω = ∂Rω ∪ ∂Tω and ∂−ω = ∂Lω ∪ ∂Bω (see Fig. 4.2). These
distributions allow de�ning the condition of antiperiodicity in the traction �eld and periodicity
in the displacement �eld for the coincident nodes:{

u̇
(
x+
ref

)
− u̇

(
x−ref

)
= Ḟ ·

(
x+
ref − x

−
ref

)
,

T
(
x+
ref

)
= −T

(
x+
ref

)
.

(4.9)

Fig. 4.2 shows a schematic representation of the e�ect of this periodic boundary condition (PBC)
on a loaded sample. This expression implies a direct constraint between opposing nodes; however,
this cannot be imposed in general non-periodic meshes. In order to solve this problem the PBC
are approximated by an interpolation form (Nguyen et al., 2012). The e�ect of the BC choice
for small periodic and non-periodic volume elements was studied in Firooz et al. (2019). By
considering volume elements of increasing size, it was shown that for a periodic microstructure
the kinematics uniform boundary condition and statistic uniform boundary condition respectively
overestimates and underestimates the e�ective response predicted by the PBC, and that for a
non-periodic microstructure, the same trend can be observed although some oscillations appear
with respect to the volume element size. We thus select the PBC, although this introduces a
boundary e�ect for the small SVEs considered in this Work. In order to study this boundary
e�ect, we will consider two di�erent SVE sizes during the analyses and will show that both sizes
lead to the same statistical content in the macroscale response predictions. Periodic boundary
condition is applied on the nonlocal variables as proposed by Nguyen, Wu, and Noels (2019),
and we refer to the discussion in Section 4.1.4. A similar idea of the periodicity in the nonlocal
variable can be found in the work by Khoei and Saadat (2019).

The use of PBC for problems involving failure is debatable, in particular when consider-
ing PBC for the nonlocal variables. Indeed, as discussed in the work by Nguyen, Wu, and
Noels (2019), multiple localization bands can appear in the post-peak localization stage, which
is considered to be a nonphysical result (Coenen, Kouznetsova, and Geers, 2012). Nevertheless,
during the post-peak localization stage characterized by a loss of size objectivity, the stress-strain
response cannot be used. In this Work, we consider the dissipated energy as a consistent value.
For this value to be una�ected by the PBC, we consider tensile loading conditions, for which the
failure band is perpendicular to the loading direction (Nguyen, Wu, and Noels, 2019), allowing
to correctly capture the stress-strain relation before softening onset and the dissipated energy
of the sample during failure. For this reason, the uniaxial tension condition will later be the
preferred loading condition for the calibration of the post localization onset stage.

4.1.3 Information extracted from the SVE realizations

After de�ning the constitutive behaviors, the system of equations can then be solved by the
multiplier elimination method (Nguyen, Wu, and Noels, 2017). From these SVE realizations, the
fourth order homogenized macroscopic tensor C̄ = ∂σ̄

∂ε̄ can be extracted (where the Cauchy stress
tensor σ̄ and the small strain tensor ε̄ write: σ̄ = det(F̄)−1P̄ F̄T and ε̄ = 1/2(F̄T + F̄) − 1).
In order to perform the inverse identi�cation process, the SVE �ber volume fraction as well as
the homogenized macro stress-strains (σ̄; ε̄) and the homogenized macroscopic damaged elastic
tensors C̄elD are extracted. This macroscopic damaged elastic tensor C̄elD is computed as the
homogenized composite material tensor during a virtual elastic unloading.

These quantities allow to perform the elastic and damaged-enhanced plastic regimes identi�-
cations (Wu et al., 2019), however, these quantities are not valid once the strain-softening onset
is reached. Between the dissipation and the localization onset stages, the development of the
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damage of the composite material starts di�using over the entire microstructure. However, once
the SVE stress reaches its peak, the so-called localization onset, the dissipated energy released
during this stage does not scale to the entire microstructure, as localization begins to unfold on
a microscopic scale. A loss of the size objectivity is therefore encountered after the localization
onset, meaning that a new objective value must be used in order to be able to recover this ob-
jectivity. To that end, the critical energy release rate Gc, computed from the SVE realization, is
used. This quantity quanti�es the fracture energy released per unit of crack surface, permitting
to obtain an objective value to capture the failure characteristics of a given SVE. In order to
compute this critical energy release rate, the dissipated energy D from the uniaxial tensile test is
extracted at each iteration making it possible to evaluate its value through the failure diagram
as shown in Fig. 4.3, in which we assume that D scales with the SVE volume before onset and
with the SVE cross-section after onset.

ε̄

Localization

Total failure

σ̄

onset

σ̄

D

Dend

Donset

Dissipation onset

Localization onset

Total failure

Gc = Dend−Donset
S0

Figure 4.3: Stress (σ̄) - strain (ε̄) and energy dissipation (D) - stress (σ̄) plots used for the
computation of the critical energy release rate Gc.

By obtaining the value of the total dissipated energy at the localization onset and at total
failure, and by assuming a crack perpendicular to the loading direction with surface S0 = W ×
1µm2, being W the side length of the square SVE, it is possible to compute the critical energy
release rate as:

Gc =
Dend −Donset

S0
. (4.10)

4.1.4 Generation of full-�eld SVE simulations

In order to extract the microscale information needed to perform the multiscale analysis, the �rst
step is the generation and simulation of stochastic volume elements of the composite material
microstructure. The simulated unidirectional composite is composed of high strength carbon
�bers UD300/CHS and a matrix of pure RTM6 epoxy resin. This Section will start de�ning the
hardening and damage models used in the de�nition of the material, followed by the parameters
used to model the inclusion and matrix phases of the composite in the full-�eld realizations.
Then, the used geometries and boundary conditions will be presented, �nishing with a brief
summary of the methodology used to extract the critical energy release rate (Gc) from the full-
�eld simulations.

4.1.4.1 Hardening and damage models for the SVE matrix

The matrix phase is modeled using the enhanced large strain constitutive pressure-dependent
elasto-plastic model enhanced by a multi-mechanism nonlocal damage continuum presented in
Chapter 2. This model allows good �exibility by permitting the introduction of di�erent harden-
ing and damage models, which allows to correctly capture the behavior of the studied material.

Hardening modeling The hardening evolution, as already introduced in Chapter 2, is mod-
eled by three di�erent hardening laws: the compressive isotropic hardening, which is governed by
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the compressive hardening modulus Hc, tensile isotropic hardening driven by the tensile hard-
ening modulus Ht, and the kinematic hardening, whose evolution is dictated by the kinematic
hardening modulus Hb.

The tensile, compressive and tensile hardening moduli evolution laws used for the di�erent
hardenings write:

Hj =

Mj∑
i=0

hijp
i + h0

j exp (−Λjp) where j = t, c, b, (4.11)

where Mj stands for the polynomial order, hij , h
0
j and Λj are the hardening material parameters

and the subindex j indicates the tensile (t), compressive (c) or kinematic (b) cases.

Damage modeling As previously presented, the damage evolution will be governed by internal
variables that will account for the history of the plasticity undergone by the material. As for the
hardening, the internal variable used for the damage evolution will be equivalent plastic strain
p, such that the softening internal variable ps writes:

ṗs = ṗ and ps(t = 0) = 0. (4.12)

The saturation law Ds tends to the saturated value Ds∞:{
Ḋs(t) = Hs (ps − ps0)ζs (Ds∞ −Ds) ṗs,
ps(t) = maxτ∈[0,t] (ps0, p̆s (τ)) ,

(4.13)

where ps0 is the damage threshold, p̆s is the nonlocal counterpart of the softening equivalent plas-
tic strain ps following the Helmholtz-type Eq. (2.7) and Hs, ζs and Ds∞ are material constants.
Integrating Eq. (4.13), it is possible to obtain the expression of Ds as:

Ds = Ds∞

[
1− exp

(
− Hs

ζs + 1
(ps − ps0)ζs+1

)]
. (4.14)

Similarly, the failure damage is de�ned as:{
Ḋf (t) = Hf (pf )ζf (1−Df )−ζd ṙf ,
rf (t) = maxτ∈[0,t] (pf0 , p̆f (τ)) ,

(4.15)

where the failure strain rf results from p̆f the nonlocal failure plastic strain, pf0 is the damage
threshold and Hf , ζf and ζd are material constants. As for the case of the nonlocal plastic strain,
the nonlocal failure plastic strain p̆f is related to its local counterpart pf , whose evolution is
described below, with the Helmholtz-type Eq. (2.7). The constant Hf can be written in terms
of other material quantities as:

Hf =
ζf + 1

ζd + 1

1− (1−Dfc)
ζd+1

p
ζf+1
fc

− pζf+1
f0

, (4.16)

where Dfc = Df (pfc) stands for the critical failure damage value and pfc is the critical nonlocal
failure plastic strain.

Integrating Eq. (4.15), one gets:

Df =


0 if rf ≤ pf0 ;

1−
[
1−Hf

ζd+1
ζf+1

(
r
ζf+1
f − pζf+1

f0

)] 1
ζd+1

if pf0 ≤ rf ≤ pfc ;

Dfc if pfc ≤ rf .

(4.17)
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The onset at which failure starts is controlled by a criterion based on the equivalent plastic
strain as suggested by Morelle et al. (2017), which writes:

Φf = p− a exp(−bT )− c = 0, (4.18)

where T = tr(τ̂ )
3τ̂eq refers to the stress triaxiality, and where a, b and c are material constants. Once

the failure onset is reached, the evolution of the failure surface is de�ned by the Kuhn-Tucker
condition:

Φf − r ≤ 0, ṙ ≥ 0, and ṙ (Φf − r) = 0, (4.19)

where r is a non-negative variable that allows to store the maximal failure criterion reached in
the loading history. Using the Kuhn-Tucker condition (Eq. 4.19), it is possible to de�ne the
evolution of the failure plastic strain as:

ṗf =

{
0 if ṙ = 0,

ṗ if ṙ > 0.
(4.20)

Concerning the boundary conditions used for the nonlocal variables, the equivalence to peri-
odic boundary condition (Nguyen, Wu, and Noels, 2019) is used for both p̆s and p̆f at the SVE
boundaries ∂ω: {

[[cg ·∇0p̆i]] ·N = 0,

[[ ˙̆pi]] = 0,
on ∂ω, p̆i = p̆s, p̆f , (4.21)

where [[•]] represents the jump operator between matching material points at opposite faces of
the SVE, i.e. [[•]] = •

(
x+
ref

)
− •

(
x−ref

)
.

At the internal boundary, ∂Iω composed by the set of interfaces between the �bers and the
matrix with outward normal N I , the following conditions are used for the nonlocal variable p̆s:{

[[cg ·∇0p̆s]] ·N I = 0,

[[ ˙̆ps]] = 0,
on ∂Iω, (4.22)

where [[•]] represents the jump operator at the interface between �bers and matrix [[•]] =
•matrix − •�ber , since they allow the introduction of the length scale e�ect of the matrix re-
sponse introduced by the �ber distribution (Nguyen, Wu, and Noels, 2019). However, for the
nonlocal variable p̆f , at the internal boundary ∂Iω, the following condition is considered so that
the damage can develop at the interface between the �bers and the matrix:

∇0p̆f ·N I = 0, on ∂Iω. (4.23)

4.1.4.2 Anisotropic inclusion model

A hyperelastic strain energy Ψf = Ψf (C) (C stands for the right Cauchy-Green tensor) is used to
describe the transversely isotropic hyperelastic model used for the modeling of the unidirectional
�bers following the works by Bonet and Burton (1998), and Wu et al. (2013b). As transversely
istropic properties are taken into account, the strain energy Ψf can be divided into isotropic
(Ψiso

f ) and transverse (Ψtrn
f ) components as:

Ψf = Ψiso
f + Ψtrn

f . (4.24)

The parameters characterizing such material are the transverse Young's modulus ET, Pois-
son's ratio νTT and shear modulus µTT, the longitudinal-transverse Poisson's ratio νLT and shear
modulus µLT, and the longitudinal Young's modulus EL.
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The isotropic and transverse parts of the strain energy write:

Ψiso
f =

1

2
µTT (I1 − 3)− µTT log J +

1

2
λ log2 J,

Ψtrn
f = [αtrn + 2βtrn ln J + γtrn (I4 − 1)] (I4 − 1)− 1

2
αtrn (I5 − 1) ,

(4.25)

where I1 = tr (C),I4 = A ·C ·A, I5 = A ·C2 ·A, being A the unit vector with the �bers direction
in the original non-deformed con�guration, J =

√
det(C). The quantities µTT, λ, αtrn, βtrn, and

γtrn are material constants de�ned as:

µTT =
ET

2 (1 + νTT)
,

λ =
ET
(
νTT + nνTL2

)
mTL (1 + νTT)

,

αtrn = µTT − µTL,

βtrn =
ET
[
nTLνTL

(
1 + νTT − νTL

)
− νTT

]
4mTL (1 + νTT)

,

γtrn =
EL
(
1− νTT

)
8mTL

− λ+ 2µTT

8
+
αtrn

2
− βtrn,

(4.26)

where mTL = 1− νTT − 2nTLνTL2
, and nTL = EL

ET .
Finally, this strain energy Ψf allows the �rst Piola-Kirchho� stress tensor to be written by

computing the strain energy derivative with respect to the deformation gradient tensor F as:

P =
∂Ψf

∂F
= 2F ·

∂Ψf

∂C
=2F ·

{
λ ln JC−1 + µTT

(
I −C−1

)
+ 2βtrn (I4 − 1) C−1

+ 2 [αtrn + 2βtrn ln J + 2γtrn (I4 − 1)] A⊗A

−αtrn(C ·A⊗A + A⊗C ·A)} .

(4.27)

4.1.4.3 Phase parameters

The carbon �bers are modeled as a hyperelastic and transversely isotropic material, while the
matrix phase is modeled using the large strain constitutive pressure-dependent elasto-plastic
model enhanced by a multi-mechanism nonlocal damage continuum presented in Chapter 2 with
the hardening and damage laws presented in Sectionsec:headings. This model allows to correctly
capture the matrix failure (Nguyen et al., 2016; Nguyen, Wu, and Noels, 2019). Table 4.1 shows
the parameters used for the UD300/CHS inclusions and Table 4.2 the parameters used to model
the RTM6 matrix phase2 following literature data.

The two phases properties are considered to be uniform across each UD-composite phase,
being the geometrical distribution and �bers properties the only source of randomness on the
SVE realizations.

2In the present work we neglect the viscous part of the model and thus we do not report the corresponding
parameters
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Table 4.1: UD300/CHS carbon �ber properties (Wu et al., 2013b) of the model reported in
Section 4.1.4.2

Property of carbon �bers (Unit) Value
Density ρ (kg/m3) 1750

Longitudinal Young's modulus EL (GPa) 230
Transverse Young's modulus ET (GPa) 40

Transverse Poisson's ratio νTT (-) 0.2

Longitudinal-transverse Poisson's ratio νLT = νTL EL

ET (-) 0.256
Transverse shear modulus µTT (GPa) 16.7

Longitudinal-transverse shear modulus µLT (GPa) 24

Table 4.2: RTM6 epoxy properties (Nguyen, Wu, and Noels, 2019) of the model reported in
Chapter 2.

Property of RTM6 epoxy (Unit) Value
Young's modulus E (MPa) 2450

Yield Exponent α (-) 3.5
Poisson's ratio ν (-) 0.39

Plastic Poisson's ratio νp (-) 0.45
Compressive yield σ0

c (MPa) 48
Tensile yield σ0

t (MPa) 40.8
Compressive hardening Hc (MPa) 6475 exp (−37p)

Tensile hardening Ht (MPa) 5503.8 exp (−37p)
Kinematic hardening Hb (MPa) 1412.7p− 5484.8p2 + 18283p3

Saturation damage law Ds (-) 0.62[1− exp(−30ps)]
Saturated damage Ds∞ (-) 0.62

Saturation damage parameter Hs (-) 30
Saturation damage parameter ζs (-) 0
Saturation damage onset ps0 (-) 0
. Failure damage parameter ζf (-) 1
Failure damage parameter ζd (-) 0.3
Failure critical damage Dfc (-) 0.999
Failure critical strain pfc (-) 0.117
Failure strain onset pf0 (-) 0.

Failure surface parameter a (-) 0.03428
Failure surface parameter b (-) 7.815
Failure surface parameter c (-) 0.02169

Nonlocal length lc (µm) 3

4.1.4.4 Finite element simulations

In order to carry the full-�eld simulations, transverse cross-sections of the UD composite are gen-
erated at the microscale from dependent variables represented within a copula framework built
from SEM images, allowing the generation of microstructures by an inclusions additive process
(Wu et al., 2018). This SVE generation process allows a realistic statistical distribution of the
dependent microscale parameters to be obtained as shown in (Wu et al., 2018), ensuring the ap-
plicability of this Work to real-life applications. The statistical information of the microstructure
parameters is provided in Appendix C.1.

One of the major constraints of this kind of approach, as already mentioned, is the size of
the SVE used to build the dataset of random homogenized parameters. The use of a larger SVE
would allow for a lower number of SVE realizations needed in order to obtain all the required
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Figure 4.4: Composite window of 135× 135 µm2 with smaller 45× 45 µm2 SVE and full-�eld
SVE mesh detail.

statistical information. To check the e�ect of the SVE size in the �nal obtained responses, two
di�erent SVE sizes were used. In order to obtain these SVEs, 100 windows of 135×135 µm2 with
an average of 40% �ber volume fraction were generated, from which small windows of 25 × 25
µm2 or 45× 45µm2 are extracted as shown in Fig. 4.4. Then, the extracted SVE is meshed with
quadratic elements in order to perform the �nite element simulations.

11

22

ε̄11 = d

ε̄11 = −d

ε̄11 = d
ε̄22 = 0

ε̄11

σ̄11

Figure 4.5: Schematic of the three loading conditions tested on each SVE realization. From
top to bottom: Uniaxial tensile test, uniaxial compressive test and uniaxial strain test. Letter

d stands for the imposed value.

In order to perform the inverse identi�cation introduced in Section 4.2, three di�erent tests
are run for each SVE realization: Uniaxial tensile and compressive loading tests, and a uniaxial
strain test (see Fig. 4.5). As presented in Section 4.1.2, periodic boundary conditions are used
for these three tests and plane strain conditions are assumed.

Uniaxial tension and compression loadings provide a clear view of the material pressure
dependence, as they o�er two opposing points in the material internal state. A third test is
added to the set of loading conditions. This test allows to complete the information required
for the inverse parameter identi�cation procedure at the onset of plasticity. Biaxial loading is
chosen for this third test, providing a clear understanding of the e�ect of triaxiality on material
behavior and representing an additional valuable result for the inverse identi�cation procedure.

As Figs. 4.6 and 4.7 show, the used matrix model allows obtaining complex matrix behaviors,
including total failure of the sample. The large strain matrix model used in this Work allows to
accurately capture the behavior of the RTM6 matrix up to its complete failure thanks to the use
of the critical energy release rate in the calibration of its failure parameters.

The SVEs are then deformed under tensile loading until reaching their total failure, being
possible to extract the uniaxial tensile critical energy release rate Gc. As it is possible to observe
in Fig. 4.8, each SVE will present di�erent characteristics due to the inherent uncertainties
contained in these SVEs. This extracted data will then allow us to scale the e�ect of these
uncertainties to larger scales.
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Figure 4.6: Matrix failure damage of two 25× 25µm2 SVEs under uniaxial tension loading at
fracture. SVE 1 on the left and SVE 2 on the right.

Figure 4.7: Matrix failure damage of two 45× 45µm2 SVEs under uniaxial tension loading at
fracture. SVE 3 on the left and SVE 4 on the right.
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Figure 4.8: Dissipated energy in matrix vs. averaged stress component 11 for SVEs 1, 2, 3
and 4 on the left and averaged stress-strain of SVEs 1, 2, 3 and 4 for component 11 on the right

(SVE numbering refers to Figs. 4.6 and 4.7).

As an example of the e�ect of these variabilities found in the material microstructure, the
obtained distribution of the SVE Gc can be seen in Fig. 4.9, which shows the distribution for the
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two sizes of SVE used in this study. Similar distributions of the energy release rate are obtained
for both cases, being the average value slightly higher for the 45× 45µm2 SVE samples.
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Figure 4.9: Probability density histograms of the energy release rate found in the 25×25 µm2

and 45× 45 µm2 SVEs

4.2 Mean-Field Homogenization surrogate model and inverse
identi�cation process

In order to build a stochastic MF-ROM capable of capturing all the microstructure variabilities
shown by each SVE, an identi�cation process must be developed. The goal of this identi�cation
process is to �nd, for each SVE realization, the parameters of the MFHmodel that allow obtaining
a homogenized material response that is as its full-�eld counterpart. As seen in Section 4.1.4.4,
failure of the SVE occurs at few percents of deformation at the homogenized level. Therefore, the
MF-ROM can be developed in a small strain setting. This Section summarizes the identi�cation
process by presenting the identi�cation method for elastic behaviors �rst and then for pressure
dependent damage-enhanced elasto-plastic behaviors; and �nally for the post-strain softening
phase up to complete failure.

4.2.1 Inverse identi�cation

The developed inverse identi�cation methodology consists in an extension to account for pressure-
dependency and failure of the elastic (Wu, Adam, and Noels, 2018) and elasto-plastic (Wu et
al., 2019) inverse identi�cation approaches. To this end, in this Thesis, the MFH model developed
in Chapter 3 is used for the MFH surrogate. For each SVE we will associate corresponding
parameters yielding the same homogenized behavior. As this identi�cation is performed for each
SVE realization, as many values of each random descriptors as SVE realizations will be obtained.
The notation (•̃) will be used to make reference to the identi�ed parameters. The parameters that
will de�ne the inclusion phase will be the �ber volume fraction ṽI, the major and minor axes ratio
of the single inclusion phase ellipsoid Ĩ, and its orientation θ̃. The matrix phase is characterized
by its elastic, pressure-dependent plastic and damage parameters. The Young's modulus Ẽ0 and
the Poisson's ratio ν̃0 describe the elastic matrix behavior. The pressure-dependent plasticity

stage is de�ned by the initial compressive yield stress σ̃0
c , the parameters H̃ =

[
h̃0, h̃1, m̃0

]
of

the further described hardening law, the tension and compression yield stress ratio m̃, the plastic
Poisson's ratio ν̃p and the yield surface exponent α̃. The damage of the matrix phase will depend
on the softening damage parameters p̃onset and D̃onset and its failure damage parameters α̃Dam
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and β̃Dam. A total of 163 random e�ective parameters, which will form the vector βD will be
identi�ed for each SVE realization:

βD =
[
ṽI, Ĩ, θ̃, Ẽ0, ν̃0, σ̃

0
c , h̃0, h̃1, m̃0, m̃, ν̃p, α̃, p̃onset , D̃onset , α̃Dam, β̃Dam

]
. (4.28)

The inverse identi�cation of a given SVE draws on the results extracted from the full-�eld
simulations. As shown in Fig. 4.10, the information used for the identi�cation process of each
SVE realization is extracted from the three di�erent loading conditions tested. The obtained
e�ective parameter vectors from the full set of SVE realizations will form a realization of the
random matrix of e�ective parameters vectors [βD] that will then serve as input for the generator
of new data.

SVE Generation

. . .
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Figure 4.10: Flowchart of the complete methodology for the generation of the MF-ROM.

3Actually β̃Dam has a �xed value
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This methodology was implemented in the form of di�erent Python �le blocks that control
each step of the process (See the provided data by Calleja Vázquez et al. (2023)). These Python
�les carry out the identi�cation and data generation process, and make call to the core in-house
C++ codes for performing the full-�eld and MFH simulations involved (As presented in Chapter
2 and Chapter 3). This modularity allows future users of the code to easily adapt the complete
methodology to their own FEM code or even to new constitutive or evolution laws. Each code
requires a clear input and will provide the output required for the next step in the MF-ROM
methodology as indicated in the provided data (Calleja Vázquez et al., 2023). A fully novel
identi�cation procedure was developed and implemented inside the Python loop for which the
SciPy library was used for the optimization steps.

This Section will start presenting the identi�cation process for the elastic properties, followed
with the nonlinear damaged-enhanced pressure dependent plasticity, and will end with the cali-
bration of the model in order to recover the size objectivity encountered after the strain-softening
stage. At the beginning of some key points of the identi�cation process, a line specifying the
already identi�ed e�ective parameters and the parameters that will be identi�ed at that speci�c
point of the process will be introduced. This will allow the reader to more easily identify the
MF-ROM parameters needed for its de�nition and follow the identi�cation process.

4.2.1.1 Elastic Composites

θ̃

b̃

ã

ν̃0

Ẽ0

C̄
el ˜̄C

el

C̃
el
0

C̃
el
I

Figure 4.11: Schematic representation of the elastic full-�eld SVE and its MFH virtual coun-
terpart.

At this stage, the known MF-ROM variable is: the �ber volume fraction [ṽI]. This
parameter is directly deduced from the SVE. In this step, the following variables will be

identi�ed:
[
Ĩ, θ̃, Ẽ0, ν̃0

]
.

The equivalent inclusion model (Wu, Adam, and Noels, 2018) substitutes the complex mi-
crostructure of the composite material by an SVE composed of matrix and a single elliptic inclu-
sion (see Fig. 4.11). To de�ne the inclusion, the volume fraction vI and its e�ective anisotropic
elasticity tensor Cel

I , which is considered constant for all SVEs, are directly obtained from the
SVE realizations. Then, the ratio between the major and minor axes of the inclusion's ellipsoid Ĩ,
and its orientation, denoted by θ̃, are obtained through the inverse identi�cation process (hence
the •̃ notation). In this inverse identi�cation process, the e�ective elasticity properties of the

isotropic matrix C̃el
0

(
Ẽ0, ṽ0

)
, as well as the e�ective Young's modulus and Poisson's ratio (Ẽ0, ṽ0

respectively) are identi�ed to characterize the matrix phase.
In order to identify the elastic random descriptors, the elasticity tensor of the equivalent

composite ( ˜̄Cel), Eq. (3.7), which depends on the variables Ĩ, θ̃, Ẽ0, ν̃0, has to be as similar as
possible to the homogenized elasticity tensor extracted from the SVE realizations (C̄el). To that
end, the following optimization process is performed:

min
Ĩ,θ̃,Ẽ0,ν̃0

∥∥∥ ˜̄Cel
(

Ĩ, θ̃, C̃el
0

(
Ẽ0, ν̃0

)
;Cel

I , vI

)
− C̄el

∥∥∥ , (4.29)
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where ‖ • ‖ stands for the Frobenius norm. By performing this minimization problem for each
of the SVE realizations, the elastic random descriptors are identi�ed.

4.2.1.2 Nonlinear damage-enhanced elasto-plastic composites up to strain softening

Once the geometrical information of the inclusion and the e�ective elastic descriptors of the
matrix are identi�ed, the nonlinear behavior descriptors of the matrix, including the plasticity
onset, are still to be identi�ed. To perform the identi�cation of the pressure-dependent matrix
model parameters, three di�erent loading conditions are used in for the characterization of all its
parameters. These di�erent loading conditions allow obtaining information about the e�ect of
di�erent hydrostatic pressures on the composite material response. In this Work, uniaxial tension
and compression and biaxial tension (ε̄22 = 0) loading conditions are used for the identi�cation
of the material parameters (as previously shown in Fig. 4.5). Since the incremental-secant
formulation is used, the loading curves will be divided into loading increments and virtual elastic
unloading steps.
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Figure 4.12: Schematic representation of the damaged elastic full-�eld SVE and its MFH
virtual counterpart (left) and schematic unloading phase in a stress-strain plot (right).

E�ective damage evolution The �rst step consists in identifying the e�ective damage D0

present at each loading increment. To that end, as the damaged elastic tensor is extracted from
the full-�eld simulation, the virtual elastic unloading step at each iteration can be used to extract
the value of the damage evolution (Wu et al., 2019) (see Fig. 4.12). In this Work, damage is
taken into account on the matrix phase of the composite through the scalar damage variable D0.
The e�ective damage D̃0 of the matrix phase is obtained through the following minimization
problem:

min
D̃0n

∥∥∥ ˜̄CelD
n

(
C̃elD

0n

(
D̃0n ; Ĩ, θ̃, Ẽ0, ν̃0

)
,Cel

I , vI

)
− C̄elD

n

∥∥∥ , (4.30)

where C̃elD
0n

(
D̃0n

)
is the matrix damaged elastic tensor de�ned as:

C̃elD
0n =

(
1− D̃0n

)
C̃el

0

(
Ẽ0, ν̃0

)
. (4.31)

This procedure is performed for the three di�erent loading conditions, obtaining the matrix
damage evolution for each step increment of the three loading conditions.

Composite plastic onset identi�cation The next step consists in identifying the composite
plasticity onset stress-strain state ( ˜̄σy, ˜̄εy) of the three loading conditions used for the parameter
identi�cation in order to be able to later characterize the matrix stress-strain state at this point.
Using the already identi�ed elastic tensor of the composite C̄el, it is possible to compute a
theoretical elastic stress (σ̄th

n ) of the composite as:

σ̄th
n = C̄el : ε̄n. (4.32)
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Figure 4.13: Composite yield identi�cation scheme.

Due to the complex microstructure that is taken into account, localization points in which plas-
ticity starts developing due to the �bers disposition do not allow to implement a straightforward
analytical methodology to �nd a plasticity onset. As the homogenized composite macro stresses
and strains (σ̄, ε̄) are known at all time steps from the full-�eld realizations, this theoretical
elastic stress allows us to obtain a reference value to compare with these responses obtained from
the full-�eld realizations and be able to assess the amount of plasticity that is developing in the
SVE. In order to check when there is a meaningful amount of plasticity developing on the SVE,
the plasticity onset is identi�ed by de�ning a tolerance stress (σtol), e.g. 1 MPa, on the loading
component of the composite as shown in Fig. 4.13. The plasticity onset iteration is then found
as the �rst step satisfying:

|σ̄11n | < |σ̄th
11n − σ

tol|. (4.33)

It is then possible to de�ne the yield strain ˜̄εy and yield stress ˜̄σy as the stress-strain state
in which the extracted SVE stress-strain curve crosses the tolerance line by using a linear inter-
polation between the values of σ̄ and ε̄ at the plasticity onset iteration and the previous strain
state, such that: (ε̄n−1 < ˜̄εy < ε̄n) and (σ̄n−1 < ˜̄σy < σ̄n).

Phases plasticity onset and identi�cation of pressure dependency parameters At this

stage, the known MF-ROM variables are:
[
ṽI, Ĩ, θ̃, Ẽ0, ν̃0

]
. In this step, the following variables

will be identi�ed:
[
α̃, m̃, σ̃0

c

]
. In addition, from the full-�eld simulations the macro-stresses and

-strains (σ̄, ε̄) are known and from previous identi�cation steps, the e�ective damage evolution
D̃0n , and the plastic onset stress-strain state of the composite ( ˜̄σy, ˜̄εy) are known for the three
loading cases.
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ν̃0

Ẽ0

D̃0

σ̄n+1 σin+1
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Figure 4.14: Schematic representation of the damaged plastic full-�eld SVE and its MFH
virtual counterpart (left) and schematic loading phase in a stress-strain plot (right).

After identifying the plastic onset stress-strain state of the composite material under the
three studied loading conditions, the matrix strain-stress state at the plastic onset (PO), i.e.
(ε0PO , σ0PO), must be obtained, which will allow to have the needed information to compute the
pressure-dependent parameters of the MF-ROM. To that end, the matrix strain and stress states
at each iteration must be computed up to the identi�ed composite plastic onset. It is important
to point out that in order to obtain an accurate representation of the matrix stress-strain state at
the plasticity onset of the three loading conditions, the damaged-enhanced nonlinear incremental-
secant scheme is used to be able to account for the starting plasticity and damage e�ects in the
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Figure 4.15: Matrix stress-strain curves for uniaxial tension and compression, and biaxial
loading up to the plastic onset.

matrix phase. While it was shown that when using �rst statistical moments, cancelling the matrix
residual stress could help improving the scheme accuracy for composites with sti� inclusions, we
note that as the MFH model is used as a reduced order model whose parameters are identi�ed
to recover the full �eld results, the residual version of the incremental-secant scheme developed
in the previous Chapter can be used in the developed MF-ROM. Let us consider a time step
[tn, tn+1]:

� First, a virtual elastic unloading is performed. This step unloads the composite up to a
stress-free state such that:

0 = σ̄res
n = σ̄n − C̄elD

n : ∆ε̄unloadn . (4.34)

From this expression it is possible to obtain the residual strain tensor, allowing to write
the strain increment ∆ε̄r (see Fig. 3.2) as:

∆ε̄r
n+1 = (ε̄n+1 − ε̄n) + C̄elD−1

n : σ̄n. (4.35)

As enough points are obtained from the full-�eld simulations, it is possible to assume that(
D0n+1 −D0n

)
σ̂res

0n+1
≈ 0, writing Eq. (3.23) as:

σ̄n+1 = C̄SDr
n+1 : ∆ε̄r

n+1. (4.36)

� Then, using Eq. (4.36), the material is reloaded up to the next composite state, see Fig.
4.14. Since this stress-strain state is known from the full-�eld simulation, it is possible to
identify the matrix secant tensor CSDr

0 by performing the following minimization problem
using the de�nition of the composite secant tensor, Eq. (3.22), and of the phases, Eqs.
(3.67, 3.74):

min
µ̃Dr
s ;κ̃Dr

s

{∥∥∥ ˜̄CSDr
n+1

(
C̃SDr

0

(
µ̃Dr
s (D̃0), κ̃Dr

s (D̃0); Ẽ0, ν̃0

)
;Cel

I , Ĩ, θ̃, vI

)
: ∆ε̄r

n+1 − σ̄n+1

∥∥∥} .
(4.37)

By computing the damaged matrix secant tensor ˜̄CSDr
0 at each step, it is possible to obtain

the stress-strain state of each of the phases at each step by using Eq. (3.26).

Performing consecutive virtual unloading and loading steps until reaching the computed
plastic onset, making use of the mean-�eld homogenization relations shown in Eqs. (3.15
and 3.26), the plastic onset state of the matrix phase (ε0PO , σ0PO) is determined for each
of the three loading conditions as shown in Fig. 4.15.

Once the stress state of the matrix is known at the plastic onset, the surrogate model yield
surface function F is assumed to have reached a null value. By considering the hardening
R(p0) is small enough to be considered null at this stage, the number of unknowns of the
yield surface decreases to three. By minimizing the yield surface equation at this stage for
the three tests, it is then possible to identify these three unknown parameters: α̃, m̃ and
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the matrix compressive initial yield stress σ̃0
c , as:

min
α̃,m̃,σ̃0

c

{∑
Tests

∣∣FPO(α̃, m̃, σ̃0
c )
∣∣ =

∑∣∣∣∣∣
(

((σ̂0PO)eq)α̃

(σ̃0
c )
α̃

− 3
m̃α̃ − 1

(m̃+ 1)σ̃0
c

φ̂0PO −
m̃α̃ + m̃

m̃+ 1

)∣∣∣∣∣
}
.

(4.38)

The minimization shown in Eq. (4.38) presents multiple minima, meaning the optimization
algorithm can result in spurious values for the random parameters. Therefore, the initial guess
values used for α̃, m̃ and σ̃0

c as well as the introduction of �xed boundaries for each of the random
parameters are of crucial importance for the correct identi�cation of the parameters.

Now that α̃, m̃ and σ̃0
c are identi�ed, all the parameters de�ning the pressure-dependency

of the material are known except the hardening laws. However, assuming the tensile and com-
pressive hardenings are related through parameter m̃ as H̃c = m̃H̃t, it is no longer needed to
use di�erent loading conditions in order to identify the remaining parameters. As explained
in the work by Nguyen et al. (2012), multiple localization bands can appear in the post-peak
localization stage, which is considered to be a nonphysical result (Coenen, Kouznetsova, and
Geers, 2012). This is not the case under tensile loading conditions, for which this condition is
valid since in those cases the failure band is perpendicular to the loading direction (Nguyen, Wu,
and Noels, 2019), allowing to correctly capture the dissipated energy of the sample during failure.
For this reason, the uniaxial tension condition will later be the preferred loading condition for
the calibration of the post localization onset stage. This uniaxial tension loading condition will
therefore be used for the following identi�cation steps.

Starting plastic �ow: Initial plastic Poisson's ratio At this stage, the known MF-ROM

variables are:
[
ṽI, Ĩ, θ̃, Ẽ0, ν̃0, α̃, m̃, σ̃

0
c

]
. In this step, the following variable will be identi�ed: [ν̃p].

Apart from these variables, the macro-stress and strain (σ̄, ε̄) and the e�ective damage evolution
D̃0 are known for all steps. In addition, the phases stress-strain state (σ0, ε0, σI, εI) have been
computed up to the plastic onset.

Once plasticity is found to be reached, the initial plastic Poisson's ratio of the given SVE can
be identi�ed. To that end, the relation between the material parameters β̃ and ν̃p, Eq. (3.30), is
used. In order to reduce the source of errors that could be introduced numerically at a speci�c
time step, the following procedure is performed for the �rst 5 loading increments after the plastic
�ow onset in order to �nd an averaged quantity.

Rewriting the incremental-secant scheme, Eq. (3.23), for the studied case with all identi�ed
parameters, it is possible to identify the e�ective virtual shear and bulk moduli (µ̃SDr

0 , κ̃SDr
0 ) of

the matrix (de�ned in Eq. (3.68)) through the evaluation of the C̃SDr
0 tensor using Eqs. (3.22,

3.23):

min
µ̃Dr
s ;κ̃Dr

s

{∥∥∥ ˜̄CSDr
n+1

(
C̃SDr

0

(
µ̃Dr
s (D̃0,Γ), κ̃Dr

s (D̃0,Γ, β); Ẽ0, ν̃0

)
;Cel

I , Ĩ, θ̃, vI

)
: ∆ε̄r

n+1 − σ̄n+1

∥∥∥} .
(4.39)

While similar to Eq. (4.37), the development of the plasticity in the matrix phase introduces a
dependency of µ̃Dr

s and κ̃Dr
s on Γ and β. The matrix secant tensor C̃SDr

0 is known to be isotropic,
being possible to write it in terms of µ̃Dr

s and κ̃Dr
s as C̃SDr

0 = 3κDr
s I

vol + 2µDr
s I

dev, where the
plastic bulk and shear moduli write:

κ̃Dr
sn+1

=
(

1− D̃0n+1

)(
κel − 2βn+1κ

el2Γn+1

1 + 2κelΓn+1βn+1

)
; and

µ̃Dr
sn+1

=
(

1− D̃0n+1

)(
µel − 6µel2Γn+1

1 + 6µelΓn+1

)
.

(4.40)
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By solving the system of two equations formed by the de�nitions of the bulk and shear moduli,
the unknown plastic multiplier Γn+1 and the parameter βn+1 can be obtained directly as:

Γn+1 = −

(
D̃0n+1 − 1

)
µel + µ̃Dr

sn+1

6µelµ̃Dr
sn+1

, (4.41)

βn+1 = −
κel
(
D̃0n+1 − 1

)
+ κ̃Dr

sn+1

2Γn+1κ̃Dr
sn+1

κel
. (4.42)

In order to �nd a unique value of the parameter β̃, this is computed as the arithmetic mean of
the identi�ed βi at each loading increment. Once the parameter β̃ is computed, the initial plastic
Poisson's ratio ν̃p can be identi�ed as:

ν̃p =
9− 2β̃

18 + 2β̃
. (4.43)

Parameters β̃ and ν̃p remain constant for the rest of the identi�cation process.
Fig. 4.16 shows a �owchart of the inverse identi�cation process up to the plastic �ow with

all the steps performed separated into the three tested loading conditions.

Plastic �ow and damage evolution law up to strain softening onset At this stage, the

known MF-ROM variables are:
[
ṽI, Ĩ, θ̃, Ẽ0, ν̃0, α̃, m̃, σ̃

0
c , ν̃p

]
. In this step, the following variables

will be identi�ed:
[
p̃onset , D̃onset

]
. Apart from the MF-ROM variables, it is worth recalling

that the macro-stress and strains (σ̄, ε̄) and the e�ective damage evolution D̃0 are known for all
steps, as well as the phases stress-strain states (σ0, ε0, σI, εI) up to the plastic onset and the

matrix parameters ν̃p and β̃, with ν̃p and β̃ being linked through ν̃p = 9−2β̃

18+2β̃
.

Once all the parameters de�ning the plastic evolution of the material are identi�ed, it is
possible to compute the plastic strain evolution of the matrix phase by identifying the matrix
damaged secant tensor C̃SDr

0 using the reloading step of the incremental secant scheme as pre-
viously shown. Having identi�ed and �xed the parameter β̃, the de�nition of the shear and
bulk moduli, Eqs. (3.68, 3.74), will now only depend on one unknown: the plastic multiplier Γ
through Eq. (4.41), reducing the evaluation of C̃SDr

0 to the optimization of Γ. To that end, the
following minimization is performed:

min
Γn+1

{∥∥∥ ˜̄CSDr
n+1

(
C̃SDr

0

(
µ̃Dr
s (Γn+1); κ̃Dr

s (Γn+1)
)

;Cel
I , Ĩ, θ̃, vI

)
: ∆εr

n+1 − σ̄n+1

∥∥∥} , (4.44)

Once the plastic multiplier Γ is obtained, the value of the matrix, inclusions and composite
secant tensors (C̃SDr

0 , C̃Sr
I and ˜̄CSDr respectively) are known from Eqs. (3.22, 3.67, 3.68), being

possible to compute the stress-strain state of each of the phases for all loading increments (see
Fig. 4.17). This step allows us to identify the matrix localization onset iteration, which is de�ned
as being the iteration in which the matrix stress reaches its maximum (|σeq

0n+1
| ≤ |σeq

0n
|). This

point is used to de�ne the softening damage law parameters that de�ne its evolution before the
failure damage evolution law is triggered, see Fig. 4.18. Once this condition is reached, the
iterative process is stopped, since the identi�cation of the post-strain softening region is not
needed in terms of the plastic �ow evolution information.

As shown in Fig. 4.17, by identifying the value of the plastic multiplier, it is possible to
obtain the increment of the accumulated plastic strain in the matrix ∆p̃0n+1 from time tn to tn+1
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Figure 4.16: Flowchart of the inverse identi�cation process up to plastic �ow.

having:

∆p̃0n+1 =
Γn+1√
1 + 2ν̃2

p

√
6
((
C̃Sr

0n+1
: ∆εr

0n+1

)eq)2
+

4

3
β̃2

(
1

3
tr
(
C̃Sr

0n+1
: ∆εr

0n+1

))2

, (4.45)

where the matrix equivalent increment strain (∆εr
0)eq is evaluated with the �rst statistical mo-

ment:  σeq =
√

3
2σ : Idev : σ,

∆εeq =
√

2
3∆ε : Idev : ∆ε.

(4.46)
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This accumulated plastic strain increment of the matrix phase allows to approximate the
accumulated plastic strain by adding all steps increments p̃0n+1 =

∑n
l=0 ∆p̃0l+1

.
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Figure 4.17: Schematic representation of the full-�eld SVE and its MFH virtual counterpart
with computation of the plastic strain evolution (left) and schematic loading phase in a stress-

strain plot (right).
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Figure 4.18: Damage-plastic strain plot representing the identi�ed matrix damage from the
SVE and the linear approximation used for the MFH surrogate on the left, and graphic repre-
sentation of the composite, matrix and inclusions stress-strain curves with the location of the

localization onset on the right.

A softening damage (D̃s) evolution law is used to model the matrix damage. In this Work,
this surrogate model softening damage D̃s is simpli�ed to a linear evolution law allowing for an
accurate representation of the damage value at the strain softening onset, meaning the maximum
stress reached by the composite material and the strain at which it is reached will be accurately
represented while simplifying the model. In order to be able to accurately capture the damage
state at the beginning of the strain softening onset, the slope of the damage law is de�ned by
the damage (D̃0) and the accumulated plastic strain (p̃0) values at the matrix localization onset
iteration. These quantities will be called D̃onset and p̃onset respectively, see Fig. 4.18. The
evolution law of the softening damage then writes:

∆D̃s =
D̃onset

p̃onset
∆p̃0. (4.47)

It is worth highlighting that even though the damage representation during this stage does not
represent the main focus of this Work, a more complex damage evolution law can be easily
implemented in future works for a more complete damage representation.

Hardening identi�cation At this stage, the known MF-ROM variables are:[
ṽI, Ĩ, θ̃, Ẽ0, ν̃0, α̃, m̃, σ̃

0
c , ν̃p, p̃onset , D̃onset

]
. In this step, the following variables will be

identi�ed:
[
h̃0, h̃1, m̃0

]
. Adding to the known MF-ROM variables, from which the softening

damage D̃s(p̃onset , D̃onset ) used in this step is de�ned, previous steps permitted the identi�cation
of the stress-strain state of the matrix phase (σ0, ε0) for all iterations as well as the plastic
strain evolution p̃0 up to the localization onset.
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Figure 4.19: Schematic representation of the damaged plastic full-�eld SVE and its MFH
virtual counterpart (left) and yield surface representation in the Haigh-Westergaard coordinate

space and e�ective matrix stress at iteration i (right).

As already mentioned, in this Section the damage evolution law D̃s used for the MF-ROM
will be de�ned and the hardening evolution of the matrix will be identi�ed. The e�ective von
Mises stress of the matrix phase can be computed using the �rst statistical formula, Eq. (4.46).
As plastic �ow occurs during the full loading, the yield function F has a null value at all steps,
see Fig. 4.19.

Knowing the matrix stress and strain states at each loading increment, as well as the ac-
cumulated plastic strain evolution, it is then possible to identify the matrix e�ective hardening
evolution R (p̃0) up to the strain softening onset by minimizing the yield surface function F at
each time increment:

min
Rn+1(p̃0n+1)

{∣∣∣∣Fn+1

(
Rn+1

(
p̃0n+1

))
=

(
(σ̂0n+1)eq

)α̃(
σ̃0
c +Rn+1

(
p̃0n+1

))α̃
− 3

m̃α̃ − 1

(m̃+ 1)
(
σ̃0
c +Rn+1

(
p̃0n+1

)) φ̂0n+1 −
m̃α̃ + m̃

m̃+ 1

∣∣∣∣},
(4.48)

where the e�ective stress is computed with the identi�ed softening damage evolution D̃s, such
that:

σ̂0n+1 =
σ0n+1(

1− D̃sn+1

) . (4.49)

The use of the softening damage evolution law allows slightly increasing the accuracy of the
MF-ROM, as it permits to compute the e�ective hardening evolution accounting for the damage
law simpli�cation.

Once the e�ective hardening evolution is computed, it is possible to identify the parameters
(H̃) governing the dedicated evolution law R̃0(p̃0n , H̃) used for the MFH model. In order to
identify the hardening parameters that best suit a given SVE, a curve �tting problem is performed
using the previously computed hardening evolution Rn(p̃0n).

min
H̃

{∑
n

∣∣∣Rn(p̃0n)− R̃0(H̃, p̃0n)
∣∣∣} . (4.50)

In this Thesis, a linear exponential law is used in order to model this evolution:

R̃0 (p̃0) = h̃0p̃0 + h̃1

(
1− e−m̃0p̃0

)
. (4.51)

With this evolution model, the set of hardening parameters (H̃) that need to be identi�ed con-
sists of h̃0, h̃1 and m̃0, which will be part of the set of random quantities in the �nal MFH-
ROM. Considering two di�erent hardening laws in tension and compression would allow intro-
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Figure 4.20: Flowchart of the inverse identi�cation process during plastic �ow.

ducing more parameters in the MFH surrogate in order to capture more accurately di�erent
loading modes. It is worth highlighting that this hardening identi�cation process is applied up
to the strain-softening onset, as the introduction of the post-strain softening onset would intro-
duce spurious information due to the localization e�ects. A �owchart of the plastic �ow stage
identi�cation process is shown in Fig. 4.20.

The identi�cation process presented in this Section allows obtaining an accurate representa-
tion of the SVE behavior under di�erent loading conditions independently of the SVE charac-
teristics. A direct comparison between the response obtained with the full-�eld SVE realizations
and their identi�ed MFH counterparts for the three tested loading conditions, see Fig. 4.5, is
shown in Fig. 4.21. As already observed in the work by Wu et al. (2019), the identi�ed matrix
behavior di�ers from the SVE matrix material. This is observed in the comparison between the
tensile hardening evolution curves obtained from the identi�cation process of di�erent SVEs and
the epoxy hardening law used to model the matrix behavior in the full-�eld realizations, see Fig.
4.21.

The capability of the identi�ed surrogate model to capture the SVE behavior under a di�erent
loading to those used for the inverse process was checked by testing its performance under shear
loading. We however note that the use of periodic boundary conditions for the cases di�erent
from tensile ones is debatable as discussed in Section 4.1.2. As seen in the results shown in
Fig. 4.22, the MFH model yields less accurate results than for the previously tested loading
conditions. However, the MFH simulations predict the composite strength within a 10% error.
This result shows how the tests selected for the inverse identi�cation procedure could impact the
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Figure 4.21: (a) Stress-strain curves of random picked SVEs under uniaxial tension. (b)
Comparison between epoxy tensile hardening law and the identi�ed hardening evolution. (c)
Stress-strain curves of random picked SVEs under uniaxial compression. (d) Stress-strain curve
of random picked SVEs under biaxial tension. MFH stands for the results obtained with the
surrogate model. SVE stands for the results obtained in the full-�eld SVE realizations. The
Identi�ed R̃ (p̃0) and Fitted R̃0 (p̃0) stand for the identi�ed surrogate matrix hardening law.

The Matrix R̃0 (p̃0) stands for the hardening law used in the full-�eld SVE realizations.
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Figure 4.22: Stress-strain curves of random picked SVEs under shear loading. MFH stands
for the results obtained with the surrogate model. SVE stands for the results obtained in the

full-�eld SVE realizations.

ability of the model to capture di�erent characteristics of the material behavior. The use of a
di�erent set of loading conditions, or the addition of more loading conditions to be used could
be tested in future works to optimize the performance of the surrogate model.
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4.2.1.3 Nonlinear damage-enhanced elasto-plastic composites accounting for loss
of objectivity during local softening

At this stage, the knownMF-ROM variables are:
[
ṽI, Ĩ, θ̃, Ẽ0, ν̃0, α̃, m̃, σ̃

0
c , ν̃p, p̃onset , D̃onset , h̃0, h̃1, m̃0

]
.

In this step, the following variables will be identi�ed:
[
α̃Dam, β̃Dam

]
. At this step, the critical

energy release rate extracted from the full-�eld realization GcSVE will be used for the calibration
of the failure stage of the damage law.

Up to now, the loss of objectivity that is encountered once the onset of strain softening
occurs has not been taken into account. To that end, the energy release rate is used as objective
value that will allow the recovery of the size objectivity (Nguyen, Wu, and Noels, 2019; Wu
et al., 2013b). In order to estimate the critical energy release rate associated to the MFH model,
similarly to the approach used in previous publications (Nguyen, Wu, and Noels, 2019; Wu
et al., 2021), a uniaxial test with a loading direction perpendicular to the UD composite �ber
orientation is performed on a 2D specimen with length L ten times bigger than the characteristic
nonlocal length lc used in the MFH model and widthW four times smaller than the characteristic
length of the homogenized composite material, see Fig. 4.23. A slight decrease of the bar diameter
in its center is introduced through a curvature with radius R >> L in order to generate a
localization of the deformation while not a�ecting the pre-localization response of the material.
A thorough convergence study of the solution with respect to the mesh was performed in order
to ensure a correct identi�cation of the critical energy release rates.

FF

W/2

L

R

Fiber Orientation

σ̄

D

Dend

Donset

Dissipation onset

Localization onset

Total failure

Gc = Dend−Donset
S0

Figure 4.23: Schematic representation of the uniaxial test on the left and energy dissipation
(D) - stress (σ̄) plot used for the computation of the MFH critical energy release rate Gc.

The failure stage of the composite response is considered to be started once p̃0 > p̃onset.
In order to be able to control the failure characteristics of the material, a new failure damage
(Df ) contribution is introduced in the MFH surrogate model. This failure damage evolution law
writes:

∆D̃f = α̃Dam (p̃0 + ∆p̃0 − p̃onset )βDam ∆p̃0, if p̃0 > p̃onset. (4.52)

The total damage of the surrogate model during this post-strain softening point is then
de�ned by the sum of both damage components: ∆D̃MFH = ∆D̃s+ ∆D̃f . As can be observed in
Eq. (4.52), the failure damage evolution depends on two new parameters: α̃Dam and β̃Dam. These
parameters will a�ect the ductility of the material, see Fig. 4.24, changing the resultant critical
energy release rate. While the parameter α̃Dam directly a�ects the speed of the failure damage
evolution and therefore the critical energy release rate, the parameter β̃Dam allows modeling
the shape of the failure stage. As the critical energy release rate remains the only objective
parameter after the failure softening, the calibration of both parameters would not be possible.
To this end, in this Thesis, β̃Dam was �xed to a value of 2.5 [−], value for which the post-softening
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averaged stress-strain evolution of the SVEs using the MFH model yielded a similar behavior to
the averaged response of the full-�eld realizations for a wide range of Gc, allowing to reduce the
optimization problem to a one-DOF problem.

The value of the characteristic length lc introduced used for the de�nition of cg (see Eq.
(3.79)) directly impacts the required �nite element discretization, as the size of the elements
should remain lower than lc in order to be able to correctly capture the damage evolution. This
translates in a direct relation between the e�ciency of the MF-ROM and the value of lc. The
higher the characteristic length, the more e�cient the SFEM simulations are, as the amount
of elements required to discretize the FEM simulation decreases. The chosen value for the
characteristic length was �xed to a value of 25 µm, value which allows to capture the interaction
between the di�erent property spatial discretizations (which will be squares of 25x25 µm2 or
45x45 µm2 depending on the used SVE realizations to build the MF-ROM) while not having a
negative impact on the required mesh. With the characteristic length lc �xed, the value of the
energy release rate now only depends on the post-strain softening damage characteristics of the
composite material.
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Figure 4.24: Schematic representation of the composite energy dissipation (D) - stress (σ̄)
plot, the matrix damage evolution law with respect to its accumulated plastic strain and the
composite averaged σ−ε curve. The e�ect of the failure damage evolution law parameter (α̃Dam)

is illustrated on each respective graph.
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Figure 4.25: Gc − α̃Dam distribution for the 25× 25 µm2 SVE realizations.

After the matrix softening strain onset is reached, the identi�cation of the post-strain soften-
ing damage evolution law parameter (α̃Dam) is performed through an iterative process, in which
the critical energy release rate obtained with the full-�eld SVE simulation is attempted to be
recovered with its MFH model counterpart. These model parameters are then found through
the following minimization problem:

min
α̃Dam

{|∆GcMFH (α̃Dam)|} , (4.53)

where ∆GcMFH (α̃Dam) = GcMFH (α̃Dam)−GcSVE .
An initial guess value for α̃Dam is used to start the iterative process, in which a �nite element

simulation from which the critical energy release rate GcMFH will be computed is performed
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Figure 4.26: Flowchart of the optimization process of parameter α̃Dam (the subscript Dam is
omitted for clarity) for the recovery of the size objectivity through the critical energy release

rate.

at each iteration as shown by Fig. 4.23. Once the critical energy release rate is obtained,
this value is compared to the critical energy release rate of SVE realization, being possible
to implement an algorithm capable of �nding a better guess of the set of parameters of the
damage model for the next iteration. As shown by Fig. 4.24, a change in the matrix damage
evolution law modi�es the failure characteristics of the homogenized composite material response.
This change in the failure characteristics has a direct impact in the dissipated energy after the
localization onset, modifying the characteristic critical energy release rate of the studied material.
This iterative process is performed until minimizing the ∆GcMFH (α̃Dam) below a �xed tolerance
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value. In this Work, this tolerance is �xed to be 2% of the reference value GcSVE , such that
∆GcMFH ≤ tolerance = 0.02 ·GcSVE . In the case reaching this tolerance would not be possible for
a given SVE realization, the results of that realization would not be taken into account in the
�nal data.

As the resultant e�ect of α̃Dam on the critical energy release rate GcSVE also depends on
all other parameters de�ning the surrogate model, a direct relation between GcSVE and α̃Dam
cannot be found explicitly as shown in Fig. 4.25, being necessary to iterate during this optimiza-
tion problem until reaching a su�ciently low error ∆GcMFH . Fig. 4.26 shows a scheme of the
optimization algorithm used to identify the parameter α̃Dam through a �owchart.

While the algorithm can be applicable to any type of studied material, the values used as
increment or decrease of the parameter α̃Dam have been optimized for the here studied RTM6
matrix based UD composites. In case the MF-ROM is being built for another material, these val-
ues shall be revisited in order to check their validity or to optimize the failure stage identi�cation
process.

4.3 Stochastic MF-ROM for UD composite material

After the presentation of the identi�cation process, this section will start with a study of the
statistical properties of the identi�ed e�ective random parameters used to de�ne the MF-ROM.
Then, the data-driven sampling method (Soize and Ghanem, 2016) used for the generation of
proper random �elds for the construction of the structural stochastic FEM (Wu et al., 2019) will
be presented.

4.3.1 Analysis of the MF-ROM e�ective random parameters

As shown in Section 4.2, a total of 16 e�ective random parameters is needed for the de�nition
of the MF-ROM. These random parameters constitute the vector βD (n = 16) Eq. (4.28).
A vector of 16 parameters is therefore identi�ed for each SVE realization, meaning as many
vectors βD as SVE realizations are obtained. Fig. 4.27 shows the di�erent distributions of the
random e�ective material parameters obtained from the inverse identi�cation process for the
case with 25 × 25 µm2 and 45 × 45 µm2 SVEs by plotting their respective probability density
histograms. It is possible to observe how in general, the parameters using the 45 × 45 µm2

SVEs present less widespread values of the e�ective random parameters, which is re�ected in
higher maxima of the probability density histograms, due to the higher size of the SVE. This
lower standard deviation allows reducing the number of SVE realizations needed to obtain the
complete distribution of the e�ective parameters compared to the 25×25 µm2 case. However, the
e�ect of this lower heterogeneity of the e�ective parameter values is still to be veri�ed afterwards
during the veri�cation of the MF-ROM performance. The probability density distribution of the
remaining e�ective random parameters can be found in Appendix C.2.

As in the elasto-plastic case (Wu et al., 2019), the e�ective random parameters used to build
the damage-enhanced pressure-dependent MF-ROM show a clear cross-dependence, as shown by
the distance correlation (Székely, Rizzo, and Bakirov, 2007) values obtained in Figs. 4.28 and
4.29. This cross-dependence between the e�ective random parameters must be preserved by the
data-driven sampling method in order to yield an accurate result when using the MF-ROM.

4.3.2 Generation of random parameters

This section will start by brie�y introducing the data-driven sampling method presented in Soize
and Ghanem (2016) and used for a stochastic MF-ROM developed in Wu et al. (2019), method
that will serve to generate new data from the obtained dataset through the identi�cation process,



112
Chapter 4. A micromechanical Mean-Field Homogenization surrogate for the stochastic

multiscale analysis of composite materials failure

2500 2600 2700 2800
E0 [MPa]

0.002

0.004

0.006

0.008

Pr
ob

ab
ilit

y 
De

ns
ity

 [
1

M
Pa

]

25x25 m2

2550 2600 2650 2700
E0 [MPa]

0.000

0.005

0.010

0.015

45x45 m2

0.25 0.30 0.35 0.40 0.45
p [-]

0

5

10

15

Pr
ob

ab
ilit

y 
De

ns
ity

25x25 m2

0.34 0.36 0.38 0.40 0.42 0.44
p [-]

0

10

20

30

45x45 m2

0.700 0.725 0.750 0.775 0.800 0.825
m [-]

0

5

10

15

20

Pr
ob

ab
ilit

y 
De

ns
ity

25x25 m2

0.70 0.75 0.80 0.85 0.90
m [-]

0

5

10

15

20
45x45 m2

0.010 0.015 0.020 0.025 0.030
ponset [-]

0

20

40

60

80

100

Pr
ob

ab
ilit

y 
De

ns
ity

25x25 m2

0.015 0.020 0.025
ponset [-]

0

50

100

150

45x45 m2

0.225 0.250 0.275 0.300 0.325
Donset [-]

0

5

10

15

20

25

Pr
ob

ab
ilit

y 
De

ns
ity

25x25 m2

0.200 0.225 0.250 0.275 0.300
Donset [-]

0

10

20

30 45x45 m2

Figure 4.27: Probability density histograms of Ẽ0, ν̃p, m̃, p̃onset and D̃onset for the 25× 25µm2

(left) and 45× 45µm2 (right) SVE cases.
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Figure 4.28: Distance correlation of the e�ective random material parameters of the 25×25µm2
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Figure 4.29: Distance correlation of the e�ective random material parameters of the 45×45µm2

SVEs.

and will then discuss the obtained identi�ed and generated datasets that will be used to build
the stochastic structural FEM.

The data-driven sampling method developed by Soize and Ghanem (2016) is used for the
generation of proper random �elds. This method accounts for the random properties of the
material, which are de�ned in a probability space (Θ, T ,P) with a value in Rn through a random
vector whose statistical information is supposed to belong to a subset Sn of Rn but whose
distribution is unknown.

The random matrix
[
βD
]

=
[
βD1 , ...,β

D
N

]
with value in Mn,N , where each column is an

independent copy of the random vector de�ned in the space (Θ, T ,P), allows preserving the
local structure of the dataset. In our case, the identi�cation process permits us to obtain a
matrix [b] = [b1, ..., bN ], which is a realization of matrix

[
βD
]
with a size of N = 1037 for the

25×25µm2 SVE case and with a size of N = 803 for the 45×45µm2 SVE case. The information
contained in the matrix [b] allows then to generate nMC new realizations of the random matrix[
βD
]
thanks to a Markov chain Monte Carlo (MCMC) process. To that end, �rst the mean is
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removed from the dataset values and a normalization of the variance is carried out, being then
possible to generate a new random dataset. Once the new data is generated, this is re-scaled
to the original dataset scale, obtaining the �nal data. This process is summarized in Wu et
al. (2019).
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Figure 4.31: 25x25µm2 e�ective random parameters distributions and their cross-dependence
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Figs. 4.30, 4.31 and 4.32 present a direct visual comparison between the generated data and
the identi�ed dataset. The number of needed realizations of the random vector βD can vary
with the application. The size of the studied geometry, or the number of desired stochastic
simulations could increase or decrease the amount of needed realizations, meaning a larger set
of realizations may be required. In this Work, a value of nMC = 24 was used in the generation
of the new dataset for the 25 × 25µm2 SVE case, meaning that a total of 24888 realizations
are generated from the original dataset of 1037 SVE realizations. These plots show an excellent
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Figure 4.32: 25x25µm2 e�ective random parameters distributions and their cross-dependence
for the identi�ed and generated ṽI, Ĩ, θ̃, Ẽ0, ν̃0, σ̃y, h̃0, h̃1, m̃0, m̃, ν̃p, α̃, p̃onset , D̃onset and α̃Dam .

agreement between the identi�ed and the generated distributions. Similar results were obtained
for the 45× 45µm2 SVE case, in which a value of nMC = 29 was used since less realizations were
obtained from the full-�eld simulations, obtaining a total of 23287 realizations of the random
vector βD.

As already observed with the distance correlation between the di�erent e�ective random pa-
rameters, a cross-dependence between the di�erent e�ective random parameters can be observed.
It is worth mentioning the ability of the generator to successfully capture the di�erent distribu-
tions of the di�erent parameters. Similar results were obtained for the 45× 45µm2 SVE, whose
results are presented in Appendix C.3.

In addition to the previously presented distributions, let us obtain a more detailed view on the
performance of the data-driven generator by focusing on probability density histograms of some
of the parameters. To this end, Fig. 4.33 shows a direct comparison between the probability
density histograms of the identi�ed dataset and the generated data for some of the random
material parameters. As it is possible to observe, this more precise comparison allows con�rming
the new data generated by the data-driven sampling method presents a good agreement with
the identi�ed distributions for the 25× 25µm2 and the 25× 25µm2 SVE cases.
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Figure 4.33: Direct comparison between the probability density histograms of the identi�ed
and generated Ẽ0, σ̃

0
c and D̃onset for the 25× 25µm2 (left) and 45× 45µm2 (right) SVE cases.

4.4 Application of the stochastic MF-ROM

Now that the dataset used to build the stochastic MF-ROM and the modeling strategy are
presented, this section will directly test the performance of the ROM by comparing its results
against full-�eld simulations and experimental results.

In order to test the consistency of the developed methodology, the two constructed MF-
ROMs, one built with the 25× 25µm2 SVEs and the other built with the 45× 45µm2 SVEs are
tested as input of the stochastic �nite element simulations. As shown in Fig. 4.34, the random
�elds of the e�ective parameters, which are di�erent realizations of the random vector βD, are
discretized in squares with the same size as the SVEs used to construct the used MF-ROM, i.e.
25×25µm2 or 45×45µm2, determining the distribution of di�erent e�ective random parameters
on the integration points. Following the methodology developed in (Wu et al., 2018; Wu et
al., 2019), due to the vanishing of the spatial correlation, the e�ective random parameters used
at each random �eld discretization are independent of the parameters of adjacent squares. As
in Wu et al. (2018) and Wu et al. (2019), smooth step functions are used at the random �eld
discretization, avoiding possible arti�cial e�ects that could be introduced due to sharp changes in
the material properties. The �nite element discretization of the tested sample is performed with
a mesh performed with quadratic elements whose characteristic size must be smaller than the
random �eld discretization squares and the characteristic nonlocal length used in the MF-ROM
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(Wu et al., 2019). The nonlocal equations governing the material at the ply level write:{
∇0 · σ̄

(
βD(xref),xref

)
= 0 ∀xref ∈ ω,

p̆0 −∇0 · (cg ·∇0p̆0) = p0 ∀xref ∈ ω.
(4.54)

At the ply level, the stress σ̄ is computed using the built MF-ROM. The resolution of this
nonlocal MFH problem is detailed in Chapter 3.

This Section will start verifying the MF-ROM by applying it to the stochastic study of UD
ply realizations under tensile loading. To this end, UD plies of 500 × 250µm2 will be tested by
using the two constructed MF-ROMs, one built with the 25 × 25µm2 SVEs and the other one
with the 45× 45µm2 SVEs. Several UD ply realizations are tested under this loading condition
in order to obtain a representative view of the MF-ROM performance. Then, this Section will
end by validating the performance of the MF-ROM against real-life results. To this end, an
experimental transverse compression test will be simulated, allowing not only to directly test
the validity of the MF-ROM against the real behavior of the composite, but also to test the
performance of the MF-ROM under multiple loading conditions.

4.4.1 UD ply under tensile loading

11
22

F
or
ce

Figure 4.34: Boundary conditions and property discretization on the left and quadratic mesh
used on the right.

In the tensile test, the sample will be stretched in the horizontal direction as shown in Fig.
4.34. Quadratic elements are used to discretize the sample with a size smaller than the squares
used for the property discretization and smaller than the characteristic length, see Eq. (4.54),
used in the nonlocal damage de�nition of the MFH. A convergence study with respect to the
macroscale element size of the stochastic MF-ROM method is performed in Appendix C.4. It
is shown that for elements of size lower than half of both the SVE size and the characteristic
length lc of the nonlocal MFH formulation, the predictions have converged.

The model is capable of capturing successfully the average response of the sample at all stages
of loading as seen in Fig. 4.35. In this �gure it can be seen how the stress variability in the
solutions provided by the MF-ROM is able to represent the variability in the stress-strain curve
that is observed when performing the full-�eld simulations.

It is also observed how the point at which the failure phase of the sample begins is cor-
rectly captured by the MF-ROM. However, it is worth noting the slightly sti�er behavior of the
stochastic MFH simulations when reaching large strains. Enriching the damage modeling of the
matrix by using more complex damage evolution laws that allow capturing more subtilities of
the damage evolution of each SVE could help making the MF-ROM more accurate and able to
�nd more complex behaviors of the material. The average runtimes of the ply analyses were
respectively 5.3 hours and 124.4 hours on a i5 single processor for the stochastic simulation using
the MF-ROM as surrogate and for the full-�eld simulation. In average, the ratio between both
simulations is of 23.4 [-], demonstrating the interest of the method.
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Figure 4.35: Ply stress-strain curves for samples using the 25 × 25µm2 (MFH 25µm) and
45× 45µm2 (MFH 45µm) MF-ROM, and full-�eld simulations (FF).

Figure 4.36: Accumulated plastic strain (left) and damage (right) �eld plots for the randomly
picked full-�eld sample A whose response is reported in Fig. 4.35.

Figure 4.37: Stress 11 (left) and stress 22 (right) �eld plots for the randomly picked full-�eld
sample A whose response is reported in Fig. 4.35.

Let us now discuss the resultant distribution of di�erent quantities through �eld plots by
considering four randomly picked samples (A, B, C, D and E) whose responses are represented
in Fig. 4.35. The �eld plots obtained for the accumulated plastic strain, damage and stresses
on the full-�eld sample A can be observed in Figs. 4.36 and 4.37. Figs. 4.38 and 4.39 show the
obtained �eld distributions of the accumulated plastic strain, damage or stress for the picked
25× 25µm2 MF-ROM sample B. Figs. 4.40 and 4.41 allow comparing these results with another
sample C using the 25× 25µm2 MF-ROM, and Figs. 4.42, 4.43, 4.44 and 4.45 shows the results
obtained for the 45 × 45µm2 MF-ROM samples D and E. The properties discretization can be
easily observed, as quantities such as damage or the accumulated plastic strain show a uniform
�eld inside each property sub-division of the sample.

In the accumulated plastic strain �eld plot, it is possible to observe shear bands emanating
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Figure 4.38: Accumulated plastic strain (left) and damage (right) �eld plots for the randomly
picked 25× 25µm2 MF-ROM sample B whose response is reported in Fig. 4.35.

Figure 4.39: Stress 11 (left) and stress 22 (right) �eld plots for the random picked 25×25µm2

MF-ROM sample B whose response is reported in Fig. 4.35.

Figure 4.40: Accumulated plastic strain (left) and damage (right) �eld plots for the randomly
picked 25× 25µm2 MF-ROM sample C whose response is reported in Fig. 4.35.

Figure 4.41: Stress 11 (left) and stress 22 (right) �eld plots for the randomly picked 25×25µm2

MF-ROM sample C whose response is reported in Fig. 4.35.

from the location with the highest damage. This behavior can also be observed in the full-�eld
simulations presented in Fig. 4.36. These bands are also seen in the damage �eld plots, see
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Figure 4.42: Accumulated plastic strain (left) and damage (right) �eld plots for the randomly
picked 45× 45µm2 MF-ROM sample D whose response is reported in Fig. 4.35.

Figure 4.43: Stress 11 (left) and stress 22 (right) �eld plots for the randomly picked 45×45µm2

MF-ROM sample D whose response is reported in Fig. 4.35.

Figure 4.44: Accumulated plastic strain (left) and damage (right) �eld plots for the randomly
picked 45× 45µm2 MF-ROM sample E whose response is reported in Fig. 4.35.

Figure 4.45: Stress 11 (left) and stress 22 (right) �eld plots for the randomly picked 45×45µm2

MF-ROM sample E whose response is reported in Fig. 4.35.

Figs. 4.38, 4.40 and 4.42, as the faster evolution of the plastic-strain causes a faster development
of the damage. A strong localization of the damage can be seen in the stress graphs once the
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failure onset is reached. When looking at the component in the loading direction of the stress
(Stress 11), the location in which one can �nd the highest damage su�ers an abrupt decrease in
its loading state, which provokes a high stress localization in its boundaries. Similarly, the high
accumulated plastic strain and damage have a clear e�ect on the component 22 of the stress,
which sees a sudden change in the localization zone and its surroundings.

Looking at Fig. 4.37, it is possible to observe a clear horizontal or vertical pattern in the
stresses, depending whether the component 11 or 22 is studied. This e�ect is well captured by
both MF-ROMs (25× 25µm2 and 45× 45µm2) as shown by Figs. 4.39, 4.41 and 4.43. Focusing
on the results obtained with the MF-ROM constructed from the 25 × 25µm2 and 45 × 45µm2

SVE realizations, it is possible to conclude that the methodology shows a good consistency on
both cases, being both MF-ROMs capable of providing good predictions of the UD composite
ply sample response up to its complete failure, where the model satisfactorily captures how the
geometrical variabilities found at the microstructure level a�ect the failure characteristics of the
sample.

4.4.2 Experimental compression test

In this Section, the MF-ROM will be tested against real life experiment results. For this purpose,
the considered test is the same as the one used in Section 3.5. This time, the MF-ROM developed
in this Chapter will permit to model the transverse compression test performed in the work by
Chevalier, Camanho, and Pardoen (2019) accounting for the geometrical variabilities that can
be found in these kind of specimens. In this Work, the transverse compression test is performed
on a 10×10×10 mm3 cubic sample as shown in Fig. 4.46. In order to reduce the computational
cost of the simulation, a 2D square sample of 10×10 mm2 divided into two di�erentiated regions
is used. As shown in Fig. 4.46, the 2D sample is divided into an inner and an outer region.
As it was observed in the experimental results (Chevalier, Camanho, and Pardoen, 2019), the
starting failure mechanism consists on a tensile stress driven failure at the center of the specimen,
followed by a transition to shear failure. Therefore, numerical setup must be able to provide a
good representation of the damage evolution in this inner region in order to correctly capture
the failure mechanism of the sample. The inner part of the 2D geometry used for the test
is meshed with quadratic triangular elements with a characteristic mesh length of 20µm and
the behavior will be modeled with the developed stochastic MF-ROM. The outer part will be
modeled with a deterministic MFH model with a characteristic mesh length of 200µm, meaning
a coarser mesh can be used. For this region, the properties used correspond to realizations of
�ber volume fractions close to the average of 40%. This division of the tested sample allows not
only to reduce the computational cost of the simulation while retaining the ability to capture
the starting failure mechanism, but also to mitigate the e�ect of the boundary conditions on the
failure characteristics of the sample. Two di�erent boundary conditions will be tested in order to
represent two limit cases. First, a no-slip condition is tested, in which the upper and lower edges
will be constrained along the horizontal direction (see Fig. 4.46). Then, a perfect slip test in
which these constrains are removed is performed. Due to the impossibility to accurately model
the real friction e�ect at the top and lower boundaries of the tested sample, these two conditions
will allow us to obtain two limit cases, knowing the experimental conditions remain in between
these two conditions. For this test, the MF-ROM built from 25× 25 µm2 SVEs is used.

As in the experimental test by Chevalier, Camanho, and Pardoen (2019), an average of 40%
�ber volume fraction is used, and as in Section 3.5, the Young's modulus is corrected in order to
account for the viscous e�ect seen on the real experiment.

Looking at the averaged behavior results shown in Fig. 4.47, we can observe how the behavior
of the composite sample under these loading conditions is capable of correctly capturing the
behavior observed in the real experiment, correctly capturing the minimum stress reached during
the test. Looking at the blocked edges BC (where the no-slip condition is applied to the upper
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Figure 4.46: Schematic representation of the experimental setup built in Chevalier, Camanho,
and Pardoen (2019) on the left, blocked case boundary conditions in the middle and second-order

mesh with inner and outer regions on the right.

and lower edges), a sti�er behavior compared to the experiment is obtained. This is due to the
stronger constraints introduced by the no-slip condition at the edges of the sample. Similarly, this
stronger constraint yields a sooner fracture of the sample compared to the experiment results. In
contrast, as expected, the free edges condition (BC in which the horizontal constraint is removed
from the top and lower edges) yields a softer behavior and a later failure of the sample. As
anticipated, the results obtained with both boundary conditions represent two limit cases, in
which the experimental results yield between both results.
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Figure 4.47: Stress-strain curve comparison between the MFH results and the experimental
results obtained in Chevalier, Camanho, and Pardoen (2019) for a true strain rate of −10−4 s−1.

As expected, a lower variability to the one observed in the previous ply stochastic study
is observed due to the much larger size of the studied sample, size at which one obtains a
representative response of the composite behavior. The use of the stochastic MF-ROM in the
inner part of the sample allows to observe a variability in the damage evolution characteristics of
each realization, as well as a slight variability in the elastic and nonlinear responses of the studied
sample. Let us analyze the contour plots obtained from these simulations. First, Fig. 4.48 shows
images from the real experiment results and a damage contour plot of the result obtained with a
deterministic MFH at the dawn of failure in the test performed by Calleja Vázquez et al. (2022).
Then, Figs. 4.49-4.51 show the �eld plots for the stress, the accumulated plastic strain and the
damage evolution state at the start of the failure of the sample realizations under the blocked
edges BC. Fig. 4.52 shows the damage �eld plots obtained with the two samples tested with the
free edges BC. All the shown results are extracted at the starting of the failure stage, meaning
the tensile stress driven failure observed at the center of the specimen can be observed to be
developing.

The e�ect of the MF-ROM used in the inner part of the sample can be observed in the �eld
plots of the stress and the accumulated plastic strain. However, the most interesting comparison
can be seen in the damage �eld plots. As it is presented, the damage contour plot at the beginning
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Figure 4.48: Surfaces of the cubic UD specimens after failure as shown in Chevalier, Camanho,
and Pardoen (2019) on the left: the green and red lines emphasize the transition between a tensile
stress dominated crack propagation to a shear one. Reprinted from Composite Structures,
209, J. Chevalier and P.P. Camanho and F. Lani and T. Pardoen, Multi-scale characterization
and modelling of the transverse compression response of unidirectional carbon �ber reinforced
epoxy, 160-176, Copyright (2019), with permission from Elsevier. Damage [-] contour plot of
the deterministic multiscale MFH simulation with blocked upper and lower edges on the right.

Figure 4.49: Stress 11 (left) and Stress 22 (right) �eld plots of realization A with constrained
upper and lower edge.

Figure 4.50: Accumulated plastic strain (left) and damage (right) �eld plots of realization A
with constrained upper and lower edge.

of the failure stage, presented a smooth and very uniform distribution over the sample when
using the deterministic material law (see Fig. 4.48), being possible to observe the concentration
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Figure 4.51: Damage �eld plots of realization B (left) and realization C (right) with con-
strained upper and lower edge.

Figure 4.52: Damage �eld plots of realization D (left) and realization E (right) with slip
conditions on upper and lower edge.

of damage at the center of the sample due to the tensile stress driven failure. Similar results
are observed on the new stochastic results. However, these present a much complex distribution
and a di�erent behavior for each realization (see Figs. 4.49-4.52). Damage evolution can also be
observed at the corners of the sample; however this is a result of the no-slip boundary condition
used in the numerical setup. This is thought to be one of the main causes for the sooner failure
observed with this boundary condition. As shown in Fig. 4.52, the free edges BC does not
present this problem, allowing the material to undergo larger strains before failing.

4.5 Summary

The goal of this Chapter is to build a stochastic MF-ROM capable of capturing the pressure-
dependent nonlinear behavior of two-phase UD composite materials with epoxy matrix, which
remains valid after the strain-softening onset. In order to generate the stochastic MF-ROM,
the information extracted from full-�eld SVE realizations is used as input of an inverse iden-
ti�cation process that allows obtaining the e�ective random properties of a micromechanical
MFH surrogate. The homogenized stress-strain responses and the damaged elastic tensor of the
SVE realizations serve as input for this identi�cation process. However, these quantities do not
remain valid once the strain-softening onset is reached. Once this stage is reached, a loss of
size objectivity is encountered, meaning that a new objective value that allows to recover it is
needed. In this Work, the critical energy release rate is used as the target value that would allow
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this recovery of the size objectivity. By identifying the MFH surrogate parameters allowing to
recover the same critical energy release rate as the one extracted from the full-�eld simulation,
it is possible to correctly capture the behavior of each SVE up to its complete failure. Provid-
ing the model with the ability to maintain the size objectivity over the entire response of the
material allows the uncertainties encountered in the material microstructure to be upscaled to
the macroscale, making it possible to analyze the e�ect of these geometrical uncertainties in the
failure characteristics of a material.

This stochastic MF-ROM paves the way for e�cient stochastic virtual testing of composite
materials by using an incremental-secant mean-�eld homogenization scheme as its basis. Two
di�erent SVE sizes are tested in the construction of the MF-ROM, being possible to study its
impact in the performance of the stochastic simulations. The developed identi�cation process
is able to correctly capture the behavior of the studied SVEs under multiple loading conditions
up to their complete failure. The identi�ed parameters for each SVE represent a realization of a
matrix of random vectors, which is used as the input of a data-driven-process that allows to obtain
proper random �elds by generating new data with the same statistical properties as the input
matrix. The generated data obtained with this data-driven process show a good representation
of not only the distribution of each random parameter, but also an accurate representation of
the relation between them. We however note that for an identi�ed set of parameters, the MF-
ROM predictions show more discrepancies with the corresponding SVE model when loading
under shearing, for which the use of periodic boundary condition under damage is debatable.
To reduce this error, di�erent loading modes should be considered in the future during the
identi�cation process as well as more parameters of the MF-ROM, for example by considering
di�erent hardening laws in tension and compression. The more complex identi�cation would
then have to be conducted through unsupervised learning to account for several loading cases
altogether, for example using a Bayesian inference (BI) process as in Wu et al. (2020b).

Finally, the performance of the stochastic MF-ROM is veri�ed against full-�eld simulations
and real-life experiments. First, multiple UD plies under tensile loading are tested using suc-
cessively full-�eld and the MF-ROM representations. The �eld distribution plots show how the
MF-ROM models constructed with the two property discretizations (25×25µm2 and 45×45µm2)
are able to capture the overall patterns observed in the full-�eld simulations for quantities such
as the stresses, the damage evolution or the accumulated plastic strain. It is possible to observe a
correct representation of the ply response for both MF-ROMs, obtaining a good variability of the
responses at low and medium strains and being able to capture the failure point of the samples.
Secondly, a transverse compression test experiment was virtually modeled with the developed
MF-ROM built from the 25× 25µm2 SVE realizations. Two di�erent boundary conditions were
used on the edges of the sample in order to test two limit cases (fully blocked upper and lower
edges, simulating an in�nite friction between the machine and the tested sample; and free upper
and lower edges, simulating an idealized zero-friction condition). The obtained results show the
ability of the methodology to capture the e�ects of the microscale variabilities into the macroscale
response of the tested sample, con�rming the good accuracy of the MF-ROM. This MF-ROM
methodology allows for a high �exibility, making it easy to adapt it to other kinds of materials
or to enrich the model with more complex evolution laws. This high �exibility mixed with the
promising obtained results and the intrinsic advantages of the incremental-secant formulation,
allow to con�rm this stochastic reduced-order model as a basis for future works.

4.6 Data availabilities

The raw/processed data required to reproduce these �ndings are available under the Creative
Commons Attribution 4.0 International (CC BY 4.0) license (Calleja Vázquez et al., 2023).
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Chapter 5

Conclusion and future perspectives

This Thesis focuses on the modeling of polymeric matrix composites. Polymers are materials
consisting of large molecules made of repeating units called monomers. This kind of material
presents many advantages that make them widely used in multiple �elds. Their durability
and resistance to corrosion make them suitable for harsh environments and long-term uses.
They are easy to process and to use, reducing the production time and costs, and thanks to
their �exible nature, they can be easily molded. One of the most interesting aspects of these
materials is the ability to give answer to multiple physical, chemical, electrical, or even biological
needs thanks to their wide range of possible properties depending on the requirements of each
application. These large horizons of possibilities, while making these materials highly attractive
for their applicability to very diverse �elds, represent a challenge to the scienti�c and industrial
communities, which try to correctly capture their behavior in the virtual world. This Thesis
provides new tools to further pave the way for a more e�cient framework to virtually test
polymer-based materials such epoxy-matrix composite materials.

In the pursue of a better representation of polymer-based materials, one of the �rst steps is the
e�cient and accurate modeling of polymers. These materials present viscous and highly nonlinear
behaviors, meaning commonly used viscoelastic constitutive models, such as the generalized
Kelvin (Zhang and Moore, 1997) and Maxwell (Reese and Govindjee, 1998; Buhan and Frey, 2011;
Takagi et al., 2008) models, along with other well-known models like the Schapery (Haj-Ali and
Muliana, 2004; Zhang et al., 2022) or fractional (Schiessel et al., 1995; Hajikarimi et al., 2022)
models, are often found to be inadequate for the accurate simulation of polymers. Only complex
constitutive models addressing rate-dependent elasticity and plasticity, softening, and failure
stages are capable of representing the behavior of these materials under a wide range of loading
conditions. This Thesis focuses on three main ingredients to improve the e�cient modeling of
the polymeric matrix composites. First, the viscoelastic response of an existing large strain
polymer model is enhanced to permit the correct modeling of the behavior of highly nonlinear
polymers. Then, this model is used as a basis for the development of a pressure dependent
incremental-secant MFH model, permitting an accurate and e�cient way of simulating these
materials. Finally, this MFH model allows to develop an e�cient stochastic MF-ROM that
paves the way for the stochastic virtual testing of this kind of materials.

5.1 Polymer model

The complex behavior of glassy polymers was addressed by Van Dung Nguyen and his team
(Nguyen et al., 2016) through a large strain nonlocal damaged-enhanced pressure-dependent
viscoelastic-viscoplastic constitutive model, a model based on a multimechanism nonlocal damage
continuum. The model has shown signi�cant potential in replicating real epoxy materials, such
as the high-crosslinked RTM6 epoxy resin, due to the incorporation of pressure-dependency.
This model is based on hyperelastic large strain framework capable of capturing rate-dependent
elastic behavior of the material. However, as presented through the literature review of this Work,
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some hyperelastic polymers exhibit an elastic sti�ening at large strains (Srivastava, Chester, and
Anand, 2010), making this model not valid for this application.

Chapter 2 enhances this model with the introduction of new strain dependent bulk and shear
moduli sti�ening terms, allowing the correct modeling of this nonlinear elastic behavior. The
new enhanced generalized Maxwell model is used to capture the nonlinear viscoelastic behavior
at small strains. Once the material reaches its viscoelastic limit, the viscoplastic region ensues.
The viscoelastic limit is de�ned by an enhanced Drucker-Prager pressure-sensitive yield func-
tion. Viscoplasticity is modeled by non-associated pressure-dependent plasticity. To this end,
a non-associated Perzyna-type with a quadratic �ow potential is used to capture the volumet-
ric deformation during the plastic process. As discussed in the literature review, a multi-stage
damage evolution is characteristic of these kinds of materials. This behavior is captured within
a continuum damage mechanics approach via the contribution of two di�erent damage internal
scalars. To avoid the loss of solution uniqueness, a nonlocal implicit gradient formulation is used
for both internal variables, resulting in a multi-mechanism nonlocal damage continuum. The
two internal damage scalars that compose the damage modeling of the material are:

� Softening: The �rst contribution is taken into account by the softening damage variable.
This scalar evolves according to a saturation law, which models the post-peak softening.
Once the softening variable is saturated, the model is capable of capturing the rehardening
stage, as the isotropic and kinematic hardening phenomena continue to develop.

� Failure: Then, once the material reaches its failure onset, the second internal scalar starts
developing. The failure onset is determined by a pressure-dependent failure criterion, after
which the failure damage variable controls the failure stage of the material up to complete
failure.

The new ability of the model to capture viscoelastic hardening behaviors was tested against
isothermal experimental tests of the semicrystalline PCL76-4MAL/FUR 3 wt%CNT shape mem-
ory polymer. These tests clearly showed the e�ciency of the new enhanced model to improve
modeling of polymer materials showing this characteristic elastic sti�ening. With the introduc-
tion of the bulk and shear moduli sti�ening terms, the model presents a better basis for the
modeling of highly-nonlinear polymers under isothermal conditions and opens the door to new
applications, such as the modeling of one-way and two-way shape memory e�ects. The ability
of this model to capture the elastic sti�ening of some SMPs makes it a perfect candidate for
a �nite strain phenomenological model of semi-crystalline polymers under thermo-mechanical
loading. As shown in the research carried out by Liege University (Gulasik et al., 2023), such
�nite strain phenomenological model is able to yield close results to the ones obtained during an
experimental test campaign and for one and two-way shape memory e�ects.

5.2 MFH

While the model developed in Chapter 2 permits a complete and accurate modeling of the
behavior of polymers, its direct use in the modeling of composite materials with epoxy matrices
represents a challenge. The complex microstructure makes the use of direct numerical simulations
unfeasible due to the high computational cost. For this reason, the scienti�c community has
worked over the years on new homogenization techniques (Doghri et al., 2011; Yvonnet, Monteiro,
and He, 2013; Wu et al., 2012; Kanouté et al., 2009; Geers, Kouznetsova, and Brekeclmans, 2010;
Llorca et al., 2011; Nemat-Nasser and Hori, 2013; Noels, Wu, and Adam, 2016). Homogenization
allows to retain the composite constituents behavior while avoiding the need of resolving all the
details of the complex microstructure. One methodology is the incremental-secant approach.
This mean �eld homogenization method was developed by Wu et al. (Wu et al., 2013c; Wu et
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al., 2013a) by considering J2 plasticity in the di�erent phases, meaning this approach was only
valid for pressure insensitive materials. Chapter 3 takes the model developed in Chapter 2 and
uses it as a basis of a new, possibly damage-enhanced, pressure-dependent based incremental-
secant mean-�eld homogenization (MFH) scheme for two-phase composites. The incremental-
secant formulation consists on a �ctitious unloading of the composite material up to a stress-free
state, in which a residual stress is attained in its phases. The secant method allows then to
compute the mean stress �elds of each phase at the next step after a virtual reloading of the
material. One of the main advantages of the incremental-secant method presented in the works
by L. Wu et al. (Wu et al., 2013c; Wu et al., 2013a), was the natural isotropicity of the secant
tensors that allows de�ning the linear-comparison-composite (LCC). In this Work, it was shown
how this isotropic nature is preserved for the case of a non-associated pressure dependent plastic
�ow, making possible the direct de�nition of the LCC without the need of the isotropization step
that is commonly required in other formulations. This new pressure-dependent incremental-
secant MFH model is thus able to represent the physics of real polymeric composites.

The homogenization e�ciency was tested against full-�eld simulations in several cases, in-
cluding cyclic and non-proportional loading involving perfectly elastic phases, elasto-plastic and
damage-enhanced elasto-plastic phases in random representative volume elements (RVE) of uni-
directional (UD) composites and of composites reinforced with spherical inclusions. Finally, the
model was tested against an experimental test, in which the model showed its capabilities to
represent real-life composite behaviors.

5.3 Stochastic MF-ROM

While the pressure-dependent mean-�eld homogenization model allows the reduction of the com-
putational time burden that the large strain nonlocal full-�eld simulations represent by several
orders of magnitude, this model is not able to capture the inherent uncertainty introduced by the
complex microstructure of these composite materials. The complexity of the microstructure of
composite materials poses a signi�cant challenge for industries that have recently adopted their
use. These industries often require a detailed analysis of the material properties for certi�ca-
tion, which typically involves a long test campaign. This expensive process can be signi�cantly
reduced through virtual testing without the necessity for long and costly testing campaigns.

Several approaches have been developed over the years to circumvent this burden through
stochastic simulations, but the introduction of nonlinearity and failure in these proved to be
challenging. Wu et al. developed a stochastic nonlinear micromechanics model that acts as a
mesoscale surrogate model for UD composite materials. This surrogate model was then utilized
as input for a stochastic �nite element method (SFEM) analysis. The microscale geometric
information was derived from scanning electron microscope (SEM) images of actual UD composite
materials. This information was subsequently used to construct synthetic microstructures or
statistical volume elements (SVEs) of any size and quantity. This model showed great capabilities
capturing the e�ect introduced by the geometrical uncertainties. However, the model was not
able to capture the pressure-dependent behavior or the failure of the matrix that composes these
materials.

This Thesis presents the construction of a mean-�eld homogenization (MFH) surrogate for
nonlinear stochastic multiscale analyses of two-phase composites that allows the material re-
sponse to be studied up to its failure. To this end, the homogenized stochastic behavior of the
studied unidirectional composite material was �rst characterized through full-�eld simulations
on stochastic volume elements of the material microstructure, for which the model presented in
Chapter 2 was used, permitting to capture the e�ect of the microstructural geometric uncer-
tainties on the material response. Then, in order to conduct the stochastic nonlinear multiscale
simulations, the microscale problem was substituted by a pressure-dependent MFH reduced or-
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der micromechanical model based on the model developed in Chapter 3, that is, a MF-ROM,
whose properties are identi�ed by an inverse process from the full-�eld SVE realizations. This
Work presents a new inverse identi�cation process that allows to capture the full behavior of
the SVE. While the homogenized stress-strain curves can be used for the identi�cation process
of the nonlinear range, a calibration of the energy release rate obtained with a nonlocal MFH
micromechanical model was implemented to circumvent the loss of size objectivity encountered
after the strain softening onset. This novelty permits to scale the variability found on each SVE
failure characteristics to the macroscale.

The random e�ective properties obtained by performing the identi�cation process were then
used as input of the data-driven stochastic model to generate the complete random �elds used
to feed the stochastic MF-ROM. To show the consistency of the methodology, two MF-ROMs
constructed from SVEs of two di�erent sizes (25 × 25µm2 and 45 × 45µm2) were studied. The
built MF-ROMs were tested against full-�eld simulations and an experimental test. First, several
UD plies under tensile loading were simulated using full-�eld simulations and the MF-ROMs
constructed from the full-�eld SVEs. The results showed very promising results, being the MF-
ROM simulations able to capture the overall patterns observed in the full-�eld simulations for
quantities such as the stresses, the damage evolution or the accumulated plastic strain, and good
correlation between the full-�eld and MF-ROM simulations was found in the averaged responses
of the UD composite plies. Secondly, the performance of the new developed MF-ROM built from
the 25 × 25µm2 SVE realizations was tested against a transverse compression test experiment.
The results showed the ability of the new constructed MF-ROM to capture the e�ects of the
microscale variabilities into the macroscale response of the tested sample, con�rming the good
accuracy of the MF-ROM.

5.4 Perspectives

This thesis had as objective to pave the way for more polyvalent, a�ordable, and accurate
modeling of polymer composite materials. This was successfully achieved thanks to the key
novelties introduced in the large strain polymer model, the newly developed MFH model and
the MF-ROM constructed upon it. The simplicity, modularity and �exibility of the developed
approaches were always paramount during the development of this Thesis in order to facilitate
future tasks to improve and complete the models presented here. This Section will provide the
reader some guidance of the main potential improvements that could bene�t from the work
carried out during this Thesis:

� In the present Work, even though the damage is modeled through the contribution of
a softening and a failure damage evolution laws, both are used to compute the damage
variable, meaning a single scalar damage model was used for the large-strain polymer model
and the small-strain based implementation used for the MFH approach. It was shown in
the works by V.D. Nguyen et al. (Nguyen et al., 2016; Nguyen, Wu, and Noels, 2019),
a single that a single scalar damage model is capable of accurately capturing the failure
response of the RTM6 under multiple tests including failure for 3D test with barreling
e�ect using the base model of the here enhanced large-strain polymer constitutive model.
The same principle was chosen for the matrix modeling of the here developed MFH model,
where the response at the composite level inherits from the homogenization scheme. When
only the polymer phase is considered, as it is the case for the large-strain polymer model
and the MFH model, the models developed in the literature consider scalar damage, most
of the time a single damage scale parameter. Even for the speci�c case of polymer matrix
composite materials, single scalar damage variables formulated in a Lemaitre-Chaboche
style yield successful results as in the case of Nguyen et al. (2016) or Montesano et al. (2013).
An accurate representation of the damage was never the main focus of this Thesis, but just
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a showcase of the capability of the developed models to account for damage on the polymer
phase. In future works, more complex damage evolution laws could further improve the
modeling capabilities of the di�erent models, especially for MFH, where a simple damage
evolution law was chosen for the sake of simplicity. The introduction of damage approaches
other than the Lemaitre-Chaboche, as well as the introduction of more damage scalars
permitting the modeling of more complex damage behaviors could also be studied in future
works.

� The modeling of the pressure-dependency of materials with a Drucker-Prager yield criterion
mixed with a non-associated plastic �ow is a quite widespread approach in the research
community (see as example the works by Li and Tang (2005), Chevalier, Camanho, and
Pardoen (2019) or Lee et al. (2021)) thanks to the accurate results it is able to reach.
However, while most models consider the pressure and equivalent stress in a similar ap-
proach as the one used in this work, this is not the only widely used model to capture this
kind of behavior as pointed out in this Thesis (Raghava, Caddell, and Yeh, 1973; Balieu
et al., 2013; Balieu et al., 2014; Gao et al., 2011; Roscoe and Burland, 1968; Islam and
Gnanendran, 2020). The implementation of new plastic potentials, testing with other yield
surfaces or the introduction of new enhancements could be studied in future works, which
could help continuing improving the capabilities and accuracy of the large-strain polymer
model and the MFH composite model.

� Another point to enrich future models is the MFH surrogate model used for the MF-ROM.
Currently, a constant ratio between the compressive and tensile hardening was taken into
account Ĥc/H̃t = m̃. This assumption has been used in this Work to be able to represent
realistic behaviors while not shifting the focus of the thesis from the capturing of the
material failure. A variable ratio between the tensile and compressive hardening could be
introduced in future works, as it could help to obtain more accurate material behaviors,
allowing the model to better represent the homogenized material under a wider range of
loads. However, this would be at the expense of an added complexity to the developed
MF-ROM methodology, as the amount of required parameters and the complexity of the
identi�cation steps would increase.

� The implementation of the MFH in this Work focused on the modeling of uni-directional
composites. However, this model could be used in the modeling of more complex materials
such as woven composites. MFH blocks made of equivalent �bers of di�erent orientations
and aspect ratio values could be combined following the approach presented in Wu, Adam,
and Noels (2021),where the reduced order model parameters for pseudo-grains number
and micro-structural features, including orientation, aspect ratio, and volume fraction, are
identi�ed using the deep material network (DMN) approach. This data-driven approach
developed by Liu et al. (Liu, Wu, and Koishi, 2019; Liu and Wu, 2019; Liu, 2020) is based
on analytical micro-mechanics models, and uses mechanistic building blocks organized in
a binary hierarchical topological structure to de�ne the microstructure. As in the work by
Wu, Adam, and Noels (2021), the pressure-dependent MFH could be used in the mech-
anistic building blocks of the woven composite material, reducing the needed number of
building blocks and improving the accuracy of the model.

� Another approach used for the two-step homogenization of woven composites is the clus-
tering analysis based homogenization (CAH). As an example of applicability of the MFH
method, in the work by Spilker et al. (2023), the homogenized behavior of the woven unit
cell was computed using TFA. In this publication, the fact that the composite yarn material
could be treated as a piecewise uniform UD �ber composite per subdomain was exploited
to make use of the MFH method to compute their homogenized nonlinear behavior during
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the online stage. The use of the MFH for micro to mesoscopic scale bridging allowed the
consideration of arbitrary plastic responses of the phases of the yarns microstructure and
loading conditions. A new procedure could be developed using the MFH model devel-
oped in this Thesis, where the eigenstrains of the subdomains would be deduced from the
homogenized response computed by the pressure-dependent MFH.

X

ε(X)σ(X)

Figure 5.1: Schematic representation of woven cell yarns homogenization for two-step homog-
enization of woven composites.

� The high �exibility of the developed MFH surrogate translated directly into an equal �exi-
bility of the stochastic MF-ROM method. This high modularity together with the promis-
ing results obtained makes it an ideal basis for future works. As previously mentioned, the
use of new hardening or damage evolution laws in the MFH surrogate used to build the
stochastic model could be taken into account in the identi�cation steps and the parame-
ters of the MF-ROM, allowing to capture di�erent behaviors or to improve the accuracy
of the model. In addition, the use of di�erent loading modes can be considered during
the identi�cation process in order to reduce the error found when loading the material in
di�erent conditions to the used in the identi�cation process. However, this would imply,
on the one hand to increase the number of parameters of the MF-ROM �for example by
considering di�erent hardening laws in tension and compression, and on the other hand
to consider unsupervised learning for the parameters identi�cation to account for several
loading cases altogether �for example using a Bayesian inference (BI) process as in the
work by Wu et al. (2020b).

Nowadays data-driven ROMs seems to be gaining interest in the research community. One
has to bear in mind that MF-ROM represents a semi-analytical approach that relies on some
assumptions and approximations and therefore may not be valid for complex non-linear behaviors
or microstructures, while data-driven ROMs are nowadays able to capture complex and non-
linear responses. However, MF-ROMs are computationally e�cient and, because of their micro-
mechanical foundation, requires a much smaller data-set to build than data-driven ROMs. MF-
ROMs therefore avoid the large amount of data required for training and validation of data-driven
ROMs, which is costly and time-consuming to generate.

It is therefore possible to conclude that no single ROM approach represents the optimal
method for stochastic multi-scale analyzes, as this statement depends on the speci�c problem,
the available data, and the desired accuracy. In future works, an increasing interest in the
development of hybrid methods could be observed, allowing to combine di�erent approaches,
and extracting the best characteristics of each approach. The development of MF based ROMs
is therefore still relevant and important for the future development of material ROMs.
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As exposed, �exibility and modularity have been paramount throughout the entire process of
this Thesis, allowing future research projects to work upon the developed models. As author of
this Work, I �rmly believe this Thesis can serve as a solid starting step to develop mode accurate
and complete models that mimic the real behavior of polymer-based materials in an e�cient way.
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Appendix A

Appendix related to Chapter 2

A.1 Derivatives of the extended yield surface

The �rst derivative to be computed is ∂F̄
∂∆p . Using Eq. (2.105), we obtain:
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Then, in order to compute ∂∆p
∂Γ let us develop the expression of the equivalent plastic defor-

mation increment (∆p = p − pn). Using Eq. (2.101) and applying the correction, the plastic
deformation increment writes:
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Its partial derivative with respect to Γ is then written as:

∂∆p
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, (A.6)

where:
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The derivative ∂Z
∂Γ writes:
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where ∂(τ̂c)dev

∂Γ and
∂( 1
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∂Γ are given in Appendix A.

Finally, using Eq. (2.105), the derivative ∂F̄
∂Γ can be computed as:
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The �rst two terms follow from:
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where ∂(τ̂c)dev

∂Γ and
∂( 1
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∂Γ are given in Appendix A.2.
The last two term follow from:
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A.2 Derivatives of the corrector terms

First, let us obtain the derivative of τ̂ dev
c , which is described in Eq. (2.88). As Q depends also

on Γ, this derivative writes:
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where fµ and f ′µ are given in Eqs. (2.31) and (2.114) respectively. By using the de�nition of the
corrected normal (2.100), one has:
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Let us then write the system of equations in a compact way to compute the derivative (A.14):[
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where I stands for the fourth order identity tensor, yielding the solution ∂(τ̂c)dev

∂Γ .
Similarly starting from Eq. (2.110), for the volumetric term one has:
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where f ′κ and fκ are given in Eqs. (2.110) and (2.31). Finally, using Eq. (2.100), tr Eve writes:
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being possible to compute the derivative:
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Finally, it is possible to obtain derivative
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A.3 Tangent operator

A.3.1 Derivation of the tangent operator

In order to complete the de�nition of the e�ective tangent operator L̂, Eq. (2.115), it is necessary
to compute the derivatives with respect to F. Having that Fve = F · Fvp−1

, one has:
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The derivatives ∂Sve

∂F and ∂Fvp

∂∂F are still required to complete the computation of L̂. Knowing

the right Cauchy strain tensor writes C = Fve prT , and making use of its symmetrical nature, it
is possible to write:

∂•
∂F

=
∂•
∂C

:
∂C

∂F
= 2

∂•
∂C

: 4FT , (A.24)

where • represents an arbitrary tensor �eld. The predictor values Fve tr and Cve tr can be written
as:

Fve tr = F · Fvp−1

n , (A.25)

and:
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which allows to de�ne the derivative of an arbitrary tensor �eld with respect to C as:
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The material operator can thus be expressed in terms of the derivatives with respect to Cve tr.

A.3.2 Derivatives w.r.t. predictor strain

Dividing the corotational Kirchho� predictor stress into its volumetric and deviatoric parts, the
derivative of its volumetric part with respect to the predictor strain writes:
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where Ltr writes:
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Equivalently, for the deviatoric part of the Kirchho� predictor stress one has:
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where the derivative ∂(τ̂ tr)dev

∂Cve tr writes:
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The total derivative of the extended yield condition with respect to the logarithm strain
predictor yields:
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where the derivative ∂F̄
∂∆p is solved in Eq. (A.1). Derivatives
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where A is given in Eq. (2.102). Its derivative writes:
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3
β2

(
φ̂tr + ∆(1

3 tr τ̂c)

v

)2
 =

8β2(φ̂tr + ∆(1
3 tr τ̂c))

3v2

∂(φ̂tr + ∆(1
3 tr τ̂c))

∂Eve tr
=

8β2(φ̂tr + ∆(1
3 tr τ̂c))

3v2

(
κe1 +

∂(1
3 tr τ̂c)

∂Eve tr

)
.

(A.37)

→ ∂F̄
∂Eve tr :

∂F̄

∂Eve tr
=

∂

∂Eve tr

a2

(
((φtr)dev + ∆(τ̂c)

dev)eq

u

)α
︸ ︷︷ ︸

∗1∗

−a1
φ̂tr + ∆(1

3 tr τ̂c)

v︸ ︷︷ ︸
∗2∗

−a0︸︷︷︸
=0

−
(
η

Γ

∆t

)γ
︸ ︷︷ ︸

=0

 ,

(A.38)
where:

∂(∗1∗)
∂Eve tr

=
a2α

(
((φtr)dev + ∆(τ̂c)

dev)eq
)α−1

uα
∂((φtr)dev + ∆(τ̂c)

dev)eq

∂Eve tr
=

3a2α
(
((φtr)dev + ∆(τ̂c)

dev)eq
)α−2

2uα
((φtr)dev + ∆(τ̂c)

dev) :

[
2µe

(
I − 1

3
1⊗ 1

)
+
∂(τ̂c)

dev

∂Eve tr

]
,

(A.39)
and

∂(∗2∗)
∂Eve tr

= −a1

v

(
κe1 +

∂(1
3 tr τ̂c)

∂Eve tr

)
. (A.40)
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Starting from Eq. (2.91), it is possible to �nd the derivative
∂( 1

3
tr τ̂c)

∂Eve tr which writes:

∂(1
3 tr τ̂c)

∂Eve tr
= κ̂∞f

′
κ(tr(Eve tr − ΓQ)) tr(Eve tr − ΓQ)

∂ tr Eve

∂Eve tr
+ κ̂∞fκ(tr(Eve tr − ΓQ))

∂ tr Eve

∂Eve tr
,

(A.41)
where f ′κ is given in Eq. (2.110). By making use of Eq. (2.100) one gets:

∂ tr Eve

∂Eve tr
= 1− 2βΓ

v

∂

∂Eve tr

(
φ̂tr + ∆(

1

3
tr τ̂c)

)
= 1− 2βΓκe

v
1− 2βΓ

v

∂(1
3 tr τ̂c)

∂Eve tr
. (A.42)

Eq. (A.41) can then be written as:

∂(1
3 tr τ̂c)

∂Eve tr
=
κ̂∞

(
1− 2βΓκe

v

) (
fκ + f ′κ tr(Eve tr − ΓQ)

)
1 + 2βΓκ̂∞

v (fκ + f ′κ tr(Eve tr − ΓQ))
1. (A.43)

Equivalently, using Eq. (2.88) one has:

∂(τ̂c)
dev

∂Eve tr
=2µ̂∞(Eve tr − ΓQ)dev ⊗ f ′µ(Eve tr − ΓQ)dev :

∂

∂Eve tr
(Eve tr − ΓQ)dev

+ 2µ̂∞fµ(Eve tr − ΓQ)dev ∂

∂Eve tr
(Eve tr − ΓQ)dev.

(A.44)

The derivative ∂(Eve)dev

∂Eve tr writes:

∂(Eve)dev

∂Eve tr
=

(
I − 1

3
1⊗ 1

)
− 3Γ

u

∂

∂Eve tr
(φtr + ∆ dev τ̂c)

dev =(
1− 6µeΓ

u

)(
I − 1

3
1⊗ 1

)
− 3Γ

u

∂(τ̂c)
dev

∂Eve tr
,

(A.45)

which allows writing Eq. (A.44) as:

S :
∂(τ̂c)

dev

∂Eve tr
= 2µ̂∞

(
1− 6µeΓ

u

)[
(Eve tr − ΓQ)dev ⊗ f ′µ :

(
I − 1

3
1⊗ 1

)
+ fµ

(
I − 1

3
1⊗ 1

)]
,

(A.46)
where S is the fourth order tensor:

S =

(
1 +

6µ̂∞Γ

u
fµ

)(
I − 1

3
1⊗ 1

)
+

6µ̂∞Γ

u
(Eve tr − ΓQ)⊗ f ′µ :

(
I − 1

3
1⊗ 1

)
. (A.47)

Let us now compute the derivative d∆p
dEve tr which writes:

d∆p

dEve tr
=
∂∆p

∂Γ

∂Γ

∂Eve tr
+

∂∆p

∂Eve tr
= k

(
A+ Γ

∂A

∂Γ

)
∂Γ

∂Eve tr
+ kΓ

∂A

∂Eve tr
, (A.48)

where ∂A
∂Eve tr is computed in Eq. (A.35), ∂A∂Γ in Eq. (A.7) and ∂Γ

∂Eve tr comes from the consistency
condition of the yield condition: dF̄

(
Cve tr,∆p,Γ

)
= 0:

∂Γ

∂Eve tr
= −

(
dF̄

dΓ

)−1
dF̄

dEve tr

∣∣∣∣∣
Γ

, (A.49)
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where dF̄
dΓ is computed in Eq. (2.106) and dF̄

dEve tr

∣∣∣
Γ
in Eq. (A.33).

The derivatives of the normal Q (see Eq. (2.100)) with respect to the logarithmic strain
predictor measure can then be computed by dividing it into its deviatoric and volumetric terms
as:

∂(Q)dev

∂Eve tr
=

3

u

[
2µe

(
I − 1

3
1⊗ 1

)
+
∂(τ̂c)

dev

∂Eve tr

]
+[

3

u

∂(τ̂c)
dev

∂Γ
− 18

u2
µ̌
(

(φtr)dev + ∆(τ̂c)
dev
)]
⊗ ∂Γ

∂Eve tr
,

(A.50)

and

∂ tr Q

∂Eve tr
=

2β

v

(
κe1 +

∂(1
3 tr τ̂c)

∂Eve tr

)
+

[
2β

v

∂(1
3 tr τ̂c)

∂Γ
− 4β2κ̌

v2

(
φ̂tr + ∆(

1

3
tr τ̂c)

)]
∂Γ

∂Eve tr
. (A.51)

Finally, the updated τ̂ write:

τ̂ = (τ̂ )dev + (τ̂ )vol = (τ̂ tr)dev − 2µeΓ(Q)dev + ((
1

3
tr τ̂ tr)− κeΓ tr Q)1, (A.52)

being possible to compute ∂(τ̂ )dev

∂Eve tr and
∂( 1

3
tr τ̂ )

∂Eve tr as:

∂(τ̂ )dev

∂Eve tr
=
∂((τ̂ tr)dev − (τ̂ tr

c )dev)

∂Eve tr
+
∂(τ̂c)

dev

∂Eve tr
+
∂(τ̂c)

dev

∂Γ
⊗ ∂Γ

∂Eve tr
−

2µeΓ
∂(Q)dev

∂Eve tr
− 2µe(Q)dev ⊗ ∂Γ

∂Eve tr
,

(A.53)

and:

∂(1
3 tr τ̂ )

∂Eve tr
= κe1− κeΓ

∂ tr Q

∂Eve tr
− κe tr Q

∂Γ

∂Eve tr
+
∂(1

3 tr τ̂c)

∂Γ

∂Γ

∂Eve tr
+
∂(1

3 tr τ̂c)

∂Eve tr
. (A.54)

It is then possible to compute ∂τ̂
∂Eve tr which yields:

∂τ̂

∂Eve tr
= 1⊗

∂(1
3 tr τ̂ )

∂Eve tr
+
∂(τ̂ )dev

∂Eve tr
. (A.55)

This, allows to write:
∂S

∂Cve tr
=

∂L
∂Cve tr

3,4 : τ̂ + L :
∂τ̂

∂Cve tr
. (A.56)

Finally, by using Eq. (2.79), the derivative of the plastic deformation gradient ∂Fvp

∂Cve tr can be
estimated as:

∂Fvp

∂Cve tr
=

[
E :

(
Q⊗ ∂Γ

∂Cve tr
+ Γ

∂(Q)dev

∂Cve tr
+

Γ

3
1⊗ ∂ tr Q

∂Cve tr

)]
2 · Fvp

n , (A.57)

where E writes:

E =
∂ exp A

∂A

∣∣∣∣
ΓQ

. (A.58)
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Appendix B

Appendix related to Chapter 3

B.1 Algorithmic operators of the phases material responses in
the incremental secant formulation

For the sake of conciseness, in this section the subscript referring to the phase is omitted.

B.1.1 Residual incremental-secant case

The operator Calg is de�ned as:

Calg =
∂σ̂

∂∆ε
=

∂

∂∆εr
[∆σ̂r] :

∂∆εr

∂∆ε
=
∂∆σ̂r

∂∆εr
. (B.1)

The term ∂
∂∆εr [∆σ̂r] can be obtained from Equation (3.65), yielding:

∂

∂∆εr
[∆σ̂r] = Cel − 6µel

[(
σ̂tr
n+1 − σ̂res

n

)dev ⊗

(
∂Γ
∂∆εr

(1 + 6µelΓ)
2

)
+

Γ

1 + 6µelΓ

(
2µelIdev

)]

− 2κelβ

[(
σ̂tr
n+1 − σ̂res

n

)vol ⊗

(
∂Γ
∂∆εr

(1 + 2κelβΓ)
2

)
+

Γ

1 + 2βκelΓ

(
3κelIvol

)]
,

(B.2)

where ∂Γ
∂∆εr = ∂Γ

∂∆ε is obtained from Equation (3.53) from which one can write:

0 = δF =

 ∂F

∂∆ε
+

∂F

∂∆p

∂∆p

∂∆ε︸ ︷︷ ︸
= ∂∆p

∂Γ
∂Γ
∂∆ε

+
dF

dΓ

∂Γ

∂∆ε

 : δ∆ε, (B.3)

yielding:
∂Γ

∂∆ε
= −

(
dF

dΓ

)−1( ∂F

∂∆ε
+

∂F

∂∆p

∂∆p

∂Γ

∂Γ

∂∆ε

)
. (B.4)

One �nally �nd:

∂Γ

∂∆ε
= −

(
dF

dΓ

)−1 ∂F

∂∆ε

[
1 +

(
dF

dΓ

)−1 ∂F

∂∆p

∂∆p

∂Γ

]−1

. (B.5)
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The terms dF
dΓ and ∂F

∂∆p come from the return mapping (Eq. (3.54)), the term ∂∆p
∂Γ comes

from Eq. (3.55) and the term ∂F
∂∆ε reads

∂F

∂∆ε
=

1

σαc

∂
[(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)eq]α
∂∆ε︸ ︷︷ ︸
1∗

−3
mα − 1

(m+ 1)σc

∂

(
φ̂tr
n+1−φ̂res

n

1+2κelΓβ
+ φ̂res

n

)
∂∆ε︸ ︷︷ ︸
2∗

, (B.6)

where

1∗ = α

[(
σ̂tr
n+1 − σ̂res

n

1 + 6µelΓ
+ σ̂res

n

)eq]α−1
3
2

[
Idev:Cel

1+6µelΓ
:
(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)dev
]

√
3
2

(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)dev

:
(
σ̂tr
n+1−σ̂res

n

1+6µelΓ
+ σ̂res

n

)dev
;

2∗ =
κel1

1 + 2κelΓβ
.

(B.7)

Finally, one has directly Cp = ∂p
∂p̆ = 0.

B.1.2 Zero incremental-secant case

In the zero incremental-secant case, the residual stress is not taken into account. The term
∂

∂∆εr [∆σ̂r] is thus written:

∂

∂∆εr
[∆σ̂r] =Cel − 6µel

[(
σ̂tr
n+1

)dev ⊗

(
∂Γ
∂∆εr

(1 + 6µelΓ)
2

)
+

Γ

1 + 6µelΓ

(
2µelIdev

)]

− 2κelβ

[(
σ̂tr
n+1

)vol ⊗

(
∂Γ
∂∆εr

(1 + 2κelβΓ)
2

)
+

Γ

1 + 2βκelΓ

(
3κelIvol

)]
,

(B.8)

where the terms de�ning ∂Γ
∂∆ε = −

(
dF
dΓ

)−1
(
∂F
∂∆ε + ∂F

∂∆p
∂∆p
∂Γ

∂Γ
∂∆ε

)
read

∂F

∂∆ε
=

1

σαc

∂
[(

σtr
n+1

1+6µelΓ

)eq]α
∂∆ε︸ ︷︷ ︸
1∗

−3
mα − 1

(m+ 1)σc

∂
(

φtr
n+1

1+2κelΓβ

)
∂∆ε︸ ︷︷ ︸
2∗

, (B.9)

with

1∗ = α

[(
σ̂tr
n+1

1 + 6µelΓ

)eq]α−1
3
2

[
Idev:Cel

1+6µelΓ
:
(

σ̂tr
n+1

1+6µelΓ

)dev
]

√
3
2

(
σ̂tr
n+1

1+6µelΓ

)dev

:
(

σ̂tr
n+1

1+6µelΓ

)dev
,

2∗ =
κel1

1 + 2κelΓβ
;

(B.10)

and
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dF

dΓ
=

[
− α

σα+1
c

∂R(∆p)

∂∆p

((
σ̂tr
n+1

1 + 6µelΓ

)eq)α
+ 3

mα − 1

(m+ 1)σ2
c

∂R(∆p)

∂∆p

(
φ̂tr
n+1

1 + 2κelΓβ

)]
∂∆p

∂Γ
+
∂F

∂Γ
;

(B.11)

∂∆p

∂Γ
= k

√√√√6

((
σ̂tr
n+1

1 + 6µelΓ

)eq)2

+
4β2

3

(
φ̂tr
n+1

1 + 2κelΓβ

)2

−
kΓ

[
72µel ((σ̂

tr
n+1)

eq
)

2

(1+6µelΓ)
3 + 16β3κel

3
(φ̂tr
n+1)

2

(1+2κelΓβ)
3

]
2

√
6
(

σ̂tr
n+1

1+6µelΓ

)eq)2

+ 4β2

3

(
φ̂tr
n+1

1+2κelΓβ

)2
;

(B.12)

∂F

∂Γ
=− α


(

σ̂tr
n+1

1+6µelΓ

)eq

σc


α−1

9µel
(
σ̂tr
n+1

)dev
:
(

σ̂tr
n+1

1+6µelΓ

)dev

σc (1 + 6µelΓ)
2
(

σ̂tr
n+1

1+6µelΓ

)eq

+ 3
mα − 1

(m+ 1)σc

(
φ̂tr
n+1

(1 + 2κelΓβ)
2 2κelβ

)
.

(B.13)

Finally, one has directly Cp = ∂p
∂p̆ = 0.

B.2 Stress residual vector of the MFH

In this section, CS, κs, µs and CSD, κD
s and µD

s respectively stand either for CSr, Equation
(3.67), κr

s, µ
r
s, Equation (3.68), CSDr, Equation (3.72), κDr

s and µDr
s , Equation (3.74), or for CS0,

Equation (3.70), κ0
s, µ

0
s, Equation (3.71), CSD0, Equation (3.75), κD0

s and µD0
s , Equation (3.77).

At the end of the MFH scheme we must satisfy:

∆εr
In+1

= Bε
(
I,CSD

0 ,CS
I

)
: ∆εr

0n+1
. (B.14)

For a two-phase composite, the relation of the variation of strains in the full composite and each
of its phases writes

∆ε̄r
n+1 = v0∆εr

0n+1
+ vI∆ε

r
In+1

. (B.15)

Multiplying Equation (B.15) by the concentration strain tensor and using Equation (B.14), one
has

v0∆εr
In+1

+ vIB
ε
(
I,CSD

0 ,CS
I

)
: ∆εr

In+1
= Bε

(
I,CSD

0 ,CS
I

)
: ∆ε̄r

n+1. (B.16)

Using the Mori-Tanaka assumption of Eq. (3.10) for Bε, Eq. (B.16) is rewritten

∆εr
In+1

+ v0S :
[(
CSD

0

)−1
: CS

I − I
]

: ∆εr
In+1

= ∆ε̄r
n+1 . (B.17)

It is then possible to write the stress residual vector F = 0 as

F = CSD
0 :

[
∆εr

In+1
− 1

v0
S−1 :

(
∆εr

In+1
−∆ε̄r

n+1

)]
−CS

I : ∆εr
In+1

. (B.18)
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This residual can be linearized as

dF =
∂F

∂εI
: d∆εr

I +
∂F

∂ε0
: d∆εr

0 +
∂F

∂ε̄
: d∆ε̄r +

∂F

∂p̆0
dp̆0. (B.19)

In order to solve F = 0, we consider constant ∆ε̄r and p̆0 values. The process therefore yields
dF = J : dεI, where J writes:

J =
∂F

∂εI
+
∂F

∂ε0
:
∂ε0

∂εI
= CSD

0n+1
:
[
I − S−1

]
−CS

In+1
−
∂CS

In+1

∂εI
: ∆εr

In+1

− vI

v0

(
∂CSD

0n+1

∂ε0
+
∂CSD

0n+1

∂D0

∂D0

∂ε0

)
:

∆εr
In+1
− S−1 :

(
∆εr

In+1
−∆ε̄r

n+1

)
v0


− vI

v2
0

CSD
0n+1
⊗
(

∆εr
In+1
−∆ε̄r

n+1

)
::
(
S−1 ⊗ S−1

)
::

(
∂S

∂ε0
+

∂S

∂D0

∂D0

∂ε0

)
− vI

v0
CSD

0n+1
: S−1,

(B.20)

where the derivative of the Eshelby tensor is given in Appendix B.4.
Then, the strain increment of the inclusion phase coming from the variations of d∆ε̄r and of

dp̆0 is computed by constraining dF = 0, being possible to write:

∂εI

∂ε̄
= −J−1 :

∂F

∂ε̄
, and

∂εI

∂p̆0
= −J−1 :

∂F

∂p̆0
. (B.21)

The set of equations is completed with the use of the relation between the strains increments
dε̄r = v0dεr

0 + vIdε
r
I, yielding

∂ε0

∂ε̄
=

1

v0

(
I − v1

∂εI

∂ε̄

)
, and

∂ε0

∂p̆0
= − vI

v0

∂εI

∂p̆0
. (B.22)

Appendix B.3 details the derivative of CSr and CS0 with respect to ε, which completes the
process.

B.3 Derivatives of the phase secant operators in the incremental
secant framework

For the sake of conciseness, in this section the subscript referring to the phase is omitted. Besides,
CS, κs, µs and CSD, κD

s and µD
s respectively stand either for CSr, Equation (3.67), κr

s, µ
r
s,

Equation (3.68), CSDr, Equation (3.72), κDr
s and µDr

s , Equation (3.74), or for CS0, Equation
(3.70), κ0

s, µ
0
s, Equation (3.71), CSD0, Equation (3.75), κD0

s and µD0
s , Equation (3.77).

The derivative of CS writes

∂CS

∂ε
=

∂

∂∆εr

(
3κsI

vol + 2µsI
dev
)

:
∂∆εr

∂ε
=

(
3Ivol∂κs

∂Γ
+ 2Idev ∂µs

∂Γ

)
⊗ ∂Γ

∂ε
, (B.23)

where the derivative ∂Γ
∂ε is given in appendix B.1 and the derivatives of the bulk and shear moduli

read
∂µs
∂Γ

= − 6µel2

(1 + 6µelΓ)
2 , and

∂κs
∂Γ

= − 2βκel2

(1 + 2κelΓβ)
2 . (B.24)
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In the damaged enhanced case, the derivative of the damaged secant tensors become

dCSD

dε
=
∂CSD

∂ε
+
∂CSD

∂D

∂D

∂ε
= (1−D)

∂CS

∂ε
−CS ⊗ ∂D

∂ε
, (B.25)

where the derivative ∂D
∂ε is given in Appendix B.5.

B.4 Eshelby tensor derivatives

For the sake of conciseness, in this section the subscript referring to the phase is omitted. Besides,
CS, κs, µs and CSD, κD

s and µD
s respectively stand either for CSr, Equation (3.67), κr

s, µ
r
s,

Equation (3.68), CSDr, Equation (3.72), κDr
s and µDr

s , Equation (3.74), or for CS0, Equation
(3.70), κ0

s, µ
0
s, Equation (3.71), CSD0, Equation (3.75), κD0

s and µD0
s , Equation (3.77).

For the elasto-plastic case, the derivative of the Eshelby tensor writes:

∂S

∂∆εr
=
∂S

∂ν
⊗
(
∂ν

∂κs

∂κs
∂Γ

+
∂ν

∂µs

∂µs
∂Γ

)
∂Γ

∂∆εr
, (B.26)

where the derivative ∂Γ
∂ε is given in Appendix B.1 and the derivatives of the bulk and shear

moduli are given in Equation (B.24).
For the damage-enhanced elasto-plastic case, in which the damaged secant moduli are used,

the derivative of the Eshelby tensor is written as

∂S

∂∆εr
=
∂S

∂ν
⊗
[
∂ν

∂κDs

(
−∂D
∂εr

κs + (1−D)
∂κs
∂Γ

∂Γ

∂∆εr

)
+
∂ν

∂µDs

(
−∂D
∂εr

µs + (1−D)
∂µs
∂Γ

∂Γ

∂∆εr

)]
,

(B.27)

where ∂D
∂εr is given in Appendix B.5.

B.5 Derivatives of the damage law used in Section 3

For the sake of conciseness, in this section the subscript referring to the phase is omitted.
By using the damage evolution law depicted in Equation (3.101), the derivatives needed for

the incremental-secant based MFH implementation write

∂D

∂ε
=

∂D

∂∆εr
= 0, (B.28)

and

∂D

∂p̆
=


Donset
p̆onset

, if p̆0 ≤ p̆onset ;

Donset
p̆onset

+ αDamβDam (p̆0 + ∆p̆0 − p̆onset)
βDam−1 ∆p̆0 if p̆0 > p̆onset.

+αDam (p̆0 + ∆p̆0 − p̆onset )βDam

(B.29)

B.6 Damage-Enhanced 2D MFH vs direct �nite element simula-
tions
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Figure B.1: Stress-strain curves for the damage-enhanced uniaxial loading test (σ̄22 = 0) on a
40% �ber volume fraction 2D UD sample(left), and stress-strain curves for the damage-enhanced

shear loading test on a 40% �ber volume fraction 2D UD sample (right).

Uniaxial, shear and biaxial loading Concerning the uniaxial cyclic test, looking at Figure
B.1 the same comments as on the elasto-plastic case can be applied to this simulation since an
overestimation of the stress is seen by the material on the �nal stage of the loading path. As shown
in Figure B.1, similar results are obtained again for the low strain shear cyclic loading, proving
once again that the presence of damage in the matrix has no impact in the MFH prediction
capabilities. A slight di�erence in the slope is seen as in the previous cases in the unloading
path, but one can conclude that the damaged matrix case under shear loading is well captured
by the MFH scheme.
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Figure B.2: Loading and transverse direction stress-strain curves for the damage-enhanced
biaxial loading test (ε̄22 = 0) on the 40% �ber volume fraction 2D UD RVE sample.

The next test used to compare the MFH performance with the full-�eld simulation is biaxial
tension. This simulation allows assessing how the MFH scheme is able to correctly represent
the pressure-dependent behavior in the case where damage is present in the matrix. Figure
B.2 proves the accuracy of the MFH simulation is not impacted by the presence of damage in
the matrix and it is able to correctly capture the behavior of the composite on both in-plane
directions.

Nonproportional Loading The same nonproportional loading test as the one performed for
the elasto-plastic case is now performed taking damage into account, so that the impact of damage
on the obtained result can be addressed. Figures B.3 and B.4 show a good behavior of the MFH
prediction under nonproportional loading conditions when damage is taken into account. For
the �rst half of the simulation in which the loading occurs, the composite behavior is correctly
captured for both tests, where a slightly sti�er behavior is encountered, overestimating the stress
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Figure B.3: Strain-time evolution (left) and stress-time evolution (right) of the damage-
enhanced nonproportional loading with zero-transverse strain, ε̄22 = 0, on a 40% �ber volume

fraction 2D UD sample.
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Figure B.4: Strain-time evolution (left) and stress-time evolution (right) of the damage-
enhanced nonproportional loading with transverse compression, ε̄22 6= 0, on a 40% �ber vol-

ume fraction 2D UD sample.

seen by the composite. As already discussed, the di�erence in the slope during the unloading
phases of the cycle is still present; however, the obtained MFH prediction can be said to be
satisfactory.
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Appendix C

Appendix related to Chapter 4

C.1 : Statistical properties of the microstructure

d2nd
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Figure C.1: Schematic representation of the statistical characteristics of the generated mi-
crostructure and its descriptors.

The generated microstructures were built using the algorithm developed by Wu et al. (2018),
where the empirical statistical parameters of the microstructures extracted from SEM images
were use as dependent variables. Five di�erent random variables are used for the characteri-
zation of these microstructures: the �ber radius R, the nearest/neighbor net distance d1st, the
orientation θ1st of the undirected line connecting these two �ber center points, the di�erence
∆d between the net distances to the second neighbor (d2nd) and the �rst /neighbor (d1st), and
the di�erence ∆θ between the orientations of the second neighbor (θ2nd) and the �rst nearest
neighbor (θ1st). A schematic representation of these descriptors is shown in Fig. C.1. Besides
their distribution, their correlation was evaluated from the SEM images information. The �ber
radius was found to be independent while the other parameters had a correlation matrix R as:

R =


d1st θ1st ∆d ∆θ

d1st 1.0 0.014 0.205 0.022
θ1st 1.0 0.002 0.020
∆d symmetric 1.0 −0.005
∆θ 1.0

 . (C.1)

However, since the distributions exhibit non-Gaussianity, the statistical dependence of these
random variables were assessed by their distance correlations matrix dR following Székely, Rizzo,
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and Bakirov (2007), which reads in this case

dR =


d1st Θ1st ∆d ∆θ

d1st 1.0 0.040 0.273 0.075
θ1st 1.0 0.048 0.046
∆d symmetric 1.0 0.064
∆θ 1.0

 , (C.2)

showing that two parameters should be considered as dependent.
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Figure C.2: Probability density histograms for the parameters characterizing the �bers spatial
properties of the generated microstructures: (a) Nearest-neighbor orientation θ1st distribution
(b) Di�erence between nearest-neighbor orientations ∆θ distribution (c) Nearest-neighbor net
distance d1st distribution (d) Di�erence between the net distances to the second and to the �rst

nearest-neighbors ∆d distribution.

Using the copula constructed from their cumulative distributions for the two dependent
variables and using the inverse transform sampling method based on their cumulative distribution
for the three independent variables, a generator was constructed by Wu et al. (2018), in which
the targeted volume fraction can be tuned, see also Noels (2022). In the present work, a targeted
volume fraction of 40% was set, and the resulting distributions of the microstructure descriptors
are provided in Figs. C.2 and C.3.
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Figure C.3: Probability density histograms of �ber radius from the generated microstructures.

C.2 : E�ective random parameter probability density distribu-
tion
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Figure C.4: Probability density function of the e�ective compressive initial yield stress for the
25× 25µm2 and 45× 45µm2 SVE cases.
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Figure C.5: Probability density histogram of the e�ective �ber volume fraction for the 25 ×
25µm2 and 45× 45µm2 SVE cases.
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Figure C.6: Probability density histogram of the e�ective aspect ratio for the 25×25µm2 and
45× 45µm2 SVE cases.
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Figure C.7: Probability density histogram of the e�ective angle for the 25 × 25µm2 and
45× 45µm2 SVE cases.
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Figure C.8: Probability density histogram of the exponent α̃, 25 × 25µm2 and 45 × 45µm2

SVE cases.
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Figure C.9: Probability density histogram of the e�ective Poisson's ratio for the 25× 25µm2

and 45× 45µm2 SVE cases.
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Figure C.10: Probability density histogram of the e�ective hardening parameter h0 for the
25× 25µm2 and 45× 45µm2 SVE cases.
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Figure C.11: Probability density histogram of the e�ective hardening parameter h1 for the
25× 25µm2 and 45× 45µm2 SVE cases.
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Figure C.12: Probability density histogram of the e�ective hardening parameter m0 for the
25× 25µm2 and 45× 45µm2 SVE cases.
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Figure C.13: Probability density histogram of the e�ective parameter αDam for the 25×25µm2

and 45× 45µm2 SVE cases.
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C.3 : Results of the 45× 45 square micrometers SVE MF-ROM

C.3.1 Statistical analysis of random e�ective parameters
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C.4 Stochastic MF-ROM mesh convergence study
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Figure C.17: E�ect of the macroscale mesh size on a uniaxial loading test conducted on a
500x250µm2 ply with the MF-ROM de�ned using 25x25µm2 SVEs. Results on the left are

zoomed on the right.
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Figure C.18: E�ect of the macroscale mesh size on a uniaxial loading test conducted on a
500x250µm2 ply with the MF-ROM de�ned using 45x45µm2 SVEs. Results on the left are

zoomed on the right.

A convergence study is performed for the stochastic MF-ROM by considering di�erent sizes
of the macroscale �nite elements ranging from 2µm to 50µm. To this end, we consider two ply
realizations, one using 25x25µm2 SVEs, Fig. C.17 and another one using 45x45µm2 SVEs, Fig.
C.18. As a reminder, the characteristic length l, of the nonlocal MFH formulation was �xed to
a value of 25 µm for both SVE sizes. It clearly appears that for �nite elements larger or close
to the SVE size, i.e. 32µm and 50µm for the 25x25µm2 SVEs and the 45x45µm2 SVEs, and
larger than the nonlocal length l the results are outliers when analyzing the maximum reached
stress. For the other mesh sizes, the results are close, within a 0.3% in terms of the maximum
stress, which is well below the variability observed for di�erent ply realizations, see e.g. in Fig.
4.35. The observed variability in the results is mainly explained by the variable step length of
the path-following method, which yields slight inaccuracy when performing the time integration.
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