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Context
2D woven composites

periodic heterogeneous multiscale materials that can be described by RVEs
mesoscale (∼ 10−3 m) RVE: matrix + warp and weft yarns
microscale (∼ 10−6 m) RVE of yarns: UD fibres + matrix

damage-enhanced nonlinear behaviours for constituents
fibres: transversely isotropic linear elasticity
matrix: isotropic J2 elasto-plasticity

numerical modelling and simulation
complex geometrical description and material properties assignment
high computational cost (time and memory usage)

Figure: Multiscale description of a 2D woven composite [Wang et al. 2017]
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Context

Mean-Field Homogenisation (MFH) for yarns

semi-analytical solution for the extended Eshelby problem with multiple inclusions

ε̄ = vIεI + v0ε0 , σ̄ = vIσI + v0σ0

Linear Comparison Composite (LCC)-based nonlinear framework

∆εI = Bε
(
I, CLCC

I , CLCC
0
)

: ∆ε0

Mori-Tanaka (MT) model
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=
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:
[(
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0
)−1 : CLCC

I − I
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Context

Full-order FE modelling and damage-enhanced MFH-based nonlinear Direct Numerical
Simulation (DNS) ([Wu, Maillard, and Noels 2021] and [Wu et al. 2021])

computational cost: 63189 elements; ∼ 3 days
still too high for applications of industrial complexity

Figure: FE model of a 2D woven RVE at mesoscale
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Problematic

Propose a reduced-order model (ROM) for 2D woven composites by embedding

micromechanics-based homogenization methods

data-driven model reduction techniques

to conduct accurately and efficiently damaged-enhanced nonlinear multiscale analysis
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Deep Material Network (DMN)
Deep Material Network (DMN) [Liu and Wu 2019]: a ROM for RVE

mechanistic building blocks-based tree structure: homogenization + rotation
efficient offline training in linear elastic regime: geometrical parameters fitting
accurate online extrapolation in arbitrary unknown nonlinear inelastic regime:
mechanical response prediction

Figure: Illustration of a 3-layer DMN for a biphasic material
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VM scheme
DMN-liked VM scheme [Wu, Adam, and Noels 2021]: 2D woven RVE ≈ Short Fibre
Reinforced Matrix (SFRM) pseudo-grains aggregate

step 1: matrix + fibres ⇒ MFH ⇒ SFRM
step 2: SFRMs ⇒ Voigt’s rule of mixtures ⇒ 2D woven RVE
parameters: χVM =

{
vi, θi, αi | i = 1, ..., Ns;

∑Ns
i=1 vi = 1.0− v0

}
2D woven RVE

Voigt

Matrix (v0)
SFRM (v1)

MFH

Matrix Fibre
(θ1, α1)

SFRM (v2)

MFH

Matrix Fibre
(θ2, α2)

SFRM (v3)

MFH

Matrix Fibre
(θ3, α3)

Figure: Illustration of the VM scheme (Ns = 3)
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LVM scheme
DMN-liked LVM scheme [Wu, Adam, and Noels 2021]: 2D woven RVE ≈ 2-ply laminate

step 1: matrix + fibres ⇒ MFH ⇒ SFRM
step 2: SFRMs ⇒ Voigt’s rule of mixtures ⇒ SFRMs aggregate
step 3: matrix ply + aggregate ply ⇒ Laminate theory ⇒ 2D woven RVE
parameters: χLVM =

{
vi, θi, αi | i = 1, ..., Ns;

∑Ns
i=1 vi = 1.0

}
2D woven RVE

Laminate

Matrix (v0)
Aggregate

Voigt

SFRM (v1)

MFH

Matrix Fibre
(θ1, α1)

SFRM (v2)

MFH

Matrix Fibre
(θ2, α2)

SFRM (v3)

MFH

Matrix Fibre
(θ3, α3)

Figure: Illustration of the LVM scheme (Ns = 3)
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VLM scheme
DMN-liked VLM scheme [Wu, Adam, and Noels 2021]: 2D woven RVE ≈ 2-ply
laminate pseudo-grains aggregate

step 1: matrix + fibres ⇒ MFH ⇒ SFRM
step 2: matrix ply + SFRM ply ⇒ Laminate theory ⇒ 2-ply laminate
step 3: 2-ply laminate aggregate ⇒ Voigt’s rule of mixtures ⇒ 2D woven RVE
parameters: χVLM =

{
v
g
i
, θ

g
i
, vmi , θ

f
i, αi | i = 1, ..., Ns;

∑Ns
i=1

v
g
i

= 1.0;
∑Ns

i=1
v
g
i
vmi = v0

}
2D woven RVE
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(θf1, α1)

2-Ply laminate (vg2, θ
g
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Laminate

Matrix (vm2 )
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g
3)

Laminate

Matrix (vm3 )
SFRM
MFH

Matrix Fibre
(θf3, α3)

Figure: Illustration of the VLM scheme (Ns = 3) 10 / 23
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Offline training

Identification of χopt in linear elasticity by solving

χopt = argmin
χ
L(Ĉ(γ), C̄(χ|γs))

with

Ĉ(γ): homogenized elasticity tensor given by computational homogenization on
a full-order model parametrized by γ =

(
E0, ν0, E

T
I , E

L
I , ν

LT
I , νTTI , GLT

I
)

C̄(χ|γs): homogenized elasticity tensor given by VM, LVM or VLM scheme
parametrized by χVM, χLVM or χVLM for given γ

loss function: (G(χ) is a volume fraction consistency function)

L(Ĉ, C̄(χ)) = 1
n

n∑
s=1

‖Ĉ(γs)− C̄(χ|γs)‖
‖Ĉ(γs)‖

+ λ

2G(χ)
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Online evaluation

Extrapolation to unknown material and loading spaces: NR iterative resolution for
nonlinear equations

top-bottom backward de-homogenisation process
bottom-top forward homogenisation process

Top layer (upper scale)

Bottom layer (lower scale)

ba
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Uniaxial (cyclic) tensile test & In-plane cyclic shear test

training results is available in [Wu, Adam, and Noels 2021]
damage-free nonlinear predictions with

fibres: transversely isotropic linear elasticity
matrix: isotropic J2 elasto-plasticity

2D woven RVE

F

x

y

z

Figure: Uniaxial tensile test

2D woven RVE

F

F

Figure: In-plane shear test

comparison of the CPU time

Tensile Shear
DNS 11 h 76 h
VM 30 s 22 s
LVM 35 s 25 s
VLM 35 s 22 s
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Uniaxial (cyclic) tensile test & In-plane cyclic shear test

comparison of the global responses for the uniaxial tensile (cyclic) test

comparison of the global responses for the in-plane cyclic shear test
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Local damage models calibration
Non-local damage models are used for DNS

phase field-liked damage model for fibres, Lemaitre-like damage model for matrix
[Wu et al. 2021]

Local damage models are used for VM, LVM and VLM
no physical “characteristic length” between material nodes
Weibull-like damage model for fibres, Lemaitre-like damage model for matrix [Wu,
Maillard, and Noels 2021]

Calibration with an uniaxial tensile test on a UD composite sample

F

UD composite sample
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Damage-enhanced uniaxial tensile test - Load until failure

Comparison of the global responses

Strength
[GPa]

DNS 891.778
VM 892.981

rel. err. (%) 0.13
LVM 852.096

rel. err. (%) 4.45
VLM 913.868

rel. err. (%) 2.48
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Uniaxial tensile test - Load until failure

LVM training results and responses of the two plies

Aggregate ply takes the majority load

Grains 9, 10, 19 and 20 have a small α

Grain α

1 (weft) & 2 (warp) 216.645
3 (weft) & 4 (warp) 258.721
5 (weft) & 6 (warp) 195.969
7 (weft) & 8 (warp) 181.194
9 (weft) & 10 (warp) 21.032
11 (weft) & 12 (warp) 247.153
13 (weft) & 14 (warp) 204.540
15 (weft) & 16 (warp) 123.377
17 (weft) & 18 (warp) 298.981
19 (weft) & 20 (warp) 23.852
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Uniaxial tensile test - Load until failure

Matrix and fibres damage evolution in the grains of the aggregate ply:
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Uniaxial tensile test - Load until failure

Deactivation of matrix damage in
VM: grains 2 and 3
LVM: grains 9, 10, 19 and 20

Comparison of the global responses:

Strength
[GPa]

CPU Time

DNS 891.778 64 h
VM 892.981

19 s
rel. err. (%) 0.13
VM-Mod. 931.430

rel. err. (%) 4.45
LVM 852.096

6 mins
rel. err. (%) 4.45
LVM-Mod. 918.646
rel. err. (%) 3.01

VLM 913.868
17 mins

rel. err. (%) 2.48
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Uniaxial tensile test - Load until failure
Comparison of matrix damage state

DNS

VM
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Uniaxial tensile test - Load until failure

Comparison of fibres damage state (DNS vs. VM)
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Conclusions and outlooks

Conclusions
Construction of DMN-liked and micromechanics-based damage-enhanced ROMs
(VM, LVM and VLM) for 2D woven composites

Efficient offline learning only in linear elasticity

Accurate online extrapolation to arbitrary unknown nonlinear inelastic material
laws and loading spaces

Outlooks
Improvement of the accuracy by considering more suitable damage models

Application for 3D woven composites and for other types of composites
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Thanks for your attention !
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Appendix A.1 - Damage models for fibre bundle

Local damage evolution (VM, LVM or VLM)

DI = ϕ+ %

√
ϕ(1− ϕ)

N

with
ϕ(σ̂zz

I ) ∼ Weibull distribution, with σ̂I = Cel
I : εI

% one realisation of P ∼ N (0, 1), and N the number of fibres in a bundle

Non-local damage evolution (full-order model)

DI(x, t) = 1− (1− dI(x, t))n

with
dI(x, t) given by the phase-field model
n ∈ [2, 3] shape parameter
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Appendix A.2 - Damage models for matrix

Local (VM, LVM or VLM) and non-local (full-order model) damage evolution

D0 = Dmax
0

1− 1
1+exp{(s0pC0 )}

(
1

1 + exp{(−s0(χ0 − pC0 ))} −
1

1 + exp{(s0pC0 )}

)

with

Dmax
0 the saturation damage level

s0 and pC0 two material parameters

χ0(t) guarantee of the irreversibility

local: χ0(t) = maxτ∈[0, t] (p0) with ṗ0 =
√

2
3 ε̇

pl
0 : ε̇pl0

non-local: χ0(x, t) = maxτ∈[0, t] (p̃0) with p̃0 −∇ · (c0 · ∇p̃0) = p0
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Appendix B - Nonlinear analyses

Information paths for a parent node with Nd direct child nodes

top-bottom strain distribution:

∆ε =


∑Nd

i=1 v
d
i∆εdi , for MFH-based and 2-ply laminate-based node

{∆εdi}i=1,...,Nd , for Voigt’s mixtures-based node

bottom-top stress and algorithmic operator collection:

σ =
Nd∑
i=1

vdiσ
d
i

Calg = Cεε = dσ
dε =

Nd∑
n=1

vdnCalg, d
n : dε

d
n

dε
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Appendix B.1 - Nonlinear analysis for MFH-based node

Linearisation of the composite parent node by a damage-enhanced
incremental-secant-based Linear Comparison Composite (LCC)

ε

σ

εn

σn

εn+1

σn+1

εres,n

∆εunload ∆ε

∆εr

Cel CelD
CSD

Figure: Composite parent node linearisation

unloading: (i for fibre and matrix)
εn,σn, Dni

LCC CelD(vi,CelD
i , I)

εres,n = εn −∆εunload
σres,n = 0

reloading: (i for fibre and matrix)

∆εr, Dn+1
i

LCC CSD(vi,CSD
i , I)

εn+1 = εres,n + ∆εr
σn+1 = CSD : ∆εr
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Appendix B.1 - Nonlinear analysis for MFH-based node

Linearisation of the fibre child node by a damage-enhanced transversely isotropic
elastic material with EzD

I = (1−DI)Ez
I and νzxDI = (1−DI)νzxI

εI

σI

εnI

σnI

εn+1
I

σn+1
I

εres,nI

∆εunloadI

∆εrI

Cel
I

σres,n
I (Dn

I )
CelD

I

σres,n
I (Dn+1

I )

CSD
I

Figure: Fibre child node linearisation

unloading:
εn
I ,σ

n
I , D

n
I

Fibre CelD
I (EzD

I , Ex
I , ν

zxD
I , νxyI , µ

zx
I )

εres,n
I = εn

I − ∆εunloadI
σres,n

I = CelD
I (Dn

I ) : εres,n
I

reloading:
∆εrI , D

n+1
I

Fibre CSD
I = CelD

I

εn+1
I = εres,n

I + ∆εrI
σn+1

I = σres,n
I + CSD

I (Dn+1
I ) : ∆εrI
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Appendix B.1 - Nonlinear analysis for MFH-based node

Linearisation of the matrix child node by a damage-enhanced isotropic J2
elasto-plastic material with κD0 = (1−Dn0 )κ0, µD0 = (1−Dn0 )µ0 and
µSD

0 = (1 − Dn
0 )µS

0 = (1 − Dn
0 )
(
µ0 − (3µ2

0ṗ)/(C
el
0 : ∆εr0)eq

)

ε0

σ0

εn0

σn0

εn+1
0

σn+1
0

εres,n0

∆εunload0

∆εr0

Cel
0

σres,n
0 (Dn

0 )
CelD

0
σres,n
0 (Dn+1

0 ) = 0
CSD

0

Figure: Matrix child node linearisation

unloading:
εn

0 ,σ
n
0 , D

n
0

Matrix CelD
0 (κD

0 , µ
D
0 )

εres,n
0 = εn

0 − ∆εunload0
σres,n

0 = CelD
0 (Dn

0 ) : εres,n
0

reloading:
∆εr0 , D

n+1
0

Fibre CSD
0 (κD

0 , µ
SD
0 )

εn+1
0 = εres,n

0 + ∆εr0
σn+1

0 = σres,n
0 + CSD

0 (Dn+1
0 ) : ∆εr0
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Appendix B.1 - Nonlinear analysis for MFH-based node
Nonlinear equation for the MFH problem: (S the so-called Eshelby tensor)

FMFH = CSD
0 :

[
∆εrI −

1
v0

S−1(I, CSD
0 ) : (∆εrI −∆εr)

]
− CSD

I : ∆εrI

NR iterative resolution: (i for fibre or matrix)

Input: εn,σn,∆εr, εni ,σ
n
i , D

n
i , vi,C

elD
i , I

Unloading: εres,n,σres,n, εres,ni ,σres,n
i

Reloading:
strain: εn+1

i

internal variable & secant operator: Dn+1
i ,CSD

i

stress & residual: σn+1
i ,FMFH

‖FMFH‖ < tol.

Output: εn+1,σn+1,Calg,n+1

Correction:
∆εri ← ∆εri + δ(∆εri)

no

yes
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Appendix B.2 - Nonlinear analyses for 2-ply laminate-based node

Nonlinear equation to satisfy for the 2-ply laminate problem:

FLam =

[(σzz
A − σzz

B ) + (εxxA − εxxLam)
(σxz

A − σxz
B ) + (εyyA − ε

yy
Lam)

(σyz
A − σ

yz
B ) + (εxyA − ε

xy
Lam)

]
= 0

NR iterative resolution: (i for A-ply or B-ply)

Input: εi,σi

Residual FLam

‖FLam‖ < tol.

Output: ε,σ,Calg

Correction:
εi ← εi + δ(εi)

no

yes
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Appendix B.3 - Nonlinear analyses for Voigt’s mixtures-based node

No nonlinear equation to be solved for the Voigt’s mixtures problem
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Appendix C.1 - Offline trainning results for VM

VM
Grain θ v α

1 (matrix) - 0.3544 -
2 (weft) & 3 (warp) [0/90, 89.99982, 0] 0.0204 6.469
4 (weft) & 5 (warp) [0/90, 89.99986, 0] 0.2737 151.095
6 (weft) & 7 (warp) [0/90, 89.99985, 0] 0.0286 105.591
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Appendix C.2 - Offline trainning results for LVM

LVM
Grain θ v α

1 (weft) & 2 (warp) [0/90, 82.432, 0] 0.0314 216.645
3 (weft) & 4 (warp) [0/90, 90.648, 0] 0.2618 258.721
5 (weft) & 6 (warp) [0/90, 90.651, 0] 0.0770 195.969
7 (weft) & 8 (warp) [0/90, 93.161, 0] 0.0241 181.194
9 (weft) & 10 (warp) [0/90, 116.875, 0] 0.0176 21.032
11 (weft) & 12 (warp) [0/90, 92.995, 0] 0.0179 247.153
13 (weft) & 14 (warp) [0/90, 80.612, 0] 0.0105 204.540
15 (weft) & 16 (warp) [0/90, 102.166, 0] 0.0073 123.377
17 (weft) & 18 (warp) [0/90, 88.039, 0] 0.0312 298.981
19 (weft) & 20 (warp) [0/90, 66.960, 0] 0.0211 23.852
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Appendix C.3 - Offline trainning results for VLM

VLM
Grain θf θg vm vg α

1 (weft) & 2 (warp) [0, 89.963, 0] [0/90, 0.479, 0] 0.2291 0.2721 152.599
3 (weft) & 4 (warp) [0, 179.575, 0] [0/90,−89.584, 0] 0.5216 0.0204 542.078
5 (weft) & 6 (warp) [0, 89.698, 0] [0/90, 8.230, 0] 0.5514 0.0614 285.184
7 (weft) & 8 (warp) [0, 90.256, 0] [0/90,−6.628, 0] 0.5073 0.0681 207.968
9 (weft) & 10 (warp) [0, 90.108, 0] [0/90,−2.391, 0] 0.4424 0.0755 189.845
11 (weft) & 12 (warp) [0, 90.095, 0] [0/90,−59.110, 0] 0.9995 0.0024 367.619
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Appendix D.1 - Uniaxial tensile test - Load-Unload

Comparison of the global responses:

Strength
[GPa]

CPU Time
[mins]

DNS 831.481 1204
VM 848.241

0.05
rel. err. (%) 2.02
VM-Mod. 882.647

rel. err. (%) 6.15
LVM 851.166

1
rel. err. (%) 2.37
LVM-Mod. 870.576
rel. err. (%) 4.70

VLM 869.539
1

rel. err. (%) 4.58
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Appendix D.2 - In-plane shear test - Load until failure

Comparison of the global responses: (predictions less accurate)

Strength
[GPa]

CPU Time
[mins]

DNS 77.721 1435
VM 70.179

2
rel. err. (%) 9.70
VM-Mod. 71.112

rel. err. (%) 8.50
LVM 69.838

37
rel. err. (%) 10.14
LVM-Mod. 70.747
rel. err. (%) 8.97

VLM 69.155
9

rel. err. (%) 11.02
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Appendix D.1 - In-plane shear test - Load-Unload

Comparison of the global responses: (predictions less accurate)

Strength
[GPa]

CPU Time
[mins]

DNS 76.906 1149
VM 70.048

0.2
rel. err. (%) 8.92
VM-Mod. 70.865

rel. err. (%) 7.85
LVM 69.677

4
rel. err. (%) 9.40
LVM-Mod. 70.472
rel. err. (%) 8.37

VLM 69.004
2

rel. err. (%) 10.27
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