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String attractors

Definition
A string attractor for a (finite) word w is a set of positions
Γ ⊆ {1, . . . , |w |} covering each factor of w , i.e. each factor has an
occurrence in w crossing one of the positions in Γ.

For the word

01000101,

length factors covered?
1 0, 1

3

2 01, 10, 00

3

3 010, 100, 000, 001, 101

the set {4, 6} is a string attractor.
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A string attractor for a (finite) word w is a set of positions
Γ ⊆ {1, . . . , |w |} covering each factor of w , i.e. each factor has an
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For the word

01000101,

length factors covered?
1 0, 1

3

2 01, 10, 00

3

3 010, 100, 000, 001, 101

the set {4, 6} is a string attractor but {2, 4, 5} is not.
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A string attractor for a (finite) word w is a set of positions
Γ ⊆ {1, . . . , |w |} covering each factor of w , i.e. each factor has an
occurrence in w crossing one of the positions in Γ.

For the word

01000101,

length factors covered?
1 0, 1 3

2 01, 10, 00 3

3 010, 100, 000, 001, 101 7

the set {4, 6} is a string attractor but {2, 4, 5} is not.
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Why string attractors?

• String attractors were introduced by Prezza in 2017 for data
compression.

• Finding a string attractor of minimal size for a given word is
an NP-complete problem (Kampa-Prezza ’18)

• That’s where combinatorists on words can help! (Mantaci et
al. ’21, Schaeffer-Shallit ’20, Restivo-Romana-Sciortino ’22,
Dvořáková ’22, etc.)

• We want to find a string attractor for each prefix of some
infinite word.
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Two famous infinite words

Definition
A morphism (or substitution) is an application respecting the
concatenation, i.e., for all words u, v , we have µ(uv) = µ(u)µ(v).
If µ(0) = 0u with u such that for all n ≥ 1, µn(u) is not empty,
then we define the fixed point of µ as

µω(0) = lim
n→∞

µn(0).

Examples
1 µ such that µ(0) = 01, µ(1) = 10

: Thue–Morse word
−→ string attractors of size 4 (Katsukake et al. ’20,
Schaeffer-Shallit ’21)

2 µ such that µ(0) = 01, µ(1) = 0
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Fixed point of µ(0) = 01 and µ(1) = 0

Construction of the string attractors:

µω(0) = 0100101001001 · · ·

We have the string attractors {1, 2}, {2, 3}, {3, 5}, {5, 8}, ...

−→ Fibonacci sequence!

We also have

|µ0(0)| = 1 |µ1(0)| = 2 |µ2(0)| = 3 |µ3(0)| = 5 · · ·
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Fibonacci word

Construction of the string attractors:

µω(0) = 0100101001001 · · ·

We have the string attractors {1, 2}, {2, 3}, {3, 5}, {5, 8}, ...

−→ Fibonacci sequence!

We also have

|µ0(0)| = 1 |µ1(0)| = 2 |µ2(0)| = 3 |µ3(0)| = 5 · · ·
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Generalized morphisms

For k ≥ 2 and for c1, . . . , ck ≥ 0 with c1, ck ≥ 1, we define

µc :



0 7→ 0c11
1 7→ 0c22
. . .

k − 2 7→ 0ck−1(k − 1)
k − 1 7→ 0ck

and xc = µω
c (0)

If k = 2 and c1 = 1 = c2, we obtain the Fibonacci word.

Question
Can we use similar techniques to prove that every prefix of xc has
a “small” string attractor made of lengths of µn

c(0), n ≥ 0?
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Examples

µ112 :


0 7→ 01
1 7→ 02
2 7→ 00

|µn(0)| : 1, 2, 4, 8, 16, . . .

010201000102010101 · · ·

Seems 3

µ102 :


0 7→ 01
1 7→ 2
2 7→ 00

|µn(0)| : 1, 2, 3, 5, 9, 15, . . .

012000101012012 · · ·

7 for the prefix of length 8
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A linear recurrence

We denote Un the length of µn
c(0).

Proposition
For all n ≥ 0, we have

µn
c(0) =

{
µn−1

c (0c1) · µn−2
c (0c2) · · · µ0

c(0cn) · n if n ≤ k − 1;
µn−1

c (0c1) · µn−2
c (0c2) · · · µn−k

c (0ck ) if n ≥ k.

In particular,

Un =
{

c1Un−1 + c2Un−2 + · · · + cnU0 + 1 if n ≤ k − 1;
c1Un−1 + c2Un−2 + · · · + ckUn−k if n ≥ k.

We denote SG the greedy numeration system associated with the
sequence (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 7 / 12



A linear recurrence

We denote Un the length of µn
c(0).

Proposition
For all n ≥ 0, we have

µn
c(0) =

{
µn−1

c (0c1) · µn−2
c (0c2) · · · µ0

c(0cn) · n if n ≤ k − 1;
µn−1

c (0c1) · µn−2
c (0c2) · · · µn−k

c (0ck ) if n ≥ k.

In particular,

Un =
{

c1Un−1 + c2Un−2 + · · · + cnU0 + 1 if n ≤ k − 1;
c1Un−1 + c2Un−2 + · · · + ckUn−k if n ≥ k.

We denote SG the greedy numeration system associated with the
sequence (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 7 / 12



A linear recurrence

We denote Un the length of µn
c(0).

Proposition
For all n ≥ 0, we have

µn
c(0) =

{
µn−1

c (0c1) · µn−2
c (0c2) · · · µ0

c(0cn) · n if n ≤ k − 1;
µn−1

c (0c1) · µn−2
c (0c2) · · · µn−k

c (0ck ) if n ≥ k.

In particular,

Un =
{

c1Un−1 + c2Un−2 + · · · + cnU0 + 1 if n ≤ k − 1;
c1Un−1 + c2Un−2 + · · · + ckUn−k if n ≥ k.

We denote SG the greedy numeration system associated with the
sequence (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 7 / 12



Another numeration system

We denote SDM the Dumont-Thomas numeration system
associated with xc , i.e. repSDM (m) is the coefficients of the greedy
factorization of xc [1, m] into elements of (µn

c(0))n≥0.

Example: For c = 102, we have

xc [1, 8] = 01200010

n µn
c(0)

Un

0 0

1

1 01

2

2 012

3

3 01200

5

4 012000101

9

so repSDM (8) =

1
3
0
2
1
1
1
0
.

But repSG (8) = 1100!
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SG = SDM?
Theorem
Let c = c1 · · · ck such that c1, ck ≥ 1. The following are equivalent

• SG = SDM ;

• the language of SDM is given by

{v1 · · · vn | v1 6= 0, vi · · · vn ≤lex d⋆
c }

where d⋆
c = c1 · · · ck−1(ck − 1)c1 · · · ck−1(ck − 1) · · · ;

• there exists a Parry simple number β such that

c1 · · · ck = (dβ(1) − 1)ℓdβ(1);

• for all i ≤ k,

ci · · · ck−1(ck − 1)c1 · · · ci−1 ≤ c1 · · · ck−1(ck − 1).
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3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



3 when SG = SDM

Proposition
If SG = SDM , then for all n ≥ 0

• xc [1, Un+1 − 1] is periodic of period Un;
• xc [Un + 1, Un+1 − 1] is a prefix of xc .

For c = 112, we have

010201000102010101 · · ·

Theorem
If c1, . . . , ck are such that SG = SDM , then every prefix of xc
admits a string attractor composed of k or k + 1 consecutive
elements of (Un)n≥0.

France Gheeraert Numeration systems and string attractors Numeration 2023 10 / 12



7 when SB 6= SDM

Proposition
If SB 6= SDM , then there exists n such that

• xc [1, Un+1 − 1] is not periodic of period Un;
• xc [Un + 1, Un+1 − 1] does not occur before in xc .

For c = 102, we have

01200010101 · · ·
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Open questions

• Given a sequence (Un)n≥0, can we find an infinite word x
whose prefixes have string attractors made of Un’s?

• Given a infinite word x, can we find a numeration system S
such that x is S-automatic and string attractors of x’s prefixes
can be easily described using S?

Thank you for your attention!
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