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Preamble

In this document, we provide additional information to the paper “On the role of interest

rate differentials in the dynamic asymmetry of exchange rates”. The material is structured

as follows: in Section 1, we study the finite sample properties of our econometric approach

by means of a simulation study. Section 2 includes additional results on coefficient estimates,

model selection and model performance for EUR and CHF currencies. In Section 3, we conduct

a robustness check of our main results using three additional currency pairs. Section 4 provides

technical details on the CUSUM tests, and Section 5 contains additional information on the

sinh-arcsinh distribution.

1 Simulation study

In this section, we study the finite sample properties of our econometric approach. We start by

investigating the quality of the proposed maximum likelihood estimation procedure in 6 data

generating processes (DGP), namely DGP1 to DGP6. Then, we study the size and power of the

hypothesis test based on Wald statistics, focusing on the regression parameters in the skewness

equation (DGP7). We consider 3 sample sizes: T ∈ {500, 1500, 3000}. The parameters of the

DGP are displayed in Table 1. In DGP1 to DGP3, we assume λ and c to equal zero, such that

E(Rt) = 0. We introduce a mean structure in DGP4 to DGP7. If a3 ̸= 0, we assume that

xt−1
iid∼ N(0, 1). For each DGP, we simulate 1, 000 time series.

1



Results in term of root-mean squared error (RMSE) are presented in Tables 2 and 3. Overall,

we observe a decrease in the RMSE of the estimated parameters when the sample size increases,

and no differences across DGPs. As for most time-series models, the simulations highlight the

need for large samples (i.e. several thousands observations) to attain a high level of precision.

Then, using DGP7, we investigate the size and power of the suggested Wald-type tests. We

consider two explanatory variables xt−1,1 and xt−1,2 in eq. (2.1)1. We generate xt,1 and xt,2

from two AR(1) processes, where the AR parameters are equal to 0.9 and the error terms follow

a bivariate normal distribution with a correlation parameter of -0.4 (a value observed in our

data). Baseline values of the parameters are presented in Table 1 (DGP7). To compute full

power curves, we sequentially replace the value of the parameters reported in Table 1 of values

(including 0), keeping the others at their baseline values. In line with our empirical study, we

set n = 1, 500. Figure 1 summarizes our results, indicating good powers under the various sce-

narios. For a3 and a4, we also obtain excellent sizes. For λ, a1 and a2, we reject a little too often.

Table 1: Values of the parameters considered in the different simulation setups.

Data generating processes

ω α β c λ δ a0 a1 a2 a3 a4

DGP1 10−4 0.05 0.88 - - .8 −0.1 0.4 −0.9 - -

DGP2 10−4 0.05 0.88 - - .8 −0.1 0.4 −0.9 0.85 -

DGP3 10−4 0.1 0.8 - - .85 −0.1 0.5 0.3 -0.5 -

DGP4 10−4 0.05 0.88 10−4 0.1 .8 −0.1 0.4 −0.9 - -

DGP5 10−4 0.05 0.88 10−4 0.1 .8 −0.1 0.4 −0.9 0.85 -

DGP6 10−4 0.1 0.8 10−4 0.1 .85 −0.1 0.5 0.3 −0.5 -

DGP7 10−4 0.05 0.88 10−4 −0.1 .8 −0.1 0.5 0.1 0.15 0.3

1We do not look at inference for the GARCH parameters, since these parameters are estimated under

positivity constraints.
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Table 2: RMSE divided by the value of the corresponding parameter, for DGPs without mean

structure

RMSE

No mean T ω α β a0 a1 a2 a3 δ

DGP1 500 1.07 0.32 0.1 0.52 0.15 0.77 - 0.23

1500 0.26 0.16 0.03 0.23 0.08 0.38 - 0.08

3000 0.17 0.11 0.02 0.16 0.06 0.27 - 0.06

DGP2 500 0.53 0.27 0.05 0.64 0.12 0.17 0.18 0.6

1500 0.21 0.13 0.02 0.3 0.06 0.08 0.09 0.33

3000 0.13 0.09 0.01 0.23 0.04 0.06 0.06 0.23

DGP3 500 0.43 0.23 0.07 0.61 0.15 0.27 0.22 0.44

° 1500 0.18 0.12 0.03 0.29 0.07 0.13 0.11 0.22

3000 0.11 0.08 0.02 0.2 0.05 0.09 0.07 0.16

Table 3: RMSE divided by the value of the parameters, for the DGPs with a GARCH-in-Mean

structure.

RMSE

GARCH-in-Mean T ω α β c λ a0 a1 a2 a3 δ

DGP4 500 1.02 0.31 0.1 275.55 7.82 0.61 0.16 0.71 - 0.21

1500 0.25 0.17 0.03 42.19 1.13 0.34 0.09 0.43 - 0.1

3000 0.16 0.11 0.02 26.76 0.71 0.21 0.062 0.28 - 0.07

DGP5 500 0.76 0.28 0.07 88.54 2.79 0.77 0.13 0.2 0.21 0.65

1500 0.22 0.14 0.02 33.31 1.39 0.37 0.07 0.09 0.09 0.32

3000 0.13 0.09 0.01 22.89 1.17 0.24 0.04 0.05 0.06 0.23

DGP6 500 0.41 0.3 0.07 97.2 3.21 0.63 0.14 0.3 0.23 0.43

1500 0.19 0.15 0.03 35.06 1.38 0.31 0.07 0.15 0.11 0.24

3000 0.13 0.12 0.02 23.99 1.19 0.20 0.05 0.09 0.07 0.17
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Figure 1: Rejection rates of Wald tests at the 5% test level, for various values of the parameters.

Dashed: 5% threshold.
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2 Additional empirical results for EUR and CHF

2.1 Coefficient estimates

In Tables 4 and 5, we report the full information on the estimated coefficients for skewness

specifications that rely on covariate information (specifications 7 to 12) for the equation

ϵt = g(It−1) = a0 + a1ϵt−1 + a2zt−1 + a3xt−1.

A detailed discussion of this equation is given in Section 2.1 in the main text.

2.2 Model specification and selection

Table 6 contains detailed information on model performance criteria and test statistics for

skewness specifications that rely on covariate information (specifications 7 to 12).

2.3 QQ-plots of the reference models

On Figure 2, we display the QQ-plots of the residuals for the two currencies, using ARMAX(2)

for EUR (left panel) and MAX(IRD) for CHF (right panel).
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Figure 2: QQ-plot of the residuals for (i) ARMAX(2) (EUR), and (ii) MAX(IRD) (CHF), fitted

on the complete period.
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Table 6: Model selection and specification criteria.

EUR ARMAX(2) ARMAX(IRD) ARMAX(VIX) MAX(2) MAX(IRD) MAX(VIX)

LLF -19,026.94 -19,022.82 -19,019.48 -19,024.26 -19,020.47 -19,017.16

AIC -38,031.88 -38,025.64 -38,018.96 -38,028.52 -38,022.94 -38,016.32

BIC -37,960.02 -37,960.32 -37,953.64 -37,963.20 -37,964.14 -37,957.53

LR - 8.24∗∗∗ 14.92∗∗∗ 5.36∗∗ 12.94∗∗∗ 19.56∗∗∗

BK 0.702 0.758 0.840 0.252 0.735 0.770

DH 2.885 3.030 3.217 2.758 2.895 3.019

AD 0.353 0.371 0.328 0.369 0.339 0.357

CHF ARMAX(2) ARMAX(IRD) ARMAX(VIX) MAX(2) MAX(IRD) MAX(VIX)

LLF -18,670.06 -18,669.88 -18,662.59 -18,669.52 -18,669.38 -18,661.98

AIC -37,318.11 -37,319.77 -37,305.18 -37,319.05 -37,320.75 -37,305.97

BIC -37,246.26 -37,254.44 -37,239.86 -37,253.73 -37,261.96 -37,247.18

LR - 0.35 14.94∗∗∗ 1.07 1.37 16.15∗∗∗

BK 3.32 3.36 3.06 3.39 3.41 3.13

DH 18.63∗∗∗ 18.74∗∗∗ 16.57∗∗∗ 18.95∗∗∗ 19.04∗∗∗ 16.90∗∗∗

AD 1.08 1.09 1.07 1.12 1.12 1.11

LLF denotes the value of the negative log-likelihood function. The line LR displays the likelihood

ratio test statistics between ARMAX(2) and the competing models. The lines labelled BK, DH

and AD report the test statistics for Berkowitz [2001], Doornik and Hansen [2008] and Anderson-

Darling tests, respectively. *** denote tests significant at the 1% level.
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2.4 Crash risk measures

We provide several additional insights regarding our crash risk measures. In essence, we simply

compute the probability that random shocks (zt) are large (resp. small). In Figure 3, we display

the time series of unexpected shocks ẑt for EUR (left) and CHF (right). The red lines are the

-2/2 bounds used in our crash risk definition. Crash risk is thus the probability, at a given

point in time, that zt takes values above or below these bounds. Data points above 2 indicate

therefore a large realized depreciation shock to USD (resp. appreciation shock for EUR or

CHF, or ρ+t ), while data points below -2 indicate large USD appreciation shocks (reps. large

depreciation shocks for EUR or CHF, or ρ−t ). This is what we could call “currency crashes”,

although what matter more to us is the actual probability that the event takes place. In Figure

4, we display our estimates of the crash risk measures (upper panel: depreciation of USD,

middle panel: appreciation of USD). The red lines indicate the crash risk under the hypothesis

of a symmetric Gaussian distribution for zt, which amounts to 0.0228 and can be used as a

reference point. In panels (v) and (vi) we display smooth estimates of the crash risk over time.

The global financial crisis is clearly apparent in the crash risk measure. We also see long periods

of decline and increase in crash risk, reflecting the dynamic identified in the paper.
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Figure 3: Time series of ẑt, obtained with ARMAX(2) for EUR (left) and MAX(IRD) for CHF

(left). Red: -2/2 bounds used for crash risk calculations. Rem.: for CHF (panel (ii)), the large

peaks in 2011 and 2015 take place the days of the introduction and removal of the CHF cap

against EUR. Their actual values are around -8 and 24, but for readability and comparison

purposes with EUR, we kept the y-axis between -6 and 6.
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Figure 4: Upper panels: large depreciation likelihood of USD against the foreign currency. Mid-

dle panel: large appreciation likelihood. Bottom panel: smooth estimates. Left: USD/EUR,

obtained with ARMAX(2). Right: USD/CHF, obtained with MAX(IRD).
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2.5 In-sample and subsample performance

Figures 5 and 6 display for EUR and CHF, respectively, i) the predicted probability of an

appreciation and ii) the cumulative returns over time of an initial investment of 1 USD with

reinvestment.
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Figure 5: (i) Predicted probability of an appreciation of EUR based on the ARMAX(2) speci-

fication and (ii) Evolution over time of an initial investment of 1 USD with reinvestment of the

proceed. ARMAX(2) in red. Solid black: RW−. Dashed black: BH, AS, RW+.
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Figure 6: (i) One-step ahead predicted probability of an appreciation for CHF. (ii) Evolution

over time of an initial investment of 1 USD with reinvestment of the proceed. Red: MAX(IRD).

Solid black: RW−. Dashed black: BH, AS, RW+.

Figures 7 and 8 display the evolution over time of an initial investment of 1 USD in EUR and

CHF, respectively for a subsample analysis. For EUR, the analysis is conducted for the periods

(i) 6/01/1999 - 1/12/2008, (ii) 2/12/2008 - 14/12/2015 and (iii) 15/12/2015 - 29/03/2019. For

CHF, the displayed period covers 6/01/1999 - 6/09/2011 (before the ceiling). Similarly, Tables

7 and 8 display details on the forecasting performance of all model specifications over these

time periods for EUR and CHF, respectively.
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Figure 7: Evolution of an initial investment of 1 USD in EUR, with reinvestment of the proceed,

for the periods (i) 6/01/1999 - 1/12/2008, (ii) 2/12/2008 - 14/12/2015 and (iii) 15/12/2015 -

29/03/2019. Red: ARMAX(2) specification. Solid black: RW−. Dashed black: BH, AS, RW+.
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Figure 8: Evolution, over time, of an initial investment of 1 USD in CHF (red), with reinvest-

ment of the proceed, for the period 6/01/1999 - 6/09/2011 (before ceiling). Black: benchmark

strategies (solid: BH and RW+, dashed: AS and RW−).

14



2.6 Out-of-sample performance

Figure 9 displays the cumulative profit of a trading rule derived from the different model

specifications that earns 1 if the sign is correctly forecast, and -1 otherwise for EUR.
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Figure 9: Cumulative profit over time of a trading rule derived from ARMAX(2) (solid red),

ARMAX(IRD) (dashed red), random walk (dashed black) and momentum (solid black) that

earns 1 if the sign is correctly forecast, -1 otherwise; for EUR.

Figure 11 displays the results of the GR tests using L
(2)
∆ as loss function, defined by

L
(2)
∆ =

1

h

t+h∑
j=t+1

(p̂∗j − p̂∗,RW
j )sign(Rj), (1)

where p̂∗,RW
j is the sign forecast obtained from the random walk benchmark. Figure 12 displays

the results of the GR test using the best ex-post benchmark (i.e. AS with a classification rate of

51.38%). We also report some results using L
(3)
∆ =

1

h

t+h∑
j=t+1

(p̂∗j − p̂∗,AS
j )sign(Rj) as loss function

in Figure 12, where AS is the benchmark model.
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(i) GR test for ARMAX(IRD) (H0 : |m̂| ≤ 0)
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(ii) GR test for ARMAX(IRD) (H0 : |∆m̂| ≤ 0)

Figure 10: For EUR, GR test statistic with τ ∈ [.1, .85] using (i) m̂ and (ii) L
(1)
∆ as loss

functions, for ARMAX(IRD). If the statistic is above the rejection threshold (dashed red), we

reject the null hypothesis (i) H0 : |m̂| ≤ 0 (upper panel) or (ii) H0 : |∆m̂| ≤ 0 (lower panel).

Dashed black: test statistic for the RW strategy. Dashed red: rejection threshold at the 10%

test level.
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(i) GR test for ARMAX(2) (H0 : |L(2)
∆ | ≤ 0)
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(ii) GR test for ARMAX(IRD) (H0 : |L(2)
∆ | ≤ 0)

Figure 11: For EUR, GR test statistic (blue) with τ ∈ [.1, .85] using L
(2)
∆ as loss function.

If the statistic is above the rejection threshold (dashed red), we reject the null hypothesis

H0 : |L(2)
∆ | ≤ 0. (i) ARMAX(2) and (ii) ARMAX(IRD). Both rejection thresholds are at the

5% test level.
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(i) GR test for ARMAX(2) (H0 : |L(3)
∆ | ≤ 0)
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(ii) GR test for ARMAX(IRD) (H0 : |L(3)
∆ | ≤ 0)

Figure 12: For EUR, GR test statistic (blue) with τ ∈ [.1, .85] using L
(3)
∆ as loss function.

If the statistic is above the rejection threshold (dashed red), we reject the null hypothesis

H0 : |L(3)
∆ | ≤ 0. (i) ARMAX(2) and (ii) ARMAX(IRD). Both rejection thresholds are at the

5% test level.
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(i) GR test for MAX(2) (H0 : |m̂| ≤ 0)
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(ii) GR test for MAX(2) (H0 : |∆m̂| ≤ 0)

Figure 13: For CHF, GR test statistic (blue) with τ ∈ [.1, .85] using (i) m̂ and (ii) L
(1)
∆ as

loss functions. If the statistic is above the rejection threshold (dashed red), we reject the null

hypothesis at the 5% test level. Dashed black: test statistics for the RW benchmark.
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(i) GR test for ARX(IRD) (H0 : |m̂| ≤ 0)
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(ii) GR test for ARX(IRD) (H0 : |∆m̂| ≤ 0)

Figure 14: For CHF, GR test statistic (blue) with τ ∈ [.1, .85] using (i) m̂ and (ii) L
(1)
∆ as

loss functions. If the statistic is above the rejection threshold (dashed red), we reject the null

hypothesis at the 5% test level. Dashed black: test statistics for the RW benchmark.
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3 Additional currencies

In our main analysis, we study the dynamics of EUR and CHF currencies vis-a-vis USD. To

investigate if our results hold also for other currencies, we reproduce some of the main analysis

for the British Pound (GBP), the Japanese Yen (JPY) and the Swedish Kronor (SEK). The

use the same time period as for EUR and CHF. As interest rates for JPY and GBP, we use the

3-month LIBOR denominated in these currencies. For SEK, we use the Stockholm Interbank

Offered Rate (STIBOR) with a 3-month tenor provided by the Sveriges Riksbank.

In Table 9, we report the BIC and the results of the LR tests for ARMAX(2), ARMAX(IRD),

MAX(IRD) and ARMA specifications, for each currency. The information criterion favors

models including the IRD, in particular MAX(IRD).

In Table 10 we report coefficient estimates for the selected specifications. The coefficient

related to IRD is found to be highly significant and positive for the three currencies, a result

similar to the one presented in the main manuscript for EUR and CHF. In Figure 15, we display

the historical crash risk trade-off, indicating the likelihood of depreciation crash of the foreign

currency as a function of the probability of an appreciation. As for EUR and CHF, we observe

a positive association: an increase in the probability of an appreciation is associated to a higher

likelihood of a depreciation crash. Finally, we compare the empirical conditional skewness of

the residuals of the MAX(IRD) specification to the one obtained for a simple GARCH(1,1)

model (Figures 16 to 18). As for EUR and CHF, conditional skewness (with respect to IRD) is

present in the raw data (solid blue line) and appears to be correctly filtered out with MAX(IRD)

(dashed blue line).
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Figure 15: Crash-risk trade-off between the probability of an appreciation (πt) and the proba-

bility of an extreme depreciation (ρ−t ) for the foreign currency, inferred from MAX(IRD).
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Table 9: Model selection and specification criteria.

SEK ARMAX(2) ARMAX(IRD) MAX(IRD) ARMA BH/AS RW

BIC -36,196 -36,204 -36,212 -36,207 - -

LLF -18,145.1 -18,144.9 -18,144.4 -18,141.9 - -

LR - 0.40 1.4 6.4∗∗ - -

AD 0.49 0.51 0.48 0.53 - -

JPY ARMAX(2) ARMAX(IRD) MAX(IRD) ARMA BH/AS RW

BIC -37,539.3 -37,547.3 -37,550 -37,543 - -

LLF -18,816.6 -18,816.3 -18,813.3 -18,810 - -

LR - 0.60 6.6∗∗ 13.2∗∗∗ - -

AD 0.78∗∗ 0.78∗∗ 0.79∗∗ 0.93∗∗ - -

CR 50.94% 51.17% 51.15% 49.83% 50.62% 51.92%

GBP ARMAX(2) ARMAX(IRD) MAX(IRD) ARMA BH/AS RW

BIC -38,687 -38,695 -38,703 -38,699 - -

LLF -19.390.3 -19,390 -19,390 -19,388.1 - -

LR - 0.6 0.6 4.4∗∗ - -

AD 0.26 0.26 0.26 0.27 - -

CR 50.07% 50.58% 50.66% 49.85%∗ 50.19% 51.51%

Notes: The lines LR displays the likelihood ratio test statistics be-

tween ARMAX(2) and the competing models. *** and ** denotes tests

significant at the 1% and 5% levels, respectively.

Table 10: Estimated coefficients for MAX(IRD) skewness model, for SEK, JPY and GBP

1999M1 - 2019M3

MAX(IRD) ω α β c λ δ a0 a2 IRD (a3)

SEK 0.000 0.031 0.963 0.000 0.061 0.804 -0.002 0.028 1.965∗∗∗

(0.340) (0.155) (0.005) (0.000) (0.055) (0.025) (0.038) (0.065) (0.431)

JPY 0.000 0.040 0.958 0.000 -0.021 0.687 -0.010 0.034∗∗∗ 1.432∗∗∗ -

(0.346) (0.088) (0.004) (0.000) (0.126) (0.027) ( 0.055) (0.012) (0.272)

GBP 0.000 0.041 0.951 0.000 -0.035∗∗∗ 0.785 -0.028∗∗∗ -0.003 2.164∗∗∗

(0.107) (0.014) (0.002) (0.022) (0.01) (0.015) (0.01) (0.014) (0.065)

a0 and a2 are the constant and MA parameters in the skewness equation (2.1) (AR component is omitted in

MAX(IRD) specification). IRD refers to the estimated parameters of the corresponding predictor. Standard

errors are put in parentheses. *** denote Wald tests significant at the 1% test level.
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Figure 16: Empirical skewness of USD/SEK residuals, conditional on observing IRD smaller

(resp. larger) than zero. Solid blue: residuals of a GARCH(1,1) model. Dashed blue: residuals

of MAX(IRD).
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Figure 17: Empirical skewness of USD/GBP residuals, conditional on observing IRD smaller

(resp. larger) than zero. Solid blue: residuals of a GARCH(1,1) model. Dashed blue: residuals

of MAX(IRD).
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Figure 18: Empirical skewness of USD/JPY residuals, conditional on observing IRD larger than

zero. Solid blue: residuals of a GARCH(1,1) model. Dashed blue: residuals of MAX(IRD).
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Looking at predictive ability (lines m̂ and CR for in-sample results, and m̂oos and CRoos for

out-of-sample results, in Table 11), evidence are more mixed. The economic performance of our

model is always positive in-sample for MAX(IRD) and largely superior to the ARMA model,

as well as the RW and BH benchmarks. For SEK, m̂ is found significantly larger than zero

at the 10% test level with MAX(IRD), and at the 1% test level with ARMAX(2). For GBP

and JPY, however, it is not found to deliver a significantly positive profit, although for JPY

it is rather positive. Similarly, the out-of-sample performance is not found to be significantly

different from zero, although it is strongly positive for SEK with MAX(IRD), reaching 4.31%.

Comparisons with the benchmarks lead to similar conclusions. These results suggest that

the predictive ability of IRD, in our setting, is not sufficiently strong for these currencies to

generate an economic profit despite the existence of a significant in-sample link with asymmetry.

These discrepancies are in accordance with the currency typology highlighted in Hossfeld and

MacDonald [2015]: while CHF is a safe heaven currency, and EUR a hedge currency, SEK

is categorized as a speculative currency, while neither JPY nor GBP were found to have any

specific pattern.

Table 11: In-sample and out-of-sample performance of the trading rules derived from the dif-

ferent skewness models and benchmarks.

SEK ARMAX(2) ARMAX(IRD) MAX(IRD) ARMA BH/AS RW

CR 52.49%∗∗∗ 50.76% 51.78%∗∗ 50.25% 50.27% 50.68%

m̂ 6.80%∗∗∗ 1.42% 4.33%∗ -0.43% 0.73% 0.38%

CRoos 50.51% 49.86% 51.53% 49.30% 50.33% 48.65%

m̂oos 2.78% 0.70% 4.31% 1.28% -3.39% -5.17%

JPY ARMAX(2) ARMAX(IRD) MAX(IRD) ARMA BH/AS RW

CR 50.94% 51.17% 51.15% 49.83% 50.62% 51.92%

m̂ 1.82% 1.19% 2.63% -0.49% 0.05% -0.20%

CRoos 50.23% 51.26% 50.33% 51.91% 48.47% 49.30%

m̂oos 1.83% 1.92% -1.00% 2.36% 1.84% 0.75 %

GBP ARMAX(2) ARMAX(IRD) MAX(IRD) ARMA BH/AS RW

CR 50.07% 50.58% 50.66% 49.85%∗ 50.19% 51.51%

m̂ -0.19% -1.13% 0.42% -1.73% 1.13% 1.07%

CRoos 49.02% 49.67% 49.67% 49.30% 49.40% 49.12%

m̂oos -5.20% -3.79% -2.00% -4.91% -3.94% 1.15%

Notes: *** and ** denotes tests significant at the 1% and 5% levels, re-

spectively. The lines m̂ and CR display the in-sample performance of the

corresponding model, while the lines m̂oos and CRoos report the out-of-

sample performance.
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4 Testing for structural breaks via CUSUM tests

In this Section, we provide technical details regarding the CUSUM tests mentioned in Section

3.2 in the main text. In particular, we discuss the necessary modifications to be made, in order

to account for the specifics of our model. We then report the results of this test for EUR and

CHF selected models.

In Kulperger and Yu [2005], the authors derived the asymptotic properties of partial sum

processes constructed on kth power of GARCH residuals, showing that it converges toward

a Brownian process plus a correction term. Such CUSUM statistics can be used to test for a

change in conditional (potentially high-order) moments over time. As implied by their Theorem

1.1 and 1.2, the partial sum process behaves as if the residuals ẑt = rt/σ̂t were asymptotically the

same as the innovations zt. However, in usual GARCH models, zt are assumed (unconditionally)

i.i.d, whereas in our GARCH-SH model, it is not the case under the null hypothesis of no

breaks. To circumvent this issue, we suggest working instead with Gaussian pseudo-residuals

ût, based on the inverse of the sinh-arcsinh transform given by (3). Thus, we defined these

pseudo-residuals as

ût = sinh
(
δ̂t sinh

−1(ẑt)− ϵ̂t

)
,

where ẑt = (Rt− ĉ− λ̂σ̂t)/σ̂t. Under a correct specification of the sinh-arcsinh distribution, ût is

asymptotically N(0,1) distributed and fulfills the main assumptions of Kulperger and Yu [2005].

It also fulfills the assumptions of zero-mean and unit-variance. Two additional requirements

are the finiteness of the kth moment of zt and that u0 is a non-degenerate random variable.

These conditions are fulfilled when we assume that ϵt and δt are finite. Then, we suggest using

the following test statistic, similar to the one proposed in Kulperger and Yu [2005]:

CUSUM (k) = max
1≤i≤T

|
i∑

t=1

ûk
t − iµ̂k|

ŝk
√
T

, (2)

where µ̂k is the empirical moment of order k of the residuals, and ŝk an estimate of E(uk
0−µk)

2.

A formal proof of the asymptotic properties of (2) is beyond the scope of the paper. On the

basis of the theoretical arguments enumerated previously, we use the (approximated) results

that (2) converges to the supremum of a Brownian bridge:

CUSUM (k) a.s.−−→ sup
0≤u≤1

|B0(u)|.

Additionally, since we might face several breaks in the time series, we need an algorithm to

sequentially identify the dates of the breaks. We simply apply the procedure detailed in Inclan
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and Tiao [1994], consisting in repeatedly partitioning our time series, until no more breaks are

found.

Relying on the simulation set-up described in Appendix B in the main text, we briefly

study the size of this test. Results are displayed in Table 12. CUSUM tests appear slightly

under-sized.

Rejections of H0: no breaks

No mean

DGP T k=2 k=3 k=4

DGP1 500 0.024 0.04 0.012

1500 0.032 0.032 0.026

3000 0.044 0.052 0.05

DGP2 500 0.024 0.042 0.034

1500 0.03 0.046 0.032

3000 0.046 0.04 0.036

DGP3 500 0.042 0.038 0.03

1500 0.036 0.038 0.028

3000 0.044 0.042 0.032

GARCH-in-Mean

DGP T k=2 k=3 k=4

DGP4 500 0.04 0.048 0.018

1500 0.044 0.038 0.026

3000 0.042 0.052 0.04

DGP5 500 0.028 0.036 0.028

1500 0.042 0.058 0.038

3000 0.042 0.034 0.036

DGP6 500 0.04 0.036 0.042

1500 0.07 0.044 0.05

3000 0.024 0.042 0.022

Table 12: Type-I error for testing the null hypothesis of no structural breaks, for DGP either

with no mean structure (left) or with a GARCH-in-Mean structure (right).

Finally, we display the value over time of the CUSUM test statistic used to investigate

potential structural breaks (Figure 19).

26



2000 2002 2004 2006 2008 2010 2012 2014 2016 2018

Time

0

0.2

0.4

0.6

0.8

1

1.2

C
U

S
U

M
 p

ro
c
e
s
s

2000 2002 2004 2006 2008 2010 2012 2014 2016 2018

Time

0

0.5

1

1.5

2

2.5

C
U

S
U

M
 p

ro
c
e
s
s

Figure 19: CUSUM process over time. Left: for EUR, with k = 3. Right: CHF, with k = 2

(solid). Dashed red: break date (6 September 2011) identified with the algorithm of Inclan and

Tiao [1994]. Dashed black: rejection threshold of the test.

5 Additional information on the SH distribution

In this Section, we provide additional information regarding the sinh-arcsinh (SH) distribution

used in our econometric approach.

5.1 The sinh-arcsinh distribution

The probability density function of the sinh-arcsinh distribution is given by

f(z; ϵ, δ) = η−1Zξ,η(x)
−1/2δCϵ,δ((x− ξ)η) exp(−S2

ϵ,δ((x− ξ)/η)/2),

where

Zξ,η(x) = (2π(1 + ((x− ξ)/η)2)),

Cϵ,δ(x) = cosh(δ sinh−1(x)− ϵ) = (1 + S2
ϵ,δ(x))

1/2,

Sϵ,δ(x) = sinh(δ sinh−1(x)− ϵ),

ξ = −η sinh(ϵt/δ)P1/δ

η =
√
1/(0.5(cosh(2ϵt/δt)P2/δ − 1)− sinh(ϵt/δ)P1/δ)2,

Pq =
exp(1/4)

8π1/2

(
K(q+1)/2(1/4) +K(q−1)/2(1/4)

)
.

with K being the modified Bessel function of the second kind. ξ and η are the location and the

scale parameters, respectively, whose values are fixed to ensure zero mean and unit variance.

The cumulative distribution function F (z; ϵ, δ) is obtained from the transformation given in (3)

and is simply:

F (z; ϵ, δ) = Φ(sinh(δ sinh−1((z − ξ)/η)− ϵ),
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where Φ(·) is the CDF of the standardized Gaussian distribution. The quantile function F−1

is easily derived in the same way; and is given by

F−1(p; ϵ, δ) = sinh
(
(1/δ) ∗ sinh−1(Φ−1(p)) + (ϵ/δ)

)
η + ξ,

where Φ−1 is the quantile function of the Gaussian distribution.

The skewness and kurtosis of zt are given by

SKt =
1

4
{sinh(3ϵt/δ)P3/δt − 3 sinh(ϵt/δt)P1/δ},

KUt =
1

8
{cosh(4ϵt/δ)P4/δ − 4 cosh(2ϵt/δt)P2/δ + 3},

where Pq is defined by equation (3). Hence, one observes that both quantities depend on both

parameters. The response surfaces for skewness and kurtosis are displayed in Figure 20 for

various values of ϵ and δ.
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Figure 20: (a) Skewness and (b) Kurtosis

As depicted in Figure 20 (left panel), δ has a limited impact on the skewness (the response

surface is quite flat along this dimension).

5.2 Characteristics of SH distribution

As explained in Jones and Pewsey [2009], the SH distribution is conveniently built around

the Gaussian distribution such that, assuming a random variable Y ∼ N(0, 1), we can define

f(z; ϵ, δ) by the sinh-arcsinh transformation:

Z = sinh

(
sinh−1(Y ) + ϵ

δ

)
. (3)

Skewness increases with increasing ϵ for ϵ ∈ ]−∞,+∞[, where ϵ > 0 corresponds to positive

skewness. Notice that positive (negative) skewness, for a standardized random variable, implies
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that there is more probability mass below (above) zero. The kurtosis decreases with increasing

δ, 0 < δ < +∞, δ < 1 yielding heavier tails than the normal distribution. Thus, the Gaussian

distribution has a central position in the SH distribution. This is an advantage compared to

other distributions, for which the Gaussian distribution is usually a limiting case. Another

advantage of the SH distribution is the existence of all its moments for finite values of the

parameters. This is particularly useful for inference and residuals-based tests.

For instance, assuming that all parameters in (2.1) take the value zero, we are back to the

symmetric case. Setting a1 = a2 = a3 = 0 leads to a model without dynamics but including

asymmetry, whereas assuming a1 and a3 to be zero leads to a model where only past innovations

impact on the asymmetry. Furthermore, as explained in Jondeau and Rockinger [2003], a model

in which a2 = a3 = 0 and a1 ̸= 0 is not properly identified: for t sufficiently far from zero,

ϵt equals its stationary value ϵ∗ = a0/(1 − a1). Since we do not set an additional restriction

linking a0 and a1, an infinity of pairs exists (a0, a1) to solve this equation. In practice, the

estimation will converge at random, depending on the starting value chosen for ϵ0. Thus, in

our application, we assume that at least one of the other coefficients is always different from

zero. In addition, the stability of the process is fulfilled when |a1| < 1.
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