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Abstract

We define multifractional Hermite processes which generalize and ex-
tend both multifractional Brownian motion and Hermite processes. It is
done by substituting the Hurst parameter in the definition of Hermite
processes as a multiple Wiener-It6 integral by a Hurst function. Then, we
study the pointwise regularity of these processes, their local asymptotic
self-similarity and some fractal dimensions of their graph. Our results
show that the fundamental properties of multifractional Hermite processes
are, as desired, governed by the Hurst function. Complements are given
in the second order Wiener chaos, using facts from Malliavin calculus.
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1 Introduction

Fractional Brownian motion with Hurst parameter i € (0, 1) is known to be the
unique Gaussian process with Bj,(0) = 0, mean zero and covariance function

E[By(t)Bn(s)] = 5+ (It + |s/*" — |t = s™"),

where ¢ is a positive constant only depending on h. It was introduced by
Kolmogorov, in 1940, to generate Gaussian “spirals” in Hilbert spaces [38]. It is
itself a generalization of the famous Brownian motion, when h = 1/2, defined
by the botanist Robert Brown to describe the movements of pollen grains of the
plant Clarkia Pulchella suspended in the water [21]. The first systematic study
of fractional Brownian motion goes back to the famous paper [49] by Mandelbrot
and Van Ness, in 1968. Since then, fractional Brownian motion has appeared
in many real-life applications in various domains, such as telecommunications,
biology, finance, image processing and much more [29].

Among its most fundamental properties, fractional Brownian motion has
stationary increments and is h-self-similar, meaning that, for all a > 0, the
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processes {a~" By, (at)};er and {By,(t) }scr have the same finite-dimensional dis-
tributions. The Hurst parameter also rules the regularity of the process since
the uniform and pointwise Holder exponents (see Section 2 for a definition) of
By, are almost surely h. Actually, it appears that, for some applications, these
properties are undesirable. For instance, fractional Brownian motion was used
in image synthesis to model artificial mountains [16] but then, the obtained re-
lief has the same (ir)regularity everywhere, which is not realistic. To overcome
this drawback, the two papers [55] and [17] introduced independently and from
two different perspectives the so-called multifractional Brownian motion. It is
defined by substituting the Hurst parameter h by a Hurst function H(-) with
values in a compact interval of (0,1). Under some regularity assumptions for
the Hurst function, see Conditions 2.8 (a), (b) and (c) below, one can show that,
almost surely, the function H governed the Holder regularity of the multifrac-
tional Brownian motion. Also, the self-similarity property is turned into a local
asymptotic self-similarity property, see Definition 2.12 below.

Since the introduction of the multifractional Brownian motion, many authors
studied this process, from various perspectives. One can cite for instance the
papers [20, 19] concerning the local time of this process, [24, 43| for statistical
estimation of the Hurst function, [61, 23] where fractal dimensions are computed,
[45, 30] for studies of the precise pointwise regularity, and [41, 42, 44] where a
stochastic calculus with respect to multifractional Brownian motion is defined.
Also, different generalizations has been given such as in [13, 14, 3|, where a larger
class of Hurst functions are considered, in order that the Holder exponent of
the process is, almost surely, of the most general form given in [1, 26], or in
[15, 12, 4] where the Hurst function is also random. Finally, various extensions
have been given, using larger classes of processes closely related to the fractional
Brownian motion like, for instance, the linear multifractional stable motion
[10, 11] or the Surgailis multifractional process [57, 7]. We also refer to the
book [5] for a very clear view on the known facts about multifractional Brownian
motion and related fields. The aim of the current paper is to define an extension
of multifractional Brownian motion in an arbitrary Wiener chaos, using the
affiliation of fractional Brownian motion in the class of Hermite processes.

All along this paper, given' d € N* and a symmetric function f € L?(R%),
Ii(f) stands for the d-multiple Wiener-Itd integral of f with respect to the
Brownian motion {B(t)}+cgr defined on a probability space (2, F,P). If f is of

the form
n

f= Z ajlav--ajd]]'[sjlvtjl) Q- l[sjdvtjd)’ (1)
Jis--ja=1
where, ® stands for the tensor product, aj, .. ;, are such that, for all permuta-
tion o, Uo(j1)ym0(Ga) = Dj1eja and a;, ..., = 0 as soon as two indices ji,. .., jq
are equal and, for all 1 < ¢ # (' <d, [sj,,t;,) N [s5,,t;,) =0, then

n

Id(f) = Z aj17~~~,jd(B(tj1) _B(Sj1)> x "'(B(tjd) _B(de))' (2)

Jiseeja=1

It is straightforward that this last random variable belongs to L?(Q2). For a
general symmetric f € L2(R?), I;(f) is then defined using the density of func-
tions of the form (1) within the set of symmetric square integrable function and

1We use the notation N* for the set of strictly positive integer numbers.



by checking that the corresponding random variables (2) converge in L?(f2).
Among many properties that enjoys this integral, we will mainly use the so-
called isometry property: for all f, g symmetric function in L2(R?) and L2(R%)
respectively,

d{f,g) iftd=d

0 otherwise,

Ela(f)1a(9)] = { 3)
where (-, -) stands for the canonical scalar product in L?(R?). The dth Wiener
chaos is defined as the closed linear subspace of L?(2) generated by the random
variables of the form I;(f), with f symmetric function in L?(R?).

Now, given h € (%, 1), we define, for all s > 0, the function

1

d h—1
fn(s,®) : RT SR, @ x— H(s —xg) T 2. (4)
=1

It is easy to show that, for all £ > 0, the function

/Ot (s, e)ds

is symmetric and belongs to L2(R%). Then, the Hermite process of order d and
Hurst parameter h is defined as

([ s},

When d = 1, this process reduces to the fractional Brownian motion of Hurst
parameter h. As soon as d > 1, the Hermite process of order d is known to
be non-Gaussian. Hermite processes first appeared as limit of partial sums of
correlated random variables, in the so-called Non-Central Limit Theorem, see
[28, 58, 59]. Apart from Gaussianity, Hermite processes share many properties
with fractional Brownian motion such as the stationarity of increments, the h-
self similarity, the Holder regularity. These facts are particularly interesting in
application where we have to model a phenomena for which the Gaussianity
is not a reasonable assumption. See for instance [62] where the asymptotic
distributions in a model for the unit root testing problem, with errors being
non-linear transforms of linear processes, are shown to be functionals of Hermite
processes.

Remark 1.1. For all k € (3,1) and d € N*, we define the constant cq(h) by
a8 (3 134, )
B h(2h —1) ’

with 3(-,-) the usual Euler Beta function. Using the isometry property (3) for
Wiener-It6 integrals, one can show that, for all ¢ > 0,

([ )] e

see for instance the recent book [60]. For this reason, some authors used the

Cd(h)2

E

normalized definition {Id(f(h) fot Jn(s,®)ds)}icr, for the Hermite process of
order d and Hurst parameter h. In our context, let us remark that, for all
d € N*, the function h — c4(h) is continuous on (3,1).



In this paper we define multifractional Hermite processes by substituting the
constant Hurst parameter in (5) by a Hurst function with values in a compact
interval of (1/2,1). In order to do so, we first introduce the following fields,
called “generators of Multifractional Hermite processes”.

Definition 1.2. Given d € N*, the generator of the multifractional Hermite
process of order d is the real-valued centred field {Xq(t,h)}; nyer, x(1,1) defined,

for all (¢,h) € Ry X (%, 1), by the multiple Wiener-It6 integral

Xttt = 1o [ uls.o) is). (6)

Let us remark that, if h € (1/2,1) is fixed, {X4(t,h)}ier, is the standard
Hermite process of order d and Hurst parameter h. In Proposition 2.4 below, we
show that, for all d, there exist a modification of { Xq(t, h) }+cr, he(1/2,1) and F,
an event of probability 1, such that, on 2%, the trajectories of this modification
are (Holder) continuous. Then, we identify {Xa(t,h)}ier, ne(i/2,1) With this
modification and define multifractional Hermite processes as follows.

Definition 1.3. Given d € N*, a compact interval K of (%, 1) and a function
H : R,y — K, the multifractional Hermite process of order d and Hurst function

H is the process {Xf(')(t)}te]RJr defined, for all t € R, , by
X/ (t) = Xalt, H(b)): (7)

Remark 1.4. Of course, the trajectories of multifractional Hermite processes
and their associated generators depend on the additional parameter w € 2. In
order to ease the notations, all along this paper, when the context is clear, we
allow ourself not to explicitly mention this dependence and to write Xf(')(t)

and X,4(t, h) instead of Xf(')(w, t) and Xg4(w,t, h) respectively.

When d = 2, the multifractional Hermite process corresponds to the mul-
tifractional Rosenblatt process previously introduced in the paper [56]. Never-
theless, Wiener-Ito integrals of order 2 enjoy specific properties (see the end of
Section 2 and Section 8 in the present paper). Thus, the study undertook here
is more general. Moreover, some facts proved in this paper are not considered in
[56]. Among other things, in Section 4 we compute the exact Holder exponents
of the multifractionnal Rosenblatt process (only upper bounds are given in [56])
and in Section 5 we establish a law of iterated logarithm. Also, in Section 8, we
prove the existence of a continuous and bounded density for increments of the
multifractional Rosenblatt process, with the help of Malliavin calculus. It helps
us to refine some facts explored in this paper.

Other multifractional processes in arbitrary Wiener chaoses have already
been defined in the literature. In the paper [8], the authors consider a multi-
fractional generalization of processes introduced in [2]. They are defined with an
alternative kernel which facilitates the computation of a wavelet-type expansion.
Also, in the papers [50, 51], the author obtains some multifractional processes in
arbitrary Wiener chaoses as limits of weighted sums of multifractional Gaussian
fields. These processes are a priori not directly related to the ones defined in
this paper, as it is already the case in the first order chaos, see [25].



With this paper, we hope to open the door to further investigations con-
cerning multifractional Hermite processes. We believe that many interesting
research questions could be addressed, similarly to what have been done with
the multifractional Brownian motion. Also, we think that multifractional Her-
mite processes could be used in applications to model phenomena where both
Gaussianity and constant regularity can not be assumed. To motivate the intro-
duction of multifractional Hermite processes, we focus on some first important
properties concerning the behaviour of stochastic processes: Hoélder regularity,
the law of iterated logarithm, local asymptotic self-similarity and fractal di-
mensions for the graph. These notions are defined in Section 2 as well as the
main strategies used to state and prove our main theorems. Section 3 is mainly
concerned in giving an uniform modulus of continuity for multifractional Her-
mite processes. In section 4, we provide a lower bound for the oscillations of
multifractional Hermite processes. Section 5 is devoted to prove a law of iter-
ated logarithm. In Section 6, the local asymptotic self-similarity is discussed.
Section 7 deals with estimates for the Hausdorff and box-counting dimensions
of the graph of multifractional Hermite processes. Finally, in Section 8, some
complements concerning the fractal dimensions of the graph of the multifrac-
tional Rosenblatt process are given, using specific arguments from the Wiener
chaos of order 2 and Malliavin calculus.

Our results show that, as desired, fundamental properties of multifractional
Hermite processes are governed by their associated Hurst function.

2 Preliminaries, strategy and main results

As stated in the Introduction, the definition of a multifractional Hermite process
relies on a modification of its generator which is almost surely Hoélder continuous.
Let us start by recalling the definition of this notion.

Definition 2.1. If f a is (deterministic) continuous function defined on a com-
pact interval I of R, the oscillation of f on I is defined by

Osc(f, I) := sup |f(t) = f(s)]. (®)

t,sel

We say that f belongs to the pointwise Holder space at tg € I and of order
€ (0,1) if there exist R > 0 and C' > 0 such that, for all 0 < r < R,

Osc(f,[to =1, to+7r]NI) < Cre. (9)

In this case, we note f € C%(ty). It is easy to check that, if « < S, then
CP(ty) € C*(ty). Therefore, the pointwise Holder exponent of f at ¢y is defined
as

hy(to) :=sup{a € (0,1) : f e Cto)}.

If, for all tg € I, f € C*(tp), with an uniform constant C' > 0 in (9), we say
that f is uniformly Holder on I of order o and we note f € C%(I). The uniform
Hoélder exponent of f on I is then naturally defined as

Hi(I) :=sup{a € (0,1) : feC*I)}.

Of course, for all ty € I, we have hy(tg) > H(I).



One of the easiest and most standard way to provide information concerning
the Holder regularity of a stochastic process is to use Kolmogorov continuity
theorem. On this purpose, one has to obtain bounds for the norms in LP(Q) of
the increments of the process. It is precisely the aim of the next proposition.
In fact, this result will be crucial in numerous occasions all along this paper.

Proposition 2.2. Let d € N*, K be a compact interval of(%, 1) and I be a com-
pact interval of Ry.. There exist two positive deterministic constant c1,ca, only
depending on d an K, and a positive deterministic constant cs, only depending
ond, K and I, such that, for all t,u € I and hy,hs € K,

[ Xa(t, h1) — Xa(u, h2)l[22(q)

is bounded from above by ci|t — u|™™{Pr2} 4 colhy — hy| and from below by
02|t — u|min{h1,h2} — Cg‘hl — h2|

Proof. Let us write K = [a, b] with % < a < b< 1 and let us assume, without
loss of generality, h; < ho. For all t,u € I and hy, he € K, of course, we have

[ Xa(t, h1) — Xa(u, h1)|l L2y — [ Xa(w, h1) — Xa(u, h2)|[L20) <
[ Xa(t, h1) — Xa(u, ha)|l2(0)
< |1 Xaq(t, ha) — Xa(u, h1)| 2 0) + | Xa(u, h1) — Xa(u, h2)l|12(q)- (10)

Using the self-similarity and stationarity of increments of Hermite processes,
we know that there exists a deterministic constant cq(h1) > 0, such that

1 Xa(t, h1) = Xa(u, h1)l L2) = ca(ha)|t —ul™.
In view of Remark 1.1, we take

= Sgg cqa(h) and co = hlg}f{ ca(h).

Thus, it only remains to bound || Xg(u, h1) — Xa(u, h2)||12(q)- In the sequel,
we write dx for dx;...dxq. Let us also recall the notation (4). Using the
isometry property (3) for Wiener-1t6 integrals and Definition 1.2 we have

| Xa(u, h1) — Xa(u, ho)| L2 (o)

— (/ (/Oufhl(sax)—fhz(svx)d5>2dx>é- (1)

For all (s,x) with H?Zl(s — x¢)+ > 0 fixed, by mean value theorem, there is

B’ € [h1, ho] such that
d
In (H(s - Ig)+> | .

s (5:5) = (30| = 11 — Rl (s,
(=1

Now, using the fact that, for all € > 0,

1
lim z°log(z~!)=0" and lim og(2)

=0t
z—0t r—+oo € ’



one can choose ¢ > 0 such that % <a—¢e<b+e<1and find a deterministic
constant c¢. > 0 for which, for all x € R?,

u

0 fh1 (va) - th(S,X) ds

< colhy — hol / Fare(5,%) + fope(s,x) ds. (12)

Plugging this into (11) and using again the isometry property (3) for Wiener-Ito
integrals, we get

[ Xa(u, h1) — Xa(u, k)| L2(0)
< celhy = ha| (| Xa(u, a = €)[| () + | Xa(u, b+ €[22 (o)
< cacelhn = ha|(ful*™% + |ul***)
< c3lhy — hal,

for a positive deterministic constant c¢s > 0 only depending on d, K and I. O

The next corollary is then a direct consequence of the hypercontractivity
property on Wiener chaoses, see [52, Theorem 2.7.2].

Corollary 2.3. Given d € N* and K a compact interval of (%, 1), let I be a
compact interval of Ry. For any p > 1 there exists a positive deterministic
constant c,, only depending on d, p, K and I, such that, for all t,u € I and
hi,he € K,

_ _ min{hl,hg} _
= Cp
1 Xa(t, ) = Xa(uw, ha)| ooy < (It = +lh—hal).  (13)

Inequality (13) combined with Kolmogorov continuity theorem are enough to
consider the Holder regularity of generators of multifractional Hermite processes.

Proposition 2.4. Given d € N*, there exist a modification of the field
{Xa(t, 1)} e,n)ery x(1/2,1), also denoted by {Xa(t, h)} . nyer, x(1/2,1), and Q*, an
event of probability 1, such that, on Q*, given I, a compact interval of Ry, and
K, a compact interval of (%,1), for all 0 < a < inf K, there exists a finite
positive random variable C' such that, for all t,u € I and hy,hs € K,

| Xa(t, h1) — Xa(u, ho)| < C(|t — u| + |h1 — hal)?. (14)

Proof. Using (13), we see that, for all p > 0 there exists a deterministic constant
¢ > 0, only depending ond, p, I and K, such that, for all t,u € I and hy, hs € K,

[ Xa(t, 1) — Xa(u, ho)|| o) < c(|t —u| + |h1 — ho|)™TE

and the conclusion follows by applying a strong version of Kolmogorov continuity
theorem, see for instance [37, Theorem 2.5.1 pages 165 and 166]. O

Starting from now, we identify the generators of the multifractional Her-
mite processes with their continuous modification. Once this identification
done, the multifractional Hermite process, of order d and Hurst function H,
{Xf(')(t)}teR+ is defined by the equality (7). Let us now present our main
results which focus on fundamental properties of these processes.

Holder regularity provide nice information about the pointwise and global
behaviour of the functions we consider. Nevertheless, often we are interested by
more precise bound for the oscillations. It can be done by the mean of moduli
of continuity.



Definition 2.5. If f a is (deterministic) function defined on a compact interval
I of R, we say that a continuous increasing function p defined on R, and such
that lim,_,o+ p(r) = 0 is a modulus of continuity for f at tg € I if

Osc(f, [to —r to+7r]N1T)

lim sup < +00. 15
b o) 1)

Moreover, if
. supy,er Osc(f, [to —7,%0 +7])
lim sup
r—0t p(’r)
we say that p is an uniform modulus of continuity for f on I.

< +00

Remark 2.6. Of course, if f is a-Ho6lder, the function r — r® is a modulus of
continuity for f. Holder regularity only compares the oscillations with power
functions while, with moduli of continuity, one can deduce more precise and
relevant information concerning the analysed function. It is particularly true
when we consider stochastic processes, see for instance [31, 27, 30]. Note that
one can define generalized Holder spaces associated with modulus of continuity
[39, 40, 46] and that these spaces lead to specific multifractal formalisms [47, 48].

While considering the multifractional Hermite process Xf('), we say that
h (resp. p) is a (pointwise or uniform) Holder exponent (resp. modulus of

continuity) for X{f(') if it is a Holder exponent (resp. modulus of continuity)

for all the sample paths ¢ — Xf(')(t) on an event of probability 1.

Notation 2.7. Given d € N*, a compact interval K of (%, 1) and a continuous
function H : Ry — K, if I is a compact interval of R, we note

H(I):=min{H(I)} and H(I):=max{H(I)}.

While studying multifractional processes, authors generally require a regu-
larity assumption for the function H in order to consider the regularity of the
process itself, see for instance [5, 17, 55]. Here, we will also work with such
conditions.

Condition 2.8. Given d € N* and a compact interval K of (%, 1), we say that
the Hurst function H : Ry — K satisfies

(a) the uniform min-Holder regularity condition if, for all compact interval I of
R, there exists v € (H(I),1) such that H € C7(I);

(b) the pointwise Holder condition if, for all ¢ € R, there exists v € (H(¢),1)
such that H € C7(¢);

(c) the local Holder condition if, for all ¢ € R, there exist a compact interval
I CRy and v € (H(t),1) such that t € I, and H € C7(1);

All along this paper, to be as general as possible, we use alternatively Con-
dition 2.8 (a), (b) or (c) to state and prove our results. Note that if the Hurst
function H : Ry — K is such that, for all compact interval I of Ry, there
exists v € (H(I),1) for which H € C”(I), then Conditions 2.8 (a), (b) and (c)
are obviously satisfied.

Our first main result consists in providing, under Condition 2.8 (a), an uni-
form modulus of continuity for each multifractional Hermite processes. In Sec-

tion 3, we prove the following Theorem.



Theorem 2.9. Given d € N*, a compact interval K of (%,1) and a Hurst
function H : Ry — K satisfying Condition 2.8 (a), there exists 0, an event
of probability 1, such that, on Q7F, for all compact interval I of Ry

i SUP;, e 1 Osc(Xf('), [to—T1,to+r]NI)
im sup

< +00.
r—0+ rH() (log r—l)%

Under Condition 2.8 (b), one can compute the pointwise Holder regularity
of the process. As desired, it is governed by the Hurst function, as stated in our
second main Theorem, proved in Section 4.

Theorem 2.10. Given d € N*, a compact interval K of (%, 1) and a Hurst
function H : Ry — K satisfying Condition 2.8 (b), there exists (¥, an event
of probability 1, such that on Q3, for all ty € R4, we have

th(') (to) = H(to)

In fact, Theorem 2.10 is a consequence of the stronger Theorem 4.1 below
which gives a lower bound for the oscillations of multifractional Hermite pro-
cesses.

When we study the pointwise regularity of a stochastic process, we are often
interested in providing a so-called law of iterated logarithm. It shows that,
almost surely, the oscillations at most of the points (in the sense of Lebesgue
measure) can be bounded from below and above by a modulus of continuity
featuring an iterated logarithm. In Section 5, we show that multifractional
Hermite processes enjoy this property.

Theorem 2.11. Given d € N*, a compact interval K of (%, 1) and a Hurst
function H : Ry — K satisfying Condition 2.8 (c), there exists Q, an event of
probability 1, such that on Q, for (Lebesgue) almost every ty € Ry, we have

Osc(XHO) [ty —r,t NR
0 < lim sup se(Xy " [to —ryto +7] +)

3 (16)
0t rH® (log(logr—1))2

As shown by Theorem 2.10, if the function H is non constant, almost surely,
the pointwise Holder exponent of the multifractional Hermite process Xf(‘)
changes from one point to another. In particular, there is no hope that it is
a self-similar process, see [5, Proposition 1.60]. For this reason, one prefers to
check a weaker assumption, the so-called local asymptotic self-similarity.

Definition 2.12. A real-valued stochastic process {X(t)}ier, is weakly lo-
cally asymptotically self-similar of order h > 0 at the point ¢ty with non-
degenerate tangent process {Y (¢)};>0 if the sequence of process {e~"(X (to +
et) — X(to))}ter, converges to the process {Y'(t)}¢cr, in finite dimensional dis-
tributions, as ¢ — 0. When {X(¢)}er, and {Y(t)}+cr, have, almost surely,
continuous path and if the previous convergence also holds in the sense of con-
tinuous function over an arbitrary compact set of R, we say that {X(¢)}ier,
is strongly locally asymptotically self-similar of order h > 0 at the point tg, with
tangent process {Y () }ser, -

Of course, the strong local asymptotic self-similarity implies the weak lo-
cal asymptotic self-similarity. Conversely, let us assume {X(t)}cr, is weakly



locally asymptotically self-similar of order h > 0 at the point #;, with tangent
process {Y'(t)}+er, . Let a > 0 be an arbitrary fixed real-number and, for ¢ > 0,
let P¢ be the probability measure induced by {e~"(X (to +&t) — X (to)) }ter, on
the Borel o-algebra of? C([0, a],R). In order, to show that the convergence holds
in the strong sense, it suffices to show, since a > 0 is arbitrary, that the family
(P%)c>0 is relatively compact. Using Prohorov’s criterion (see [18, Section 5 in
Chapter 1] for a comprehensive view), it reduces to show that, for all § > 0

X(to+et) — X(to +es)
ch

lim limsupP sup
=0 <0+ s,t€[0,al,|t—s|<n

> 5) =0. (17)

In Section 6, we use this technique to prove the local asymptotic self-similarity
of the multifractional Hermite process.

Theorem 2.13. Let d € N*, K be a compact interval of (3,1) and H : R —
K be a Hurst function. If H satisfies Condition 2.8 (b) then, for all to > 0, the
multifractional Hermite process {Xf(‘)(t) : t > 0} is weakly locally asymptoti-
cally self-similar of order H(to) at tg with tangent process {X4(t, H(to)) : t >
0}, the Hermite process of order d and Hurst parameter H (ty). Moreover, if H
satisfies Condition 2.8 (c), then this property also holds in the strong sense.

The last notions that we consider in this paper to study the behaviour of
a given multifractional Hermite process are the Hausdorff and box-counting
dimensions of its graph. We refer to the fundamental book [32] for details and
proofs concerning these quantities.

Definition 2.14. Given d € N*, a set A C R? and ¢, h > 0, the quantity
HI(A) = inf{z diam”(4;): A C UAj and, V7, diam(A4;) < e}
J J

where, as usual, diam stands for the diameter, is called the (h,e)-Hausdorff
outer measure of A. Moreover, for all b > 0, the application & — H(A) is
decreasing and it follows that the h-dimensional Hausdorff outer measure

is well-defined.

The crucial property of Hausdorff outer measures is that, for any non-empty
set A, there exists a critical value hg such that

H"(A) =coVh <hy and H"(A)=0VYh> h.

Definition 2.15. Given d € N* and a non-empty set A C R?, the Hausdorff
dimension of A is

dimy(A) = sup{h > 0: H"(A) = 0o} = inf{h > 0: H"(A) = 0},

while, by convention, dimy () = —oc.

2As usual, C([0, a],R) stands for the set of real continuous function on [0, a].
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An alternative notion of dimensions for fractal sets are given by the box-
counting dimensions.

Definition 2.16. Given d € N*, a non-empty bounded set A C R and ¢ > 0,
let N.(A) be the smallest number of sets of diameter at most ¢ which can cover
A. The quantities

) . o log(N-(A)) - e log(N:(4))
dimg(A) := hsn_1>(1)r+1f () and dimg(A) := hEII_I:)Iip " log()

are, respectively, the lower and upper boz-counting dimensions of A. If they are
equal, the common value is refereed as the box-counting dimension of A and we
denote it dimp(A).

We also refer to [32] for all the properties of these dimensions and a clear pre-
sentation of their respective utilities and interpretations. Here, we will mainly
use the fact that, for any non-empty bounded set A C R?,

ity (4) < dims(4) < Fmp(A). (18)
Also, we use the fact that, for all A, B subset of R,
(A C B) = dimy(A) < dimy(B) (19)

In this paper, given d € N* a compact interval K of (%, 1), a Hurst func-
tion H : Ry — K and a compact interval I C R,, we are interested in the
dimensions of the graph

Ga(I) == {(t, X)) : te 1}

In view of inequalities (18), our strategy consists in bounding from above the
(upper) box-counting dimension and from below the Hausdorff dimension. The
main Theorem of Section 7 can then be stated as follows.

Theorem 2.17. Given d € N*, a compact interval K of(%, 1), a Hurst function
H : R, — K satisfying Condition 2.8 (a) and a compact interval I C Ry, there
exists 2, an event of probability 1, such that on 2, we have
1-H({ . S
14 % < dimy (G4(I)) < dimp (Gq4(I)) <2 — H(I).

When d = 1, inequalities in Theorem 2.17 are equalities and we recover
the well-known result of [55]. Unfortunately, for d > 1, we have a disparity
between the lower and upper bounds for the fractal dimensions. It comes from
the estimates that can be made on the probabilities

(x5 () - x5O (u)]| < @), (20)

for t,u,x > 0, see Proposition 7.6 below. It is unknown whether a general
(multifractional) Hermite process admits a continuous and bounded density
and thus we have to estimate (20) with the so-called Carbery-Wright inequality,
Lemma 7.5 in this paper, which induces this factor %. Nevertheless, for d = 2,
one can use specific arguments from the second order Wiener chaos, [52, Section
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2.4]. Indeed, if f is a symmetric function in L?(R?), let us consider the Hilbert-
Schmidt operator defined as

A : IP(R) = L*(R) : g — /Rf(-,y)g(y)dy-

Then, let {\f;}jen and {ef ;}jen indicate, respectively, the eigenvalues of Ay
and the corresponding eigenvectors. The system {ef ;};en is orthonormal in
L*(R), the sequence {\f;};en belongs to (P, for all p > 2, and f has the
expansion
F=2 Arjeri®ery,
JEN

with convergence in L?(R?). In particular, from this last equality, one can write

L(f) =) Arj (ery)* = 1), (21)

JEN
with convergence in L?(Q2). Let us also note that the orthonormality of {ef ;};en

entails
||f||2L2(]R2 = Z /\?,j' (22)
JEN
In Section 8, we take advantage of this expansion, together with arguments
from Malliavin calculus and the paper [35], to prove the following improvement
of Theorem 2.17 in the second order Wiener chaos. We recall that, in this case,
the multifractional Hermite process corresponds to the multifractional Rosen-
blatt process.

Theorem 2.18. Given a compact interval K of (%, 1), a Hurst function H :
Ry — K satisfying Condition 2.8 (a) and a compact interval I C Ry, there
exists Qo, an event of probability 1, such that on Qs, we have

Note that this disparity of results also appeared in the standard case, where
the Hurst function is constant, see [2]. We conjecture that, in fact, the equality
holds for any (multifractional) Hermite processes. A strategy to prove this fact
would be to show that (multifractional) Hermite processes admit continuous
and bounded densities. It is still an open question which goes far beyond the
scope of this paper.

3 Uniform modulus of continuity

Let us now focus on the continuity and regularity of multifractional Hermite
processes. Let us first remark that, on the event Q* induced by Proposition
24, Xf(') is always continuous at 0. Indeed, if w € Q* is fixed and (¢;); is a
sequence which converges to 0, then let us consider a subsequence (t;); of
(tj);- As H has a compact image, there is a subsequence (f;(;(;))); such that

H(tyniy) — Hy, for some Hy € K. Then, inequality (14) entails

H(- ~ H(-
Xd ( )(w7tl(k(j))) = Xd(wutl(k‘(j))7 H(tl(k(j)))) — Xd(w, 0, H()) =0= Xd ( )(w, O).

12



Thus, any subsequence of (X a0 (w,t;)); has a subsequence which converges to

0, which means that (XH( )(w7 tj)); also converges to 0.

Of course, if H is a continuous function, (7) and (14) imply that, on Q*,
Xf(') is continuous on R;. At the opposite, if H is discontinuous at a point
to # 0, using again the fact that the image of H is compact, we know that there
exists (¢j); such that t; — ¢o and t; — Hy # H(to). Then, from the isometry
property (3) for Wiener-Itd integrals, we get

[ Xa(to, Ho) — Xa(to, H (%))l £2(e)

to 2 3
=d! (/ ( fHo(SaX) - fH(to)(s7X) dS) dX) :
R4 0

1
d 2 2

to H(to) 1 -1 Ho*f(to) 1) g J
/Rd / l_Is—au‘gJr 1_[(5—95g)+ - s | dx

=1
> 0.

It means that one can find an event €2, of probability 1 such that, for all
w € Uy, Xf(') is discontinuous at tg.

From this discussion, we see that in order to insure the almost sure continuity
of multifractional Hermite processes, we have to assume that the Hurst function
is continuous. Therefore, starting from now and until the end of this paper, the
Hurst function is always assumed to be a continuous function. In fact, we will
even make stronger assumptions on this function, namely Condition 2.8 (a), (b)
or (c).

Under Condition 2.8 (a), by Proposition 2.4, one easily see that, almost
surely, for all compact interval I of R, Xf(') is Holder continuous on I, with
Holder exponent at least H([).

Here, we aim at giving a more precise result by providing an almost sure
uniform modulus of continuity for Xf('). On this purpose, let us recall the
following important fact, see for instance [36, Theorem 6.7].

Lemma 3.1. For all d € N*, there exists an universal deterministic constant
cq > 0 such that, for any random variable X in the Wiener chaos of order d,
and y > 2,

2
P(IX] >yl X 12()) < exp(—cay?).

Let us introduce some notations. For all j € N and t € Ry, k; (?) is the
unique non negative integer such that t € [k (£)277, (k; (t) +1)277) and we set
kj(t) := k; (t) + 1. Let us remark that, for all t € Ry, kj (t)277 k+( 1277 — ¢
as j — —|—oo Also, note that, for all j € N,

{k7 i (0), k11 (0} € {2K5 (8), 25 (8) + 1,2k (t) + 2}
= {2k (1), 2k (t) — 1,2k (t) — 2}.

Proof of Theorem 2.9. For all (j,k) € N?, we write X; := XH( )(k2_j). Let

d
us fix n € N and, if ¢4 is the constant given by Lemma 3.1, let ¢ > (M) ’

Cd

13



For all j € N, let us consider the event A; defined by

, Xt — X
(30§k§n23,k’e {2k, 2k + 1,2k + 2} : [ Xi+1h — Xjinl ch;>.
1 X100 = Xjrllzz)

If j is sufficiently large, by Lemma 3.1, we have P(A4;) < 5n2’ exp(fcdc%j).

d
lnc(j) * we have Z;;OS P(A;) < co. Borel-Cantelli Lemma entails

the existence of €, 1, an event of probability 1, such that, on 2, 1, there exists
J1 € N for which, for all j > J; and for all 0 < k < n27, k' € {2k, 2k+1,2k+2},

Thus, as ¢ > (

.d
| X1 — Xl < g2 [|[ X — Xjklle)- (23)

Now, let us fix a compact interval I C [0,n]. There exists J, € N such that,
for all j > Jo, 2277 < diam(I). In particular, it means that, for all t € I and
for all j > Jo, k; (t)277 € I or k;(t)T277 € I. In the sequel, for all such ¢ and
Jj» we choose k;(t) € {k; (t),k;r(t)} such that k;(t)277 € I. On the event Q*
given by Proposition 2.4, we can write, for all jo > J

H(-
X7 = Xm0+ O Kiray ) — Xy 0)-
Jj=>jo

Therefore, on the event €2,, = Q, 1 N Q* of probability 1, if s,¢ € I are such
that 2= 0ot < |s — | < 2770 for some jo > max{.J;, Jo}, we write

J
D Xkt — Xk )]
j>Jo

D X ka9 — Xiks o) (24)

Jj=Jo

H(- H(-
X0 - x2Vs)) < 1 X o ks (8) = Ko ks (5)]

From Proposition 2.2 and inequality (23), as H satisfies Condition 2.8 (a), there
is a constant c;, only depending on d, I, K and c such that, for all 7 > jo,

A <
max{| X 11,0000 = Xk, 01 1 X 1k500 () = Xjoky (o)} < 1522 HDG+D),

Also, as |k;j(t)277 — k;j(s)277| < 22770 4 27J0 < 27902 we have, still from
Proposition 2.2 and inequality (23),
a .
Xy (1) = Xy (o) < 1 27HO00F2),

In total, we get the existence of a constant cs, only depending on d, I, K and
¢, such that, for all s, € I with 2ot < |s —¢| < 27Jo

a .
X 1) = XFO(s)] < eojg 27 DIo < ¢y log |s — 1] 5 |s — ¢/ ED).

The conclusion follows by taking Qf = (), Qx. O

14



4 Pointwise Holder exponent

Now, we want to show that the pointwise regularity of the process is governed
by the Hurst function. Under Condition 2.8 (b), it is easy to show, with the
help of Proposition 2.4, that, almost surely, for any ¢y € Ry,

th(» (to) > H(to).

To show the reverse inequality, we will prove the following Theorem.

Theorem 4.1. Given d € N*, a compact interval K of (%,1) and a Hurst
function H : Ry — K satisfying Condition 2.8 (b), there exists Q, an event of
probability 1, such that, on Q, for all ty € Ry,

. OSC(XH(V), to—r,to+7r/NR )
lim sup d [ 7d2H(t]U) +

r—0F 7H (o) (log r—1) 20-H0)

> 0. (25)

On this purpose, we use a generalization of a combination of previous ideas
from the papers [6, 9, 27]. First, remark that, similarly to the proof of Theorem
2.9, it suffices to show that, for all n € N, there is 2,,, an event of probability
1, such that, on Q,,, for all ¢y € [n,n + 1], (25) holds. The conclusion comes by
taking Q = [, cn 2, For the sake simpleness in notation, we prove this result
for n = 0.

Let us fix some notations. For all (j, k) € N2, ), stands for the dyadic
interval of scale j explicitly given by [k277, (k + 1)277), A; is the set of all
dyadic intervals of scale 7 and A := Uj Aj. IEXN = Ajp € Ay, 3X\ is the set
{N\j k=1, Ajk, Ajk+1}. Finally, for all j € N and t9 € Ry, Aj(to) is the unique
interval in A; such that ¢t € A;(tg). If z € [0,1] and X\ € A, we allow ourself
to write x € 3\ to state that there exists \' € 3\ for which x € ). Similarly,
A’ C 3\ means that there exists X' € 3\ for which A/ C ).

For all (j,k) € N x {0,...,27 — 1}, let us set

L VHE) k+1 H() k
x40 (21) g (&

() (B (4))
27 27 27 9J

If A = Aj 1k, we also write Ay for A; ;. It is clear that, for all j € N,

sup  |Ax| < Ose(XHO) [t — 2279 ¢ 4 2277)). (26)
AC3X; ()

Recalling (6) and the notation (4), we write
) 1 1 1
(50 (15) - (b (52)
23 27 27 27

= Id (/kﬂ fH(kQJI)(S’.)dS>




k k+1 k-&-l}d
270 27 , 5]

The brilliant idea from [6] is then to split this last integral in two parts, where
one is “negligible” compared to the other one which enjoys some independence

property.

Definition 4.2. Given a real number M > 0, for all (j,k) € Nx{0,...,2/ -1},
we consider the enlarged dyadic cube

o (k=M k1)
gk 21 7 2

since, as long as s € | 1, fH(m)(s, x) vanishes whenever x ¢ (—oo
27

and the random variables

A (1% </ Fi(rsny(s.9) ds>> (27)

27

k+1
—M 27
Agr = 1a <]1<—oo7’°;f1d\kﬁ?k </ fH(Zﬁ)(S")dS)) '

23

and

For all (j,k) € N x {0,...,27 — 1}, if we also set

— k k+1 k k
sien (S(55) % (5(2)

given M > 0, of course, we have

— M ——M —
Aj’k = Aj’k + Aj’k + Aj’k.

— M
Moreover, from the definition of Wiener-It6 integrals, we know that A;; is
measurable with respect to the o-algebra

O'({B(tg) — B(tl) tt,tg € )\%C}),

see |6, Lemma 2.1|. Thus, if My,..., M, are fixed positive real numbers, the
M — M,
random variables Aj, x,  ,...,A; .  are independent as soon as the con-
dition
M My ,
Njoke VN, = Pforall1<¢,0 <n (28)

is satisfied.

Let us now give some lower and upper bounds for the norm in L?(2) of these
random variables. The following proposition is inspired by [6, Lemmata 2.2 and
2.3] where the main modifications come from the fact that we are working here
with a Hurst function instead of a constant Hurst parameter.

Proposition 4.3. Given d € N*, a compact interval K of (%, 1) and a Hurst
function H : Ry — K, there exists a positive deterministic constant ¢, only
depending on d and K, such that, for all (j,k) € Nx{0,...,2/ —1} and M > 0,
one has

)

. — M 1
12 MU < A7 ey < 27D,
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2 1550 oz < eM “G- 2~ STV,
3. |12kl < ¢ Osc(H, A;p).

Proof. Let us start by showing the first point. Using the isometry property for
Wiener-1t6 integrals, we get, for all N x Z and M > 0, with the changes of
variable s +— 277 (u + k) and w = 2/x — k1,

k41
27

2
A2y 00 = dl > ds| d
I i =t [ ([, S0 ) s

= dre2H (5 / (/ fH kL) (u w)alu)2 dw.
(=M,1}4
Let us remark that if (u, w) € [0,1] x [0,1]4, H?Zl(u —wy)4+ € [0,1] and thus
Frr(y(w, W) 2 foup i (u, w).
Therefore, we conclude

+

1A% HL2(Q)>\72— T

/ foup ik (u, ®) du

L2([0,1])
For the reverse inequality, it suffices to remark that

2

/<oo,ud (/ fH(k;)(“’W)du) dw
2

< [ (] Gt + Gt wipi) v

For the second point, let us write, for all (j,k) € N x {0,...,27 — 1},
H(SH)-1

Hjp := —27— — 5. Again from the isometry property (3) for Wiener-Ito

integrals, we get

—M
1Ak 1720

k—M 2

< d!/ . (2% —ml)QHf*"‘dxl X /}Rdi1 (/:j H(s—xg)fj’k ds) dzs...dzg.

=2

First, we have

k—M k+1
~k ,H(57) -y
/ § (53 —xy)*Mokdy = (M279)?

— 00

On the other hand, from the isometry property (3) for Wiener-It6 integrals and
Proposition 2.2, there exists a deterministic constant ¢; > 0, only depending on

17



d, K and [0, 1], for which

k41
J
(d— / (/ Hsﬂw ”‘ds) das . .. dzg
Rd—1
27

(d— 1)H( k41 )+1
<2Vt

E+1 (d—1)H ( ;1)+1)
27 d

_ k+1
Xy (L A DE G+

27’ d )

Xa-1(

L2(Q)

In total, we have found a positive deterministic constant co, only depending on
d and K and [0, 1], such that

||AJ k ||L2(Q) < CQMWDK 12_H(i)].

The third and last point is a straightforward consequence of Proposition
2.2. O

_In view of the last proposition, we say that the random variables of the form
AM are dominant.

Finally, let us recall the following important fact about random variables in
a given Wiener chaos, see [36, Theorem 6.9 and Remark 6.10] for a proof.

Lemma 4.4. Given d € N*, there exists an universal deterministic constant
va € [0,1) such that, for any random variable X in the Wiener chaos of order
d, one has

1
P (|X| < 2||X|L2(Q)) < V-

We now have enough material to give a lower bound for the oscillations of
the multifractional Hermite process.

Proof of Theorem 4.1. As already explained, we can reduce our attention to the
interval [0,1).

d
If ¢4 > 0 is the constant in Lemma 3.1, we fix ¢/ > %) *. Let also ¢ be

the constant given by Proposition 4.3. For all \;;, € A, we define

d

My, = (862j%) ~(57), (29)
First, we consider the dominant random variables. We need to fix some
notations. If A = A is a dyadic interval and m € N, Sy, = S x,m stands for
the finite set of cardinality 2™ whose elements are the dyadic intervals of scale

j + m included in A; j, formally speaking S; 5 m :={A € Ajim : AT Aj i}
If v4 € [0,1) is the constant given in Lemma 4.4, one can find ¢4 € N such

that

yhe <271, (30)

If the dyadic interval A;, and m € N are fixed and S € S; i ,m we define the
sequences of dyadic intervals (I,)o<n<m and (T)1<n<m in the following way:

o _[0 = )\j,k:

18



L Im:‘sv
e foralll<n<m,lI, 1=1,UT,.

Now, for any 1 < n < m, there are ¢; dyadic intervals (T,f = )\ju) k<’~’>)1SZS€d in
ST, |logy (LaMr, )| +1 Such that, for all 1 <2< /4y

(0) (£)
n’ — n’ + 1
(k: M, k ) cT,

DY Vin
and, if £ #£ ¢/,
KO — My, K41 KD — My, K 41 )
9i 7 9P N @ T D =
3 S 241! 241!

Therefore, the dyadic intervals (Tf;)}%ﬁ;f;ﬁb satisfy condition (28) (with M, =

C . . N Mo 1<e<
Mr,) which insures the independence of the random variables (A )lgfb—f;,;.

From this, for all S € S; k., we define the Bernoulli random variable

Bjxm(S) = II 1, —w — .
jvkxm( ) (AL T <2-1)| A, T”HL2(Q)}
1<n<m,1<¥<4y " n

M
Using Lemma 4.4 and the independence of the random variables (A " )Efi{%,

we conclude
E[Bj k.m(S)] < 7™

Therefore, if we define the random variable

gjak:m = Z B]:k:m(s)

SGSjﬁkwm

then E[G; x.m] < (27%4)™. It follows from inequality (30) and Fatou Lemma
that

E |:Tl7¥£-1i-%£ gj,k,7rL:| =0.
As a consequence, ), = ﬂjeN,o<k<2j {w : liminf,, 4o Gjkm(w) = 0} is an
event of probability 1.

Now if w € Oy and tg € [0,1), we take j € N and k = k;(¢¢) and since, for
all m, Gj k. (ty),m has values in {0,...,2™} we conclude that there are infinitely
many m for which, for every S € S; 1. (19),m» Bjk,m(S) = 0. Considering such a
m and S = Aj i, (to) then we first remark that, for all 1 <n <m, I, = A\j4n(to)
and thus T), € 3)\j 1, (to). Now, as Bj k.m(\j+m(to)) =0, onecanfind1 <n <m
and 1 < ¢ < /{4 such that

M,

—— Mr, 1, — Mg,
|Ape " (w)] > §||AT;; llL2()-

In short, we have shown that for all w € Q; and ¢y € [0,1), there exist
infinitely many j € N such that there is A € 3)\;(to) and N € Sy |10g, (0402 ]+1
for which

—_—~ 1 -
A3 @)] = 518N 12(0). B
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On the other hand, from Lemma 3.1, we know that, for all j large enough,

o)

— M,

A)\/

d
2

IF’(El)\GAJ,)\ € Sx,|logy (LaMy) |41 ° ‘A/\/ ’>C]

7)-

N

< 204 sup My27 exp(—cq(c)
AEAJ'

ol

Thus, as ¢ > <1n(2)> , recalling the explicit expression (29), we have

I , — M, — M,
ZP Ine ;A €8A7LlOgQ(ZdM)\)J+1 : ‘A,\/ >Cj2 Ay 2@ < 0
=0

We can then deduce from Borel-Cantelli Lemma the existence of {25, an event
of probability 1, such that, for all w € Qs, there exists Jo € N for which, for all
3=z J2, A€ Ny and X' € Sy j10g, (0,01,)] 15

— M
A)\/ A(w)’ S C/j%

Ay (32)

L2(Q)

Similarly, we prove the existence of 23, an event of probability 1 such that,
for all w € €3, there exists J3 € N such that, for all j > Js, A € A; and
A€ S) llog, (aMy) | +15

)| < st &

(33)

L2(Q)

Now, if w is such that inequalities (31), (32) and (33) hold, with A € 3X;(to)
and N = \j/ v € S, [logy (€M) |+1 then, from Proposition 4.3, we deduce

M) > 1A @) - (|8 @) + B @)
. ICOR

Y k41
> 672 i1 (5 )—cc’ (8c2c'j%) (%55

7 0T 4 Ose(r, )

First, by Condition 2.8 (b), we know that there is ¢ > 0 and v > H () such
that 4
Osc(H,\N') < "2777. (34)

Let us remark that

(1) 1
d 1_»'_#
2 (kL
j 2J —

K41 kt1
) i o [y (FUE) 1 (51
im im exp | In(j)=
j=rhoo jotee P g 1- H (&)
and, as
E'+1 k+1 :
m() - |, e
1— H (&) - 1l-supK’
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we get

Similarly, we also have
H(klﬁl —1

jETm(SCQCI) () = (8c2c )™t

In particular, if j is large enough, H (k/]'fl> is also strictly less that 4 and one
can write

7
— _ J
1 k+1

cc OSC(I‘I7 )\/) < %(8@2c/j%) 1_H( 27

an (K51
)

27jH(%)_

Putting all of these together, we conclude that, for all j sufficiently large,

) ) il G
[Ax (w)] = %Q_j,H(kﬁl) - %(886;’%) () g (557)
dH "'/.J,rl)
¢l 4 T TTa Ry ()
> E_(8e2cyt) ) o), (35)

8
In total, on €21 Q3N Q3, which is an event of probability 1, for all ¢y € [0, 1),
we have, from equations (26), (35) and Condition 2.8 (b) for H,
H() » .
X tg — 2277, ¢ 22771 NR
Jim sup Osc(X, 7, [to ;o + JNRy)

> 0.
. . d2 H(tg)
Jj—+o0 2—]H(t0)j_2(1—H(t0))

O

Theorem 2.10 is then a direct consequence of Proposition 2.4 and Theorem
4.1.

Proof of Theorem 2.10. Let us consider the events Q2* and ) given by Proposi-
tion 2.4 and Theorem 4.1 respectively. Then, 2* N is an event of probability
1 on which:

e for all t > 0, hyne(to) > H(to), by Proposition 2.4 and Condition 2.8
d
(b);
e for all t >0, hX;r(.) (to) < H(to), by Theorem 4.1.
O

Remark 4.5. Let us recall that, for all continuous function f, all interval I
and all tg € I, Hy(I) < hy(tp). Thus, an immediate consequence of Theorems
2.9 and 2.10 is that, if the Hurst function H satisfies Conditions 2.8 (a) and (b),
on the event Q7 N Q% of probability 1, for all interval I C R,

Hyno (1) = H(D). (36)
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Let us note that only Condition (a) is required to deduce this fact. Indeed, if
to € I is such that H(tg) = H(I), then it is still possible possible to reach the
bounds (34) at tg and then (35). Then, on , (25) holds at to. It follows that,
on

Hynoy (1) < hyno(to) < Hto) = H(I)

and the equality (36) holds on © N Q*.

5 Law of iterated logarithm

Let us now prove that multifractional Hermite processes enjoy a law of iterated
logarithm. We use similar arguments as in Sections 3 and 4 but somehow
“localize” them. This localization helps us to deduce, at each point, a sharper
modulus of continuity which bounds, both from above and below, the oscillations
of the process around this point. Let us start by showing the finiteness of the
limit in (16).
Proposition 5.1. Given d € N*, a compact interval K of (%, 1) and a Hurst
function H : Ry — K satisfying Condition 2.8 (c), there exists 1, an event
of probability 1, such that on Qy, for (Lebesgue) almost every to € R, , we have
lim sup Osc(X2) [to — vt + 1] NRY)

r—0+ rH(to) (log(log r—1)) %

< 0. (37)

Proof. We use the notation introduced before the proof of Theorem 2.9. Let
2

us fix tg € [0,1) and ¢ > cd_T, with ¢4 > 0 the constant in Lemma 3.1. For all
Jo € N, let A, (t) be the event defined by

S Xk — Xjk
(3] > 0y Ak js Akr i S 3N, (to) ||X|- k,]_ < klel(Q)
Js Js

4
2

ol

> clog(jo)? (j —jo +1)

If jo is sufficiently large, we have, by Lemma 3.1,

P(Aj, (1) < > 32777 exp(—cqct log(jo)(j — jo + 1))
3>Jjo
< ¢ exp(—cqci log(jo)),

for a deterministic constant ¢’ > 0 independent of any relevant quantities. Thus,
—2

as ¢ > ¢,/ , we have ;g‘;oo P(A,,(t)) < oo and Borel-Cantelli Lemma entails

the existence of {);,, an event of probability 1, such that, on €2, there exists

J €N, for which, for all j > jo > J, A j, Awr; € 3\, (to),

Cad d

[ X — Xkl < clog(jo)? (7 — Jo + 1) [ Xjer — Xjkllz2()- (38)

Let us then consider jo > J and s,t € [to—7,to+7] with 2-Uo+D) < < 2770,

For any j > jo and x € {s,t}, \;(z) C 3\;,(¢o). Thus, increasing jo if necessary,
from Proposition 2.2 and the Condition 2.8 (c¢) for H, one can write,

1 X5, 6) = Xk ()l 22(0) < 1 (2” min{H (k; ()272). H(k; (£)27)} 2*jH(t°)>
< e (2,]- min{H(t),H(s)} 952710 wH(to))

< 9,23 min{H (o), H (1), H(s)} (30)
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for a deterministic constant ¢; > 0, only depending on d, K and [0, 1].
On the event ), given by Proposition 2.4, one can write

H(. H(-
Xd ( )(t) - Xd ( )(s) = Xj07kjg (t) - Xjakjo (S)
+ Z (Xj+1vkj+1(t) - Xj+1vkj+1(3) - vakj(t) + Xjkj(s)) :
Jj>Jo

It then follows from inequalities (38) and (39) that, on Q* N Q,,, there exists a
constant ¢ > 0, only depending on d, K and [0, 1] such that

d
2 .

12 (1) = X310 (s)] < g0 mintH00HO 1} log o)

Increasing jo if necessary, the Condition 2.8 (¢) for H and the inequalities
2= (o+1) <4 < 2790 finally give

XHO @) = X0 (5)] < 26577 (l0g l0g ().

In total, we have proved that for any to € [0,1] there exists €, an event
of probability 1, on which (37) holds. The conclusion follows by countable
intersection and Fubini theorem. O

Let us now focus on the positiveness of the limit in (16). We use again the
random variables introduced in Definition 4.2. First, we need to bound from
below the probabilities

_ o
P (JA2] = y27 97 (5)) (40)

for (j,k) € Nx {0,...,29 —1} and M > 0. We know that for any variable X in
the Wiener chaos of order d, there exist two deterministic constants yy > 0 and
¢ > 0 such that, for all y > yj,

2
P(|X] > y) > exp(—cy?),

see [36, Theorem 6.12]. But, unfortunately, these constants depend on the law
of X and are not universal, which is undesirable in our context. Nevertheless,
using some convergences in L2(£2), we still manage to “uniformly” bound the
probabilities (40) from below.

Lemma 5.2. Let d € N*, K be a compact interval of (3,1) and H : Ry — K
be a continuous Hurst function. For all ty € Ry, there exist four deterministic
constants ¢y, > 0, yr, > 0, jo € N and My > 0 such that, for all \j ; C 3\, (to),
M > My and y > y¢,, we have

- —jH(EEL ]
PUAY > 27 (5)) > expl—ci, ). (‘“)

Proof. For all j € N, k € {0,...27 — 1} and M € N, by auto-similarity and
stationarity of increments for standard Hermite processes, we know that the
random variables

. | 1
AM 4 KM and 27715 x, (LH (k;; ))




are equals in law. We also know that there exist two deterministic constants
c%o > 0 and ytlo > 0 such that, for all y > ygo

P (|Xa(1,to)| > y) > exp(—c},y).

For all y > 0, we write

P (AN = y27"(5))
>

IP’< (1H<k;1>)‘22y> P(AY| > y279H(57)),

By Lemma 3.1 and Proposition 4.3, we know that, for all j, k, and all M and y
sufficiently large,

n(5) \ !
P (311> 2 05) 5 xp s et

( 1 1—sup K
< exp —cd(yc M4 )

As 1 —sup K > 0, if M is large enough, one can then reach

o
N———

1 2
<|A 6l > vy27 PH (55 )) < zexp(—?)c%oyﬁ).

On the other hand, we have

(e (57))[22)

> P (|Xa(1, t0)| > 3y) — (‘Xd (1, H(to)) — X4 (1 H(k; ))’ >y>.

Using again Lemma 3.1, from Proposition 2.2, we know that there exists a
deterministic constant co > 0, only depending on d, K and [0, 1], such that, for
all jo large enough,

]P’(‘Xd(l,H(to))—X (1 H(k; ))‘>y>

o i ()

2J
=2 E+1\|™
< exp <cd02“ H(tg)— H ( + )

2)7).

1 1 2
Xa(1,H(to)) — Xa (1,H (k;; ))‘ > y) < ZeXp(_?’C%oyE)'

2
2
yd
L2(Q) )

v

)

The continuity of H insures that, if j is large enough,

"

Putting everything together, we conclude the existence of ¢;, > 0 and y;, > 0
with the desired property. O
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Let us use this last Lemma to prove the positiveness of the limit in (16).

Proposition 5.3. Given d € N*, a compact interval K of (%, 1) and a Hurst

function H : Ry — K satisfying Condition 2.8 (b), there erists Qy, an event
of probability 1, such that on s, for (Lebesgue) almost every to € Ry, we have

Ose(XHO [ty =t + 7] N Ry)

4
2

0 < limsup
r—0+ rH(to) (log(log r—1))

Proof. We use the same notation as in the proof of Theorem 4.1. Let us fix
to € [0,1). We take M and j are sufficiently large such that (41) holds for
all large enough y. Then, for any m € N and A € Sy, (1),m, let (I )0<n<m
and (T,,)1<n<m be the sequences of dyadic intervals w1th Ip = Xj(to); Im, = A
and, forall 1 <n <m, I, =I1,UT,. Foralll <n <m, let also Ty =
Nk ojn € ST, |log, (M) |41 such that (T7)M C T,,. In particular, for all n # n/,
(THM N (TF)M = ( and the random variables (ﬁ%hgngm are independent.
If ¢;, > 0 is the constant given in Lemma 5.2 and ¢; is a deterministic

2
constant such that 0 < ¢s,ci < 1, let us consider the event
AM
ATy

T kntt
1<n<m 27]"H( ;jn )

Ejm(to) = {w €Q: max

> log(Qm)g}

Using the independence of the random variables (5%)1919,1, Lemma 5.2 and
the inequality log(1l — ) < —z for all x € (0,1), we get, if m is large enough,

P(Ejm(to)) _1—H1P><

n=1

AM

kn+1

2]"(7w)

< log(2m)g>

> 1— (1 - exp(—cyefl log(2m))™

m

>1—exp —
(2m)ctoci
2
mi= cref
=l—-exp| —5
9ctct

2
Thus, as 0 < ¢ cff < 1, we get

D P&y 2 (to)) =

peEN

and Borel-Cantelli Lemma, combined with the independence of the events (Ear 2» (t0)),
entails
P (lim sup Eap 2p (t0)> =1
p——+oo
In other words, there exists Qtlo, an event of probability 1, such that, for all
w € Qf , there are infinitely many j € N such that, there exist A € 3);(to) and
A;/vk/ S SA’Llogz(]\/[)JJrl for which

AY ()] > e log()F2 7 (57). (42)
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2
On the other hand, if ¢y is a deterministic constant such that c; > c;* , we
have, by Lemma 3.1 and Proposition 4.3, for all j € N
)

—2
The fact that ¢; > ¢,” and Borel-Cantelli Lemma entails the existence of QF ,
an event of probability 1, such that, for all w € Q?O, there exists J € N for
WhiCh7 for allj > J, AE 3)\7(t0) and )‘;'/,k’ S S)\,Llog2(1Vf)J+1a
#(5H) -

Y k41
‘@) <cogeM T 4 log(j)2277 H (2 )’ (43)
L

P <3>\ S 3/\j(t0), N e Sk,[logQ(M)j—i-l : ’E% > C2 log(])% A%

d
< 3M exp(—cqcd log(j)).

A% )] < e |BY|

where ¢ > 0 is the deterministic constant given by Proposition 4.3. Similarly,
there exists Q?O, an event of probability 1, such that, for all w € Qfo, there exists
J € N for which, for all j > J, A € 3\;(to) and X' € Sy |10g,(a)|+1,

|Ax ()] < eaclog(j) Osc(H, N). (44)

. . . sup K—1
As sup K < 1, by increasing M if necessary, we can reach, cocM ™~ @ < 9.

Also, from the Condition 2.8 (b) on H, there exits ¢z > 0 and v > H(ty) such
that, for all X € SA,LlogQ(M)J-i-la

Osc(H, \) < 32797 < C3M72_j/7.

Increasing j if necessary, we can reach

o k41
cac Osc(H, \') < %2 7% ).

If inequalities (42), (43) and (44) hold, we thus have, for all M and j big
enough

|Ax (w)]

v

g5y 427 (57)

Y

%1 log(j)%MfH(kz;'l) 7jH<k2.;r’1) .
In total, from the Condition 2.8 (b) for H and inequality (26), we deduce that,
for all ty € [0,1), on the event Q} NQF NQF of probability 1, we have
Osc(XHO) 1ty — 2277 ¢, 4+ 2277
lim sup seXy Lt 0 )

- 2 > 0.
j—+oo 2-7H(t0) Jog(5)2

The conclusion follows again by countable intersection and Fubini theorem. [
Theorem 2.11 is then an immediate consequence of Propositions 5.1 and 5.3.

Proof of Theorem 2.11. If Q1 and Qy are the events of probability 1 given by
Proposition 5.1 and 5.3 respectively, on € Ny, we have, for (Lebesgue) almost
every tg € R,

Osc(X O [ty — r to + 1] NRY)

0 < limsup 7 < oo.
b

r—0+ rH(to) (log(log r—1))
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6 Local asymptotic self-similarity

Let us start this section by showing that the multifractional Hermite process
{Xf(') (t)}eer, is weakly locally asymptotically self-similar. Our main ingredi-
ent is the following lemma, which is sometimes refereed as Slutsky’s theorem
(see for instance [34, Page 318]).

Lemma 6.1. Let (X;); and (Y;); be two sequences of random variables such
that (X;); converge in distribution to a random variable X and (Y;); converges
in probability to a deterministic constant c, then the sequence (X; +Y;); con-
verges in distribution to X + c.

Proposition 6.2. Let d € N*, K be a compact interval of (%,1) and H :
Ry — K be a Hurst function satisfying Condition 2.8 (b). For all tg > 0, the

multifractional Hermite process {Xf(')(t)}t€R+ is weakly locally asymptotically
self-similar of order H(ty) at to with tangent process {Xq(t,H (to))}i>0, the
Hermite process of Hurst parameter H (to).

Proof. Let us fix tg > 0. For all t > 0 and € > 0, we write
g~ H (o) (Xf('>(t0 +et) — Xf(')(to))
= e H0) (X y(tg + et, H(to + et)) — Xq(to + et, H(to)))
+e 1) (Xy(to + et, H(to)) — Xa(to, H(to))) -

First, from the well-known self-similarity and stationary of increments for the
standard Hermite process, we know that the process

{e7 1) (Xa(to + et, H(to)) — Xa(to, H(t0)))}+0
is equal in finite-dimensional distribution to
{Xa(t, H(to))}>0-
On the other hand, from Proposition 2.2, we know that, for all £ > 0 and € > 0,
le ™7 0) (Xy(to + et, H(to + et)) — Xalto + et, H(to))) || 2(0)
< coeTHUO) | H (b + et) — H(to)| .

If t > 0 is fixed, Condition 2.8 (b) insures that one can give find v > H(¢() and
¢ > 0 such that, for all € > 0 sufficiently small

|H(to +¢et) — H(to)| < ce 7.
In particular, for all fixed ¢ > 0, the sequence of random variables

(79 (Xalto + et, H(to + 1) = Xalto +et, H(t0)) __
converges to 0 in L?(f2), and thus in probability, when ¢ — 07.
The conclusion follows from Lemma 6.1. O

Now, we want to show that the local asymptotic self-similarity also holds
in the strong sense. As already explained in Section 2, it suffices to show that
(17) holds, with X = Xf('). On this purpose, we recall the Garsia-Rodemich-

Rumsey inequality in the following lemma, a proof can be read in [33].
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Lemma 6.3. Let ¥ be a non-negative even function on R and p be a non-
negative even function on [—1,1]. Assume also that both U and p are non
decreasing on Ry. If f is a continuous function for which

//[0,1]2 v (W) dzdy < B < o0,

then, for all s,t € [0,1],

F(s)— F() < 8 /0 g (‘fﬁ) dp(u).

Applying this last Lemma to the functions ¥ : u — |ulP and p :— |u|a+%,
for p > 1 and @ > % then, with an obvious change of variable, we conclude
that, for all a > 0, there exists a deterministic constant c, p, such that, for any
fe€C(0,a],R) and t € [0, a]

50— JOF < ot [ 150) = 5@l =0l e, (19

We use this fact to prove Theorem 2.13.

Proof of Theorem 2.13. It remains us to prove the strong local asymptotic self-
similarity in the case where the Hurst function H satisfies Condition 2.8 (c).
Let us fix a > 0 and tg > 0. For all €,7,§ > 0, we set

> 5> .

We have to show that, for all 6 > 0, lim,,_,o+ limsup,_,4+ P(g,7,6) = 0.
Of course, the Markov inequality entails, for any p > 1,

XHO (tg + et) — XHO (g 4 e5)
eH(to)

P(e,n,6) =P ( sup

s,t€[0,al,|t—s|<n

P(e,n,0) < § P PHtIR 3

sup ‘XH(‘) (to + et) — XHO (t5 + e5)
s,t€[0,al,|t—s|<n

Then, we use inequality (45) to write, for o > %,

E sup ‘XH(')(to Fet) = XHO(t + es)

s.t€[0,al,[t—s|<n

p
< Capan®®! / / E HXH(')(tO Fet) - XHO (¢ + 58)‘ } It — |~ dsdt.
[0,a]?

‘ p

Moreover, we know from Corollary 2.3 that, for all s,¢ € [0, a],
]

. p
< ((£|t — g|ymin{H toret). Hltoes)} 1\ [ (¢ 4 et) — H(to + £s)|> .

E HXH(‘)(to Fet) — XHO(t + es)

By Condition 2.8 (c), there exits a deterministic constant ¢ > 0 such that, for
all € > 0 sufficiently small and s,t € [0,a], s # t,

|H (to + t) — H(to + e5)| < c(e|t — s|)H0) < el lo)|p — 5mfK
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and

)H(to)

(€|t o s|)min{H(t0+et),H(to+ss)} < €H(t0)|t o S|ian67(a€ < 2€H(t0)|t o S|ian.

In total, we have obtained that, for all ¢ > 0 sufficiently small,

P(e,7,8) < 2¢a.pad PP / / |t — s[PUnf K=)=1 geqy.
[0,a]2

One can then choose, for instance, a = % and p = % in order that the last

integral is finite, because p(inf K — ) — 1 =1, and, as a > %,

lim limsupP(g,n,d) = 0.

n—0t .o+

7 Fractal dimensions of the graph

Given a compact interval I C Ry, let us start by providing an upper bound
for the box-counting dimensions of the set G4(I). From the results proved in
Sections 2 and 3, it is in fact an easy task, thanks to the following lemma, see
[32, Corollary 11.2] for a proof.

Lemma 7.1. Let I C Ry be a compact interval and f : I — R be a continuous
function for which there exist ¢ > 0 and 1 < a < 2 such that, for all s,t € I,

|£(s) = fF@)] < cft — s>,

then
dimp ({(t,Xf%)) te 1}) <a.

One can then directly state the following proposition.

Proposition 7.2. Given d € N*, a compact interval K of (%,1), a Hurst
function H : Ry — K satisfying Condition 2.8 (a) and a compact interval
I C Ry, there exists 21, an event of probability 1, such that, on Q1, we have

dimg (Ga(1)) <2 — H(I).
Proof. 1t is an immediate consequence of Theorem 2.9 and Lemma 7.1. O

To obtain a lower bound on the Hausdorfl dimension, we use the notion of
potential.

Definition 7.3. Let d € N* and s > 0. The s-potential at a point € R? to
the measure p on R? is the quantity

oo [ dry)
?a() |z —yl*

The s-energy of p is then defined as

Ls(n) =/c/>s(w)du(x) ://M_

|z — yl*
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Often, potentials and energies are used to get a lower bound for the Hausdorff
dimension, as stated in the following Lemma, see [32, Theorem 4.13] for a proof.

Lemma 7.4. Let d € N* and A be a subset of RE. If there is a non vanishing
finite measure p with non-empty support included in A with Is(p) < oo, then
H*(A) = 0o and dimy (A) > s.

In order to apply Lemma 7.4 in our context, we have to find upper bounds for
negative moments of the multifractional Hermite process. On this purpose, we
use the following result, known as Carbery-Wright inequality, see [22, Theorem
8].

Lemma 7.5. There is an absolute deterministic constant ¢ > 0 such that, for
any n,d > 1, 1 < p < oo any polynomial Q : RY — R of degree at most n, any
Gaussian random vector (X1,...,Xg) and any x > 0,

E|Q(X1, ..., Xa)F " P(IQ(X1, ..., Xa)| < 2) < cpa™.

In the sequel, if a compact interval I C Ry, tg € I and € > 0 are fixed, we

set
H(tg,e) :== H([to —&,to +¢] N I).

The proof of the following Lemma uses ideas from [2, Lemma 14] and [53,
Lemma 4.3|, with modifications again mainly due to the fact that we are working
with a non-constant Hurst function. As this Lemma is the main reason for the
disparity between the lower and upper bounds for the fractal dimensions in
Theorem 2.17, we believe that it is useful to write it in full details so that the
readers can directly understand where it comes from.

Proposition 7.6. Given d € N*, a compact interval K of (%,1), a Hurst
function H : Ry — K satisfying Condition 2.8 (a) and a compact interval
I C Ry. Iftg € I is such that H(tg) = H(I), there exist two deterministic
constants ¢ > 0,& > 0, both only depending on d, H and I, such that, for all
O<e<é&z>0andt,ucIntg—e,to+e],

H(tg,)

P(Ix () - X ()] < w) < catt —ulm

Proof. Let us fix t,u € I. The symmetric function
H) t u
o RY SR : wr—>/ Jr@) (s, W) dsf/ JH@w (s, W) ds
0 0
belongs to L2(R?). By definition,

1 (£10) = (X100 - x)Vw).

Given {e;} ey an orthonormal basis of L?(R), the sequence of functions

J
H(),J H(
i = > (i) e 0 0e)e 00, |

J1senda=1 J

where ® stands for the symmetric tensor product, converges to ftli(') in L2(R%),
see [52, Appendix B.3.].
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For all (jy,...,j4) € N, we know that

Lie;, @ Oey) = f[ ( / (z) dB(z ))

where 7 is the number of occurrence of j; in (ji,. .., ja) and H,, is the Hermite
polynomial of degree ny, see [54, Page 14]. In particular, since, for all f € L?(R)
with || f[| 2y = 1, I1(f) ~ N(0,1), Lemma 7.5 with p = 2d and n = d entails,
for all J,

. 1 _1
P(I1a (177 1 < ) < c2dat 10 (£7) b

Now, from the isometry property for Wiener-It6 integrals, we know that
H(-),J H(- H(-
Id( t,u() )J:zo (Xd()(t)_Xd()(u)>

in L?(Q). In particular, there exists a subsequence ( t}ﬂ')"]’“)k for which the
convergence holds almost surely. Then, by Fatou’s Lemma,

P(\Xf(')(t) —Xf (u)] <x> <hm_~1_anF’(|Id( H()Jk) | Sx)

_1
d

< 2dxd hmmf HId ( ) e

k—+o00

_1
d

= c2dx5 .
L2(Q)

H(- H(-
X0 - X710 )

We use Proposition 2.2 to affirm that there exist two deterministic constants
c1,c2 > 0, only depending on d, K and I, such that

|XI00 - x7Ow| |, = el —uprmEOHDO} () - H(w).

L2()

Since H satisfies Condition 2.8 (a), there exists v > H(I) = H(tg) such that
H € C7(I). Then, if £ > 0 is sufficiently small, for all 0 < ¢ < £, we also have
H(to,e) < 7. By reducing again ¢ > 0 if necessary, we have, for all 0 < & < ¢
and t,u e IN [to —&,%o +8]

eo H(t) = H(u)| < S[t —u| 7).

In total, we have obtained, for all such ¢ and ¢, u,

H(") m

P(1X5 O - X0 < 7) < c2d(z ) Hadfe - ul”

We can now prove Theorem 2.17.

Proof of Theorem 2.17. Let to € I be such that H(tg) = H(I). Let £ > 0 be
given by Proposition 7.6 and j € N* with % < & For all t,7 > 0 such that
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t,t+r€fto—ji tto+7i1]NTI and s > 0, we have, by Proposition 7.6,

{(|XH( Mt +7) - XTO@)2 4 7’2)_3}

—s
s

[ p (e - xIO@R 4 2) T 2 0) e

+oo
s [ a2 R (O ) - XV 0] <) dy
0

Heo . A(tg.5~1)
: CS/ y(y? + %) "5y T dy
0
+
<dr Hltag ) (rs 2/ry1+5 dy+/ 009757”3 dy)
0 r
I
L ), (46)

where ¢ > 0 is given by Proposition 7.6 and ¢/, ¢’ > 0 are deterministic constants
only depending on s, d and c.
Thus, if we consider the random measure jx ; defined for all Borel sets
A CR? by
, o .1 .1 . H(-)
px,j(A) = L{t € [to—j " to+j NI : (£, X, 7(t)) € A},

with £ the Lebesgue measure in R, we get
(// dux,j()dux,;(y ))
|z —yl°
:// E {(|Xf(')(t)—Xf(')(u)2+|t—u| ) } dt du
([to—3= 1t to+5—1INI)2
< // 3o
([to—5 =t to+j5—1NI)2

dt du.

Ifs<1+ 71_ﬁ(2°’j71)
with 0 < 4 <1+

that on, Q;

, then this last integral is finite. Therefore, for all ¢; € Q

2 -
%, there exists {); ,., an event of probability 1, such

//d/iXJ d'uX]()<+oo
oy |

By Lemma 7.4 and (19), it means that, on Qj 4

](IJ7

qj < dimy (Ga([to — " to+ 571N 1)) < dimy (Ga(1)).

As H is a continuous function, it follows that on the event ;[ QMJ of
probability 1, we have

1 - H(I)

1
+ d

It suffices to intersect this event with €7 from Proposition 7.2 to get the con-
clusion. O
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Remark 7.7. Let us note that the proof or Proposition 7.6 only requires that,
if tg € I is such that H(tg) = H(I), there exist £ > 0 and v > 0 such that
v > H(ty,€) and H € C7([tg — &,to + &) N I). In particular the lower bound for
the Hausdorff dimension of G4(I) still holds in this case.

8 Complements for the multifractionnal Rosen-
blatt process

In this last section, we take advantage of the expression (21) to improve The-
orem 2.17 in the case d = 2, where the multifractional Hermite process is the
multifractional Rosenblatt process. Let us start by introducing the notions of
Malliavin calculus that we are going to use. Details can be read in the funda-
mental books [52, 54].

Generally speaking, let H be a real separable Hilbert space with inner prod-
uct (-, )3 and associated norm || - ||3. We call isonormal Gaussian process over
‘H any centred Gaussian family X = {X(f) : f € H} defined on a probability
space (2, F,P) and such that, for every f,g € H, E[X(f)X(9)] = (f,9)n. One
can assume that F is the o-field generated by X. For all m > 1, H®™ is the mth
symmetric tensor product of H and L2(2,H®™) is the class of H®m-valuated
random elements F' which are F-measurable and such that E[||F|[3,,,] < occ.
Let S be the set of all cylindrical random variables of the form

F=g(X(f1),--, X(fn)) (47)

with n > 1, f; € H and g infinitely differentiable such that all its partial
derivatives have polynomial growth. If F € S is of the form (47), the mth
Malliavin derivative of F is the element of L%(2, H®™) defined by

n

D"F= ) X (f) XU f

Ox;, ...0x;
Jis--dm=1 J Jm

For all m > 1 and p > 1, D"™P denote the closure of S with respect to the norm
[ llmp o F = | E[[FP]+ ZE[IIDjFll’;L@j] : (48)
j=1

For all p > 1, D°P = _ Dm?

In the sequel, we will heavily use the following fact which is contained in [35,
Theorem 3.1].

Lemma 8.1. If F € D** is such that E[|F|*"] < co and E[|DF||3*"] < oo for
p,1,s > 1 satisfying %—i— % +% =1, then F has continuous and bounded density
fF with

iggUF(x” < ¢ ||IDF|3?]

LT(Q) ||F||2,Sv

where ¢, > 0 is a deterministic constant only depending on p.
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In our context, we work with # = L?(R) and, for all f € L3(R), X(f) =
I, (f) is the Wiener-1t6 integral of f with respect to the Brownian motion. For
all p,d > 1, I;(f) € D*P and, for all ¢ > 1,

ﬁfd—q(f) ifg<d
0 otherwise,

Dily(f) = {

where, in I;_4(f), the stochastic integral is taken with respect to d — ¢ vari-
ables, resulting in a random variable belonging to L?(€2, L?(R?)). In particular,
DA4I,(f) = d!f. In the case d = 2, we can use the expansion (21) and write

DI (f) =2 Apjli(er )er;

JEN
which entails, given the orthogonality of the system {ey ;},

2
IDL()l2@ =2 D AF,Tiless)? | (49)
jEN

In particular, as {I1 (e ;}; are i.i.d. N(0,1) random variables, we deduce from
(22) that

E[IDL(N)Fam] =4 | DA%, | = 4l71P. (50)
JEN
Now, let us state [35, Lemma 7.1] which gives an estimate for the negative
moments of random variables of the form (49), which is particularly useful to
apply Lemma 8.1.

1
Lemma 8.2. Let G := (ZjeN )\ij2) * where {\;}jen satisfies |A;| > |Aj41] for

all § > 1 and {X;}jen are i.i.d. standard normal. For allr > 1, E[G™?"] < 00
if and only if there exists N > 2r such that |[An| > 0 and, in this case,

E[G™] < e, NTTA[77, (51)
with ¢, > 0 a deterministic constant only depending on r.

Let use Lemma 8.1 to improve Proposition 7.6 in the second order Wiener
chaos.

Proposition 8.3. Given d € N*, a compact interval K of (%, 1) and a Hurst
function H : Ry — K satisfying Condition 2.8 (a) and a compact interval
I Cc Ry. Ifty € I is such that H(tg) = H(I), there exist two deterministic
constants ¢ > 0,& > 0, both only depending on d, H and I, such that, for all
O<e<&z>0andt,ucInitg—e,to+e],

(X, (1) - X ()| < @) < eaft —ufHl02),

Proof. Let us fix t,u € I, we assume without loss of generality u < t. We keep
the notation

t u
fgf‘) R 5 R : W»—>/O T (5, W) ds—/o JH@) (s, W) ds
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introduced in the proof of Proposition 7.6 and also consider the function
t
tli(t) R2 SR w»—>/ Jr@) (s, W) ds.

Note that I ( gft)) = Xq(t, H(t)) — Xq(u, H(t)). Let {)\;}jen be the eigen-

values of the Hilbert-Schmidt operator Ame ordered with |A;| > |A;41]. On
1,0

one hand, one can check, with some obvious changes of variables, that {|t —

u\H(t))\j}jeN are the eigenvalues of A u. On the other hand, we know from

the proof of [56, Theorem 3.1] that A; # 0. Finally, inequality (22) allows

to affirm that, if {§§’"}jeN are the eigenvalues of the Hilbert-Schmidt operator

A .z ordered with |§;u| > ;f:l

, H(. H
€671 > It = " O] = A = e

From Proposition 2.2, we know that there exists co, only depending on K and
H, such that

H(- H(t
1757 = i ey < ol H(E) = H(w)l.
Now, from the Condition 2.8 (a) for H, one can conclude, just as in the proof of
Proposition 7.6, that there exists £ > 0, a deterministic constant, only depending
on H and I, such that, for all 0 < e < £ and t,u € IN[tg — &,tg + €],

S |As] [Atto.e),

t,u
k) ' t _
I3 9 | u

It follows from Lemma 8.2, that, for all such € and ¢,u and, for all r € (1, %),
that

HHD (Xf(->(t) — Xf(->(u)> IIZE(R)HLT(Q) < CT%\)\3|—2|t g2 t0e)
with ¢, > 0 a deterministic constant depending only on r. For all p > 1,
E [(Xf(')(t) - Xf(')(u))p] < o0o. Finally, from (48), equality (50), Proposition
2.2 and Condition 2.8 (a), we deduce the existence of a deterministic constant
c1 > 0, only depending on H and I, such that, for all 0 < ¢ < ¢ and t,u €
Im[to—é,to+5]

H( H( T,
[t - 0 -

Since, as a consequence of the hypercontractivity property on the Ornstein-
Uhlenbeck semi group [52, Theorem 2.7.2|, all the ||-||,, , norms are equivalent in
any finite sum of Wiener chaoses, one can conclude, by Lemma 8.1, the existence
of two deterministic constants ¢,& > 0, both only depending on H and I, such

that, for all 0 < ¢ < & and t,u € I N[ty — €ty + €], (Xf(')(t) — Xf(')(u))

has a continuous density bounded by c|t — u\_ﬁ(to’g). The conclusion follows
immediately O

The proof of Theorem 2.18 is then a direct adoption of the one of Theorem
2.17, using the improved estimate given by Proposition 8.3.
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Proof of Theorem 2.18. Tt suffices to repeat the proof of Theorem 2.17 using
Proposition 8.3 instead of Proposition 7.6. Therefore, we remove the factor %

in the computations (46) and get
B | (1) = X O 42) | g e 0,

O

Remark 8.4. As previously, we can note that the proof for the lower bound for
the Hausdorff dimension requires a weaker assumption for the Hurst function
H, see Remark 7.7 here over.

Acknowledgement. The author is grateful to two referees for their valuable
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