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Abstract

In this work, the parameters of a finite-strain visco-elastic-visco-plastic formulation with pressure depen-
dency in both the visco-elastic and visco-plastic parts are identified using as observations experimental data
obtained from tension and compression tests at different strain rates ranging from 10~*s7! to 10%s~!. Be-
cause of the high number of parameters of the model, a sequential Bayesian Inference (SBI) framework with
data augmentation, which presents several advantages, is developed. First the sequential nature reduces
the difficulty of selecting the appropriate prior distributions by considering only parts of the observations
at a time. Second, the sequential nature prevents dealing with low likelihood values by considering only a
part of the experimental observations at a time, but also subsets of the material parameters to be identified,
improving the convergence of the Markov Chain Monte Carlo (MCMC) random walk. Third, the data
augmentation allows considering different number of experimental tests in tension and in compression while
preserving the identified model accuracy for both loading modes.

This SBI is carried out to infer the properties of Polyamide 12 (PA12) processed by Selective Laser
Sintering (SLS) for two different printing directions and it is shown that the models fed by their respective
set of inferred parameters can reproduce the different experimental tests.

Finally, in order for upcoming structural simulations to benefit from the information related to the uncer-
tainties due to the measurement errors, the identification process and the model limitations, we introduce a
Generative Adversarial Network (GAN), which is trained using the data obtained from MCMC random walk.
This generators can then serve to produce a synthetic data-set of arbitrary size of the material parameters
to be used in finite-element simulations.
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Generative Adversarial Network

1. Introduction

Selective Laser Sintering (SLS) is a type of industrial Powder Bed Fusion (PBF) process which creates
3D objects by the sintering of powdered materials using infrared laser beams [1]. 3D printing by SLS is
a favored manufacturing technique and is widely used in the preparation of polymer and its composites
[2]. Laser sintered Polyamide 12 (PA12) is a versatile thermoplastic with excellent properties: this material
has low relative density, low water absorption, excellent long-term stability, and is resistant against most
chemicals. It also has a low melting point and hence requires low processing temperatures and low laser
power [3]. Therefore, it has become the most widely used polymer in the SLS system.

Although SLS of PA12 offers unparalleled design flexibility and is fast and economical for short production
runs, creating final parts with layered structures can lead to different strengths in relation to the printing
direction and various degrees of porosity, which can lead to various mechanical performance [4, 5]. The
process of 3D printing commonly starts with the Computer Aided Design (CAD) conceptualization, followed
by numerical analyses, such as finite element simulations, to evaluate the mechanical performance of the final
3D printed polymer parts, which helps to set up the right printing parameters, such as printing direction.
However, a valuable computation is based on a reliable assessment of material properties and on the proper
choice of the material constitutive model. The mechanical properties of laser sintered PA12 have been studied
experimentally by several researchers. Some of them focused on the effects of the thermal history related
parameters on the mechanical properties of laser sintered PA12 [6, 7], and on the influence of the printing
position and direction [4, 8]. The mechanical experiments have shown that the mechanical properties of
PA12 are highly strain rate dependent and that PA12 exhibits a visco-elastic-visco-plastic (VE-VP) behavior
[9]. In order to obtain a comprehensive understanding of these VE-VP behaviors, a broad set of mechanical
tests, such as tension and compression, has been carried out on the bulk laser sintered PA12 specimens in the
work of [10]. On the aspect of material constitutive modeling, the visco-elastic material model has been used
to describe the mechanical response of PA12 in [11]. Although the variability of the material parameters
is studied in [8], the material is only represented with an elastic constitutive model, while according to the
experimental observations, the mechanical behavior of laser sintered PA12 needs to be represented by a
complete VE-VP constitutive model, which accounts for pressure dependency effects.

The complex behavior of polymers can be captured using a VE-VP constitutive model [12]. A finite-

strain visco-elastic model [13] and visco-plastic model [14] have been combined and reinforced by damage
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mechanism in [15], and it has been shown that this model can capture the complex behavior of polymers,
including the asymmetry between tension and compression by considering pressure dependency effects in
the yield surface. Besides, as it will be shown here, when considering different characteristic visco-elastic
times for the bulk and shear moduli, the Poisson’s ratio is not constant but a function of time [16], allowing
capurting different visco-elastic behaviors in tension and compression. Although the model parameters can
be identified by following the hierarchical process described in [15], in which each experimental test response
is used to identify a given parameter or parameters set, this deterministic identification process, conducted
in [15] for a material process inducing less variability than additive manufacturing, remains manual and
suffers from several limitations. On the one hand, uncertainties are unavoidably involved in the mechanical
behaviors of laser sintered PA12. These uncertainties are not only due from the nontraditional fabrication
process, but are also resulting from the experimental errors, since different machines are used to test the
mechanical behavior under various loading directions and rates. A manual identification process, would
thus require the user to make some assumptions on the curves to be considered for the identification,
e.g. an “average” response curve, but the information related to the uncertainties would be lost. On the
other hand the model is not necessarily rich enough to capture all the possible loading cases with a high
accuracy. Proceeding with a manual deterministic hierarchical identification implies making choice on the
test selected for the evaluation of a given parameter or parameters set, and there is no guarantee that the
identified values would provide fair predictions for other loading tests. It is thus not straightforward to
identify, using traditional optimization techniques, a set of material parameters which is a good compromise
in terms of errors with respect to the different measurement data.

In order to circumvent the limitations of traditional deterministic optimization techniques, in this work,
Bayesian Inference (BI) is applied to identify the constitutive parameters of the finite-strain VE-VP model
[15] for laser sintered PA12. Bayesian Inference (BI) [17, 18] is a statistical method that allows updating
ones’s belief about a system or process based on new evidences or observations: in the BI approach, a prior
probability distribution is assigned to the material parameters based on existing knowledge or assumptions,
and this distribution is updated based on experimental data using Bayes’ theorem. BI has been increasingly
used in the field of material science for the identification of material properties: elasto-perfectly plastic
model and cohesive zone parameters were inferred in [19], elasto-plastic material model parameters in [20—
22], visco-elasticity constants in [23, 24] and a hyperelastic model and its parameters in [25], the list being
non-exhaustive, we refer to the recent review of [26]. BI can also be used to infer multi-scale model parameters
using observations at a higher scale [27-31] or spatially varying elasticity constants [32, 33]. Overall, BI
provides a powerful framework for material properties identification that can improve the accuracy and
reliability of material design and optimization.

One of the challenges in using BI for material properties identification is the selection of appropriate
prior distributions. These prior distributions should reflect the existing knowledge and uncertainties about
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the material parameters, while not being overly restrictive or informative. Another challenge is the compu-
tational cost of BI, especially when dealing with high-dimensional parameter spaces and complex models.
Although advances in computational methods and the application of Gaussian process [26-28], kernel sup-
port vector machine model [34], Polynomial Chaos Expansion [31], or Neural Network (NNW) [22, 30] have
made BI more accessible and practical for material properties identification, dealing with a complex material
model remains a cumbersome task. On the one hand, massive material parameters are required to describe
the complex behavior. On the other hand, massive experimental data are required to reveal those behaviors.
Hence, the likelihood function would yield really low values, and it is difficult to reach convergence when
using Markov Chain Monte Carlo (MCMC) random walk to generate samples in high-dimensional parameter

spaces.
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Figure 1: Inferred material parameter ranges for experimental observations A and B, while (a) the parameter range for B is

included in that of A, (b) the two ranges have partial overlap.

In this work, the finite-strain VE-VP formulation developed in [15] is adopted as the constitutive model
for PA12 processed by SLS and a Bl is carried out to identify the material properties for two different printing
directions which are defined by “V”—vertical printing direction and “H”-horizontal printing direction. In
order to capture the behavior reported by the available experimental data obtained for different loading
cases, such as tension and compression, at different strain rates ranging from 107*s~! to 103s~!, we have
a total of 32 material parameters to be inferred. The pointed difficulties when dealing with this large amount

of parameters are addressed by introducing the following ingredients:

e In order to reduce the arbitrary choice of visco-elastic and hardening material parameters, the number
of visco-elastic branches and hardening laws terms are set as hyper-parameters which are determined
according to the available experimental data, with the final sets of material parameters obtained from

the BI.

e The challenge of the selection of appropriate prior distributions of the BI is overcome by using a
sequential Bayesian Inference (SBI) process, in which part of the observations are used at a time.
Wide prior distribution ranges of material parameters are first applied to avoid being overly restrictive

or informative while these ranges are reduced gradually in the course of the sequential process.

e In order to avoid dealing with low likelihood values, the SBI not only involves part of the experimental
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observations, but also subsets of the material parameters to be identified at a time, e.g. the visco-
elastic parameters are first inferred before inferring the whole set of material parameters since the
visco-plastic parameters do not affect the visco-elastic response. The convergence of MCMC random

walk is hence improved.

e Various experimental data, such as tension, compression and relaxation, are used in the BI process. The
feasible material parameter ranges for the different experimental observations could be included in one-
another, see Fig. 1(a), or have partial overlap, see Fig. 1(b). The second case indicates a competition
mechanism between material parameters. It means that a set of parameters that makes the model
to perfectly fit one group of experimental observations can yield less good or even unacceptable fit
for another group of observations. Because of the asymmetry between tension and compression in
both the visco-elastic and visco-plastic parts, this competition appears when considering the tension
and compression experimental observations in the identification of the pressure related parameters.
Since we have much more experiments in compression than in tension, this would lead to inaccurate
parameter sets for tensile tests if we treat all the experimental data equally since the weight of the
tension data in the likelihood function would be much lower than that of the compression data. This

issue is resolved by introducing a tension experimental observations augmentation in this work.

The results of MCMC random walk during the BI provide the distribution of material properties under the
form of random vector realizations of massive data. Although the maximum a-posteriori (MAP) estimates
of material properties could be extracted, this would correspond to loosing the information related to the
uncertainties due to the measurement errors, the identification process and the model limitations', which
need to be accounted for during mechanical analyses of structures. Therefore it would not be proper to
use only the maximum a-posteriori (MAP) estimates of material properties in further numerical analyses.
The advantage of BI is that it not only provides a reliable material parameter identification methodology,
but it also preserves the inherent uncertainties of those parameters. The samples obtained from MCMC
random walk provide a non-parametric representation of a high dimensional joint distribution of the random
parameters. Instead of drawing parameter points from the massive samples directly following a uniform
distribution of integer in range of 1 to the number of total samples, since each sample has equal probability,
the random parameter points can be drawn according to their joint distributions. A generator serves as a
nonlinear function which projects independent standard normal distributions to complex joint distributions.
The main advantage of this latter approach is the ability to generate on demand an arbitrary number of
realizations of the parameter samples, instead of repeating samples of the MCMC random walk. Therefore,

based on the random vector realizations presented under the form of massive data by the MCMC random

Linherent material variations are not captured with a single BI see the discussion in [29]
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walk, a random material parameter generator is constructed. This could be achieved using the diffusion map
[35] as done in [36], but instead, in this work, a particular Neural Network (NNW) framework, a Generative
Adversarial Network (GAN), is trained using the data obtained from MCMC random walk. In particular
for PA12 printed along the “H” direction, whose random material properties show a bi-modal distribution,
the random material properties are generated by combining a Bernoulli distribution with GANs. A good
agreement is obtained between the distributions of the training data and the generated random material
parameters. These generators can thus serve to create a synthetic data-set of the material parameters for
the future structure analyses.

The organization of this paper is as follows. In Section 2, the manufacturing and testing protocol of
the PA12 samples are reported. The VE-VP model able to capture the asymmetry between tension and
compression by considering pressure dependency effects in both the visco-elastic and visco-plastic parts is
summarized in Section 3. The SBI process with tension observations augmentation is presented in Section 4
and the results are illustrated in Section 5. The material parameters generator based on a GAN is developed

in Section 6.

2. Preparation and mechanical experiments of PA12 samples

2.1. Selective Laser Sintering (SLS) PA12 samples manufacturing process

The SLS 3D printer Formiga P100 and the white polyamide powder PA2200 from Electro-Optical Systems
GmbH (EOS) are used to print the testing samples. The manufacturing process follows 3 steps: i) Pre-

process; ii) Printing Process; and iii) Post process.

Figure 2: SLS printing: (a) Building job side view with the “H” specimens in violet and gray for respectively compression and
tensile, and the “V” specimens in gray and orange for respectively compression and tensile; and (b) Powder cake (Source: cirp

GmbH).



In the pre-process, 50% new and 50% old PA2200 powder is mixed and sieved. Before printing, the
machine is first cleaned, and then a 6 mm bottom layer of powder is applied to ensure homogeneous building
temperature and prevent deviations. The machine is pre-heated during 2h with the temperature of 169°C
(chamber temperature) on the building area and 150°C for removal chamber temperature. After pre-heating
and before the first components are printed, an additional 9 mm layer of powder is applied. This layer serves
as a thermal isolation.

The geometries of the parts to be printed are distributed in the build volume of the printer. All compo-
nents are packed freely in the installation space in such a way that the total height is kept as low as possible
and the individual layers are as uniform as possible in order to keep the energy curve and individual layer
duration as uniform as possible. Finally, the samples were built with a packing density of 5.86% distributed
over the overall height of 268.22 mm, see Fig. 2(a), in which the non-relevant components have been hidden.
The resolution of the components results from the layer thickness of 0.1 mm and laser focus diameter 0.5
mm.

After printing, the build volume is slowly cooled down inside the printer. This cool down time is chosen
at least as long as of the printing duration. Both printing and cooling in the machine take place under a
nitrogen atmosphere. With the help of the slow cooling, effects such as warpage are reduced. After printing
and cooling, the printed parts and the non-sintered powder form a block called powder “cake”. The cake is
then removed from the system as shown in Fig. 2(b). In the post-treatment, the components are removed
from the powder cake after cooling, roughly de-powdered and then sandblasted to remove the remaining

powder from the surface.

2.2. Experiments conducted on the PA12 samples

f f
% WHTW
i ] ] d
Horizontal Vertical Horizontal Vertical

(a) (b)

Figure 3: PA12 test samples: (a) Compression test specimens; and (b) Tensile test specimens.

All the samples were built using the same machine and parameters within a single batch to exclude
variability between sets. Specimens are characterized at two different building directions, where the spec-
imens are printed with layers perpendicular or parallel to the loading direction, denoted as “H” and “V”,
respectively, see Fig. 3. In Fig. 2(a), the “H” Specimens are the violet and gray ones for respectively
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compression and tensile, and the “V” Specimens are the gray and orange ones for respectively compression
and tensile. Uniaxial tensile, compression and relaxation tests were performed on samples of PA12 on both

building directions.

2.2.1. Uniaxial Tensile Tests

Dogbone-shaped specimens printed along both directions with standardized ASTM D360 dimensions of
initial length Ly = 113 mm, width Wy = 5 mm, and thickness Ty = 4.1 mm were used for tensile testing.
Tests were performed using an INSTRON 5966 with a load cell of 2 kN at 7.37 x 1074, 7.37 x 1073 and
7.37 x 1072 57! strain rates. The tests were performed following the ASTM D360 standard.

2.2.2. Uniaxial Compression Tests

Uniaxial compression tests were performed on PA12 specimens printed along both directions at a wide
range of strains. For low strain rates (2.78 x 1073, 2.78 x 1072 and 2.78 x 107! s71), tests were done on an
INSTRON 338/ universal testing machine, for medium (1 and 10 s~1), tests were performed on a Gleeble
3800 GTC, and for high strain rates (160 to 890 s~1), Split-Hopkinson pressure bar was used. For low strain
rates, flat specimens of standard dimensions of initial length Ly = 30 mm, and a square cross section of 15
mm per side were used, and for medium and high strain rates, cylindrical specimens of 18 mm height and

a diameter of 12 mm were used.

2.2.3. Stress Relaxation Tests of PA12

To study the visco-elastic-visco-plastic behavior of PA12, uniaxial stress relaxation tests were performed
on samples along both building directions. Two different maximum strains and a holding period of 30
minutes were chosen to study the relaxation in the elastic and plastic regimes. A set of specimens were
compressed to a maximum strain of 0.02 and others of 0.3 at (2.78 x 1073 s71). The samples dimensions
and machine used are identical to the ones used in compression tests at low strain rates.

The measured stress-strain curves for compression and tensile tests, and stress-time curves for relaxation

tests will be presented in Section 4.2. More details about the experiments can be found in [10].

3. Hyperelastic visco-elastic-visco-plastic material model

Experimental result shows that SLS-printed PA12 presents visco-elasto-visco-plastic behavior with mod-
erate strain rate sensitivity on the yield stress and an asymmetry between tension and compression both in
the visco-elastic and visco-plastic parts. The response of this polyamide material can be represented using a
finite-strain visco-elastic visco-plastic material models with a pressure dependency effect. The hyperelastic

visco-elastic-visco-plastic material model presented in [15] is adopted in this work and the damage related



mechanism introduced in [15] is omitted. The basic equations of the constitutive law are summarized for
the case of isotropic plastic hardening and the required material parameters are clarified in this section.

In the current configuration, the position x of a material point is a function of time ¢ and its position X
in the reference configuration. The deformation state is described by the deformation gradient which reads

ox

with its Jacobian J = detF > 0. For visco-elastic-visco-plastic material, the deformation gradient is decom-

posed into visco-elastic and visco-plastic parts, following multiplicative decomposition [37], which yields
F=F".-FP, (2)

The so-called visco-plastic strain rate tensor DP is defined as the symmetric part of the visco-plastic spatial

gradient of velocity LYP, which reads

L' =F"P.FP ! (3)
By assuming a symmetric L'P, it yields
DP =L, and F'P = DP . F'P, (4)
The evolution of DYP is governed by the visco-plastic flow rule, further described.

3.1. Strain and stress in visco-elastic part

The visco-elastic behavior is modeled by the generalized Maxwell model with one spring and N Maxwell

elements in parallel. The logarithmic strain measure is adopted in [15] and defined as
1 1
EzilnC, andEvezilnC"e, (5)

with the right Cauchy strain tensor C = FT - F, and Cv® = F*T . F¥e, Its conjugated visco-elastic stress
measure T is interpreted as a corotational Kirchhoff stress and can be derived from a logarithmic elastic

potential and a quadratic dissipating function [13], or directly expressed in terms of the visco-elastic functions

as
! d
devr(t) = / 2G(t — s)adev E*(s)ds, (6)
I PR /t Kt — ) LB (s)d (7)
p=gtiT = N S) L™ s)ds,
where the time functions of shear and bulk moduli are given by the Maxwell model and read
N
G(t) = Got ) G o, (8)
i=1
N
K(t) = Ko+ Ke /", (9)
i=1
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Then, the stress 7 is estimated from its deviatoric and volumetric parts by
T =devT +pl, (10)
with the first Piola-Kirchhoff stress P arising from
P=(F°" .7 (FP?)". (11)
In this visco-elastic stage, the material parameters that need to be identified are
e the shear moduli G, G; (i =1,...,N),
e the bulk moduli K, K; (i =1,...,N), and
e their corresponding characteristic relaxation times g;, k; (1 = 1, ..., N), see Egs. (8) and (9),

where N is a hyper-parameter that needs to be chosen before conducting the parameter identification. We
note that the asymmetry between tension and compression in the visco-elastic response can be captured by

considering different characteristic relaxation times g;, k; for the shear and bulk moduli.

3.2. Visco-Plastic part

The visco-elastic region is limited by a pressure-sensitive yield condition. The non-associated Perzyna-

type visco-plastic flow rule [14] is used for the studied material and reads

D™ = — (/) Q= \Q, (12)

1
"
where f is the yield function, (e) denotes the Macauley brackets defined by (f) = 3(f + |f]), n and s are
respectively the viscosity and rate sensitivity parameters, and where Q = g—f is the normal to the plastic
flow potential P. The visco-plastic consistency parameter \ = % ( f)% leads to a reformulation of the yield

function which reads
f=F—m\ <o, (13)

and is subject to the Kuhn-Tucker condition,
Af=0,A>0and f <0. (14)

3.2.1. Yield function f
The pressure-dependent yield function f is expressed in terms of the corotational Kirchhoff stress T,

considering isotropic hardening only, as

flr) =aotd —a1p — aop, (15)
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Figure 4: Effect of the material parameter o on the yield function (15).

where the pressure term p is given in Eq. (7), 7o = 1/ %deVT : devT is the equivalent stress, and the material
parameter « enhances the Drucker-Prager pressure-dependency description. As illustrated in Fig. 4, this
parameter « allows capturing more complex pressure effects on the yield function, compared to the linear
Drucker-Prager model, which has been shown to overestimate the yield function for negative pressure in the
case of polymeric materials as discussed in [15]. The coefficients ag, a1 and as are functions of the equivalent
plastic strain and are introduced in order to model the isotropic hardening of the yield surface.

Under uniaxial compressive and tensile loading conditions, at the onset of plastic flow, we have respec-

tively,

az(0c)® —a1=5* —ag =0

(16)
az(0y)® —a1% —ag =0
where 0. and oy are the current compressive and tensile, respectively, yield stress absolute values. Hence,

using Eq. (16), the coefficients ag, a; and as can be expressed in terms of the these current yield stresses as

_ 30 (00"

a1 az ,

ot+toc (17)
agp = (‘Tt) Zzig‘:c) Ot as ,
where as can be an arbitrary non-zero value, and is chosen to be ay = (Ul)a. By defining a tension-
compression flow asymmetry parameter m = 2t, Egs. (17) result into
1 m*—11 m* +m
s =——,a1 =3 — and gg = ————, (18)
(Uc)a +1 o, m-+1

in which the current yield stresses o; and o. are defined as functions of the equivalent plastic strain v to

model the effect of plastic hardening.

3.2.2. Flow potential P

A quadratic function is used as the plastic flow potential in [15], which reads,
P =13+ pp°, (19)

where 7, and p are the pressure and equivalent stress, and 3 is a material parameter governing the volumetric
plastic deformation, e.g. § = 0 indicates a zero volumetric plastic deformation.
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3.2.83. The equivalent plastic strain v and plastic hardening

The equivalent plastic strain 7y is defined from the plastic strain rate tensor as

4 =kvVDvP . DVP, (20)
where
1
k= ——— (21)

NEES

with v, being the plastic Poisson’s ratio. This plastic Poisson’s ratio is assumed to be constant and is related

to B at the plastic flow onset [38] by
L _9-2p
P18+ 25"

The isotropic hardening functions define distinctive tensile and compressive yield stress evolutions, which

(22)

are modeled independently by

oy = Hy(7)%, with oy(y =0) = 0?, and (23)

O = He(y), with o.(y =0) = 0?, (24)

where o and ¢ are respectively the initial tensile and compressive yield stresses. The isotropic hardening
functions Hy(vy) and H.(7) follow the general forms,

M

Hy(y) =Yty + hHe ™7 (25)
=0
M. )

He(y) =Y ey + heHle ™7, (26)
=0

where M; and M, are the polynomial orders, and t; (i = 0,..., M), ¢; (i =0,..., M,.), H?, H?, hy and h,. are
the material parameters of the plastic hardening laws.

In this visco-plastic stage with isotropic hardening, the required material parameters are
e visco-plastic parameters: 7 and s in Eq. (12);

e yield function: « in Eq. (18), initial tensile and compressive yield stresses o0 and ¢?;
e flow potential parameter: 8 in Eq. (19);

e hardening parameters: t; (i = 0,...,M;), ¢; (i = 0,..., M.), H), H?, hy and h. in Egs. (25) and (26),
where M; and M, are the hyper-parameters that need to be chosen before performing the parameter

identification.

The detailed implementation and resolution of the material model can be found in [15], and is omitted
here.
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4. SLS-printed PA12 parameter identification with Sequential Bayesian inference (SBI)

4.1. Bayesian Inference (BI) theory

Based on the Bayes’ theorem, the statistical analysis approach called Bayesian Inference (BI) states that
the posterior probability of a random parameters vector a € R™ for given observation events, such as the
realizations of a random vector 3 € R™, 7(«a|3), is proportional to the prior probability m(a) multiplied by

the likelihood of 3 with given observations of a:

m(a)r(Bla)
m(alg) = DM TN 927
(@) = LTS (27)
where 7r(e) (m(e|®)) denotes a (conditional) Probability Density Function (PDF).
Since 7(3) is a constant for given observations, BI is often written as
Tpost (@]B) o 7(Bla)Tprior (@) , (28)

where the subscripts “prior” refers to the prior distribution m(a) which reflects the initial belief or knowl-
edge one has on «, “post” refers to the posterior distribution of the random vector a that accounts for
the observation data 3, and where the conditional PDF 7(8|ca), which is constructed from the different

observation data 3, is called the likelihood function.

4.1.1. Sequential Bayesian inference

In theory, Bayesian inference is able to identify the whole set of material parameters all together. How-
ever, in practice, the model can be defined by an important number of parameters that need to be identified
for a given physical process, while a lot of observation data should be involved to conduct the inference.
When using all the experimental observation data at once leads to low values of likelihood function. As a
consequence, for a high number of parameters to be identified the convergence of random walk in BI becomes
too slow to be conducted. In particular, when the prior distribution ranges of the parameters are wide and a
lot of extra computations are needed, it could be difficult to carry out the BI within a reasonable time. But
since the posterior can act as the prior of a new BI if additional data are observed subsequently, and using
the initial knowledge on the material model —the visco-plastic properties have no effects on the visco-elastic
response of the material at small deformation— the Bayesian inference can be performed sequentially. The
sequential BI in which the priors of some parameters arise from the posterior of a previous inference process,
involves reduced observation data, less wide prior distributions for part of the parameters and thus alleviates
the previously listed difficulties.

In the sequential BI, the random parameters and observations sets are both divided into two parts:

a = [a1, az] and B = [B1, B2], e.g. a; and B can be the parameters and observations associated to the
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elastic behavior, while ats and B2 would be the ones associated to the plastic response. The Eq. (28) then

becomes

Tpost (ala a2|ﬁ17 /@2) xXm (ﬂla /32|a13 a2) Tprior (ala Oég) . (29)

The random parameters can be assumed to be independent in the prior stage, hence
Tprior (Otl, 042) = Tprior (a1) Tprior (042) , (30)
and the observations 8; and 3, are conditionally independent, which gives
7 (B1, Balon, az) = 7 (B2| a1, az) 7 (Bi|eu, ca) - (31)
Then using Egs. (30) and (31), Eq. (29) is rewritten as

Tpost (011, 012|,31, ﬁ2) X W(ﬁz\ aq, a2)7rprior (042) ™ (,5'1|0417 0t2) Tprior (041) . (32)

If it is initially known that the parameters as will have no effects on the random vectors corresponding to the
observations 81, e.g. the visco-plastic properties have no effects on the visco-elastic response of the material
at small deformation observations, the underlined term in Eq. (32) is simplified to 7(81]|a1)mprior(€1)-

According to Eq. (28), we have

7Tpost((11|/81) X 71—(/81|a1)7rpri0r(a1) ) (33)

and then Eq. (32) yields

Tpost (ala a2|/813 ﬁZ) xm (/62| g, a2) Tprior ((12) Tpost ((11|,31) . (34)

The expressions in Eqgs. (33) and (34) can be stated as a sequence of BI in which the parameters ay
are inferred using observation data (3; first to define a new prior distribution of a; under the form of the
obtained posterior distribution mpest (@1]81). This new prior distribution is then used when conducting the
BI of a = [ax1, avg], yielding the final posterior mpost (@1, @2|B1, B2). It can be seen that only a part of
the observation data is used in each likelihood function in Eqs. (33) and (34), and either the number of

identified parameters is reduced or the prior distribution ranges are reduced in each step of the sequential

BIL

4.1.2. Error-based inference and likelihood function

An error-based BI is considered in the present work. In this context, the adopted constitutive model is

expressed in a simple form for the case of uniaxial monotonic loading as

Teng(e, &, 1 9) = @(e, &, 5 9), (35)
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where 9 represents the material parameters to be inferred, the engineering stress oeng is extracted from
the first Piola-Kirchhoff stress with oeng = P11, the engineering strain € relates to the deformation gradient
through € = Fy; —1, € is the time rate of £, and where the loading time ¢ is used in the case of relaxation test,
otherwise ¢ can be replaced by €/¢. The relation between a stress measurement 3 and the model response
is written as

Y= Oeng + wy = @(67 ‘éa ta "-9) +wy, (36)

where the stress noise wy; follows a Gaussian distribution A (x|0, s%) of standard deviation sy with

1 12\

Therefore, the conditional distribution of measured stress reads
T(Sle, &, t,9) =N (E—-@ (e, & t;9)[0, s3) . (38)

We now consider Ng observations extracted from different experimental samples, each sample being tested
for a given loading case such as compression, tension or relaxation, with several observations taken for
each tested samples, N being the total number of gathered observations for the different loading cases.
Assuming that each experimental test is independent from the other ones and using the theory of conditional
independence [39], the likelihood function reads?

Np
m(Xle, &, ¢, 9) = HN (Zi = @ (g4, €3, t59) 0, s3) (39)

i=1
where € = [517 ...,5Nﬁ] and t = [tl, ...,tNﬁ] are respectively the vectors of observation strains and times
defined in Eq. (35), and where ¥ = [21, s ZNﬁ], with 3; the stress observation corresponding to a given
experiment type —compression, tension or relaxation, at ¢;, €; and t;.

Normally, the standard deviations sx;, are estimated from the repeated experimental measurements.

However, in order to increase the robustness of the BI process, we assume

52, = <E(S) (40)

2For the Ny data points extracted from one experimental sample of a defined unique loading path, the measured stresses
3, at different strain levels g; are correlated: the correlation among the experimental measurements results from the unique
material properties of a given tested sample. In all generality, the likelihood function is built, using the data points from one
sample, as

T (21, s BNy €15 ooy ENgy t15 s BNy, '19) .

Since the correlations among the measured stresses is assumed to result solely from the shared material properties, when
these material properties are given, the probability distributions of the stresses become independent. Since strain &; has no
effect on the stress ¥;, ¢ # j, using the theory of conditional independence, the likelihood function can be factorized into
]_[ﬁv:dl m (Ziles, ti, ). Now considering a total of Ng observations from several independent tests, with N4 observations per

single test, leads to (39).
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where ¢ is a random variable and follows a prior distribution 7prior(<), and where E (X;) is the expectation

of ;. Then, the likelihood function (39) can be rewritten as

Ng
m(Xle, &, ¢, 9) = /HN (Ei — (g4, &, t;, 9) 0, 5%7’) Tprior () ds, (41)
i=1

where the likelihood function can be regarded as the conditional Gaussian multiplied by a prior variance
distribution, which is defined through ¢, and integrated to obtain a marginal distribution. Since it is a sum
of infinite Gaussian and has a long “tail” in general, this gives the likelihood an important property called
robustness, which means that it is much less sensitive than the Gaussian to the presence of a few data points
which are outliers. In practice, although an extra random variable ¢ is involved, the likelihood function
(39) is still used in the MCMC random walk, and the integration with respect to ¢ can be carried out after

sampling in order to obtain the marginal distribution.

4.2. PA12 parameter inference

Table 1: Mechanical experimental test types and strain rates.

Loading speed experiment type Strain rate & [s7']
7.37 x 107*

Tension 7.37 x 1073

7.37 x 1072

2.78 x 1072

Low Compression 2.78 x 1072
2.78 x 107"

1.0

Medium Compression 10.0

~ 160

~ 380.0

High Compression ~ 640.0

~ 750.0

~ 890.0

Relaxation Elastic loading 2.78 x 1073
(compression) | Elasto-plastic loading 2.78 x 1073

4.2.1. Hyper-parameters
Before starting the BI process, a few hyper-parameters of the hyperelastic visco-elastic-visco-plastic
model need to be set. These hyper-parameters are the number of parallel Maxwell elements N in Egs. (8)
and (9), and isotropic plastic hardening polynomial orders M and M. in Egs. (25) and (26).
16



Although the time functions of shear and bulk moduli could have different number of parallel Maxwell
elements, the same number IV is used for both shear and bulk parts in this work. The uniaxial tension,
compression and relaxation tests listed in table 1 were carried out on PA12 specimens, see Section 2. The

number N is chosen based on the available experimental data and the following facts.
e The testing strain rates vary from 10~%/s to 103 /s, and the relaxation test lasts 1800s.
e In the relaxation test, no obvious stress decrease has been seen after 1000s.

e The visco-elastic parameters will be determined using the experimental data with the absolute strain

below 0.02.

From these observations, we can say that the range of characteristic relaxation times, g; and k; (i = 1, ..., N),

0.02
103s—1

which are to be identified, is from 107°s (o ) to 102s. Although the “real” characteristic relaxation
times could be out of this range, they cannot be identified with the available experiment data. Hence, N = 8
is chosen to have the characteristic relaxation times of orders oc 1072, o 1074, oc 1073, o< 1072, < 1071,
o 10°, oc 10! and oc 10? s, covering the whole experimental range while remaining accurate.

Besides, the orders My = 0 and M. = 0 will be used for the isotropic plastic hardening polynomial laws
in Egs. (25) and (26) in order to minimize the number of material parameters.

Finally,

N=8,M;=0, and M. =0, (42)

are the chosen hyper-parameters of the adopted material model.

4.2.2. Material parameters to be inferred and their prior distributions
The material parameters have been introduced and clarified in Section 3. The random variables for
material properties with the chosen hyper-parameters will be presented in this section. These random

material parameters are noted as 9, and divided into two groups ¥ = {9¢,9"P}.

Visco-FElastic (VE) parameters 97¢. For a general linear visco-elastic model, the time functions of shear and
bulk moduli, Egs. (8) and (9), can have the number of Maxwell elements increased without limit [16], and

be expressed in a continuous form. Such form of for the shear modulus, e.g., reads
G(t) = G + / Falg)e ™ 9dg = Goo —|—/ He(g)e " 9dIng . (43)
0 —o00

Therefore, there are various choices to substitute an integral, see Eq. (43), by a summation of limited
terms, even in a predefined relaxation time range. In order to remove this arbitrariness, we chose two
characteristic relaxation times, ¢g; and ki, as the random variables to be inferred, and let the rest of them

satisfy ¢; = g1 x 1070~ and k; = k; x 1070~ for 4 = 2, ..., 8.
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Using uniaxial tests, it is straightforward to identify the parameters of time function for the Young’s
modulus, E(t), with a constant Poisson’s ratio, when isotropic constitutive is considered. However, the
Poisson’s ratio, v, of polymer material is not constant but a function of time [16]. In order to take this
effect into account, the bulk moduli K; (i =1, ..., 8) and shear moduli G; (i =1, ..., 8) are used as random
variables to be inferred, respectively. As for the equilibrium moduli, the Young’s modulus E, is adopted
together with the Poisson’s ratio v, with

Eos

E
Goo= —— and Koy = ——22
o 3(1— 2v.0)

2(1 4 voo) (44)

Independent uniform distributions will be used to construct the prior distribution. The ranges of these
chosen parameters are defined according to a rough estimation on the experimental results and the prior
knowledge. In Table 2, the random variables corresponding to ¥V¢ and their uniform distribution ranges
used to build the prior distributions are listed. The values of G; and K;, (i = 1,..,8) can vary respectively
from 0.1 to 31000 MPa. In order to make the values of G; and K; have equal probability at different order
of magnitude during random walk, and be possible to reach zero, their logarithm in base 10, noted lg, are
used as the random variables with uniform distributions. The same treatment is also applied on g; and k;

to make their random variables have equal probability in the ranges [1,10] s, [10,100] s and [100, 1000] s

during the random walk.

Table 2: The prior uniform distribution ranges of the visco-elastic material parameters.
al Eo [MPa] Voo [-] lgGi, Ig Ki [-]*, (i =1,..,8) lgg1, lgh[—]+*
Ranges | [800 ~ 1600] [0.25 ~ 0.45] [—1 ~4.5] [0.0 ~ 3.0]

* G; and K; are in MPa unit; ** ¢g; and k; are in s unit.

Visco-Plastic (VP) parameters 9'P. The parameters are the viscous parameters n and s in Eq. (12), the
yield parameter o in Eq. (18), initial tensile and compressive yield stresses ol and o0, flow potential
parameter 3 in Eq. (19), and hardening parameters to, HY, hy and co, H?, he respectively in Eqgs. (25) and
(26) for tensile and compressive cases. There is a total of 12 visco-plastic material parameters that need to
be identified. Because of o0 = m%s?, the parameters m® and ¢! are used in the identification process. The
adopted random variables and their uniform distribution ranges are listed in Table 3 for the construction of
prior distribution. The logarithm form is also applied for the random parameters 7, tg, co, HY and H? for

the same reason as that for the visco-elastic parameters.

Subset of parameters ¥ C 9 for SBI. During the SBI, a group of N, material parameters 9 = [¢1, ¥z, ..., VN, ]
which is a subset of 9, is considered. This subset ¥ can be part of the VE parameters (or the whole VE
set), part of the VP parameters (or the whole VP set), or a combination of both, as this will be discussed
in Section 4.2.3.
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Table 3: The prior uniform distribution ranges of the visco-plastic material parameters.

LA lgn [-]* 5[] o [ B
Ranges | [3.0~5.3] [0.01 ~0.5] [1.0 ~ 7.0] [0.0 ~ 2.0]

LAk ¢ [MPa] m® [ Igto, Igeo [** g HY, lgHY [J*** I, he []
Ranges | [5.0 ~60.0] [0.1~0.9]  [-5.0 ~ 3.0] [~3 ~ 2.0] [0 ~ 10000]

* 1 is in MPa- s unit;
** 1o and cg are in MPa unit;

w6k [0 and HY are in MPa unit.

The prior distribution of 9 is constructed from N, independent distributions, as

Np

Torior(®) = [ [ (45)

i=1
where U refers to a uniform distribution and the bounds of these uniform distributions are presented in
Tables 2 and 3. Concerning the random variable ¢, which relates to the standard deviation in Eq. (40), it

also has an uniform prior distribution

TFprior(C) = z/{(0403, 0.15) + (46)

Since a uniform distribution is used as prior distribution for all the random parameters, the value of
Tprior (¥) in Eq. (45) will be constant as soon as all the parameters realizations stay in their ranges. Therefore
a simplified treatment, such as

1, for all the parameters falling in their ranges,
Tprior (Q) = (47)
0, otherwise,
can be used and the results of the MCMC random walk will not be affected. It needs to be noticed that the

logarithm operations on some parameters have no effect on their prior distribution.

4.2.3. Ezxperimental observations with data augmentation and SBI

In this section, we use the data of “V” specimens to detail the BI material parameter identification
process of SLS printed PA12. The data for “H” specimens are presented in Appendix A to avoid a
redundant description. The information of one observation, includes the experiment type, the engineering
strain €, the strain rate €, the observation time ¢ for the relaxation test and the corresponding stress 3. The
observations are taken from the strain-stress curves of uniaxial tensile, compressive and relaxation tests of
PA12 samples, and noted by 8. The experimental strain-stress curves are plotted in Fig. 5, and the picked
observation points are marked on these curves. Since each observation corresponds to one loading condition
at a given strain state, for repeated experiments, their averaged results are used as observations. In Fig.

19



PA12 (V) Tension PA12 (V) Compression Low~Medium rates

50
100
—_ 401 —
£ £ 80
= =
—_— 307 —_—
@ @ 60
L o
B 20 @
) o 407
GC) GC) ---- Strain rate 2.78e — 3/s
10 ---- Strain rate 7.37e — 4/s 204 —— Strain rate 2.78e — 2/s
—— Strain rate 7.37e - 3/s —-— Strain rate 2.783 - 1/s
o] —-— Strain rate 7.37e - 2/s ol Strain rate 1.0/s
0.00 0.02 004 0.06 0.08 010 0.12 0.0 0.1 0.2 073 04
eng. strain [-] eng. strain [-]
(a) (b)
PA12 (V) Compression Medium~High rates PA12 (V) Relaxation
140 —— Strain rate 2.78e — 3/s
1201 80 :.' ---- Strain rate 2.78e — 3/s
Y
—_ — T S
© 100 © ! SSIIIsfemms
a [ 11 y*d gxad
z =% ¥
n 801 0 [
0 7 u 1
[ y [ 1
2 601 Strain rate 10.0/s | & 401 1
S M ¥ Strain rate 166/s : i
[=2 1
S 401 (% —— Strain rate ~380/s | g
] —— Strain rate ~640/s 201 =
201 Strain rate ~750/s
0] / —— Strain rate ~890/s
0,
0.0 0.1 0.2 0.3 0.4 0 500 1000 1500 2000
eng. strain [-] time [s]

(c) (d)

Figure 5: The experimental strain-stress curves of the “V” specimens and the picked observation points to conduct the Bayesian
inference in (a) Tension; (b) and (c) Compression at low, medium and high loading rates respectively; and (d) Compression

and relaxation tests.

5, 27 observations are marked with cyan circles and 18 with blue crosses for the visco-elastic stage, and 59
with magenta stars and 16 with green triangles for the visco-plastic stage; the discrimination of the color
codes in explained here below.

The visco-elastic stage is the part of deformation history before initial yield stress is reached. The yield
stress in the laboratory is defined by the true stress at the observed maximum tension [40]. The yield stress
is chosen in [41] as the measured tension at a strain which corresponds closely to the observed first peak
in the stress-strain response, for those samples that show a maximum, which could reach values up to 20%
for specific material such as amorphous poly-ethylene. However, the exponential decay relaxation modulus,
in Egs. (8) and (9), is not able to describe the observed nonlinear response of samples before the physical
yield point. Hence, the part of the experiment curves before an obvious non-linearity occurs is used here as

the visco-elastic stage.

Since we have much less tension tests than that of compression, the compression observations would be

20



dominating the likelihood function and “win” the competition when inferring the pressure related parameters
of the visco-plastic stage if we choose the same number of observations for each set of experiment. This
would result in poor predictions for the tension test with the identified parameters. Therefore, during the
visco-plastic stage, we take more observations from each set of tension tests than for compression tests in
order to balance their weights in the likelihood function, i.e. among the 59 magenta starts, there are 27
observations from the tension tests at 3 different strain rates, 24 from the compression tests at 4 different
strain rates and 8 from the relaxation test, see Fig. 5.

The material parameters to be inferred include respectively 20 visco-elastic and 12 visco-plastic param-
eters, see Tables 2 and 3, respectively. Hence, there are totally 32 random parameters and 120 observations
that will be used in the BI. If one wants to use all the observation data at once to infer the material param-
eters all together, the resulting low values of the likelihood function will lead to a rather slow convergence
of the MCMC random walk. Therefore, the BI process will be carried out in a sequence way in this work.
The likelihood function constructed from the observations acts as a constraint on the MCMC random walk.
In order to have all the possible combinations of material parameters being explored, the tested random
samples of the parameters need to be wide enough during the random walk, although only those with a
relatively high likelihood are kept. Therefore, for each BI sequence, we require at least 20000 parameters
samples to be kept, which are only a small portion of the total explored samples during the random walk.
Also, in order to avoid the previous BI sequence to introduce a bias in the following one, the observations
used in each BI sequence need to be picked in a proper order: the observations which form a loose likelihood
constraint will be applied first, and the tighter ones later, see A and B in Fig. 1(a). The observations which
lead to a competition mechanism on the parameters need to be used together in a single BI sequence, see A
and B in Fig. 1(b).

For this SBI, the material parameters and observations are divided into groups according to the corre-

lation between the material parameters and observations.

e Firstly, since the visco-plastic properties have no effect on the visco-elastic response of the material,
it is natural to divide the material parameters and observations into visco-elastic and visco-plastic
groups:

9= [, 9], and B = [B"°, B'P]. (48)

e Secondly, the observation data of the visco-elastic and visco-plastic groups are both further divided
into two parts,

B = [ \176’ 13\216]7 and B'P = [ ‘1/p’ ;p]v (49)

where B¢ and B]" correspond to the observations of the low strain rate tests, and B3¢ and B3°

correspond to the observations of the high strain rate tests. In Fig. 5, these observations are marked

with cyan circles for B}°, blue crosses for B3¢, magenta stars for 77, and green triangles for 85°.
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The SBI process is performed in four steps, and at each step a BI with reduced observations and/or

random parameters is carried out. The used observations, inferred parameters and their prior distribution,

likelihood function and posterior distributions of those sub-BI are listed in Table 4.

Table 4: Material parameters and used observations in the sequential Bayesian inference.

Visco-Elastic parameters 9°

BI step 1 11

Observations 1%, cyan circles B5°, blue crosses

Likelihood m (BY°|19Y°, <) m (B3°]9Y°, <)

Prior Tprior (87€) Tprior (<) Tpost (97, <|BT°)

Posterior Tpost (87, <|BT°) Tpost (BV°, ¢|B°)
Visco-Plastic parameters 9P

BI step 11T v

Observations 1P, magenta stars B3P, green triangles

Likelihood m (BT |9V, 9P, ) (B3 |9V, 9P, )

Prior Tprior (§72)Tpost (37, ¢ 18Y¢) | Tpost (37,97, 5|8, B17)

Posterior Tpost (BV€, 9P, ¢ |BYC, BIT) | mpost (87°, 9P, ¢ B¢, B'P)

4.2.4. Posterior distribution

Using the formalism (33) and (34), the posterior distributions of the SBI,

Tpost (,ﬂve ‘ﬂve

Tpost (

ﬂ_post (ﬁVC, ,'9Vp ‘ﬁVC

7Tpost (

,'9vp ‘ﬁve ’va

)

1BY) o m(B
1Y) o< w(B
) ™ (B

X

B o ()
o) e (BT

VP, 9°P) Tprior (97) mpout (98" |

P9, 9P moons (8%, (8", BP)

are evaluated using a MCMC technique, which corresponds to a random walk in the parameter space

¥ € RV», where 9 = 9" for the first two BI steps and ¥ = 9 for the last two BI steps, with N, = 21, 21, 33

and 33 respectively, as summarized in Fig. 6. The adaptive variant [42] of the Metropolis algorithm [43] is

used, see also [29] for details. Although the convergence has been reached after a few thousands of samples

at beginning of MCMC random walk, we have generated more than 20000 samples in each BI step, from

which the first 2000 samples of each random walk are always discarded. Indeed, since the initial point of the

walk has always effect on the sampling results, in particular on the first ones, the latter have to be discarded

to remove this bias.

Following the flowchart of Fig. 6, a criterion mprior(9,,) > pgr‘ior is evaluated first for each new sample.

In the first BI step, it is set that pp]rlor = 0 to guarantee that the new samples are within the uniform
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Figure 6: Flowchart of the adopted SBI process for the VE-VP parameter identification of SLS printed PA12 material.

distribution range defined by their prior. Using the data from the MCMC random walk during the previous

BI step, a Gaussian-kernel-density estimator is constructed, see Appendix B, and the probability of all these

data is evaluated by this estimator. The minimum value of their probability is used to define the p;?ior in
the following BI step, to make sure that the MCMC random walk stays within the prior distribution range,
as the obtained Gaussian-kernel-density estimator is also used to evaluate the mpyior (Qp) in the following BI

step. In practice, the typical value of ptt. ~ 1076 for the 2nd, 3rd and 4th BI steps is used in this work.

prior
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5. Parameters of SLS printed PA12 identified by SBI

In this section, the final results of the SBI are presented for the “V” and “H” specimens of SLS printed
PA12, respectively. The definition of “V” and “H” relates to the printing direction of the specimens, see the

illustration in Fig. 3.

5.1. The mazimum a-posteriori (MAP) estimates of visco-elastic parameters

Table 5: The MAP estimates of the visco-elastic material parameters of the “V” specimen.
9 | B MPa] val] gl kil
Value 1366.7 0.278 7.36 9.12

Gi G1 G2 Gg G4 G5 GG G7 G8
[MPa] 0.33 27.23 18.55 1.62 21.66 9.91 1722.24 6.13
K; K K> K3 Ka Ks Ks Ky Ks

[MPa] 28281.49 0.30 747.17 467.82  0.51  7874.44 39.13 2422.40

Table 6: The MAP estimates of the visco-elastic material parameters of the “H” specimen.
9 | B MPa] ve [ g ls il
Value 1195.14 0.276 2.83 14.09

Gi Gl G2 G3 G4 G5 Ge G7 GB
[MPa] 26.75 71.53 8.26 10.73  145.03 6.00 1655.17 4.61
KZ‘ K1 K2 K3 K4 K5 KG K? K8

[MPa] 1134.86 1.25 265.16 58.64 2605.61 26.10 3849.62 2469.14

The maximum a-posteriori (MAP) estimates of the visco-elastic-visco-plastic material parameters can
be extracted directly from the MCMC random walk result of the 4" BI step. The obtained visco-elastic
parameters are respectively reported in Tables 5 and 6 for the “V” and “H” specimens.

From Tables 5 and 6, it can be seen that the stiffness of the “V” specimens is higher than for the “H”
specimens in general. The two kinds of specimens have similar infinite Poisson’s ratio, which is around 0.28.
In this work, the Poisson’s ratio is also a function of time since we deal with the visco-elastic shear and bulk
moduli separately. According to the listed shear and bulk moduli in Tables 5 and 6, the instant Poisson’s
ratio is higher than its infinite value.

A few of the visco-elastic shear and bulk moduli have much lower values compared to the others, such as
G1, G4, K3, K5 in Table 5 and K53 in Table 6. These terms with rather low values indicate their negligible
effect in the visco-elastic response of the material. Therefore, the material parameters could be reduced by

pruning these terms from the Maxwell model without loosing accuracy in the numerical analysis.
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5.2. The mazimum a-posteriori (MAP) estimates of the visco-plastic parameters

Table 7: The MAP estimates of the visco-plastic material parameters of the “V” specimen.

9 | 1 [MPa-s] s [-] o[ B[
Value | 1.33 x 10° 0.18 3.63 0.18
9P ol [MPa) co [MPa] H? [MPa) he []
Value 30.04 7.85 x 1073 14.41 296.38
A m° [-] to [MPa) HY [MPa] he [-]
Value 0.80 146.34 524 x107*  9955.79

Table 8: The MAP estimates of the visco-plastic material parameters of the “H” specimen.

9 | n [MPa-s| s [] a [] B[
Value | 3037.09 0.115 1.82 0.076
9P | ol [MPa] «¢o [MPa] H? [MPa) he [-]
Value 35.95 0.55 0.30 6938.03
9P m° [] to [MPa] H? [MPa] h, [MPa)
Value 0.29 0.032 0.0195 590.01

The MAP estimates of the visco-plastic material parameters, extracted from the MCMC random walk
result of the final BI step, are respectively reported in tables 7 and 8 for the ”V” and "H” specimens.

From Tables 7 and 8, we can see that the visco-plastic parameters of the “V” and “H” specimens are
quite different. It is mainly because the “H” specimens have a higher porosity than the “V” specimens, and
this high porosity leads to lower mechanical performance of the “H” specimen in tension, see Figs. 5(a) and
14(a) presented in Appendix A. Since a pressure associated plasticity is adopted in our modeling approach,

the results of the tension tests have an important effect in the visco-plastic parameters identification.

5.83. The distributions and correlations of the VE-VP material parameters

Although the MAP estimate of the material parameters is the best result ever reached during the MCMC
random walk, it is not obviously much more accurate than the other parameter sets obtained during the
random walk. The advantage of the BI is not to provide a set of optimized material parameters, but to explore
the feasible parameter sets by evaluating their probability, or distribution. This statistical information is
carried by the massive data resulting from the MCMC random walk, under the form of realizations of the
material parameter set 9. In Fig. 7, the joint distributions of 8 out of 32 material parameters are plotted by
2D histograms, with more figures for the joint and marginal distributions for “V” and “H” specimens being

provided in Appendix C.1 and Appendix C.2, respectively. Fig. 7 shows that correlations exist between
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Figure 7: The random material parameters distributions for the “V” specimens (a) and “H” specimens (b). The marked
parameter points correspond to the numerical results (with the same colors) reported in Figs. 8 and 9, respectively. Yellow

and blue colors indicate respectively high and low probability density in the parameter space.

all the parameter pairs in general, and strong correlations can be seen between some parameter pairs, such
0% and m°, o and s.
Three randomly picked material parameter points are marked in Figs. 7(a) and 7(b) respectively for the

“V” and “H” specimens. Considering successively these three sets ¥ of material parameters, the mechanical
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Figure 8: The engineering strain-stress curves of the “V” specimens with the corresponding material parameter points (with

the same colors) marked in Fig. 7(a). The numerical results are presented by lines and the experimental results by markers.

responses of the studied materials are simulated for the different studied experimental loading conditions.
The numerical results are plotted in Figs. 8 and 9, together with the experimental strain-stress curves for
comparison. It can be seen that with the adopted visco-elastic-visco-plastic constitutive model, all these
sets of material parameters yield fair predictions for each loading case. Although some sets of parameters
have shown better performance under certain loading conditions, there is not a parameter set which fits all
the experimental results perfectly. This may be because of the limitation of adopted material constitutive
model, combined to the various uncertainties and errors due to the experimental tests that use different
testing machines. Moreover, with different parameters sets, a certain degree of discrepancy among their
numerical results is exactly what we expected from BI.

The data related to the MCMC random walks are available in [44]. We however note that the inferred
values of 8 from the uniaxial tests can make the visco-elastic-visco-plastic material model resolution difficult
when solving 3D complex problems. For such simulations, S can be increased by 50% from the inferred

values without affecting the uniaxial test predictions while making the local convergence of the material
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Figure 9: The engineering strain-stress curves of the “H” specimens with the corresponding material parameter points (with

the same colors) marked in Fig. 7(b). The numerical results are presented by lines and the experimental results by markers.

model faster.

6. Random material parameters generation with a Generative Adversarial Network (GAN)

Training data
oo
Noise

Real

fake

Figure 10: Illustration of a Generative Adversarial Network.

Using the data obtained from the MCMC random walk, a Generative Adversarial Network (GAN) is

trained to generate new random material parameters. In a GAN, a NNW is taught to capture the training

data’s distribution, so that new data can be generated following the same distribution. A GAN is made of

two distinct models, a generator and a discriminator, as illustrated in Fig. 10. The task of the generator is
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to produce “fake” data that look like the training data, while the task of the discriminator is to check, from
generated data and training data, whether or not the data are real training data or “fake” data coming from
the generator. During the training, the generator is trained to trick the discriminator by generating better

and better fakes, while the discriminator is trained to correctly classify the real and fake data.

6.1. Generation of parameters with uni-modal distribution

In this work, two Feed-forward Neural Networks (FNN) are adopted for both the generator and the dis-
criminator. The architecture of a FNN is represented by {Inputsy,., Hiddenl, ., .... Hidden? ., Outputsye},

size’ size?

where Inputsze and Outputs,e are respectively the dimensions of input and output, Hidden! i=1,..,n

size?

are the dimension of the n hidden layers. The architectures
Generator : {32,60,60,60,32}y, Discriminator : {32, 60,60, 60,1}y, (54)

are used for the material properties of the “V” specimens, which exhibit a uni-modal distribution as shown
in Fig. 7(a). LeakyReLU is used for activation functions for the input and hidden layers, while a hyperbolic
tangent function (tanh) and a sigmoid function are used for the output layers of generator and discriminator,

respectively.

6.2. Generation of parameters with bi-modal distribution

In this section, we focus on the random material parameter generation of “H” specimen whose BI
identified parameters have shown a bi-modal distribution, as shown in Fig. 7(b). This bi-modal distribution,

7 (), can be treated as a mixture of two uni modal distributions following
7(@¥) = (1 —p)m (F) + pm1 (I) (55)

where p is the mixing parameter, which is estimated using the data resulting from the MCMC random walk.
To this end, a clustering operation is first performed on these data, D, to classify them into two groups, Dy
and Dy, where D = Dy U D;. Then the mixing parameter, p, is estimated by the ratio between the number
of data in the first group, D;, with the total number of data in the whole data set D.

Two generators of uni-modal distribution, mo(d) and m; () can be trained separately, using the data Dy
and Dy, respectively. During the random material parameter generation, a random number (0 or 1) is first
generated from a Bernoulli distribution with its mean equals p. Then this number serves as an indicator to

choose the corresponding generator, either mq () or 71 (8), to sample the final parameters. The architectures
Generator : {32,200, 200,200, 32}y, Discriminator : {32, 100,100,100, 1}y, (56)

are adopted for the generators of both () and 7 ().

29



6.3. Training of the GAN

The Binary Cross Entropy loss (BCELoss) function is used to evaluate the output of the discriminator.

The training data of the discriminator are divided into two parts. The first part of the data is the set
material parameter data obtained from the MCMC random walk. These data are normalized by feature
to map their values into the [—1, 1] range. Then the label “1.0” is set as their reference output of the
discriminator for “real” data meaning. The second part is a set of independent Gaussian noises of dimension
32, which first pass the generator and produce the input for the discriminator, and are labeled as “0.0” as
their reference output of the discriminator for “fake” data meaning.

Then, the training data of the generator is constituted by the independent Gaussian noises input and
the label “1.0” is set as their reference output of discriminator for “real”.

The learnable parameters of the discriminator and generator are updated alternately during the training.

6.4. Results

Using the trained random parameter generators, 100000 data points are generated for both the “V” and
the “H” specimens. The joint distributions of a few picked parameters are plotted under the form of 2D
histograms in Figs. 11, which have to be compared to Figs. 7. A good agreement can be found between
the 2D histograms of the original data and of the generated data. The remaining 2D histograms of the
generated data are reported in Appendix D

Three material parameter sets are randomly picked from the generated data for both the “V” and “H”
specimens, and marked in Fig. 11(a) and Fig. 11(b), respectively. Numerical simulations are then performed
for the different studied experimental loading conditions and are presented in Figs. 12 and 13. It can be
seen that the numerical simulations with the generated material parameters can predict well the mechanical
behaviors of the material under the different loading conditions. The numerical results obtained with the
generated material parameter sets are shown to have the same accuracy with respect to the experimental

curves as the simulations conducted with the original material data arising from the MCMC random walk.

7. Conclusions

In this work, the parameters of a finite-strain visco-elastic-visco-plastic formulation are inferred from
experimental tests performed PA12 samples processed by SLS. The experimental tests comprise compressive
and tensile loading tests at different strain rates ranging from 107%s~! to 10%s7!, as well as stress relaxation
tests for two printing directions. The constitutive model comprises 32 material parameters.

Given the number of available observations and material parameters to be identified, a sequential
Bayesian inference is suggested in which only a part of the observations and/or material parameters are

considered at first in order to refine progressively the prior distributions to be used during the Markov
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Figure 11: The generated random material parameters distributions for the “V” specimens (a) and “H” specimens (b). The

marked parameter points correspond to the numerical results (with the same colors) reported in Figs. 12 and 13, respectively.

Yellow and blue colors indicate respectively high and low probability density in the parameter space.

Chain Monte Carlo (MCMC) random walk by using the posterior distribution resulting from the previous
BI step. The sets of observations and of material parameters are then enriched for the BI step. This
SBI possesses the advantages of improving the inference efficiency since on the one hand the prior are not

exaggeratedly wide in the subsequent steps and on the other hand the likelihood function does not yield
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Figure 12: The engineering strain-stress curves of the “V” specimens with the generated material parameters (with the same

colors) marked in Fig. 11(a). The numerical results are presented by lines and the experimental results by markers.

extremely low values as it would be the case when considering all the parameters and observation at once
with large prior, hence improving the convergence when using Markov Chain Monte Carlo (MCMC) random
walk to generate samples in high-dimensional parameter spaces. Besides, since the VE-VP model is pres-
sure sensitive and discriminate between tension and compression in both the visco-elastic and visco-plastic
ranges, it is important to have enough observations in both tensile and compressive cases not to overweight
some tests. Therefore we have applied an observations augmentation of the tensile experimental tests.

The advantage of the BI over classical identification procedure is that it accounts for the errors in
the experimental measurements but also for the model limitations by not trying to perfectly reproduced
experimental curves. As a result, the BI yields realizations of the material model parameters and not a
unique set of parameters. Although the maximum a-posteriori (MAP) estimates of the material properties
can further be used, information on the experimental and model errors can be captured by considering the
statistical content of the random vector of material parameter realizations arising from the MCMC random

walk. In order to exploit this information in further analysis, a random material parameter generator is
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Figure 13: The engineering strain-stress curves of the “H” specimens with the generated material parameters (with the same

colors) marked in Fig. 11(b). The numerical results are presented by lines and the experimental results by markers.

constructed using a Generative Adversarial Network (GAN), which is trained using the data obtained from
MCMC random walk.

For the conducted inference, it appears that the material model fed by the MCMC or synthetic real-
izations can reproduce the different loading cases, and in particular can discriminate between tension and
compression, on the one hand in the visco-elastic range through a Poisson’s ratio evolving with time, and
on the other hand in the visco-plastic range through different hardening curves in tension and compression
combined to a pressure sensitive yield surface.

Since the SBI was conducted for PA12 samples printed along two directions, the inferred parameters
have different statistical properties for these two directions as well. In the future an anisotropic VE-VP

model should be considered in order to have a model that can be applied for complex printed structures.
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Appendix A. The experimental observations of the “H” PA12 specimens

In Fig. A.14, the marked points are the strain-stress pairs of experimental observations used in the BI

for the “H” specimens.

Appendix B. Gaussian kernel-density estimation

The given data-set ¥;, (i = 1, ..., N), serves as N realizations of a random vector © with value in R™».
The data-set is first normalized by removing the mean and scaling it to the unit variance using a Principal
Component Analysis, yielding a data set ;, (¢ = 1, ..., N), which serves as N realizations of a random

vector H with value in R™». The non-parametric estimate of the probability distribution function (pdf) mg

SN,
SN,

can be constructed by using the Gaussian kernel-density estimation method, with
1
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Figure A.14: The experimental strain-stress curves of the “H” specimens and the picked observation points to conduct the
Bayesian inference in (a) Tension; (b) and (c¢) Compression at low, medium and high loading rates respectively; and (d)

Compression and relaxation tests.

Appendix C. Joint and marginal distributions of material parameters

Appendiz C.1. For the “V” specimens

For the material parameters identified on the “V” specimens, a part of the joint distributions is presented
in Figs. C.15 by 2D histograms. The marginal distributions of all the 32 material parameters identified on
the “V” specimens are presented in Fig. C.16 for the visco-elastic part and in Fig. C.17 for the visco-plastic

part.

Appendiz C.2. For the “H” specimens

For the material parameters identified on the “H” specimens, a part of the joint distributions is presented
in Figs. C.15 by 2D histograms. The marginal distributions of all the 32 material parameters identified on
the “H” specimens are presented in Fig. C.19 for the visco-elastic part and in Fig. C.20 for the visco-plastic

part.
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Figure C.15: The random material parameters distributions for the “V” specimens. The marked parameter points correspond

to the numerical results (with the same colors) in Fig. 8. All the parameters in a logarithmic form are in the unit of MPa.

Yellow and blue colors indicate respectively high and low probability density in the parameter space.

Appendix D. NNWs generated random material parameter

A part of joint distributions of the generated random parameters are presented by 2D histogram in Fig.

D.21 for the “V” specimens, and in Fig. D.22 for “H” specimens.
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Figure C.16: Marginal distributions of identified visco-elastic material parameters for the “V” specimens.
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Figure C.18: The random material parameters distributions for the “H” specimens. The marked parameter points correspond
to the numerical results (with the same colors) reported in Fig. 9. All the parameters in a logarithmic form are in the unit of

MPa. Yellow and blue colors indicate respectively high and low probability density in the parameter space.
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Figure C.19: Marginal distributions of identified visco-plastic material parameters for the “H” specimens.
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Figure C.20: Marginal distributions of identified visco-plastic material parameters for the “H” specimens.
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Figure D.21: The generated random material parameters distributions for the “V” specimens. The marked parameter points

correspond to the numerical results (with the same colors) reported in Fig. 12. All the parameters in a logarithmic form are

in the unit of MPa. Yellow and blue colors indicate respectively high and low probability density in the parameter space.
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Figure D.22: The generated random material parameters distributions for the “H” specimens. The marked parameter points
correspond to the numerical results (with the same colors) reported in Fig. 13. All the parameters in a logarithmic form are

in the unit of MPa. Yellow and blue colors indicate respectively high and low probability density in the parameter space.
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