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The monomial functional equation for connected Lie groups
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Abstract. In this work, we present the Cauchy functional equation in the context of connected
Lie groups. We consider two generalizations of this equation with higher orders of the finite
difference.
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1. Introduction

Let G be a connected Lie group; if one considers the functions from G to R,
the Cauchy functional equation is defined by

f(xy) = f(x) + f(y).

This equation defines the homomorphism from G to R. Cauchy considered
this equation on R (thus using the additive notation) in [4] and showed that
the continuous solutions are the monomials of degree 1: f(x) = cx for some
constant c. Darboux showed that only continuity at some point is required to
reduce the set of solutions to these monomials [5]. Indeed, it is sufficient to
ask for the solution to be bounded almost everywhere in a neighborhood to
recover such a regularity [12]. This equation has been considered in various
forms by many authors [1–3,7–10,13,14,16,17].

Given x ∈ G, define left and right translations as maps defined on G by
Lx : y �→ xy and Rx : y �→ yx, respectively. We then define the difference
operator as Δh = R∗

h − I, where I is the identity operator and R∗
h denotes

the pullback of Rh in the sense that R∗
hf = f ◦ Rh. The Cauchy functional

equation can be rewritten as

Δyf(x) = f(y).

To generalize this equation, we will use higher order difference operators: for
higher orders m, we would expect the solutions of such an equation on R to
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be the monomials of degree m. The monomial functional equation of order
m ∈ N is thus simply defined as

Δm
h f(x) = m!f(h). (1)

Naturally, for the corresponding local equation, we will consider x and h in
a neighborhood of the identity. Similar equations were considered in [6,12,15]
for example.

In this paper we carry on the work initiated in [12] by considering general
connected Lie groups instead of the Euclidean space Rn. We first characterize
the regular solutions of the monomial functional equation. Next, we give an-
other version of this equation, where the steps h are not necessarily equal for
the difference operators Δh and give more insight into the regular solutions of
this equation. Such an equation is usually referred to as a mixed differences
equation, while (1) is naturally called an unnmixed differences equation. We
then show that this mixed differences equation admits no purely distributional
solution. Finally, we give some simple examples.

Let us provide some notations used throughout this paper. We will consider
an arbitrary connected Lie group G whose Lie algebra is g. The left-invariant
vector field associated to X ∈ g will be denoted by LX and if E1, . . . , En is
a basis of g (n will always stand for the dimension), Lk1,...,km

will stand for
the composed operator LEk1

· · · LEkm
. We will use X ∗ Y as a short notation

for log(expX expY ), with X,Y ∈ g sufficiently close to 0 (log is only defined
locally), where exp : g → G is the exponential map.

2. The unmixed differences equation

Obviously, a solution f of the local monomial functional equation of order m
also satisfies the Fréchet functional equation of order m + 1,

Δm+1
h f(x) = 0,

in a neighborhood of 1. We will advantageously use the structure of the local
solutions of this equation obtained in [11] to collect information about the
local solutions of Eq. (1).

Let us first recall the following result.

Proposition 2.1. If f satisfies (1) in a neighborhood of the identity and is
bounded almost everywhere in this neighborhood, then f is smooth in a neigh-
borhood of the identity.

Proof. As a local solution of Eq. (1) satisfies the local Fréchet functional equa-
tion of order m + 1, this is then a consequence of Lemmata 3, 4 and 5 from
[11]. �
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Proposition 2.2. A function f that is bounded almost everywhere in a neigh-
borhood of the identity satisfies (1) for x and h in a neighborhood of the identity
if and only if there exists a homogeneous polynomial P on g of degree m such
that

f(x exp X) =
m−1∑

j=0

Lj
Xf(x)
j!

+ P (x)

= f(x) +
m−1∑

j=1

∑

1≤k1,...kj≤m

Lk1···kj
f(x)

j!
Xk1 · · · Xkj

+ P (x),

with Lk
Xf(1) = 0 for all k < m, x in a neighborhood of 1 and X in a neigh-

borhood of 0.

Proof. The condition is necessary.
We already know that f is smooth in a neighborhood of 1. Moreover as f is

a local solution of the Fréchet functional equation of order m+1, Proposition 4
of [11] implies that

f(x exp X) =
m∑

k=0

Lk
Xf(x)
k!

,

for x in a neighborhood U of 1 and X ∈ log U . Using the exponential, (1)
becomes

Δm
exp tXf(x) = m!f(exp tX),

for x in a neighborhood V of 1, X ∈ log V and t in a neighborhood of 0, which
gives

Lm
Xf(x) = m! lim

t→0

f(exp tX)
tm

.

Let us show that Lk
Xf(1) = 0 for k < m. We trivially have f(1) = 0. If LXf(1)

does not vanish, we can write

0 = lim
t→0

∣∣∣∣
f(exp tX)

tm
− Lm

Xf(1)
m!

∣∣∣∣

= lim
t→0

1
|t|m−1

∣∣∣∣∣

m−1∑

k=1

tk−1Lk
Xf(1)

k!

∣∣∣∣∣ = ∞,

which implies LXf(1) = 0. Now, if Lk
Xf(1) = 0 for k ∈ {0, . . . , l} with l < m,

Ll
Xf(1) �= 1 implies

0 = lim
t→0

1
|t|m−l

∣∣∣∣∣

m−1∑

k=l

tk−lLk
Xf(1)
k!

∣∣∣∣∣ = ∞.

As a consequence, we have Lk
Xf(1) = 0 for k ∈ {0, . . . , m − 1}.
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We thus have

f(exp X) =
Lm

Xf(1)
m!

=
∑

1≤k1,...,km≤n

Lk1···km
f(1)

m!
Xk1 · · · Xkm

.

Moreover, the identity
Δm

exp tXf(x)
tm

= m!
f(exp tX)

tm

implies Lm
Xf(x) = Lm

Xf(1) in a neighborhood of the identity.
Let us show that the condition is sufficient. Let us write

Q(x,X) =
m−1∑

j=0

Lj
Xf(x)
j!

,

for any x in a neighborhood of 1 and X in a neighborhood of 0 in g. Since
Lk

Xf(1) vanishes for k ∈ {0, . . . , m−1} and X close to 0, we have Q(1,X) = 0
for such an X. Assume that f(x exp X) = Q(x,X) + P (X) for any x in a
neighborhood U of 1 in G and X in a convex neighborhood V of 0 in g. For
x ∈ U and X ∈ V/m, we have

Δm
expXf(x) = Δm

X [Q(x, ·)](0) + Δm
XP (0)

= m!P (X) = m!f(exp X),

where the difference operator in the right-hand side is the difference operator
on g with its vector space operation. �

3. The mixed differences equation

In order to consider the mixed differences equation, where the steps h are not
necessarily equal for the difference operators Δh, the unknown function will
be given by a map f : Gm → R; we can see Gm as a manifold with the group
G acting on it diagonally:

(x1, . . . , xm) · h = (x1h, . . . , xmh).

We will write Rh(x1, . . . , xm) for (x1, . . . , xm) · h, so that Δh = R∗
h − I, where

I is the identity operator acting on functions. We define the mixed differences
version of the monomial functional equation of order m by

Δm
h1,...,hm

f(x1, . . . , xm) = m!f(h1, . . . , hm), (2)

with

Δm
h1,...,hm

f(x1, . . . , xm) = Δhm
(Δm−1

h1,...,hm−1
f)(x1, . . . , xm),

for m > 1. If (2) holds for x1, . . . , xm and h1, . . . , hm in a neighborhood of the
identity, we will refer to it as the local monomial functional equation of order
m.
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If we define F = f ◦ Dm, where Dm : G → Gm is the diagonal map
x �→ (x, . . . , x), we have

Δm
h F (x) = m!F (x),

for h1 = · · · = hm = h, so that the restriction to the diagonal gives Equa-
tion (1).

A map f : Gm → h is said to be (locally) symmetric if

f(xσ1 , . . . , xσm
) = f(x1, . . . , xm),

for any σ ∈ Sm, where Sm is the set of permutations of m elements, and all
x1, . . . , xm in G (a neighborhood of 1 in G).

We already have the following result:

Proposition 3.1. If f is a solution of (2) and f ◦ Dm is bounded almost ev-
erywhere in a neighborhood of 1, then f ◦ Dm is smooth in a neighborhood of
1.

Indeed, we have more information about the solution.

Lemma 3.2. If f is a local solution of (2), then f is locally multiadditive in
a neighborhood of 1: it is a local homomorphism with respect to each of its
variable if they vary in a neighborhood of 1.

Moreover, if f and g are two (locally) symmetric solutions of (2), then
f = g (in a neighborhood of 1 in Gm) if and only if f ◦ Dm = g ◦ Dm (in a
neighborhood of 1 in G).

Proof. It is sufficient to prove that

f(h1, . . . , hjh
′
j , . . . , hm) = f(h1, . . . , hj , . . . , hm) + f(h1, . . . , h

′
j , . . . , hm),

for any h1, . . . , hj , h
′
j , . . . , hm in some neighborhood of 1. It is easy to check

that

Δhjh′
j
− Δhj

− Δh′
j

= (R∗
hj

− I)(R∗
h′

j
− I),

which implies

f(h1, . . . , hjh
′
j , . . . , hm) − f(h1, . . . , hj , . . . , hm) − f(h1, . . . , h

′
j , . . . , hm)

= m!Δm+1
h1,...,hj ,h′

j ,...,hm
f(1, . . . , 1).

Since the right-hand side vanishes for h1, . . . , hj , h
′
j , . . . , hm belonging to a

sufficiently small neighborhood of 1, the first claim is proved.
Now, if f and g agree on the diagonal, from (2), we have

f(h1, . . . , hm) =
1
m!

Δm
h1,...,hm

(f ◦ Dm)(1) = g(h1, . . . , hm).

The local version is naturally obtained by restricting these equalities on a
neighborhood of the identity in Gm. �

For the next result, we need the following notion.
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Definition 3.3. A map f : G → R is locally right-Abelian at x0 ∈ G if
f(xyz) = f(xzy), for any x in some neighborhood of x0 and any y, z ∈ G
in some neighborhood of the identity.

Proposition 3.4. If f : Gm → R is a local solution of (2), then f ◦ Dm is
locally right-Abelian. In particular, f is locally symmetric.

Proof. Thanks to the previous result, we can write

(f ◦ Dm)(xh1h2) =
∑

(u1,...,um)∈{x,h1,h2}m

f(u1, . . . , um) = (f ◦ Dm)(xh2h1),

for any x, h1 and h2 in a neighborhood of 1 in G. This implies

Δ2
h1,h2

(f ◦ Dm)(x) = Δ2
h2,h1

(f ◦ Dm)(x),

still in a neighborhood of 1. More generally, we have

Δm
hσ1 ,...,hσm

(f ◦ Dm)(x) = Δm
h1,...,hm

(f ◦ Dm)(x),

for any x, h1 and h2 in a neighborhood of 1 in G and σ ∈ Sm. �

Proposition 3.5. Let k be the dimension of Hom(g,R) in the category of Lie
algebras. If f is a local solution of (2) such that f ◦ Dm is bounded almost ev-
erywhere in a neighborhood of 1, then there exist smooth local homomorphisms
f1, . . . , fk, real numbers aα for α ∈ Nk such that |α| = m and a neighborhood
V of the identity such that

(f ◦ Dm)(h) =
∑

|α|=m

aαf1(h)α1 · · · fk(h)αk , (3)

for all h ∈ V .
More precisely, we have

f =
∑

|α|=m

aαf�α1
1 	 · · · 	 f�αk

k , (4)

in a neighborhood of 1 in Gm, with

g1 	 · · · 	 gk =
1
k!

∑

σ∈Sk

gσ1 ⊗ · · · ⊗ gσk
.

If G is simply connected and f is a global solution, then the above equalities
hold everywhere.

Proof. We just need to prove (4). Since f is symmetric, it is entirely deter-
mined by its restriction on the diagonal, so that we indeed have to prove that
(3) holds. This identity follows from Proposition 2.2 above and Theorem 1
and Proposition 5 from [11]. The simply connected case is obtained using the
isomorphism between Hom(g,R) and Hom(G,R). �



The monomial functional equation

4. Distributional solutions of the mixed differences equation

Let δ : G → (0,∞) be the modular function of G, which we suppose to be
equipped with a left Haar measure. It is easy to see that Δm

h f is well-defined
as an element of L1

loc(G), since it does not depend on the representation of f
in L1

loc(G). Let ϕ be a function of D(G), the space of smooth functions on G
with compact support; in a distributional sense, Δm

h f is given by

〈Δm
h f, ϕ〉 =

m∑

j=0

(−1)m−j

(
m

j

) ∫

G

f(xhj)ϕ(x) dx

=
m∑

j=0

(−1)m−j

(
m

j

) ∫

G

δ(h−1)jf(x)ϕ(xh−j) dx

= 〈f,Δ′m
h−1ϕ〉,

with Δ′
h = δ(h)R∗

h − I. For the right Haar measure however, we get the ex-
pected identity 〈Δm

h−1f, ϕ〉 = 〈f,Δm
h ϕ〉. If G is unimodular, we recover a def-

inition of the difference operator on the space of distributions D′(G) that is
consistent. We will thus work with such a group in this section.

Remark 4.1. If one wants to deal with groups G that are not unimodular,
it suffices to consider a right Haar measure when working with right finite
differences Δh.

In order to obtain an extension in the setting of distributions, we will
consider each side of the equation as functions on Gm ×Gm. Equation (2) can
be written as

(−1)mf(x1, . . . , xm)

+
m∑

k=1

∑

1≤j1≤···≤jk≤m

(−1)m−ks∗
j1···jk

f(x1, . . . , xm, h1, . . . , hm)

= pr∗
2f(x1, . . . , xm, h1, . . . , hm),

where

pr2(x1, . . . , xm, h1, . . . , hm) = (h1, . . . , hm)

and

sj1···jk
(x1, . . . , xm, h1, . . . , hm) = (x1hj1 · · · hjk

, . . . , xmhj1 · · · hjk
).

Since these two maps are submersions from Gm × Gm to Gm, we can extend
their pullback to distributions. If Δh is the finite difference on Gm defined by
the diagonal action, given a distribution T on Gm, we naturally set

Δm
h1,...,hm

T (ϕ) = T (Δm
h−1
1 ,...,h−1

m
ϕ),
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for ϕ ∈ D(Gm). The difference on distributions is explicitly given by

ΔmT (ϕ) =
∫

Gm

Δm
h1,...,hm

T(x1,...,xm)(ϕ(x1, . . . , xm, h1, . . . , hm))dh1 · · · dhm,

where T(x1,...,xm) means that the distribution acts on ϕ seen as a function of
(x1, . . . , xm), other variables being seen as constants. Moreover,

pr∗
2T (ϕ) =

∫

Gm

T(h1,...,hm)(ϕ(x1, . . . , xm, h1, . . . , hm))dx1 · · · dxm.

The Cauchy functional equation of order m on D′(Gm) is naturally given by

ΔmT = m!pr∗
2T, (5)

on D(Gm ×Gm). Of course, one can consider the local version of this equation
by working on D′(V × V ), where V is some neighborhood of the identity.

Proposition 4.2. If T is a distribution on Gm that satisfies (5) locally, then
there exists a neighborhood V of 1 in Gm such that T |V ∈ C∞(V ) is a distri-
bution associated to some smooth function f on Gm defined locally by

∑

|α|=m

aαf�α1
1 	 · · · 	 f�αk

1 ,

in a neighborhood of 1 in Gm.
Moreover, if T satisfies (5) globally, then T is a smooth function in Gm.

Proof. Let ϕ,ψ ∈ D(Gm) such that ϕ ⊗ ψ ∈ D(Gm × Gm). For ϕ ⊗ ψ, Equa-
tion (5) gives

∫

Gm

Δm
h1,...,hm

T (ϕ)ψ(h1 . . . , hm)dh1 · · · dhm

= m!T (ψ)
∫

Gm

ϕ(x1, . . . , xm)dx1 · · · dxm.

If δ(y1,...,ym) denotes the usual difference operator on Gm with multiplication
by (y1, . . . , ym) ∈ Gm given componentwise, δ(y−1

1 ,...,y−1
m )ϕ belongs to D(Gm)

for any (y1, . . . , ym) ∈ Gm. The equation at δ(y−1
1 ,...,y−1

m )ϕ ⊗ ψ gives
∫

Gm

δ(y1,...,ym)Δm
h1,...,hm

T (ϕ)ψ(h1, . . . , hm)dh1 · · · dhm

= m!T (ψ)
∫

Gm

ϕ(x1y
−1
1 , . . . xmy−1

m ) − ϕ(x1, . . . , xm)dx1 · · · dxm,

which is equal to zero because of the invariance of the Haar measure. This
implies that δ(y1,...,ym)Δm

h1,...,hm
T (ϕ) vanishes for all ϕ ∈ D(Gm) and almost

all h1, . . . , hm, y1, . . . , ym in G. By continuity, this quantity is equal to zero
for all h1, . . . , hm, y1, . . . , ym in G. As a consequence, Δm

h1,...,hm
T satisfies the

Fréchet functional equation of order 1, so that it is equal to a constant function
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f(h1, . . . , hm) in the sense of distributions, where f is smooth. Therefore, (5)
implies

m!pr∗
2T (ϕ ⊗ ψ)

=
∫

Gm×Gm

f(h1, . . . , hm)ϕ(x1, . . . , xm)ψ(h1, . . . , hm)dx1 · · · dxmdh1 · · · dhm,

for ϕ, ψ belonging to D(Gm). As a consequence, we get
∫

Gm

(m!T (ψ) −
∫

Gm

f(h1, . . . , hm)ψ(h1, . . . , hm)dh1 · · · dhm)

ϕ(x1, . . . , xm)dx1 · · · dxm = 0,

so that we have f = m!T in D(Gm), which proves that T is equal as a distri-
bution to a smooth function on Gm. The local version can be obtained in the
same way, by restricting the test-functions to those with a sufficiently small
support. �

5. Some examples

Let us give some examples of solutions restricted to the diagonal for the mixed
differences equation (2). They are easily obtained from the computation of
Hom(G,R).

• If G is semisimple, any right-Abelian solution of the equation is zero. This
results from the fact that [g, g] = g and Hom(g,R) = {0}. This includes
the case of SL(n,R) or S3 with quaternion multiplication as Lie group
product.

• If G is the general linear group GL(n,R), then the right-Abelian solutions
of the equation are given by

f(A) = a ln(|detA|)m.

with some a ∈ R.
• If G is solvable, then [g, g] is a proper non-trivial ideal of g and it is also

a nilpotent Lie subalgebra. As a consequence, Homloc(G,R) is not trivial
and the polynomials of degree m generated by elements of Homloc(G,R)
are non-trivial.

• If G is the Heisenberg group Hn = Rn × Rn × R, then it is two-step
nilpotent. The solutions of the equation are the polynomials

P (x, y, t) =
∑

|α|=m

aαxα1yα2

if they are looked on the Lie algebra of Hn because [g, g] = {(0, 0, t) : t ∈
R}.
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