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1 Introduction

When ultra-high energy cosmic ray particles first hit the Earth’s atmosphere, several
additional interactions take place. These interactions lead to particle multiplication and
decay processes, which collectively result in a cascade of secondary particles known as
an extensive air shower (EAS). In fact, observing these air showers is the only means of
detecting high-energy cosmic ray particles. The development of air showers is dependent on
hadronic cross sections and particle production characteristics in hadronic interactions.

However, it is worth noting that there is still much to be discovered about the evolution
of the total and elastic cross sections in hadron-hadron collisions as functions of the center
of mass energy as well as the characteristics of multiparticle production in these interactions.
It is an interesting line of research given its phenomenological implications.

Indeed, estimating the features of hadronic interactions at LHC energies is crucial not
only for modelling the background while looking for potential manifestations of new physics
but also for the interpretation of the existing (and future) cosmic ray data, which relies on
theoretical assumptions that describe these interactions.

As a matter of fact, despite being a well-known and experimentally supported theory of
strong interactions, Quantum chromodynamics (QCD) can only currently predict processes
involving large momentum transfer. Furthermore, the bulk properties of multiparticle
production, which are required for air shower simulation, are still not calculable. Therefore,
in order to create models for hadronic interactions that describe various particle genera-
tion processes, it is necessary to make further simplifying hypotheses in conjunction with
phenomenological models that essentially consist of perturbative QCD (pQCD) predic-
tions and phenomenological fits to experimental hadron spectra, which in turn are based
on fundamental principles of quantum field theory — such as unitarity, analyticity and
crossing, along with empirical parametrizations [1]. Certainly, it is crucial to validate these
assumptions, constrain the parametrizations, and fine-tune the parameters using accelerator
data comparisons.
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For instance, in a prior study [2], the hypothesis of using two different unitarization
schemes; the commonly employed eikonal as well as the U-Matrix, as unitarity constraint of
the elastic amplitude was examined by looking into the effect of including recent collider
data for total, elastic, inelastic and single diffractive cross sections in the framework of
the two-channel model. The results showed nearly identical cross-sections, regardless of
the unitarisation scheme adopted. Most importantly, it has been found that the single
diffractive data are slightly better described with the U-matrix than with the eikonal
one, in spite of the data used. Another hypothesis with regard to considering an infinite
parton configurations space has been examined using the eikonal scheme [3]. We intend to
investigate this hypothesis, but rather utilizing the U-matrix scheme.

It should be noted that the U-matrix scheme is not used as an alternative to phenomeno-
logically studying hadronic interactions at high energy, but rather for physical reasons. To
start with, the choice of the U-matrix scheme is motivated by the aforementioned result [2].
Secondly, owing to the fact that correlations may emerge from the fluctuations of the hadrons
in various configurations, which is a phenomenon closely connected to hadron diffraction [4],
we then may infer that these hadron fluctuations might be increased through implementing
a multi-channel model of high energy hadronic interactions using the U matrix scheme. We
expect that it will produce a better description of the hadronic observables, compared with
the eikonal scheme, within the multi-channel model. We also anticipate that it will provide
better results within the multi-channel model than within the two-channel one.

This study has the following objectives. First of all, it will focus on testing the
hypothesis of considering an infinite parton configuration space and compare it to the
two-channel counterpart. Based on our model, it also seeks to predict the double diffractive
cross-section, the ratio of the real part to the imaginary part of the elastic amplitude, i.e.,
the ρ parameter, and the elastic differential cross-section. Finally, the impact of considering
a multi-channel model on present and future cosmic ray data will be discussed.

The present paper is organised as follows. In section 2 we will focus on the theoretical
framework of the diffractive excitation in the context of the multi-channel Good-Walker
approach. In section 3, an explicit model for the description of the elastic scattering
amplitude as well as the treatment of the average number of interactions will be proposed.
Moreover, the principal parameters of the model and data used will be highlighted. In
section 4, the results of the study will be presented and discussed. In section 5, the
conclusions will be given.

2 Diffraction and multi-channel Good-Walker approach

2.1 Theoretical framework

Hadrons are composite particles comprised of quarks and gluons which interact in a variety
of ways during hadron collisions. It is possible to relate these interactions to the total and
elastic cross sections using a suitable theoretical framework. But the specific way to achieve
it is still an open question. In fact, “Mini-jet” models [5] are thought to be a viable option,
with total and elastic cross sections calculated using an eikonal formalism in terms of the
quantity 〈n(b, s)〉, representing the average number of elementary interactions at impact
parameter b and c.m. energy

√
s.
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It should be emphasized that predictions made using the simple eikonal scheme in these
Mini-jet models are insufficient. The fact that this kind of elastic amplitude unitarization
scheme is inappropriate for a collision of composite objects like hadrons is already supported
by the findings of a number of studies [6–8] as well as certain (indirect) evidence. In fact,
the eikonal unitarization scheme is a well-known technique for calculating the amplitude
X, which meets some minimal s-channel unitarity constraints from the “non-unitary”
amplitude χ, as

X = i(1− exp (iχ)) (2.1)

It is based on the assumption that the impact parameter (the perpendicular distance
between the trajectories of colliding particles) is much larger than the characteristic size
of the interacting particles. Regarding the statistical nature of this scheme, in collisions
at a fixed impact parameter and c.m. energy, the fluctuations in the number of inter-
actions are just Poissonian in nature [9]. The statistically independent and identically
distributed interactions is equivalent that each exchange process is statistically equivalent
and contributes equally to the overall scattering amplitude. This is equivalent to a sum of
contributions derived from the multiple exchanges, emerging with equal weights, which is
described by the primary amplitude χ. While the assumption of equal weights is a useful
simplification, it may not always accurately reflect the underlying physics. In reality, the
individual exchange processes may have different strengths or probabilities, which could
affect the overall scattering amplitude. Accounting for such differences would require a more
detailed and sophisticated treatment beyond the eikonal approximation. Mathematically,
the eikonal approximation allows us to factorize the overall scattering S-matrix associated
with the interaction into a product of individual scattering matrices. This approach is
sometimes connected with the image of a rapid particle travelling virtually straight ahead
in target media, [10].

Furthermore, the eikonal approximation treats the hadrons as classical objects with
fixed parton distributions. It assumes that during the interaction, the parton configurations
remain frozen or unchanged. This approximation is valid when the timescale for the parton
dynamics, such as radiation and absorption, is much longer than the timescale of the
interaction itself [11]. The freezing of parton configurations in the eikonal approximation
simplifies the calculations by considering the partons as fixed distributions and focusing
on the overall scattering process rather than the detailed internal dynamics. However,
it is important to note that the freezing of parton configurations is an approximation
and may not capture all aspects of the parton dynamics accurately. In reality, partons
can undergo radiation and absorption processes, leading to changes in their energy and
momentum distributions. Due to these limitations in the eikonal approximation, all such
multiple exchanges may not occur simultaneously and may be dependent on each other.
This challenges the assumption of equal weights and Poissonian behavior in the summation
of exchanges. Furthermore, the need for multiple exchanges arises to account for phenomena
such as screening effects and additional inelastic processes. The prevalence of the eikonal
scheme in Monte Carlo event generators, such as SIBYLL [12] and QGSJET [13], prompts
a reevaluation of its suitability for unitarizing the elastic amplitude in hadronic collisions.
Continual assessment and refinement of theoretical frameworks and models are necessary to
better capture the complexities of high-energy interactions.
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The fluctuating structure of hadrons, which are composite particles made up of quarks
and gluons bound together by the strong force, is thought to contribute to the process of
diffractive excitation. The internal structure of hadrons is highly complex and dynamic,
with quarks and gluons constantly interacting and creating temporary resonances within
the hadron. During a high-energy collision between two hadrons, these resonances can
be excited by the exchange of a pomeron, leading to diffractive excitation. The exact
mechanism of this process is still an area of active research in particle physics. According
to Good and Walker (GW) [14], inelastic diffraction occurs because an interacting hadron
can be perceived as a superposition of several states that experience uneven absorptions.
GW further depicted the diffractive excitation as the eigenstates of the scattering operator,
which are utilized to describe the physical states.

In the same vein, Miettinen and Pumplin [15] postulated that these “transmission
eigenstates” can be recognized as distinct “configurations” of the parton elements contained
within a hadron. It is necessary to have a general grasp of the entirety of these parton
configurations in order to estimate inelastic diffraction within this theoretical framework,
which seems to be a challenging task. One possible method of doing so consists in lessening
the space of parton configurations to a finite dimensional space and explicitly creating
a matrix transition operator. As an illustration of this approach [2], we have taken into
account the minimal scheme initially proposed by Gotsman, Levin, and Maor (GLM) [16]
and combined the proton with one diffractive state. This is equivalent to a two-channel
unitarisation scheme. Another illustration can be found in [16], where GLM examined the
case N = 3 in the eikonal scheme but discovered no appreciable improvement.

Therefore, in order to highlight the difference in the description of the hadronic
observables between the models, the entirety of parton configurations as well as the scheme
adopted should be taken into account. Practically speaking, an N channel scheme could
be considered, but this would increase the number of parameters, which will affect the
attainment of a reliable and realistic model in comparison with the physics that we aspire
to describe.

An alternative approach assumed here is to map the space of the parton configurations
into the real positive numbers. Various research papers in the field have already explored
this approach [3, 17–23] but all of them with the eikonal scheme. However, since no single
published study, to our knowledge, has estimated the inelastic diffraction within the GW
approach by considering the entirety of parton configurations together with the U-matrix
scheme, this study attempts to fill this gap, at least partially. The total cross-section and
its various constituents (elastic, absorption, and diffraction) can be calculated as will be
shown in the following section.

2.2 Formalism

We adopt the multichannel formalism presented in [3, 22], with a small modification to
account for a full complex scattering amplitude. The starting point is the impact parameter
space representation, where the hadronic observables, the total, elastic, single, and double
diffractive scattering cross sections may be readily expressed as:

σtot(s) = 2
∫

d2b Im {Xel(s, b)} ; σel(s) =
∫

d2b
∣∣Xel(s, b)

∣∣2 ; (2.2a)
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σsd(s) = 2
∫

d2b
∣∣Xsd(s, b)

∣∣2 ; σdd(s) =
∫

d2b
∣∣Xdd(s, b)

∣∣2 (2.2b)

When a projectile P collides with a target T , represented by the physical states |P 〉
and |T 〉 respectively, we assume that both states can be diffracted onto various particle
states {|A〉} and {|B〉} due to their substructure. The GW approach states that the initial
state can be expressed as a sum over the eigenstates {|Ψi〉} of the scattering operator T̂ ,
forming a complete set of normalized states. This gives us the initial state |I〉 as:

|I〉 = |P, T 〉 =
∑
ij

CPi C
T
j |ψiψj〉 (2.3)

where T̂ |ψiψj〉 = tij |ψiψj〉, with the eigenvalues tij = tij(b, s) depending implicitly on the
projectile and target’s specific configurations. The final state system can be described by

|F 〉 = T̂ |I〉 =
∑
i,j

CPi C
T
j tij |ψiψj〉 (2.4)

leading to
〈F |F 〉 =

∑
i,j

|CPi |2|CTj |2|tij |2 =
∑
i,j

PPi P
T
j |tij |2 = 〈|t|2〉P,T (2.5)

where we have identified PPi = |CPi |2 and P Tj = |CTj |2 as configuration’s probability
distributions for projectile and target respectively, and 〈. . .〉P,T refers to the mean value
calculated across the different configurations present in both the projectile and the target.

The final state system can be expressed as a sum over the possible final states {|A,B〉},
which form a complete set of eigenstates, as:

|F 〉 =
∑
A,B

|A,B〉 = |P, T 〉+
∑
A 6=P
|A, T 〉+

∑
B 6=T
|P,B〉+

∑
A 6=P,B 6=T

|A,B〉 (2.6)

As a result, we can deduce that:

〈F |F 〉=
∑
A,B

〈F |A,B〉〈A,B|F 〉

= |〈P,T |F 〉|2+
∑
A 6=P
|〈A,T |F 〉|2+

∑
B 6=T
|〈P,B|F 〉|2+

∑
A 6=P ;B 6=T

|〈A,B|F 〉|2 . (2.7)

Furthermore, by using the fact that

Xel(s, b) ≡ 〈P, T |F 〉 =
∑
i,j

|CPi |2|CTj |2tij ≡ 〈t〉P,T , (2.8)

XP
sd(s, b) ≡ 〈A, T |F 〉|A 6=P =

∑
i,j

C∗,Ai CPi |CTj |2tij , (2.9)

XT
sd(s, b) ≡ 〈P,B|F 〉|B 6=T =

∑
i,j

|CPi |2C
∗,B
j CTj tij , (2.10)

Xdd(s, b) ≡ 〈A,B|F 〉|A 6=P ;B 6=T =
∑
i,j

C∗,Ai CPi C
∗,B
j CTj tij , (2.11)
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we can write by making use of the completeness of the states {|A〉}(∑AC
∗,A
i CAi′ = δii′):

|〈P, T |F 〉|2 +
∑
A 6=P
|〈A, T |F 〉|2 =

∑
A

|〈A, T |F 〉|2 =
∑
A

∣∣∣∣∣∣
∑
i

C∗,Ai CPi
∑
j

|CTj |2tij

∣∣∣∣∣∣
2

=
∑
A

∣∣∣∣∣∑
i

C∗,Ai CPi 〈t(j)〉T

∣∣∣∣∣
2

=
∑
i

C∗,Pi CPi |〈t(j)〉T |2

= 〈|〈t〉T |2〉P (2.12)

In a similar fashion, we can obtain the following result:

|〈P, T |F 〉|2 +
∑
B 6=T
|〈P,B|F 〉|2 =

∑
B

|〈P,B|F 〉|2 =
∑
B

∣∣∣∣∣∣
∑
j

C∗,Bj CTj
∑
i

|CPi |2tij

∣∣∣∣∣∣
2

=
∑
B

∣∣∣∣∣∣
∑
j

C∗,Bj CTj 〈t(i)〉P

∣∣∣∣∣∣
2

=
∑
j

C∗,Tj CTj |〈t(i)〉P |2

= 〈|〈t〉P |2〉T , (2.13)

and ∑
A 6=P ;B 6=T

|〈A,B|F 〉|2 = 〈F |F 〉 − |〈P, T |F 〉|2 −
∑
A 6=P
|〈A, T |F 〉|2 −

∑
B 6=T
|〈P,B|F 〉|2

= 〈|t|2〉P,T − 〈|〈t〉T |2〉P − 〈|〈t〉P |2〉T + |〈t〉P,T |2 (2.14)

Thus, based on the aforementioned relations, we can deduce the related cross-sections in
the impact parameter space in the following manner:

• The elastic cross-section:

d2σel
d2b

= |〈P, T |F 〉|2 = |〈t〉P,T |2 ; (2.15)

• The projectile single diffractive cross-section:

d2σPsd
d2b

=
∑
A 6=P
|〈A, T |F 〉|2 = 〈|〈t〉T |2〉P − |〈t〉P,T |2 ; (2.16)

• The target single diffractive cross-section:

d2σTsd
d2b

=
∑
B 6=T
|〈P,B|F 〉|2 = 〈|〈t〉P |2〉T − |〈t〉P,T |2 ; (2.17)

• The double diffractive cross-section:

d2σdd
d2b

=
∑

A 6=P ;B 6=T
|〈A,B|F 〉|2

= 〈|t|2〉P,T − 〈|〈t〉T |2〉P − 〈|〈t〉P |2〉T + |〈t〉P,T |2 . (2.18)
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• Moreover, the total single diffractive cross section is expressed as:

d2σsd
d2b

= d2σPsd
d2b

+ d2σTsd
d2b

= 〈|〈t〉T |2〉P + 〈|〈t〉P |2〉T − 2|〈t〉P,T |2 , (2.19)

and the total diffractive cross-section as:

d2σdiff
d2b

= d2σsd
d2b

+ d2σdd
d2b

= 〈|t|2〉P,T − |〈t〉P,T |2 . (2.20)

• Finally, using the optical theorem, the total cross-section is given by

d2σtot
d2b

= 2 Im {〈t〉P,T } . (2.21)

To compute the required average over the configurations in both the projectile and the
target, necessary for obtaining these cross-sections and encompassing the entire space of
parton configurations, we perform a mapping of this space onto the domain of real positive
numbers. This mapping is established under the assumption that the distinct configurations
Ci can be effectively represented by a continuous distribution, where each configuration is
assigned a corresponding probability Phi(Ci).

Accordingly, we can substitute a discrete summation with a continuous one, and this
leads to the following correspondences:

∑
i

|CPi |2 →
∫
dC1Ph1(C1) for the projectile, (2.22)

∑
i

|CTi |2 →
∫
dC2Ph2(C2) for the target (2.23)

and
tij(b, s)→ t(b, s,C1,C2) , (2.24)

where the different configurations are clearly displayed.
In order to reveal the role of taking into account a full parton configuration space based

on this formalism, we need a model for the elastic scattering amplitude t(b, s,C1,C2), and the
probability distribution Phi(Ci), which will explicitly be presented in the following section.

3 Explicit model and data

The elastic hadron scattering amplitude t(b, s,C1,C2) is a complex function that describes
the probability of two hadrons scattering off each other at a given energy and impact
parameter. At high energies, this amplitude can become very large, which violates the
unitarity condition that the probability of any physical process cannot exceed unity. To
restore unitarity, we can use a process called unitarization. This involves modifying the
amplitude in a way that satisfies unitarity while preserving its physical properties. As has
been stated in the introduction, we will consider that t(b, s,C1,C2) is given by the U-Matrix
form [24], as the sum of all n-pomeron exchange contributions from the single-pomeron
scattering amplitude which in turn is related to the expected number χ(b, s,C1,C2) of

– 7 –
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interactions between partons of the incident hadrons for a given combination of configurations
C1 and C2:

t(b, s,C1,C2) = χ(b, s,C1,C2)
1− iχ(b, s,C1,C2)/2 (3.1)

In order to simplify the calculation of the elastic scattering amplitude, we suppose that the
expected number of interactions between partons can be expressed as a product of the single-
Pomeron scattering amplitude and some functions of impact parameter and configurations.

χ(b, s,C1,C2) = f(b,C1,C2) · χP (s, b) (3.2)

This factorization is based on the idea that the configurations dependence of χ(b, s,C1,C2)
can be separated from the energy dependence, which is described by the single-Pomeron
scattering amplitude. This assumption is based on the fact that the energy dependence
of the elastic scattering amplitude is dominated by the exchange of a single Regge pole,
the pomeron, which is independent of the specific hadronic configurations involved in the
scattering process

In addition, if we assume that the distribution of parton configurations is independent
of the impact parameter, which means that the parton density inside the hadron is the same
at all points in space and that the hadron can be treated as a collection of independent
partons, then we can write

χ(b, s,C1,C2) = χP (s, b) · α(C1)α(C2) (3.3)

where the functions α(Ci) depend on the configurations of the incident hadrons. Therefore,
we have∫

dC1

∫
dC2Ph1(C1)Ph2(C2)t(b, s,C1,C2) =

∫ ∞
0

dα1

∫ ∞
0

dα2p(α1)p(α2)t(b, s, α1, α2)
(3.4)

where the functions p(αi) are defined by

p(αi) =
∫
dCiPhi(Ci)δ[α(Ci)− αi], (3.5)

which satisfy the following constraints:∫ ∞
0

dαi p(αi) = 1, (3.6)

and ∫ ∞
0

dαi αi p(αi) = 1 (i = 1, 2) . (3.7)

Accordingly, we can implicitly take into account of an infinite number of inelastic
channels by using the function of a real positive variable, the probability distribution p(α)
representing the fluctuations of the hadron configurations with some extension defined by its
variance. This generalizes the GW approach to a multichannel framework, as demonstrated
in [11], where the connection between the discrete and continuous multi-channel GW
was established.

Thus, The averaging over the configurations appearing in eqs. (2.15)–(2.21) will be
determined as follows:

– 8 –
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• Mean value computed over the configurations of the projectile:

〈tn〉P =
∫ ∞

0
dα1 p(α1) tn(b, s, α1, α2); (3.8)

• Mean value computed over the configurations of the target:

〈tn〉T =
∫ ∞

0
dα2 p(α2) tn(b, s, α1, α2); (3.9)

• Mean value computed over the configurations of the projectile and the target:

〈tn〉PT =
∫ ∞

0
dα1

∫ ∞
0

dα2 p(α1) p(α2) tn(b, s, α1, α2) (3.10)

An advantage to the method disclosed here is that it considers the entirety of the parton
configuration space. Nevertheless, it should be noted that the probability distribution
p(αi), remains unknown. We do anticipate, however, that this distribution will exhibit the
following characteristics: it needs to be defined for positive values of its variable α and have
the predicted limit, p(α)→ δ(α− 1), when its variance reaches zero, which is equivalent
to no fluctuations and satisfies the above constraints (3.6) and (3.7). In order to satisfy
these properties, we use for the probability distribution p(αi), the gamma distribution, with
variance w,

p(αi) = 1
wΓ(1/w)

(
αi
w

)−1+1/w
e−αi/w (3.11)

Since we are accounting for the collision of identical hadrons, we will suppose that the
variance w of the distribution is independent of i. This assumption enables us to compute
the average over configurations eqs. (3.8), (3.9) and (3.10) needed to determine the various
observables eqs. (2.15)–(2.21).

To complete the description of our model, we parameterize the single-pomeron scattering
amplitude, as the Ansatz put forth in [2] for comparison purposes:

aP (s, t) = g2
ppFpp(t)2

(
s

s0

)α(t)
ξ(t), (3.12)

where α(t) is the pomeron trajectory, Fpp(t) is the proton elastic form factor, and gpp is the
coupling pomeron-proton-proton, with ξ(t) the signature factor

ξ(t) = −e
−iπα(t)

2 , (3.13)

where a full complex rather than a purely imaginary one was chosen in order to meet
the elastic amplitude’s analyticity constraint, which is essential to respecting causality.
Regarding the proton elastic form factor, although the exact functional form is not very
important as we want to make a comparison with the two-channel model, we shall consider
here a dipole form factor:

Fpp = 1
(1− t/tpp)2 (3.14)

– 9 –
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Using an exponential form factor {F1 = exp (R0t)}, instead of the dipole form, leads to
slightly poorer fits [25]. The pomeron trajectory is close to a straight line [26] and we take
it to be

α(t) = 1 + ε+ α′P t. (3.15)

In the impact-parameter space representation, where the Fourier transform of the amplitude
aP (s, t) rescaled by 2s is equivalent to a partial wave, we have:

χP (s, b) =
∫ d2q

(2π)2
aP (s, t)

2s eiq·b, (3.16)

and by the unitarisation procedure we map the amplitude χP (s, b) to the physical am-
plitude t(s, b), which in turn bears the same relation as eq. (3.16), but this time to the
physical amplitude:

t(s, b) =
∫ d2q

(2π)2
A(s, t)

2s eiq·b. (3.17)

Thus, using the assumptions made in this model, we can make specific predictions and
conclusions about the hadronic collisions at high energy and, at the same time, test the
hypotheses that were adopted.

Before presenting our results in the subsequent section, we list here the model parameters
that will be set by the data fit as well as the experimental data employed. The model
parameters are the following: ε and α′, which are associated with the Pomeron trajectory,
as well as gpp and tpp linked to the proton-pomeron pIPp vertex, and the variance ω of the
probability distribution. We employ experimental data above 100GeV as we are concerned
with high energy effects induced in p(−)

p cross sections. And as we aim at looking into the
impact of putting in place a multi-channel model in order to describe hadronic interactions
and comparing it with the two-channel one, the same data set1 as in [2], which involves
statistical as well as systematic errors and combines them in quadrature, is used. The
fitting process was conducted using the class Minuit2 from ROOT [27] and the MIGRAD
algorithm. The fitting was performed by minimizing the χ2 value, and the uncertainties in
the free parameters were calculated with a 1σ confidence level, which was used to determine
the error band.

4 Results and discussion

The results of our multi-channel model are provided in figure 1 and table 1 using the
formalism previously outlined. As can be seen from these findings, the multi-channel model
describes well the total, elastic, inelastic, and single-diffractive cross-sections, with a χ2

/d.o.f of 1.328. These outcomes are actually in line with those obtained using the U -matrix
two-channel model with a χ2 /d.o.f of 1.316 [2], which shows a difference of only 0.012 in
the χ2 /d.o.f.

The difference between the two χ2 obtained in both models is marginal. As a matter of
fact, it is somewhat surprising that there is no improvement with the multi-channel model

1See compilation in [2].
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Figure 1. Total, elastic, inelastic and single diffractive cross sections with the Multi-channel model
and the 1σ error bands around the fitted curve obtained with best-fit parameters.

Model ε α′P (GeV−2) gpp tpp (GeV2) ω χ2/d.o.f
Multi-channel 0.11± 0.003 0.29± 0.04 8.25± 0.2 2.06± 0.75 0.59± 0.06 1.328

Table 1. χ2/d.o.f and best-fit parameters obtained with the U -matrix Multi-channel model.

given that the latter was expected to describe the diffractive phenomenon, in particular,
better than the two-channel one. The reason for this similarity between the two models
can be attributed to the unitarization process employed in both cases. Specifically, both
models adhere to the same unitarity constraint, known as the U -matrix scheme. This can
be observed in figure 2 (right panel), where the impact-parameter space representation
showcases that the imaginary and real components of the elastic profile function at a specific
energy, such as 13TeV, are nearly identical in both models. Furthermore, it is evident
that these components do not surpass the black disk limit, indicating consistency with the
principles of unitarity. Most importantly, based on the similarity in the obtained χ2/d.o.f.

values between the U -matrix multi-channel model and the eikonal two-channel one [2],
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Figure 2. The double diffractive cross section with 1σ error bands around the predicted curve
obtained with the Multi-channel model (left panel). The real and imaginary parts of the elastic
profile function Γ(s, b) at

√
s = 13TeV with the U Matrix scheme for the two and multi-channel

cases (right panel).

it seems likely that the factorization assumption adopted in the former case may not be
applicable. Specifically, if there is a correlation between the pomeron exchanges, then the
impact parameter and configuration dependence of the scattering amplitude may not be
separable from the energy dependence carried by the single-pomeron exchange. In this case,
the distribution of parton configurations may depend on the impact parameter, and the
average number of interactions at a fixed impact parameter and center of mass energy may
not be separable from the configuration dependence of the incident hadrons.

Double diffractive cross-section measurements are not included in our fits and our
prediction based on the model presented in this study doesn’t reproduce these data in spite
of considering an infinite parton configurations space, which corroborates the result reported
in the context of a two-channel model [2], as illustrated in figure 2 (left panel). In fact, a
proper description of this cross-section requires the introduction of an additional contribution
due to the Pomeron-enhanced diagrams involving Pomeron-Pomeron interactions which
is non GW. As the energy increases, more diagrams illustrating complicated topologies
become involved. Consequently, the consistent treatment of these enhanced corrections
proves to be a very challenging task [28].

Figure 3 displays the predictions for the energy evolution of the cross sections in the
impact parameter space from Tevatron to cosmic ray energies. The elastic, single-diffractive,
and double-diffractive differential cross sections are shown in the top right, bottom left and
right panels, respectively. It can be seen that the elastic scattering is primarily central and
increases with energy. This result is comparable to the one reported in [3]. In contrast, it
gets much closer to the black disk limit at cosmic ray energies. The behaviour of the single
diffractive differential cross-section is similar to that of the elastic scattering. At b = 0,
it is mostly central and has a magnitude that grows with energy, but it is smaller than
the one of the elastic scattering. It also declines more slowly than the elastic cross-section
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Figure 3. Multi-channel model predictions for the energy dependence of the elastic, single diffractive,
and double diffractive differential cross sections in impact parameter space.

as b rises. Similar behaviours of the unintegrated profile for the single diffractive cross
section at low mass are predicted by the Kolevatov and Boreskov model presented in [29].
This result contrasts with the one presented in [3], where the total single diffractive cross
section becomes more peripheral, with a maximum moving to a higher impact parameter
as the energy rises. Furthermore, as the c.m. energy increases, the magnitude of the SD
cross-section at b = 0 decreases. This rather contradictory result might be attributed to
the use of two different unitarization schemes. The double diffractive cross-section becomes
more peripheral when energy rises. Nevertheless, its magnitude at b = 0 diminishes as c.m.
energy increases. This result is in line with that obtained in [3]. A note of caution with
regard to the shape of the unintegrated profile for the double diffractive cross section is due
here since it is not well described.

The ρ parameter, i.e., the ratio of the real part of the elastic scattering amplitude
to its imaginary part has been studied in several experiments at different centre-of-mass
energies. In spite of the fact that ρ data are not used in our fits, we can estimate its values
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Figure 4. Multi-channel model predictions for the ρ parameter (left panel) and for the elastic
differential cross-section at 13TeV (right panel).

at various
√
s by using our best-fit parameters and then compare these predictions with the

experimental data. Figure 4 (left panel) illustrates our predicted values for this observable.
As can be seen from this figure, while our model furnishes a reasonable description for this
parameter at various high energies, it is unable to estimate the TOTEM data at 13TeV
since the 1σ error band of the model doesn’t even reach the error bars of these data.

This finding can be explained by the fact that an odderon contribution, which emerged
from the TOTEM and D0 experiments is required to be included, implying distinct energy
dependencies of the pp and pp̄ cross sections [30].

Figure 4 (right panel) shows our prediction for the elastic differential cross-section
in function of the transverse momentum in the context of a pp collision at 13TeV. It is
evident from the figure that while the model describes the experimental data for the elastic
differential cross-section at small values of squared momentum transfer q2, neither the
position of the dip nor the behaviour at large q2 is adequately described. Similar outcomes
have already been reported in a number of previous studies [3, 19], which stresses the need
for an improvement of the present model. Most importantly, this result points out that
taking into account an entire parton configuration space doesn’t have any impact on the
description of the elastic differential cross section, as has been found in the two-channel
case [31]. Our model can be enhanced by considering a complex hadron overlap function
rather than a simple dipole form factor, which is a reasonable approximation, since it is
known that the elastic differential cross-section depends on the description of the overlap
function and, thus, on the internal structure of the incident hadrons [31]. As regards the
position of the dip, it has been reported in [31] that an Odderon contribution is required.

Although the two-channel and the multi-channel models are similar in describing the
various hadronic observables in comparison to the currently available data, they provide
differing predictions for the single-diffractive cross-section, in particular, at ultra-high
energies, as shown in the right panel of figure 5, where the two-channel model exhibits a
faster increase with energies than the multi-channel one, using the U matrix scheme.
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for both the two and multi-channel models.

This discrepancy may stem from the assumption of equal width for fluctuations in
the parton configurations of colliding hadrons across different channels. This assumption
simplifies the model by assuming uniform fluctuations across processes. However, in reality,
fluctuations may vary between channels. To gain a deeper understanding, it would be
valuable to investigate the potential for channel-dependent fluctuations. This would entail
allowing the width of fluctuations to vary for each channel, thereby encompassing the unique
characteristics and dynamics of individual scattering processes.

5 Conclusions

The chief purpose of the study was to provide a phenomenological description of the hadronic
interaction at high energy through extending the two-channel model into a multi-channel one
using the U-matrix unitarization scheme of the elastic amplitude. It has been found that the
multi-channel model accurately describes the total, elastic, inelastic, and single-diffractive
cross-sections, with only a minor difference from the two-channel one.

In addition, in spite of considering an entire parton configuration space, the present
model was not able to estimate the double-diffractive cross-section, which is in line with
the results obtained with the two-channel model. In fact, a proper description of this cross-
section requires the introduction of an additional contribution, i.e., pomeron interactions.

Moreover, the behaviour of the energy evolution of the various profile functions in the
impact parameter space from Tevatron to cosmic ray energies was analysed.

The study has also found that the present model describes well the ρ parameter at
different high energies, but it is unable to estimate the TOTEM data at 13TeV. It has
been suggested that an Odderon contribution is needed to be included in order to remedy
this shortcoming.
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Furthermore, the elastic differential cross-section at 13TeV was predicted. It has been
shown that the model describes the experimental data for this observable at small values
of squared momentum transfer q2, but it doesn’t describe the position of the dip or the
behaviour at large q2. In this regard, it has been proposed that considering a complex hadron
overlap function instead of a simple dipole form factor as well as an odderon contribution
would be possible approaches to address this flaw.

Last but not least, despite similarities in the way the two models describe various
hadronic observables, they provide distinct predictions for the single-diffractive cross-section,
especially at ultra-high energies, which represents an interesting direction for future research
on ultra-high energy cosmic rays.

The paper concludes by arguing that the U -matrix scheme is more likely to accounting
for potential correlations between pomeron exchanges. Additionally, it suggests that the
two-channel model, as opposed to a multi-channel one, is adequate for modeling high-
energy hadronic interactions, particularly single diffractive scattering, using the U -matrix
scheme, even at ultra-high energies, provided that any potential pomeron correlations
are disregarded.

In summary, the multi-channel model used in the paper has limitations because the
probability distribution for hadron configurations is not unique, and that the impact
parameter and configuration dependence of the scattering amplitude may not be separable
from the energy dependence carried by the single-pomeron exchange. This would complicate
the calculation of the total elastic scattering amplitude and may require a more advanced
theoretical framework, which is beyond the scope of this work.

On the whole, the findings of this study can serve as a base for future improvements of
the hadronic interaction models used in cosmic ray air shower simulations.
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