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Abstract

Model-based optimal cell design is an efficient approach to maximize the
energy density of lithium-ion batteries. This maximization problem is solved
in this paper for a lithium iron phosphate (LFP) cell. We consider half-
cells as opposed to full-cells typically considered, which are intermediate
steps during battery manufacturing for electrode charaterization and they
are gaining popularity by themselves as lithium-metal batteries. First, a
dimensionless reduced-order electrochemical model is used instead of high-
order models. Second, sensitivity equations are analyzed to determine the
ranking of the design parameters according to their effect on the energy
density, which is often lacking in other contributions. Three parameters,
namely electrode thickness, LFP particle radius and electrode cross sectional
area, are shown to have the most influential effects. Third, a novel adaptive
particle swarm optimization with a specific stopping criterion is used for
LIB design optimization. The proposed optimization framework is tested
in simulation on a LFP half-cell battery. The results show that the design
optimization yields 250 Wh·kg−1 for an LFP electrode of 310 µm thickness,
10 nm particle radius and 2·10−4 m2 cross-sectional area, which is an increase
of energy density of 61 Wh·kg−1 with respect to an initial design proposed
in the literature.

Keywords:
Lithium-ion battery, lithium iron phosphate, reduced-order electrochemical
model, optimal cell design, sensitivity analysis, adaptive particle swarm
optimization.

Preprint submitted to Energy October 12, 2022



1. Introduction

Modern society is surrounded by lithium-ion batteries (LIBs), from small-
scale applications like mobile phones and laptops to large-scale applications
like electric vehicles and microgrids [1, 2, 3]. The choice of this technol-
ogy as energy storage device comes from its high energy and power density,
relatively safe operation and low self-discharge [4]. However, batteries are
typically over-engineered and therefore underused, which is due to limited
optimization when it comes to designing a battery along with conservative
operation bounds imposed by manufacturers. Battery cells can be optimized
in order to maximize either energy or power depending on their intended use.
As a simple rule of thumb, for instance, thicker electrode batteries exhibit
bigger capacity while thinner electrode batteries resemble more to capaci-
tors and therefore are more suitable for power delivery [5]. Most practical
attempts to optimize battery design rely on experimental trial-and-error,
meaning that a vast amount of resources and person-hours need to be de-
voted for this purpose. A cost-effective alternative approach is to rely on
battery models for optimization.

Battery modeling is a broad topic that involves different kinds of modeling
frameworks in accordance with the target application of such models. Bat-
tery models range from data-driven models [6, 7] to equivalent circuit models
[8, 9] as well as physical models [10, 11], where the first model type lacks phys-
ical interpretability and requires a large amount of data for its identification
while the opposite is true for the last model type. In this work we focus on
physical models, since we want to optimize the performance of the battery
and look at the associated electrochemical variables. Probably the most pop-
ular high-fidelity electrochemical model is the so-called Doyle-Fuller-Newman
(DFN) or pseudo-two-dimensional (P2D) model [12, 13]. This model has been
widely used by the battery scientific community as a digital twin benchmark
for physical understanding of electrochemical processes [14, 15], validation of
battery management systems (BMSs) [4, 16] as well as battery optimal design
[5, 17, 18, 19]. In the last category, the DFN model has been extended with
thermal [20] and mechanical dynamics [21] for optimization. These models
benefit from a high level of physical description but they suffer from high
computational requirements. Alternatively, simpler battery models based
on equivalent circuits have been used mainly in BMSs [8]. They are com-
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putationally cheap at the expense of unclear relationships between physical
properties and circuit equivalences. Therefore, these simple models cannot
be used in battery design optimization. A third modeling framework that
is midway in terms of complexity is reduced-order electrochemical models.
These models can be derived from the DFN model under suitable assump-
tions of a given electrochemical process dominating over others. That is the
case of the single-particle model (SPM) [22, 23], for instance, which considers
that the battery operation is limited by active-phase diffusion while neglect-
ing electrolyte dynamics. Other examples include the SPM with thermal
[24] and electrolyte (SPMe) [25, 26] dynamics, electrode-average model [27],
kinetic battery model [28], reaction-zone model [29], just to name a few. Al-
though physically relevant and computationally efficient, these models have
been scarcely used for battery design in favor of the highly descriptive DFN
model.

Besides the underlying model, few cost functions have been considered
when it comes to battery design optimization. The standard objective is
to maximize gravimetric/volumetric energy and/or power density [20, 17,
21], whereas some authors have included constraints such as power require-
ments [5, 18, 30] or electrode stresses [21], or have also aimed at minimiz-
ing degradation [31]. Note that in the latter case, the optimization over
hundreds/thousands of cycles could preclude the use of full-order models.
Typical design parameters include active material volume fraction, elec-
trode/separator thickness [17] and particle size [21, 31], while other less fre-
quent ones are separator porosity [18, 30], C-rate [20], conductivity [31] and
diffusivity [5]. Some of these works prioritized a given subset of possible
design parameters during optimization, which was motivated by sensitivity
analyses like analysis of variance [18, 20], analysis of means [30] and adjoint
sensitivity analysis [21]. Once both the objective function subject to given
constraints and the design variables have been defined, then the battery de-
sign optimization problems have been solved by different methods such as
building cost surfaces [20], nonlinear [21] and sequential quadratic program-
ming [5], sequential approximate optimization [18], direct search method
[17] and genetic algorithms [30, 31]. The results obtained in these works
are highly dependent on the considered battery chemistries, which includes
graphite/lithium iron phosphate (LFP) [20], graphite/lithium manganese ox-
ide (LMO) [5, 17, 18, 30, 31] and lithium (Li)/LMO (i.e. half-cell) [21]. Note
that the focus of these optimization efforts has been mainly placed on full-
cells including positive and negative electrode design parameters [5, 18, 30],
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while single electrode optimization either within a cell [20] or in half-cell
configuration [21] is more limited.

The general goal of this work is to optimize the design of a half-cell bat-
tery based on a dimensionless reduced-order electrochemical model. The
optimization objective is to maximize the gravimetric energy density. The
selected design parameters that could be potentially manipulated during bat-
tery manufacturing include active material volume fraction, electrode/separator
thickness, particle radius and cross-sectional area. The main contributions
of this work departing from other studies are the following.

Contributions:

� A dimensionless reduced-order electrochemical model is used. A general
modeling framework is first introduced, followed by a particularized one
suitable for our needs.

� Analytical sensitivities are derived in order to determine the relative
importance of each parameter in the cost function. The resulting most
sensitive parameters are retained for optimization.

� An adaptive particle swarm optimization (APSO) with a specific stop-
ping criterion is used as an optimization method. This optimization
method belongs to the gradient-free kind of approaches, which are able
to avoid getting stuck in local minima.

The motivation behind the research choices associated to these contri-
butions are the following. First, the selected model is able to capture both
active- and electrolyte-phase limitations during battery regular operation
while keeping a low computational footprint. The dimensionless form of the
model allows to have comparable (normalized) quantities as well as to put in
evidence relevant group of parameters that define the occurrence/limitation
of electrochemical processes. Secondly, analytical sensitivities exhibit less
computational load compared to other methods. Finally, a different option
to APSO could be genetic algorithms, but they take more time for searching
the parameter space, while APSO strikes a good balance between computa-
tional burden and efficiency [32, 33].

Regarding the considered battery, a half-cell configuration case is studied,
which serves as an intermediate characterization step towards full-cell design
and the potential development of lithium-metal batteries. This allows us to
focus on the optimization of a single electrode. The LFP electrode chemistry
is selected as case study since it is stable, safe to operate, has low cost and it
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is environmentally benign [34, 35]. Given these advantages, this chemistry is
currently considered by many automakers (e.g. Tesla, Ford Motor or Volk-
swagen) for their electric vehicles [36]. The downside is their low power and
energy density compared to other battery chemistries (e.g. lithium cobalt ox-
ide) due to notably the low voltage plateau, which implies the need of more
LFP cells in a pack (also more weight) to provide given energy density and
power demand. These batteries are therefore more suitable as standalone
energy storage systems for renewable energies. However, the optimization
design of a battery is always beneficial from the size and economical perspec-
tives. Here we address the issue of energy density maximization of an LFP
electrode in half-cell configuration.

This paper is structured as follows. The electrochemical model considered
in this work is presented in Section 2. In Section 3, the battery optimal design
is formulated and the tool to solve the optimization problem is also described.
Results and associated discussion are presented in Section 4, which is followed
by the conclusions in Section 5.

2. Electrochemical modeling

One of the most accurate representations of the electrochemical phenom-
ena occurring in a LIB is the DFN model [15], whose main equations are
briefly reported in Table A.1, Appendix A. The interested reader is referred
to [15] for more details. The DFN model is based on the porous electrode and
concentrated solution theories [12, 15], and it resorts to partial differential
equations (PDEs) that are algebraically coupled. The main electrochemical
equations and associated state variables are:

� conservation of mass (equation (A.4)) and charge (equation (A.5)) in
active phase, describing active-phase lithium concentration c±a (x, r, t)
and electric potential ϕ±

a (x, t), respectively;

� conservation of mass (equation (A.6)) and charge (equation (A.7)) in
electrolyte phase, describing electrolyte-phase lithium concentration
c±s
e (x, t) and electric potential ϕ±s

e (x, t), respectively;

� Butler-Volmer kinetics for solid-electrolyte interphase (equation (A.8)),
involving ionic currents i±e (x, t) and pore-wall molar fluxes j±n (x, t);

� material balance (equation (A.9)), since moles of lithium nLi are pre-
served,
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where subscripts a and e denote active and electrolyte phases, respectively,
while +, s and − superscripts represent positive electrode, separator and
negative electrode regions, respectively.
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Figure 1: Discharging process of a (full-cell) LIB. a) Longitudinal view of the battery cell
with three regions: negative electrode, separator and positive electrode, and two phases:
active phase and electrolyte phase. b) An electrolyte-phase representation, and c) an
active-phase representation of the spherical particles.

The DFN model mathematically captures the electrochemical processes
taking place in a battery (i.e. full-cell). Figure 1 shows a longitudinal view
of these processes during battery discharge. When discharging (see Fig. 1a),
there is an electrostatic potential difference between the electrodes that drives
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the electrochemical phenomena. The lithium contained within spherical-like
particles in the active-phase negative electrode diffuses from the bulk to the
surface of the particles, where a de-intercalation process occurs (see Fig. 1c).
The lithium, now in the form of ions in the electrolyte phase, moves from
the negative electrode to the positive electrode by crossing the separator (see
Fig. 1b). Simultaneously, the electrons released in the negative electrode
after the reaction are forced out of the battery due to the electronically insu-
lated nature of the separator. After performing electrical work, the electrons
come back to the battery through the positive electrode. In there, an in-
tercalation process happens at the active-phase spherical particles followed
by a diffusion process of lithium from the surface to the bulk of the particle
(see Fig. 1c). All these phenomena are encoded in the DFN model, which
is considered as a high-fidelity battery model and has been widely used by
researchers. However, this model is too complex and computationally inten-
sive for control purposes, which has motivated the derivation of reduced-order
electrochemical models. A first attempt to do so is by considering the single
spherical particle approximation of the electrode active-phase, the so-called
single-particle model (SPM) [37]. This model is valid under low current
loads [38, 37], which limits its applicability. In an effort to alleviate this
issue, electrolyte dynamics have been added to the SPM giving rise to the
SPMe [25, 39]. Indeed, the DFN model has been compared with the SPM
and the SPMe in simulation for the same parameter set and it was shown
that while the SPM has a reasonable accuracy up to 1C, the SPMe can keep
its validity up to c.a. 5C [25]. The present work explores the use of the SPMe
for optimal cell design, since it is considered as a physically-meaningful yet
relatively simple model that is able to capture a large part of important elec-
trochemical dynamics in LIBs. This simpler modeling framework allows to
perform fast simulations of the battery, which contributes to a short com-
putational time during battery optimization and would also be beneficial in
case of accounting for battery aging where thounsands of cycles are expected.

2.1. Single-particle model with electrolyte dynamics (SPMe)

The main assumption for deriving the SPMe from the DFN model is that
the lithium concentration in active phase c±a (x, r, t), exchange current den-
sity i±0 (x, t) and pore-wall molar flux jn(x, t) are independent of the spatial
coordinate x, i.e.

c±a (x, r, t) ≈ c±a (r, t), i±0 (x, t) ≈ i±0 (t), j±n (x, t) ≈ j±n (t).
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This assumption basically approximates the reaction throughout the cell
thickness as uniform, under which the pore-wall molar flux j±n (t) can be
expressed as proportional to the applied current i(t) given by

j±n (t) =
i(t)

a±a FL±A
(1)

where aa is the specific interfacial area, F is Faraday’s constant, L is the
electrode thickness and A is the cross-sectional area. The resulting active-
phase and electrolyte-phase diffusion PDEs along with the terminal voltage
in the SPMe are reported in Table 1, while all the equation variables and
parameters are defined in Table A.2 and Table A.3 in Appendix A.

To reduce model complexity, the nonlinear PDEs associated with the elec-
trolyte dynamics are simplified by assuming that the electrolyte-phase dif-
fusion coefficient is independent of the electrolyte concentration D±s

e (c±s
e ) ≈

D±s
e .

2.2. SPMe for half-cell modeling - Diffusion processes

The optimal cell design is performed for a half-cell configuration (see
Fig. 2) in order to focus on one electrode, so the equations in Table 1 for
the full-cell model are decomposed into ”negative” and ”positive” half-cell
models. By ”positive” we denote the half-cell made of lithium iron phosphate
(LiFePO4 a.k.a. LFP) giving rise to Li/LFP where Li replaces the negative
electrode in Fig. 1, see Fig. 2a. On the other hand, by ”negative” we
denote the half-cell taking the form of graphite/Li, since graphite is typically
a negative electrode in full-cell batteries and the associated lithium counter-
electrode corresponds to a lithium trap, whatever its physical nature might
be. In other words, the term ”Li” replaces the positive electrode in the
full-cell of Fig. 1, see Fig. 2b. So, we will use the terms positive and
negative half-cells (without quotes) in this context from now on, with the
understanding that lithium metal is always the negative electrode in half-
cells from the physical viewpoint. Under these considerations, the half-cell
model retains the equations of active-phase lithium diffusion (2) from the
full-cell model, whereas for the electrolyte-phase the PDEs (3) of full-cell
model are also kept but the boundary conditions need to be modified to
account for the lithium foil counter-electrode. The boundary condition of a
graphite/Li half-cell at the separator-lithium foil interface (x = L in Fig. 2b)
and the one for the Li/LFP half-cell at the lithium foil-separator interface
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Table 1: SPMe model equations for full-cell configuration�.
Physical Process Equation

Active-
phase
diffusion



∂c±a
∂t

=
1

r2
∂

∂r

(
D±

a r
2 ∂c

±
a

∂r

)
∂c±a
∂r

(x, r, t)

∣∣∣∣
r=0

= 0

∂c±a
∂r

(x, r, t)

∣∣∣∣
r=R±

a

= − 1

D±
a

j±n (x, t)

with c±a,0(r) = c±a (r, 0) and c±as(t) = c±a (R
±
a , t)

(2)

Electrolyte-
phase
diffusiona,b



∂c±s
e

∂t
=

∂

∂x

D±s
e,eff

ε±s
e

∂c±s
e

∂x
+

a±a (1− t0c)

ε±e
j±n

∂c−e
∂x

(x, t)

∣∣∣∣
x=0

=
∂c+e
∂x

(x, t)

∣∣∣∣
x=L

= 0

D−
e,eff

∂c−e
∂x

(x, t)

∣∣∣∣
x=L−

= Ds
e,eff

∂cse
∂x

(x, t)

∣∣∣∣
x=L−

Ds
e,eff

∂cse
∂x

(x, t)

∣∣∣∣
x=L−s

= D+
e,eff

∂c+e
∂x

(x, t)

∣∣∣∣
x=L−s

c−e (x, t)
∣∣
x=L− = cse(x, t)|x=L−

cse(x, t)|x=L−s = c+e (x, t)
∣∣
x=L−s .

with ce,0(x) = c−e (x, 0), c0e(t) = c−e (0, t) and cLe (t) = c+e (L, t)

(3)

Voltagea,c



v = η+(c+as, c
L
e , j

±
n )− η−(c−as, c

0
e, j

±
n )− FR−

f j
−
n

+U+(c+as)− U−(c−as) + ∆ϕe(c
{0,L}
e , j±n )

η±s (c
±
as, c

{0,L}
e , j±n ) =

RgTref

α0F
sinh−1

(
∓Fj±n

2i±0 (c
±
as, c

{0,L}
e )

)
,

i±0 (c
±
as, c

{0,L}
e ) = k±n

√
c
{0,L}
e c±as

(
c±s,max − c±as

)
∆ϕe(c

{0,L}
e , j±n ) =

L+ + 2Ls + L−

2κe,eff
i(t) + kD

(
ln(cLe )− ln(c0e)

)
kD =

2RgTref

F
(1− t0c)

(
1 +

d ln fc/a

d ln ce

)
(4)

�Spatial/temporal dependency of state variables not explicitly indicated for compactness.

aΓe,eff(ce) = Γe(ce)εbe where Γ = {D,κ}.
bFor the separator region, jn = 0 (it is not defined).

cAssuming α0 = 0.5 [12].

(x = 0 in Fig. 2a) are given by [14]

Ds
e

∂cse
∂x

({L, 0}, t) = −1− t0c
FA

i(t) (5)
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where t0c is the transference number [40].
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Figure 2: Representation of half-cell configurations for a LIB, where a) is the ”positive”
half-cell and b) is the ”negative” half-cell according to typical positive/negative electrodes
in full-cell settings. Note that this notation is used here with the understanding that the
Li trap is always the negative electrode in a real experimental half-cell, where all materials
(for both positive and negative electrodes in the full cell) are characterized versus a lithium
foil (which is always the negative electrode).

Remark 1. We drop the superscripts ± in the following to alleviate notation,
implicitly considering that the definitions can be associated to either positive
or negative half-cell models. Note that in this case, the half-cell model only
requires the description of one porous electrode provided that the lithium falls
in an infinite reservoir at the Li trap counter-electrode.

The presented PDE half-cell model is computationally implemented through
finite differences as described next.

2.3. Finite difference discretization of half-cell SPMe - Diffusion processes

We discretize in space the PDE-form of the SPMe in Table 1 by resorting
to central finite differences for in-domain equations and second-order one-
sided finite differences for boundary conditions [25, 41]. The resulting finite
difference model for the active-phase equation (2) of a half-cell is given by

dca
dt

(t) = Acaca(t) +Bcai(t), ca,0 = ca(0), (6)

cas(t) = Ccaca(t) +Dcai(t), (7)
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where Aca ∈ Rnr×nr , Bca ∈ Rnr×1, Cca ∈ R1×nr and Dca ∈ R are the state and
input matrices of the state equation (6) and output equation (7), respectively,
nr is the number of points used to divide the single spherical particle in the
electrode along the particle radius r, the active-phase diffusion state vector
is

ca(t) = [ca,1(t) · · · ca,nr(t)]
⊤ ∈ Rnr ,

and cas(t) ∈ R in (7) denotes the lithium concentration at the surface of the
particle.

For the electrolyte-phase equation (3), the resulting finite difference model
of a half-cell is given by

dce
dt

(t) =
De,eff

εe
(Acece(t) +Bce,2i(t)) +Bcei(t), ce,0 = ce(0), (8)

ce,bc(t) = Ccece(t) +Dcei(t). (9)

where Ace ∈ Rnx×nx , Bce ∈ Rnx×1, Cce ∈ R1×nx and Dce ∈ R are the state and
input matrices up to constant De,eff/εe of the state equation (8) and output
equation (9), respectively, while Bce,2 ∈ Rnx×1 is the matrix associated to the
modified boundary conditions (5) due to half-cell configuration, and nx is
the number of points used to divide the electrolyte phase along the battery
thickness x with nx = na

x + ns
x where na

x is associated to the active phase
electrode and ns

x is associated to the separator. The electrolyte-phase lithium
concentration state vector is

ce(t) = [(cse(t))
⊤ (c+e (t))

⊤]⊤ ∈ Rnx or ce(t) = [(c−e (t))
⊤ (cse(t))

⊤]⊤ ∈ Rnx ,

for positive and negative half-cells, respectively, where c+e (t), c
s
e(t) and c+e (t)

represent electrolyte concentration in negative electrode, separator and pos-
itive electrode regions, respectively. The output vector in (9) gathers the
concentrations at the different half-cell boundaries given by

ce,bc(t) = [ce,bc,1(t) ce,bc,2(t) ce,bc,3(t)]
⊤ ∈ R3×1,

where ce,bc,1(t), ce,bc,2(t) and ce,bc,3(t) in negative half-cells correspond to cur-
rent collector/negative electrode (c0e(t)), negative electrode/separator (c

L−
e (t))

and separator/Li interfaces (cLe (t)), respectively, and in positive half-cells to
Li/separator (c0e(t)), separator/positive electrode (cL

s

e (t)) and positive elec-
trode/current collector interfaces (cLe (t)), respectively.
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2.4. Finite difference discretization of half-cell SPMe - Output voltage

Once the diffusion process dynamics have been discretized, the last step
is to incorporate an appropriate output equation. The output voltage for the
negative half-cell takes the form

v(t) = ULi − U−(c−as) + ηLi(i)− η−(c−as, c
0
e, i)−

R−
f

a−a L
−A

i(t)

+
L− + 2Ls

2κe,effA
i(t) + kD(ln(c

L
e (t))− ln(c0e(t))), (10)

while the one for the positive half-cell is given by

v(t) = U+(c+as)− ULi + η+(c+as, c
L
e , i)− ηLi(i)

+
2Ls + L+

2κe,effA
i(t) + kD(ln(c

L
e (t))− ln(c0e(t))), (11)

where ULi is the equilibrium potential for lithium metal, U±(c±as) are the
same as in (4) in Table 1, ηLi is given by [35]

ηLi(i) =
RgTref

α0F
sinh−1

(
i(t)

2iLi0

)
(12)

with iLi0 as the exchange current density for lithium metal [35], η±(c±as, c
{0,L}
e , i)

is equivalent to η±(c±as, c
{0,L}
e , j±n ) in (4) where j±n (t) is written in terms of i(t)

using (1), and ∆ϕe in (4) is explicitly written out in (10),(11) depending on
the considered half-cell. In equations (10) and (11), the voltage variable
v ∈ R, but we decided to keep the bold notation to differenciate it from the
output voltage counterpart of the PDE model (4) in Table 1. The same holds
in the derivations below.

In the above equations, model variables like voltage, lithium concentra-
tion, and the physical parameters all have different dimensions and variation
ranges, which makes hard the comparison and ranking of their impact on
the energy density [42]. To alleviate these issues, we made dimensionless the
finite difference model equations (6)-(11) as shown next.

2.5. Dimensionless finite difference half-cell SPMe (a.k.a. dSPMe)

In order to transform the finite difference model (6)-(11) into a dimen-
sionless form, we normalize the dimensional variables with respect to a given
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maximum/nominal value that characterizes such variables. The considered
dimensionless quantities are shown in Table 2 and are denoted by a super-
script ∗. In the table, ca,max is the maximum lithium concentration, ityp is
an arbitrary current magnitude that can be set to the equivalent of 1C for
instance, tref is an arbitrary reference time, ce,nom is a nominal value for the
electrolyte concentration and βT is the so-called thermal voltage to be defined
below.

Table 2: Dimensionless variables.
Definition Symbol Dimensionless variable
Solid-phase concentration c∗a ca/ca,max

Current i∗ i/ityp
Time t∗ t/tref
Electrolyte-phase conc. c∗e ce/ce,nom
Voltage v∗ v/βT

By grouping appropriately some of the model parameters, time constants
and scaling variables start to emerge which allow to render the model dimen-
sionless. Those grouped parameters are shown in Table 3. Notably, the time
constants characterizing diffusion processes are τ±d for the active phase and
τ±s
e,d for the electrolyte phase. Moreover, time scales for (dis)charge processes
are τ±c for the active phase and τ±s

e,c for electrolyte phase, whereas time scales
for electrochemical reactions are τ±k . Other scaling variables include the ther-
mal voltage βT , a typical ohmic drop in electrolyte βκi and an ohmic drop
due to a resistive film deposited at the electrode surface (e.g. solid-electrolyte
interphase) βRi.

Table 3: Scaling variables and time constants of the dSPMe.

Definition Symbol Expression
Solid-phase (dis)charge τ±c Fc±a,maxL

±ε±a A/ityp
Solid-phase diffusion τ±d (R±

a )
2/D±

a

Electrolyte-phase (dis)charge τ±s
e,c Fc±e,nomL

±sε±s
e A/((1− t0c)ityp)

Electrolyte-phase diffusion τ±s
e,d (L±s)2/D±s

e

Reaction τ±s
k R±

a /(k
±
n
√
ce,nom)

Thermal voltage βT RgTref/(α0F )
Ohmic drop in electrolyte βκi (L+ + 2Ls)/(2κe,effA)ityp
Ohmic drop in electrode film βRi R±

f /(a
±
a L

±A)ityp
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With the definitions from Table 2 to Table 3, the following dimensionless
model for the active-phase diffusion process is obtained

dc∗a
dt∗

(t∗) = A∗
cac

∗
a(t

∗) +B∗
cai

∗(t∗), c∗a,0 = c∗a(0), (13)

c∗as(t
∗) = Ccac

∗
a(t

∗) +D∗
cai

∗(t∗), (14)

where A∗
ca, B

∗
ca and D∗

ca are equivalent to Aca, Bca and Dca in (6),(7), re-
spectively, but where the matrices with superscript ∗ notably include the
reference time tref .

Similarly, the dimensionless model for the electrolyte-phase diffusion pro-
cess is given as follows

dc∗e
dt∗

(t∗) = A∗
cec

∗
e(t

∗) +B∗
ce,2i

∗(t∗) +B∗
cei

∗(t∗), c∗e,0 = c∗e(0), (15)

c∗e,bc(t
∗) = Ccec

∗
e(t

∗) +D∗
cei

∗(t∗), (16)

where A∗
ce, B

∗
ce, D

∗
ce and B∗

ce,2 are equivalent to Ace, Bce, Dce and Bce,2 in
(8),(9), respectively, but where the matrices with superscript ∗ notably in-
clude the reference time tref .

Finally, the dimensionless version of the voltage equation is given by

v∗(t∗) = U∗
Li − U−,∗(c−,∗

as ) + η∗Li − η−,∗(c−,∗
as , c0,∗e , i)− βRi

βT

i∗(t∗)

+
βκi

βT

i∗(t∗) + kD(ln(ce,nomc
L,∗
e (t∗))− ln(ce,nomc

0,∗
e (t∗))), (17)

for the negative half-cell and

v∗(t∗) = U+,∗(c+,∗
as )− U∗

Li + η+,∗(c+,∗
as , cL,∗e , i∗)− η∗Li

+
βκi

βT

i∗(t∗) + kD(ln(ce,nomc
L,∗
e (t∗))− ln(ce,nomc

0,∗
e (t∗))), (18)

for the positive half-cell, where U±,∗ = U±/βT , η
∗
Li = ηLi/βT , and η±,∗ =

η±/βT is written in terms of dimensionless variables as

η±,∗(c±,∗
as , c{0,L},∗e , i∗) = sinh−1

∓ τ±k

6τ±c

√
c
{0,L},∗
e (t∗)c±,∗

as (t∗)(1− c±,∗
as (t∗))

i∗(t∗)

 .

(19)
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Equations (13)-(18) represent the dimensionless equivalent form of the
finite difference model (6)-(11). All the variables in this model are dimen-
sionless, which facilitates comparison.

The dimensionless model (13)-(18) can be written in general form as

dx∗

dt∗
(t∗) = f(x∗(t∗), i∗(t∗),θ) (20)

v∗(t∗) = h(x∗(t∗), i∗(t∗),θ) (21)

where θ is a parameter vector of interest that parameterizes the model and is
defined below, and the state vector is given by x∗(t) = [(c∗a(t))

⊤ (c∗e(t))
⊤]⊤.

3. Optimal design of half-cell lithium-ion batteries

This section is devoted to the formulation of the optimization problem
to be solved, i.e. the maximization of the half-cell energy density via the
manipulation of some battery design parameters. We first define the objec-
tive or cost function to be used. Then, we present the sensitivity equations
associated to the cost function with respect to the design parameters to be
optimized. Finally, we define the optimization problem to be solved, followed
by the optimization algorithm used to find the solution.

3.1. Objective function formulation

In this work we are interested in maximizing the battery specific (gravi-
metric) energy density. The objective function then takes the form

E =
1

mcell

∫ tf

0

v(t)i(t)dt (22)

where the mass of the cell is defined as mcell = m±+ms+mcc which accounts
for active materials in electrodes (m±), separator (ms) and current collectors
(mcc). The electrode mass is given by m± = AL±(ρeε

±
e + ρ±a ε

±
a + ρfε

±
f ), the

separator mass by ms = ALsρeε
s
e and the current collector mass by mcc =

ALccρcc, where ρ denotes the density with the same subscript conventions
used before together with f and cc standing for filler and current collector,
respectively. The time tf refers to the complete discharging time of the
half-cell. The energy density E in (22) is determined from the galvanostatic
discharge of a fully charged cell down to a minimum cut-off voltage.
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This cost function (22) depends on a set of design parameters that can
be adjusted during LIB manufacturing. Some of these physical parameters
include: electrode/separator thickness L±s, particles radius R±

a , active ma-
terial volume fraction ε±a [5, 17, 18, 20, 21, 30, 31] and cross-sectional area
A. The parameter vector associated to such parameters in a half-cell model
is defined as

θ = [Ls L± R±
a ε±a A]⊤ ∈ Rnθ (23)

for nθ = 5 in this case.
Coming back to the energy density, the form in (22) is dimensional. The

dimensionless form of this equation is given by

E =

∫ tref t
∗
f

0

βTv
∗(treft

∗)itypi
∗(treft

∗)tref
m̄m∗

cell

dt∗

=
βT ityptref

m̄

∫ t∗f

0

v∗(t∗)i∗(t∗)

m∗
cell

dt∗, (24)

for m∗
cell = mcell/m̄ as the dimensionless mass of the cell. We can then write

the dimensionless cost function in terms of the dimensional one as

E∗ = E

/
βT ityptref

m̄
⇒ E∗ =

∫ t∗f

0

v∗(t∗)i∗(t∗)

m∗
cell

dt∗. (25)

As it can be seen, the dimensionless energy density E∗ requires the appro-
priate scaling of (22) with the variables defined in Table (2) and Table (3).
Moreover, the coefficient βT ityptref/m̄ is a constant and therefore the dimen-
sionless energy density is just a scaled version of the dimensional one.

Now that the objective function and the design parameters have been
specified, we proceed to evaluate the impact of such parameters on the energy
density through a sensitivity analysis.

3.2. Sensitivity analysis

The sensitivity of the dimensionless specific energy desity E∗ with respect
to the design parameter vector θ is denoted as SE∗ = ∂E∗/∂θ and it is
computed from (25) taking the form

SE∗ =

∫ t∗f

0

(
Sv∗(t

∗)
i∗(t∗)

m∗
cell

− 1

(m∗
cell)

2
Sm∗i∗(t∗)v∗(t∗)

)
dt∗ (26)
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where the voltage and mass sensitivities are respectively given by

Sv∗(t
∗) =

∂v∗

∂θ
(t∗), Sm∗ =

∂m∗

∂θ
. (27)

While Sm∗ is a constant row vector, Sv∗(t) is time-varying, which can be
computed by taking the partial derivatives of (20),(21) with respect to the
parameter vector θ. By doing so, the following analytical sensitivity equa-
tions are obtained

d

dt
Sx∗(t∗) = ∇x∗f(x∗, i∗,θ)Sx∗(t∗) +

∂

∂θ
f(x∗, i∗,θ), Sx∗,0 = Sx∗(0), (28)

Sv∗(t
∗) = ∇x∗h(x∗, i∗,θ)Sx∗(t∗) +

∂

∂θ
h(x∗, i∗,θ), (29)

with Sx∗(t∗) = ∂x∗(t∗)/∂θ. The sensitivity system (28),(29) is solved in time
and its solution is evaluated in the sensitivity of the cost (26). Therefore,
the ranking of the design parameters θ follows directly from (26).

3.3. Optimization problem for half-cell battery design

The problem of maximizing the specific energy density (25) by manipu-
lating the battery design parameters (23) can be formalized in the following
way

max
θ

E∗ =
1

m∗
cell

∫ tf

0

v∗(t∗)i∗(t∗)dt∗ (30)

s.t. equations (20), (21), (31)

i∗(t∗) = H(t∗), (32)

v∗(0) = v∗max, (33)

v∗(tf ) = v∗min, (34)

θmin ⪯ θ ⪯ θmax, (35)

where H(t∗) is the Heaviside step function and the operator ⪯ represents
component-wise inequality between vector elements and the solution space
is constrained with upper and lower bounds for the considered parameters.
The evaluation of the energy density is done by imposing the equivalent of a
normalized 1C discharge current (32) starting from a fully charged state (33)
of the half-cell battery and finishing when it is empty (34). Notice that in this
case, the battery power is intrinsically accounted for by imposing an applied
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current that is equivalent to 1C rate since the battery is discharged in 1 h,
and therefore maximizing the power P = E/tf is equivalent to maximizing
the energy E for the same discharging time tf .

The optimization problem (30)-(35) is solved here by resorting to an adap-
tive particle swarm optimization with a specific stopping criterion, which is
explained next.

3.4. Particle swarm optimization algorithm

The particle swarm optimization (PSO) algorithm works based on social
behavior simulation, in contrast with population-based evolutionary algo-
rithms like genetic algorithms. In social simulations, each member of the
group represents a so-called problem solution i.e. a position, and it has an
associated velocity. The members are known as particles that explore the
search space.

First, a population of desired number of particles is generated, which does
not change during exploration. Then, the position and velocity of each par-
ticle are adjusted based on its experience i.e. track of its associated objective
value and the best experiment (best objective value) of companion particles
in the population. The goal of the particles is to go towards the best loca-
tion of the search space. Each particle is associated with a value of objective
function which should be devised based on problem targets. In this paper,
the objective function is the dimensionless specific energy density F (·) = E∗,
as defined in (25). At each iteration, the velocity and new position of the
particles considered given the dimensionless model, design physical parame-
ter vector θ and associated dimensionless energy density are updated by the
following laws [33, 43]

vn+1
i = ωn

i v
n
i + c1r1(θ

n
p,i − θn

i ) + c2r2(θ
n
g − θn

i ), (36)

θn+1
i = θn

i + vn+1
i , (37)

where θn
i and vn

i are the position and velocity of the i-th particle in step
n, respectively, θn

p,i and θn
g represent the best position of i-th particle in the

nθ-dimensional parameter space and all particles up to step n, respectively,
which should be stored at each iteration, ωn

i is inertia weight of the i-th
particle in step n, c1 and c2 are acceleration coefficients whose sum should
not be more than 4, and they are known as cognitive and social parameters,
respectively. Moreover, r1 and r2 are two random variables in the range of
[0,1]. In this work, an adaptive version of the PSO (i.e. APSO) is used based
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on which ωn
i should be adjusted at each step. To do so, at first, the adjacency

index (AI) should be calculated as follows [33]

AIni =
E∗(θn

p,i)− FKN

E∗(θn
g )− FKN

− 1, (38)

where, E∗(θn
g ) and E∗(θn

p,i) represent the maximum dimensionless energy
density of all particles and particle i, respectively, up to step n, and FKN is
the maximum value of the objective function. Because the exact maximum
value of the dimensionless energy density cannot be determined in advance,
after some simulation trials of the model and the calculation of the dimen-
sionless energy density, FKN is set to five times of the maximum calculated
dimensionless energy density value. The latter choice was based on multiple
simulation runs. With the value of adjacency index AIni at hand, ωn

i can be
determined as follows:

ωn
i =

1

1 + exp(−(αAIni )
−1)

, (39)

where α is a positive coefficient in the range of (0,1]. Based on (39), ωn
i

changes in the range of [0.5,1). The other important aspect in PSO imple-
mentation is the stopping criterion, i.e. the specific condition based on which
the algorithm stops searching. In this paper, a new stopping criterion is im-
plemented, which yields a fast convergence rate and suitable accuracy. It is
based on the normalized swarm radius defined as follows

Rθ
norm(n) =

∥Θn∥ −
∥∥Θn−N

∥∥
∥Θn∥

= 1−
∥∥Θn−N

∥∥
∥Θn∥

,Θn = [θn
1 θn

2 · · ·θn
ns
]⊤,

∥Θn∥ = σmax(Θ
n), (40)

where ns is the number of particles in the population, and N represents the
previous N -th sample from which the normalization is calculated. As it can
be seen from (40), the norm of the swarm, i.e. the matrix of all particles in
each iteration Θn, is the maximum singular value of the population matrix.
For determining the stopping condition, Rθ

norm should have a deviation close
to zero for a number of steps, namely

max(Rθ
norm(n−N : n))−min(Rθ

norm(n−N : n)) ≤ ϵ, (41)

Rθ
norm(n−N : n) =

(
Rθ

norm(n−N) Rθ
norm(n−N + 1) · · ·Rθ

norm(n)
)
. (42)
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Table 4: Summary of the APSO algorithm.

Initialization:
Determination of search space boundaries θmin ⪯ θ ⪯ θmax

Random initialization of ns-dimensional particle population
While stopping criterion (41),(42) not fulfilled, do:
For each particle, i = 1, . . . , ns

Restrict the particles to the search space: θmin ⪯ θ ⪯ θmax

Set the best position:
If (F (θn

i ) ≥ F (θn
p,i)) then θn

p,i = θn
i

Set the global best position:
If (F (θn

p,i) ≥ F (θn
g,i)) then θn

g,i = θn
p,i

Update the velocity and position using equation (36),(37)
End

The APSO algorithm implemented in this work is reported in Table 4 and
the obtained results are discussed in the next section.

For restricting the particles to the search space as indicated in Table 4,
if any element of the particles goes beyond the determined upper and lower
bounds, it is equated to the associated upper or lower bound, respectively.
This is illustrated in the flowchart of the algorithm in Fig. 3, for instance,
which is presented for the sake of clarity.

4. Results and discussion

We now test the proposed optimization framework in the light of simu-
lation studies, where the optimal design of a half-cell LIB is considered with
LFP as positive electrode material. This is without loss of generality, since
the framework can also consider a half-cell LIB with a negative electrode
material. The dSPMe model discretized with finite differences is used. The
model parameters come from the literature and are reported in Table A.3
in the Appendix A. The interested reader is referred to the Supplementary
material for insights on the validity of the model choice coming from the
model identification using LFP half-cell impedance data.

Figure 4 shows the results obtained from a sensitivity analysis of the
voltage with respect to each design parameter. It is interesting to see the
dynamic behavior of these sensitivities as they are the main contributor for
the overall cost function sensitivity given in (25). The equivalent of a 1C
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Figure 3: Flowchart of the APSO algorithm.

input current profile used to discharge the considered LFP half-cell is depicted
in Fig. 4a. The plots are built with respect to SoC for convenience, where
the SoC is defined in terms of electrochemical variables for an SPM-type of
model as[44, 25]

SoC(t) =
3

ca,maxR3
a

∫ Ra

0

r2ca(r, t)dr. (43)
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Note that the SoC goes from 0 to 1 for a discharging LFP half-cell given
that the LFP electrode is actually being charged or lithiated, i.e. the concen-
tration of lithium in the electrode increases upon discharge of the half-cell.
The sensitivities are shown in Fig. 4b to Fig. 4f for separator/electrode
thickness, particle radius, volume fraction and cross-sectional area, respec-
tively. Most sensitivities exhibit a flat region in the mid-SoC range (from
10% to 90%) which follows from the typically flat OCV characteristics of
LFP electrodes. Moreover, the separator thickness has the lowest sensitivity
magnitude among the considered design parameters, whereas electrode thick-
ness, particle radius and area are the most sensitive parameters. On the other
hand, the voltage is sensitive to different parameters in different SoC ranges.
For instance, separator thickness is important at low SoC whereas electrode
thickness, particle radius and area are more relevant at high SoC.

(a) (b)

(c) (d)

(e) (f)

Figure 4: Sensitivity trajectories of the voltage with respect to the design parameters.
Plot a) shows the discharge current, whereas plots b) to f) portray the voltage sensitivity
with respect to separator/electrode thickness, particle radius, volume fraction and area,
respectively.

When the full cost function, and not only the voltage contribution, is
considered in the sensitivity analysis, the sensitivity of the cost with respect
to the different parameters can be ranked in accordance to the impact of
each design parameter. This parameter ranking is shown in Fig. 5. The
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most sensitive parameter is particle radius followed by separator thickness,
electrode thickness and area, whereas the least sensitive parameter is the
active material volume fraction. The reason why the latter parameter with
relatively large voltage sensitivity (see Fig. 2e) became the least sensitive
parameter for the dimensional cost is because the nominal parameter ε+a is
the largest among the others by at least three orders of magnitude. Since
transforming the dimensionless cost into a dimensional one involves the di-
vision by the nominal parameter following from θ∗ = θ/θ̄, smaller nominal
parameters increase the value of the sensitivity cost.

Figure 5: Ranking of the sensitivity of the cost function for each design parameter.

From a sensitivity analysis, three design parameters were found to have
the most influential effects on the energy density E, namely electrode thick-
ness L+, particle radius R+

a and cell cross-sectional area A. The remaining
possible design parameters include active material volume fraction and sepa-
rator thickness, but the former has a small sensitivity and it can be difficult
to manipulate during manufacturing while the latter cannot be arbitrarily
reduced since too low thickness would lead to internal short-circuits. There-
fore, L+, R+

a and A are taken as the design parameters for maximizing cell
specific (gravimetric) energy density.

Let us first explore the shape of the cost surface for two of the design
parameters. Figure 6 shows the surface of the specific energy density over
the space of L+ and R+

a within the range of [10, 350] µm and [10, 300] nm,
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respectively, and for an area of A = 2.43 · 10−4 m2. As it can be seen,
the maximum energy density is around 249 Wh·kg−1 at the point of L+ =
305 µm and R+

a = 10 nm approximately. The optimal solution indicating
the minimum radius is expected, since smaller particle sizes imply shorter
diffusion paths for the lithium in the active phase (less diffusion limitations)
and therefore larger energy density.

Figure 6: Surface of specific energy density over two of the selected design parameters.

In order to validate the APSO algorithm, we compare the attained maxi-
mum with the one obtained from the exhaustive search method in the case of
two design parameters L+ and R+

a of the cost surface in Fig. 6. The optimiza-
tion problem (30)-(35) was solved using the APSO algorithm (see Table 4)
in a 2.6 GHz 6-core laptop with 64GB of RAM using Matlab R2021b®. The
resulting optimal values are 250 Wh·kg−1 at the point L+ = 307 µm and
R+

a = 10 nm, which are in accordance with the depicted surface. The op-
timization time to solve this problem was c.a. 137 s. We then enlarge the
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design parameter space to three parameters as stated above, namely L+,
R+

a and A, and investigate the resulting optimal design. Now the maximum
specific energy density is 250 Wh·kg−1 with optimal parameters as given in
Table 5, and optimization time of c.a. 133 s. It can be seen how the optimal
design features a thicker electrode together with a smaller spherical particle,
and the area is also reduced. It is worth highlighting that while both the
particle size and the area hit their lower bounds, the electrode thickness does
not go up to its upper bound. This is likely to be the result of the trade-off
between having a thicker electrode that provides more half-cell capacity at
the expense of increasing the associated weight as discussed next.

Table 5: Results of the optimization based on APSO algorithm.

Design
parameters

Lower
bound

Upper
bound

Initial
design

Optimal
design

L+ [µm] 10 390 70 309
R+

a [nm] 10 300 36.5 10
A [m2] 1.8·10−4 3.0·10−4 2.4·10−4 1.8·10−4

E [Wh·kg−1] 188 250

Figure 7 presents the discharge profile of current (Fig. 7a) and voltage
(Fig. 7b) for the initial design (id) and optimal design (od) of the battery
as reported in Table 5. The signals are reported in appropriate dimensions.
The discharge current for both designs corresponded to 1C discharge, i.e. the
current required to discharge the half-cell battery from maximum to mini-
mum cut-off voltage in one hour, as it can be corroborated by the voltage
profile. However, since the design parameters change, the current magnitude
equivalent to the 1C current also changes. In this case, the optimal design
corresponds to a smaller area and a thicker electrode compared to the ini-
tial design. Since the current corresponding to 1C is larger for the optimal
design (see Fig. 7a), this means that the half-cell is effectively bigger which
translates in the electrode thickness overweighting the area reduction. In
terms of voltage (Fig. 7b), both designs depict a similar response. Regard-
ing mass, the optimal design is heavier than the initial one as illustrated by
Fig. 7c. However, the overall computation of specific energy density involves
the integral of the product between current and voltage, and the division by
the cell mass (see (30)-(35)). This results in the optimal design having 61
Wh·kg−1 more specific energy than the initial one, i.e. from 188 Wh·kg−1 to
250 Wh·kg−1.
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(a)

(b)

(c)

Figure 7: Discharge profile with respect to the SoC for the initial (id) and optimal (od)
LFP half-cell design presented in Table 5. The plots show a) the dischage current, b)
voltage response and c) resulting cell masses.

Just to have more physical insight into the optimal cell design, we look
now at the internal states of the simulated LFP half-cell for both initial and
optimal cases. Figure 8 shows the obtained results in terms of temporal evo-
lution of normalized concentrations, with the active phase in Fig. 8a, the
electrolyte phase in the separator in Fig. 8b and the electrolyte-phase in the
positive electrode in Fig. 8c. Instead of showing the entire concentration
profile for a given spatial discretization, we show the upper (ub) and lower
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(lb) bounds for these concentrations. These bounds are obtained at given
boundary positions within the half-cell (e.g. surface of the spherical particle
or positive electrode-current collector interface), and enclose all the other
internal concentration dynamics for a constant discharge profile as the one
used here. Note that, in the optimal design, the utilization of the half-cell
is higher since the concentration values are closer to 1 (Fig. 8a). Moreover,
since the effectively applied equivalent to 1C current is larger for the optimal
design than for the initial one, the electrolyte concentrations in both sepa-
rator and positive electrode regions exhibit a larger gradient, as reflected by
the lower and upper bounds in Fig. 8b and Fig. 8c. These aspects contribute
to a larger overpotential of the cell, which explains why the voltage plateau
of the optimal design is slightly lower than the one of the initial design (see
Fig. 7b).

Another way to look at these results is by inspecting the spatial distribu-
tion of the internal state of the half-cell at given time instants. Figure 9 shows
the radial distribution r∗ = r/Ra of the normalized active-phase concentra-
tion c∗a every 10 min (Fig. 9a), followed by the electrolyte-phase profiles along
the x dimension at the separator cs,∗e (Fig. 9b, where xs,∗ = xs/Ls) and the
positive electrode regions c+,∗

e every 10 s (Fig. 9c, where x+,∗ = x+/L+). For
simplicity, we define x dimensions in the separator xs and positive electrode
regions x+. The time differences reflect the speed of each process, where
electrolyte dynamics tend to be faster than active-phase dynamics [39]. In
Fig. 9a it can be seen how the initial concentration is uniform and close to
the minimum value. As the time elapses, the concentration profile increases
towards the maximum value of one, and it tends to bend with the maxi-
mum concentration in the r∗ = 1 boundary and the minimum one in the
r∗ = 0 boundary (see Fig. 9a.1), representing the surface and the center of
the spherical particle respectively. Note that the optimal design incurs in a
smaller concentration gradient compared to the initial design, which is due to
the smaller particle sizes suggested by the optimization algorithm. A similar
trend can be found when analyzing the electrolyte profiles (see Fig. 9b and
Fig. 9c) as the discharge of the electrode proceeds, where the concentration
in the electrolyte starts from a uniform position around 1 and is displaced
to higher values. Given that the effective current is larger for the optimal
design, the resulting electrolyte concentration gradients are larger compared
to the initial design. Moreover, a thicker electrode also contributed to have
larger concentration gradients in the positive electrode region. The maximum
electrolyte concentrations appear in the xs,∗ = 0 boundary of the separator
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(a)

(b)

(c)

Figure 8: Temporal evolution of normalized concentrations for the simulated LFP half-cell
with initial (id) and optimal design (od). Plot a) shows the average (avg) and surface (surf)
active-phase concentration, whereas plots b) and c) show the upper (ub) and lower bounds
(lb) for the electrolyte-phase concentration in the separator and the positive electrode
regions, respectively.

(see Fig. 9b) corresponding to the lithium foil-separator interface (see Fig.
2a), whereas the minimum electrolyte concentrations are in the x+,∗ = 1
boundary of the positive electrode (see Fig. 9c) associated to the positive
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electrode-current collector interface (see Fig. 2a).

(a)

(b)

(c)

(a.1)

(b.1)

(c.1)

Figure 9: Temporal evolution of normalized concentrations with respect to the normalized
space for the simulated LFP half-cell with initial (id) and optimal design (od). Plot a)
shows the active-phase concentration (with r∗ = r/Ra), whereas plots b) and c) show
the electrolyte-phase concentration in the separator (with xs,∗ = xs/Ls) and the positive
electrode regions (with x+,∗ = x+/L+), respectively. The color gradient of the curves
from blue to red corresponds to initial and final times, respectively. While the active-
phase results are shown every 10 min up to 60 min, the electrolyte-phase ones are every
10 s up to 60 s.
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Additionally, we can also look at the different time constants that govern
the electrochemical processes of the considered LFP half-cell battery. Table 6
shows the resulting time-constant values for both initial and optimal design.
From the table follows that the (dis)charge time scales in both active and
electrolyte phase as well as the diffusion time constant for the electrolyte-
phase have increased for the optimal design with respect to the initial design.
While the larger time scales validate the notion of having a bigger half-cell
in both phases requiring larger absolute currents for full discharge (see Fig.
7a), the larger electrolyte-phase time constant can be verified in Fig. 8b,c
where the electrolyte subsystem for the optimal design is slower than for the
initial design. Contrarily, the diffusion time constant for the active phase
and the reaction kinetics time scale are lower for the optimal design with
respect to the initial design. The shorter diffusion time is the result of having
shorter diffusion paths due to particle size reduction, whereas faster kinetics
facilitates the transfer of charges from the electrolyte to the active phase.
Finally, while the initial design was limited by the reaction kinetics given the
large value of τ+k , the optimal design shifted the limiting step to the electrode
(dis)charge capacity due to the large value of τ+c .

Table 6: Values for the time constants/scalings of the considered LFP half-cell.

Constants Values i.d. Values o.d.
τ+c [s] 4603 22827
τ+d [s] 167 13
τ+e,c [s] 233 1156
τ+e,d [s] 18 432

τ+k [s] 37757 10344

The results of the APSO algorithm during the searching procedure of
optimal solutions are shown in Fig. 10. As it can be seen, after 20 iterations
the algorithm stops and reaches the best solution. Figure 10a depicts the
best cost function at the end of each iteration, and it seems that after 8
iterations it reaches the maximum point. However, the value of the swarm
norm (i.e. swarm radius ∥Θn∥) indicates a non-homogenous space distri-
bution of the particle population (see Fig. 10b), meaning that they have
not concentrated around the optimal solution. By checking the normalized
swarm radius Rθ

norm(n) (see Fig. 10c) and considering the stopping criteria
in (41),(42), it can be seen that around iteration 20, most of the particles
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have gathered around a specific solution and so the deviation of the swarm
norm is the least, which led to accept the stopping condition of the search
process.

(a)

(b)

(c)

Figure 10: Results of the APSO algorithm optimal search in the design space. a) Best
cost function in each iteration, b) swarm norm ∥Θn∥, and c) normalized swarm radius
Rθ

norm(n).
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5. Conclusion

The maximization of the specific (gravimetric) energy density of a LIB
(LFP half-cell configuration) was proposed based on a reduced-order model.
The dSPMe was considered, which is an approximation of the DFN model
that allowed us to reduce computational complexity. The dimensionless form
of the SPMe shed light on limiting processes, like the fact that a standard
battery was limited by reaction kinetics while the optimal design shifted the
limitation to the (dis)charge time scale. On the basis of a sensitivity analysis,
the most relevant design parameters affecting the energy density were particle
radius, electrode thickness and cross-sectional area. An adaptive particle
swarm optimization algorithm tuned for fast convergence was used to solve
the LIB optimal design problem. The optimal design resulted in an energy
density of 250 Wh·kg−1 for an LFP electrode of 310 µm thickness, 10 nm
particle radius and 2·10−4 m2 cross-sectional area. This corresponds to an
increase of energy density of 61 Wh·kg−1 with respect to an initial standard
design obtained from the literature. This highlights the importance of the
proposed framework for optimizing battery performance.

An evident limitation of the half-cell battery optimal design of this work
is that it relies on a reduced-order electrochemical model, making it valid for
low current rates typically found in standalone energy storage applications,
for instance. Given the model simplicity, one could solve the optimization
problem over multiple charge-discharge cycles of the battery in order to e.g.
minimize capacity loss. Another possible extension of this work is to con-
sider a full-cell lithium-ion battery and properly dimension both positive
and negative electrodes simultaneously. Finally, ongoing work concerns the
experimental validation of the proposed approach.
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Appendix A. DFN model equations and dSPMe model parame-
ters

This appendix lists the main equations associated to the DFN model
in Table A.1. Then, the main electrochemical variables of the dSPMe are
reported in Table A.2, followed by the nomenclature and model parameters
of the dSPMe model in Table A.3. The equations adopted for the OCV as
a function of the normalized active phase concentration as well as the ionic
conductivity and activity coefficient as functions of the normalized electrolyte
phase concentration are respectively given by

U+(c∗as) = 3.5796 + 0.55163 tan−1(23.54− 408.95c∗as)

+ 0.46309 tan−1(−203.36c∗as + 202.43), (A.1)

κ(c∗e) = 0.0911 + 1.9101 · 10−3c∗e − 1.052 · 10−6(c∗e)
2

+ 0.1554 · 10−9(c∗e)
3, (A.2)

ν(c∗e) = 0.601− 0.24(c∗e)
0.5 + 0.982(c∗e)

1.5, (A.3)

where ν = (1− t0c)
(

d ln fc/a
d ln ce

)
.
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Table A.1: DFN model equations�.

Physical Process Equation

Active phase:

Conservation of Li ∂c±a
∂t

=
1

r2
∂

∂r

(
D±

a r
2∂c

±
a

∂r

)
(A.4)

Conservation of charge
∂2φ±

a

∂x2
=

a±a F

σ±
a

j±n (A.5)

Electrolyte phase:

Conservation of Lib
∂c±s

e

∂t
=

∂

∂x

D±s
e,eff

ε±s
e

∂c±s
e

∂x
+

a±a (1− t0c)

ε±e
j±n

(A.6)

Conservation of chargea,b ∂2φ±s
e

∂x2
= −a±a F

κ±e,eff
j±n +κ±s

D

∂2c±s
e

∂x2
(A.7)

Electrode kinetics:

Intercalation reactionc
j±n =

2

F
i±0 sinh

(
α0F

RT
η±s

)
(A.8)

where η±s = φ±
a − φe − U± −R±

f j
±
n

Moles of Li nLi =
∑

j∈{±}

3εja

(Rj
a)3

∫ Lj

0

∫ Rj
a

0
r2cja dr dx

(A.9)
�Spatial/temporal dependency of state variables not explicitly indicated for compactness,

as well as boundary conditions not reported.

aLinearized equation [45].

bFor the separator region, jn = 0 (it is not defined).

cAssuming α0 = 0.5 [12].
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Table A.2: Electrochemical states/variables, inputs and outputs in the dSPMe.

Variable Symbol
Li concentration in active phase [mol·m−3] c±a

Li concentration at active particle surface [mol·m−3] c±as
Li concentration in electrolyte phase [mol·m−3] c±s

e

Li concentration in electrolyte phase boundaries [mol·m−3] c±s
e,bc

Active-phase electric potential [V] ϕ±
s

Electrolyte electric potential [V] ϕ±s
e

Ionic current [A·m−2] i±e
Pore-wall molar flux [mol·m−2 ·s−1] j±n
Exchange current density [A·m−2] i±0
Surface/lithium over-potential [V] η±s /ηLi

Applied current [A] i
Terminal voltage [V] v

35



Table A.3: Definition of dSPMe parameters and values used in the LFP half-cell simula-
tion.
Definition [units] Symbol Value Reference

Active-phase parameters
Specific interfacial area [m−1] aa 3.53·107 [35]
Maximum lithium conc. [mol·−3] ca,max 2.298·104 [46]
Active-phase diffusion coefficient [m2·s−1] Da 8e-18 [46]
Exchange current density [A·m−2] iLi

0 19.0 [35]
Reaction rate [m2.5·mol0.5·s−1] kn 3.05·10−14 [35]
LFP electrode thickness [µm] L+ 70 [35]
Current collector thickness [µm] Lcc 25 [46]
Particle radius [nm] Ra 36.5 [35]
Film resistance [Ω·m2] Rf 0.001 a

Open circuit voltage (OCV) of LFP, Li [V] U+,ULi Eq. (A.1), 0 [47, 35]
Charge transfer coefficient [-] α0 0.5 [35]
Volume fraction in active-phase electrode [-] εa 0.43 [35]
Volume fraction of filler [-] εf 0.27 a

Mass density of active phase [kg·m−3] ρa 3600 [46]
Mass density of filler [kg·m−3] ρf 1800 [46]
Mass density of current collector [kg·m−3] ρcc 2707 [46]
Electrical conductivity [Ω−1 · m−1] σ 7.4·10−3 [46]

Electrolyte-related parameters
Electrolyte-phase diffusion coefficient [m2·s−1] De 2.7877·10−10 [40]

Activity coefficient [-]
d ln fc/a
d ln ce

Eq. (A.3) [48]

Separator thickness [µm] Ls 25 a

Transference number [-] t0c 0.4 [40]
Volume fraction in electrolyte-phase electrode [-] ε+e 0.3 a

Volume fraction in electrolyte-phase separator [-] εse 0.5 a

Ionic conductivity [Ω−1·m−1] κ Eq. (A.2) [40]
Mass density of electrolyte phase [kg·m−3] ρe 1200 [46]

Cell-level parameters
Cross-sectional area [m2]a A 2.43·10−4 a

Bruggeman exponent [-] b 1.5 [14]
Electrolyte nominal conc. [mol·m−3] c̄e 1000 [46, 35]
Faraday’s constant [C·mol−1] F 96487 [14]
Universal gas constant [J·mol−1·K−1] Rg 8.31 [14]
Reference temperature [K] Tref 298.15 a

aUsed in this work.
bFunctional form coming from the cited reference.
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S. Supplementary material

This supplementary material includes a procedure for manufacturing LFP
half-cell batteries, the collection of data through experiments and the use of
this data to indentify the grouped model parameters of the SPMe.

S.1. Electrode and half-cell manufacturing

LFP electrodes were produced via robotic spray coating by adaptation of
a previously published method [S.9] that used airbrush to spray. The mixture
has been prepared by using 12 wt% solids including LFP (Prayon), xanthan
gum (Sigma-Aldrich) and conducting carbon (Timcal C-nergy Super C65) in
a weight ratio of 75 : 20 : 5 (active material:conducting carbon:binder). The
mixture was stirred by using magnetic stirrer for 3 h prior to spraying. The
prepared ink was sprayed on pre-weighted stainless-steel discs (Type 304, 15.5
mm, MTI corp.) current collectors and dried overnight at 60◦C. The coated
discs were weighted and dried in an oven for 2 h under vacuum at 110◦C
before being introduced into the glovebox. The cell assembly was conducted
by using LFP electrode as positive electrode, metallic Li disc (PI-KEM) as
counter and reference electrode, two Celgard® separators and 80 µL of elec-
trolyte (1 M in an ethylene carbonate:diethyl carbonate:dimethylcarbonate
– 1:1:1 mixture, Sigma Aldrich). Prepared half-cells were then used for elec-
trochemical characterization.

S.2. Electrochemical characterization

Produced LFP half-cells were characterized using a BioLogic VMP3 mul-
tichannel potentiostat. EIS was conducted in the 10-2-106 Hz frequency
range. Prior the electrochemical impedance spectroscopy, cells were submit-
ted to formation cycles between 2.0 and 4.2 V vs. Li+/Li by using gal-
vanostatic charge and discharge mode and applied current densities were
calculated based on the theoretical capacity of 170 mA.h/g for LFP. The
cycling sequence of formation cycles were designed as 10 cycles at C/5 and
10 cycles at 1C rate. The State of Charge (SOC) for EIS was selected as
40% SOC, the SOC point being calculated by using the total capacity ob-
served at 1C C-rate during the formation cycles. Following completion of
the formation cycles, half-cells were discharged to 0% SOC and let to rest
until the potential change rate decreased down to 0.5 mV/h, at which point
the electrode was assumed to be stable. The half-cell was charged to 40%
SOC and let rest until it reaches to 0.5 mV/h potential change rate before
conducting the EIS.
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S.3. SPMe impedance model

The model to be identified is the SPMe in frequency domain in order
to obtain its parameters from electrochemical impedance spectroscopy data.
Hence, the SPMe model in Table 1 needs to be converted from time-domain
to frequency-domain. In order to achieve this, the next steps are followed:

(i) take the Laplace transform of the diffusion PDE,

(ii) solve the resulting ODE to get the general solution,

(iii) find the unknown constants by substituting the ODE solution in the
boundary conditions,

(iv) evaluate the obtained transfer function at the desired spatial point.

We used this procedure to transform the time-domain PDE models of the
SPMe (notably active-phase and electrolyte-phase lithium concentration dy-
namics in (2) and (3), respectively, of Table 2 in the paper) into frequency-
domain, similarly as it has been presented in the literature (see e.g. [S.1-S.3]
. On the other hand, the voltage equation as expressed in (18) assumes
that the high-frequency dynamics associated to e.g. double-layer effects are
much faster than diffusion dynamics in active- and electrolyte phases, i.e. the
kinetics are technically instantaneous and can be neglected [S.4] . For electro-
chemical impedance spectroscopy, this is not a valid assumption since clear
double-layer effects can be seen in the impedance response of batteries which
manifest as high-frequency semicircles (see [S.5,S.6] ). To properly model the
impedance of batteries, double-layer dynamics have to be accounted for. In
this sense, we also derived two impedance double-layer models to be able to
capture the two high-frequency semicircles in LFP half-cell battery. These
models are based on the work reported in [S.2,S.4,S.7,S.8] . The impedance
model made of a set of transfer functions can be written as

Hv(s,ν) = Has(s,ν) +He(s,ν) +Hdl(s,ν) +Hrc(s,ν) +Hi(s,ν) (A.1)

where s is the Laplace variable and ν is the vector of grouped parameters
to be identified, Has(s) corresponds to the potential transfer function of the
active-phase lithium surface concentration, He(s) is for the electrolyte-phase
concentration, Hdl(s) is for the first double-layer dynamics that are physically
modelled, Hrc(s) is for the second double-layer dynamics that are modelled
as an RC-pair, and Hi(s) is for the ohmic drop. This frequency-domain
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SPMe model with two double layers (A.1) was used to identify the grouped
model parameters ν from electrochemical impedance spectroscopy data. No-
tice that some of these parameters involve the active-phase diffusion time
constant, kinetic reaction time scale or the double-layer time constant given
by

τd =
R2

a

Da

, τk =
Ra

kn
√
ce,nom

, τdl = aaC

(
1

σeff

+
1

κeff

)
(L+)2 (A.2)

where most physical parameters have been defined in the paper except C
that is double-layer capacitance.

S.4. Model identification

The measured impedance of a cell at a given frequency ωi is given by
the complex number Z(ωi) = Z ′(ωi) + iZ ′′(ωi), where Z ′ and Z ′′ denote the
real and imaginary part respectively. The optimal parameter estimate can
be obtained by solving the following optimization problem [S.3]

min
ν

J(ν) = min
ν

Nω∑
i=1

|Z(ωi)−Hv(ωi,ν)|2 (A.3)

where Nω is the number of evaluated frequencies. This optimization problem
(A.3) is solved to find the best values of the parameter vector ν.

S.5. Identification results

The results are shown in the Nyquist plot of Fig. S.1, where the impedance
data is depicted as black dots, the model response with the parameter ini-
tialization is the solid blue curve and the model response with the optimal
parameter set is the dashed red curve. From the figure follows that the
proposed model is able to capture the typical response of LFP half-cell bat-
teries including the two semi-circles at high frequency and the low-frequency
content associated to diffusion in active and electrolyte phases.

The presented curves show that the proposed electrochemical model can
be adjusted to fit the measured impedance data coming from a LFP half-
cell battery, which validates the model choice. However, there are still some
issues, notably when attempting to link the transfer function parameters to
the physical battery parameters. Taking for instance the time constants in
(A.2), it is still unclear how to optimize with respect to Ra if only τd and
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Figure S.1: Nyquist plots of impedance response of a LFP half-cell battery.

τk are known, or how to link the double-layer effects to the kinetic reaction,
both of which being fast dynamics. These are nontrivial issues that we are
currently exploring, which need to be solved before being able to make the
link with the experimental validation. Once this has been done, the next
step is to use the identified model to optimize the cell performance using
the framework proposed in this paper, which will complete the experimental
validation part of the work.
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