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Boyd functions

A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and

- ¢(st)

o8) = sup 0y

< 00,

for all t € (0, 00).
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Boyd functions

A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and
- ¢(st)

A= 2 5(s)

for all t € (0,00).The lower and upper Boyd indices of a Boyd
function ¢ are defined by

< 00,

_ . logg(t) . logd(t)
b(¢) = ?i‘f logt 1!‘—% log t

o 08 3(t) _ | log ()
o logd(t) . logd(t

b(0) = gfl logt t|l>no1<> logt ’

respectively.
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C1o; < gj41 < Coj for
all j.
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C‘laj <041 < Coj for
all j. Let g :=infx>1 0j+k/0k and G := supy>q 0jyk/0k. The
lower and upper Boyd indices of o are defined by

|0ng . |0ng

= e | .
s(o) f‘eﬂg log 2/ IJm log 2/

and lox 7 loa 7
_ ) og O’j . og Uj
= inf g .

s() _/!QN log 2 j log2’

respectively.
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C‘laj <041 < Coj for
all j. Let g :=infx>1 0j+k/0k and G := supy>q 0jyk/0k. The
lower and upper Boyd indices of o are defined by

|0ng . |0ng

= e | .
s(o) Jsgg log 2/ IJm log 2/

and
log o ) log 7

5(0) := inf

jeNlog2 ' log2’
respectively. Given an admissible sequence o, the function

(bO'(t) = 2 ’

T ZTi ¢ _oiy 4oy ifte [, 241), j € N
o) if t €(0,1)

with o9 = 1 is a Boyd function.
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1 germ versus 2 germs

We will denote by B> the set of continuous functions
¢ [1,00) — [ such that ¢(1) =1 and

—
28 6s)

for any t > 1. Given ¢ € B, we denote by ¢, the restriction of ¢
to [1,00) and by ¢g the restriction of ¢ to (0, 1].

< 00,

Proposition

The application

T:B—B*xB>* ¢ (t—

do(1/5) %)

is a bijection.
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Some instructive examples

Consider the increasing sequence (j,), defined by

Jo =0,

.jl = ]-7

J2n = 2j2n—1 = j2n-2,
Jong1 = 2.

Then, define the admissible sequence o by

o= 2 if jon <J < Jjont1
! angf=lostif opig < J < jant2

The sequence oscillates between (j); and (2/); and we have
s(c) =0 and 5(0) = 1.
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Relations between Boyd functions and admissible sequences

Proposition
Ifp € Bandoj= q§(2j)_ oroj =1/¢(27/) then we have
b(¢) < s(o) <5(a) < b(¢).
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Relations between Boyd functions and admissible sequences

Proposition
Ifp € Bandoj= ¢(2jl oroj =1/¢(27/) then we have
b(¢) < s(0) <5(0) < b(¢).

Proposition
Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

b(¢) = min{s(c),s(0)} and b(¢) = max{s(c),5(6)}.
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Relations between Boyd functions and admissible sequences

Proposition

Ifp € Bandoj= ¢(2jl oroj =1/¢(27/) then we have
b(¢) < s(0) <5(0) < b(6).

Proposition

Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

b(¢) = min{s(c),s(0)} and b(¢) = max{s(c),5(6)}.

If ¢ belongs to B, then we have b(¢) = min{s(m1(¢)),s(m2(¢))}
and b(¢) = max{s(r1(¢)),5(2(¢))}-
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Boyd function obtained from one admissible sequence

Some elementary examples :

%(t_zj)_kgj if t €[, 2+,
9o(t) = 1/Uj2jl/gf+1(t —279 ) +1/0j4y ifre(2971,27]
%lzif(t_zf)wfj if ¢ € [2/,2771), j € No
Ga®=1
ST if t €(0,1)
6n (1) = { T~y oy ifee[2,21), e No
£s if t €(0,1)

where s satisfies s(0) < s < 5(0).
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Constructing a regular Boyd function from an admissible

sequence
Let
e /x ifx>0
Flx) = else
to define ()
X
TR T L= x)
on [0, 1].

-0.2

0.2 04
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Constructing a regular Boyd function from an admissible

sequence
X\ [ cosa sina) [x
Y) \-sina cosa)\y/)’
For j € N, we set
{ X; =2 cosa+ ojsina

Y= —2fsina+ojcosa ’
¢0)(X) = X=X
Xj+1 = X

and _
rO(X) = ¥+ (Yia = V)X

to consider the curve
Y = 70)(g(¢D(X)))
on [)<j7)<j+1]'
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Constructing a regular Boyd function from an admissible
sequence

It gives rise to _ _
Y(y) = 79(g(€V(X(x))))

on the original Euclidean plane.
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Constructing a regular Boyd function from an admissible
sequence

It gives rise to _ _
Y(y) = 79(g(€V(X(x))))

on the original Euclidean plane.
Let nja) be the function x ~ y on [2/,2/F1].
We can construct ¢ € BB by setting

sy = | 7@ e 27, j e,
s fte(0,1)
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Constructing a regular Boyd function from an admissible
sequence

For a = 0, we explicitly get

. vin 0
) =0+

1+ (5202

t—2/

4 6 B 10 12 14 16 4 6 8 10 12 14 16

Figure: The function 7(®) (left panel) and its derivative (right panel) for
« = 0 and o such that o1 =2, 0o = 4, 03 = 20 and o4 = 22.
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Constructing a regular Boyd function from an admissible
sequence

If & > 0 is small enough, we get a function n}a) whose explicit
form is far more complicated.

Figure: The function 7(®) (left panel) and its derivative (right panel) for
a = 0.1 and o such that 01 = 2, 0o = 4, 03 = 20 and o4 = 22.
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Constructing a regular Boyd function from an admissible
sequence

Let B’ denote the set of functions f : | — I that belong to C(/)
with (1) =1 and satisfy

- ()] (2]
f <
PRy SR

< 00

One can show that B’ is a subset of B. If ¢ € B with b(¢) > 0
(resp. b(¢) < 0), then there exists a non-decreasing bijection (resp.
a non-increasing bijection) ¢» € B’ such that ¢ ~ 4 and =1 € B’

Proposition

If € B is such that b(¢) > 0 or b(¢) < 0, then there exists
€€ B' N C®(I) such that & ~ ¢.
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The K-method

The K-operator of interpolation is defined for t > 0 and a € ¥(A)
by
K(t, a) = inf{HaOHAO + tHalﬂAl ra=ap+ 31}.

If € (0,1) and g € [1, 00], then a belongs to the interpolation

space Ky 4(Ao, A1) if a € X(A) and
(27%K (2, a))jez € 19(Z).

This last condition is equivalent to t — t=?K(t,a) € L{.
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The K-method

The K-operator of interpolation is defined for t > 0 and a € ¥(A)
by
K(t, a) = inf{HaoHAo + tHalﬂAl ra=ap+ 31}.

If € (0,1) and g € [1, 00], then a belongs to the interpolation

space Ky 4(Ao, A1) if a € X(A) and
(27 K(2,a))jez € 19(Z).

This last condition is equivalent to t — t=?K(t,a) € L{.
For example, B; , = Ku q(H5, Hp) for s = (1 — o)t + aw.
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The K-method

Let ¢ € B and g € [1,00], we let Ky 4(A) denote the space of all
a € Y(A) such that

lallo gk = /0 (e <o

holds.
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The K-method

Let ¢ € B and g € [1,00], we let Ky 4(A) denote the space of all

a € ¥(A) such that

> dt
Jalloan = [ (Grsklea)sS <o

holds.

Ks.q is an exact interpolation functor of exponent ¢ € B on the
category .#". Moreover, we have

K(t,a) < Co(t) l|allg,q,k-
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Kyp(Ao, A1)

AOo\ /IIQAl

K¢27P(A0> Al)

Ao A

Ag— Kopldod) .y

Koz,p(AOa Al)

AOe ‘Al

Figure: Differents interpolation spaces where for example
d1(t) = tlog(1/t), da(t) = t*xj0.1] + t7X]1,00[ and
(]53(1’) = (taX]071] + tﬁ)(]l)oo[) |Og(1/1.').
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The K-method

Given ¢,v € B and g € [1, 0], a belongs to the generalized
interpolation space [Ao, Al]Zs o if @€ Ao+ Ap and

ol arg,, = 606 T K((8), )]s < 0.

Proposition

If ¢, € B and q € [1, 0], then a belongs to [Ao,Al]; q if and
only if Yy, (ﬁK(y(zf), a))? < occ.
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The K-method

Given ¢,v € B and g € [1, 0], a belongs to the generalized
interpolation space [Ao, Al]Zs o if @€ Ao+ Ap and

ol arg,, = 606 T K((8), )]s < 0.

Proposition

If ¢, € B and q € [1, 0], then a belongs to [Ao,Al]; q if and
only if Yy, (ﬁK(y(zf), a))? < occ.

\

Proposition

Let ¢,y € B and q € [1,00]; if b(y) > 0, then there exists £ € B/,
such that & ~ v and

[Ao, A1}, = Kpog—1,q(Ao, A1)

v
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The K-method

Let o be an admissible sequence and g € [1,]; a belongs to the
upper generalized interpolation space [Ao,Al]Qq if a € Ap+ Az and

o0
1 .
llalljao, A1, = Z ;K(?, a) < oo.
j=t "

In the same way, a belongs to the lower generalized interpolation
space [Ao, A1ly 4 if a € Ao + Ar and

)
||a||[AO7A1]X7m = ZUjK(2_J7 a) < 0.
=1
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The K-method

Let o be an admissible sequence and g € [1,]; a belongs to the
upper generalized interpolation space [Ao,Al]Qq if a € Ap+ Az and

o0
1 .
llallpao,Au1p., == Z ;K(?, a) < oco.
j=1

In the same way, a belongs to the lower generalized interpolation
space [Ao, A1ly 4 if a € Ao + Ar and

oo
||3||[A0,A1]XW7 = ZUJ’K(Q_J, a) < oo.
j=1

Proposition

Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

Kg,q(Ao. A1) = [Ao, A1ly o N [Ao, Al -
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Thank you for your attention !
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