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Words

Concept ‘ Examples

An alphabet (A.3) is a finite set of | {0,1}
letters (a. b, (... ).
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Words

Concept ‘ Examples
An alphabet (A.3) is a finite set of | {0,1}
letters (a. b, (... ).

A (finite) word (w,u,...) is a finite | £, 10, 010, 01001
sequence of letters. The set of finite
words on A is A*.

The length of a word w is |w|. le] =0,1010] =3
A bi-infinite word (x,y....) is an el- | ---011100.010- - -,
ement of A”Z “(010).(010)~
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Factors

A factor of a word is a finite consecutive subsequence.
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Factors
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Factors

A factor of a word is a finite consecutive subsequence.
The language of x, denoted L(x), is the set of factors of x.
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Examples:
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Factors

A factor of a word is a finite consecutive subsequence.
The language of x, denoted L(x), is the set of factors of x.

If w = uv, then uis a prefix of w and v is a suffix of w.

Examples:

g, 10 and are factors of 01
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Factors

A factor of a word is a finite consecutive subsequence.
The language of x, denoted L(x), is the set of factors of x.

If w = uv, then uis a prefix of w and v is a suffix of w.

Examples:
e, 10 and 010 are factors of 01001
e,0,1,00,01,10,11,... are in £(---011100.010---)
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Factors

A factor of a word is a finite consecutive subsequence.
The language of x, denoted L(x), is the set of factors of x.

If w = uv, then uis a prefix of w and v is a suffix of w.

Examples:
e, 10 and 010 are factors of 01001
e,0,1,00,01,10,11,... are in £(---011100.010---)

€ and are also prefixes of 01 and ¢ is a suffix
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Left and right extensions

---011100.010110101101 - - -
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Left and right extensions

--011100.010110101101 - - -
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Left and right extensions

--011100.010110101101 - - -

Let x € A% and w € L(x).

EL(w)={aec A|aw € L(x)}

Example:

EL(110) = {1,0}
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Left and right extensions

--011100.010110101101 - - -

Let x € A% and w € L(x).

Et(w)={ac A|aw e L(x)}, ER(w)={be A|wbe L(x)},

Example:

E(110) = {1,0}, ER(110) = {0,1},
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Left and right extensions

--011100.010110101101 - - -
Let x € A% and w € L(x).
Et(w)={ac A|aw e L(x)}, ER(w)={be A|wbe L(x)},

E.(w) = {(a,b) € E-(w) x ER(w) | awb € L£(x)}

Example:

E(110) = {1,0}, ER(110) = {0,1},
E(110) D {(1,0),(0,1)}
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Extension graph

The extension graph of w € L(x) is the bipartite graph Ex(w) with
vertices EL(w) L ER(w) and edges E,(w).

Example:
“(010).(010)“

&(e) £(0)

0v000
o v o o
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Dendric words

A word w € L(x) is dendric (in x) if E(w) is a tree.
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Dendric words
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A bi-infinite word x is dendric if all its factors are dendric.

A bi-infinite word x is eventually dendric if all its long enough
factors are dendric.
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Dendric words

A word w € L(x) is dendric (in x) if E(w) is a tree.

A bi-infinite word x is dendric if all its factors are dendric.

A bi-infinite word x is eventually dendric if all its long enough
factors are dendric.

Examples:

The words ---011100.010110101101 - - - and “(010).(010)“ are not
dendric.

But “(010).(010)% is eventually dendric.
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First restriction

For the empty word:
left extensions = all the letters
right extensions = all the letters

bi-extensions = the factors of length 2
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First restriction

For the empty word:
left extensions = all the letters = left vertices in £(¢)
right extensions = all the letters = right vertices in £(¢)

bi-extensions = the factors of length 2 = edges in £(¢)
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First restriction

For the empty word:
left extensions = all the letters = left vertices in £(¢)
right extensions = all the letters = right vertices in £(¢)
bi-extensions = the factors of length 2 = edges in £(¢)

So if € is dendric,
H(L(x)NA)=2x #A -1
or, in other words,

#(L0x) N A%) = #(L(x) NAY) = #(L(x) N AY) = #(L(x) N A).
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Factor complexity

The factor complexity of x € A% is the function

px(n) : N =N, n— #(L(x)N.A").
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Factor complexity

The factor complexity of x € A% is the function

px(n) : N =N, n— #(L(x)N.A").

If x € A% is dendric, then
px(n) = (#A—1)n+ 1.
Ifx e AZ js eventually dendric, then, for all large enough n,

px(n) = Sn+ C.
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Definition

A morphism is a monoid morphism o : A* — B*, i.e. for any
u,v e A,
o(uv) = o(u)o(v).
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Definition

A morphism is a monoid morphism o : A* — B*, i.e. for any

u,v e A,
o(uv) = o(u)o(v).
Example:
0 +— 001
0:{0,1,2}* — {0,1}*, <1+ 10
2—0
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Definition

A morphism is a monoid morphism o : A* — B*, i.e. for any
u,v e A,
o(uv) = o(u)o(v).

Example:

0 +— 001
0:{0,1,2}* — {0,1}*, <1+ 10
2.0 o(+-1.20---)=---10.0001- -

o(021) = 001 0 10
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Definition

A morphism is a monoid morphism o : A* — B*, i.e. for any
u,v e A,
o(uv) = o(u)o(v).

Example:

0 +— 001
0:{0,1,2}* — {0,1}*, <1+ 10
2.0 o(+-1.20---)=---10.0001- -

o(021) = 001 0 10

Assumptions: the image alphabet is minimal and the morphism
is non erasing.
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Questions

If x is (eventually) dendric, what can we say about o(x)?
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Questions

If x is (eventually) dendric, what can we say about o(x)?

If x is dendric, what can we say about the factor complexity
of o(x)?
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Questions

If x is (eventually) dendric, what can we say about o(x)?

If x is dendric, what can we say about the factor complexity
of o(x)?

If x is dendric, what can we say about the factor
complexity of o(x)?

If x is dendric, under what conditions is o(x) dendric?
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Factor complexity
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Intuition

0+ 001
c:<1~10
2—0

France Gheeraert

...2.001210...

o(x): ...0.00100110010001...
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Intuition

0+ 001
c:<1~10
2—0

France Gheeraert

...2.001210...

o(x): ...0.

Dendric words and morphisms

0110010001...
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Intuition

0 — 001 ...2.001210...
09110 0 01 10 0 10 001
2150 7090

0010 appears in
o(00) after O letter
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Intuition

0+ 001 ...2.001210. ..
o:y1—10 0.001 001 1 001
5030 o‘(X). R VR

0010 appears in
o(00) after O letter
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Intuition

0~ 001 ...2.001210...
c:41—10 .
20 o(x): ...0.0010011
0010 appears in
o(00) after O letter
o(121) after 1 letter
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Intuition

0+ 001 ...2.001210. ..
c:¢1—10
o(x): ...0.001 001100 10 001...
2—=0

0010 appears in
o(00) after O letter
o(121) after 1 letter
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Definition

A covering of u € B" is a pair (w, k) € L(x) X Z>g where
U= 0(W)[ks1,k4+n and w is minimal, i.e.

k+1<|o(w)| and k+"2!0(W[1,|w\[)\+1
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Definition

A covering of u € B" is a pair (w, k) € L(x) X Z>g where
u = o(W)[ks1,k+n and w is minimal, i.e.

k+1<|o(w)| and k+"2\U(W[1,|w\[)\+1

If the set of coverings of words of length n is denoted C ,(n), we
have

po(x)(n) < #Cxo(n).
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Link between C, ,(n) and G, ,(n+ 1)

0+ 001 x: ...2.001210...
7yt 1o 0.001 001 10 0 10 001
910 o(x): ...0.

France Gheeraert Dendric words and morphisms Seminar in Palermo 14 / 1



Link between C, ,(n) and G, ,(n+ 1)

0+ 001 X: ...2.001210...
7yt 1o 0 0110 0 10 001
910 o(x): ...0.

(00,0) is a covering of 0010
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Link between C, ,(n) and G, ,(n+ 1)

0+ 001 X: ...2.001210...
7yt 1o 0 110 0 10 001
910 o(x): ...0.

(00,0) is a covering of 0010 and of 00100
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Link between C, ,(n) and G, ,(n+ 1)

0+ 001 x: ...2.001210...
A Rt 0.001 001 1 001
25 0 o(x): ...0.

(00,0) is a covering of 0010 and of 00100
(121,1) is a covering of 0010 but (121,1) ¢ C, »(5)
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Link between C, ,(n) and G, ,(n+ 1)

0+ 001 X ...2.001210...
7yt 1o 0.001 001 1 01
910 o(x): ...0.

(00,0) is a covering of 0010 and of 00100
(121,1) is a covering of 0010 but (121,1) ¢ C, »(5)
(1210,1) is a covering of 00100
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Link between C, ,(n) and G, ,(n+ 1)

0+ 001 x: ...2.001210...
7yt 1o 0.001 001 10 0 10 001
910 o(x): ...0.

(00,0) is a covering of 0010 and of 00100
(121,1) is a covering of 0010 but (121,1) ¢ C, »(5)
(1210,1) is a covering of 00100

We have

#Ceo(n+1) = #Ceo(n) = > (#EF(w)—1)

weW,

where W, = {w € L(x) | [o(wp,|uw))] < n < |o(w)]}.
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Number of coverings

If x € A is eventually dendric, then there exists C € 7 such
that, for all n large enough,

#Cy 5(n) = px(n) + C.
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Number of coverings

If x € A is eventually dendric, then there exists C € 7 such
that, for all n large enough,

#Cx,a(n) — Px(”) + C.
If x € A% is dendric, then, for all n > 1,

#Ceo(n) =D lo(a)] +(#A-1)(n—1).

acA
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Factor complexity and alphabet sizes

If x is eventually dendric and o is non-erasing, then

pg(x)(”) < pX(n) +C

for some C € N.

France Gheeraert Dendric words and morphisms Seminar in Palermo 16 / 1



Factor complexity and alphabet sizes

If x is eventually dendric and o is non-erasing, then

pg(x)(”) < pX(n) +C

for some C € N.

If x € AZ and o(x) € B% are dendric, then #B < #A.
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Preserving dendricity
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Unary alphabets

Let o : A* — B* be a morphism and x € A%,
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Unary alphabets

Let o : A* — B* be a morphism and x € A%,

If B ={a}, then o(x) = “a.a"
— always dendric
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Unary alphabets

Let o : A* — B* be a morphism and x € A%,

If B ={a}, then o(x) = “a.a"

— always dendric

If A= {a} and o(a) = v, then o(x) = “v.v¥
— dendric iff #8 =1
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Unary alphabets

Let o : A* — B* be a morphism and x € A%,
If B ={a}, then o(x) = “a.a"
— always dendric
If A= {a} and o(a) = v, then o(x) = “v.v¥
— dendric iff #8 =1

From now on, we assume that the alphabets are of size at least 2.
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Definition

In general, it is difficult to know if o(x) is dendric, even if we know
that x is dendric.

A morphism o : A* — B* is dendric preserving if, for all dendric

x € A%, o(x) is dendric.

What are the dendric preserving morphisms?
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Bijective codings

ar— b

o:{a,b,c}* — {b,0,1}", b—0
c—1

Ex(ba) Ex(x)(0b)
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Arnoux-Rauzy morphisms

The Arnoux-Rauzy morphisms are defined by

L |l g |l— 1
Qg - . Qy - .
a—~fa ifa#/t a—al ifa#/t

for any letter £.
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Arnoux-Rauzy morphisms

The Arnoux-Rauzy morphisms are defined by

L |l g |l— 1
Qg - . Qy - .
a—~fa ifa#/t a—al ifa#/t

for any letter £.
Sx(ba) Eaé(x)(ﬂbﬁaﬁ)

OO0, &f /
O, @
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Arnoux-Rauzy morphisms

The Arnoux-Rauzy morphisms are defined by

L |e—=t R L=t
Qyp ! . Qp
a—~fa ifa#/t ar— al

for any letter £.
5%@ (£blal

Ex(ba) (x) (£bal)
OO0 & /
O, 0
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First result

If o is a bijective coding or an Arnoux-Rauzy morphism, then x is
dendric if and only if o(x) is dendric.
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First result

Ifois a bijective codings and Arnoux-Rauzy
morphisms, then x is dendric if and only if o(x) is dendric.
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First result

If o is a composition of bijective codings and Arnoux-Rauzy
morphisms, then x is dendric if and only if o(x) is dendric.

If o is as above, for any morphism T, T is dendric preserving if and
only if o o T is dendric preserving.
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Properties of bijective codings and AR morphisms

a—~ b ar a ar— ab
c:<b—0 o:{bw— ab oc:<{b—b
c—1 ¢+ ac c—ch
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Properties of bijective codings and AR morphisms

a— b ar— ar— ab
oc:<b—0 og:< b ab oc:{b—b
c—1 CH ac c—cb
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Properties of bijective codings and AR morphisms

a—b ar— ar— ab
oc:4b—0 o:{b— ab oc:<b—b
c—1 crH ac c—cbh
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Properties of bijective codings and AR morphisms

a—b ar aa ar— ab
oc:4b—0 o:<{ b aba oc:<b—b
c—1 crH aca c—cbh

If py is the longuest common prefix of all o(¢)p,, £ € A, then the
letters that follow it in o(¢)p, are different for all ¢.
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Properties of bijective codings and AR morphisms

a—~ b ar a ar— ab
c:<b—0 o:{bw— ab oc:<{b—b
c—1 ¢+ ac c—ch

If ps is the longuest common prefix of all o(¢)p,, £ € A, then the
letters that follow it in o(¢)p, are different for all £.

We have a similar result with suffixes.
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First result on dendric preserving morphisms

If o : A* — B* is dendric preserving, for each a € A, the letter b
such that p,b is a prefix of o(a)p, is different.

If o : A* — B* is dendric preserving, then #A = #B.

We have a similar result with suffixes.
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Induction on |s,p, |

If o is dendric preserving and s,p, = €, then o is a bijective coding.

If o is dendric preserving and |s,p,| > 0, then there exists a
morphism 7 such that o € {ak oT,alf o7} and |s;p| < |s,ps|.
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Induction on |s,p, |

If o is dendric preserving and s,p, = €, then o is a bijective coding.

If o is dendric preserving and |s,p,| > 0, then there exists a
morphism 7 such that o € {ak oT,alf o7} and |s;p| < |s,ps|.

Ideas of the proofs:
If it is not the case, we can build dendric words whose images are
not dendric.
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Characterization of dendric preserving morphisms

A morphism is dendric preserving if and only if
the image alphabet is of size 1

or it is, up to a bijective coding, in the monoid generated by
the Arnoux-Rauzy morphisms.
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Conclusion
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Open questions

Can we characterize when the image of a dendric word x
under a morphism ¢ is dendric?

Is the image of an eventually dendric word always eventually
dendric?
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Thank you for your attention!
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