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For space missions involving atmospheric entry, a thermal protection system is essential to shield the spacecraft and
its payload from the severe aerothermal loads. Carbon/phenolic composite materials have gained renewed interest to
serve as ablative thermal protection materials (TPMs). New experimental data relevant to the pyrolytic decomposition
of the phenolic resin used in such carbon/phenolic composite TPMs have recently been published in the literature. In
this paper, we infer from these new experimental data an uncertainty-quantified pyrolysis model. We adopt a Bayesian
probabilistic approach to account for uncertainties in the model identification. We use an approximate likelihood func-
tion involving a weighted distance between the model predictions and the time-dependent experimental data. To sample
from the posterior, we use a gradient-informed Markov chain Monte Carlo method, namely, a method based on an Itô
stochastic differential equation, with an adaptive selection of the numerical parameters. To select the decomposition
mechanisms to be represented in the pyrolysis model, we proceed by progressively increasing the complexity of the py-
rolysis model until a satisfactory fit to the data is ultimately obtained. The pyrolysis model thus obtained involves six
reactions and has 48 parameters. We demonstrate the use of the identified pyrolysis model in a numerical simulation
of heat-shield surface recession in a Martian entry.

KEY WORDS: Bayesian inference, chemical kinetics, carbon/phenolic composite, Markov chain Monte
Carlo, Itô stochastic differential equation, thermal protection system

1. INTRODUCTION

Ablative porous thermal protection materials (TPMs) are used in heat shields for atmospheric entries of spacecraft.
Low-density carbon/phenolic composite materials, such as the Phenolic Impregnated Carbon Ablator (PICA) mate-
rial, have gained renewed interest to serve as ablative TPMs [1–6]. These carbon/phenolic composite materials can
accommodate the high heating rates and heat loads encountered during the entry, at hypersonic velocities, by absorb-
ing part of the incoming heat through physico-chemical transformations [7]. One of the main endothermic processes
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is the pyrolysis of the phenolic compound, whereby volatile products are released and a carbonaceous residue is left
on the carbon fibers.

New experimental studies have recently been reported relevant to the pyrolytic decomposition of the phenolic
resin used in carbon/phenolic composites, namely, in Wong et al. [8] and Torres-Herrador et al. [9], under several
isothermal conditions, and in Bessire et al. [10] for linearly increasing temperatures. In these experimental studies,
the mass of a sample is monitored as a function of temperature either by using thermogravimetric analysis (TGA) or
by collecting the volatile decomposition products by means of a mass spectrometer (in [8]) or gas chromatography
(in [10] and [9]).

The objective of this paper is to infer from the new experimental data of Bessire et al. [10] an uncertainty-
quantified pyrolysis model. The class of pyrolysis models that we adopt is the class of multi-component single-step
models [11,12], which represent the decomposition mechanisms in terms of a system of chemical kinetic equations
with reaction rates that obey an Arrhenius-like generic model. In previous work by Torres-Herrador et al. [13], the
new experimental data of Bessire et al. [10] have already been used to estimate parameters of such a multi-component
single-step pyrolysis model, but the model identification was formulated as a deterministic inverse problem in [13],
and an estimation of associated uncertainties is thus still required.

There have been several efforts to infer kinetic parameters of Arrhenius-like chemical reaction models from ex-
perimental data with a probabilistic approach, especially for combustion applications; see, for instance, [14–17]. In-
vestigations of pyrolysis experiments by using Bayesian inference have been performed for high-impact polystyrene,
bisphenol-A polycarbonate, and polyvinyl chloride at two different heating rates for fire applications in [18]. In re-
cent work, Torres-Herrador et al. [19] have presented a probabilistic parameter inference for the decomposition of the
PICA material, but the focus of the research in [19] was on establishing the relevance of accounting for competitive
mechanisms in the pyrolysis model.

Several factors make it challenging to formulate in a probabilistic setting the identification of a multi-component
single-step model with Arrhenius-like reaction rates from the new experimental data of Bessire et al. [10]. Notably,
the experimental data are subject to measurement uncertainty and sample variability, but Bessire et al. [10] pro-
vide only a limited characterization of these sources of uncertainty: they repeated their experimental study a small
number of times (three or five) under nominally identical conditions and then used the differences in the observed
species productions between the repeated experimental runs to deduce error bars for the experimental data. In ad-
dition, significant modeling errors can be expected to be present: significant physical mechanisms responsible for
species production in the experiment can be expected to be either unmodeled or represented imperfectly in the multi-
component single-step model with Arrhenius-like reaction rates. For example, in the initial stage of the experiment,
physical mechanisms other than pyrolysis, such as outgassing of gases like water that had been absorbed by the sam-
ple, may cause significant species production. Furthermore, expressing the reaction rates with Arrhenius laws may
imperfectly represent the physical behavior. Because of the lack of knowledge of the measurement uncertainty and
sample variability and because of the likely presence of significant modeling errors, the model identification cannot
be readily formulated as a standard problem of Bayesian statistical inference of a deterministic model augmented
with a stochastic representation of experimental noise.

To account for modeling errors in model identification, there exist approaches that seek to incorporate a repre-
sentation of the model discrepancy explicitly into the model, such as by incorporating additional stochastic terms into
the governing equations [20,21]. However, such approaches significantly modify the model: they convert a model in
the form of a system of differential equations into a stochastic model in the form of a system of stochastic differential
equations. It is then this stochastic model that is identified from the data. In the application that we study, the pur-
pose of the identified pyrolysis model is to serve in material response codes for numerical simulations of heat-shield
recession during atmospheric entries. Such approaches would thus require the identified stochastic pyrolysis model,
with the additional stochastic terms inherent to it, to be implemented within such numerical tools, thus turning these
numerical simulations themselves into stochastic simulations.

In this work, we adopt an alternative approach whereby we keep the structure of the pyrolysis model unchanged
(we do not introduce additional stochastic terms) and we seek instead to incorporate a representation of the uncertain-
ties into the model parameters. We formulate the model identification as a Bayesian probabilistic inverse problem, in
which we use an approximate likelihood function involving a weighted distance between the model predictions and
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the experimental data. This formulation provides a probability distribution over the model parameters, the posterior,
which assigns higher probabilities to parameter values that correspond to predictions that better fit the experimental
data. We introduce a free parameter in this approximate likelihood function that allows us to control how significantly
the probability of parameter values is penalized in proportion to the misfit between the corresponding predictions
and the experimental data. This approach allows the free parameter to be tuned to seek to introduce into the model
parameters an amount of uncertainty that can serve as an overall representation of the impact of various sources of
uncertainty, including measurement uncertainty, sample variability, and modeling errors. In this work, we rely on an
ad hoc, visual, criterion to tune the free parameter.

The number of model parameters of the pyrolysis model is high, and the posterior exhibits strong dependencies,
so that sampling from the posterior is challenging. Notably, pre-exponential factors and activation energies involved in
Arrhenius laws exhibit significant dependencies because of their complementary role in the expression of Arrhenius’s
law. This high correlation is called the kinetic compensation effect and has already been observed in numerous kinetics
studies [18,19,22,23] (also in deterministic inference, see, for instance, [24,25]). Bruns [18] and Najm [14] applied
adaptive random-walk Metropolis–Hastings algorithms, with a reparameterization of the pre-exponential factor using
a logarithmic change of variables, to sample efficiently from posteriors over parameters of Arrhenius laws. In this
work, we use a gradient-informed Markov chain Monte Carlo method, namely, a method based on an Itô stochastic
differential equation [26–28]. This method, at least in the variant used in this paper, requires an estimate of the
covariance matrix of the posterior, which we propose to learn adaptively from previous samples in the chain, similarly
to adaptive Metropolis–Hastings algorithms.

Because we do not introduce additional stochastic terms in the pyrolysis model, our approach allows the iden-
tified pyrolysis model to be used in material response codes for numerical simulations of heat-shield recession in
atmospheric entries without requiring stochasticity to be implemented explicitly inside these codes. Notably, our
approach allows the uncertainties associated with the identified pyrolysis model to be propagated through such a nu-
merical simulation of heat-shield recession in an atmospheric entry by using a Monte Carlo approach implemented
as a wrapper around the code. The deterministic pyrolysis model is thereby implemented inside a material response
code, which is then run for multiple values of the model parameters drawn from the posterior. At the end of this paper,
we demonstrate such a use of the identified pyrolysis model in a numerical simulation of heat-shield surface recession
during a Martian entry.

This paper is organized as follows. In Section 3, the experiments and the multi-component single-step model with
Arrhenius-like reaction rates are first reviewed. In Section 4, the Bayesian probabilistic formulation, the expression
for the distance in the approximate likelihood function, and the choice of the weights are described. The gradient-
informed algorithm is then presented in Section 5, along with the adaptive method used to approximate the covariance
matrix. Next, in Section 6, numerical results are provided, including a study of computational aspects and efficiency
of the employed adaptive sampling algorithm. In Section 6, the results from the inference are also used as input
uncertainty for an uncertainty propagation through a numerical simulation of the impact on the recession of the
surface of an ablating TPS during an atmospheric entry on Mars.

2. SYSTEM OF NOTATION

The system of notation in this work is inspired from the tensorial notation from Kolda and Bader [29]. Vectors (tensors
of order one) are denoted by boldface lowercase letters, e.g.,a. Matrices (tensors of order two) are denoted by capital
letters, e.g.,A. Higher-order tensors are denoted by boldface Euler script letters, e.g.,W . Scalars are denoted by
lowercase letters, e.g.,a. Theith entry of a vectora is denoted byai, the element(i, j) of a matrixA is denoted by
aij , the element(i, j, k) of the third-order tensorW is denotedwijk, etc. Subarrays are formed when a subset of the
indices is fixed and we use a colon to denote all elements of the fixed dimension. For instance,ai: refers to theith
row of the matrixA anda:j refers to thejth column ofA.

3. PYROLYSIS EXPERIMENTS AND MODELING

The materials considered in this study are composites made up of short carbon fibers infused with a phenolic resin
that are used in the thermal protection system of spacecraft. In particular, we consider the phenolic-impregnated
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carbon ablator (PICA) that has been successfully used in previous space missions for its excellent thermal protection
performance [2,30].

Studies on ablative materials date back to the 60’s with the development of early material response codes [31,32]
based on the experiments of Sykes [33] and Goldstein [34]. Several experiments have been carried out more recently
to get new insight into the pyrolysis of the resin [8,10,35–38] and improve models for numerical solvers. Among the
experimental studies on the pyrolysis of TPMs, the pyrolysis experiments of Bessire and Minton [10] on the PICA
material provide a measure of both the mass loss and the species production. The measurement of the species that
are produced during the pyrolysis allows us to have a better idea of the finite-rate chemical reactions and in which
proportion they occur, which could ultimately help identifying the underlying decomposition mechanisms occurring
within the material.

In this section, the pyrolysis experiments carried out in Bessire and Minton [10] are first described and the
choice of the data used in this work is motivated. The model and the system of ordinary differential equations that
characterize the pyrolysis are then summarized in Section 3.2.

3.1 Pyrolysis Experiments

The heating rates encountered during an actual re-entry application largely vary within the heat shield. In addition,
they may be significantly higher than current ground-testing techniques. In the experiments of Bessire et al. [10], the
pyrolysis of a0.441 g PICA sample was performed at significantly different heating-rate values, namely 186, 366,
762, and 1500 K min−1. In these experiments, the PICA sample is heated from 375 to 1400 K in a vacuum chamber
by means of an electrical current that passes through the sample.In situ measurements of PICA pyrolysis product
yields are performed using mass spectrometry, which provides the product yields of 14 gaseous species as a function
of the material temperature.

The experimental results at the heating rate of 366 K min−1for the mass loss and the yield of gaseous species
are shown in Fig. 1. Thex axis represents the temperature measured inside the material, which is here a function of
time asT (t) = βt for t0 < t < tend, whereβ denotes the heating rate in K min−1.

We formalize the results of the experiments as follows. We denote bynr the number repetitions of the experiment.
The data are acquired at given time values that depend on the acquisition frequency, which is fixed by the experimental
device, and results innt data points for each observation (for instance, atβ = 366 K min−1, nt = 69, see Fig. 1).
The different experimental observations (species, mass loss) as a function of time, or temperature, withnobs the total
number of experimental observations, can be specified in a third-order tensor of observationsYobs of dimensions
nobs× nt × nr. The correspondingkth matrix of observations is thus denoted

Y obs
::k =




yobs
11k yobs

12k · · · yobs
1ntk

yobs
21k yobs

22k · · · yobs
2ntk

...
...

...
...

yobs
nobs1k yobs

nobs2k · · · yobs
nobsntk


, (1)

with 1≤ k ≤ nr. In particular, in Bessire and Minton [10], the experiments were repeated three times (nr = 3) and a
mean and a standard deviation as a function of temperature were estimated for each observation (see Fig. 1):

yobs
ij =

1
nr

nr∑

k=1

yobs
ijk, (2)

s2
ij =

1
nr − 1

nr∑

k=1

(yobs
ijk − yobs

ij )2. (3)

with Y
obs

the matrix of mean observations andS the matrix of the standard deviations of the observations.
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FIG. 1: Total mass loss and the 14 mass yields at a heating rate of 366 K min−1 from the experiments of [10]. The markers
are the estimated means [Eq. (2)] and the error bars represent the empirical standard deviations [Eq. (3)]. (a) Total mass loss, (b)
permanent gases and water, (c) phenol and derivatives, and CO2, and (d) alcohol and aromatics.

3.2 Multi-Component Single-Step Pyrolysis Model

Multi-component single-step pyrolysis models are widely used for the modeling of the pyrolysis of thermal protection
materials and are implemented in most state-of-the-art material response codes [39]. The global pyrolysis reaction
mechanism is typically encapsulated within phenomenologically coherent steps describing the elementary unknown
processes that are responsible for the production peaks observed in Fig. 1. Multiple advancement of reaction factors
0 ≤ αi ≤ 1 are defined, where1 ≤ i ≤ Np indexes independent pyrolysis reactions occurring in parallel andNp is
the number of pyrolysis decomposition processes present in the solid resin (or the number of reactants, or the number
of steps). The evolution of the advancement of reaction factors is given by the expression

dαi

dt
(t) = Ai exp

{ −Ei

RT (t)

}
(1− αi(t))ri , 1≤ i ≤ Np, (4)

whereR = 8.3145(J K−1 mol−1) is the universal gas constant,Ai (s−1) is the pre-exponential factor,Ei (J mol−1)
is the activation energy, andri is the reaction order for theith reactant. The total mass of the sample as a function of
time can be linked to the advancement of reaction factors as

m(t) = m0 −m0

Np∑

i=1

Fiαi(t), (5)

wherem0 is the initial mass of the sample andFi is the mass fraction of theith reaction, which is the ratio of the
initial mass that is converted into gas during the pyrolysis process due to theith reaction.
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The production of an observed gaseous species1≤ j ≤ nG is obtained from the derivative of the mass loss as

νj(t) = m0

Np∑

i=1

γij
dαi

dt
(t), (6)

whereγij is the mass fraction of speciesj produced from reactioni. The massm as a function of time and the mass
fractionsFi can then be retrieved by assuming that all the sample mass loss is converted into gas such that we can
write m(t) = m0 −

∑nG
j=1

∫ t

0 νj(s)ds, which results in
∑nG

j=1 γij = Fi.
The vector of unknown parameters, or the vector of the calibration parameters, is denotedm = {Ai, Ei, ri, γij ,

0≤ i ≤ Np, 1≤ j ≤ nG}. The number of unknowns in the inference problem, denotednu, can be high due to the
introduction of theγij , up to nu = (3 + nG)Np. In order to reduce the number of unknowns, we can proceed
by inspection of the pyrolysis mechanism from the experimental curves and set to zero theγij that are thought
not to contribute to the production of speciesj due to reactioni. We denote byIi,G the subset of indexes from
1 ≤ j ≤ nG corresponding to the values ofγij that participate to the production of speciesj from reactioni, and
IG = {Ii,G , 0≤ i ≤ Np}. The number of unknowns is thereforenu = 3Np + |IG | ≤ (3 + nG)Np.

When the temperature is a linear function of time (constant heating rate), an analytical solution can be found
for the multi-component single-step pyrolysis model [Eq. (6)] and its gradients [12]. We will use the analytical
expressions in the gradient-informed sampling method which will significantly speed up the computational time
taken by each evaluation of the model and its gradients and avoid discretization errors in the solution of the system of
ODEs.

One issue of the present multi-component single-step pyrolysis model is that it is suitable only to heating rates
close to which the parameters are calibrated. An other model with the calibration of its parameters might be needed to
describe the decomposition at other heating rates. To include in a single model multiple heating rates, a more general
pyrolysis model that takes into account competitive reactions and successive dependent steps was presented in [19]
for aerospace applications. The uncertainty quantification methodology proposed next can be readily extended to the
inference using the competitive mechanisms, at the cost of a more expensive computation of the solution and its
gradients as there is no analytical expression of the solution available in this case.

3.3 Model Representation

Letg(·,m) : R+ → Rnobs be the time-dependent solution to the computational model representing the dynamic phys-
ical process, with the vector of model outputsg(·, m) = (g1(·,m), g2(·, m), · · · , gnobs(·,m)) with values inRnobs,
provided the model parametersm ∈ Rnu. The value predicted by the model for a given observable indexed byi,
1≤ i ≤ nobs, at timet = tj , 1≤ j ≤ nt, is denoted by

dij = gij(m) = gi(tj ,m). (7)

The different observables can be the different species produced by the pyrolysis reaction, e.g.,nobs = nG . We
refer, for instance, to Torres-Herrador et al. [19] for an example where the observable is the derivative of the mass
loss, or Bruns [18] where the observable is the mass loss. The choice here to use the individual species production is
because we expect that it provides more information on the different reaction steps and the reaction mechanisms.

4. BAYESIAN APPROACH TO INVERSE PROBLEM FOR PARAMETER CALIBRATION

We adopt a Bayesian approach to inverse problems in which the solution to the inverse problem is the probability
distribution of the unknown parametersm given the value of the experimental observationsYobs with the following
density:

π(m|Yobs) ∝ exp
(−Φ

(Yobs, G(m)
))

π0(m), (8)

where the symbol∝ is interpreted to mean “proportional up to a normalization factor independent ofm.” The ex-
ponential factor is an approximate likelihood function and depends on a potential functionΦ, or misfit function, that
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seeks to gauge the goodness of fit between the actual observations and the model output. The matrixG represents the
error-free matrix of observations that corresponds to the quantities defined in Eq. (7). The second factorπ0 : Rnu →
R+ is the prior and acts as a regularization that can incorporate any prior knowledge about the parametersm.

4.1 Prior Density Function

The only prior knowledge we have about the parameters is thatAi, Ei, andri are positive and the mass fractionsγij

are bounded between 0 and 1. We choose the following prior:

π0(m) =
Np∏

i=1

1R+(Ai)1[LEi
,UEi

](Ei)1]1,10](ri)
∏

j∈IG

1[0,1](γij), (9)

where1S is the indicator function ofS ⊆ R. The activation energy is strictly positive, but in the case where several
pyrolysis reactions are considered, the values ofEi are further limited to the bounded domain[LEi , UEi ] in order to
avoid the different pyrolysis reactions to mix together, which would make the potential function more complex to
explore. The maximum values forri are limited to 10, as higher values were not found in previous similar pyrolysis
models [13], and first-order reactions (ri = 1), for which the analytical solution is different, are not considered
here [12].

4.2 Choice of the Approximate Likelihood Function

In Eq. (8), the goodness of fit is through the approximate likelihood functionexp
(−Φ

(Yobs, G(m)
))

. We define the
potential function using the sum over all the observations of the squares of the weighted norms of the differences
between the model output and the observations, similarly to a weighted least-squares formulation in optimization,

Φ(Yobs, G(m)) =
1
2

nobs∑

i=1

φi

(
yobs

i: , gi:(m)
)

=
1
2

nobs∑

i=1

‖yobs
i: − gi:(m)‖2

W::i
, (10)

where‖x‖W = x>Wx denotes the weighted norm of a vectorx ∈ Rnt andW::i is theRnt×nt symmetric positive-
definite matrix of weights, formed from theith subarray of the third-order tensor of weightsW . If we assume further
that the weighting matricesW::i are diagonal, i.e.,wkji = 0, ∀k 6= j, 1 ≤ k ≤ nt, 1 ≤ j ≤ nt, then we arrive at the
following function for the likelihood

exp
(−Φ

(Yobs, G(m)
))

= exp


−1

2

nobs∑

i=1

nt∑

j=1

wjji

(
yobs

ij − gij(m)
)2


, (11)

whereyobs
ij is computed from Eq. (2).

In classical optimization problems, the weightswjji can be used to rescale the different physical quantities, or
they can be used to give more weight to certain data rather than other. Equal importance is specified withwjji = 1,
∀ i, j. In the Bayesian approach, larger values of the weights result in a posterior that is more concentrated around the
best-fit parameter values.

To choose the values of thewjji, we will introduce two normalizations. The first normalization takes into account
the observed dispersion [thesij in Eq. (3)] by choosing the weightswjji inversely proportional tos2

ij . The second nor-
malization takes into account the number of data acquired in the time seriesnt and is chosen proportional to(∆tj/tf),
wheretf is the total time span of the experiment and∆tj are the data acquisition time, and, for a constant acquisition
time, the ratio∆tj/tf = n−1

t . This second normalization prevents the sum in the exponential from becoming very
high if the number of data acquired is high, as in this case∆tj tends to0. The presence of this factor proportional to
the number of terms in the sum yields a posterior that is less dependent on the data acquisition frequency.

We setwij = ϑs−2
ij (∆tj/tf) with sij computed from Eq. (3) andϑ a free (tuning) parameter that must be chosen.

This choice finally leads to the following expression for the likelihood function:
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exp
(−Φ

(Yobs, G(m)
))

= exp


−1

2

nobs∑

i=1

nt∑

j=1

ϑ
∆tj
tf

(
yobs

ij − gij(m)
sij

)2

. (12)

The free parameterϑ controls all the weights at the same time and will influence the width of the resulting
posterior. Later in this work, we will rely on anad hoc, visual, criterion to tune the free parameter, so that we introduce
in the model parameters an amount of uncertainty that represents an overall impact of measurement uncertainty,
sample variability, and modeling errors.

5. MARKOV CHAIN MONTE CARLO METHOD

5.1 Algorithm Based on an It ô Stochastic Differential Equation

The gradient-informed MCMC algorithm considered is based on the solution of an Itô stochastic differential equation
(ISDE) [26–28]. The ISDE introduced by Soize [26] describes a dissipative Hamiltonian system characterized by its
positionq and momentump with a stochastic forcing term. Soize [27] and Arnst et al. [40,41] applied a generalized
version of the ISDE that takes into account the scales and correlations between the different parameters. The following
stochastic differential equation describes a damped second-order system with a stochastic excitation:

dQ = M−1P dt, (13)

dP = −∇qU(Q)dt− 1
2
f0P dt +

√
f0LMdW , (14)

whereM = LMLT
M is a symmetric, positive-definite matrix withLM the lower triangular matrix resulting from the

Cholesky decomposition,f0 is a free parameter ([41]) that controls the amplitude of the deterministic damping and
the stochastic forcing. We denote by{Q(t), t ≥ 0} and{P (t), t ≥ 0} two Rnu-valued stochastic processes indexed
byR+ and{W (t), t ≥ 0} theRnu-valued normalized Wiener process whose increment∆Wst = W (t) −W (s) is
anRnu-valued centered Gaussian random vector with covariance matrix(t− s)Inu. In the limit of zero damping, the
system is similar to a (deterministic) conservative Hamiltonian system with potential energyU(q) and kinetic energy
(1/2)pTM−1p.

Under regularity conditions regarding the potential functionU , the stationary density ofQ,P is independent of
the damping parameter and is given by

π(q,p) ∝ exp
(
−U(q)− pTM−1p

2

)
. (15)

By letting the position variableq be the variable of interestm and choosing a potential function that corresponds to
U(m) = − log(π(m|Yobs)), the marginal stationary density forQ will be exactly the distribution we wish to sample
from (here, the Bayesian posterior). The dynamics of the ISDE is not reversible due to the dissipative behavior of
the system and the accept-reject step from the Metropolis–Hastings cannot be applied. In order to limit the error
induced by the numerical discretization, the time stepτ will have to be chosen carefully. The numerical solution of
the stochastic irreversible (non-Hamiltonian) system is performed by applying the Störmer–Verlet scheme [28].

The implementation of the ISDE algorithm assumes that the support of the target pdf is the entire spaceRnu. It is
not directly applicable in the case of a bounded or semi-bounded parameter set as the algorithm may reach parameter
values where the potential is not defined. To avoid this, Soize [28] has proposed to use regularization or rejection
techniques. Here, we will use a change of variable as in Arnst et al. [40] that will map the original variables into a
transformed parameter space where the ISDE algorithm is applicable. We distinguish two cases. First, the case where
S is bounded from above and below withS = [Lb, Ub], we choose a change of variables of the following form:

m̃i = tan
{(

mi − Lb

Ub − Lb
− 1

2

)
π

}
. (16)

Second, in the case where the supportS is semi-infinite (the parameter is strictly positive), i.e.,mi is inR+
0 , we

apply a logarithmic change of measuremi 7→ log(mi) = m̃i fromR+
0 intoR.

International Journal for Uncertainty Quantification



Bayesian Identification of Pyrolysis Model Parameters 61

5.2 Change of Scales: Approximation of the Covariance

In Eq. (15), the momentum variable is a Gaussian random vector whose covariance matrix is the symmetric, positive-
definite matrixM ; thus, the linear transformationdQ/dt = M−1P is a Gaussian random vector with covariance
matrixM−1MM−T = M−T = M−1. Hence, the matrixM−1 ≡ C is the covariance matrix of the position variable
Q, and can be interpreted as a representation of the scales and correlations of the problem [40]. It is crucial for the
mixing and convergence of the Markov chain toward the posterior distribution to have a good approximation of this
covariance matrix.

For the tuning of the proposal in Metropolis–Hastings algorithms, Girolami and Calderhead [42] use a mech-
anism that learns the local structure of the log posterior distribution at the current state of the Markov chain for
two other gradient-informed sampling algorithms, namely the Metropolis-adjusted Langevin and the Hamiltonian
Monte Carlo algorithms. Law [43] uses proposals that include a local estimation of the value of the Hessian of the
sign-reversed logarithm of the posterior, which is representative of the local scales and correlations. However, this
position-dependent approach requires modifications to the differential equations of the dynamical system of the pro-
posal mechanism [40,42]. For the ISDE algorithm, references [40,41] use a fixed covariance approximationĈ based
on the value of the Hessian of the sign-reversed logarithm of the posterior at the maximum likelihood estimate. This
estimate of the covariance matrix can sometimes lack accuracy, for instance, if the Hessian is estimated at a param-
eter value that is far from the maximum likelihood value (because, for instance, we do not know it) and where the
approximation of the covariance may result in a matrix that is not positive-definite. To avoid this, the initial estimate
Ĉ can be set to the identity matrix,̂C = I (we do not provide any information about scales and correlations), or
we can also use the diagonal of the Hessian estimate that can be easily made positive-definite by taking the absolute
value of the diagonal elements (it represents only the local scales and not the correlations). Depending on the choice
of the covariance matrix estimation, the value for the time stepτ will have to be chosen carefully. The adaptation of
the parameters of the discretization scheme can also be performed [44,45], but this is not investigated here.

In order to have a more global estimation of the scales and correlations, which is also robust independently
of the covariance matrix estimate, we propose to use an adaptive procedure in order to refine the initial covariance
estimation. Adaptation of the covariance matrix for gradient-informed algorithms was already used in Atchadé [46]
and Marshall and Roberts [45] for the Metropolis-adjusted Langevin algorithm. Similarly, we use here an adaptive
procedure for the covariance matrix that we apply to the ISDE algorithm. The covariance matrix is estimated from
past sampled values, as in the adaptive Metropolis–Hastings from [47–51]. The adaptation starts after an initial burn-
in phase and the whole sample history is used in the covariance computation. The adaptation updates the proposal
covariance matrix based on previous iterates at given increments∆n. The covariance matrix is set initially tôC0

during the firstn0 iterations before being updated. We denote byn0 the iteration at which we start the adaptive
procedure and by∆nadaptthe period at which the covariance is adapted. The first adaptation is based on the covariance
estimation of then0 iterations. Then we apply a recursive formula for estimating the covariance as a function of each
iteration to avoid saving all the sample values [47]. Considering that we have just sampled a new valuemn+1 from
the posterior distribution with the covariance estimateĈn, we compute the new covariance matrix estimateĈn+1

using the(n + 2) samples as follows:

Ĉ ′n+1 =
n + 1
n + 2

Ĉ ′n +
1

n + 2

(
(n + 1)m̄nm̄T

n − (n + 2)m̄n+1m̄
T
n+1 + mn+1(mn+1)T

)
, (17)

m̄n+1 =
1

n + 2

(
(n + 1)m̄n + mn+1

)
, (18)

Ĉn+1 = sdĈ
′
n+1 + sdεInu, (19)

wheresd is an additional scaling parameter that depends only on the dimensionnu of the parameter space,ε > 0
is a correcting parameter andInu is thenu-dimensional identity matrix. The parametersd is used to improve the
acceptance rate in Metropolis–Hastings algorithms and it was shown in [52] that the optimal scaling for a Gaussian
distribution wassd = 2.382/nu. We also keep this parameter as we also observed that the posterior distribution
was sampled more efficiently using it. The correcting parameterε > 0 is used to ensure that the covariance matrix
estimate will not become singular, but it can be set to zero in practice [47].
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Since the update of the covariance matrix depends on previous iterations, adaptive algorithms are by essence non-
Markovian and the development of such algorithms requires to show that the chain has the correct ergodic properties
(converges toward the right distribution and is stationary) [47,48,53]. Such a proof for the ISDE is left as an interesting
direction for future work.

Instead, we discard the samples drawn during the adaptation phase. Once the adaptation phase has provided a
satisfactory estimation of the covariance matrix, we keep the latter fixed and the subsequent iterations will be used
for posterior estimations. The adaptive phase can be more or less long, depending on the initial approximation of
the covariance matrix, the parameters of the algorithms, and the time for the MCMC chain to learn from the whole
posterior density. We denote bynf the last iteration at which the covariance matrix is updated and before which the
samples are discarded for posterior estimations. The ISDE algorithm with an initial adaptive phase is presented in
Algorithm 1.

Algorithm 1: ISDE algorithm with an initial adaptive phase of the covariance matrix

1 Setτ, f0;

2 Initialize m0, Ĉ = Ĉ0;
3 while n < niterationsdo
4 Sample∆W n+1 ∼ N (0, τ);
5 Solve Eqs. (13)–(14) forQn+1, P n+1;
6 mn+1 = Qn+1;
7 Update covariance estimate from Eqs. (17)–(19);
8 if n ≥ n0 andn ≤ nf andmod(n, ∆nadapt) = 0 then
9 UpdateĈ = Ĉn+1;

10 end
11 end

5.3 Discussion on the Choice of the Sampling Algorithm

We investigated different sampling algorithms to explore efficiently the whole posterior, in particular, the RWMH,
HMC and ISDE, as well as the adaptation of covariance matrix and a reparameterization of the equations. The com-
parison of these methods is beyond the scope of this paper, but the results are documented in [54] and they are briefly
summarized below.

The comparison of the sampling of the posterior shows that a reparameterization based on the structure of the
equations is an efficient method to improve the convergence of the RWMH algorithm. However, this reparameteriza-
tion is particular to the present pyrolysis equations and requires the tuning of scaling factors, which can be challenging
in high dimensions where the number of scaling factors increases. Therefore, gradient-informed sampling algorithms
are used and it is showed that the adaptation of the covariance matrix based on the previous sample history improves
by far their convergence rate, and can even fail if not performed. The adaptation of the covariance matrix only for a
few iterations already improves significantly the convergence rate of both the HMC and ISDE, with similar perfor-
mances for the two methods. At higher dimensions, it was observed that in the present case the HMC algorithm failed
to converge if the reparameterization of the pyrolysis equations was not performed, whereas the ISDE algorithm
showed a better robustness in higher dimensions. In the case where the HMC algorithm is used with the reparameter-
ization based on the pyrolysis equations, it shows very good convergence properties, but as for the RWMH algorithm
the tuning of the scaling factors can be particularly tedious.

5.4 Computational Considerations

This adaptive version of ISDE is implemented within pybitup, an in-house solver written in python. A version is made
available on GitHub.†

†https://github.com/jcoheur/pybitup/tree/v1.1
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6. RESULTS

First, in Section 6.1, different sampling strategies are applied to a two-parameter pyrolysis model in order to compare
their efficiency, along with a discussion of the challenge of incorporating modeling errors. Then, in Section 6.2 we
perform the parameter calibration and uncertainty quantification on a pyrolysis model for the experiment presented
in Section 3.

6.1 Uncertainty Analysis for the Production of CH 4

We analyze the production of gaseous CH4 that can be mainly characterized by a single peak in the production curve
[Fig. 1 (top right)]. In order to feature the strong kinetic compensation effect that results in a posterior distribution
with large scales and correlations and a complex dependence structure, we consider two uncertain parameters that
are the pre-exponential factor and the activation energy, denoted byA andE , respectively. Furthermore, this two-
parameter model allows for the comparison of the results of the sampling methods with the direct evaluation of the
posterior distribution from formula Eq. (8) with prior from Eq. (9) and likelihood function from Eq. (12).

Prior to the analysis, we perform a regularization of the initial estimation of the standard deviationssj with
1 ≤ j ≤ nt (to simplify the notation, we omit the singlei index because we consider only CH4) which appear in the
weightsw−1

j . Some values of the standard deviations obtained from the experiments, denoted bys
(e)
j , have a zero

value where the production rate is zero, for instance, at the beginning or at the end of the pyrolysis process, and the
resulting weights are not defined properly. We thus apply the following regularization:

sj =

{
smin if s

(e)
j = 0,

s
(e)
j else,

with 1≤ j ≤ nt, (20)

wheresmin = minjs
(e)
j for 1≤ j ≤ nt with strictly positive values ofs(e)

j .

6.1.1 Further Modifications of the Weights

We assume first that the production rate for CH4 can be reasonably reproduced using a one-equation model that
simulates the single production peak. The initial parameter guess is obtained by manually tuning the parameters and
visual inspection of the simulated production rate. The two other parameters of the pyrolysis model, namelyγ and
r, are kept fixed to0.0011and4.96, respectively. From the experiments, the time interval between two acquisitions
is constant, hence, we have∆t/tf = n−1

t , and we setϑ = nt. The calibration is then performed using104 iterations
with the ISDE algorithm.

The evaluations of the one-equation model at the MCMC sample values are shown in Fig. 2(a). At every temper-
ature, the 2.5–97.5 percentile range [shaded area in Fig. 2(a)] is computed using all the model evaluations. It can be
seen that the resulting range misses the maximum of production rate and favors a good fitting of the extremities of the
curve, which is to us unwanted. This is due to a local maximum in the parameter posterior density that has a higher
density than the one at the parameter values that provides the good fitting around the maximum production peak. The
presence of this spurious local maximum in the posterior appears because of the high values of the weights at the
extremities of the curves [even if those values were already regularized in Eq. (20), the values of thesj are still low].
Any discrepancy of the simulated curve compared to the experimental data at these locations will have a significant
influence on the posterior compared to the other data close to the peak, to which lower values of weights are assigned.

In order to suppress this undesirable outcome, a first possibility is to relax the weights at the extremities of the
curves, that is, at low and high temperatures. Letsmax = maxjs

(e)
j for 1≤ j ≤ nt. In order to reduce the influence of

the small values of the weights that are away from the peak of maximum production, we assign

sj =

{
csmax if j s.t.s(e)

j ≤ csmax,

s
(e)
j else,

(21)
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FIG. 2: Influence of the weights on the calibration of the production rate of CH4 for the one-equation model with uncertain
parametersA andE . The shaded areas represent the region where 95% of the model evaluations lie and the error bars represent the
values of the inverse of the weights. If no relaxation of the weights is included (a), we need to increase the number of equations in
the model to better capture the maximum production peak. With the weights relaxed (b), a one-equation model is enough.

wherec is a constant that needs to be fixed. The constantc is a trade-off between providing flexibility to the model
by increasing the model error where it is expected to be present, and constraining the model to fit these values. The
experimental data with the relaxed weights withc = 0.2 and the resulting model evaluations for the104 samples
using the ISDE algorithm are shown in Fig. 2(b). The higher values of thes

(e)
j can be observed at both extremities of

the curve. As expected, the maximum production peak is now captured by the one-equation model.
A second possibility is to improve the overall fitting by using a more flexible model for the production of CH4.

From Fig. 2(a), a first increase in the production rate of CH4 can be observed around 575 K and a residual produc-
tion can be observed above 1000 K. Thus, two pyrolyis equations are added to the previous one-equation model to
improve the fitting in these temperature ranges. A manual tuning and a few pre-simulations are performed in order
to find the additional parameters introduced by the three-equation model, which are then fixed to the values that are
summarized in Table 1. The two parametersA2 andE2 (we will drop the indexes in the following) control the kinetics
of the second equation that is mainly responsible for the maximum production peak and are therefore considered
to be uncertain. Finally, the ISDE algorithm is run for104 iterations in order to inferA andE and the resulting
evaluations of the three-equation model are shown in Fig. 2(a). It can be seen that the three-equation model fits rea-
sonably the production of CH4 over the whole temperature range, which allows us to use the initial weights from
Fig. 2(a).

The choice of the model and the value of the weights have thus an important influence on the result of the
calibration of the model parameters. Because we mainly want to capture the main production peak, we will both
favor the choice of relaxing the weights and providing flexibility to the model, as it will be done in the example of
Section 6.2, where the model will feature more parameters.

TABLE 1: Nominal parameter values for the three-reaction pyrolysis model
for the production of CH4. The two uncertain parameters are the ones for
which the values are inferred

Reaction F log (A) E roi

(kJ mol–1)
1 0.000369 27.83 164.55 14.37
2 0.003789 Uncertain Uncertain 3.34
3 0.003593 27.83 284.722 67.37
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6.1.2 Influence of ϑ as a Parameter for Controlling the Posterior Uncertainty

Let us now consider the three-equation pyrolysis model with the two uncertain parametersA andE . The result of the
propagated samples obtained withϑ = nt was shown in Fig. 2(a) and the corresponding computation of the posterior
distribution is shown in Fig. 3. The evaluation of the posterior from Eq. (9) is evaluated on a uniform200× 200
logarithmic grid in order to improve the accuracy in the region of high probability density in the original parameter
set. As expected, we can observe a strong correlation betweenA andE emphasized by the large values they take
and a non-Gaussian shape of the posterior. Because of the difficulty of visualizing the whole posterior in the original
parameter set [Fig. 3(a)], the posterior is also shown on a log-log scale in Fig. 3(b).

The results forϑ = 2nt, ϑ = nt, andϑ = 0.8nt are shown in Fig. 4. As it can be seen on Fig. 4(b), the decrease
of ϑ results in a posterior that is wider and thus results in more uncertainty in the parameter values and reduces the
kinetic compensation effect betweenA andE . The 95% ranges for the model evaluations are therefore larger as seen
in Fig. 4(a) whenϑ decreases. The increase in the uncertainty whenϑ decreases is becauseϑ appears in the numerator
of the exponential term of the posterior.

As a summary, we observed that, increasing the value of theta decreases the parameter uncertainty and one can
expect that it will continue to do so by increasing further the value ofϑ. The presence of modeling error may also be
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FIG. 3: Bivariate posterior densities for the parametersA andE in the original parameter space (a) and logarithmic scales (b).
Fourteen density contours are shown with intensity represented on the colorbars on the right of each plot.
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FIG. 4: Influence of the parameterϑ on the result of the inference for the three-equation model with two uncertain parametersA
andE . The production rate of CH4 (a) and the 95% posterior density probability (b) for three different values ofϑ are shown. In
(a), the shaded areas represent regions where 95% of the model evaluations lie and the error bars represent the values of the inverse
of the weights. In (b), the inner part of the curves represents a region of parameter values within which 95% of the probability
density lies.
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partly responsible for the reduction of the uncertainty in the parameter values. Decreasing the value ofθ increases the
uncertainty in the parameter values. Decreasing too much for the value ofϑ may trigger solutions in the posterior that
were previously far from the current maximum density, and render the sampling of this part of the posterior possible
(already observed forϑ = 0.6nt). If unwanted, such solutions can be removed, for instance, by incorporating more
restrictive bounds on the parameters defined in the prior.

6.1.3 Comparison of the Sampling Strategies and Parametric Study of f0

The ISDE algorithms with and without the adaptive phase of the covariance matrix are compared together withϑ = nt

and again the three-equation pyrolysis model with the same two uncertain parametersA andE . For the reproducibility
of the path of the Markov chains, we control the initial state of the random generator by setting the seed equal to zero.
The free parameters in the ISDE also need to be set. The time stepτ should neither be too small, in which case the
sampling is inefficient, nor be too large, in which case the numerical scheme is not stable. It is chosen by a few trial-
and-error simulations and the time step is set toτ = 0.1 s. The damping parameter is set tof0 = 4 and its influence
will be studied. The sampling algorithms are run for1.1× 105 iterations.

In order to assess the efficiency of the different algorithms, the ergodic mean and variance for the marginal
posterior distributions as a function of the number of iterationsn are computed forA andE as

µi(n) =
1
n

n∑

k=1

mk
i , (22)

vari(n) =
1
n

n∑

k=1

(
mk

i − µi(n)
)2

. (23)

The translated mean and normalized variance can be computed asµ̃i(n) = µi(n)−µ̄i andṽari(n) = vari(n)/vari
such that their values tend to zero and one, respectively. Good approximations of the reference meanµ̄i and reference
variancevari can be obtained from the direct evaluation of the posterior distribution, which in the case shown in Fig. 3
are equal to (forA andE in logarithmic values)̄µA = 28.53, varA = 12.22, µ̄E = 3.74, andvarE = 0.0032.

First, from Fig. 5, it can be noted that when using the diagonal covariance matrix estimation, the ISDE (ISDE-D)
is far from convergence. However, it shows good performance when the covariance matrix estimation results from
the adaptation phase (ISDE-CA), which is performed during the initial burn-in phase. During this initial phase, the
algorithm is run for103 iterations before the covariance matrix starts to update using the recurrence formulas from
Eqs. (17)–(19). The covariance is then updated every 100 iterations until the104-th iteration, which corresponds
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FIG. 5: Convergence of the mean (a) and variance (b) forlog(A) as a function of the number of function evaluations (after the
burn-in phase). ISDE with the covariance estimated from the diagonal of the inverse of the Hessian and change of variables based
on the support of the posterior (ISDE-D); ISDE with the covariance resulting from the adaptation process (ISDE-CA).
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to the end of the burn-in phase. This shows that the adaptive ISDE is robust even if the estimation for the initial
covariance matrix was representative of the local scales and not the correlation. Adaptation may also succeed with a
less informative covariance matrix, e.g., the identity matrix, but a larger adaptive phase would be required.

The2× 104 first sample values from the MCMC chain forE are shown in Fig. 6. Similar graphs are obtained for
A. The first part on the left are the samples obtained during the103 first iterations of the ISDE using the fixed diagonal
covariance matrix, obtained from the diagonal of the inverse of the Hessian computed at the initial parameter values.
From iterations103 to 104, the covariance is estimated from the recurrence formula and updated in the algorithm
every102 iterations. The effect of the adaptation is clearly observed when compared to the first part of the chain.
After 104, the covariance matrix is kept fixed.

In Fig. 7, we compare the effect of the number of iterations during which the adaptation is performed on the
convergence of the mean and variance. The total number of iterations performed is1.1× 105 for all cases. Figure 7
shows the results when the adaptation is stopped after the first5× 103, 1× 104, and2× 104 iterations. Once again,
the mean and variance are estimated after discarding the samples from these adaptation phases. Figure 7 also shows
the result when the adaptation is not stopped and is run during all the1.1× 105 iterations, in which case we use all
the sample history to compute the mean and variance.

It can be observed that the results converge toward zero for the mean and one for the variance in all cases. The
best result is fornend = 104, which motivates our choice in the previous section for stopping the adaptation at this
value. The result when the adaptation is performed during all the iterations shows that the algorithm may also work
with a continuous adaptation of the covariance matrix, although we do not have the theoretical support.
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FIG. 6: Iterations of the Markov chain forE (shown every 10 iterations for clarity) obtained using the ISDE algorithm. The first
(green) dotted vertical line represents the iteration at which the adaptation starts. The second (red) dotted line represents the last
iteration of the adaptation. Above104 iterations, the covariance is fixed to the estimated value and the MCMC chain continues.
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FIG. 7: Convergence of the mean (a) and variance (b) forlog(A) as a function of the number of function evaluations and compar-
ison of the number of iterations in the adaptation phase for the adaptive algorithm
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Similarly, the effect of the period at which the covariance matrix is updated in the algorithm (∆nadapt) on the
convergence rate of the mean and variance is also investigated. When the covariance matrix is effectively updated in
the algorithm, it requires the computation of its inverse for computingLM in Eq. (14). This may take some time when
the dimensionality increases if the covariance matrix is adapted at every iteration. Conversely, a long adaptation period
∆nadaptmay require a longer adaptive phase for having the benefit of adapting the covariance matrix from samples.
Results were obtained for∆nadapt = 10, ∆nadapt = 100, and∆nadapt = 1000, and they showed that∆nadapt = 100
was a good compromise between the accuracy of the estimation of the mean and variance and the computational time.
Having a short adaptation period did not show a significant improvement in the convergence rate, and neither a large
value provided bad convergence results.

Finally, we provide a numerical analysis for the influence of the damping factorf0 on the convergence of the mean
and variance for the parameterA. The parameterf0 introduces dissipation in the stochastic equation and will influence
the convergence speed for the estimation of the mean and variance. We consider again the case with parameters from
Table 1 withϑ = nt, the covariance matrix results from the adaptation of the first104 iterations and is fixed for the
105 iterations.

Results for the estimation of the mean and variance ofA are shown in Fig. 8. For low values off0 (f0 = 0.01
andf0 = 0.1) we observe an erratic convergence, in particular for the variance. In this case, because the stochastic
term is proportional to the square root off0, it is predominant compared to the damping term. The system is closer
to a Hamiltonian system and the algorithm generates highly correlated samples with rapid local variations that can be
observed on the curves. For values of the order of unity (fromf0 = 0.5 to f0 = 10) the convergence is faster, with the
closest results to zero mean and unit variance achieved forf0 = 0.5 andf0 = 1.5. For larger values off0 (f0 = 50),
the damping factor is predominant and the convergence is again slower, but the local oscillations are not observed.
Therefore, it seems that values off0 ranging from0.5 to 10 can all achieve a good result for the convergence of the
mean and variance, while values outside of this range should be avoided.

Almost identical graphs are obtained for the parameterE due to the high correlation betweenA andE and the
results are shown in the Supplementary Material for completeness (Figs. S1–S3).

6.2 Bayesian Parameter Inference for PICA Devolatilization at High Heating Rate

In this section, we consider the whole experimental data set of Bessire and Minton [10] at the heating rateβ = 360
K min−1 for the pyrolysis of PICA (Fig. 1) and we perform the Bayesian calibration of the parameters. The data for
the 1-propanol and 2-propanol are discarded, as they are scarce and might be subjected to high experimental errors,
and thereforenobs = 12.
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FIG. 8: Convergence of the mean (a) and variance (b) forlog(A) as a function of the number of function evaluations with different
values for the damping factorf0
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6.2.1 Iterative Procedure for the Construction of the Pyrolysis Model and Posterior Analysis

There are two main issues that need to be solved: the first issue is that the structure of the pyrolysis model is unknown;
the second issue is that we do not have an initial estimate of the parameters for a pyrolysis model once its structure is
given.

In Torres-Herrador et al. [13], a six-equation (Np = 6) pyrolysis model was identified by visual inspection of the
number of maximum species production peaks. A model-fitting procedure was then performed using a multi-objective
genetic algorithm to infer the values of the 35 parameters. However, by performing the Bayesian parameter inference
from the model structure identified in [13], similar observations as the ones from Fig. 2(a) were obtained, that is,
some production peaks were not appropriately simulated due to the influence of the weights. It does not mean that
the model is wrong, but that some misfits in the model that are not accounted for in the weights degrade the overall
fitting of the production peaks.

Because of the complexity of the pyrolysis model structure, identifying which values of the weights are degrading
the goodness of fit is not obvious. This leads us to the need of rebuilding the pyrolysis model structure in an iterative
procedure, in which models of increasing complexity are successively inferred. We start by inferring a one-equation
model using a single experimental curve, as it was done for CH4 in Section 6.1. Calibrating this model is simpler as
it is defined by fewer parameters and the initial guess can be easily obtained, for instance, by running the sampling
algorithms for a few iterations to converge toward the region of higher probability. Once we have a satisfactory
solution for the parametersA1, E1, r1, andγ11, we add one experimental curve in the set of calibration data (we add
one speciesj). If a new reaction maximum is observed in the additional curve, we increase the number of equations by
one and we need to calibrate the new set of parametersA2, E2, r2, andγ2j together with the previous set of parameters
for which we have an initial guess. If a reaction already exists at the new peak, then we just need to calibrate the new
mass fractionsγ2j . This procedure is repeated until the model includes all the species from the data set. As already
mentioned in Section 6.1, issues may arise when the inverses of the weights approach zero where the production
rate is zero. Therefore, we apply once again the regularization of the weights from Eq. (20) and the relaxation of the
weights at the extremities from Eq. (21) withc = 0.6.

The following six-equation pyrolysis model is found:

F0R(s)
0

k0−→ γ02CO+ γ03CO2 + γ05H2O, (24)

F1R(s)
1

k1−→ γ11CH4 + γ12CO+ γ15H2O + γ16Xylene+ γ110Benzene+ γ111Toluene, (25)

F2R(s)
2

k2−→ γ21CH4 + γ22CO+ γ23CO2 + γ24Phenol+ γ25H2O + γ26Xylene+ γ27Cresol

+ γ28Dimethyl+ γ29Trimethyl+ γ211Toluene,
(26)

F3R(s)
3

k3−→ γ30H2, (27)

F4R(s)
4

k4−→ γ43CO2 + γ44Phenol+ γ45H2O + γ47Cresol+ γ48Dimethyl+ γ49Trimethyl, (28)

F5R(s)
5

k5−→ γ50H2 + γ52CO+ γ53CO2 + γ55H2O, (29)

where R refers to the unknown reactants of the reaction. Using the model from Eqs. (24)–(29), the number of param-
eters to infer is equal to48. The prior is the product distribution from the marginal priors. The marginal priors for
pre-exponential factorsAi are semi-infinite uniform priors. The activation energiesEi are bounded in given ranges,
provided in Table 2, in order to separate the different peaks of production. Evidence from some of our previous sim-
ulations shows that the solution can converge slowly or can sample unwanted regions in the posterior if the activation
energies are not limited within a given range. The bounds from Table 2 on the activation energies were obtained by
defining small intervals around the initial guesses, then by progressively increasing them until no truncation of the
marginal posteriors for the activation energies were observeda posteriori. Activation energy ranges overlap for the
reaction close to the main production peak, but they are clearly separated from the low and high temperature reactions.
The values of the reaction orders are also limited in the range]1, 10] and all mass fractions range between 0 and 1.
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TABLE 2: Values of the bounds for the activation energies

E0 E1 E2 E3 E4 E5

(kJ mol–1) (kJ mol–1) (kJ mol–1) (kJ mol–1) (kJ mol–1) (kJ mol–1)
Lb 65 165 165 160 230 400
Ub 85 185 195 190 260 410

The ISDE algorithm is run for106 iterations withτ = 0.002 s andf0 = 4.0. The initial covariance matrix
is estimated using the diagonal matrix of the inverse of the Hessian computed at the initial guess value. Then, the
covariance is updated every 100 iterations fromn0 = 104 tonf = 105. Due to the higher dimensionality, the algorithm
needs more iterations to learn the local scales and correlations and the adaptation phase is therefore longer. The
solution to the pyrolysis model and its derivatives with respect to the parameters are all computed analytically [12].

The results forϑ = nt are shown in Figs. 9–11. In Fig. 9, the Markov chains are provided for the kinetic
parameters of the reaction R1 and the corresponding mass fraction of CH4. The105 first iterations from the adaptation
phase are discarded. The other chains representing the samples drawn from the48-dimensional posterior show similar
behavior of mixing but are not shown here.

In Fig. 10 the bivariate and marginal posteriors for the reaction R1 are shown. In the bivariate posterior forA1 (in
log) andE1, the correlation between the two parameters can be observed. This correlation is reduced compared to the
previous section because of the restricted range onE and is necessary to limit the potential interactions between the
different reactions. The region whereA varies is therefore reduced. Regarding the marginal parameter distributions,
they feature a single mode distribution.

The production rate curves at the sample values are shown in Fig. 11. We represent the regions where 95% of
the model evaluations lie with the mean value in between. From this figure, we can directly assess the goodness
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of fit of the model, and we can conclude that the model structure chosen provides an overall fit that is good. This
model underestimates a bit the production of trimethyl phenol, xylene, and toluene and overestimates slightly the
maximum of CO2. In general, the model represents well the observations within the range[500, 1000] K. Above1000
K, the production almost reaches a plateau for CO, CO2, H2O, and H2, which is difficult to account for using the
multi-component approach from Eq. (4).

Volume 13, Issue 2, 2023



72 Coheur et al.

400 600 800 1000 1200 1400

0

2

4

6

·10− 5

Temperature, K

M
as
s
y
ie
ld
,
g
K
−
1

CH
4

CO

400 600 800 1000 1200 1400

0

2

4

·10− 5

Temperature, K

M
as
s
y
ie
ld
,
g
K
−
1

H
2
O

Cresol

400 600 800 1000 1200 1400

0

1

2

·10− 5

Temperature, K

M
as
s
y
ie
ld
,
g
K
−
1

Phenol

Trimethyl Phenol

400 600 800 1000 1200 1400

0

1

2

·10− 5

Temperature, K

M
as
s
y
ie
ld
,
g
K
−
1

H
2

Dimethyl Phenol

400 600 800 1000 1200 1400

0

2

4

6

8

·10− 6

Temperature, K

M
as
s
y
ie
ld
,
g
K
−
1

CO
2

Benzene

400 600 800 1000 1200 1400

0

2

4

6

·10− 6

Temperature, K

M
as
s
y
ie
ld
,
g
K
−
1

Xylene

Toluene

FIG. 11: Mass yields as a function of temperature for each species obtained after the propagation of the MCMC samples with
ϑ = nt. The symbols with the error bars represent the experimental results from [10]. The continuous lines are the results of the
propagation for the maximum likelihood estimate and the shaded areas represent all the possible outcomes of the propagation
using every sample from the posterior distribution.

6.2.2 Discussion of the Choice of the Value of ϑ

Selecting the value ofϑ based on the overall goodness of fit not obvious as there is significant model inadequacy
at low and high temperatures. However, we can compare the fitting by visual inspection based on the results in the
range from[500, 1000] K, which is fairly good, and we can compare the overlap of the computed intervals with the
experimental intervals. From that point of view, the computed intervals from Fig. 11 might still be underestimating
the uncertainty ranges and the posterior distribution be over-confident.

In order to increase the uncertainty in the simulated curves and be more in agreement with the experimental
ranges, the inference is also performed withϑ = 0.7nt. This value was obtained after a few trials, and the resulting
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simulated curves are shown in Fig. 12. The increase in the uncertainty range can be clearly noticed, which is due to the
posterior distribution that is less concentrated, showing that the parameterϑ allows to control the overall uncertainty
range on the predictions. The maximuma posteriori values for the whole set of parameters are provided in the
Supplementary Material (Table S1). For instance, the graph for H2O and Cresol better incorporates the uncertainty
bars in Fig. 12, whereas the simulated uncertainty ranges were narrower in Fig. 11 compared to the experimental
data.

Yet, some observations are still outside of the computed uncertainty ranges, particularly below500K and above
1000 K. This issue highlights limitations of the approach of seeking to incorporate the effect of modeling errors
as an uncertainty in the model parameters. If unmodeled or poorly represented physical behavior results in model
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FIG. 12: Mass yields as a function of temperature for each species obtained after the propagation of the MCMC samples with
ϑ = 0.7nt. The symbols with the error bars represent the experimental results from [10]. The continuous lines are the results of
the propagation for the maximum likelihood estimate and the shaded areas represent all the possible outcomes of the propagation
using every sample from the posterior distribution.
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predictions that are not sufficiently close to the experimental data, then such model inadequacy cannot be compensated
by introducing uncertainty in the model parameters.

6.2.3 Summary of the Procedure for Pyrolysis Model Parameter Inference

We summarize in this section the procedure used in this work for the inference of the pyrolysis model parameters and
we identify perspectives for improvements. The procedure is expected to be similar in the case of other experimental
data of the same kind, namely, time-dependent data defined by a set of uncoupled ordinary differential equations.

1. Select an appropriate pyrolysis model structure. The iterative procedure described above can be followed at
first. As a future work, an automated procedure for building such reaction model would be highly valuable.

2. Select a value forϑ. Its value depends on the capability of the pyrolysis model to simulate the experimental
curves. As a starting value, selectϑ equal to the number of sample points, such thatϑ/nt = 1 and the
likelihood is similar to a Gaussian function. Next, adjust its value based on the observed noise by visual
inspection (increasing its value results in reducing the uncertainty and inversely). As a future work, it would
be valuable to introduce a measure for a more robust criterion.

3. Compute the weights from Eq. (3), regularize their value using Eq. (20) to avoid regions where the production
rate is zero and relax their value using Eq. (21) to avoid the influence of data points at the extremities of the
production curve. For the latter, two values of the parameterc were used,c = 0.2 (nu = 2) andc = 0.6
(nu = 48), respectively.

4. Define the prior function bounds, in particular for the activation energies, which need to be tuned. As a rule
of thumb, activation energies were found to range from10 to 30kJ mol−1 around the initial guess.

5. Define the ISDE numerical parametersf0 andτ. Values off0 ranging from0.5 to 10 were found adequate
in this work and are confirmed in the literature. A common choice for the step size isτω = 1/2 ([55]),
whereω is the largest eigenfrequency (square root of an eigenvalue) of the Hessian matrix∇2U(q). The
effect of the change of scales is that of a clustering of these eigenvalues close to unity ([41]); yet we only
have an approximation of the covariance matrix and in practical applications one can still be far from unity,
even after adapting the value of the covariance matrix. In this work, in the 2-dimensional example the largest
eigenfrequency (after the change of scales) isO(101) and in the 48-dimensional case isO(103). These orders
of magnitudes can be slightly increased to provide a faster convergence rate ([56]), but not too much to avoid
numerical errors. The final values used were in this caseτ = 0.1 s fornu = 2 andτ = 0.002s fornu = 48.

6.3 Propagation of the Uncertainty in Pyrolysis Model Parameters for a Martian Atmospheric
Re-Entry

We will now demonstrate the use of the identified pyrolysis model in a numerical simulation of heat shield recession
during a Martian entry.

The porous-material analysis toolbox based on OpenFOAM (PATO) [57], developed at NASA Ames Research
Center, is used to perform 2D axisymmetric simulations of the full heat shield during an atmospheric entry and to
analyze the recession of the heat-shield surface. PATO solves the conservation equations of solid mass, gas mass, gas
momentum, and total energy for a porous reactive material using a volume-averaged formulation. Assuming local
thermal equilibrium at the pore scales, material pyrolysis decomposition, production of gases from the pyrolysis re-
actions and ablation, and homogeneous chemical reactions in the gas phase are modeled. The chemistry of the gas
phase is assumed to be at equilibrium, and only the mass fractions of the elements produced by the pyrolysis have to
be provided, which are carbon, hydrogen, and oxygen. The equilibrium chemistry assumption allows to reduce the
number of independent variables that are solved by the numerical solver compared to a finite-rate chemistry model
and reduces the computational time of the simulations. The open source library Mutation++, developed at the von
Karman Institute for Fluid Dynamics, is used to compute equilibrium chemistry compositions and thermodynamic
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and transport properties [58]. Gas-surface interactions are modeled using equilibrium chemistry models that are pre-
ferred for design due to the lack of reliability of available finite-rate chemistry models and data [59]. As in [59], the
Theoretical Ablative Composite for Open Testing (TACOT) database, based on the PICA material and defined in [60],
is used for the porous material properties except from the pyrolysis reactions and model parameters.

We consider a re-entry in the atmosphere of Mars and a thermal protection system similar to the Mars Science
Laboratory (MSL) heat shield. Deterministic simulations of an atmospheric entry on Mars using PATO were already
performed in [59] and we consider a similar numerical setup. The MSL heat shield is a rigid 4.5 m diameter spherically
blunted half-angle cone made up of 113 PICA tiles [61,62]. The mesh, shown in Fig. 13, is composed of 103 K cells
with 64 cells in depth and is a monolithic simplification of the tiled configuration of the manufactured heat shield.
The physical time interval takes place between 50 and 100 s along the re-entry path, during which the pressure peak
and the peak heating on the heat shield occur. The aerothermal boundary conditions are provided from hypersonic
CFD simulations, which are considered to be deterministic [59].

From the Markov chains computed in Section 6.2 for each case of the free parameterϑ, we select 500 evenly
spaced samples to be propagated. Selecting all the samples would not be realistic in terms of computational time and
would result in a poor convergence of the statistics of interests due to the correlation between the samples, inherent
to the MCMC procedure. The values for theγij provided in Table S1 need to be slightly adapted because of the
difference between the pyrolysis model implemented in PATO (see [63]) and the model described in Eqs. (5) and (6).
In PATO, the production rates are computed with respect to the mass (or density in PATO) of the initial resin content
of the material, while in Eqs. (5) and (6), the production is proportional to the total mass of the sample. Therefore,
eachγij is divided by a factor equal to0.43 which represents the ratio of the mass (density) of the initial resin with
the total mass (density) of the sample.

Each single PATO simulation runs on 34 cores from the NIC5 cluster from the University of Liège, which features
AMD EPYC Rome 7524 32-Core cpus (2.9 GHz), and each simulation lasts around 1 h 20 min. Allocating more than
34 cores does not further improve significantly the computational time.

The results of the simulations are probed at the four locations on the heat shield given in Table 3. To represent
the uncertainty on the quantity of interest, 95% probability regions are computed using the results of the 500 samples.
The recession of the surface of the heat shield at the probe locations is shown in Fig. 14.

The recession as a function of time [Fig. 14(a)] forϑ = 0.7nt shows an increase of the uncertainty as time
increases. At100s after the beginning of the re-entry, the median recession is around0.922mm at the nose region,
0.961mm at the wind side,0.531mm at the middle side, and0.195mm at the lee side, and the results for the median
are similar forϑ = nt (not shown on the graph for clarity). In Fig. 14(b), we provide the estimation of the probability
density functions att = 100s using a Gaussian kernel-density estimation method for the two values ofϑ. The PDFs
feature one mode and are almost centered around the the median. Forϑ = 0.7nt, the supports of the PDFs are slightly
wider, showing that the uncertainty is larger. Indeed, the thickness of the 95% probability regions are around 0.038

FIG. 13: Illustration of the mesh for the MSL heat shield. View from the front (left) and the side (right).
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TABLE 3: Heat-shield probe coordinates

Name x y z
(m) (m) (m)

Nose 0.0 0.0 0.0
Wind side 0.72346 –0.0025 –2.184
Lee side 0.72346 0.0025 2.184

Middle side 0.72346 2.184 0.0
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FIG. 14: Results of the propagation of uncertainty in pyrolysis model parameters on the recession of the material at four different
locations on the heat shield. (a) Recession as a function of time shown forϑ = 0.7nt, and (b) estimation of the probability density
functions att = 100s for the nose region (continuous line) and wind side (dashed line) forϑ = nt (no markers) andϑ = 0.7nt

(circle markers).

mm (the ratio of this thickness and the median is equal to 4.14%) and 0.034 mm (3.58%) at the nose and the wind
side, respectively, while forϑ = nt these values are equal to 0.03 mm (3.27%) and 0.026 mm (2.7%), respectively.
At the lee side, the uncertainty is relatively higher for both values ofϑ, which is around 0.019 mm (9.70%) and 0.023
mm (11.86%) forϑ = nt andϑ = 0.7nt, respectively.

These results show that the value of the free parameterϑ does not affect significantly the median and the mean
of the recession of the surface of the heat shield. However, as expected, decreasing the value ofϑ increases the
resulting uncertainty on the recession. In general, we note that the level of uncertainty on the recession due to pyrolysis
model parameters is relatively low. Recession is related to pyrolysis model parameters only through effective material
properties, themselves related to the reaction rates through the porosity of the material. Hence, other parameters like
the intrinsic material thermal conductivity, the heat capacity, or the initial porosity, are foreseen to increase further
the general uncertainty level on the recession.

The current pyrolysis model was calibrated at a single heating rate (366 K min−1) and more complex models
could be developed in order to account for the various heating rates encountered over the heat shield [19]. The model
error on the pyrolysis model at 366 K min−1 was partly included in the input parameters by relaxing the weights in
the likelihood function, but the error due to the extrapolation of this model to other heating rates was not accounted,
which could also have an influence on the uncertainty on recession.

7. CONCLUSIONS

This work presents the characterization of input parameter uncertainty using new experimental data for thermal pro-
tection material decomposition, as well as the propagation of the uncertainty for an atmospheric entry problem. A
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Bayesian approach involving an approximate likelihood function is applied to infer the model parameters of chem-
ical reactions relevant to the pyrolysis. The parameters of the model feature strong correlations and the Bayesian
posterior is high-dimensional, and, in order to sample efficiently from the posterior, it is proposed to use a gradient-
informed sampling algorithm based on the solution of an Itô stochastic differential equation, along with a method for
the adaptation of the covariance matrix.

The results show that the adaptation of the covariance matrix based on the previous sample history improves the
convergence rate of the sampling algorithm, even with a few samples, as compared to when there is no adaptation.
A six-equation pyrolysis model is found by iteratively increasing the number of equations in the model until the
experimental data are sufficiently accurately reproduced. The resulting uncertainty-quantified model allows us to
reproduce the data set together with the estimated observed uncertainty ranges, although with some exceptions at
low and high temperatures where model inadequacy is too significant due to limitations in the ability of the model to
represent the physics. Results are shown for two values of the free parameterϑ, that is introduced in the approximate
likelihood to control the concentration of the posterior distribution. The choice of a value ofϑ = 0.7nt is motivated
by the quality of the overlapping of the uncertainty intervals and the observations.

The impact of the uncertainty in the pyrolysis model parameters on the recession of the surface of an ablating
TPS is finally assessed for a Mars atmospheric entry with the configuration of the Mars Science Laboratory mission
heat shield. The propagated uncertainty (2σ) on the recession is equal to 0.922± 0.019 mm (with 4.14% the ratio of
the thickness of the 95% probability interval and the median) at the nose and up to 11.85%, 0.195± 0.023 mm, at the
lee side, with the resulting distributions that are almost Gaussian. The comparison of the values obtained using either
ϑ = nt or ϑ = 0.7nt shows that the resulting uncertainty range is about 1% higher for the latter, thus providing more
conservative margins on the recession.

As future work, it would be interesting to study, in order for the iterations in the adaptive phase of the Markov
chains to be used in the posterior distribution, the ergodicity of the chains generated by the gradient-informed algo-
rithm with the adaptive procedure. Secondly, the evaluations of the model and its gradients are not always available
analytically and may be computationally expensive, in particular in high dimension. Efficient gradient computations
could be made, for instance, by using automatic differentiation [64] or adjoint-based methods [65,66]. Methods that
account for the discretization errors, such as the multilevel Monte Carlo method, could also be considered for the esti-
mation of the model [67–70]. Thirdly, building a suitable pyrolysis model and obtaining an initial guess was found to
be particularly difficult and the automatization of this procedure would be valuable, for instance, by evaluating a set of
possible models with a genetic optimization (as in [13]) for finding the best initial guess and applying model inference
criteria to evaluate the model plausibility [71]. The selection of the model could then be performed using methods for
model comparison and model selection, for instance, using Akaike’s criterion for statistical model inference ([71]) or
in a Bayesian framework, e.g., see in [71–73] or in [74]. Building an unknown reaction model in a Bayesian inference
framework starting from a general reaction model as performed in [75] is also an interesting research direction to
improve the model inference performed in this work. Finally, the approach of encapsulating all the uncertainties in
the model parameters has its limitations. Indeed, the reference deterministic model needs to be close enough to the
observations, otherwise model discrepancy cannot be represented only by accommodating uncertainty in the model
parameters. Further studies could include more sophisticated mechanisms to simulate the pyrolysis reactions [19],
and alternative formulations for the kinetic rates [76], which could help to account for the plateau in the production
curves, could be sought.
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