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Abstract5

The paper develops an approximate semi-analytical solution for the computation of the third statistical cross-6

moments of modal responses in a stochastic dynamic analysis. These moments would require heavy twofold7

numerical integration in a general context but are drastically simplified in the proposed formulation by taking8

advantage of the assumed distinctness between the low characteristic frequency of the loading and the natural9

frequencies of the structure. This condition is typically respected and acknowledged in wind engineering where10

the buffeting analysis of large structure hinges on the Background/Resonant decomposition. As such, the11

proposed formulation extends to third statistical order the existing developments for the estimation of the12

modal variances and covariances. It allows the third order spectral analysis of large structures to be conducted13

within a reasonable amount of time. It also reveals the existence of three main components to the response:14

background, bi-resonant and tri-resonant. The latter one is specific to this very own problem and is shown to be15

important when the sum of two natural frequencies is equal to a third one, although the structural behavior is16

linear. Mathematics highlight this and other findings which are then illustrated on a minimum working example,17

easily reproducible by readers. Overall, it clearly demonstrates the benefits of the proposed decomposition in18

terms of both behavioural comprehension and computational consumption.19

Keywords: background, resonant, non Gaussian, MTSA Multiple Timescale Spectral Analysis, Complete20

Cubic Combination, Cubic Root of the Sum of the Cubes21

1. Introduction22

Spectral analysis is a well-known type of structural analysis that consists in computing the steady-state23

variance of the response of a (usually linear) system subject to stationary random excitations [1, 2, 3]. In such24

an analysis, the variances of the problem responses are obtained as the integrals of the corresponding power25

spectral densities (PSDs), which are themselves obtained as the product of PSDs of loading and frequency26

response functions. In the standard formulation, the analysis concerns steady-state responses and is therefore27

widely deployed by the wind engineering community which typically considers the buffeting wind loads to be28

Gaussian and stationary [4, 5]. Other applications of the spectral analysis concern the vibrations of pipes29

under turbulent internal or external flows [6], or vibrations due to random excitations of machinery [7], or even30

vibrations resulting from some types of human loading [8].31

The dynamic structural analysis is usually performed in a modal basis, which is known to provide optimal32

convergence rate for a loading covering the resonance frequencies [9]. The spectral analysis is therefore ad-33
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vantageously led in the basis of normal modes. This allows model reduction since the deformed configuration34

of the structure is sought in a subspace of the space of nodal coordinates. This yields a drastic reduction35

of the number of kinematic unknowns in the problem, typically from a few hundreds of thousands of nodal36

degrees-of-freedom, to dozens of modal coordinates. The responses in the different modes are usually not un-37

correlated, either because there exists some coherence in the modal loads and natural frequencies are close to38

each other [10], either because damping is non classical [11]. Hence correlation is not systematically negligible.39

Fortunately, it is possible to estimate the correlation coefficients [12] and to use them while recombining the40

modal responses. In seismic engineering, the most complete recombination is termed the Complete Quadratic41

Combination (CQC) [13]. It degenerates into the Square Root of the Sum of the Square (SRSS) recombination42

when modal correlations are neglected.43

A typical spectral analysis is limited to second statistical order, i.e. PSDs. Higher order versions of this44

spectral analysis do exist [14]. They are based on the concept of bispectrum and trispectrum; in this paper45

we will restrict ourselves to the third statistical order, i.e. bispectra. This spectral analysis of higher order46

has been widely applied in the signal analysis of waves [15] and in change detections in condition monitoring47

[16]. In this paper, we focus on the bispectral analysis, which consists in analyzing how the third statistical48

moment of the input in a dynamical system is filtered by the system. In structural engineering, this type of49

analysis is useful when the loads applied on structures are non Gaussian (hence represented by their successive50

statistical moments, of order higher than 2), as it is also the case in wind engineering [17, 18, 19, 20, 21] or51

marine engineering [22, 23]. Similarly to the spectral analysis which requires integration of the PSD to obtain52

a variance, in the bispectral analysis, the third statistical moment of any quantity is obtained by the integral53

of the corresponding bispectrum. In particular, unilateral bispectra of modal coordinates will provide the third54

statistical moment of the modal responses and eventually their skewness coefficient [24, 25]. A slightly more55

advanced concept is that of cross-bispectrum which indicates the distribution of a cross-moment (e.g. between56

modal responses) in the frequency space. A high order spectral analysis toolbox has been implemented in57

Matlab [26] 25 years ago, which has helped disseminating the concepts and dragging the interests of researchers58

in using bispectral analysis.59

At this stage, it should be understood that the statistical moments of the response are obtained as integrals60

of spectral quantities: unilateral and cross-PSDs at second order and unilateral and cross-bispectra at third61

order. The computation burden associated with the numerical estimation of these integrals is typically massive.62

In order to simplify the computation of these integrals it is possible to take advantage of the existence of multiple63

timescales in the problem. This has for instance resulted in the famous Background/Resonant decomposition64

in Wind Engineering applications [27], which is fundamentally similar to the short correlation approximation65

in time domain approaches based on the Fokker-Planck-Kolmogorov equation [28]. At the time where this66

decomposition was developed, for the computation of the variance of single oscillators, this smart approach was67

the only possible solution to numerically integrate the unilateral PSDs of modal responses in a reasonable and68

competitive amount of time. Of course, with the known increase of computational power, these integrals are69

now computed in a glimpse. Yet, the very same problem is now shifted to the estimation of the third statistical70
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response, which is still computationally demanding today, due to the curse of dimensionality. Moreover, while71

the third order (bispectral) analysis of large systems seems to be conceivable today, the fourth order analysis72

remains out of reach for now [29, 30].73

The Background/Resonant decomposition and the short correlation time approximation have inspired the74

development of a more general approach, the Multiple Timescale Spectral Analysis (MTSA) [31], which offers75

similar computational speedup for a bunch of applications in a broader context. Fortunately, this more general76

theory is also applicable to the third order (bispectral) analysis of large structures. It shall therefore alleviate77

the high computational power associated with bispectral analysis and eventually turn hours of computation78

into minutes. Former developments have already indicated the possibility to apply the MTSA to the third79

statistical order of the response of a single oscillator [24, 25], and have highlighted the existence of a background80

and a bi-resonant component in the response. This concept can be directly translated to modal responses and,81

in order to be able to recombine them in an accurate manner, considering the necessary correlation between82

modal responses, the only missing piece was the modal correlation at third order. This quantity, also named83

bicorrelation, extends to third statistical order the well-known concept of covariance and correlation.84

This paper precisely focuses on the multiple timescales approximation of the bicorrelation. It is focused on85

applications where the characteristic frequency of the loading is much lower than the natural frequencies of the86

structure, which is typical in buffeting analysis. As shown below, it results in a simple expression for the cross-87

correlations of modal responses at third order, which makes it possible to recombine modal responses in the88

sense of a Complete Cubic Combination. The paper is organized as follows. Section 3 gives the mathematical89

statement of the considered problem. In Section 4, the main specificities of the problem are summarized,90

especially with regards to symmetry properties and existence of small numbers. The Multiple Timescale Spectral91

Analysis is then developed in Section 5 for the computation of cross-correlations at third order. Two academic92

examples of application are given in Section 6 to contribute to the validation and illustration of the proposed93

method.94

2. Nomenclature95

Bold lowercase symbols designate vectors (e.g. q (t)); bold uppercase symbols designate matrices (e.g. M?).96

There is one exception to this rule: the nm ⇥ nm matrices of second order moments (covariance matrices) are97

written with lowercase symbols. For instance, the covariance matrix of modal responses is written m2,q. Its98

elements are noted m2,qij in the most general case. Diagonal elements are written m2,qii or, equivalently m2,qi99

(without repeating the index). Similarly, the nm ⇥nm ⇥nm tensor of third order moments is written m3,q. Any100

canonical element is noted m3,qijk , and m3,qi specifically refers to super-diagonal elements (i = j = k). Indices101

i, j, k and m are used to denote modes while index n represents a (nodal) degree-of-freedom. The complex102

imaginary unit is noted i.103
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3. Mathematical Statement104

3.1. Governing equations105

The dynamics of a structural system in its modal basis is modeled by the equation of motion106

M?
q̈ (t) + C?

q̇ (t) + K?
q (t) = p (t) (1)

where M?, C? and K? are structural modal matrices (mass, viscosity and stiffness, respectively). Matrices M?
107

and K? are diagonal as soon as the normal modes of vibration are used [9]. These modes are gathered in an108

ndof⇥nm matrix � where ndof and nm respectively represent the number of degrees-of-freedom in the structural109

model and the number of modes used for the analysis (nm ⌧ ndof for typical large scale structures). In practice,110

the modal damping matrix C? could be fully populated but has small off-diagonal elements in most cases of111

application [9]. These terms could be neglected or treated in a fashion similar to that presented in [10, 32] and112

transform the problem into an equivalent one with a diagonal damping matrix and an equivalent loading. In113

the current context, it is therefore assumed that all three modal structural matrices are diagonal so that the114

modal responses qm(t) are determined independently for each modal loading pm(t). In the frequency domain115

[9], Equation (1) reads116

q (!) = H (!)p (!) (2)

where the frequency response function H (!) =
�
�M?

!
2 + i!C? + K?��1 is also a diagonal matrix and each117

of its diagonal elements, for m = 1, · · · , nm, is expressed as118

Hm (!) =
1

km

1

1 + 2i⇠m !
!m

�
⇣

!
!m

⌘2 (3)

where km ⌘ K
?
m, ⇠m and !m are the modal stiffness, the damping ratio and the circular natural frequency in119

mode m.120

Once the modal responses are obtained, they can be recombined in order to determine the quantities of121

interest for the design: displacements, internal forces, reactions at supports. For instance, the displacement or122

rotation at degree-of-freedom n is expressed by123

xn (t) =
nmX

m=1

�nmqm (t) . (4)

where �nm is the magnitude of degree-of-freedom n in mode m . This equation offers a canonical form, applicable124

to other structural responses than displacements and rotations. Indeed, in a linear structural analysis any other125

response such as internal forces and ground reactions is obtained with a similar linear combination. By giving126

�nm the meaning of any other modal response, Equation (4) is therefore applicable to any structural response127

in a wide sense. The same relation holds in the frequency domain as a consequence of the linearity of the128

operators.129
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3.2. Second order stochastic analysis130

In a stochastic context, the modal loading p(t) is represented as a stochastic process. It is assumed that this131

process is zero-mean, stationary in time but possibly non Gaussian so that it is fully described by its spectra132

of various orders [14, 24, 25]. This assumption is justified as follows: (i) the case of a non-zero-mean process133

can be tackled similarly owing to the linearity of the problem and the superposition principle, (ii) stationarity134

in time is a common assumption for wind loads [4], wave and current loads [33], (iii) the non Gaussianity of the135

loading might arise from the nonlinear nature of the wind and wave loading processes [34, 35].136

The second-order spectrum S (!) of a stochastic process is commonly called the power spectral density (PSD).137

The integral of this spectrum over the frequency domain provides the variance (second moment) of the process138

m2 ⌘ �
2. For instance the variance of the modal loading in mode i (m2,pi) and the variance of the modal139

response in mode i (m2,qi ) are obtained by140

m2,pi =

+1ˆ
�1

Spi (!) d! ; m2,qi =

+1ˆ
�1

Sqi (!) d! (5)

where Spi (!) and Sqi (!) are the corresponding power spectral densities, which are related by141

Sqi (!) = |Hi (!)|2 Spi (!) . (6)

Modal loads are not necessarily uncorrelated. Their correlation (as well as those of any two processes) is142

expressed by means of the covariance which is obtained by integration of a cross-power spectral density [1, 14].143

For instance the covariance of the modal loads in modes i and j and the covariance of the modal responses in144

modes i and j are expressed as145

m2,pij =

+1ˆ
�1

Spij (!) d! and m2,qij =

+1ˆ
�1

Sqij (!) d! (7)

respectively, or in terms of each modal variance and a correlation coefficient as m2,ij = ⇢ij
p
m2,im2,j . The subtle146

difference between (5) and (7) thus lies in the use of one or two indices to refer to variances or covariances.147

Anyway, when i = j, (7) degenerates into (5), i.e. m2,pii ⌘ m2,pi and similarly for the modal responses. In148

(7), Spij (!) and Sqij (!) represent the cross-power spectral densities of the modal loads and modal responses,149

which are related by150

Sqij (!) = Hi (!)Hj (!)Spij (!) (8)

where the overline is used for the conjugate operator [1]. Equations (6) and (8) are the stochastic equivalent of151

(2) at second statistical order; they express the modal responses (and their correlations) to a given loading.152

The stochastic version of the recombination operation (4) is managed by considering the structural response153

xn and the modal responses qm as random variables. Using the symbol E [·] to represent the expectation154

operator, the second moment of the structural response reads155

m2,xn = E
⇥
x
2
n

⇤
= E

2

4
nmX

i=1

�niqi

nmX

j=1

�njqj

3

5 =
nmX

i=1

nmX

j=1

�ni�njE [qiqj ] =
nmX

i=1

nmX

j=1

�ni�njm2,qij . (9)
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Notice that the mean square response is equal to the variance since the average response is equal to zero,156

E [xn] = 0 and E [qi] = 0, 8i = 1, · · · , nm. It is has been shown in [24] that the covariance of modal responses157

m2,qmn is small (compared to the corresponding variances) when the modal loads are not correlated (in case158

of background response) or when the natural frequencies are relatively more distant than the damping ratio or159

the modal forces are not coherent in the neighborhood of the natural frequencies of the two considered modes160

(in case of resonant response). This motivates to write the variance of structural responses as161

m2,xn =
nmX

i=1

�
2
nim2,qi +

nmX

i=1

nmX

j=1,i 6=j

�ni�njm2,qij (10)

where the contribution of the variances (m2,qi) and covariances (m2,qij , i 6= j) of modal responses are explicitly162

highlighted, in the two terms respectively. In seismic engineering [36], truncation after the first (single) summa-163

tion is usually called the Square Root of the Sum of Squares (SRSS) combination, while the full expression is164

called the Complete Quadratic Combination (CQC). The latter one is attributed to the works of der Kiureghian165

[37].166

It is of utmost importance to quantify the covariance of modal responses m2,qij in the critical configurations167

where the second term in (10) is not negligible. A full integration of the corresponding spectra, as in (7), is of168

course an option but an optimized approach based on the background and resonant decomposition is naturally169

faster, whenever applicable. This decomposition is well-known in the wind engineering community, especially170

for the single degree-of-freedom case, where after the works of Liepmann [38] and wide-spreading of Davenport171

[27], the variance of a modal response m2,qi is expressed as172

m2,qi '
m2,pi

k
2
i

+
Spi (!i)

k
2
i

⇡!i

2⇠i
, (11)

where, in the background component, m2,pi = �
2
pi

and, in the resonant component, Spi (!i) represents the173

unilateral PSD of the modal load evaluated at the i
th natural frequency. Although less well known, the same174

decomposition exists for the covariance of modal responses [12]175

m2,qij '
m2,pij

kikj
+

1

kikj

Spij (!i) + Spij (!j)

2
 (!i,!j , ⇠i, ⇠j) (12)

where  (!i,!j , ⇠i, ⇠j) is a coefficient that translates the relative proximity of natural frequencies; when i = j,176

 = ⇡!i
2⇠i

; furthermore  ! 0 as !i and !j tend away from each other. In any case, (12) generalizes (11).177

The decomposition (12) is valid under the condition that the structure is lightly damped (say less than178

10% of critical damping) and the characteristic frequencies of the loading and the natural frequencies are well179

separated. This equation shows that the full integration can be avoided and the covariances of modal responses180

can in fact be estimated at a marginal cost, which therefore justifies the systematic use of the complete quadratic181

combination, i.e. both terms in (10).182

3.3. Third order stochastic analysis183

The third-order spectrum B (!1,!2) of a stochastic process is commonly called the bispectrum. More gen-184

erally, we may introduce the cross-bispectrum right away, which represents the distribution of the third cross-185

moment in the frequency space. Indeed, the twofold integral of this spectrum over the frequency domain186

6



Figure 1: Illustrations of the multiple peaks in the cross-bispectrum of modal responses Bqijk (!1,!2) — Numerical values, kernel:

!i = 1, !j = 1.5, !k = 2, ⇠i = ⇠j = ⇠k = 0.02, loading (same as first illustration in Section 6): ↵ = 0.1, all other parameters equal

to 1. Dashed lines in the right pane indicate the ridges of the bispectrum of the loading.

provides the third cross-moment of the processes. For instance, the cross-moments of the modal loads and187

modal responses are given by188

m3,pijk =

¨

R2

Bpijk (!1,!2) d!1d!2 ; m3,qijk =

¨

R2

Bqijk (!1,!2) d!1d!2 (13)

where Bpijk (!1,!2) and Bqijk (!1,!2) are the cross-bispectra of the modal loads and modal responses. They189

are related to each other by190

Bqijk (!1,!2) = Kijk (!1,!2)Bpijk (!1,!2) (14)

where the kernel Kijk (!1,!2) is defined by191

Kijk (!1,!2) = Hi (!1)Hj (!2)Hk (!1 + !2) . (15)

Similarly to (6) and (8), Equation (14) is the stochastic equivalent of (2), but at third statistical order. With192

shorter notations, the major difficulty in the stochastic analysis consists in computing the integral193

m3,qijk =

¨

R2

Kijk (!1,!2)Bpijk (!1,!2) d!1d!2. (16)

Notice that the subscripts “3” and “q” will then be omitted to simplify notations; no confusion is possible since194

the rest of the paper exclusively focuses on third statistical moments of modal responses q and the evaluation195

of this integral. Super-diagonal elements of this 3-D matrix (i = j = k) contain the third statistical moments of196

the modal responses. All off-diagonal elements contain cross-moments which, again, are necessary to compute197

the statistics of linear combinations of modal responses.198

The integral in (16) is not necessarily easy to compute because of the multiple, and possibly sharp, peaks199

in the kernel Kijk and in the bispectrum of the loading Bpijk , see Figure 1. More details about all these peaks200

follow in Section 5.1.201

The Multiple Timescale Spectral Analysis [31] is a very general and versatile technique that is able to202

cope with such integrals. It is used in this paper to transform this two-fold integral into a single one and203
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make the computation of the third statistical moment much faster, while offering at the same time a clear204

understanding of the origin of modal (bi-)correlation. As stated in the introduction, super-diagonal elements205

(i = j = k) correspond to the single degree-of-freedom case and have already been studied previously both with206

respect to the real part of the bispectrum [24] and more recently with respect to its imaginary part [39]. This207

approximation,208

m3,qi =
m3,pi

k
3
i

+ 6⇡
⇠i!

3
i

k
3
i

ˆ

R

Re [Bpi (!i,!2)]

(2⇠i!i)
2 + !

2
2

d!2 + 3⇡
!
2
i

k
3
i

ˆ

R

Im [Bpi (!i,!2)]

(2⇠i!i)
2 + !

2
2

!2 d!2, (17)

is recalled here with the current notations since it will be used for later comparison. It is made of (i) a quasi-209

static (background) response, obtained by dividing the third moment of the loading by the third power of the210

stiffness, and (ii) a bi-resonant contribution which is identifiable since it depends on the damping ratio ⇠i. This211

second component was coined bi-resonant in [24] since it corresponds to resonance in two of the three factors212

in the kernel Kijk (!1,!2), defined in (15).213

The main contribution of this paper is to extend this formulation to off-diagonal terms (cross-moments). In214

essence, we extend here (17) to the multi-modal response, like (12) extends (11) at second order. The early215

discussion in Section 5.1 will show that the extension to third order cross-moments has its share of surprises,216

and the derivation of the final expression for the multiple timescale approximation of the third moment will be217

detailed in the rest of Section 5.218

Ultimately, once the third order cross-moments are obtained, it is possible to express the recombination of219

modal responses at third order and compute the third statistical moment of any structural response as follows220

m3,xn = E
⇥
x
3
n

⇤
=

nmX

i=1

nmX

j=1

nmX

k=1

�ni�nj�nkE [qiqjqk] =
nmX

i=1

nmX

j=1

nmX

k=1

�ni�nj�nkm3,qijk . (18)

By similarity with the Complete Quadratic Combination, this combination is called Complete Cubic Com-221

bination (CCC) as it includes all possible combinations of moments at third order. Again, we can isolate the222

contributions of the super-diagonal elements of the third moment matrix and write223

m3,xn =
nmX

i=1

�
3
nim3,qi +

nmX

i=1

nmX

j=1

nmX

k=1
(j,k) 6=(i,i)

�ni�nj�nkm3,qijk . (19)

When the triple summation is neglected, the resulting expression corresponds to the Cubic Root of the Sum of224

the Cubes (CRSC), which is similar to the Square Root of the Sum of the Squares combination. We emphasize225

that it is very tempting to drop the triple summation and consider the CRSC combination instead of the CCC.226

The saving is yet much more interesting than at second order. However, while it is possible to show that,227

at second order, the magnitude of the correlation coefficients of modal responses remain bounded to unity, in228

absolute value, such a bound does not exist at third order. Out-of-diagonal elements of the third moment matrix229

can therefore be larger, even much larger, than the diagonal ones. The Complete Cubic Combination makes230

therefore much more sense than the CRSC combination.231

The practical usage of third statistical moments is revealed by means of the skewness coefficient, defined by232
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scaling the third moment by the third power of the standard deviation,233

�3,xn =
m3,xn

m
3/2
2,xn

. (20)

In the illustrations given at the end of the paper, the skewness coefficient of the displacements and bending234

moments in a bridge structure are computed. Two variants are shown, either keeping either discarding the235

cross-correlation sums in the estimation of the second and third moments of the structural responses. It is236

shown that the difference can be significant. This example serves as a motivation to derive simple expressions237

for the determination of the cross-moments of the modal responses m3,qijk .238

4. Specificities of the problem239

4.1. Symmetries240

The cross-bispectrum of stochastic (ergodic) processes x1(t), x2(t) and x3(t) can be computed as241

Bijk (!1,!2) = lim
T!+1

1

2⇡T
E
⇥
Xi (!1)Xj (!2)Xk (!1 + !2)

⇤
(21)

where Xm (!) =
´ T/2
�T/2 xm(t)e�i!tdt, m 2 {i, j, k} is the truncated Fourier transform of the process [1]. Since242

Xm (�!) = Xm (!) for m 2 {i, j, k},243

Bijk (�!1,�!2) = Bijk (!1,!2) , (22)

which indicates that the real part of the cross-bispectrum enjoys a central symmetry about (!1,!2) = (0, 0)244

while the imaginary part of the cross-bispectrum enjoys a central anti-symmetry about (!1,!2) = (0, 0). Thus,245

without any loss of generality, only half of the spectrum can be established, e.g. for (!1,!2) 2 R⇥ R+ and246

the real and imaginary parts of the bispectrum can be reconstructed everywhere else based on these symmetry247

properties, see Figure 2-b. Since the kernel Kijk (!1,!2) has the same structure as the bispectrum, as indicated248

by its definition (15), it enjoys the same symmetry properties as the bispectrum,249

Kijk (�!1,�!2) = Kijk (!1,!2) . (23)

This is consistent with (14), where the kernel is expressed as a ratio of two bispectra and therefore needs to250

have the same symmetry properties.251

A cross-bispectrum also exhibits some symmetry properties with respect to its indices, e.g. Bijk (!1,!2) =252

Bjik (!2,!1). This is easily demonstrated by swapping indices in the definition (21). This type of symmetry253

can be used to reconstruct the bispectrum for any permutation of the triplet (i, j, k) once it is known for any254

one of them. Moreover, the third-moment matrix m3 associated with this bispectrum has stronger symmetry255

properties with respect to its indices. Indeed, after integration, random processes become random variables,256

neither time nor frequency longer matters, and m3ijk is independent of any permutation of the triplet (i, j, k).257

Super-diagonal elements of the bispectrum (i = j = k) feature additional symmetry conditions because of258

the commutativity of the product which can be exploited as soon as all three factors in (21) or (15) involve259
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(a) (b)

Figure 2: Illustration of the symmetry properties of bispectra (a) unilateral bispectrum (i = j = k), only one fourth of the frequency

space is sufficient to reconstruct the bispectrum everywhere , (b) general case (i 6= j 6= k), one half of the frequency space is sufficient

to reconstruct the bispectrum everywhere.

the same function. Consequently, the unilateral bispectrum (i = j = k) can be expressed on the quadrant260

(!1,!2) 2 R+ ⇥ R+ only, and the hexa-symmetry translated by261

Bi (!1,!2) = Bi (�!1,!1 + !2) = Bi (�!1 � !2,!1) = Bi (�!1,�!2)

= Bi (!1,�!1 � !2) = Bi (!1 + !2,�!1) (24)

can be used to reconstruct the bispectrum on the five other sextants, see Figure 2. In Figure 2-a, the roman num-262

bers used to identify the sextants correspond to the six equations in (24), e.g. Bi (!1,!2) = Bi (�!1,!1 + !2)263

can be used to reconstruct the bispectrum in the second sextant from the information available in the first one.264

4.2. Real and Imaginary parts of the bispectra265

Since we mostly focus on the integration of the cross-bispectra (of modal responses), only the central sym-266

metry is exploited in the sequel. More precisely, and because it is expected that the modal responses are267

real stochastic processes, only the real part of Bqijk (!1,!2) on the domain (!1,!2) 2 R⇥ R+ needs to be268

determined, without any loss of information. Because it is expressed as the product of two (possibly complex)269

quantities, rewriting (14) in the format270

Re
�
Bqijk

 
= Re {Kijk}Re

�
Bpijk

 
� Im {Kijk} Im

�
Bpijk

 
(25)

shows that only the real (respectively imaginary) parts of Kijk (!1,!2) and Bpijk (!1,!2) need to be combined271

together.272

4.3. Small numbers of the problem273

This problem involves several small numbers. It is essential to explicitly formulate that these quantities are274

small and to do so, the small number " ⌧ 1 is introduced. It is arbitrarily introduced in order to compare275

the various orders of magnitude of the different terms involved in the problem. Then, once simplifications and276

formal comparison of orders of magnitude are done, it will disappear from the final expression. Introducing this277

small quantity is standard approach in typical perturbation methods [40].278
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First, damping ratios are supposed to be small, ⇠i ⌧ 1, ⇠j ⌧ 1, ⇠k ⌧ 1. So they are written279

⇠i = "⇠̃i ; ⇠j = "⇠̃j ; ⇠k = "⇠̃k (26)

where ⇠̃i, ⇠̃j and ⇠̃k are rescaled values of the damping ratio. They will be momentarily used instead of ⇠i, ⇠j280

and ⇠k so that the smallness of the damping ratios can be taken into account; after simplifications, (26) will be281

used again to express final results in terms of original problem parameters ⇠i, ⇠j and ⇠k. It is noticed that ⇠̃i,282

⇠̃j and ⇠̃k can be as small as desired —for instance, they could be equal to zero in the undamped case—, but283

should be of order 1 at most. Indeed, if they were of order 1/", the corresponding damping ratio would be of284

order 1, which is not consistent with the small damping assumption.285

Assuming small damping implies that a typical frequency response function (3) can be expanded as286

Hm (!) =
1

km

1

1�
⇣

!
!m

⌘2 � 1

km

2i"⇠̃m !
!m✓

1�
⇣

!
!m

⌘2
◆2 + ord

�
"
2
�

(27)

for m 2 {i, j, k}.287

Second, as customary in wind engineering applications, the characteristic frequency content of the loading288

↵ is supposed to be much lower than the natural frequencies of the structure. In the sequel, we will focus on a289

generic cross-moment (i, j, k) with three natural frequencies !i, !j and !k, it is desired to state that290

↵⌧ !i ; ↵⌧ !j ; ↵⌧ !k. (28)

Alternatively, ↵ is also small compared to the average of any combination of !i, !j and !k. For instance, to291

formalize that ↵ is small with respect to the average value between !j and !k, noted !̂jk = (!j + !k) /2, we292

will later write293

↵ = ↵̃ !̂jk". (29)

In this expression, ↵̃ is a rescaled loading frequency of order 1 at most (for similar reasons as for ⇠̃i), !̂jk is294

there to give units and " is the (small) order of magnitude.295

Last but not least, small relative differences of natural frequencies will also be explicitly stated in the rest of296

this document. For instance, to formalize that the natural frequencies in modes j and k are close to each other,297

we will refer to the difference298

!k � !j

!k + !j
=
!k � !j

2!̂jk
= "�̃jk (30)

where �̃jk refers to a rescaled relative distance between !j and !k. While the first two assumptions (26) and299

(29) are valid throughout the document, small relative differences of natural frequencies as expressed in (30)300

will only be used occasionally whenever such condition is formulated.301

5. Multiple Timescale Spectral Analysis302

As motivated earlier, the out-of-diagonal elements of the third moment matrix of modal responses, m3,qijk ,303

are essential to the Complete Cubic Combination. They are explicitly obtained by the integration of the304
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corresponding cross-bispectrum, see (16). In this Section, the Multiple Timescale Spectral Analysis is specialized305

to the computation of that specific integral. It is an approximate method, but since it is semi-analytical, it is306

much faster.307

5.1. General overview of the problem308

The peaks in the bispectrum such as those visible in the sketch of Figure 1 are located at the intersections309

of crests which correspond themselves to the locations of poles in the factors composing the kernel Kijk or310

the bispectrum of the loading. More specifically the kernel Kijk exhibits three pairs of crests, each pair being311

associated with each factor composing the kernel Kijk, see (15). Similarly, the bispectrum of the loading has312

three main crests, intersecting at the origin; they are clearly visible in Figure 1-b.313

In the most general case, the cross-bispectrum of the response can exhibit up to 25 different peaks corre-314

sponding to the intersections, in the (!1,!2)�plane of the different crest lines in the various factors composing315

the bispectrum, see Figure 3-a. Since the Multiple Timescale Spectral Analysis consists in the successive focus316

on each peak in the response, a systematic application of the method would be tedious. Central symmetry317

can be invoked first to reduce the problem to a half-plane where only 13 peaks can be considered. They are318

represented and labelled in Figure 3-a. These peaks are classified in three different categories:319

• the background peak (#1) is unique; it is located near the origin, where the three factors in the kernel320

are in the quasi-static regime (!1 and !2 much smaller than the natural frequencies);321

• the mixed background-resonant peaks (#2, #3, · · · ,#7), where one or two of the three factors in the322

kernel are in the resonant regime (either !1, !2 or !1 + !2 corresponds to the natural frequency) and323

where the bispectrum of the loading is important, meaning that these peaks are also located along the324

crest where the bispectrum of the loading is important (thick brown lines);325

• the bi- and tri-resonant peaks (#8, #9, · · · ,#13) where two or three factors in the kernel are in the326

resonant regime. They correspond to the intersections of the dashed lines in Figure 3. Depending on327

the specific values of the three natural frequencies, these peaks are bi- or tri-resonant. In the two cases328

shown in Figures 3, only bi-resonance is illustrated since, only two dashed lines cross at the same time.329

However, when !k = !i + !j , the three peaks labelled #8, #9 and #13, located in the yellow triangle,330

merge. This gives rise to tri-resonance. This phenomenon is only observable for cross-moments for which331

one frequency is the sum of two others (or one is the double as another).332

The type and coordinates of each peak are also given in Table 1.333

Beside usage of symmetry, the solution of the problem can be drastically simplified by analyzing the orders334

of magnitude of the different contributions to the cross-moment that each peak can offer. For instance, from335

previous works [24], it is known that the unilateral bispectrum of the modal response, see Figure 3-b, has a336

background component (#1) and six major mixed background-resonant peaks (#2,3,8, #6,7,10 and #4,5,9)337

while the bi-resonant peaks (#11, #12, #13) can be neglected.338

A rigorous analysis of the order of magnitude of each peak, in the more general case of the cross-moment,339

has been carried out. It is summarized in Table 2. For each peak, we indicate the order of magnitude of340
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Background
Mixed
Resonant

(a) (b)

1011

12

13

1 2 3

4

5

6

7
8

9

11

12

13

1

2,3,8

4,5,9
6,7,10

Figure 3: Location and classification of the different peaks in a cross bispectrum (a) general case with !i 6= !j 6= !k, (b) particular

case with !i = !j = !k.

Peak No. (!1,!2) !1 + !2

Background #1 (0, 0) 0

Mixed B-R #2 (!i, 0) !i

#3 (!k, 0) !k

#4 (0,!j) !j

#5 (0,!k) !k

#6 (�!i,!i) 0

#7 (�!j ,!j) 0

bi-/tri-resonant #8 (!k � !j ,!j) !k

#9 (!i,!k � !i) !k

#10 (�!i,!j) !j � !i

#11 (�!k � !j ,!j) �!k

#12 (�!i,!i + !k) !k

#13 (!i,!j) !i + !j

Table 1: Location and classification of the 13 peaks located in the upper half frequency space.
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No. Xp (!1) Xp (!2) Xp (!1 + !2) Hi (!1) Hj (!2) Hk (!1 + !2) Bijk (!1,!2) condition

#1 1/" 1/" 1/" 1 1 1 1/"3 -

#2 1 1/" 1 1/" 1 d1/"e 1/"3 !i ' !k

#3 1 1/" 1 d1/"e 1 1/" 1/"3 !i ' !k

#4 1/" 1 1 1 1/" d1/"e 1/"3 !j ' !k

#5 1/" 1 1 1 d1/"e 1/" 1/"3 !j ' !k

#6 1 1 1/" 1/" d1/"e 1 1/"3 !i ' !j

#7 1 1 1/" d1/"e 1/" 1 1/"3 !i ' !j

#8 d1/"e 1 1 d1/"e 1/" 1/" 1/"3 !i ' !k � !j

#9 1 d1/"e 1 1/" d1/"e 1/" 1/"3 !j ' !k � !i

#10 1 1 d1/"e 1/" 1/" d1/"e 1/"3 !k ' !j � !i

#11 " 1 1 d1/"e 1/" 1/" (1/"2) !i ' !k � !j

#12 1 " 1 1/" d1/"e 1/" (1/"2) !j ' !k � !i

#13 1 1 " 1/" 1/" d1/"e (1/"2) !k ' !j � !i

Table 2: Relative orders of magnitude of the different factors composing the bispectrum of the response. The symbol d·e is used to

indicate that the quantities are at most of a given order. Conditions to reach this order of magnitude are given in the last column.

each of the six factors composing the bispectrum of the response (Xp (!1), Xp (!2), X̄p (!1 + !2), Hi (!1),341

Hj (!2), H̄k (!1 + !2)). In order to simplify notations, indices i, j and k are dropped in the truncated Fourier342

transform of the modal loads Xp (·). The relative orders of magnitude of Xp (!) are: 1/" for |!| ⇠ ↵, 1 for343

|!| ⇠ {!i,!j ,!k}, and " for |!| ⇠ 2{!i,!j ,!k}. This stems from the fact that ↵ ⇠ " and is fully consistent with344

the fact that the bispectrum of the loading assumes large values along the three ridges represented by brown345

thick lines in Figure 3. Then, just by considering the values of !1, !2 and !1 + !2 of each peak (see Table 1),346

the orders of magnitude of Xp (!1), Xp (!2), X̄p (!1 + !2) can be established. They are given in Table 2 (first347

three columns). It is seen that all three factors are of order 1/" for the background peak (#1), while only one348

of the three is of order 1/" for the mixed peaks, along the thick brown lines (#2, #3, #4, #5, #6, #7), and349

at most one factor is large, upon condition, for the resonant peaks (#8, #9, #10, #11, #12). For instance, at350

the location of peak #8, !1 = !k � !j (see Table 1) and Xp (!1) = Xp (!k � !j). So, depending on whether351

|!k � !j | ⇠ ↵, |!k � !j | ⇠ {!i,!j ,!k} or |!k � !j | ⇠ 2{!i,!j ,!k}, the order of magnitude of that factor at352

the location of peak #8 can take very different values. The most important one, is when |!k � !j | ⇠ ↵, in353

which case, Xp (!1) ⇠ 1/" and this peak is potentially (and conditionally) large. This condition is schematically354

represented by the symbol d1/"e in Table 2, meaning that at most Xp (!1) ⇠ 1/" for peak #8.355

The same exercise is repeated for the frequency response functions Hi (!1), Hj (!2) and H̄k (!1 + !2). In356

this case, it is noticed that the relative order of magnitude of Hm (!) is: 1 for |!| ⌧ !m, 1/" for |!| ⇠ !m357

(resonance, the response is inversely proportional to damping ⇠m ⇠ "), and " for |!| � !m. In particular, the358

three factors are of order 1 for the background peak (#1) since they correspond to the quasi-static regime. The359

mixed peaks (#2, #3, #4, #5, #6, #7) have one resonance for sure and possibly a second one. For instance, for360
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peak #2, Hi (!1) = Hi (!i) ⇠ 1/" is resonant, Hj (!2) = Hj (0) ⇠ 1 is quasi-static and H̄k (!1 + !2) = H̄k (!i),361

which is resonant under the condition !i ' !k. For this reason it is also noted d1/"e in Table 2. Bi- and362

tri-resonant peaks (#8, #9, #10, #11, #12) correspond to resonance in at least two of the three frequency363

response functions, and possibly three upon condition.364

Finally, the order of magnitude of the contribution of each peak in the response bispectrum can be established365

by combining the orders of magnitude of the six factors. They are reported in column with heading Bijk (!1,!2),366

followed by the condition to reach the largest order of magnitude. Since the extent of each peak in the (!1,!2)367

plane is of order "2 for each of them (it is ↵2 for the background and ⇠2m for the resonance), comparison of the368

value of the bispectrum is sufficient to sort out the different peaks according to their importance. From this, it369

is seen that:370

• the order of magnitude of the response bispectrum in the background component is always 1/"3,371

• the other contributions might therefore be neglected if they do not reach the same order of magnitude,372

• the six mixed peaks (#2, ..., #7) could contribute with the same order of magnitude, as soon as one of373

the following conditions is met, !i ' !k, !j ' !k or !i ' !j . If all three conditions are met, !i ' !j ' !k374

all six peaks contribute. In the particular case where !i = !j = !k (e.g. diagonal elements of m3), they375

all contribute equally;376

• three out of the six resonant peaks (#8, #9, #10) could also contribute with the same order of magnitude.377

There are two ways to do so. The first one is to have an important background, under the conditions:378

!i ' !k, !j ' !k or !i ' !j , in which case they actually turn to be mixed contributions (#4,5,8 merge;379

#2,3,9 merge or #6,#7,#10 merge). This case is covered by the previous item. The second way to have a380

leading order contribution of peaks (#8, #9, #10) is under one of the following conditions !i ' !k � !j ,381

!j ' !k � !i, or !k ' !j � !i. In this case, resonance takes place in each mode (tri-resonance) and the382

three peaks located in the yellow triangle in Figure 3-a collapse to the same point;383

• the three other resonant peaks (#11, #12, #13) indicated by isolated yellow circles in Figure 3 have a384

smaller order of magnitude and can always be neglected.385

In the following, the solution is simplified by noticing that m3,qijk is independent of any permutation of the386

triplet (i, j, k). Without any loss of generality, it is therefore assumed that !i  !j  !k. A specific focus will387

be given, in the following subsections, to the three different components that can arise in such circumstances,388

i.e. (i) the background component, near the origin, (ii) the mixed background-resonant peaks located along the389

axes where the bispectrum of loading is important (brown lines), they will be studied only in the cases where390

!i ' !k, !j ' !k or !i ' !j ; otherwise they would yield smaller contributions, (iii) the tri-resonant peaks391

located in the neighborhood of the yellow triangles in Figure 3 whenever they collapse to a very small area,392

of the order of magnitude of the damping ratio. Considering that !i  !j  !k, the only way to reach this393

condition is to have !k ' !i +!j . It is already underlined that this latter contribution is totally new and could394

not have been observed in the single degree-of-freedom case, for which the condition !k ' !i + !j cannot be395

met. These three contributions are derived in detail in the following three subsections.396
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5.2. Contribution 1: background397

The general theory of the Multiple Timescale Spectral Analysis [31] recommends to start with the background398

component, which is easily identifiable. In our case, it is readily obtained by approximating the kernel as399

Kijk (!1,!2) = 1/kikjkk so that (16) yields400

m3,bijk =

¨

R2

1

kikjkk
Bpijk (!1,!2) d!1d!2 =

m3,fijk

kikjkk
, (31)

which indicates that the third moment of the background response is directly obtained from the third moment401

of modal loads. This naturally extends to cross-moments the same logic [24] as for the super-diagonal element402

(i = j = k).403

This first component can then be subtracted from the original expression (16), leaving the residual404

mijk �m3,bijk =

¨

R2

K̂ijk (!1,!2)Bpijk (!1,!2) d!1d!2 (32)

where K̂ijk (!1,!2) = Kijk (!1,!2)� 1
kikjkk

. In this integrand, there is no longer any peak in the neighborhood405

of the origin and it is possible to focus on the other two contributions.406

5.3. Contribution 2: mixed background/bi-resonant407

Mixed contributions are located along the ridges of the bispectrum of loading. There are 12 peaks along408

those ridges where the kernel K (!1,!2) takes large values in the neighborhood of resonance peaks. Half of them,409

located in the upper half plane are labelled #2, #3,· · · , #7 in Figure 3-a. In the specific case depicted in Figure410

3-a, all three natural frequencies are relatively well distinct (with respect to the width of resonance peaks) so411

that they correspond to mono-resonance. In case two (at least) of the three natural frequencies are close to412

each other, bi-resonance takes place along a ridge of important background response, as discussed earlier. Some413

peaks then collapse to a single point, as illustrated in Figure 3-b for !i = !j = !k.414

The determination of the mixed contribution is therefore only relevant for the local contribution in the415

neighborhood of (a) (!1,!2) = (!i, 0) with !k ' !i (peaks labelled #2 and #3), (b) (!1,!2) = (0,!j) with416

!k ' !j (peaks labelled #4 and #5), (c) (!1,!2) = (�!i,!i) with !j ' !i (peaks labelled #6 and #7).417

The second one of these contributions will be treated in detail and the other two will be obtained by circular418

symmetry.419

When !j ' !k, the two peaks #4 and #5 are close to each other. In the limit case, !j = !k, they merge.420

In order to formalize this, we explicitly state that the relative distance between the two natural frequencies has421

the same order of magnitude as the width of the resonance peaks (the damping ratio, of order "),422

!j = !̂jk (1� "�) , !k = !̂jk (1 + "�) (33)

where !̂jk = (!j + !k) /2 is the average natural frequency. The change of variables (33) maps (!j ,!k) onto423

(!̂jk, �). Substitution of these definitions in !k � !j shows that 2"� = (!k � !j) /!̂jk, so that � can be seen as424

a relative difference of natural frequencies.425
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The standard technique of the Multiple Timescale Spectral Analysis [31] can now be applied. The width of426

the considered peak in the !1�direction is the small frequency ↵ ⇠ ", which is arbitrarily written ↵ = ↵̃ !̂jk"427

to indicate that the characteristic frequency of the loading is small with respect to the natural frequencies. The428

dimensionless parameter ↵̃ is of order 1 at most, and it is just temporarily introduced to be rigorous; it will be429

soon replaced back by ↵ again. The order of magnitude of the width of the peak in the !2�direction is !̂jk"430

because the damping ratio is of order ", see Section 4.3. So the stretched coordinates ⌘1 and ⌘2 necessary to431

focus on this peak are naturally chosen as432

!1 = ↵̃ !̂jk" ⌘1 and !2 = !̂jk (1 + "⌘2) . (34)

They are centered and normalized in the sense that, for ⌘1 = ⌘2 = 0, (!1,!2) = (0, !̂jk), and (⌘1, ⌘2) ⇠ 1. With433

these stretched coordinates, we have434

!1

!i
=
↵̃!̂jk" ⌘1

!i
;

!2

!j
=
!̂jk (1 + "⌘2)

!̂jk (1� "�)
⇠ 1+" (⌘2 + �) ;

!1 + !2

!k
=
↵̃" ⌘1 + (1 + "⌘2)

1 + "�
⇠ 1+" (↵̃ ⌘1 + ⌘2 � �)

(35)

so that substitution in (27) yields after expansion for small " and truncation at leading order,435

Hi (!1) =
1

ki
; Hj (!2) =

1

kj

1

2"

�1

⌘2 + � � i⇠̃j
; H̄k (!1 + !2) =

1

kk

1

2"

�1

↵̃⌘1 + ⌘2 � � + i⇠̃k
. (36)

This indeed indicates resonance in two of the three factors (j and k), hence, bi-resonance. The kernel reads436

Kijk (!1 (⌘1) ,!2 (⌘2)) =
1

kikjkk

1

4"2
1

⌘2 + � � i⇠̃j
1

↵̃⌘1 + ⌘2 � � + i⇠̃k
(37)

plus higher order terms in 1/" which are neglected. It is also noticed that the residual K̂ijk (!1,!2) assumes437

the same expansion as the kernel and, as a consequence, K̂ijk (!1,!2) can be equally replaced by Kijk (!1,!2).438

The bispectrum of the loading, in that specific area of the frequency space, is439

Bpijk (↵̃!̂jk" ⌘1, !̂jk (1 + "⌘2)) = Bpijk (↵̃!̂jk" ⌘1, !̂jk) + "⌘2!̂ik@!2Bpijk (↵̃!̂jk" ⌘1, !̂jk) + ord
�
"
2
�
. (38)

It is assumed that the gradient @!2Bpijk of the bispectrum of loading along !2 is of order 1 at most in the440

neighborhood of the bi-resonant peak located at (!1,!2) = (0, !̂jk). This hypothesis is very similar to that441

formulated in the classical background/resonant decomposition [27, 38]. Alternative formulations do exist442

otherwise [31] but are not considered here; they are not required in case of wind loading, which is here the443

target application. We also underline that the conjugate gradient @!1Bpijk might be large close to the peak at444

(0, !̂jk) so that no assumption is made with respect to that slow timescale.445

Considering that the bispectrum of loading is slightly sensitive to changes in ⌘2, meaning that the second term446

in (38) is of higher order, the bispectrum of loading is approximated by Bpijk (↵̃!̂jk" ⌘1, !̂jk) and substitution447

of (37) and (38) into (32) shows that the contribution to the third central moment, coming from the bi-resonant448

peaks #4 and #5 can be worked out as follows,449
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I3,rjk =
1

kikjkk

1

4"2

¨

R2

Bpijk (↵̃!̂jk" ⌘1, !̂jk)⇣
⌘2 + � � i⇠̃j

⌘⇣
↵̃⌘1 + ⌘2 � � + i⇠̃k

⌘ ↵̃!̂jk"d⌘1!̂jk"d⌘2

=
1

kikjkk

⇡!̂jk

2"

ˆ

R

Bpijk (↵̃!̂jk" ⌘1, !̂jk)

⇠̃j + ⇠̃k � i ↵̃ ⌘1 + 2i�
↵̃!̂jk"d⌘1. (39)

Using the reverse change of coordinates !1 = ↵̃ !̂jk" ⌘1, and noticing that !k �!j = 2!̂jk"�, we can now return450

to the original frequency space451

I3,rjk =
1

kikjkk

⇡!̂
2
jk

2

ˆ

R

Bpijk (!1, !̂jk) d!1

(⇠j + ⇠k) !̂jk + i (!k � !j � !1)
. (40)

At the same time we could also eliminate ↵̃ as well as the arbitrary and small parameter " that had been452

introduced to formalize the smallness of some quantities in this problem. This expression is therefore a local453

contribution to the third cross-moment in the neighborhood of peaks labelled #4 and #5 in Figure 3. It is454

remarkable that, instead of the two-fold integral that would be necessary in principle, the local contribution is455

obtained by integrating along a single line. This translates into massive computational savings in the analysis456

of large structures because of the heavy computational cost of the evaluation of the bispectrum of modal loads,457

obtained by projection.458

Equation (40) involves complex quantities, both in Bpijk (!1, !̂jk) and in the denominator. The exact result459

of this integral might not be real-valued. This is a consequence of the approximation that has been made460

to obtain this simplified expression. In order to make sure the result of the integral is well real-valued, the461

imaginary part can just be dropped, which gives462

m3,rjk = 2 I3,rjk =
⇡!̂

2
jk

kikjkk

ˆ

R

Re


Bpijk (⌦, !̂jk)

(⇠j + ⇠k) !̂jk + i (!k � !j � ⌦)

�
d⌦, (41)

where multiplication by 2 accounts for the symmetrically located peaks. All in all, m3,rjk is the contribution to463

the third moment coming from the interaction between resonance peaks in modes j and k.464

We are now in a position to review the conditions under which this contribution to the third cross-moment465

is significant. A first necessary condition for this interaction between modes j and k to be significant is that466

the denominator in (41) be small, which is the case when467

⌦ ' !k � !j . (42)

A second necessary condition is that the numerator Bpijk (⌦, !̂jk) be large, which happens to be the case in two468

distinct conditions:469

1. |⌦| ⇠ ↵, which is a small frequency (remember ↵ ⌧ !̂jk); and so, combining with (42), |!k � !j | should470

be small (|!k � !j | ⇠ ↵) for the contribution m3,rjk to be significant, or,471

2. ⌦ ⇠ �!̂jk, which, together with the condition (42) yields !k � !j ⇠ �!̂jk, i.e. !k ⇠ 1
3!j .472

The first case, !k � !j ⌧ !̂jk precisely corresponds to the hypothesis that has been made, the small relative473

difference between natural frequencies !j and !k. The second case however does not correspond to the for-474

mulated hypothesis. It can be seen as a spurious contribution to the third moment but it is never activated475
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as long as care is taken to order the natural frequencies. Indeed, the condition !k ⇠ 1
3!j can never be met if476

!k � !j . As a conclusion, the proposed formulation for the jk-biresonant contribution m3,rjk , given in (41), is477

only significant when the natural frequencies are relatively close to each other.478

The same contributions m3,rij and m3,rik exist for the possible interactions between modes i and j, and479

modes i and k. They are obtained with a very similar procedure whose details are skipped and which finally480

yields481

m3,rik =
⇡!̂

2
ik

kikjkk

ˆ

R

Re


Bpijk (!̂ik,⌦)

(⇠i + ⇠k) !̂ik + i (!k � !i � ⌦)

�
d⌦, (43)

m3,rij =
⇡!̂

2
ij

kikjkk

ˆ

R

Re

"
Bpijk

�
�!̂ij +

⌦
2 , !̂ij +

⌦
2

�

(⇠i + ⇠j) !̂ij + i (!i � !j + ⌦)

#
d⌦. (44)

5.4. Contribution 3: tri-resonant482

A tri-resonant contribution occurs when any one of the three natural frequencies is close to the sum of two483

others. Owing to the sorting condition !i  !j  !k, this condition translates into !k close to !i+!j , which is484

made explicit by writing !k = (!i + !j) (1 + "�). Two stretched coordinates !1 = !i (1 + "⌘1), !2 = !j (1 + "⌘2)485

are introduced to zoom in the peak located at (!1,!2) = (!i,!j). Noticing that486

!1

!i
⇠ 1 + "⌘1 ;

!2

!j
⇠ 1 + "⌘2 ;

!1 + !2

!k
⇠ !i

!i + !j
(1 + "⌘1 � "�) +

!j

!i + !j
(1 + "⌘2 � "�) , (45)

substitution in (27) yields after expansion for small " and truncation at leading order,487

Hi (!1) =
1

ki

1

2"

�1

⌘1 � i⇠̃i
; Hj (!2) =

1

kj

1

2"

�1

⌘2 � i⇠̃j
; H̄k (!1 + !2) =

1

kk

1

2"

�1

�!i⌘1+!j⌘2

!i+!j
+ � � i⇠̃k

. (46)

so that the kernel is locally approximated by488

K (⌘1, ⌘2) =
1

kikjkk

1

8"3
1

�⌘1 + i⇠̃i
1

�⌘2 + i⇠̃j
1

�!i⌘1+!j⌘2

!i+!j
+ � � i⇠̃k

. (47)

Observing that the bispectrum of the loading does not significantly change over the width of the tri-resonance489

peak, and that the jacobian of the stretching is "2!i!j , the contribution to the third moment of the modal490

response is491

It =
Bpijk (!i,!j)

kikjkk

¨

R2

1

8"3
1

�⌘1 + i⇠̃i
1

�⌘2 + i⇠̃j
1

�!i⌘1+!j⌘2

!i+!j
+ � � i⇠̃k

"
2
!i!jd⌘1d⌘2. (48)

After some standard calculus, this double integral is evaluated as492

It =
Bpijk (!i,!j)

kikjkk

⇡
2

2"

!i!j

�� + i!i(⇠̃i+⇠̃k)+!j(⇠̃j+⇠̃k)
!i+!j

(49)

or, considering that � is such that "� = 1� !k/ (!i + !j),493

It =
⇡
2
Bpijk (!i,!j)

2kikjkk

!i!j

!k�!i�!j

!i+!j
+ i!i(⇠i+⇠k)+!j(⇠j+⇠k)

!i+!j

. (50)
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If the bispectrum of the loading is real, the imaginary part is omitted (by symmetry) and, after multiplication494

by 2 to account for both such peaks, the contribution of the tri-resonance peak is given by495

m3,tijk =
⇡
2
Bpijk (!i,!j)!i!j

kikjkk

(!k � !i � !j) (!i + !j)

(!k � !i � !j)
2 + (!i (⇠i + ⇠k) + !j (⇠j + ⇠k))

2 . (51)

It is important to see that this expression is equal to 0 if the equality !k = !i +!j strictly holds. Also because496

of the different powers of (!k � !i � !j) in the numerator and in the denominator, it decreases down to zero497

as (!k � !i � !j) ! +1. In fact, this expression takes only significant values when !k � !i � !j has the same498

order of magnitude as the damping ratios. Indeed, in that case, the numerator is not equal to zero; it is small499

(same order of magnitude as the damping ratio) and the denominator is proportional to the squared damping500

ratio, so that m3,t is proportional to the inverse of the damping ratio. This contribution is very similar to the501

resonant contribution at second order.502

5.5. Summary503

5.5.1. General solution504

Combining (31), (41) (43), (44) and (51), the final expression obtained for the third cross-moment of the505

modal responses is given by506

m3,ijk = m3,bijk +
�
m3,rjk +m3,rik +m3,rij

�
+m3,tijk . (52)

5.5.2. Special case for equal damping and equal natural frequencies507

It is possible to check that this expression boils down to the well-known solution for the singe degree-of-508

freedom case. Indeed, when !i = !j = !k and ⇠i = ⇠j = ⇠k three contributions m3,rjk , m3,rij and m3,rik509

become510

m3,rjk =
⇡!

2
i

k
3
i

ˆ

R

Re

Bpiii (⌦,!i)

2⇠i!i � i⌦

�
d⌦ ; m3,rik =

⇡!
2
i

k
3
i

ˆ

R

Re

Bpiii (!i,⌦)

2⇠i!i � i⌦

�
d⌦, (53)

m3,rij =
⇡!

2
i

k
3
i

ˆ

R

Re

"
Bpiii

�
�!i +

⌦
2 ,!i +

⌦
2

�

2⇠i!i + i⌦

#
d⌦. (54)

Since Bpiii (!1,!2) is now a unilateral bispectrum, it enjoys the full symmetry properties (24) and it is511

possible to use these properties to show that these three results are identical, and (52) actually boils down to512

the solution (17) which had been previously determined for a single oscillator [24]. Furthermore, in that case,513

the tri-resonant contribution becomes negligible with respect to the bi-resonant contribution [24].514

6. Illustrations515

6.1. Exhaustive validation of the proposed formulation516

The first illustration validates the simplified computation of the integrals. It is thought as a minimal working517

example. To do so we consider the case of a generic 3-DOF uncoupled system with natural circular frequencies518
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!i, !j and !k. Equivalently, it represents a set of any 3 modal responses in a larger structure, and only one519

out-of-diagonal element of the third order moment tensor, m3,ijk, is considered.520

Without any loss of generality the modal stiffnesses are considered unitary, and for the sake of simplicity521

all three damping ratios are assumed equal ⇠i = ⇠j = ⇠k := ⇠. The cross-bispectrum of the loading takes the522

form of the square of a Gaussian process, f(t) = � (U + u (t))2 so that, for small turbulence intensity �u/U , the523

bispectrum of the loading reads [41]524

Bf (!1,!2) = 8�3 (Su (!1)Su (!2) + Su (!1 + !2)Su (!1) + Su (!2)Su (!1 + !2)) . (55)

The generating process u(t) is an Ornstein-Uhlenbeck process with power spectral density525

Su (!) =
1

⇡

↵�
2
u

↵2 + !2
. (56)

This choice makes it very simple to generate samples of u(t) and f(t) and compare the results of the spectral526

and bispectral analyses with Monte Carlo simulations.527

In this illustration, the intensity of the process �u and the normalizing coefficient � are chosen as �u = 1 and528

� = 1, again without any loss of generality since they just scale the bispectrum of the loading. Furthermore,529

we chose ↵ = 0.06 as a small parameter in order to enforce the timescale separation. Indeed, the lowest natural530

frequency will be chosen as !i = 1 so that only the influence of !j (� !i), !k (� !i) and ⇠ has to be studied.531

More precisely, the third cross-moment will be determined either (i) with an accurate numerical integration of532

the bispectrum, (ii) by means of the proposed formulations.533

From (55) it is readily seen that the third moment of the loading is three times 8, i.e. m3,f = 24. Because of534

the unit modal stiffnesses, this immediately translates into a background component (31) of the response equal535

to m3,b = 24 for all considered cases. The mixed background/bi-resonant contributions (41), (43) and (44), and536

the tri-resonant contribution (51) admit slightly simpler expressions in the case of identical damping ratio in all537

three modes, see (53-54). These three components are represented on Figure 4-(a,b,c) as a function of !k and538

for !i = 1 and various values of !j (1.5, 1.2, 1). They are also represented for two different damping ratios,539

⇠ = 0.3% and ⇠ = 3%.540

The constant background m3,b = 24 is represented by the horizontal dotted lines in the three subplots.541

The mixed background/bi-resonant contributions m3,r = m3,rjk +m3,rik +m3,rij are represented by the solid542

lines. For (!i,!j) = (1, 1.5), see Figure 4-a, the bi-resonant contribution is large when !k is in the neighborhood543

of !i = 1 or !j = 1.5. It is a bi-resonant contribution and is therefore more important for small damping ratio.544

As already discussed in [24] in the particular case of unilateral moments, the bi-resonant contribution scales545

with the inverse of the damping ratio only when ⇠ & ↵. This condition is not met here and we can observe546

that this component is only roughly doubled when the damping ratio is divided by 10. When !k is not in the547

neighborhood of !i = 1 or !j = 1.5, the bi-resonant contribution is rather small and is negligible with respect548

to the background. As !i and !j come closer, see Figure 4-(b,c), this component is still important when !k is549

in the neighborhood of !i or !j , but it is no longer negligible when !k is substantially far away from !i and550

!j . This simply translates the fact that this is a bi-resonant contribution and that resonance is achieved in551
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Figure 4: Cross-moment of the modal response. Left, comparison of the proposed solution (MTSA) in solid line and reference

solution obtained by accurate numerical integration. Results are given for two values of the damping ratio ⇠ = 0.3% (red) and

⇠ = 3% (blue). The plot on the right provides details of the MTSA solution. Other numerical values: ↵ = 0.06, � = 1, � = 1 ,

!i = 1, and (a) !j = 1.5, (b) !j = 1.2, (c) !j = 1.
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modes i and j. Therefore, the bi-resonant contribution is important, no matter the value of !k. It is even more552

important when !k is also near to !i and !j . In the specific case where !i = !j = !k(= 1), see Figure 4-c, the553

bi-resonant contribution is as large as the background one, or even larger.554

The tri-resonant contribution m3,t is represented by the dashed line in Figure 4-(a,b,c). This contribution555

is only important when the sum of two natural frequencies is close to a third one. For instance, for (!i,!j) =556

(1, 1.5), see Figure 4-a, the tri-resonant contribution is large only when !k is in the neighborhood of !j�!i = 0.5557

or !j + !i = 2.5. The plot of m3,t as a function of !k features an S-shape, crossing zero when !k is exactly558

equal to !j �!i or !i+!j . This has been discussed together with the establishment of (51). The large slope at559

the crossing point translates the large sensitivity of the third statistical moment of the response to the specific560

values of the natural frequencies.561

The sum of these three components is represented with solid lines in Figure 4-(a’,b’,c’). These plots, given for562

the same two values of the damping ratio, indicate the complex possible interactions between modal responses563

at third order. For comparison, the results of the proposed formulation (solid lines, MTSA) are represented564

together with the third statistical moments that have been obtained with an accurate numerical integration of565

the bispectrum. More precisely, the integral in (16) is computed with a dense and uniform mesh on the space566

[�4, 4] with a frequency step chosen equal to min (⇠/2;↵/2) in order to make sure that both the background567

peak and the resonance peaks and crests are properly captured. The results of this numerical integration are568

represented with dots in Figure 4-(a’,b’,c’). The agreement with the proposed formulation (MTSA) is very569

good for all considered cases. The only major discrepancy occurs when the natural frequency !k is lower than570

about 0.5. This is because the hypothesis of timescale separation then become disputable (in this illustration571

↵ = 0.06, so it is expected that all natural frequencies are above about 10 times ↵, i.e. above 0.6; below this572

value the timescale separation is no longer valid and the quality of the proposed decomposition worsens).573

6.2. Bispectral analysis of a simple bridge model574

A second example illustrates the concept of bispectral analysis and the importance of bicorrelation with a575

simple academic version of a 3-span bridge. The example has been designed in the manner of a benchmark in576

order to reveal the various features of the problem. The considered structure is represented in Figure 5. It is577

composed of four supports delimiting spans of 45.8m, 100m and 45.8m. The structure is therefore symmetric.578

It has a constant mass per unit length µ = 100t/m and bending stiffness EI = 1012Nm2. It is modeled with 25579

finite elements on each span, which is enough to capture the first few modes very accurately. Actually, the side580

spans have been carefully chosen in such a way that the first three natural frequencies of this simple structure581

are equal to582

!1 = 4.99rad/s ; !2 = 13.44rad/s ; !3 = 18.32rad/s,

so that the third natural frequency is almost equal to the sum of the first two natural frequencies. As hinted583

by the developments in Section 5, this will result in a possibly important tri-resonant contribution. Table 3584

summarizes some important modal information: the natural frequencies, the damping ratios, the modal masses585

and the modal amplitudes at the position of the considered load. Rayleigh damping has been used to model586

structural (inherent) damping, with a target value of 1% in modes 2 and 3. It is also worth noticing that587
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Figure 5: Sketch of the considered structure and its first four eigen modes. Power spectral density and bispectrum of the unique

considered load.

Mode !i [rad/s] ⇠i Mi [to] �F,i

1 4.99 1.71% 4717 0.132

2 13.4 1.00% 7434 0.601

3 18.3 1.00% 5009 0.884

4 21.6 1.04% 6294 0.918

Table 3: Summary of important modal properties

only one degree-of-freedom of the model will be considered to be loaded. The modal displacements �F,i at this588

degree-of-freedom grow from 0.132 to 0.918 with the number of the mode. All these particular choices have been589

made to design a simple example where the structure significantly responds in four modes and in such a way590

that modal correlation is not negligible. It is clear that this example does not represent a particular application591

but is constructed as the simplest possible example that is suitable to illustrate the concept of bicorrelation.592

The only loaded degree-of-freedom is the transverse displacement at node 9, i.e. located at a distance of593

15.52m from the left end of the beam. The force assumes a quadratic transformation of a Gaussian process, as594

it would be in a buffeting analysis,595

F (t) = �

✓
1 +

w (t)

U

◆2

(57)

where � = 1
2⇢BU

2
cA = 45 · 103kN and where the turbulence w(t) is supposed to be a Gaussian process with596

PSD given by the von Karman spectrum [4],597

Sw (!) =
4Lw�

2
w

U

1 + 755.2 (nLw/U)2

h
1 + 283.2 (nLw/U)2

i11/6 (58)

where U = 30 m/s is the average wind speed, Lw = 100 m is the integral length scale and �w = 5 m/s is the598

standard deviation of the fluctuation in the wind speed.599

This information is sufficient to construct a finite element model of the structure and compute the dis-600

placements and bending moments along the structure. For convenience, the mass M, stiffness K and damping601
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C matrices are available for download, as well as the Matlab code used to compute the structural responses602

and construct the graphs shown in the sequel (Note for reviewers: this material will be available after paper603

acceptance). The size of the structural matrices is 148⇥148 and the displacements and bending moments are604

computed at the 76 nodes of the model.605

The structural response is computed in two different ways. First, a Monte Carlo approach is considered,606

where samples of the turbulence w(t) are generated and samples of the force F (t) are constructed with (57).607

A time step �t = 0.01 s is used. It is necessary to use such a short time step in order to accurately capture608

the dynamics in mode 4, which has natural period T4 = 2⇡/!4 = 0.29 s, i.e. �t/T4 ' 1/30. Also, the total609

duration of the simulation is covered by 2 · 106 time steps, i.e.a duration of 20000 seconds. This long simulation610

duration is necessary to obtain reasonably well converged statistics, as shown next. Indeed, once the samples611

of structural displacements and bending moments are obtained, statistics such as standard deviation, PSD and612

skewness coefficients can be determined. They need to be reproducible from one run to another, i.e. limit their613

dependence to sampling, which justifies this long simulation time. This first way of performing the structural614

analysis develops into two different ways, either in the nodal basis, either in the modal basis. In this latter case,615

the normal modes of vibrations shown in Figure 5 are used.616

The second investigation option relies on the spectral and bispectral analyses. For small turbulence intensity,617

it is possible to show that the power spectral density and the bispectrum of the force applied in the left span618

are given by619

SF (!) = 4�2Sw (!) ; BF (!1,!2) = 8�3 [Sw (!1 + !2)Sw (!1) + Sw (!1)Sw (!2) + Sw (!1 + !2)Sw (!2)]

(59)

They are represented in Figure 5. These expressions assume that the turbulence intensity is small. The complete620

expression is given in Appendix A. Later comparison with the Monte Carlo approach in the time domain will621

confirm that these simpler leading order expressions can be used. The flow of the spectral analysis has been622

recalled in Section 3. It consists in the computation of the spectra and bispectra of modal forces, modal623

responses, followed by the variances, covariances and third (cross-)moments of modal responses. Ultimately,624

these modal responses are recombined with the CQC/SRSS and CCC/CRSC methods in order to obtain the625

statistics of nodal displacements and bending moments.626

Figure 6-a show samples of the modal responses in the first four modes, which are the only ones retained627

for the analysis. A closeup view is also given in Figure 6-a’, which better illustrates that the modal responses628

are well composed of a slowly varying background response and fast oscillations. This is also confirmed by the629

PSDs represented in Figure 6-b. The slightly erratic lines correspond to the Monte Carlo simulation in the time630

domain. They fit almost perfectly the PSDs obtained in the spectral analysis, see the dashed lines. This only631

discrepancy between the two results lies in the higher frequency ranges, where the time domain analysis is seen632

to slightly overestimate the actual frequency content. This is due to a well-known limited filtering capability633

of the Newmark algorithm taking place when the time step is (relatively) large. Since this difference occurs at634

very low levels; it does not alter the estimation of the variance. Indeed, the second order moments (variances635

and covariances) are represented in Figure 6-c, which indicates very little difference between the time domain636
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Figure 6: Illustration of modal responses. (a) Time series of modal responses, (b) comparison of the PSDs of modal responses

obtained in the time domain (Monte Carlo simulations) and in the spectral approach at second order, (c) covariance matrices of

modal responses (numerical values given on the diagonal are the standard deviations of modal responses in cm, out-of-diagonal

values represent correlation coefficients), (d) bicovariance matrices of modal responses, represented element by element (comparison

of three methods of analysis), (e) selected bispectra and cross-bispectra of modal responses (real part).
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and the spectral approaches. The values given in the diagonal elements of these matrices represent the standard637

deviations of the modal responses (in centimeters) while the off-diagonal elements represent the correlation638

coefficients. The two approaches agree very well. It is also observed that the correlation coefficients are all639

located around the same value (⇠ 0.3). This is due to the fact that all modes respond with about 30% in the640

background regime and that there is only one nodal load applied on this structure.641

Figure 6-d shows the elements of the third statistical moments of modal responses, mq,ijk. Because of642

symmetry only 20 elements out of the 64 elements of m3,q are different. The largest one is (1,1,1), which643

corresponds to the unilateral moment in the first mode. Then (1,2,2) and (2,2,2) are quite significant in absolute644

value. The plot indicates that the third statistical moments involving mode 4 are smaller, i.e. there is a smaller645

tendency to non Gaussianity in higher modes. This graphs also compares three approaches. The first two are:646

the time domain simulation with a large number of time steps (N = 2 · 106) and the bispectral analysis with a647

large number of integration points (179284 points are located in the half-plane (!1,!2) 2 [0, 64.7]⇥ [�64.7; 64.7]648

(rad/s) at selected positions in order to provide accurate integrals). These two results match very well. We649

highlight that the five repeated runs of the Monte Carlo simulation, represented by the five solid lines, do not650

exactly yield the same results. This indicates that the large number of time steps (N = 2 · 106) should have651

been chosen even larger to provide statistically converged results. The third result represented in Figure 6-d is652

obtained with the proposed method (MTSA), that is the decomposition of the third cross-moments with the653

sum of three components as given in (52).654

Last but not least, Figure 6-e illustrates a selection of bispectra of modal responses. They exhibit the655

same features as those shown in Figure 3. In particular, the symmetric nature of the unilateral bispectrum is656

remarkable while this symmetry is broken for cross-bispectra. The values of the cross-moments shown in 6-d657

are the integrals of such spectra.658

Figure 7 shows the standard deviation and the skewness coefficient of the displacement and bending moment659

all along the structure. Again, the results of the time domain simulation are represented by solid lines. In each660

graph, the results of 5 Monte Carlo simulations are represented. For the standard deviations, the results661

are virtually superimposed so that it is difficult to distinguish them; however, for the skewness coefficient a662

slight scatter is visible, which confirms again that long simulations are necessary to reach accurate third order663

moments. The gray solid lines correspond to time domain simulations in the nodal basis, i.e. without modal664

truncation. The blue solid lines correspond to analysis in the modal basis and the complete (quadratic or cubic)665

combination. These two sets of results seem to match, which validates the use of the modal basis for the analysis666

of this structure. The major discrepancy is the bending moment under the applied load, which is expected since667

the mode shapes are not able to capture the discontinuity in the shear force. To a lesser extent, the skewness668

coefficient of the bending moment is slightly affected by the truncation, although the global profile is acceptable.669

The red solid lines correspond to time domain analysis in the modal basis, but recombination is made with670

the diagonal elements only of the covariance matrix m2,q (SRSS combination) and of the third moment matrix671

m3,q (CRSC combination). The difference between these two sets of displacement and bending moment profiles672

highlights the importance of correlations. While at second order, this phenomenon is already well understood,673
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Figure 7: Standard deviation and skewness coefficient of the transverse displacement and bending moments along the beam.
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Analysis method Runtime [s] Normalized runtime [-]

Time domain, Nodal basis 126.5 (per run) ⇥ 183

Time domain, Modal basis 138.9 (per run) ⇥ 201

Spectral & bispectral 48.7 ⇥ 70

MTSA (proposed method) 0.69 ⇥ 1

Table 4: Comparison of the different analysis method with respect to computational time.

this illustration is the first occasion to show distributions of skewness coefficients along a structure highlighting674

the difference between these two recombinations techniques. Differences as large as a factor of 2 are obtained675

for the skewness of the bending moment and of the transverse displacement in the first span.676

More importantly, this paper aims at showing that it is possible to recover the same results with a bispectral677

analysis. The black dots and squares indicate, in Figure 7, the structural responses (displacement and bending678

moments) obtained in a frequency domain. They match almost perfectly the time domain simulation. Also,679

the results obtained with the reference spectral and bispectral analysis (dots) are virtually the same as those680

obtained with the proposed decomposition (MTSA), which are represented by small squares. This is naturally681

expected since the agreement was already very good for modal responses.682

Finally, Table 4 shows the massive saving in computational time for the structural analysis. The Monte683

Carlo simulation takes about 2 minutes to complete, per run. In the previous analysis, we have repeated each684

analysis 5 times in order to make sure the simulation time was long enough. In principle, the total computational685

cost should have been multiplied by this number of repetitions. Furthermore, the small residual dispersions686

observed in the skewness coefficients show that it is not reasonable to decrease the number of time steps. So687

about 2 minutes can be considered as a best score for the Monte Carlo approach. Nodal or modal basis does688

not change much. For such a small model the saving in the reduction of the size of the basis is compensated by689

the time required for the modal projection. The spectral and bispectral analysis is 2 to 3 times faster. This is690

for the same accuracy, since results of the structural analysis match very well. The proposed method, on top of691

providing results of similar quality, completes the same task yet 70 times faster than the complete and accurate692

integration. This results from the fact that the third moment is now obtained with a single integral instead of693

a twofold integral. The second column in Table 4 provides the normalized runtime, with respect to the fastest694

method.695

6.3. Perspectives on the estimation of peak factors696

Before closing, it is interesting to return to the original question of any non Gaussian analysis: extreme697

values. They are of utmost importance to designers, since they are the final results for design. In a time domain698

analysis, they are determined as the average maximum (respectively minimum) values observed over a certain699

window T , chosen as T = 600s in this illustration. In a spectral analysis, the extreme values, minimum and700

maximum, of any response quantity z are determined by701

zmax = z̄ + gMAX�z zmin = z̄ � gMIN�z (60)
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�3 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4

gMAX 3.06 3.28 3.50 3.73 3.98 4.23 4.48 4.75 5.02

gMIN 5.02 4.75 4.48 4.23 3.98 3.73 3.50 3.28 3.06

Table 5: Peak factors expressed as a function of the skewness coefficient (Kareem-Zhao model).

where z̄ and �z represent the average value and standard deviation of the response z (e.g. displacement, bending702

moment), and gMAX and gMIN are the peak factors. For Gaussian processes, the peak factor is usually determined703

by means of the so-called Rice’s formula, g = �+0.5772/� (with � =
p
2 ln ⌫0T ), assuming Poissonian crossings704

of maximum values [42, 43, 44]. Assuming a zero upcrossing rate ⌫0 = 2.5Hz as an average value of the705

natural frequencies in the first four modes, this formula gives gMAX = gMIN = 3.98. For non Gaussian (skewed)706

processes, the probability distribution function of the response is no longer symmetric, gMAX 6= gMIN, and more707

advanced peak factor models need to be used. Among them, the model proposed by Zhao and Kareem [45],708

based on a cubic translation, looks simple enough, although suspected to slightly overestimate the actual peak709

factors [44]. It actually requires estimation of the excess coefficient �e, which is unfortunately unknown here710

since the analysis stopped at third order. Since this part of the discussion is just to open perspectives, it is711

decided to keep using this model and simply assume that the couple (�3, �e) composed of the skewness and712

excess coefficients lies on the limit of the so-called monotone region [46, 47, 48, 49]. Examples of applications in713

wind engineering indicate that this assumption is close to reality. With this, the peak factors gMAX and gMIN714

are explicitly obtained from �3, once ⌫0 and T are fixed. Some numerical values of the peak factors obtained715

with this approach are summarized in Table 5.716

Figure 8-a shows the extreme values obtained for the five Monte Carlo simulations in solid lines. The717

repeatability of the analysis is very good. Also it matches very well the estimates obtained with the proposed718

bispectral approach (MTSA). This latter one is based on (60) where: the average value z̄ is obtained from a719

static analysis, the standard deviation is obtained with a classical spectral analysis, and the skewness coefficient720

�3 of the displacements and bending moments is computed as in (20), where the third moment is obtained with721

the proposed MTSA approach. Then the peak factor is obtained with the Kareem-Zhao model, for which some722

numerical values are given in Table 5 (to be interpolated).723

The matching is in fact remarkable, especially knowing that the proposed method is about 200 times faster.724

The remaining plots in Figure 8 show detailed information about this extreme value analysis. In particular,725

Figure 8-b shows the peak factors along the bridge, either computed with the Kareem-Zhao approach, either726

obtained with the Monte Carlo analysis, i.e. (max � average) /std or (average � min) /std. The agreement is727

appreciable which hints that the skewness coefficient alone can be used as a good proxy to get the peak factor.728

The discrepancy in the first span can be related to modal truncation issues, as already revealed by Figure 7.729

Finally, Figures 8-(c,d) give the cross plots of the skewness coefficients and the peak factors of bending moments730

at each node of the model. The results obtained with the Monte Carlo simulation indicate again that the model731

of Zhao and Kareem (values can be found in Table 5) is accurate enough despite the simplifying assumptions.732
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Figure 8: (a) Extreme values (max and min) obtained with the Monte Carlo simulations and with the proposed bispectral approach,

(b) comparison of the peak factors, (c-d) representation of peak factors as a function of the skewness coefficient (Monte Carlo:

obtained from simulated data; Kareem-Zhao model: used in the bispectral analysis).
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7. Conclusions733

In this paper, we have identified the different components of the third order cross-moments of modal responses734

of structures subjected to low-frequency loading. For each of them we have derived the simplest possible735

expressions, owing to the small structural damping (less than about 10%) and the timescale separation. These736

expressions are particularly useful and offer new perspectives as to the accurate analysis of large structures737

subjected to non Gaussian wind loads.738

Among the three main contributions to the cross-moments, the background and the bi-resonant components739

are very similar to the contributions exisiting for unilateral moments. Beside, we have shown the existence of740

another component, namely the tri-resonant component, which makes a significant difference compared to the741

unilateral case. It can become virtually very large compared to unilateral moment (especially when damping is742

low). This only appears when one natural frequency is close to the sum of two others. This condition is rather743

rare in small structures but could easily be met in large multi-span structures.744

Before the existence of the proposed decomposition of the response into these three components, the analysis745

of large systems subject to complex wind fields was only viable in the time domain. And yet, the illustration of746

the previous Section has indicated that very long simulation times are required to obtain accurate results and747

according to our analysis of the literature, we could not identify existing examples of sufficiently long simulations748

(that could accurately return third or higher statistical moments) for large structures.749

The computational burden associated with the spectral and bispectral analyses with accurate numerical750

integration would significantly grow for more complex structures. It was affordable for the illustration given751

in the previous section, but would quickly become difficult to implement for larger structures. Moreover,752

in the second example, we could drastically simplify the analysis because there was only one loaded point.753

Transposition of the same analysis to a structure with more loaded points would scale up the computational754

burden in proportion to the cube of the number of loads, but also of the number of modes. This explains why755

the formal bispectral analysis is usually not conducted for large structures.756

However, with the help of the proposed decomposition, we see that the computational burden associated757

with the computation of each moment becomes so small that it is not feared any longer to repeat this operation758

a large number of times. For these reasons, the proposed method appears as a very interesting way, perhaps759

the only one today, to perform the non Gaussian dynamic analysis of large structures, within a reasonable760

computational time. The proposed formulation has eventually been compared to a Monte Carlo simulation761

approach and has shown a computation speedup expressed by a factor of about 200. Future simulations and762

applications to larger structures should confirm that this efficiency is also valid in more realistic applications,763

as discussed hereabove.764
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Appendix A771

Let w(t) be a zero-mean Gaussian random process with given power spectral density (PSD) Sw (!) and772

variance �2
w. It is possible to prove [41, 25] that the PSD and bispectrum of a squared transformation of w(t),773

such as F (t) = � (1 + w (t) /U)2 are given by the following expressions. The PSD reads774

SF (!) =
4�2

U2
Sw(!) +

2�2

Ū4

ˆ +1

�1
Sw (!1)Sw (! � !1) d!1. (61)

Integration of this quantity of the frequency space yields775

�
2
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2

✓
4
�
2
w

U2
+ 2

�
4
w

Ū4

◆
= 4�2I2w

✓
1 +

I
2
w

2

◆
(62)

where the turbulence intensity Iw usually assumes small values in Wind Engineering (10%-30%). Therefore,776

the second term is much smaller than the first one and the second terms in (61) can be neglected. This is the777

approach followed here. Comparison with the Monte Carlo simulation results in the second illustration indicate778

that this assumption is acceptable.779

This complete expression of the bispectrum of the force is given by780

BF (!1,!2) =
8�3

U4
[Sw (!1 + !2)Sw (!1) + Sw (!1)Sw (!2) + Sw (!1 + !2)Sw (!2)]

+
8�3

U6

ˆ +1

�1
Sw (! + !1)Sw (!)Sw (!2 � !) d!. (63)

The third statistical moment associated with this bispectrum, obtained by a double integration along frequencies781

in (!1,!2) is equal to782

m3,F = 8�3

3
�
4
w

U4
+
�
6
w

U6

�
= 24�3I4w

✓
1 +

I
2
w

3

◆
. (64)

Again, because of the small turbulence intensity, the second term can be omitted, which explains the form783

considered in (59). For the record, the skewness coefficient of the loading, expressed by (20), is equal to784

�3,F = m3,F /�
3
F = 3Iw. In the considered application Iw = 5/30 = 0.167, so that the skewness of the loading785

is �3,F = 0.5.786
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