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Abstract

A Bubble is a biphasic object in every sense of the word. First, as a
concept. Indeed, its production is within everyone’s reach as long as
they have soap, a frame and their breath at their disposal. Yet, the
physics behind their very existence and the phenomena associated with
them remain puzzling questions that involve complex notions. Second,
they are literally made up of two phases: a gaseous and a liquid. The
combination, nature and distribution of these phases are responsible
for the unique behaviour of bubbles. Among other things, bubbles are
easily deformed by external fields, which make them a wonderful object
to highlight their effects.

In this work, we investigate the different effects that external fields
and the body forces related to them have on the bubbles shapes. More
precisely, we describe the deformation that bubbles undergo under an
electric or a magnetic field. These reshaping are linked both to the
applied fields properties and to those of the liquids used to make the
bubbles. In addition, the substrate also appears to have an influence on
the deformation. We show that these dependencies can be expressed by
dimensionless numbers that describe the competition between the forces
involved. Moreover, we find that the functions relating the shapes and
these dimensionless numbers are linear under weak fields. We obtain
these linear functions and, using them, we properly define what weak
fields are. With these results, we are able to propose a general guide
on how to handle, control and deform bubbles. Furthermore, by com-
paring the deformation of bubbles and droplets under similar fields, we
demonstrate that bubbles are a wonderful object to illustrate the very
nature of the forces acting on them.
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Résumé

La Bulle est un objet biphasique dans tous les sens du terme. Tout
d’abord, en tant que concept. En effet, sa production est a la portée
de tous, pour peu que 'on dispose de savon, d’un cadre et de son souf-
fle. Cependant, la physique qui sous-tend leur existence méme et les
phénomeénes qui y sont associés restent des questions compliquées qui
peuvent faire appel a des notions complexes. Deuxiémement, elles sont
littéralement constituées de deux phases : une gazeuse et une liquide.
La combinaison, la nature et la répartition de ces phases sont a 1’origine
du comportement unique des bulles. Entre autres, les bulles peuvent
étre facilement déformées par des champs externes, ce qui en fait un
objet merveilleux lorsqu’il s’agit de mettre en évidence leurs effets.
Dans ce travail, nous examinons les effets que les champs externes et
les forces qui y sont liées ont sur la forme des bulles. Plus précisément,
nous y décrivons la déformation que subit une bulle sous l'effet d’un
champ électrique ou magnétique. Ces nouvelles formes sont liées a la
fois aux propriétés des champs appliqués et a celles des liquides utilisés
pour fabriquer les bulles. De plus, nous y constatons que le substrat
a également une influence sur les déformations. Nous montrons que
ces dépendances peuvent étre exprimées sous forme de nombres sans
dimension qui décrivent la compétition entre les forces impliquées. En
plus de cela, nous trouvons que les fonctions qui relient la forme aux
nombres sans dimension sont linéaires si les champs sont faibles. Nous
obtenons ces fonctions linéaires et, en les utilisant, nous définissons pro-
prement & quoi correspondent les champs faibles. Grace a ces résultats,
nous sommes en mesure de proposer un guide général sur la facon de
manipuler, controler et déformer les bulles. En outre, en comparant
les déformations subies par une bulle et une goutte sous des champs
similaires, nous démontrons que les bulles sont des objets qui illustrent
merveilleusement la nature méme des forces qui agissent sur elles.
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Make a soap bubble and observe it; you could
spend a whole life studying it.

Sir William Thomson, Lord Kelvin

Preamb(ul)le

In French, the word Physics is read physique and can be an adjective or
a noun. In both cases, its primary definition is to describe what belongs
to the natural or material world, as opposed to the psychic (psychique
in French) or spiritual one. The science that shares the same name,
unsurprisingly, aims to describe and explain the laws that govern this
material world, namely to study the interaction between matter and the
forces that act upon it. Moreover, since matter is made up of consti-
tutive particles, its characteristics result from the particles interactions
with their environment as well as from their intrinsic properties.

Of all of them, the state of matter is certainly the property that
we experience most in our daily lives. Indeed, no one wants to live
in a house made of melting bricks, take a shower with hailstones or,
even worse, drink evaporated beer. As these examples illustrate, matter
appears mainly in three different states in our daily lives: solid, liquid
and gaseous (other states, such as plasma, exist, the sun being the best
example, but are far less common). Each of these states has general
properties that we can define based on both our sensitive experience
and on physics. In a solid, the constitutive particles are strongly bound
together and form a lattice, giving the solid its defined shape and volume
as well as its structural rigidity. Conversely, in a gas, as there is almost
no interaction between the constitutive particles, neither the shape nor
the volume are strictly defined as they depend only on the container.




Figure 1.1: [Illustrative picture of bubbles blown by a physicist dedi-
cated to their study (used with his permission).

Finally, in a liquid, particles are bound, but not as much as in a solid,
allowing liquids to share properties with both solids and gases, namely
to have a defined volume, but not a defined shape. Because of these
properties, a liquid volume can be relatively easily deformed, moved or
manipulated with external fields.

Most of the objects we interact with in our lives are in one defined
state: the air you breathe right now is gaseous, the water we drink is
liquid, and the computer on which I am currently writing these lines
is solid. However, some peculiar objects are inherently defined as the
combination of two (or more) phases in different states. The central
subject of this thesis is precisely one of those biphasic objects: the




bubble! (which translates into la bulle in French and is illustrated in
Fig. 1.1). Tt is, actually, a pocket of gaseous phase encapsulated inside a
liquid phase forming a thin film. These two phases appear in two quite
different sizes within the bubbles, with the gas pocket forming a sphere
whose typical radius ranges from millimetre to metre and the liquid
film having a micrometric typical thickness and a length defined by
the gaseous phase. This combination of two phases and their interplay
give bubbles their unique behaviour. Among others example of this
behaviour, the shape that a bubble takes at a beer surface depends
directly on its gas volume, which is defined as the volume enclosed by
the liquid film. Furthermore, its lifetime is defined by the drainage inside
its liquid film whose curvature is defined by the bubble gas volume. Yet,
to say that these behaviours are solely due to the two phases that make
up the bubbles is at least incomplete. There is another fundamental
element that defines how bubbles react under different conditions: the
interfaces between their gaseous and liquid phases. The properties of
these interfaces are crucial in the bubble life, allowing for their very
existence. Indeed, without the surface tension gradient along its surface,
a soapy water bubble would not live more than a few microseconds. But
it does not stop there, the interfaces of a bubble impact all its aspect,
from its shape to its bursting, via its drainage. Bubbles are therefore
not only biphasic objects, but also objects whose overall appearance is
greatly influenced by their interfaces.

These different influences make the bubble a multi-scale object. In-
deed, as we have just mentioned, the two phases are very different in
size: millimetric to metric for the gaseous and micrometric for the lig-
uid. Moreover, the interfacial phenomena that allow for the bubbles’
existence, such as the agglomeration of amphiphilic molecules at the
said interfaces, take place at the nanometric scale. Furthermore, if the
bubble rests on a solid substrate or floats at a liquid surface, a menis-
cus, containing the vast majority of the liquid, forms at the junction
with the liquid/solid substrate and has a typical size of the order of a
millimetre. The different scales as well as the combination of surface

! Another biphasic object is intensively used in one of the chapters of this thesis: fer-
rofluids that are colloidal suspensions consisting of solid magnetic particles suspended
inside a liquid.




and volume effects that occur in the bubble physics make it a wonder-
ful object not only to study, but also to illustrate how different forces
act at different scales and how surface effects interact with volume ones.
This obviousness has already become apparent to several great scientists
such as, among others, Robert Hooks [1] (1635-1703), Isaac Newton [2]
(1643-1727), Charles Vernon Boys [3, 4] (1855-1944) and Cyril Isenberg?
[5]. Like them, we think that bubbles are a fascinating and scheming
subject, worthy of a thesis. Yet a thesis is not only a wonderful subject,
it is also puzzling questions that need to be answered.

Due to their popularity, many questions have already been raised
about bubbles, however, plenty of them remain unsettled. Given the
breadth of choice, we were privileged to be able to choose, and the
ones we decided to focus on are directly related to the biphasic nature
of bubbles. Indeed, as bubbles consist of a liquid and a gas, they are
easily deformed by external fields while having a defined volume due to
the liquid thickness. We therefore decided to focus on how a bubble
can be manipulated and more precisely deformed by an external field
derived from a body force such as gravity, electricity or magnetism.
More precisely, we focused on the effect of electric and magnetic field
on the bubbles shape because a lot has already been done about gravity
[6, 7, 8] and there are still some grey areas, despite the pioneer works of
Taylor [9] and Macky [10] on bubbles under electric field. Moreover, to
our knowledge, no one has tried to characterise the effect of a magnetic
field on ferrofluid soap bubbles. This primary question raises another
equally interesting one: how and where do the body forces manifest
their effects on the bubbles? Indeed, due to the nature of both bubbles
and forces, we expect the different body forces to act very differently on
the bubble. On the one hand, the magnetic and gravitational forces are
volume forces. However, the magnetic force should only influence the
liquid phase of the bubble, mainly concentrated in the meniscus area,
whereas gravity is expected to influence both the gaseous and liquid
phases. On the other hand, the electric force that acts on a perfectly
conducting liquid is a pure surface force, similarly to the force due to
surface tension. Accordingly, the electric force should modify the whole

2Visit www.youtube.com/watch?v=Np9TuarsoX8 to watch one of his physics lec-
tures about soap bubbles and films, among other topics.




bubble since it acts on its entire surface. Thanks to their biphasic and
multi-scale nature, bubbles are therefore perfectly suited to probe and
illustrate the volume or surface nature of the force that act on them.
Usually, good storytellers should not reveal the outcome of their plot
before the ending and especially not at the beginning. Yet, I have de-
cided not to follow this practice, inherited from thousands of years of
tales and legends, and to answer the questions we have just clarified
right now. Firstly, yes, the electric body force only acts at the surface
of a conductor, deforming the whole sessile (or floating) bubbles from a
hemispherical to a hemi-spheroidal shape and inducing a Taylor cone®
for a sufficiently strong electric field, in a fashion quite similar to what
it does on droplets. Secondly, yes, the magnetic body force directly
acts within a ferrofluid, only deforming it instead of the entire bubble.
Since the vast majority of the liquid that makes up a sessile bubble is
located at its foot, in the meniscus, the latter is most impacted by the
magnetic field. This induces a reshaping of the sessile bubble from a
hemisphere to a spherical cap sitting atop of a cylinder, a completely
different deformation from that of a droplet under similar conditions.
These main results are summarised in the graphical abstract of this the-
sis presented in Fig. 1.2. The effects of the electric and magnetic fields
on bubbles and droplets are put face to face to allow for a comparison.
This parallel highlights two facts. First, the electric force on a conduc-
tor is indeed a surface effect, thus inducing a similar effect on bubbles
and droplets. Second, the magnetic force on a ferrofluid is undoubtedly
a volume effect, consequently deforming bubbles and droplets in com-
pletely different ways. These conclusions are related to the nature of the
force and seem pretty obvious in addition to being known for centuries.
This is why I am taking liberties with the usual good writing practices.
Indeed, the purpose of this thesis is not to prove you that the electric
and magnetic forces act respectively at the liquid surface and inside its
volume, but rather to show you that bubbles and their deformations are
a wonderful way to illustrate it. Furthermore, the work and reflection
that allow us to re-obtain these notorious conclusions and to rationalise
the deformations are certainly much more interesting than the conclu-

3Named after Geoffrey Ingram Taylor (1886-1975), an English mathematician,
physicist, aerodynamicist and meteorologist [11]
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Figure 1.2: Graphical abstract. The deformation undergone by
droplets (first column) and bubbles (second column) are compared when
subjected to an electric (first row) or magnetic (second row) field. (a)
Pictures of conducting pendant droplets pinned on a conducting surface
and subjected to a uniform electric field Ey [V/m] taken from the arti-
cle of Beroz et al. [12] (the direction of the electric field and gravity as
well as the scale have been added). In the left picture, the intensity of
the field Ej is just below that needed to trigger the droplet instability,
namely the Taylor cone, whereas in the right one, Ej is sufficient to
trigger it. (b) Pictures of ferrofluid droplets on a superhydrophobic sub-
strate subjected to a magnetic field By [T] from the paper of Timonen
et al. article [13] (the direction of the magnetic field has been added).
The intensity of the magnetic field B, (as well as its gradient along
the vertical direction) is increased between the left and right pictures.
(c) Pictures of bubbles floating on their constitutive conducting soap
mixture and exposed to a uniform electric field from [14]. Similarly to
droplets, the right and left pictures display respectively a bubble under
a field intensity just above and below that required to prompt the Tay-
lor cone. (d) Pictures of ferrofluid soap bubbles resting on a microscope
slide under the influence of a uniform magnetic field. The field intensity
increases between the left and right pictures.




sions themselves. The laws we obtained allow us to clarify the physics
that drives the deformation and therefore to provide a general guide on
how to handle, control and especially deform bubbles.

To answer the questions of how and where bubbles are deformed by
electric or magnetic fields (in order to provide you with a general guide
to manipulate them) and to convince you that bubbles are indeed well
suited to reveal the nature of the forces acting on them, we used the
following framework. As a bubble consists of two fluid phases, the next
chapter, Ch. 2, is devoted to present the equations that describe the
fluid motion and the conditions at their interfaces. Once the equations
are presented, the pressure differences linked to the different body forces
are highlighted through their effects on the waves at the liquid surface.
After this initial approach, Ch. 3 is used to describe the effect of a
body force on droplets. Indeed, as shown in Fig. 1.2, within this thesis,
droplets are used in comparison to bubbles, serving as a seed point for
reflection and highlighting the nature of the deforming forces. Thanks
to these two introductory chapters, all the concepts necessary to tackle
the main subject of this thesis will have been developed and Ch. 4 can
therefore focus on it. More precisely, the bubble is quantitatively defined
with its various scales and peculiarities and these are linked to the main
questions of this thesis. Each of the following chapters is devoted to
describing bubbles under different fields. In Ch. 5, the different shapes
adopted by sessile or floating bubbles are presented when the only body
force is gravity. In Ch. 6, the deformation induced on sessile and floating
conducting bubbles by an external electric field are explored. In this
chapter, particular attention is paid to the effect of the substrate on
the bubbles deformation and we justify the observations depicted in
the first row of Fig. 1.2. In Ch. 7, the deformation due to an external
magnetic field on a sessile bubble made of ferrofluid soap is investigated.
The meniscus shape reveals the presence of two regimes as a function
of the applied magnetic field and the deformations presented in the
second row of Fig. 1.2 are also rationalised. Finally, in the last chapter
(Ch. 8) we review the work done in order to draw a conclusion and try to
answer the various questions that have been raised in this introduction.
Furthermore, as with any good scientific subject, the questions we have
answered are just as many starting points for new ones. We therefore




propose some of those we would have liked to be able to answer if we
had been given an infinite amount of time.




Fluid Dynamics and Waves

Dynamics is a fundamental part of physics. Its purpose is to link the
motion of a given body to its causes, namely the forces acting on it. The
founding principles of dynamics were laid down by Isaac Newton in his
famous Principia [15] in the form of the no less famous three laws that
now bear his name. In particular, Newton’s second law directly makes
explicit the link between the changes over time of the linear momentum
of a body and the sum of the forces acting on that body.

The description of fluid motion, which is the purpose of fluid dynam-
ics, is not different from classical solid dynamics and is therefore based
on Newton’s laws as well. However, unlike classical solid dynamics, fluid
dynamics, and more generally continuous media dynamics, has to deal
with body deformation. Because of these deformations, and although
Newton’s laws already contain all the information about the relationship
between forces and changes in momentum, it is convenient to re-express
those laws in a more suitable form. Notably, the forces influencing the
fluid motion can be sorted into two groups according to the way they act
on the fluid. The first kind of forces are body forces (or volume forces)
which are related to the presence of fields and act on each element of
the fluid. The second group consists of surface forces that only act at
the fluid interface. The objective of this thesis is to explore the effect of
body forces on bubbles, which are a very particular fluid configuration
that can be easily deformed to achieve new equilibrium shapes.




Since bubbles are themselves the result of complex interactions be-
tween surface and body forces, it is necessary to explain how each of
these forces acts on a fluid. To do this, let us start with a simple initial
configuration: a large fluid pool. From our daily experience, we know
that such a liquid mass has a flat surface when undisturbed. However,
this liquid mass can be disrupted and its surface deformed by external
factors. For example, the wind or rain forms ripples on the water sur-
face, while the tides induce waves. Diving into the pool also deforms
the surface, causing a splash of varying size depending on the quality of
the dive. The way in which the liquid contained inside the pool is de-
formed under the effect of a perturbation depends on the perturbation
itself, but also on the surface and volume forces acting on the liquid.
For example, waves in seas and oceans can be explained using wave tur-
bulence theory. This framework allows the derivation of a dispersion
relation that highlights the presence of two types of waves depending on
the mechanism that tends to bring the liquid back to its steady state:
capillary and gravity waves that are due to surface and volume forces
respectively. If other body forces are applied, such as an electric or
magnetic one, new terms must be added to the dispersion relation in
order to describe these new effects.

Waves and their description by wave turbulence theory are used in
this chapter to highlight the effect of different body and surface forces
on the fluid. In the first two parts of this chapter, the mathematical
framework describing fluids and the boundary conditions are presented.
Then, the description of the wave formation at the liquid surface when
only gravity is present is given. In the next two parts, the effects of an
electric field on waves generated at the surface of a conducting liquid
and the effects of a magnetic field on waves propagating at the surface
of a ferrofluid are exposed. Finally, a conclusion is drawn.

2.1  Equations of Motion

In order to describe the fluid motion and, in particular, its steady shape,
we need differential equations describing the motion of the fluid and how
this motion is related to the forces acting on the fluid. Mass conservation
and Newton’s second law of motion fulfil this purpose. The former
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rationalises the fact that no matter is created nor destroyed within a
fluid volume, thus constraining the velocity field and local density. The
second relates the linear momentum variations to the forces acting on
the fluid. These equations can be re-expressed under the continuum
approximation [16, 17], which means that the fluid properties must vary
continuously. Colloidal suspensions, for example, cannot technically
be described according to the continuum approximation because they
form a two-phase system, inducing discontinuities in the fluid properties
[17]. Under the continuum assumption, the continuity equation and the
Cauchy equation of motion' can be derived [16]. On the one hand, the
former can be written as follows

ap

T +V - (pu) =0, (2.1)

with p [kg/m®] the fluid density, @ = i(z,y, z,t) [m/s] the velocity at
a given time ¢ [s] and at a point in space (z,, z) [m] and V the nabla
operator representing the spatial variation of the field on which it is
applied. On the other hand, in the Cauchy equation, the forces are
sorted into two groups according to the way they act on the fluid. The
first kind, the body (or volume) forces, are capable of acting on the entire
fluid volume and are related to the presence of fields such as gravity or
electric and magnetic fields. The second kind, the surface forces, are
consequences of the continuum approximation. They result from the
microscopic molecular structure and act only on the boundaries of the
fluid volume. The Cauchy equation reads as follows

oit . L
p(a—?Jr(ﬁ-V)ﬁ): f+v-1. (2.2)
N -— N~ N——

Momentum Body SSUrfctyCe‘
Variations Forces tresses

The left-hand side of the equality is simply the momentum variation per
unit volume. The second term is called the advective or inertial term be-
cause it describes how a particle in the fluid moves due to the speed of the
surrounding fluid mass. The terms on the right-hand side of the equality
are respectively the body and surface forces with f = f(z, v, z,t) [N/m®]

'Named after Augustin-Louis Cauchy (1789-1857), a French mathematician [18].
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the body force per unit volume and 7' [N/m? the stress tensor. The
body forces term directly depends on the field used to generate it and
can therefore be derived from the associated forces®. Conversely, since
the surface forces term has a microscopic origin, continuum mechanics
cannot provide any basis for deriving its form. To obtain information
about the stress tensor 7', assumptions about the fluid properties must
be made to guess the constitutive equations that relate @ and 7.
Firstly, in many cases the fluid can be considered incompressible,
which means that its density is constant throughout its volume. In such
a case, the continuity equation 2.1 can be rewritten in a simpler form

V- id=0. (2.3)
The density p must be constant everywhere and, therefore, the parti-
cles in the fluid cannot accumulate or deplete at any point in the fluid.
Therefore, the velocity field cannot concentrate or disperse particles®.

Two other common assumptions are that the fluid is isotropic and
Newtonian. The first assumption means that the intrinsic properties of
the fluid are the same in all directions. The second implies that the
shear stress is proportional to the strain rate, that is to say that the
proportionality constant between them, i.e. the dynamic viscosity, does
not depend on the shear stress.

The three assumptions made about the fluid properties (incompress-
ible, isotropic and Newtonian) provide the constitutive equations, which
then constrain the form of the stress tensor T' (for details of how these
constitutive equations are derived and how they impose the form of
T, see the second chapter of [16] on pages 45-49). From Eq. 2.2 and
thanks to the relations obtained with the constitutive equations, new
motion laws for an incompressible isotropic Newtonian fluid can be de-
rived. These equations are the Navier-Stokes equations* and read as

*For example, the term related to gravity is pg, with g [m/sQ] the gravitational
acceleration.

3An important exception to Eq. 2.3 occurs when there are sources or drains within
the fluid. Indeed, since these are points within the fluid volume where particles are
injected (“created”) or withdrawn (“destroyed”), the divergence of the velocity is not
equal to zero everywhere within the fluid volume.

4The historical context in which these equations were found and the origin of their
name can be found in Ref. [19].
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The last two terms are a re-expression of surface forces. The fourth term
characterises the stresses normal to the surface, namely the pressures,
and the tendency of a fluid to flow in the direction of least pressure, with
P, = P(z,y, z,t) [N/m?] the local pressure. The last term describes the
shear stresses, tangential to the surface, and the diffusion of momentum
through the viscosity with 1 [Pas| the dynamic viscosity. The most
common example of an isotropic incompressible Newtonian fluid is water,
which is therefore well described by Eq. 2.4.

Given the assumptions made to obtain it, the Navier-Stokes equa-
tions are technically only capable of describing a continuous isotropic
incompressible Newtonian fluid. Blood, for example, is a colloidal sus-
pension due to its erythrocytes (which are approximately elliptical in
shape) and therefore cannot, in principle, be characterised using Eq. 2.4.
This is especially true because of the anisotropy of erythrocytes and
their deformations induced by shear stresses. However, in large arteries,
the length scale of the flow is sufficient to consider the blood as an ho-
mogeneous fluid [20]. The applicability of the Navier-Stokes equations
can therefore be extended to colloidal fluids if the length scale of the
described flow is large compared to the size of the colloidal particles sus-
pended in the fluid. Another example is ferrofluids, which is a colloidal
suspension of 10 nm particles bearing a magnetic moment. As far as we
are not interested in describing the dynamics of micrometric or smaller
flows, ferrofluids are well described by Eq. 2.4. However, Navier-Stokes
equations are, in practice, difficult to solve. Indeed, they are non-linear
second-order partial differential equations. Finding simpler versions of
Eq. 2.4 in specific cases to circumvent this intrinsic complexity is there-
fore necessary to obtain information about the flow without numerical
simulations. Those simpler versions are obtained by making assump-
tions.

A first way to derive an alternative expression to describe fluid mo-
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tion is to compare the two mechanisms that drive the transport of mo-
mentum in the fluid, namely advection and diffusion, to determine which
of them is dominant. This means that the advective flux of momen-
tum J, [kg/ms’] must be compared to the diffusive one J; [kg/ms’]
[21]. The first is the density of momentum multiplied by the convection
speed, which gives J, = pu? with u the speed of the fluid. The second
derives from Fick’s law® applied to momentum and can be expressed
as Jy = nu/L, where L [m] is the characteristic length of the system.
Dividing one by the other defines a dimensionless number, the Reynolds
number®, which reads as follows

_ pulL
o

This dimensionless number compares the relative importance of advec-
tion and diffusion processes. If the Re < 1, diffusion transport dom-
inates the flux and the non-linear term describing advection can be
neglected. This regime will be the nest of this thesis.

If the flow is stationary, while occurring at a low Reynolds num-
ber, the term describing the variation of velocity with time can also be
cancelled out and we are left with the Stokes equations describing the
steady flow of viscous fluids:

nAi = VP, — f. (2.6)

Re (2.5)

The Stokes equations are particularly well suited to describe the dy-
namics of fluids confined in a single direction [21], such as the drainage
taking place in the liquid thickness of a soap bubble. Indeed, confine-
ment induces a velocity variation nearly exclusively in the direction
perpendicular to the flow, while the velocity itself as well as the pres-
sure difference are in the direction of the flow. The viscous transport
in such a configuration largely dominates and the dynamics is therefore
described by Eq. 2.6.

The second alternative expression of Eq. 2.4 is obtained for the
steady flow of an incompressible and inviscid fluid. In this case, the

’Named after Adolf Eugen Fick (1829-1901), an German physiologist [11].

%Named after Osborne Reynolds (1842-1912), an English physicist and engineer
[11].
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only transport of momentum in the fluid is advective and the viscous
term in Eq. 2.4 is null. Provided that the body forces are conservative,
the equations can be re-expressed as follows [22]":

- _ 1
pii x (V x i) = V(§/)u2 + P+ Py), (2.7)

with (V x @) [s7'], the vorticity and f = —ﬁPf, P; [N/m? being the
pressure associated with the body forces®. If the flow is irrotational, the
left-hand side of the equality is null. Therefore, the derivative of the
quantity on the right-hand side of the equality is zero and this quantity
must be constant throughout the fluid [22], giving

1

§pu2 + P, + Py = cst. (2.8)
This equation is known as the Bernoulli equation®. In particular, if the
fluid is still and has reached its equilibrium shape, the velocity is null
and Eq. 2.8 can be rewritten as follows

P, + P; = cst. (2.9)

This last equation is a generalisation of Pascal’s principle!® to any type
of conservative body forces and is of paramount importance in this thesis
as it relates the pressure inside the fluid P, to the pressure induced by the
various body forces P; acting on the fluid. The steady shapes adopted
by a bubble directly depend on the pressure P, that body forces apply
to the bubble. It should be noted that Eq. 2.9 can be obtained directly
by imposing a null velocity in Eq. 2.4. This means that in addition
to the assumption made to obtain Eq. 2.4, the only two conditions for
Eq. 2.9 to be applicable are that velocity must be null and that the
body forces must be conservative. Indeed, the zero velocity condition

"The vector identity (7 - V)i = %6(112) — @ x (V x i) is used to obtain the
equation.

*For example, the pressure due to gravity is Py = pgz, with z [m] the fluid height.

9Named after Daniel Bernoulli (1700-1782), a Dutch mathematician [18].

'Named after Blaise Pascal (1623-1662), a French mathematician and physicist
[18].

15



makes any other assumption about the velocity and flux of momentum
unnecessary.

All equations derived here relate forces per unit volume, pressures
and velocities at different locations in the fluid. Yet, in order to obtain
the absolute values of these quantities everywhere in the fluid, they must
be known at at least one of its point. The boundary conditions fulfil
this purpose by giving these quantities at the fluid interfaces. The form
of these boundary conditions is presented in the next section.

2.2  Boundary Conditions

The continuum approximation in which the equations of motion have
been derived states that the material properties of the fluid must vary
continuously within it. However, in the vicinity of the fluid boundaries
(which may either be solid/fluid or fluid/fluid boundaries), these proper-
ties vary abruptly from the values in one bulk phase to those of the other.
Boundary conditions reflect this discontinuity and, in the same fashion
as the stress tensor, are consequences of the continuum approximation.
They also result from microscopic interactions within both media and,
therefore, cannot be deduced from the continuum approximation.
Boundary conditions can be sorted into three groups: kinematic, dy-
namic and stress conditions. The last two are derived from assumptions,
while the first can be inferred directly from mass conservation. Indeed,
considering that the interface is not a source or sink of mass (e.g., no
evaporation nor solidification of a liquid phase), the net flux of mass
across the interface must be zero. Assuming that the shape of the inter-
face is constant over time!!, the kinematic condition takes the following
form:
wy - 1n=1y N, (2.10)

with @, [m/s| and @, [m/s]|, the velocity in the first and the second
bulk phases respectively and 77, the dimensionless vector, normal to the

UFor a generalisation of the kinematic condition in the case of a phase transition
between the two bulk phases and for a time dependent interface, see Ref. [16] on pages
67-68 and 74-75, respectively.
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interface'?. This condition simply requires that the normal component
of the velocity is continuous across the interface.

For their part, the dynamic boundary condition concerns the two
tangential components of the velocity across the interface. However, un-
like the kinematic condition, there is, strictly speaking, no fundamental
macroscopic principle on which to build. Yet, the energy conservation
and, in particular, the fact that the stress tensor cannot diverge at the
interface, guide the assumptions that need to be made to obtain this
condition. In most cases, the no-slip condition, which simply imposes
that the tangential components of the velocity are continuous across the
interface, applies. This condition can be written as follow

iy - t=1 - T, (2.11)
with ¢, any dimensionless vector, perpendicular to 7@ and consequently
tangential to the interface. More general dynamic conditions exist, such
as the Navier-slip condition which allows slip at the interface, but we
will stick to the no-slip condition in this thesis since drainage is not
its main subject!®. Altogether, the kinematic condition and the no-
slip condition impose a continuous velocity across the interface. For
a fluid/solid interface with an impermeable solid and a known solid
motion, these two conditions are sufficient to determine the fluid velocity
at the interface (and thus throughout the fluid through the equations of
motion). However, for a fluid /fluid interface, three additional equations
are needed and these are the stress conditions.

These conditions arise from the balance of forces on the interface.
Indeed, because the interface is seen as a surface of zero thickness, there
is no mass associated with it. Consequently, the sum of all the forces
acting on the interface must be equal to zero in order to avoid infinite
acceleration. In the same spirit as for T, constitutive properties of the
interface must be assumed to characterise the forces equilibrium. The
simplest constitutive property that can be used to describe an interface
is that it is entirely characterised by a surface tension v [N/m|. Under

2The normal can be chosen pointing to either medium, but by convention we
choose to define it as pointing away from the medium we are describing.

Bnterested readers may wish to consult Ref. [16] on pages 69-74 for more informa-
tion on these more general conditions.
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this assumption, two types of forces act on the interface: the surface
forces acting on both its faces and a tensile force due to the surface
tension, which acts in its plane. The balance of those two types of
forces on the interface reads as follows:

(T — Tp) - i+ Viy — v Cii =0, (2.12)

with 77 [N/m?] and Ty [N/m?] the total stress tensors (namely the stress
tensors resulting from both surface and body forces) within the first and
second bulk phases respectively, ﬁt, the components of the gradient
along t (that is, within the local plane tangential to the interface) and C
[m "], the local curvature of the interface. The first term of the equation
is the expression of the forces exerted by the two media on both faces
of the interfaces. The two stress tensors that make up this term result
from the combined bulk effect'*. The last two terms are manifestations
of the tensile forces. These two manifestations are respectively due to a
gradient of surface tension in the interface and to its curvature. They
produce tangential and perpendicular stress at the interface respectively.

By separating the stress balance equation into its normal and tan-
gential components, these normal and tangential stress equilibrium may
be related to well-known effects. Under the same assumptions as those
made to obtain the augmented Pascal’s principle (see Eq. 2.9) (the fluid
is Newtonian, still and subject to conservative forces), the normal stress
balance is rewritten as the augmented Young-Laplace equation'®. Fur-
thermore, if we consider an interface between a liquid and air, which
is considered to be a perfect dielectric and made up of non-magnetic
particles, the normal stress balance reads [16]

P+ P; =P+ P, (2.13)

This equation balances the different pressures acting on the interface
which are respectively the in-fluid pressure P}, the pressure due to the

"To obtain these total stress tensors, the body force must be expressed in terms
of their stress tensor: the Maxwell stress tensor for the electric and magnetic forces
and the hydrostatic pressure for the gravity force.

""Named after Pierre-Simon de Laplace (1749-1827), a French mathematician, as-
tronomer, and physicist and Thomas Young (1773-1829), an English physician, physi-
cist and Egyptologist [23, 24, 18].
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body forces acting on the fluid Py, the atmospheric pressure Py [N/m?]
and the Laplace pressure P, = v C [N/m?. When no force other than
gravity is applied to a still liquid, the normal stress equilibrium is simply
the Young-Laplace equation P, = P+ P,, as there is no mass associated
with the interface. In this case, the pressure jump across the interface
is only due to the curvature of the latter. This is no longer true when
other body forces, such as electric or magnetic forces, are applied to the
liquid. Indeed, these body forces induce additional pressures P; due to
effects taking place directly inside the liquid or on the interface. These
pressures and the deformations they induce are the main focus of this
thesis.

Beside the normal stress balance, the stress balances in the other
two directions inside the plan tangential to the interface give the shear
stress balances. On the one hand, for a Newtonian fluid, with a con-
stant surface tension v along the interface, the tangential stress balance
requires simply the shear stress to be continuous across the interface
which reads as follows [16]

m 2y, Oz, (210
with u;; and w9, the tangential components of the velocity along the
tangent vector. If we consider an interface between a liquid and air,
with 7., < m;, these conditions become 8";” ~ 0, which is known
as the zero shear stress condition. On the other hand, a surface ten-
sion variation along the interface (expressed by a ﬁw # 0) induces a
stress tangentially at this interface. A gradient of surface tension can
generally be observed through a variation in temperature or surfactant
molecules concentration. This mechanism is essential to the bubble life
(see Appendix C.2 for further explanation) and even limits their maxi-
mum height [6]. Whatever the origin of the gradient, the induced stress
always generates a flow of liquid from areas with low surface tension to
areas with high surface tension. This effect is known as the Marangoni
effect!®. The stress induced by a surface tension gradient can also lead
to buoyancy-like phenomena in a liquid film, as prettily illustrated by

Named after Carlo Giuseppe Matteo Marangoni, a nineteenth century Italian
physicist [11].
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the rise of a hair ring in a soap film [25]. This is achieved by puncturing
the soap film inside the hair curl, forcing the hair curl into a ring shape
which then starts to rise due to the surface tension gradient. It should
be noted that the ring shape adopted by the hair curl is a manifestation
of the surface tension forces inside the soap film that pulls the hair along
its circumference.

The equations of motion and the boundary conditions developed here
depend both explicitly on the liquid properties which are, in the case of
a Newtonian fluid, its viscosity n and its density p. Moreover, the condi-
tions at the interface are intrinsically linked to the interface properties,
which is characterised by a surface tension . Unlike n and p, v is due to
the assumed constitutive properties of the interface and is therefore ex-
tremely sensitive to any modification or contamination of this interface,
as Agnes Pockels (1862-1935), a German chemist and physicist, noted
very early on in a letter she addressed to Lord Rayleigh [26] and as she
proved further in her subsequent works [27, 28]. Furthermore, surface
tension is the macroscopic effect resulting from the microscopic interac-
tion between the liquid particles and those of the external medium at
the interface. Indeed, inside the liquid volume, the forces acting on a lig-
uid particle by the surrounding ones are equally strong in all directions
because of the isotropy of the fluid. However, at the interface between
the fluid and the external medium, this isotropy is no longer respected
and a net tension appears along the interface, inducing the interface
particular properties. This tension arises from the interplay between
close range repulsive interactions and long range attractive forces [29].
A sketch of the situation, based on the surface tension model proposed
by Marchand et al. [29], is drawn in Fig. 2.1. The resulting micro-
scopic interactions are attractive and lead to a macroscopic tensile force
~ inside the interface.

This interfacial tension means that any extension of the interface is
necessarily against the interaction of the fluid particles, meaning that,
without external influence, a fluid always seeks to minimise its surface
area. Consequently, any deformation of the interface must be fuelled
with energy'” and the surface tension can be redefined in terms of this

"The Young-Laplace equation (see Eq. 2.13 when no other force than gravity is
present) can be re-obtained by minimising the virtual works associated with the surface
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Figure 2.1: Sketch based on the surface tension model proposed by
Marchand et al. [29], illustrating the microscopic origin of the surface
tension. Surface tension arises from the combination of two effects: a
close range isotropic repulsive interaction (black arrows) and a long
range attraction (red arrows) which is strongly anisotropic near the
interface. This results in an attractive interaction between the surface
molecules, which ultimately leads to the macroscopic surface tension ~.

energy v [J/m?]. In nature, the surface minimisation is manifested by
the ability of a droplet to form a perfect sphere or by the capacity of
water striders to “walk” on water. Moreover, as a bubble consists of
a thin liquid shell enclosed by two interfaces, the surface tension also
greatly influences its shape, causing bubbles to naturally form a sphere.
These interfacial properties are therefore of primary importance in this
thesis.

2.3  Perturbations at the Interface and Waves

Thanks to the different equations describing the fluid motions and the
boundary conditions, the effect of volume and surface forces can be

and volume energies, see Ref [30, 21] for the complete calculation.
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Figure 2.2: Drawings of the two mechanisms inducing the waves
suppression. The isobaric lines are represented in red and the waves
amplitude A, as well as the gravitational acceleration ¢ are in black.
On the left-hand side, the surface tension seeks to minimise the interface
area and induces a pressure P, at the curved interface. On the right-
hand side, gravity tends to soften the variations of height thanks to the
hydrostatic pressure P, which increases with the liquid depth.

illustrated in a concrete situation: the waves at the seas and oceans
surface. From our daily experience, we know that a free surface of
liquid in equilibrium and submitted solely to gravity is flat. Since there
is no curvature, by combining the Eq. 2.9 and 2.13, the pressure at any
point in the liquid P is simply given by

Py = Py — pgz, (2.15)

with z [m] the liquid depth and P, = pgz [N/m?] the hydrostatic pres-
sure. If an external perturbation is imparted to the liquid, it moves and
its surface deforms from its equilibrium shape. The perturbation propa-
gates across the whole liquid surface, forming waves. Both the variation
in height and the curvature of the interface induce a pressure that tends
to bring back the surface to its equilibrium shape. The height of the
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surface £ [m] undergoing waves can be expressed as follows'®
E(z,t) = Ape™ ™", (2.16)

where A, [m] represents the amplitude of the wave, k [m™'] the wave-
number and w [s~'] the angular frequency. If the fluid is inviscid and if
Ay, < A, namely if the amplitude of the perturbation is small compared
to its wavelength A = 27 /k [m], the only two mechanisms which induce
the interfaces motion are the capillary pressure P, and the hydrostatic
pressure P,. Surface tension, for its part, flattens the interface because
it decreases the interface area. Gravity, in turn, suppresses the waves
through hydrostatic pressure. These two flattening mechanisms are pre-
sented in Fig. 2.2 and relate the wavenumber to the angular frequency

by a dispersion relation®:
2 713
w” =gk + —k". (2.17)
p

The first right-hand term represents the gravity waves, while the second
one stands for capillary waves. For small k and w values, that is to say
large and slowly oscillating waves, gravity dominates, while in the oppo-
site limit the ripples are driven by capillarity. The transition between
those two regimes occurs when both terms are equivalent:

hye = /2 = — (2.18)

with kg . [m '], the critical wavenumber and £~ [m] the capillary length,
a characteristic length symbolising the transition between gravity-driven
and capillary-driven phenomena (for an explanation of its origin, see Ap-
pendix A). If the liquid object (in this case, the wave) has a typical size
larger than the capillary length, it is dominated by gravity. Otherwise,
capillarity drives its evolution. The frequency at which the transition

"Note that this description generalises to three dimensions, but this does not
provide any additional understanding of the physics of the problem.

9See the sections 12 (pages 36-39) and 61 (pages 237-240) of Ref [31] for a full
description of capillary and gravity waves and the associated dispersion relation.
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occurs f,. [s”'] is obtained directly from 2.17:

f .= 1 (B) 1/4 g3/4- (219)
" Vo \y

This frequency is weakly modified by the intrinsic properties of the fluid.
Comparatively, it can be changed more effectively by varying the grav-
ity field. The apparent gravity can indeed be increased thanks to a
centrifuge [32] or reduced to almost nothing in parabolic flies [33] or in
the international space station [34].

The capillary and hydrostatic pressures, responsible for the waves
dynamics and the dispersion relation, are respectively a surface effect
and a volume effect. Yet, they both stabilise the interface by suppressing
the perturbations. Other body forces, however, can have the opposite
effect, destabilising the interface.

2.3.1 Influence of an Electric Field on Liquids

Applying another body force on a liquid pool, whose surface is deformed
by a wave, modify the dispersion relation and the liquid dynamics due
to the additional pressure. An electric field can apply such body force
to a liquid, as the English scientist and physician William Gilbert early
records. In his book De Magnete®, published in 1600, he mentions
that what he calls an electric (in more contemporary terms: a dielec-
tric charged thanks to the triboelectric effect) attracts the nearest part
of a water droplet towards itself, deforming it into a cone [35]. How-
ever, it was not until more than 300 years later that Taylor explained
the conical shape adopted by the droplet [36]. It is in his honour that
this phenomenon was named the Taylor cone. This first observation by
William Gilbert marked the beginning of the scientific interest in the
coupling between electric field and hydrodynamics, namely the electro-
hydrodynamics.

In a review on the role of interfacial shear stresses, Melcher and
Taylor [37] highlight that the behaviour of a liquid under an electric field

2The original full title in Latin is De Magnete, Magneticisque Corporibus, et de
Magno Magnete Tellure which can be translated as: “On the Magnet and Magnetic
Bodies, and on That Great Magnet the Earth”.
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is prescribed by the relaxation time of the free charges present inside its
bulk. This electric relaxation time can be expressed as 7. = ¢/0 [s], with
e [F/m] and o [S/m] respectively the permittivity and the conductivity
of the liquid. If the characteristic time of the experiment is much longer
than 7., the liquid can be considered a perfect conductor, so that the
interface undergoes no tangential electric stress and the electric surface
force acts perpendicular to the interface. In the opposite case, when the
characteristic time of the experiment is much shorter than 7., the fluid
can be seen as a perfect insulator, with no free charges, but still with
an electric surface force acting perpendicular to the interface.

Water, for instance, can be considered a perfect conductor if the
characteristic time of the experiment is much greater than 1.29 107" s.
Indeed, o > 5.5107°S/m and € ~ 80 ¢y, with ey ~ 8.85 10 °F/m the
permittivity of free space, give us a characteristic electric relaxation
time 7.; < 1.29 107" s, for water. In addition, air can be seen as a
perfect dielectric if the characteristic time of the experiment is less than
Teg ~ 10°s (0, ~ 8107’S/m [38] and £, ~ ). So, in the case an
water /air interface, water can be considered a perfect conductor, while
air is a perfect insulator.

In another article, Taylor et al. [39] studied how the presence of
a uniform electric field Ej perpendicular to the interface between an
inviscid conducting liquid and an insulating fluid influences the waves
formed at this interface. The conducting liquid is also considered to
have a sufficient thickness to neglect its influence (namely the liquid
total depth is much bigger than its wavelength). They observe three
main effects of the field on the conducting liquid. Firstly, they find
that the liquid level rises due to the free charges’ attraction. Secondly,
the wave dispersion relation is modified by the effect of a surface electric
pressure P. = £ E2 [N/m?], with E,, [V /m] the component of the electric
field normal to the liquid surface. Finally, a sufficiently strong electric
field can lead to the destabilisation of this interface. The critical field
intensity Ey . [ V/m] naturally appears in the dispersion relation and can
be calculated in a very similar way to that used to calculate the relation
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Figure 2.3: The left-hand side is a drawing of the effect of the electric
field on the air/water interface. Due to the free charges, it adds an
electric pressure P, (in red) enhancing the destabilisation. The electric
field Eo, induced by a plane capacitor, is represented in black. The
right-hand side is an original picture taken from Taylor’s article [39]
(Ey = 0.7kV/mm). It represents the destabilisation of an oil/water
interface. The electric field as well as the liquid nature have been added
in red.

without electric field®'. The obtained relation reads as follows

W = gk + L3 — SOp2p?, (2.20)
P

The negative term represents the effect of the electric pressure. Un-
like gravity and capillarity, the electric field tends to enhance the inter-
face destabilisation. The effect of this term is illustrated in the left-hand
side of Fig. 2.3. The critical field can be found by looking at which field
at least one value of k leads to a negative value of w?. The critical field
intensity Fy . obtained in this way is written

1
Ee = V409, (2.21)

which gives Ey . ~ 2.5 kV/mm for an air/water interface.

*!See the fifth exercise in the fifth section of Ref. [40] (page 33) for a full resolution.
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When Ey > Ej., the interface destabilises. This leads to the situ-
ation illustrated in the right-hand side of Fig. 2.3. This picture is one
of those taken by Taylor in his article [39], in the case of an oil/water
interface. They used oil instead of air because they observed that sparks
occur directly after the instability is triggered, disrupting its develop-
ment. Since the dielectric constant of oil is more than twice that of air,
using it instead of air circumvents this difficulty.

It £y > Ey ., the interface is stable for all £&. However, the dispersion
relation is modified by the presence of the field and this can be observed
by taking pictures of the wavy interface. We performed the experiment
on salt water by disturbing the interface at a given frequency thanks to
a shaker. The shaker is connected to a plastic plate immersed in the
water which oscillates up and down, imposing a standing wave on the
water surface. A circular aluminium plate (of 70 mm radius) connected
to a generator is placed over the interface, which is grounded, as shown
on the left-hand side of Fig. 2.3. This allows us to apply a uniform
electric field E, between the top plate and the interface (it should be
noted that the presence of the wavy interface changes the local value
of the electric field although the applied one is uniform). By varying
the oscillation frequency and measuring the distance between successive
crests, the dispersion relation can be reconstructed experimentally on
both regimes.

The result of these measurements is shown in Fig. 2.4, with an im-
posed electric field Fy = 1 kV/mm in green and without electric field in
blue. No error bars from the pixel detection are shown because they are
smaller than the bullets. Those preliminary results clearly evidence an
effect of the electric field on the dispersion relation, namely a decrease
of w at a given k. The blue line is adjusted using Eq. 2.17. The gravita-
tional and capillary prefactors obtained from this adjustment are used
to fit Eq. 2.20, leaving only the electric prefactor free. The resulting fit
is represented by the green line. Those qualitative results were recently
confirmed by Apffel et al. [41] who also used the electric field-induced
modification on the medium to create a temporal interface.

Néron de Surgy et al. [42] generalised the results obtained on the
dispersion relation and the destabilisation of the interface to any fluid
thickness or viscosity. For their part, Onuki [43] and Schéiffer et al.
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Figure 2.4: Pulsation w of the wave as a function of the measured
wavenumber k. In blue, the measured dispersion relation when no elec-
tric field is applied. In green, the water suffers a uniform electric field
Ey = 1kV/mm generated by a plane capacitor. The dispersion relation
is thus modified. The blue line is an adjustment of the Law 2.17. The
green one is obtained by adjusting the Law 2.20, the electric prefactor
being the only fitting parameter and the two others being fixed by the
first adjustment.
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[44, 45] studied the case of an interface between two insulating fluids.
Furthermore, the limiting case of a thin liquid film submitted to a per-
pendicular electric field was studied numerically by Firouznia et al. [46]
who showed that the two interfaces enclosing the film can be deformed
in-phase or anti-phase. Finally, the effect of the field frequency on the
interface stability has also been studied [47, 48, 49] and the authors
show that the critical destabilisation field is always smaller when the
electric field oscillates.

Due to the applied electric field and the associated pressure induced
on the interface, the waves dynamics and the associated deformation
are modified. In contrast to capillary and hydrostatic pressures, the
electric pressure enhance the deformation of the interface due to the
charges attraction. Moreover, for a sufficient electric field intensity, the
interface destabilises, forming cones to discharge the charge induced by
the electric field. Yet, an electric field is not the only kind of field that
modifies the waves dynamics.

2.3.2 Influence of a Magnetic Field on Liquids

The interplay between liquid and magnetic field is a relatively recent
topic. This is indubitably because most of “common” liquids, such as
water, have a very weak response to magnetic fields. When such dia-
magnetic liquids are subjected to a magnetic field, Lorentz forces are
induced on their constitutive particles. A very weak magnetic dipole
emerges from these forces, which is directed at the opposite direction
of the magnetic field. By using a very intense magnetic field Bo, it is
possible to observe a macroscopic repulsive effect and make a living frog
fly for example [50] (By = 16 T). This phenomenon can also be used to
move droplets, or even bubbles, over a textured surface filled with lubri-
cating liquid, also known as a slippery liquid-infused porous surface or
SLIPS [51]. Another way to obtain a response of a fluid to a magnetic
field is to apply an electric current in the fluid. The Lorentz force arising
from the current and the magnetic field induces a volume force on the
conducting fluid. The study of this coupling between hydrodynamics,
current passing through the conducting liquid and magnetism is called
magnetohydrodynamics.
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To probe the effect of the magnetic dipoles’ alignment in fluids,
a fluid actually consisting of particles bearing a magnetic moment m
[Am?] is needed. Yet, no natural fluid seems to have this character-
istic*? and therefore an artificial one must be synthesised. This was
achieved by Papell in 1965 [55] and further developed shortly thereafter
by Rosensweig et al. [56]. These fluids are called ferrofluids and the
study of their properties is named ferrohydrodynamics. They are col-
loidal dispersions and, in our case, the colloidal particles are maghemite
(7v—Fey03), which are ferrimagnetic monodomains. The solution is sta-
bilised by negative electrostatic charges at the surface of each particle,
preventing their agglomeration and subsequent sedimentation [57]. As
maghemite particles have a typical diameter of 10 nm, the Navier-Stokes
equations 2.4 (and those derived from them) are suitable for describing
the flow of such a fluid as long as this flow is not micrometric or smaller.

It should be noted that the very name ferrofluid is a little odd. In-
deed, ferrofluid does not bear a permanent magnetisation, as ferromag-
netic materials do, but acquires one when subjected to a magnetic field.
The induced magnetic moment is parallel to the applied magnetic field
(unlike diamagnetic fluids), has an intensity similar to that found in fer-
romagnetic materials® and vanishes almost instantaneously when the
magnetic field is switched off. This behaviour characterises paramag-
netic fluids, but as the magnitude of the induced magnetic moment is
much larger than that typically found in paramagnetic materials (10 to
10° times larger), ferrofluids are considered superparamagnetic fluids?.
One of the most striking illustrations of the behaviour of a ferrofluid
subjected to a magnetic field Eo perpendicular to its interface, is the
Rosensweig instability (see the right-hand side of Fig. 2.5). This in-
stability is characterised by the appearance of regularly spaced spikes

It should be noted that a fluid made of magnetotactic bacteria [52] within their
living environment can be seen as an active natural fluid whose particles bear an
intrinsic magnetic moment [53]. However, such a fluid is much more complex to
describe due to the living nature of bacteria and exhibits exotic behaviours [53, 54].

*For example, our ferrofluid has a magnetic field response of 10° greater than that
of water.

2The name probably comes from the colloidal particles of which it consists, namely
single-domain ferromagnetic or ferrimagnetic particles.
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Figure 2.5: The left-hand side is a drawing of the effect of a vertical
magnetic field By (in black) on the air/liquid interface. The vertical
alignment of the magnetic moment m, some of which are represented
by black arrows, induces a combination of three pressures: P, s, P
and P,,,. The right-hand side is a picture of a Rosensweig instability
taken from [58]. For this particular ferrofluid (EMG 909 from Ferrotec
Co.), they measured a critical field intensity triggering this instability
By =25.7mT [58]. The scale and the magnetic field have been added
in red.

when a layer of ferrofluid is subjected to a sufficiently high transverse
non-uniform magnetic field.

In a spirit similar to the method undertaken by Taylor et al. [39]
to determine the magnitude of the critical electric field required to
destabilise an interface Ey., Cowley et al. [59] carried out an analy-
sis to obtain the critical magnetic field intensity By . [T] triggering the
Rosensweig instability. The critical field naturally appears in the disper-
sion relation of waves under a constant applied magnetic field, normal
to the interface at rest. This dispersion relation is modified by the three
pressures due to the effect of magnetic field on the ferrofluid: the mag-
netostrictive pressure P, , [N/m?], the overpressure inside the fluid due
to the interaction between the magnetic moments P,,; [N/m?] and the
normal magnetic traction at the fluid interface P,,,, [N/m?] [56]. Those
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pressures read as follows

a
oM -
P = 1o / {y—} dF, (2.22)
0 3V IJ*,T
H ~
0
Py = %Mﬁ, (2.24)

with po = 4w 1077 N/A? the magnetic permeability of free space, M
[A/m] the magnetisation, which is the magnetic moment per unit vol-
ume, H [A/m] the internal field related to the magnetic field B, T [|
the temperature, v = p~! [m*/kg] the specific volume and M, [A/m],
the normal component at the interface of the magnetisation. The cal-
culation of the modified dispersion relation for an inviscid fluid and a
fluid thickness much larger than the wavelength leads to®

Wt = g+ L~ L g (2.25)
p

PHo
with f(x) = x*/(14+x)(2+x) a function of y, the magnetic susceptibility,
that is itself a function of the applied magnetic field. The modification
due to such a perpendicular magnetic field on wave turbulence has been
verified experimentally by Boyer et al. [60] and the generalisation of the
modified dispersion relation to fluids of any viscosity and thickness was
performed by Abou et al. [61].

As for the wave turbulence under an electric field, the magnetic
term representing the magnetic influence due to a perpendicular mag-
netic field is negative, revealing that the field tends to destabilise the
interface. Indeed, on the one hand, the magnetic dipoles composing
the ferrofluid tend to align their magnetic moment along the imposed
magnetic field, namely vertically. On the other hand, the dipole-dipole
energy interaction is negative if the dipoles are aligned in the same di-
rection as their magnetic moment. Conversely, if the dipoles alignment

*See the seventh section of Ref. [56] (pages 104-118) for a full calculation.

32



is perpendicular to their magnetic moment, the dipole-dipole energy in-
teraction is positive®s. Therefore, the magnetic moment tends to seek a
vertical alignment and avoid a horizontal one. This is the origin of the
destabilising effect which is represented on the left-hand side of Fig. 2.5.

The minimum field necessary to trigger the Rosensweig instability
can thus be found in the same way as in the case of wave turbulence
under electric field, leading to a critical magnetic field By .:

By, = —M; dvpg. (2.26)

This gives By . ~ 11.5 mT for an interface between air and the ferrofluid
soap used for the experiments presented in this thesis (see Appendix B
for a description of the soap and see Table 3.1 for its properties). How-
ever, this instability can be inhibited by vibrating the ferrofluid as ex-
perimentally demonstrated by Pétrélis et al. [62]. It is interesting to
note that the application of a magnetic field parallel to the plane of the
interface instead of perpendicular to it reduces the deformation rather
than enhancing it, as shown by Dorbolo et al. [63]. Indeed, as B is
horizontal, the magnetic dipoles tend to align themselves horizontally
and avoid vertical alignment.

Unlike an applied electric field to a conductor, an magnetic field
applied to a ferrofluid adds pressures not only at the interface, but also
within the fluid. The combined effects of these pressures modify the
waves dynamics and enhance the deformation. Just as a conducting
fluid under a sufficient electric field, a ferrofluid destabilises under a
sufficient magnetic field by forming a Rosensweig instability.

2.4  Conclusion

The various equations of motion describing the fluid dynamics and the
associated boundary conditions were presented. Particular attention has
been paid to establishing the equations describing a motionless Newto-
nian fluid describing the shape that a steady volume of liquid, such as a

%6The function of the dipole-dipole energy interaction is continuous with the angle
between the magnetic moment and the direction of alignment. Moreover, this function
is null when the angle is approximately equal to 54°.
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bubble, assumes (see Eq. 2.9 and Eq. 2.13). These equations highlight
the presence of a surface force, represented by the capillary pressure
P, = ~ C and three different body forces: the gravitational, electric
and magnetic forces. These forces manifest themselves differently, at
the interface between two different fluids or directly within them. The
gravitational force induces an in-fluid pressure that directly depends on
the fluid density and depth, the hydrostatic pressure P, = pgz. Con-
versely, an electric force acting on a conducting liquid only induces a
surface pressure depending on the applied electric field, the electric pres-
sure P, = gg£?/2. Finally, when a ferrofluid is submitted to a magnetic
force, both surface and volume pressures appear, all function of the ap-
plied magnetic field through the magnetisation: the magnetic in-fluid
pressure P,,; (Eq. 2.23), the magnetostrictive pressure P, s (Eq. 2.22)
and the magnetic surface pressure P, , (Eq. 2.24).

To illustrate these forces, we have used a concrete situation con-
sisting of waves at the surface of oceans and seas. In particular, the
dispersion relations describing these waves (see Eq. 2.17 for the grav-
ity /capillary, Eq. 2.20 for the gravity/capillary/electric and Eq. 2.25
for the gravity/capillary /magnetic) highlight the effect of the different
forces. Indeed, while the capillary and gravity forces tend to suppress
the interface deformation, the electric and magnetic ones tend to en-
hance it. As they reinforce the deformation, the electric and magnetic
pressures can lead to interface instability. The critical electric and mag-
netic fields both naturally appear in the dispersion relation and respec-
tively trigger the Taylor cones and the Rosensweig instability. Although
these two instabilities manifest themselves in a qualitatively similar man-
ner (namely vertical spikes emerging from the liquid), they are due to
completely different phenomena. The Taylor cones are due to charges
attraction and droplets emission from the tip of the cones in order to
discharge, whereas the Rosensweig instability is due to dipole alignment
and is not associated with any droplet emission.

These different illustrations show that body forces provide an excel-
lent way to manipulate and reshape liquids without touching them. A
droplet, for example, has a shape defined by its volume due to the com-
petition between capillarity and gravity, but can be deformed thanks to
electric or magnetic forces. The next chapter (Ch. 3) is devoted to pre-
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senting the different shapes that a droplet can assume when subjected
to different body forces. These shapes are due to the competition be-
tween capillarity and at least one body force and are rationalised on
the basis of the equations developed in this chapter. The purpose of
presenting the droplet shape is to provide a point of comparison for
studying bubbles under the same conditions, as illustrated in Fig. 1.2.
Indeed, droplets and bubbles are very similar from a surface point of
view, but quite different from a volume one. Due to the surface and
volume nature of the presented body forces, we therefore expect them
to modify droplets and bubbles in similar or different ways depending
on this nature. After presenting this seed point, the core of this thesis
is devoted to describing how the bubbles shapes are deformed by the
different body forces presented in this chapter.
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Droplets

So far we have considered a volume of liquid so large that it forms a bath.
At rest, its interface is flat due to gravity. When energy is imparted to
this system, waves can be induced and if the amount of injected energy
is sufficient, the liquid volume can split, forming tiny amounts of liquid
called drops. Such drops are ubiquitous in nature and can form through
the break up of a large amount of liquid (e.g. a liquid stream experienc-
ing a Rayleigh-Plateau instability! [21]) or through the condensation of
vapour (like dew on leaves and grass in the early morning). Furthermore,
droplets can assume many shapes and undergo numerous deformations
depending on their motion, size, the substrate on which they rest or the
forces acting on them. However, if a droplet of a few centilitres is mo-
tionless, with absolutely no forces acting on it (as if it were free-floating
inside the International Space Station, for example?), it would adopt a
spherical shape due to capillarity and surface minimisation.

The deviation from this spherical shape is due to an external force.
In this thesis, we are mainly interested in the deformation induced by
different external forces, arising from gravity, electric or magnetic fields.
In each case, the steady shape adopted by a droplets results from the

'Named after Lord John William Strutt Rayleigh (1842-1919), a British physicist
who won the Nobel Prize [11] and Joseph Antoine Ferdinand Plateau (1801-1883) a
Belgian physicist and mathematician [18].

2Visit www.youtube.com/watch?v=TLbhrMCM4_0 for an illustration.
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equilibrium between at least the effect of one of these external forces and
the capillarity. For example, the shape of a motionless droplet resting
on a solid substrate results from the competition between gravity and
surface tension, the former flattening the droplet, while the latter tends
to keep it hemispherical.

The reaction of a droplet immersed in an electric field depends on
the liquid of which it is made. In particular, if the liquid is a perfect con-
ductor, all electric effects take place at the droplet surface. For a sessile
conducting droplet resting on a conducting surface, the magnitude of
the experienced deformation would then be obtained by balancing the
capillary and electric pressures. This balance would hold as long as the
effect of gravity can be neglected, resulting in an initial shape defined
solely by capillarity and a deformation exclusively due to the electric
constraints. In the same fashion, the maximum charge that a spherical
droplet could hold before becoming unstable can be deduced from this
balance.

In the case of a magnetic field, the liquid used to make the droplet
also largely influences its response. For instance, ferrofluids react much
more to magnetic fields than water. However, regardless of the liquid
used, volume forces are always present in addition to surface ones when-
ever a magnetic field is applied. The deformations of such a ferrofluid
droplet under a uniform magnetic field, for example suspended inside
a matching density fluid, are described by the competition between the
capillary and the magnetic pressure due to the dipole alignment within
the magnetic field. The case of sessile droplets deformed by a perma-
nent magnet is more complex due to the field gradient. If the magnet is
held under the substrate, such a droplet can either be flattened by the
combined effect of the magnetic gradient and gravity, or elongated by
the magnetic field itself through dipole alignment. Both phenomena are
present and the final shape of the droplet depends on both the magnetic
field and the magnetic gradient values. However, whichever magnetic ef-
fect dominates, it counteracts capillarity that tends to keep the droplet
spherical.

These force balances and the subsequent equilibrium shapes are con-
veniently described by dimensionless numbers. This chapter is dedicated
to illustrating these shapes and the dimensionless numbers that charac-
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terise them. Moreover, comments on the similarities and discrepancies
between drops and bubbles are made to rationalise the observations
presented in Fig. 1.2. More specifically, the first part of the chapter
focuses on the description of the droplet shape under gravity and how
this shape depends on the droplet size. Then, the influence of both the
electric field and the charge on the motion and shape of the droplet is
outlined. Under similar conditions, the droplet deforms in a completely
different way, depending on both its permittivity and conductivity but
also on those of its surrounding medium. Finally, in the last part of this
chapter, the effect of a magnetic field on a ferrofluid droplet is addressed.
In addition to deformation, the magnetic field may induce drop motions
and divisions into daughter droplets. Furthermore, an experiment com-
bining the effects of electric and magnetic fields is presented before a
conclusion is drawn.

3.1  Sessile Droplet under a Gravity Field

Any raindrop that falls from the sky adopts a shape prescribed by its
fall into the atmosphere until it hits the ground. From there, the droplet
lands on a solid surface in a shape depending on its size. Indeed, while
small droplets almost form a hemisphere, larger ones are flattened by
gravity and tend to form puddles [30]. This behaviour is represented in
Fig. 3.1. Four sessile droplets of increasing volume V; [m®] are presented.
They rest on an aluminium plate with a base length a [m] and a height
b [m]. While the small droplets adopt an almost perfect hemispherical
shape (with a/2 ~ b), the larger ones form a puddle with no apparent
relationship between a and b. This behaviour is highlighted by the chart
on the right-hand part of Fig. 3.1 representing the typical height of a
droplet as a function of its volume. Smaller droplets, hemispherical in
shape, see their height scaling as the cube root of their volume, while
larger ones reach a saturation height.

This shape can be described by the Bernoulli equation and the nor-
mal stresses balance at the liquid/air interface:

1
P+ §pu2 + pgz = cst, (3.1)
P =P+ P, (3.2)




Figure 3.1: Pictures of four water droplets resting on an aluminium
plate with the typical scale shown at the bottom left. The volume of
water V;, and thus the size of the droplet, is increased to illustrate the
growing effect of gravity leading to a transition in shape. The typical
size, defined as the base length a, ranges from 4 mm for the smallest
droplet, which forms an almost perfect hemisphere, to 17 mm for the
largest, which tends to form a puddle. The maximum height b saturates
for the larger droplets causing a “plateau” to appear. To highlight this
effect, a typical graph of b as a function of V] is presented on the right-
hand side of the figure. Initially, the height increases as the cube root
of the volume (as predicted for a hemisphere) and eventually saturates
at the capillary length x~! for larger volumes.

with P, the pressure inside the liquid, p its density, u its speed, g the
intensity of the gravitational field, P, the atmospheric pressure and
P, = 2v/r, the Laplace pressure for a spherical droplet of radius 7 [m]
and surface tension v. When the liquid droplet is at rest, its shape
is described by the competition between gravity and capillarity. More
precisely, gravity prescribes the shape of the larger droplets and surface
tension defines the shape of the smaller ones (for more details, see Ap-
pendix A). The transition between these regimes occurs for a droplet
with a characteristic size close to k7!, the capillary length, defined by
the ratio between the two effects:

k=, L. (3.3)

This characteristic length is linked to the famous Newton-Bond number
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Liquid v [mN/m] p[kg/m®] &' [mm]

Water 72 [30] 110° 2.5
Mercury 485 [30]  13.6 10° [64] 2
Silicone oil 20 [21] 0.97 10° 1.5
Denkov’s soap ~ 21.6 [14]  1.03 10® [14] 1.5 Ch. 6
Ferrofluid soap 30 [65] 1.5 10% [65] 1.5 Ch. 7

Table 3.1: Typical values of surface tension ~, density p and capillary
length k! at room temperature of some common fluids as well as those
used in this thesis. Denkov’s soap is a surfactants mixture based on the
stock solution formulated by Denkov et al. [66] (see Appendix B for
more details) which is used to study the deformation of soap bubbles
under electric field. Finally, ferrofluid soap is also a surfactant solution
based on the one proposed by Elias et al. [65] (see also Appendix B for
more details) and used to study the deformation of soap bubbles under
magnetic field.

(or simply Bond number) Bo = pgr?/v [67]>!, which balances the cap-
illary and hydrostatic pressures. Droplets with a characteristic length
smaller than x~! tend to form a hemisphere (surface tension prevails),
whereas drops with a characteristic length larger than ~~! tend to
form a puddle under gravity. As a numerical example, water exhibits
k™! ~ 2.5 mm. Therefore, water droplets of volume V; take on a hemi-
spherical shape if r = J/3V;/2n < k™! and a puddle shape if r > !
(which is consistent with the observations reported in Fig. 3.1). Typ-
ical values of surface tension ~y, density p and capillary length ! for
usual fluids as well as for the soaps used in this thesis are given in Ta-
ble 3.1. The surface tension is given assuming an air/liquid interface.
Further explanations about the origin of the capillary length, as well as
the influence of the substrate, are given in Appendix A.

$Named after Wilfrid Noel Bond (1897-1937), an English physicist and engineer
[11] and Dorothy A. Newton, his co-author [67] about whom little is known.

4This dimensionless number could just as easily be called E6tvés number, after
Loérand Baron von Eotvos (1848-1919), a Hungarian physicist [11], or Newton number.
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3.2 Droplets Under an Electric Fields

When charges are transferred to droplets, their motion are no longer
solely determined by the gravity field but also by the electric one. This
situation occurs in many natural phenomena. For example, in the early
days of climatology, Benjamin Franklin suggested that rain may be due
to the attraction of oppositely charged droplets [68]. Moreover, numer-
ous studies underline the central role of charged droplets in the estab-
lishment of strong electric fields in thunderstorms [68, 69, 70] or in the
creation of preferential paths for lightning strikes [71, 72]. One of the
first experimental observations of the influence of an electric field on the
droplet displacements was performed by Lord Rayleigh [73] who applied
a moderate electric field to droplets from a jet after it had separated due
to a Rayleigh-Plateau instability. He observed that in the absence of an
electric field, uncharged droplets bounce off each other, but noted that
charged droplets attract each other and eventually coalesce, resulting
in a jet that is no longer scattered (see [4] pages 53-57 for a wonderful
illustration of this phenomenon). Later, these early observations were
complemented by systematic studies about droplet collisions. These
works showed that bouncing is only one of the possible interactions be-
tween two uncharged water drops as they collide [74, 75]. More recently,
Brandenbourger et al. [76] have analysed the effect of electric charges
on the collisions and trajectories of drops in a microgravity environment.
They observed that oppositely charged drops attract each other, possi-
bly preventing them from bouncing, while drops with the same sign of
charge repel each other and are therefore less likely to collide.

When charged (see [77] for a clever way to do it) millimetric droplets
can also be transported and manipulated precisely by means of an elec-
tric field. Among others, Brandenbourger et al. [78] proposed to use
an horizontal electric field to control the motion of a charged silicone
oil droplet bouncing on a vertically vibrating bath. This method allows
the droplet to be manipulated while avoiding any contact with the sub-
strate by regenerating the air layer that separates them. This absence of
contact between the bath and the droplet is advantageous as it greatly
reduces the risk of altering the droplet contents while preserving the
possibility of directing the droplet’s trajectory.
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Beside their ability to move droplets, as already mentioned, electric
fields can also directly influence their shape. Indeed, when an object
(whether initially charged or not) is subjected to an electric field, its
positive charges move in the electric field direction, while negative ones
go in the opposite way. This separation induces an internal field, called
polarisation, tending to cancel the original field. When the charges
are bound, this cancellation is partial, as in dielectrics. Conversely, in
perfect conductors, charges are free and, consequently, the polarisation
field completely cancels the external electric field, leading to a zero field
inside the drop. For such conducting droplets, all charges are at the
interface, there is no electric volume force and electric effects occur
only at the fluid surface. Therefore, the stable shape of a conducting
droplet is fully determined by the Bernoulli equation (see Eq. 3.1 with
the speed pressure term being null) and the balance of stresses normal
to the surface that are defined by the following formulse®:

P, + pgz = cst, (3.4)
P+ EE" =P+ P,. (3.5)

The second term of Eq.3.5 is called the electric pressure P, and is due
to the surface charges resulting in a surface electric field E,, perpendic-
ular to the surface. Once established, this field acts on the surrounding
surface charges, inducing the electric pressure P, = o E2 /2 [79]. Consid-
ering Eq. 3.5, the capillary pressure and the electric one are the two key
ingredients to determine the shape of such a droplet. Moreover, from a
surface point of view, droplets and bubbles are very similar and since
both acting elements take place at the surface, the reaction induced by
an electric field on droplets and bubbles should be very similar. As they
have already been extensively studied, charged droplets are therefore a
good starting point to apprehend charged bubbles and, through their
possible differences, to probe which bubbles peculiarities are essential
to describe their dynamics under electric fields.

The influence of the electric field on the shape of a conducting droplet
floating within a dielectric medium was also illustrated by Lord Rayleigh,

®Assuming that the external medium has a permittivity close to that of vacuum.
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Figure 3.2: Drawings of conducting drops under a vertical electric
field pointing upward. The electric field is represented on the left-hand
side of each drawing, while the equipotentials are shown on the right-
hand side. On the one hand, each column represents a droplet with a
different carried charge. From left to right: ¢ =0, § =8 and ¢ = 12,
with ¢ = q/+/2e¢y7¢, the dimensionless charge. On the other hand, each
row shows the state of the droplet when the applied field E increases.
From top to bottom: stable droplet with an almost zero field, stable
droplet under a moderate field, droplet at its stability limit. The value
of the dimensionless applied field, namely the square root of Bo. 4, is
indicated at the bottom left of each drawing. Each drawing is taken
from [80] and has been edited.
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who calculated the maximum charge that an initially spherical droplet
can hold [81]. He showed that the droplet destabilisation is related to a
dimensionless number, which he called the fission ratio,

q2

= 3.6
64m2eqyrs (36)

with the carried charge ¢ [C] and the droplet radius r. This dimension-
less number results from the balance between the two pressures at the
surface of the charged droplet: the electric one, P. = ¢?/(647w2or?), and
the capillary one, P, = 2v/r. Indeed, while the electric pressure elon-
gates the droplet due to charges repulsion, the capillary pressure holds
it in a spherical shape. When X < 1, the capillary pressure is higher
than the electric one and the droplet has a stable spherical shape. If
X > 1, the electric pressure overpasses the capillary one and the droplet
becomes unstable, deforms into a spheroid and emits thin charged jets
along its major axis. This phenomenon was confirmed experimentally
by Duft et al. [82, 83].

Basaran et al. used a numerical approach to further study the shape
of a charged droplet with [80] and without [84] an electric field. They
also predicted the stability of these shapes thanks to the bifurcation
theory [85]. In particular, they found that the deformation of a charged
droplet into an oblate spheroid is stable beyond the Rayleigh limit in
the absence of an electric field [84]. In contrast, when immersed into
an electric field, the charged droplet loses its equatorial symmetry and
adopts an egg shape with the egg tip pointing in the direction of the
electric field [80] (see Fig. 3.2). In another article, Wagoner et al. [86]
numerically studied the shape and stability of a droplet subjected to a
uniform electric field and having a lower conductivity and permittivity
than the surrounding fluid. Depending on the viscosity ratio between
the droplet and the surrounding fluid, the authors found two types of
shapes adopted by an initially spherical droplet when the electric field
intensity increases: dimples and lenses (see Fig. 3.3). They observed
that lens shaped drops (prettily called “Saturnian droplet” by Marin
[87], see Fig. 3.3 (¢)) can undergo an instability similar to the Taylor
cone (but involving completely different mechanisms): the equatorial
streaming, already experimentally observed by Brosseau et al. [88].
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Figure 3.3: Pictures of drops made of a liquid having a lower con-
ductivity than the surrounding medium under a vertical applied electric
field Ej. Depending on the viscosity ratio between the droplet and the
surrounding medium 7;;, /Nest, the droplet can adopt two different shapes:
a lens if 7, /Nesr < 0.1 and a dimple otherwise. (a-b) Images of a droplet
having a viscosity lower than that of the surrounding medium under an
electric field Ey = 790 V/mm. The droplet took the shape of a lens 0.5 s
after the electric field was turned on, and 0.2 s later, starts to emit tiny
droplets from its rim. (c) Saturnian droplet (7;,/7ez+ < 0.1) obtained by
applying a short electric pulse of £y > 300 V/mm. (d) Dimple of the
droplet whose viscosity is higher than that of the surrounding medium
after the application of a field Ey > 300 V/mm. The pictures come from
[88] and have been edited.
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These deformations of droplets by the application of an electric field
(or even their disintegration, if the critical field is reached) are used
in multiphasic systems to enhance the mass and heat transfer rates
between phases. Indeed, in such a system, consisting of a dielectric
continuous liquid phase and a dispersed one made up of conducting
liquid droplets, both transfer rates are proportional to the interfacial
area [89]. Therefore, the use of an electric field to deform (or even
disintegrate) the dispersed phase can serve to increase this area and
hence both transfer rates [89]. Similarly, an increase in interfacial area
is also observed when an electric field is applied to a multiphasic system
with a dispersed phase made of gas bubbles [89, 90].

When resting or suspended on a substrate, the shape of the droplet
is affected, as is its response to electric charges. In order to make an
informed comparison with sessile or floating bubbles, the effect of the
substrate must be explored. The case of a droplet hanging at the tip of
a liquid-filled tube charged upon the application of a high voltage was
first studied by Zeleny [91, 92, 93]. When electric charges are imparted
to a droplet, it deforms from a hemispherical to a hemi-spheroidal shape.
Above a critical threshold, instability is triggered and the subsequent
emission of microscopic liquid jets is observed. This phenomenon is
known as electrospray [93]. Later, Taylor [36] found that the spheroidal
approximation remains valid only at the early stage of the deformation.
Just before the instability, he observed that the shape of the droplet
is close to a cone. This led him to deduce a new stability law [36].
Thanks to this discovery, the instability is still known as the Taylor’s
cone. Both the Taylor’s cone and the resulting electrospray (or electro-
spinning) have been studied for their ability to generate micrometric
droplets of controlled size, ionised mists [94, 95, 96] and nanofibres [97].
The large amount of applications ranges from high-resolution printing
[98] to space propulsion [99] via droplets encapsulation [100], wound
healing [101] or even chocolate processing for the food industry [102].
The use of electrospray in mass spectrometry of large macromolecules
even led Fenn [103] to the 2002 Nobel Prize in Chemistry.

In his article on the stability of a charged sessile droplet, Taylor
also proposed a stability limit for a closely related system: an initially
uncharged sessile (or pendant) droplet under an electric field. This con-
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Figure 3.4: Chart, taken from [104], showing the aspect ratio b/r
of a droplet (a/b in their notation) as a function of the dimensionless
applied field, namely the square root of Bo, 4 (\/m in their notation,
€ being the permittivity of the exterior medium, r the initial droplet
radius, o the surface tension and ug/h the applied electric field). The
two curves correspond respectively to a droplet with a fixed contact
angle and another with a fixed contact line. The solid and dashed part
of the lines represent respectively the stable and unstable shapes.
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figuration is the same as that studied in Ch. 6 with a droplet instead of
a bubble. He assumes that the resulting polarisation causes the droplet
to deform into a prolate spheroid and rationalises this deformation [36].
Later, Basaran et al. applied the same method as in Ref. [84, 80] to
further study this deformation [104]. They showed that the aspect ratio
of the droplet (the height of the droplet b divided by its base radius
r) can be linked to the intensity of the applied uniform electric field
Ey (see Fig. 3.4) through the electrical Bond number, balancing the
electrostatic and capillary pressures:

Bo, 4 = ~2 070 (3.7)

In the case of small deformations, for a hemispherical droplet with an
initial radius ry and a fixed contact angle in a dielectric medium of
permittivity g, the law writes as follows

b 9
— =14 —Bogg. .
, 4 Oc,d (3.8)

A law linking Bo. 4 and the critical aspect ratio of a droplet, cor-
responding to the static aspect ratio of a droplet under conditions just
below those needed to trigger the instability, has been found both exper-
imentally and analytically by Beroz et al. [12]. Incidentally, the pictures
used to illustrate the similarities between droplets and bubbles under
an applied electric field in Fig. 1.2 (a) are from this work. These exper-
iments were performed for a hemispherical conducting pendant droplet
pinned on a conducting surface and subjected to a uniform electric field.
They eventually came up with the law

7"3 ™

— = —Bo, 3.9
Vi 2O,d ( )

for the droplet critical aspect ratio, where V} is the initial volume of the
drop.

3.3  Droplets Under a Magnetic Fields

As explained in Ch. 2.3.2, ferrofluids have only attracted attention rel-
atively recently. Indeed, ferrofluids are colloidal suspensions that have
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to be synthesised, as they are not found in nature. Thanks to the col-
loidal magnetic particles of which they are composed (maghemite in
our case), ferrofluids are paramagnetic liquids with a response to mag-
netic field of the order of that found in ferromagnetic materials (this
behaviour is called superparamagnetic). This response takes the form
of both surface and volume forces, conversely to a perfectly conducting
droplet subjected to an electric field where only a surface force is at
work. Indeed, as they are made up of permanent magnetic moments
m, an applied magnetic field tends to align these moments and the fer-
rofluid itself may experience a volume force through the magnetic field
gradient or magnetostrictive effects.

Manipulation with a simple permanent magnet of ferrofluid droplets
illustrates the effect of the force driving the magnetic moments towards
the higher field strengths [13]. When the permanent magnet is ap-
proached from below, the ferrofluid droplet deforms and, if the field
gradient is strong enough, splits, forming a self-assembled pattern. If
the magnet is moved horizontally, the deformed droplet or pattern fol-
lows it, thus remaining in the area of strong magnetic field.

The magnetic effects induced on a ferrofluid have also been studied
by Rosensweig [56], who derived a generalised Bernoulli equation for the
steady flow of an incompressible Newtonian ferrofluid®. This equation
can be used to determine the stable shape of a ferrofluid droplet when
the fluid velocity and the associated pressure are null. It can be written
as follows

H
oM ~
P+ ,uo/ {1/8—] dH* + pgz = cst. (3.10)
0 vV 1idg~r

The first and last terms are the usual terms of Bernoulli equation as-
sociated respectively with the pressure in the fluid and the hydrostatic
pressure (see Eq. 3.1 with the speed-related pressure being equal to
zero). The second term is the magnetostrictive pressure P, ; with M
the magnetisation, H the internal field related to the magnetic field B
and v the specific volume.

At the ferrofluid interface, in addition to this Bernoulli equation, the

SWith other assumptions, see Ch. 5 in Ref [56] for more details.
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following boundary condition must be satisfied
H H
oM ~ -
Pl+uo/ |:V—‘| dH*—Hm/ Z\/[dH*—i-@Mg:Pg—l—P7 (3.11)
0 aV H*,T 0 2

with the last three terms on the left-hand side of the equation represent-
ing the magnetic effects. Additionally to the magnetostrictive pressure,
the third term represents the overpressure inside the fluid due to the in-
teraction between the magnetic moments F,, ;. The fourth term stands
for the continuity of the normal magnetic field at the interface as well as
the absence of free current inside the ferrofluid. It is called the normal
magnetic traction P, , with M,,, the component normal to the interface
of the magnetisation.

The presence of volume and surface forces suggests that ferrofluid
bubbles and droplets may deform differently when subjected to the same
magnetic field. Indeed, whereas a droplet is composed entirely of liquid,
a bubble concentrates most of it at its foot, in its meniscus. Conse-
quently, a droplet is expected to deform entirely due to magnetic volume
forces, while, for a bubble, only its meniscus is supposed to be reshaped
by a magnetic field. We will see later that this is indeed the case. Nev-
ertheless, the effects of magnetic fields on droplets have already been
extensively studied and should help determine which magnetic effect is
dominant under which conditions. As shown in the equations 3.10 and
3.11, magnetic effects may arise from three different phenomena each
represented by a different pressure. In this thesis, as the ferrofluid is as-
sumed to be incompressible, the magnetostrictive term has no influence
on the flow. The only effect of this term is to increase the thermody-
namic pressure inside the fluid by a constant amount and, provided we
are not interested in compressibility phenomena, it can be omitted in
the analysis [56].

When floating inside a non-magnetic fluid of matching density, a
ferrofluid droplet is elongated by a magnetic field. In a series of articles
, Bacri et al. [105, 106, 107] observed the behaviour of micrometric
ferrofluid droplets under a magnetic field. To carry out these experi-
ments, they used a biphasic aqueous solution in which one of the phases
is highly concentrated in magnetic grains. This concentrated phase ap-
pears as micrometric magnetic droplets within the non-magnetic phase
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and, when submitted to a magnetic field, they elongate in the mag-
netic field direction, shaping into ellipsoids. As they are suspended in a
less concentrated phase of matching density, there is no effective gravity
and the ferrofluid droplets’ shape is completely prescribed by the surface
tension and the alignment of the magnetic moments with the external
field. The authors showed that the aspect ratio of ferrofluid droplets
is fully determined by a dimensionless number comparing the magnetic
and capillary effects. This magnetic Bond number reads [106]:

Ty (3.12)

with p the permeability of the surrounding fluid and Hy [A/m] the exter-
nal applied field. The authors also observed the effect of the permeabil-
ity ratio between the surrounding fluid and the droplet p/(pqg — ), with
1tqg the droplet permeability. For high ratio values, the evolution of the
shape is monotonic, whereas for smaller ones, the growth of the aspect
ratio becomes non-monotonic and the curve describing it as a function
of Bo,, 4 adopts an “S-shape”. This curved shape induces a metastable
aspect ratio of the droplet as well as hysteresis effects [106, 107]. On
their side, Ivanov et al. [108] used the deformation of ferrofluid droplets
present inside a ferrofluid emulsion to explain the non-monotonic be-
haviour of this emulsion permeability.

Later, Afkhami et al. [109] showed that millimetric droplets of fer-
rofluid suspended inside a viscous fluid of the same density can be de-
scribed by the same Bond number (see Fig. 3.5). Numerous theoretical
and numerical studies have confirmed the results obtained by Bacri et
al. [110, 111]. Yet, Afkhami et al. observed that, for high magnetic field
intensities, the experimental deformations deviate from those theoreti-
cally predicted. They attributed this discrepancy to a change in surface
tension. However, Rowghanina et al. [112] found numerically that the
spheroidal approximation remains valid only at the early stage of de-
formation, as Taylor did for a conducting droplet under electric field,
inducing an irrepressible sense of déja vu throughout the history. They
showed that, considering that the poles of the droplet become sharp at
high field intensities, the aspect ratio can be predicted with a unique
surface tension. This deviation from an ellipsoidal shape had already
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Figure 3.5: Pictures depicting the deformation of a ferrofluid droplet
under an increasing external magnetic field EO and, therefore, Bo,, 4.
The intensity of the external magnetic field By varies from about
7.58 mT for the leftmost image, to 203.99 mT for the rightmost one.
These pictures come from [109] and have been edited.

1 mm

—

been experimentally point out by Bacri et al. [106], thus reinforcing the
hypothesis of the change in shape.

The effect of a rotating magnetic field on ferrofluid droplets under
the same conditions (in a non-magnetic fluid of matching density) has
been investigated by Lebedev et al. [113]. They observed the following
sequence of deformation with an increasing field intensity. First, from
an initial spherical shape, the droplet flattens in a direction perpen-
dicular to the rotation plane of the magnetic field, its shape becoming
approximately an oblate spheroid. Then, another transition takes place
and the droplet assumes the shape of an ellipsoid whose two major semi-
axes are in the rotation plane. Finally, after a brief non-stationary state,
the droplet develops peaks at its periphery, in the rotation plane. In
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addition to these deformations, they observed that the droplet rotates
in the same plane as the magnetic field. The angular velocity of this
rotation increases with the intensity of the magnetic field and strongly
depends on the droplet shape.

Rigoni et al. [114] studied the inverted system composed of non-
magnetic aqueous droplets inside a ferrofluid solution (see Fig. 3.6). This
system is the magnetic counterpart of the one studied by Wagoner et al.
[86] and Brosseau et al. [88], consisting of dielectric droplets suspended
in a more conductive medium. After applying a uniform magnetic field,
they recorded the droplets deformation into a spheroid shape and noted
that the deformation increases with time at constant magnetic field.
They explain this by the absorption of surface-active species during the
deformation process, inducing a lowering of the apparent surface tension.
Furthermore, in addition to the deformation, they also detected that
two aqueous droplets under a magnetic field attract each other and
eventually coalesce. The behaviour presented here should be similar
to that of bubbles fully immersed in a ferrofluid and not subjected to
gravity.

In the same way as for the electric field, the presence of a substrate
modifies the way the droplet is deformed. As our object of study in
Ch. 7 is the sessile ferrofluid bubbles under a magnetic field, it is neces-
sary to study this influence. As mentioned above, Timonen et al. [13]
studied the deformation and division of such droplets resting on a su-
perhydrophobic substrate. Later, Rigoni et al. [115] complemented this
initial study by showing that the phenomenology of droplets deformation
induced by a magnet is richer than what previously observed Timonen
et al. [13]. They actually found that a ferrofluid droplet can be either
flattened by the magnetic attraction resulting from a magnetic field gra-
dient, or be elongated by a uniform magnetic field (see Fig. 3.7). The
latter phenomenon is conveniently described by a dimensionless number
that compares the pressure jump due to capillarity and magnetisation
at the droplet interface. This number, which they called S, is directly
linked to the magnetic Bond number” Bo,, 4 = nHzro/2y (Eq. 3.12) and

7Indeed7 the magnetisation M is directly linked to the applied field Hy through the
magnetisation curve of the ferrofluid and the demagnetising factor due to the droplet
shape.
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Figure 3.6: Pictures illustrating the deformation, attraction and co-
alescence of two water droplets inside a ferrofluid over time. The ap-
plied external magnetic field is constant and has an intensity of several
hundredths of a Tesla. Due to the surfactant adsorption, the deforma-
tion is a very slow process, with a characteristic time of about 30 min.
Comparatively, in the situation depicted in the figure, the attraction
is relatively fast since it takes approximately 150 s for the droplets to
make contact. Therefore, only the first part of the deformation process
could be observed on this pictures sequence. Finally, the coalescence
process can take several tens of minutes depending on the applied field.
These pictures come from [114] and have been edited.
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Figure 3.7: Pictures illustrating the deformation of sessile ferrofluid
droplets under the application of the non-uniform magnetic field induced
by a permanent magnet By. The different columns represent different
magnetic gradients and thus different values of Bog-, while the columns
stand for various ferrofluid solutions each with a different maghemite
concentration. As the magnetisation directly depends on the maghemite
concentrations, a variation of the concentration also induces a variation
of S (for more details, see [115]). These pictures come from [115] and
have been edited.

is expressed as follows
Lo M2V1 /3
S .
The flattening is described thanks to an effective Bond number Bogy-,
in which the gravitational acceleration has been replaced by the effec-
tive acceleration combining the gravitational and magnetic ones. This
dimensionless number compares the effects of the two volume forces,
which both flatten the droplet, and the effects of capillarity. It can be
defined as follows

S = (3.13)

*V2/3
Bo,. = pg—’ (3.14)
g
where ¢* = g + MVDBy/p [m/s’] the effective acceleration intensity.

Rigoni et al. [116] also shows that the same two dimensionless num-
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bers (Eq. 3.13 and Eq. 3.14) well describe the separation of a ferrofluid
droplet into daughter ones. Latikka et al. [117] investigated this sep-
aration into daughter droplets and noted the presence of satellite and
subsatellite droplets after the division. They also studied the effect of
the substrate as well as the impact of the ferrofluid composition on
the self-assembled pattern induced by the separation. Finally, they
proposed tensiometry methods and mechanisms to manipulate, split or
merge ferrofluid droplets.

Ferrofluid droplets resting on solid interfaces also exhibit exotic phe-
nomena [118, 119]. For example, Jamin et al. [120] observed the warping
of a ferrofluid droplet by a planar sheet, called capillary origami. Under
the effect of a magnetic field, they succeed in modifying the warping
through the droplets deformation. Additionally, the self-assembly of
ferrofluid droplets bears a striking similarity to the Bose-Enstein con-
densate [121]. In both cases, magnetic interactions are responsible for
the pattern emergence. Finally, it is possible to combine electric and
magnetic fields in order to obtain brand “new” effects. King et al. [122],
for example, applied an electric field to the magnetically induced self-
assembled pattern made by a conducting ferrofluid droplet (see Fig. 3.8).
Electric and magnetic fields jointly act to produce an array of Taylor
cones that begin to emit tiny charged ferrofluid droplets. This combina-
tion allows the electrospray emitters to be highly concentrated, enhanc-
ing the overall liquid ejection.

3.4  Conclusion

The effects of gravitational, electric, or magnetic fields on a droplet
were presented. Particular attention was paid to the effect of external
forces caused by these fields on the droplet shape. The droplet steady
shape can be described by a generalised Bernoulli equation (see respec-
tively Eq. 3.1 for a droplet solely deformed by gravity, Eq. 3.4 for a
conducting droplet under an electric field and Eq. 3.10 for a ferrofluid
droplet subjected to a magnetic field). The boundary conditions at the
liquid/air interface must also be modified in order to account for elec-
tric and magnetic stresses (see Eq. 3.2 for the boundary conditions when
only gravity is present, and Eq. 3.5 as well as Eq. 3.11 for a conducting
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Onset of emission

Figure 3.8: Images of the enhancement by an electric field Ey of a
peak instability induced by a magnetic field By. (a) Peaks instability (or
Rosensweig instability) due to a non-uniform magnetic field generated
by a permanent magnet By ~ 30 mT. (b) Further increase of the peak
sharpness by an applied uniform electric field Ey ~ 553 V/mm, inducing
the emission of microscopic droplets (Taylor cone). (c-e) Highlighting
of a particular peak to emphasise the effect of the electric field. The
applied potential sustaining the uniform electric field is indicated in the
upper right corner of each picture. These pictures come from [122] and
have been edited.
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droplet in an electric field and a ferrofluid droplet in a magnetic field,
respectively). This set of equations, consisting of the Bernoulli equa-
tion and the boundary conditions, is sufficient to describe the droplet
shape under the above-mentioned fields. Since the droplet shape results
from competition between capillarity and at least another pressure due
to these external fields, the droplet deformations might be conveniently
described in terms of dimensionless numbers highlighting these compe-
titions (k~!, linked to Bo, X, Bo, 4, Bo,, 4 and Boys).

The origin of the pressure responsible for the deformation of the
droplet depends on the field used to generate it and can be either a sur-
face or an in-fluid pressure. For example, the well-known hydrostatic
pressure Pj, = pgz is the in-fluid pressure induced by the Earth’s gravity.
Conversely, an electric field applied to a conducting droplet causes only
an electric pressure P, = ggE%/2 at its surface. Finally, both a surface

Pon = qug /2 and an in-fluid pressure P,,; = po fOH MdAH* are gener-
ated as soon as a ferrofluid droplet is subjected to a magnetic field. The
superficial or in-fluid nature of these pressure sources is a key element
in the thinking that guides this thesis.

Since droplets have attracted a lot of attention in the past, we would
like to use them and their deformations under different fields as a start-
ing point to better understand how bubbles react under similar fields
(see Fig. 1.2). Firstly, from the shape point of view, a bubble is indeed
very similar to a droplet unaffected by gravity, seeking a spherical shape
when suspended in a medium of matching density, or a hemispherical
one when resting on a solid substrate. Furthermore, when a conduct-
ing liquid is used to make a bubble or droplet, the electric effects due
to an applied electric field take place only at their surface. Therefore,
since only surface effects are present and are equivalent, a sessile bubble
is expected to deform in a similar fashion as a hemispherical droplet.
This similarity is illustrated in the first row of Fig. 1.2 where a droplet
and a bubble are both made of a conducting liquid and subjected to
an electric field. Yet, it should be noted that a bubble forms a thin
hemispherical liquid shell enclosing an air pocket instead of a whole
liquid hemisphere and consequently has two air/liquid interfaces. This
suggests that bubbles should be twice as sensitive as droplets to surface
effects and therefore their behaviour are expected to be qualitatively,

99



but not quantitatively, similar.

Secondly, from a volumetric point of view, droplets and bubbles are
quite different. Indeed, the ratio between the liquid volume inside a
droplet and its surface is much larger than that of a bubble. Moreover,
the liquid shell forming the bubble contains only a small amount of the
liquid used to create it. The vast majority of this liquid is concentrated
at the junction between the bubble and the substrate, in the meniscus.
As a result, spherical bubbles are less affected by volume forces and
these forces’ effects occur mainly within the bubble meniscus. A striking
illustration of this phenomenon is the fact that the bubble shape is
hardly deformed by gravity. Indeed, the shape of sessile bubbles remains
hemispherical until they reach the size of a metre, unlike droplets which
are flattened by gravity when their characteristic size is of the order of a
millimetre (see Fig. 3.1). Yet gravity still impacts the bubble, but more
locally, by constraining, together with capillarity, its meniscus shape.
Another manifestation can be observed when a bubble made of ferrofluid
is submitted to an applied magnetic field. In this case, the resulting
deformation arise from a combination of volume and surface effects. As
the majority of the ferrofluid accumulates within the meniscus, the latter
is expected to be more affected by the magnetic field than the rest of the
bubble. In contrast, the entire droplet is deformed by a magnetic field,
causing the bubble to deform quite differently from the droplet. This
divergence is illustrated in the second row of Fig. 1.2 where a droplet
and a bubble are both made of ferrofluid and subjected to a magnetic
field.

The effects of the different fields on the droplets shape having been
detailed, we can now use this as a starting point to describe how a bubble
reacts under the same conditions. The remainder of the manuscript
is devoted to explaining and understanding the observations made on
the phenomena presented in Fig. 1.2, representing the outline of this
thesis. The next chapter, Ch. 4, is dedicated to the exposition of the
bubbles particularities and the questions arising from them. The main
objective of this manuscript is to answer these questions. Then, in Ch. 5,
the “natural” bubble shape, namely under a gravity field, is presented
both for bubbles resting on a solid substrate and for bubbles floating
on a liquid pool. Finally, the next two chapters, respectively Ch. 6 and
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Ch. 7, present the answers to the questions defined in Ch. 4 and focus
respectively on the description of the shape of a bubble under an electric
and a magnetic field.
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Draw me a bubble

In Ch. 2, we took time to describe the different equations ruling fluid
motions and the various pressures that are related to body forces and
that influence these movements. This preliminary effort was important,
as the conclusions we drew will serve as a compass to determine the rel-
evant elements needed to describe the effects of body forces on bubbles.
Moreover, in Ch. 3, we reviewed the effects of these forces on droplets
and used the conclusions of Ch. 2 to highlight the dimensionless numbers
translating the competitions defining the droplets shapes. As explained
in Ch. 1, these observations serve as a starting point, a map, and, with
the help of our compass, they constitute the right toolkit to undertake
our scientific journey in the best possible conditions.

Thanks to the developments made, we can now precise the main ob-
jectives of this thesis which are related to two questions: how does a
bubble deform under the action of an electric or a magnetic force and
where do these forces manifest their effects within the bubble? First,
to understand how a bubble deforms, it is necessary to find out which
forces dominate the dynamics and how they compete to impose the
steady shapes of a bubble, in other words, to identify which dimension-
less numbers describe these phenomena. Second, once these competi-
tions are extracted, the function that relates them to their respective
steady shape can be obtained. In particular, we want to know whether
a linear function can grasp the observed behaviour. Third, if so, the
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field at which the shape begins to deviate from the linear prediction can
be obtained, and we can properly define what are the “weak fields” in
our cases. These three steps form the basic core of physical understand-
ing and the next stage is to determine the physical significance of the
weak fields limit. However, to achieve this particular step, much more
complex tools are needed (involving numerical simulations or precise
modelling of the local properties of the bubble) and we therefore stick
to the first three, which we believe already give a very good understand-
ing of the physical phenomena we want to describe. This allows us to
provide a general guide on how to control, manipulate and deform bub-
bles using fields. The Ch. 6 and 7, respectively focusing on the effect
of an electric and a magnetic force on the bubble shape, are therefore
dedicated to follow these three steps to answer the question of how a
bubble deforms under these respective fields. Conversely, in Ch. 5, de-
voted to gravity, we only define the competitions involved since g is held
constant.

The question of where bubbles deform does not really need to be pre-
cise, but it can be motivated. Indeed, unlike droplets that are impacted
in their entirety by body forces, bubbles are locally affected. This ex-
ceptional property is the reason why bubbles are a wonderful way to
probe the surface or volume nature of a body force and is a consequence
of two of its unique aspects. The first is that the bubble is a biphasic
object with a unique interplay between its liquid and gaseous phases,
as we have already pointed out in Ch. 1. When a force is applied to a
bubble, it can affect one or both phases depending on their nature. In
our case, the bubbles are blown with air and we can therefore assume
that this phase is only affected by gravity. Conversely, the liquid phase
we use is a soap mixture that can be based on a conducting liquid or a
ferrofluid, allowing it to be impacted not solely by gravity but also by
electric or magnetic forces.

The second crucial aspect of the bubble is its multi-scale feature.
Indeed, whereas the gaseous phase appears in only one characteristic
length through air volume V, [m?] (from the millimetre for the smallest,
to the metre for the largest), the liquid one is multi-sized. First, the
liquid shell defining the bubble volume has two characteristic lengths: its
radius R, [m], which is fixed by the gas volume, and its thickness e, [m],
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which is micrometric [123]. Then, the meniscus, forming the junction
between the bubble and its substrate, has a height h,, [m] typically
of the order of one millimetre in size. These two parts form the liquid
distribution of the bubble and present a diametrically opposed volume to
surface ratio: while the thin liquid shell envelops the entire bubble and
therefore has a surface close to that of the bubble, the meniscus contains
almost the whole liquid volume, but has a much smaller surface. Finally,
there is a last scale at which the phenomena that allow the very existence
of the bubble take place: the nanometre. Indeed, the amphiphilic or
soap molecules (see Appendix B), which permit a bubble to live for more
than a few microseconds (see Appendix C), organise themselves at the
scale r; [m] which is nanometric. By their nature, they agglomerate
at the surface of the liquid or form micelles inside it. These different
characteristic scales are illustrated in the upper part of Fig. 4.1.

Now that all the pieces are in place, we can contemplate the plans
they draw. The biphasic nature of the bubble as well as the multi-
scale feature of the liquid phase grant us to specifically target certain
parts of the bubble by submitting it to different kinds of force. First,
gravity acts on both the liquid and gas phases. As described in the next
chapter (more precisely in Section 5.1), it prescribes the shape of the
meniscus and even starts to influence that of the larger bubbles due to
the weight of the liquid shell. Yet, gravity has an even more notable
impact on floating bubbles due to buoyancy (see Section 5.2): it allows
floating bubbles to assume shapes ranging from immersed spheres to
emerged hemispheres. However, gravity is not the only force involved
in these phenomena. All the shapes mentioned here are the result of
a competition between gravity, which is a volume force, and surface
tension, which is a surface one. The latter tends to minimise the surface
and induces, together with gravity, the steady shape we are studying.

Electric and magnetic forces, for their part, directly affect only the
liquid, merely deforming the gaseous phase through liquid manipulation.
The unique liquid distribution formed by the meniscus and the shell as
well as the different volume to surface ratios associated with them are
the main reasons why the bubble is a perfect object to probe the surface
or volume nature of a body force. Indeed, if a force mainly acts on the
surface, such as the electric one on a conductor, it primary deforms the
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Chapter 5 Chapter 6 Chapter 7

Figure 4.1: Miniature of the central double figure. It illustrates the
different length scales involved in bubbles in its upper part: the bubble
radius R, (millimetre to metre), the meniscus height h,, (millimetre),
the film thickness e, (micrometre) and the typical length 7, at which
soap molecules interact (nanometre). On its lower part, the different
shape modifications due to gravity (more precisely buoyancy), electric
or magnetic fields are represented with the corresponding chapter. First,
the shape of a floating bubble, represented by its emerged height H,
[m] and its immersed depth h [m], is due to a competition between
buoyancy and capillarity (see Ch. 5). Second, under an electric field,
the shape of a sessile bubble is described by the ratio H,/R;, and fixed
by the balance between the electric and capillary pressures (see Ch. 6).
Finally, under a magnetic field, the deformation is characterised by h,,
as well as the height of the spherical cap h. [m] and results from the
equilibrium between the hydrostatic and magnetic pressures (see Ch. 7).
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liquid shell (see Ch. 6) and, if another directly acts inside the volume,
such as the magnetic one on a ferrofluid, it principally reshapes the
meniscus (see Ch. 7). As with gravity, in both cases there are forces
that counteract the modifications imposed by the electric and magnetic
forces. In the former, it is surface tension, and the steady shape therefore
results from a competition between two surface forces. In the latter, it
is gravity and, in this case, the competition occurs between two volume
forces. The different manipulations that can be made on the shape of
the bubble by the different body forces are represented in the lower part
of Fig. 4.1.

The glimpse provided by the rough plans we have just drawn is
promising and confirms that the journey we want to undertake is worth-
while. Indeed, as the question in the title of this chapter suggests, it
is not so straightforward to draw a bubble as can be seen in Fig. 4.1,
because of its multi-scale and biphasic properties. Moreover, depending
on the fields to which it is subjected, a bubble can take on quite different
shapes: each of those fields acts mainly on one of its constituent parts.
This particularity not only allows to act specifically on one element of a
bubble but also to highlight the nature of the forces used to manipulate
it. The reflections that underlie these conclusions provide insights into
how a bubble reacts under an electric or magnetic field. On the one
hand, since bubbles and droplets have a similar surface, they should
undergo similar deformations under an electric field. However, we do
not know to what extent these similarities are valid. On the other hand,
bubbles and droplets have a distinct liquid distribution, so their defor-
mation under magnetic field should be different. The first draft we have
drawn here therefore needs to be refined to rationalise the deformations
experienced by the bubbles and the rest of the thesis is devoted to this
task.
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Bubbles under a Gravity Field

Before we begin to describe the influence of gravity on the shape of
a bubble, a clarification is needed. Generally speaking, bubbles are
pockets of gas enclosed inside a more condensed medium. They can
be encountered either in a liquid medium (as in sparkling beverages,
beer or champagne), in a solid medium (ice or glass), or even inside
a gaseous medium. For bubbles inside both condensed media, there
is only one interface between the gas and the condensed phase (like
a droplet in air). Conversely, as developed in the last chapter, bubbles
inside a gaseous medium have their inner gas surrounded by a thin liquid
film, forming a shell and inducing two liquid/air interfaces between the
two distinct gaseous phases. The confusion between these two different
configurations, which appears in many papers on the influence of fields
on bubbles, is certainly not misleading in everyday life since, in sparkling
beverages, bubbles are created within the liquid bulk and rise from this
liquid to its interface to fizz or float. Nevertheless, in this thesis we
are interested in soap film bubbles filled with air and surrounded by
the same gas. The term “bubble” is then restrained to these objects.
More precisely, in this chapter, we focus on the steady shape of bubbles
resting at the interface between air and solid or floating at the interface
between air and liquid. They are called sessile bubbles and floating
bubbles respectively and each part of this chapter is devoted to the
description of one of them before ending with a conclusion.
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5.1  Sessile Bubbles

When air is blown into a puddle of soapy solution, a bubble is created
and it rests on the solid surface on which the puddle was located, namely
its substrate. A sketch of such a sessile bubble is drawn in the central
part of Fig. 5.1. The main part of the bubble is a hemispherical liquid
shell of thickness e, that can be estimated to be a few microns or less
[123]' and a radius R;. This curved liquid shell induces an excess of
pressure P, = 47/ R, [N/m?] on the internal air volume V,. This Laplace
pressure is equal to twice the one exerted on the liquid inside a droplet of
the same radius R, due to the presence of the two interfaces?. This excess
pressure is precisely what allows the bubble to maintain a quasi-spherical
shape by preventing the liquid film from collapsing under its own weight.
Nevertheless, as there is only one interface between the outside air and
the liquid, the liquid film is only subjected to an overpressure P, =

Underneath the hemispherical shell, there is an accumulation of lig-
uid that forms the junction between the solid substrate and the main
part of the bubble. This junction is called a meniscus and its height is
denoted by h,,. The shape of this meniscus is the consequence of the
competition between the hydrostatic pressure due to its weight and the
capillary one related to its curvature. At equilibrium, both pressures
must be equal and therefore the local curvature and height are linked
[30]. Using a method similar to the one used to determine the shape of
the meniscus formed by a liquid bath along a solid wall (see pages 48-50
of Ref. [30] for example), h,, can be estimated to be of the order of mag-
nitude of the capillary length ~~!, taking into account that the contact
angle at the meniscus top is null since the bubble forms a hemispherical
shell there. However, the liquid volume contained in the meniscus is
finite and must therefore be taken into account when determining the
actual shape of the meniscus. The liquid pool being an infinite reservoir
of liquid, the h,, determined with a bath actually appears as the upper
limit of h,,. This calculation gives us, nevertheless, the right order of

Tn a first approach, we consider e; as constant over the whole bubble film.
>The assumption R > e, is made here, implying that both interfaces contribute
equally to the total excess pressure.
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Figure 5.1: Sketch of a bubble resting on a solid substrate. The main
part of the sketch highlights the internal air volume V, and the different
lengths involved: the radius Ry, the film thickness e,, the meniscus
height h,, and the total bubble height H,. Moreover, the contact angle
at the top of the meniscus 6 is also shown. An enlargement of the
situation inside the liquid film is represented on the left side of the sketch.
Many of the surfactant molecules aggregate at the interface, stiffening
it, or form micelles within the mass. Finally, a schematic amphiphilic
molecule, with its polar head and apolar tail, is drawn on the right-hand
side of the sketch (further explanations about amphiphilic molecules and
their configuration are given in Appendix B).

magnitude.

At the junction between the meniscus and the rest of the bubble,
the liquid film stands almost vertically before bending to form the hemi-
spherical shell. The contact angle 6 [°] between the liquid shell and the
top of the meniscus is then very close to 90°. The total height of the
bubble Hy is defined as the sum of the meniscus height h,, and the radius
of the hemispherical shell measured at the meniscus top R,. It should
be noted that the hemispherical shape remains as long as h,, is small
compared to Hy, as shown by Teixeira et al. [7]. When the size of the
meniscus becomes comparable to that of the bubble, it has an increasing
influence on the contact angle, changing the shape from a hemisphere
to a spherical cap. Arscott [124] also showed that the wettability of the
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resting surface changes the contact angle of the bubble. However, in our
case, the liquid wets the substrate and the angle is then close to 90°, as
predicted in Ref. [124].

The natural tendency of the bubble to form a spherical cap arises
from the fact that the amount of liquid in a bubble is pretty small,
allowing to define the overall shape of the bubble solely on the basis of
capillary effects. In order to determine to what extent this assumption
holds, the hydrostatic pressure due to the weight of the liquid film must
be compared to the capillary pressure. This allows us to define an
equivalent to the capillary length, but for bubbles [6]: 57! = k72 /e, [m].
For a bubble made of Denkov’s soap (see Appendix B for a description
of the soap and see Table 3.1 for its properties) with e, ~ 1 um, the
proportionality factor between s ! and k! is equal to k' /e, ~ 103
As k7! is typically millimetric, the effect of gravity on the overall shape
is thus expected only for bubbles with a radius of the order of a metre.
Experimental verification of the gravity effects on very large bubbles, as
well as further theoretical considerations, were carried out by Cohen et
al. [6]. Yet, it should be noted that the described shape is only valid
when the bubble is in a stationary state. For example, if it deflates, the
bubble does not always keep this hemispherical shape, but may adopt
other shapes, such as a spherical cap. The adopted shape depends not
only on the liquid viscosity from which the bubble is made but also on
the deflation speed as shown by Clerget et al. [125].

In the case of our experiments, all the bubbles had, at least, a typical
length of two orders of magnitude smaller than »~!, and always exhibit
h.,, < Hp,. The shape of the liquid cap is therefore neither affected by
gravity nor by the meniscus. Moreover, to confirm that bubbles have
a shape close to that they adopt when the steady state is reached, we
measured the shape of the bubble over time without any applied field.
The experimental set-up we used is presented in Fig. 5.2. It is identical
to the one used to measure the deformations induced by an electric
field presented in Ch. 6 (see Fig. 6.2) without the elements necessary to
apply an electric field. The solid substrate was therefore a rectangular
aluminium plate (70 mm x 100 mm surface and 5 mm thickness) and the
camera (Thorlabs USB model) used to acquire the images was controlled
by a Python program. A micro pipette was used to release a 20 pl
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Figure 5.2: Sketch of the experimental set-up used to measure the
characteristic time taken by a sessile bubble to reach its steady state.
The set-up is the same as the one used to measure the deformations
induced by an electric field (see Fig. 6.2) without the devices employed to
apply the electric field. The solid substrate is a rectangular aluminium
plate. The scale of the sketch is indicated in the upper right-hand corner.

droplet of soapy solution onto the solid substrate, and then the bubble
was inflated using a syringe pump. The time required to inflate the
bubble and start the experiment was approximately 10 s.

Due to its cylindrical symmetry, the shape of a sessile bubble can
be represented by its dimensionless aspect ratio Ar(t) = H(t)/R(t) with
the height of the bubble H(¢) [m] and its radius R(¢) [m]. In Fig. 5.3,
the Ar(t) of a bubble resting on an aluminium plate is illustrated as a
function of t. The gas volume in the bubble is equal to 1 ml and the
changes in its shape are best fitted by an exponential function (black
line in Fig. 5.3):

Ar(t) = Ar, + Dy~ W), (5.1)

with Ary = H,/R), the steady aspect ratio, Dy the dimensionless defor-
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mation, which is the difference between Ar, and the initial aspect ratio
Ar(0) and 7, ~ 3 min the characteristic time of the deformation pro-
cess. This deformation is therefore a slow process compared to a typical
experimental step (namely 10 s). Moreover, as the amplitude of this de-
formation is small, we consider that its influence on the bubbles shape
can be neglected and that sessile bubbles always have a hemispherical
shape. That is to say, H(t) as well as R(t) are quite close to their steady
values Hj, and Ry, respectively.

The error bar shown in Fig. 5.3 represents an estimate of the typical
error on the Ar, measurements in the worst-case scenario. This error
is inferred from the errors on H, and Ry, which are related to the pixel
resolution. It corresponds approximately to the size of a pixel whose
real length is close to 10 um. The errors on Hj, measurements are linked
to the bubble base and apex detection. As the apex is deduced by ad-
justing a circle to the top of the bubble edge, its detection has a subpixel
accuracy. The base detection, obtained by the reflection of the bubble
on the aluminium plate, is fairly accurate for sessile bubbles (namely
two or three pixels). The standard error on H, is therefore determined
by the base detection and can be estimated, at worst, at 50 um. The er-
rors on R, estimates are due to the meniscus and bubble edge detection.
Since they are even more accurate than the base detection, the error
on Ry is smaller than that on H,. This corresponds to a characteristic
relative error of one percent or less for both H, and R,. Consequently,
the relative error on Ar, can be deducted to be of the same order of
magnitude as that on H;, or R,.

Returning to the stationary shape, there are several possible reasons
why the bubble shape changes over time. Firstly, the initial drainage fol-
lowing the bubble creation [126] could impact the bubble shape. Indeed,
when a bubble is blown from a soapy solution, much of the liquid inside
the cap is drained back to the meniscus, potentially modifying the bub-
ble shape. However, this drainage has a very short characteristic time
(namely 10~ s for a bubble of R, ~ 5 mm) compared to .. Another
phenomenon is thus at work. It could be the creeping of the contact line
occurring when the bubble expands on the substrate. Indeed, when the
bubble initially spreads, the contact line might get pinned, resulting in a
constraint on the bubble shape. During the bubble lifetime, the contact
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Figure 5.3: Dimensionless aspect ratio Ar, of a sessile bubble as a
function of time. The bubble rests on an aluminium plate and has an
internal gas volume of V; = 1 ml. The black curve is the fitting function
described by Eq. 5.1 used to obtain the steady shape, characterised
by the steady dimensionless aspect ratio Ar,, the amplitude D, and
characteristic time 7. of the deformation. The picture (i), shows the
steady shape of the sessile bubble. A typical error bar, corresponding
to the worst-case scenario, is indicated at the end of the curve.
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line may recover some freedom, allowing the bubble to reshape, until the
next stop. This process may be repeated, inducing a stick/slip motion
called creeping, whose associated movements, that allow the shape adap-
tation, are a slow process (~ 1 min). This phenomenon could therefore
explain the very slow deformation presented in Fig. 5.3. To get rid of
this creeping effect, the pinning of the contact lines must be suppressed
and one way to achieve this is to entirely remove the contact lines by
substituting the solid substrate with a liquid bath.

5.2  Floating Bubbles

As they are “lighter” than the liquid of which they are made, bubbles
are easily found at the interface between liquids and air. Even though
they have a natural tendency to float on the liquid surface, they present
both an emerged and an immersed part. Moreover, floating bubbles
own a meniscus that is completely free to move across the pool due to
the absence of contact lines. Therefore, there can be no creeping effect
and the bubble steady shape is achieved after the initial drainage follow-
ing the bubble creation. A sketch of a floating bubble is represented in
Fig. 5.4 with the different lengths involved. Since the bubbles presented
here are too small to have their emerged part flattened by gravity, we
consider that they form a spherical cap of volume V; [m?] which can be
characterised by its height H, and its radius of curvature R. [m]. In
practice, R, is obtained thanks to the radius taken at the meniscus top
Ry, and the contact angle # measured at the same place through the
relation R. = R/ sin(f). As previously, the meniscus height is denoted
h., and the thickness of the emerged film ¢,. The latter is assumed con-
stant throughout the film. The immersed part of volume V; [m®], on the
other hand, does not have a constant curvature due to the hydrostatic
pressure exerted on it. Its shape is rather complex, so we assume that
it can be characterised through its deepness h and a constant radius of
curvature R; [m]. The overall validity of this hypothesis is debatable,
but can be justified by the bubble shape, as described in the following.

Unlike sessile bubbles that naturally tend to form a hemisphere, the
shape of floating bubbles is strongly impacted by their size. Indeed, as
represented by the three sketches in Fig. 5.5, the shape of a floating
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Figure 5.4: Sketch of a bubble floating on its own liquid. The emerged
volume Vy, height H, and radius of curvature R. as well as their im-
mersed counterparts V;, h and R; are drawn. Moreover, the thickness
of the emerged part e, and the meniscus height h,, are also given. Fi-
nally, the radius R, and the contact angle 6 at the meniscus top are
indicated as the emerged part is a spherical cap inducing the relation
R. = Ry/sin(0).
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Figure 5.5: Sketches of bubbles floating on their own liquid. The
typical size, and thus the total volume V, and the buoyancy Bond num-
ber Boy, increase from left to right. The main geometric quantities are
represented in each sketch. The meniscus is omitted to keep the three
sketches clear. (a) Small bubbles are almost entirely immersed. The
immersed part forms a truncated sphere of radius R; while the emerged
part is a spherical cap of radius R, ~ 2R;. (b) Intermediate bubbles have
a comparable emerged and immersed part. It is assumed that they are
formed by two spherical caps of similar radius of curvature such that
R. =~ R;. (c) Larger bubbles are almost completely emerged and are
then similar to sessile bubbles forming a hemisphere of radius R. ~ R,
and contact angle § ~ 90°. The immersed part is close to a flat interface
leading to R; = oo.

bubble drastically changes as its size increases. It transits from an
almost entirely immersed sphere to an almost fully emerged hemisphere.
Floating bubbles can therefore be sorted into three categories according
to their size. Each sketch in Fig. 5.5 represents a simplification of the
adopted shape. For each of the three categories, the meniscus is omitted
for clarification.

This separation into three size categories was originally proposed by
Teixeira et al. [8]. They rationalised the influence of size through the
buoyancy Bond number Bo,, describing the competition between the
gravitational energy due to buoyancy E, [J] and the capillary energy E.
[J] when the bubble is fully immersed. Since Ej, ~ pgR} and E, ~ yR2,
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the buoyancy Bond number is
Boy, = pgR2 /7. (5.2)

This formulation is obviously reminiscent of Bo and the relevant char-
acteristic length is therefore also the capillary length x~!. For large Bo,
(Boy, > 10), buoyancy completely overcomes capillarity and the bubble
emerges almost entirely. Conversely, for small Bo, (Bo, < 10), capil-
larity completely dictates the behaviour of the bubble, which slightly
emerges from the pool surface with a shape that closely resembles a
sphere. An intermediate regime, for moderate Bo, (Bo, ~ 10), char-
acterises bubbles with enough gravitational energy to emerge from the
bath, but not enough to allow us to completely neglect the surface min-
imisation effect due to capillarity. Each of these regimes has a charac-
teristic shape which can be obtained from their typical size and some
approximations which are detailed in the following.

The first category consists of large bubbles (Bo, > 10) that emerge
almost entirely from the liquid and form a hemisphere with a radius
R. ~ Ry, and a contact angle § ~ 90°. The majority of their immersed
part is flat (see Fig. 5.5 (c)), because of the hydrostatic pressure. Indeed,
inside the bubble the gas undergoes an excess of pressure P, = 4v/R.
compared to the external air medium. In addition, the immersed inter-
face is subject to two other pressures: the hydrostatic pressure exerted
by the liquid P, = pgz at a depth z and the Laplace pressure P, = 7C(z)
due to the local curvature C(z). As the bubble is at the equilibrium, the
pressure is constant throughout the internal gas and, at the immersed
interface, the pressure balance is written as follows

P0+4% ~ Py+ pgz+ v C(2). (5.3)
As the immersed interface penetrates deeper into the liquid bath, the
hydrostatic pressure increases while the curvature of the interface de-
creases. Then, the former eventually equals P, as the latter becomes
null. The depth h and the curvature radius are therefore linked by the

relation:
VhR, ~ 2k (5.4)

79



This means that for sufficiently large bubbles, the depth A becomes
very small and the immersed part is fairly well approximated by a flat
interface (R; — o0). Therefore, the ratio between the emerged part and
the immersed one V;/V; tends towards infinity. In this case, floating
bubbles behave similarly to sessile ones.

The second group is composed of small bubbles (Bo, < 10) that
emerge only slightly from the surface (V;/V; — 0). They resemble an
immersed sphere of radius R; (see Fig. 5.5 (a)). Since the depth h and
both radii of curvature R; and R, are small, the hydrostatic pressure is
negligible compared to the capillary pressures. The equilibrium at the
immersed interface can therefore be written as follows

L op 2L (5.5)

Py+4
0 + RC Ri’

leading to a ratio between the radii of curvature R./R; ~ 2 [127]. Cham-
pagne bubbles, which have R; = 0.5 mm, are a typical example of this
behaviour [127]. Moreover, in the case of small bubbles, an expres-
sion linking the contact angle 6 and the bubble size can be found [126].
Indeed, for an almost entirely immersed bubble of radius R./2, the ver-
tical equilibrium between buoyancy and capillary forces acting on the
emerged part can be written as follows

3
pg%r (%) ~ 21y R,sin?(f), (5.6)

with 27 R, sin(f) the perimeter of the junction between the liquid bath
and the emerged part. In the limit of small 6 values, Eq. 5.6 can be
rewritten to obtain the contact angle:

0 1 R,
23 k1

The third class is an intermediate regime (Bo, ~ 10) made of bubbles
of moderate size (see Fig. 5.5 (b)). The bubbles used in our experiment
belong to this intermediate regime as illustrated in Table 5.1. This
table shows, for each bubble size, the measured buoyancy Bond number
Boy, as well as the measured emerged height H, adimensionalised by R,

(5.7)

80



Vo [ml] Boy, [-] Ary [ Ary [][8] h/Rc[] [8]

1.00 15.46 0.80 0.76 0.22
0.50 12.61 0.75 0.73 0.26
0.25 9.92 0.70 0.69 0.31

Table 5.1: Comparison between our measured aspect ratios Ary =
Hy/R. and the theoretical ones obtained by Teixeira et al. [8] for the
three different internal volumes V, considered in the experiment pre-
sented in Ch. 6 and Ch. 7. The corresponding measured buoyancy Bond
number Bo, and the predicted immersed parts of the bubble represented
by h/R., are also given.

namely the aspect ratio Ary. The measured aspect ratio is compared to
the theoretical ones obtained by Teixeira et al. [8]. Finally, the predicted
dimensionless immersed height h/R, is given in the last column of the
table. As Ar; and h/R. show, neither the emerged nor the immersed
part of these bubbles can be neglected to determine their shape and
reactions under the different fields.

As none of their parts can be neglected, these intermediate bubbles
generally have a complex overall shape. However, it has already been
pointed out that the emerged part forms a spherical cap, whereas the
shape of the immersed one can be reasonably assumed thanks to the
reflections we have just made. Indeed, the transition between small and
large bubbles is continuous® and the ratio V;/V; must increase from 0 to
oo while the ratio R./R; must decrease from 2 to 0 as the bubble size
increases. Therefore, for a given bubble size, these two ratios eventually
become equal to one, meaning that the immersed and emerged parts
become almost identical (see Fig. 5.5 (b)). Moreover, the shapes of the
intermediate-sized bubbles presented in Ref. [8] are roughly symmetrical
about an horizontal plane situated just below the top of the meniscus.
All these considerations allow us to assume that the immersed part of

3This is actually the case: the variations of the different measurements used to
characterise the bubble shape presented by Teixeira et al. [8] vary continuously with
BOb.
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the intermediate bubbles is a spherical cap of radius R; =~ R. and volume
V; ~ Vf.

As presented in the description of the three floating bubbles regimes,
the gas volume Vj (through the Bo,) of these bubbles is a key parame-
ter in determining their shape and reaction when submitted to different
fields. Indeed, on the one hand, small bubbles (Bo, < 10) have a shape
that closely resembles an immersed sphere of radius R;, and their surface
energy is therefore mainly related to this immersed part. On the other
hand, large bubbles (Bo, > 10) form almost a floating hemisphere of ra-
dius R., and their surface energy is principally defined by this emerged
part. Finally, intermediate bubbles (Bo, ~ 10) have a complex shape
because they have comparable immersed and emerged parts. However,
both parts can be assumed as forming a spherical cap, the emerged one
being characterised by its radius R. and height H, while the immersed
one by it radius R; and depth h. The surface energy of these interme-
diate bubbles is consequently linked to both interfaces and thus their
reaction under fields as well. The separation into three bubbles regimes
also allows us to justify the hypothesis made to describe the immersed
shape at the beginning of this section. Indeed, for small, intermediate
and large Bo,, the immersed part of the bubbles forms respectively a
truncated sphere, a spherical cap and a plateau, all of which can be
characterised by a depth h and a constant radius of curvature R;.

Although the shapes presented are stationary, the flows inside the
liquid shell forming the bubble are not. Indeed, the liquid is drained
towards the bubble base thanks to both gravity and capillarity, eventu-
ally leading to the bubble death. Although not the main focus of this
thesis, the phenomena inducing this drainage are crucial to understand
the bubble life and death. Appendix C is therefore dedicated to a brief
description of the mechanisms that allow a bubble to live. Moreover,
Appendix D explains under which conditions a bubble can self-heal a
puncture in its liquid shell and under which it cannot, inevitably leading
to its death.
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5.3  Conclusion

The shapes assumed by both sessile (see Fig. 5.1) and floating bubbles
(see Fig. 5.4) have been presented. The shape of a sessile bubble is
mainly determined by the surface tension of its constituting liquid. It
forms an almost perfect hemisphere, the only difference being the pres-
ence of the meniscus at the bubble base. Conversely, the floating bubble
shape is fixed not only by its surface tension but also by the buoyancy
acting on it. Three regimes can be identified according to the bubble
size (see Fig. 5.5), ranging from small and almost completely immersed
bubbles, to large and almost completely emerged ones. In the limit
of very large bubbles, the shape is similar to that adopted by a ses-
sile bubble. Yet, for a given liquid in a given gravity field, the shapes
of both floating and sessile bubbles are completely prescribed by their
characteristic emerged radius Rp.

Another major difference between sessile and floating bubbles is the
presence of contact line. As shown in Fig. 5.3, it takes several minutes
for a sessile bubble to reach its steady shape, even without any field other
than gravity. This is probably due to the creeping of the contact lines
which is typically a very slow process. In this regard, floating bubbles,
although having a more complex shape, benefit from the absence of
contact lines between their meniscus and the liquid pool. Indeed, the
absence of creeping allows floating bubbles to reach their steady state
much more quickly.

Now that the natural shapes of bubbles under gravity have been pre-
sented, we can focus on explaining how these initial shapes are deformed
by the application of another external field. First, Ch. 6 is dedicated
to describing the effects of an electric field on both sessile and floating
bubbles. After, we explore how a magnetic field deforms sessile bubbles
in Ch. 7. In these two chapters, the shape adopted by the bubble under
gravity is taken as the initial shape of the bubble.
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Bubbles under Electric Fields

When a bubble made of a perfectly conducting liquid is subjected to
an external electric field, the resulting effects occur at its surface. The
superficial nature of the reaction is highlighted by the observations pre-
sented in Fig. 1.2, which show that droplets and bubbles deform similarly
when submitted to an electric field. Indeed, bubbles and droplets are
similar regarding their surface and as the electric field induces a purely
surface force, this analogy seems consistent. However, as mentioned
in Ch. 4 and shown in Ch. 5, the resemblance between bubbles and
droplets is only valid up to a certain extent. Firstly, the presence of a
meniscus at the bubble base means that neither the surface at the junc-
tion with the substrate nor the wetting is similar. Secondly, the dual
air/liquid interfaces that makes up the liquid shell, both contributing to
the Laplace pressure, results in a completely different liquid distribution,
with almost no liquid inside the liquid shell. Thirdly, bubbles can be
found on both solid and liquid substrates, with floating bubbles adopt-
ing different shapes than those assumed by sessile ones. These three
points, developed in the last chapter, show that the similarity between
droplets and bubbles is limited and that to say that they should deform
similarly when submitted to an electric field is only justified up to a
certain point. Thus, although the analysis done on droplets is a good
starting point, the deformations induced by an electric field on bubbles
still need to be rationalised.
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To this end, in the first part of this chapter, the principal similarities
and differences between bubbles and droplets behaviours under an ex-
ternal electric field are outlined. After this first part, the experimental
set-up and the methods used to study the deformation are described.
First, we used this experimental set-up to explore the time dependence
of the bubble height under electric field to properly define a steady state.
Then, these steady heights are measured as a function of the applied elec-
tric field for both sessile bubbles and floating ones. The particularities
thus highlighted allow a better understanding of how the mobility of
the contact line, as well as the immersed part of the floating bubble,
influence the deformation. In the next section, particular attention is
paid to the meniscus and its effect on the overall bubble shape. Then,
the liquid bath depth is considered by observing the deformation of a
partially immersed bubble, which is viewed as a floating but frustrated
bubble. Finally, a conclusion is drawn.

6.1  Bubble Particularities

As already pointed out in Section 3.2, the effect of an electric field on a
bubble or a droplet strongly depends on the liquid conductivity. How-
ever, in Section 2.3.1, it was explained that the conducting or dielectric
nature of a liquid is not absolute, but depends both on the character-
istic time of the experiment and on its intrinsic properties through the
electric relaxation time 7, = /0. Water, for instance, has a permittivity
e = 80 ¢p and a conductivity o ~ 5.5 10_68/m, giving 7, ~~ 1.29 107" s.
Assuming that the typical experiment time is much larger than 7., the
effect of an electric field applied to a bubble or a droplet made of water
is limited to the surface. Moreover, for a bubble, provided that the
fluid is a perfect conductor, the electric field is external with all free
charges situated on its outer interface, similarly to a droplet. Therefore,
together with capillarity, the electric pressure P. prescribes the pressure
equilibrium at the interface under such a field. Consequently, Eq. 3.4
and Eq. 3.5 are suitable to describe the steady shape of the bubbles
under an electric field. To wit,

P+ pgz = cst, (6.1)
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P+ 2R

2 n

with P, = 27v/Ry, for a bubble of radius R, and P. = goE?/2. It should
be noted that the pressure difference between the liquid shell and the
gas inside the bubble is simply Py = 2v/R;. Indeed, as the bubble is
made of a conducting liquid, there is no charge in the inner interface
and therefore the boundary condition becomes the Laplace’s equation.

These equations are also used to describe droplets, and thus there
are similarities between the behaviour of bubbles and droplets under
electric fields. For example, Pelesz’s experiments [128] on pendant bub-
bles indicate that the maximum carried charge is well predicted by the
fission ratio X defined for droplets by Eq. 3.6. Moreover, an analogous
experiment to that proposed by William Gilbert in 1600 on droplets can
be reproduced on bubbles. Take a balloon and rub it forcefully against
the hair of a willing colleague or comrade to charge it. When the bal-
loon is properly charged, you have what he calls an “electric”, namely
a dielectric charged by triboelectricity, and you can bring it close to a
bubble lying on a dry surface to observe the bubble deforming into a
cone. In this home-made experiment, the non-uniform electric field pro-
duced by the balloon deforms the bubble in the same way as the rubbed
amber does to the droplet in the Gilbert’s experiment'.

This kind of deformation can be properly reproduced in laboratory,
on both sessile and floating bubbles, with a uniform field generated by
a plane capacitor, as shown by Taylor et al. [9], Basaran et al. [104]
and Macky [10]. As observed in our home-made experiment, a bub-
ble, consisting of a conducting liquid, initially forms a spherical cap (see
Fig. 6.1 (a)) and, when subjected to an electric field Ej, tends to elongate
in the field direction, deforming into an ellipsoidal cap (see Fig. 6.1 (b)).
When a critical field Ep [V/m] is reached, the electric force acting on
the fluid particles overpasses the cohesive force due to surface tension
and the bubble starts to eject charged liquid. Simultaneously with this
discharge, the bubble undergoes a drastic change in shape transiting

=P+ P, (6.2)

'A video, illustrating this home-made experiment, is available at the following
link: www.youtube.com/watch?v=HO3Iz1AnjkQ. I would like to take this opportunity
to thank my fellow volunteer for agreeing to share her hair and be a part of this
demonstration.
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Figure 6.1: Pictures of a bubble floating on a soap pool submitted to
an external uniform electric field. Picture (a) shows the bubble on a lig-
uid pool when the intensity of the electric field Ey = 0. (b) Deformation
of a bubble induced by the applied uniform electric field. The bubble
adopts a hemi-spheroidal shape when Fy < Ep with Er the intensity
needed to trigger the instability. (¢) When Ey > Er, the instability oc-
curs, the bubble becomes pointy and starts to eject droplets towards the
upper plate in order to discharge. This behaviour is called the Taylor’s
cone. The height H;, and the radius R, of the bubble are measured, as
well as the emerged volume V; and the initial contact angle ¢ (namely
when the bubble suffer only the gravity field) of the bubble.

from an ellipsoid to a cone (see Fig. 6.1 (c)). The resulting instability
is known as the Taylor’s cone. Naturally, this behaviour is very sim-
ilar to that observed for small droplets under similar conditions [36],
certainly justifying why bubbles have been considered as a particular
case of droplets with two interfaces [104, 12] since these initial studies.
Nevertheless, they have their own peculiarities as observed by Hilton et
al. [129].

The substrate also has a great impact on the bubble deformations.
Indeed, although the substrate nature can change the initial shape of
a droplet (see Fig. A.1), the sessile bubble used always has an initial
contact angle at the top of the meniscus of § ~ 90°. However, when
deformed, bubble may be frustrated due to contact line hysteresis, po-
tentially like sessile droplets. Until now, studies of sessile bubbles have
dealt with the mobility of the contact line by pre-wetting the solid sur-
faces, which only allows partial control of its pinning [104, 9, 10]. To
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completely remove the influence of the pinning of the contact line, we
decided to replace the solid substrate by a liquid pool. Macky [10] has
already done similar experiments with floating bubbles, but the result-
ing effect of the substrate remained unsettled. This is mainly because
the pool of soapy solution was considered a convenient way to feed the
Taylor cone in liquid (in order to study it longer) rather than a relevant
parameter of the experiment.

It should be noted that a soap film can also adopt other configu-
rations, a bubble being only one of them. These other configurations
make it possible to study the electric field influence on soap films of
different initial shapes. For example, a flat liquid film subjected to a
perpendicular electric field showed major differences with its equivalent
system composed of a single interface [46]. Moreover, Moulton et al.
[130] showed that the shape of a soap film membrane initially forming
a catenoid can also be modified by an electric field when assembled as
a cylindrical capacitor. In this particular experiment, a voltage was
applied between a metallic rod situated along the radial axis of the
catenoid and the catenoid itself, which was grounded. This causes the
soap film to be attracted by the central electrode upon application of
an electric field.

6.2  Materials and Methods

To study the deformation induced on a bubble by an applied uniform
electric field, a plane capacitor consisting of two rectangular aluminium
plates (70 mm x 100 mm in surface and 5 mm in thickness) was used.
The bottom electrode of the capacitor, which was grounded, was also
used as a substrate for the bubble. This electrode could also be im-
mersed in a liquid bath contained in a Petri dish of 70 mm radius and
10 mm depth filled to the brim. The bath was made of the same mix-
ture as the bubbles. This set-up enabled us to perform experiments on
sessile bubbles resting on a dry aluminium plate as well as on bubbles
floating on a soap pool. The distance between the immersed electrode
and the liquid surface, labelled e [m], was controlled by modifying the
position of this electrode in the bath. A high voltage DC power supply
(PS375 Stanford research systems) was used to apply a voltage between
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the plates. This generator can reach a maximum voltage of 20 kV and
was controlled using a Python program through a GPIB bus. This pro-
gram was also used to acquire images from a camera (Thorlabs USB
model). The top plate was supported by a Perspex frame, allowing
the distance between the liquid surface and the top electrode to be var-
ied (d = 15, 20 and 25 mm) as well as the distance between electrodes
d; = d+ e [m] (in absence of a bath, d; = d as e = 0 mm). Sketches of
the experimental set-up are presented in Fig. 6.2.

The bubble, as well as the bath, are made of Denkov’s soapy so-
lution, as described in Appendix B. The permittivity of this mixture
is estimated to be close to that of pure water, namely ¢ ~ 80 &,
and its conductivity is at least equal to that of the same pure water
o> 55107°S /m. Therefore, the Denkov mixture has a characteristic
electric relaxation time 7,; = ¢/0 < 1.29 10~* s. Since the surrounding
gas is air (7., = €9/0, ~ 10° s) and the time characterising the experi-
ment tge, ~ 10" s, the bubble and the soap pool could be regarded as
perfect conductors while air was considered a perfect dielectric. Con-
sequently, the actual bottom electrode of the capacitor in the floating
bubble experiments was defined by the surface of the liquid pool and,
therefore, the capacitor thickness was d.

To perform experiments on a solid substrate, a 20 ul droplet of soapy
solution was released onto the bottom electrode using a micro pipette
and the bubble was then inflated thanks to a syringe pump. To study
floating bubbles, air was injected directly below the surface. The time
required to inflate the bubbles and start the experiment was roughly
10 s. This protocol made it possible to control the gas volume in the
bubble (V, =1, 0.5 and 0.25 ml) and thus its typical size. Nevertheless,
the final volume was not perfectly reproducible due to leakage and air
compressibility. The exact volume was therefore obtained by image
analysis after the bubble generation. In the case of floating bubbles,
the apparent volume, which is the emerged volume V%, differs from V
since a part of the bubbles was immersed. These measures, plus the
height and radius of the bubble, respectively labelled H, and R,, were
performed by an home-made Python program detecting the edge and
the meniscus of the bubbles. Note that R, was measured at the top of
the meniscus (see Fig. 6.1 (b)).
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Figure 6.2: Sketches of the experimental set-up used for the experi-
ments performed on floating bubbles. (a) Summary of the components of
the experimental set-up. (b) Drawing of the geometrical measurements
of the experiment: the liquid depth e between the immersed electrode
and the liquid surface, the size of the capacitor d, the distance between
electrodes d;, the electric field EO, the gravity field g, the penetration
depth h, the height H, and radius R, (measured at the top of the menis-
cus) of the bubble as well as its emerged and immersed volume V; and
V;. The scale of both sketches is the same and is indicated in the upper
right-hand corner.
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The home-made Python program used to measure the different char-
acteristic lengths defining the bubble shapes applies the following pro-
cedure. After cropping, the edge of the bubble was detected by thresh-
olding the image. Another threshold was applied to the initial image to
identify the meniscus. Using the bubble and meniscus edges, the menis-
cus height h,, was measured together with the height of the spherical
cap siting atop of the meniscus h. through the total bubble height H,
(the sum of h,, and h, being equal to H,). The bubble radius at the
top of the meniscus R, was also measured. In addition, the apex coor-
dinates and the curvature at this point were obtained by adjusting an
even fourth degree polynomial to the highest part of the edge. Finally,
on floating bubbles, the angle at the top of the meniscus 6, [°], which
is modified by the application of an electric field, was measured by ad-
justing a third degree polynomial around the meniscus top on either
side of the bubble. The right and left angles were then extracted and,
assuming they were close (namely, the difference between them was less
than a few percents), the average value was used to define 6,. On sessile
bubbles, the angle being close to 90°, the third degree function did not
give a satisfactory accuracy® and the angle was assumed to be equal to
90°. In particular, this procedure was used to obtain the initial contact
angle 0 (namely when no electric field was applied). An example of a
typical image on which the lengths detected by the procedure have been
drawn is presented in Fig. 6.3.

In addition to these characteristic lengths, the surface area S; [m?]
and volume V; of the floating bubble were calculated assuming cylindri-
cal symmetry. More precisely, the bubbles were separated into a right
and a left part according to the position of the apex as it represents the
horizontal midpoint according to the cylindrical symmetry. The left
and right parts were then cut into slices of one pixel in height, each slice
forming a trapezium. By applying cylindrical symmetry, each trapez-
ium forms a truncated cone of one pixel height from which the lateral
area and volume were calculated. Finally, these lateral areas and vol-
umes were summed over the entire height of the bubble. The values
obtained on either side of the apex were then compared to validate the

2Indeed7 the edge rises almost vertically and cannot be captured by a function.
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Figure 6.3: Picture of a bubble (V;, = 0.5 ml) used by the Python
routine to extract its various characteristic lengths. The electric field to
which the bubble is subjected has an intensity Ey = 450 V/mm and is
generated by a plane capacitor of size d = 20 mm. This picture is the
same as that presented in inset (ii) of Fig. 6.5. The detected edge of the
bubble is drawn in red, its base in blue and its total height H, in pink.
The meniscus height h,, is shown in cyan and the length 2R, as well as
the angle 6, both measured at the top of the meniscus, in green. The
upper part of the edge used to determine the position of the apex and
the curvature at this point is highlighted in dark green and the resulting
circle is drawn in yellow.
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detection of the edges and the apex. Assuming that they were close
(i.e. , the difference between them was less than a few percents), the
averaged value was used to define the surface Sy and volume V; of the
bubble.

The typical errors on the measurements of H, and R; have the same
origin as the one already described in Section 5.1. However, in the case
of floating bubbles, the base detection is less accurate (namely about
ten pixels) and the resulting error on H, is estimated to be, in the worst-
case scenario, equal to 100 um. Conversely, the edge detection and the
resulting error on R, remain unchanged (i.e. less than 50 pum). This
results in a characteristic relative error of a few percents or less for both
Hy, and R, and, therefore, a maximum relative error on their ratio of
the same order of magnitude. The errors on h,, can be inferred in the
same way. They depend on both base and meniscus detection, the latter
being more accurate than the former. Consequently, the resulting error
on h,, has the same origin as that on H, and is estimated to be of the
same order of magnitude. Finally, the precision of the surface area S;
and the volume V; measurements is of the order of a few percents for
both and the error on 6, (and in particular on 0) is estimated to be of
the order of 2°.

The experiments were performed by increasing the voltage ¢ [V] by
steps of ¢gep [ V] every duration g, from ¢, [V] t0 ¢pas [V] and by
recording the successive deformations with a camera. All experiments
were realised at least twice. As a plane capacitor was used, an increase
in voltage resulted in a growth of the intensity of the applied uniform
electric field Ey = ¢/d inside the capacitor. A systematic error arises
from the uncertainty in d (estimated to be equal to 0.5 mm) which
affects equivalently all absolute values of Ej, but has no effect on the
overall appearance of the curves. A picture of the bubble was taken at
the end of each step, i.e. just before the voltage changes. A 20 s delay
was imposed before each experiment in order to minimise the temporal
effects due to the initial ageing of the bubble. The DC power supply
controlled the voltage with an accuracy of the order of 1 V and allowed
a maximum current of 525 pA. It took approximately 1 s to reach the
voltage setpoint independently of the variation of the voltage and the
voltage itself. A sketch of the time process is drawn in Fig. 6.4.
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Figure 6.4: Sketch of the typical time process of an experiment. In
the present case, the experiment depicted in Fig. 6.5 was used as an
illustration. The starting point for all experiments is the bubble creation,
shown in blue, which takes roughly 10 s. After creation, a delay of 20 s,
depicted in green, is imposed to minimise the effects of initial ageing.
The generator is switched on at ¢ = 0 s and the experiment begins. It
takes approximately 1 s to reach the voltage setpoint (in black). A time
equal to 57. of the experiment presented in Fig. 6.5 is represented in
yellow to give a comparison point. This time corresponds to the one
required to reach at least 90% of the deformation, which is defined as
the beginning of the steady state.

6.3 Steady State

When a voltage is applied, it takes some time for the bubble to stabilise
and reach a new steady state. In order to estimate this duration, we
applied a high voltage and we tracked the height of the bubble H ()
over time. The height H(t) is defined as the semi-major axis of the
hemi-spheroid formed by the bubble. This experiment was performed
with a floating bubble of V;, = 0.5 ml inside a capacitor of d = 20 mm. At
t < 0s, the DC power supply was switched off and the voltage between
the liquid pool and the top plate was null. At ¢t = 0 s, the generator was
switched on and, within the next second, the top plate was brought to
9 kV (a voltage very close to that required to trigger the Taylor cone).
In Fig. 6.5, H is reported as a function of time in a spatio-temporal
diagram. The shapes of the bubble in the initial and final situations are
respectively shown as insets (i) and (ii). The time required to reach a
steady height Hj, is modelled thanks to a characteristic time 7.. Since the
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Figure 6.5: Height of the floating bubble H as a function of time.
The size of the capacitor was d = 20 mm and the volume of the bubble
was V; = 0.5ml. At the time ¢ = 0s the DC power supply was set
on and the top plate reached the preset voltage. Here, only one step is
needed to go from 0 kV (see picture (i)) to 9 kV (see picture (ii)). The
black line is the fitting function, described by Eq. 6.3, used to obtain
the characteristic time 7., the deformation D and the steady height H,.
The 7, for this experiment was found equal to 4.7 s.
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pressure constraints depend on the bubble shape, this characteristic time
7. was obtained by fitting (black line in Fig. 6.5) a stretched exponential
function [131]:

H(t) = Hy — De" V™), (6.3)

We note D [m] the amplitude of the bubble deformation (i.e. the dif-
ference between H,, and the initial height Hy) and 7. ~ 5s. Both the
characteristic time and the deformation depend on the change in voltage
and on the initial voltage itself. We ensured that at least 90% of the
deformation was achieved, so that H, was reached, by waiting at least
57. between two changes in the setpoint (defined by ts.,). In Fig. 6.5,
we present the maximum change achieved before reaching the Taylor
cone threshold. This preliminary experiment allows us to choose the
value of tg., to guarantee tg., > 57.. Therefore, the quasi-static bubble
shapes were recorded in the following experiments. Indeed, in these ex-
periments, the changes were ¢, = 100 V, which is smaller than that
illustrated in Fig. 6.5. Under these conditions, the condition 7. < 1 s,
and thus by choosing tge, = 10's, tyep > 57, was almost always satis-
fied. Therefore, the steady height H;, and radius R; of the bubbles were
measured at the end of each time step.

In Fig. 6.6, two typical measurements of H,(Ej) (when ¢, and there-
fore Ey, were increased by steps as explained in Section 6.2) are re-
ported: one on a dry surface (red points) and the other on a liquid pool
(blue points). The voltage was increased in 100 V steps every 10 s from
GOmin = 0V t0 dmaz = o1 [ V], a voltage close to that of the onset of the
Taylor cone. In both cases, V; = 0.25 ml and d = 25 mm. Pictures (i)
and (ii) in Fig. 6.6 show the bubbles when Ey = 20 V/mm in both situa-
tions. Pictures (iii) (resp. (iv)) illustrate the deformation of the bubble
resting on a solid when Ey, = 460 V/mm (resp. floating on a liquid
when Ey = 520 V/mm). Two major differences can be noticed. Firstly,
the bubble height H, is substantially smaller for a floating bubble, even
without any applied field. Secondly, to obtain the same deformation D
on a floating bubble, it is necessary to apply a stronger field (that is to
say, a stronger voltage).
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Figure 6.6: Stationary height of the bubbles H, at different intensity
values of the applied field Ey. Both curves correspond to bubbles of
Vy = 0.25 ml and to a capacitor of d = 25 mm. The red and blue points
represent respectively a bubble on a solid and liquid substrate. Pictures
(i) and (ii) illustrate the shape of a bubble under £y = 20 V/mm for a
solid (i) and a liquid (ii) substrate. Pictures (iii) and (iv) show the defor-
mation of bubbles resting respectively on a solid under Ey = 460 V/mm
and floating on a liquid under Ey = 520 V/mm. A typical error bar,
corresponding to the worst-case scenario, is indicated on each curve.

98



6.4  Sessile Bubbles under Electric Field

Thanks to their cylindrical symmetry, the shape of sessile bubbles can be
fully characterised by two geometrical parameters. We have chosen the
stationary height H, and the stationary radius measured at the top of
the meniscus Ry, (see Fig. 6.5). Moreover, the energy in the system comes
from two contributions: the electrostatic energy due to the presence of
the bubble in the electric field and the surface energy due to capillarity.
As the bubble adopts a hemi-spheroidal shape, the two contributions are
respectively proportional to E, ~ o E3R} [J] and E. ~ 2n;vyRZ, with n;
the number of interfaces. Consequently, H, can be expressed in terms
of five dimensional governing parameters, which are Ry, v, nys, €9 and
Ey. Four of them have independent dimensions and the dimension of
the fifth can be expressed as a product of the others. If the dimension
of g9 is chosen as the dependent one, it can be formulated as follows

[co] = [y]lrs][7e]~ [Eo] . (6.4)

The dimension of H, can also be expressed as a product of the dimen-
sions of the same four dimensional parameters. Therefore, the following
relation can be written according to dimensional analysis and Bucking-
ham II-theorem [132]:

Ars = fs(BOe,s) (65)

with Ar, = H,/ Ry, the aspect ratio and fs(Bo, ;) a function of Bo, ¢ the
energy ratio, i.e. the electrical Bond number which can be written as

Bo,, = eoE5 Ry /4. (6.6)

The factor 4 in Bo., comes from £, and must be taken into account
since we have two interfaces (ny = 2) and a cylindrical symmetry. This
definition is similar to that of Basaran [104].

In Fig. 6.7, the aspect ratio Ar, is plotted as a function of Bo,
in the dry case. Three capacitor sizes and three internal volumes are
presented. On top of that, data obtained by Basaran et al. [104] are
represented (black bullets). Both results are very similar even though we
used smaller bubbles (three to five times smaller) and capacitors (three
to six times smaller). This good agreement between all the results over
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Figure 6.7: Aspect ratio of sessile bubbles Ar, = H,/R, rest-
ing on a dry solid plate plotted as a function of the energy ratio
Bo.s = eoE2Ry/47y. Three sizes of capacitors d were used: d = 15 mm
(solid circles), 20 mm (solid triangles) and 25 mm (solid squares), as well
as three internal volumes V,: V; = 0.25 ml (in lilac), 0.50 ml (in orange)
and 1.00 ml (in green). The black bullets represent the data presented
in Ref. [104] for a capacitor of d = 85.5 mm and an approximate internal
volume of V,; = 35.14 ml (solid circles) or V, = 30.05 ml (solid triangles).
The black straight line corresponds to the law for small deformations
adapted from Eq. 3.8. On this and the following graphics, the error bars
are smaller than the bullets.
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a wide range of parameters indicates that the shape of sessile bubbles
is fairly well grasped by Ar,(Bo.). In addition, the energy ratio Boy
required to trigger the bubble instability (i.e. to initiate the Taylor
cone) is the same in all cases. Finally, the small deformations are well
predicted by the law Ar, = 1+ 9/4 Bo,,, adapted from Eq. 3.8 [104]
(black solid line in Fig. 6.7).

6.5 Floating Bubbles under Electric Field

As mentioned in Section 6.3, there are two major differences between
a bubble resting on a dry solid plate and a bubble floating on a liquid
bath when subjected to an electric field. This is essentially due to the
pinning of the contact line and the partial immersion. This is discussed
on the basis of Fig. 6.8, which presents the aspect ratio Ar;, = H,/R,
for floating (in green, orange and lilac) and sessile (represented with red
circles for all sets of parameters) bubbles as a function of Bo.,. The
first difference is that the bubble height H,, and therefore the aspect
ratio Arg, are substantially smaller for floating bubbles, even without
any applied field. The second is the necessity to apply a higher field,
and thus to reach higher Bo, s, to obtain the same deformation D on
floating bubbles.

The aspect ratio measurement must be adapted to the case of floating
bubbles. Indeed, as explained in Section 5.2, the characteristic radius of
curvature is R., which differs from R, due to the initial contact angle 6 ~
60°. Since the capillary energy directly depends on R,, the energy ratio
for floating bubbles is rewritten as Bo. = goEZ R, /4y and, accordingly,
the aspect ratio Ary = H,/R. as well. Furthermore, as presented in
Section 5.2, the initial aspect ratio Ary(Ey = 0) directly depends on the
buoyancy Bond number Bo, of the bubble, and thus on its size. These
initial aspect ratios have already been rationalised by Teixeira et al. [8]
and are summarised in Table 5.1.

All the bubbles used in our experiments have a size correspond-
ing to a moderate Bo, ~ 10 and therefore belong to the intermediate
regime presented in Section 5.2. This means that both the immersed
and emerged parts of the bubbles have an impact on the bubble shape
and cannot be neglected. The immersed part of the bubble represents
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Figure 6.8: Aspect ratio of floating bubbles Ar, = H,/R, as a func-
tion of the energy ratio Bo., = eoE2Ry/4y. The same three sizes of
capacitors d had been used: d = 15 mm (solid circles), 20 mm (solid
triangles) and 25 mm (solid squares), as well as the same three internal
volumes Vy: V, = 0.25ml (in lilac), 0.50 ml (in orange) and 1.00 ml
(in green). The results for bubbles resting on a solid substrate, namely
for the three V, and three d considered, are drawn for the sake of the
comparison (red solid circles).
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about 31% for a bubble of V;, = 0.25 ml (Bo, ~ 9.92) to 22% for a bubble
of V, =1 ml (Bo, ~ 15.46) (see Table 5.1).

Due to the presence of an immersed interface, the energies responsi-
ble for the behaviour of the system must be reconsidered. Indeed, for
a bubble on a dry solid, there are only two interfaces that contribute
equally to the capillary energy (n; = 2 for a sessile bubble). For float-
ing bubbles, there is an additional interface between the liquid pool and
the immersed part of the bubble. In general, this interface has its own
radius of curvature R;. Consequently, if we assume that the immersed
interface is well described by a unique R;, the capillary energy is given
by E. ~ (2nsy/R.)Vy + (2n;7/R;)V;. In this expression, the parameters
describing the immersed part of the bubble R;, V; and n; (with n; = 1)
correspond respectively to those of the emerged part R., V; and ny (with
ny = 2). Although the shape of the emerged part is a spheroidal cap
and V; ~ R3, this is generally not the case for the immersed part. How-
ever, as shown by Teixeira et al. [8], the shape of the immersed part of
a floating bubble is completely described by Bo,. Hence, if v, p and g
are constant, the immersed shape of the bubble is a complex function of
R.. Therefore, the capillary energy of a floating bubble can be written
as follows

where £(R,.) ~ V;/(R;R?) is a dimensionless function describing the rel-
ative importance of the immersed part compared to the emerged one.

As explained in Section 5.2, the shape of the intermediate sized bub-
bles is almost symmetric around a horizontal plane just below the top
of the meniscus. Consequently, ¢ is approximately equal to one (as
R, =~ R, and V; = V) and we assume that each interface brings the
same amount of capillary energy, which is reasonably approximated by
E. ~2nyR?, withn =n s +n; = 3 the total number of interfaces.

Let us now consider the electrostatic energy due to the presence
of the bubble in the electric field. It is similar for solid and liquid
substrates. Indeed, E, = —P.Ey/2 with P [C m] the dipole moment
due to the electric field F,. The charges are located on the outer faces
of both floating and sessile bubbles since they act as perfect conductors
and therefore behave like Faraday cages. Consequently, there is no field
in the bubbles and no charge along the inner faces. Moreover, P= aﬁo,
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with @ [C? m/N] the polarizability. On the one hand, for a conducting
hemisphere, a = 3¢,V with V; =V the volume of the hemisphere. On
the other hand, for a very thin conducting spherical cap (Ar; < 1 and
e > gg), a = gV} [133]°. The floating bubble shape lies between the
hemisphere and the thin spherical cap, but their aspect ratio close to
one (see Table 5.1) should make « close to that of a hemisphere. At first
sight, F. can then be assumed independent of the shape. Therefore, the
electrostatic energy is well approximated by F, ~ eoEjR2.

With the knowledge of these specificities linked to the liquid sub-
strate, a new dimensional analysis can be performed to describe the
shape of both floating and sessile bubbles. In addition to the five initial
dimensional governing parameters used previously (see Eq. 6.4), we now
add those detailed in the last paragraphs. This leads to defining H, as
a function f(R.,"y,n,¢o, Fo,g,p). Only five of these seven parameters
have independent dimensions. Besides ¢j, the dimension of any other
parameter can be expressed as a product of the dimension of the remain-
ing ones. If the dimensions of ¢y and p are chosen as dependent, they
can be formulated as follows

e = Dl
o] = D[R] [Eo]"[g)

The dimensions of H, can also be expressed as a product of the dimen-
sions of the same five dimensional parameters. Then, according to di-
mensional analysis and the Buckingham II-theorem [132], the following
relation holds

Ar; = f(Boy, Boe) (6.10)

with Ar; = H,/R, the aspect ratio and f(Bo,, Bo.) a function of both
Boy, the buoyancy Bond number obtained from Eq. 6.9 (and equiva-
lent to Eq. 5.2) and Bo, the electrical Bond number define by Eq. 6.8.
The Bond numbers, Bo, and Bo., which respectively describe the com-
petition between the gravitational and capillary energies and the com-
petition between the electric and capillary energies, can be written as

3The assumption on the particle size in Ref. [133] is satisfied because the external
electric field is constant.
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Figure 6.9: Aspect ratio of the floating bubbles Ar; = H,/R, drawn
as a function of the energy ratio Bo, = ggE3R./2ny. The same three
sizes of capacitors d were used: d = 15 mm (solid circles), 20 mm (solid
triangles) and 25 mm (solid squares), as well as the same three internal
volumes Vj: V, = 0.25 ml (in lilac), 0.50 ml (in orange) and 1.00 ml (in
green). The straight lines correspond to Eq. 6.13 describing the small
deformations. The colour of each line is related to the corresponding
V, and the only fitting parameter for each curve is the aspect ratio in
absence of field. The results for bubbles resting on a solid substrate (red
solid circles) as well as the corresponding law (black straight line) are
drawn for the sake of comparison.
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follows

Bo, = gpR2/y, (6.11)
Bo. = eoELR./2n7. (6.12)

It should be noted that n = 1 in Bo, (and has therefore been omitted)
because Bo, takes into account a fully immersed bubble.

Although the function f(Bo,, Bo.) is complex in general (i.e. for
floating bubbles at any Boy), observations made on the energies suggest
that the function may be simpler in specific cases (i.e. for floating
bubbles of intermediate Boy). To ascertain this insight, the data from
Fig. 6.8 are presented in Fig. 6.9 as a relationship between Ar; and
Bo,, for both bubbles resting on solid (in red) and floating on liquid (in
green, orange and lilac) substrates. As expected, the initial aspect ratio
depends only on the size of the bubble, which is represented in Eq. 6.10
by the Boy. A linear law inspired by (3.8) is best adjusted with:

Ar;(Boy, Bo.) = A(Boy) + gBo67 (6.13)
where A(Bo,) = Ar¢(Bo,, Bo. = 0), the only free fitting parameter, is
related to the initial aspect ratio. The corresponding laws, with n = 3,
are drawn in Fig. 6.9 for each size of floating bubbles in the correspond-
ing colour. For sessile bubbles, the Ary = 1+ 9/4 Bo, law with n = 2
(similar to that used in Fig. 6.7) is also represented by a solid black
line for comparison. The Ar;(Boy, 0) found are in fairly good agreement
with those predicted [8] (see Table 5.1). Moreover, for the range of bub-
ble sizes studied, the changes in aspect ratio due to FEj are similarly
described, for both floating and sessile bubbles, by the newly defined en-
ergy balance Bo,. This is particularly clear when sessile bubbles (in red)
and floating bubbles of V, = 0.25 ml (in lilac) are compared in Fig. 6.9.
For example, the energy ratio required to trigger the Taylor cone, Bo?,
is the same in both cases. This value is defined as that at which Ary
begins to diverge. Furthermore, the linear correlation given by Eq. 6.13
leads to good approximations of our results when the deformations are
small.

In Fig. 6.10, the variation of the aspect ratio AAr; = Ar(Bo,, Boy)—
Ar;(Boy, 0) is drawn as a function of Bo, for both sessile (in red) and
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Figure 6.10: Variation of the aspect ratio AAry = H,/R.—Ar;(Boy,0)
of sessile (in red) and floating (in green, orange and lilac) bubbles drawn
as a function of the energy ratio Bo, = ggEiR./2ny. The same three
internal volumes V,: V, = 0.25 ml (in lilac), 0.50 ml (in orange) and
1.00 ml (in green) were used. The straight line corresponds to the law
(6.15) describing small deformations.
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floating (in green, orange and lilac) bubbles. The AAr; are obtained by
subtracting the A(Boy) corresponding to each data set. In so doing, all
the data collapse on a single master curve allowing us to write:

Ar;(Boy, Bo.) = A(Bo,) + f5(Bo.) (6.14)

with A(Bop) a function of Bo,, which fully describes the initial shape of
the bubbles (obtained by adjusting Eq. 6.13) and f;(Bo.) a function of
Bo,. which describes how these initial shapes are modified by the electric
field (see Eq. 6.5).

Eq. 6.13 corresponds to a function represented by Eq. 6.14 and can
be rewritten to be plotted in Fig. 6.10 as follows

AArs(Bo,) = %Boe. (6.15)

Eq. 6.15 approximates all data for small deformations, as shown by the
solid black line in Fig. 6.10. Consequently, the deformation of both
sessile and floating bubbles under an applied uniform electric field is in
general described by a function of the form defined by Eq. 6.10. This
function (6.13) is determined in the linear, or weak fields, regime (i.e.
for Bo, < 0.05) in the case of the experiments described in this thesis
(namely for floating bubbles of intermediate Bo, and £ ~ 1.)

6.6 Effect of the Field on the Meniscus

The description of the bubble shape under an electric field presented
above stated that the initial shape of the bubbles is a spherical cap.
However, as presented in Section 5.1, there is an accumulation of liquid
at the bubble base forming the meniscus. Due to this meniscus, the
initial bubble shape slightly departs from the perfect spherical cap. Even
if the shape is well described under the spherical cap assumption, the
meniscus has an important impact on the charge distribution and thus
on the electric field required to obtain this given shape.

Like the initial shape, the meniscus is greatly influenced by the sub-
strate as well as by the bubble size (via the Bo, as shown by Teixeira et
al. [8]). However, unlike the shape, the meniscus itself does not seem
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to be directly influenced by the electric field. Measurements made on
floating bubbles indicate that it has a constant height (predicted as a
function of Bo, [8]) whatever the electric field. On the contrary, for
sessile bubbles, the meniscus height slightly decreases as the electric
field increases. This was expected as the deformation of a hemispherical
bubble is necessarily accompanied by an increase in its surface. Con-
sequently, liquid is needed to fuel the interface creation. This is not
observed for floating bubbles since the required liquid is pumped into
the liquid tank. This observation is related to that made by Macky [10]
on the lifetime of a bubble undergoing a Taylor cone. The absence of
a direct effect on the meniscus height can be understood through the
charge distribution at the interface. Indeed, as Harris et al. numerically
showed in [134], the charge distribution in the vicinity of the top of the
meniscus (and therefore near the base of the hemisphere or spherical
cap formed by the bubble) is vanishing for any electric field.

Although it carries only a small amount of charge, the meniscus
has an effect on the general charge distribution of the bubble. Indeed,
Basaran et al. [104] numerically demonstrated the effect of the dimen-
sionless droplet size parameter (namely the signed distance between the
centre of the sphere formed by the droplet and the bottom electrode)
on the critical electrical Bond number Bo.. In our experiments, for
floating bubbles of V, = 0.25 ml, the Bo is close to 0.12 (see Fig. 6.8).
Yet, in [104], the predicted value of Bo? is almost equal to 0.26 , for a
droplet with a droplet size parameter equal to —0.5 (which corresponds
to the shape of a V, = 0.25 ml bubble). This is more than twice what
was observed during the experiments. Consequently, the good agree-
ment between our experimental results and those presented in [104]
illustrated in Fig. 6.7, indicates that the deformation of bubbles under
electric field is correctly predicted, but for smaller Bo, than theoreti-
cally expected. The corrections to the capillary energy cannot explain
this discrepancy, but the presence of the meniscus could. In order to
validate this insight on the origin of the difference, we can draw inspi-
ration from the study carried out by Harris et al. [134] on the effect
of a nozzle on a hanging droplet. Indeed, they showed that the nozzle
increases the total charge carried by the droplet even when d is kept
constant and when the charge directly carried by the nozzle itself is
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small. As a consequence, the value of Bo. decreases. Comparatively,
the meniscus also carries a small amount of charge, but its shape is
more complex than that of a cylindrical nozzle. Yet, although a direct
and quantitative parallel is impossible due to the difference in shape, a
qualitatively similar effect of the meniscus on the total charge carried
could be conjectured. Accordingly, the presence of a meniscus at the
base of the bubbles should reduce the Bo; and explain the discrepancy
between the numerical predictions [104] and the experimental results
presented here.

The complete determination of the function describing the deforma-
tion of the bubbles under the effect of an applied uniform electric field
should thus involve an analysis similar to that proposed in Ref. [134],
but with a meniscus-shaped nozzle. However, unlike cylindrical nozzles,
the meniscus has a shape imposed by the Bo, [8]. This means that it
is not necessary to add another element (and its related dimensionless
number) to fully describe the system. Hence, the dimensional analysis
and Eq. 6.10 remain valid albeit the meniscus effect is added to the
study.

6.7 Frustrated Bubbles

Up to there, the liquid pool depth e was sufficiently large not to influence
the bubble shape. Varying e may reveal a transition between floating
and sessile bubbles and therefore, highlight the effect of the immersed
interface on the bubble deformation by partially suppressing it. Indeed,
as floating bubbles have an immersed part, they also have a natural
penetration length A into the liquid as represented in Fig. 6.2 (b). If the
depth e becomes smaller than h, then the bottom electrode reaches the
immersed interface and substitutes a part of this interface with a flat
surface (solid if the liquid dewets the surface, liquid otherwise). The
bubble becomes frustrated. Consequently, a smaller amount of energy
is required to oppose the capillary energy. Therefore, at a given electric
field, the deformation D should be larger. As explained in Section 6.2,
the depth e was controlled by changing the position of the bottom elec-
trode. For smaller fluid layer thicknesses, i.e. e < 0.20 mm, the bubbles
tend to move on the surface of the bath and have to be immobilised us-
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ing, for example, a nylon thread (since the threads are mostly immersed
in the pool, they have no visible effect on the bubble dynamics).

Since the penetration depth of the bubble is no longer prescribed
by Bo,, but by an independent dimensional parameter e, a third dimen-
sionless number is needed to describe the system. If the dimensionless
penetration depth e/R, is chosen, the shape of the bubble is fully de-
scribed by

Ar; = f;(Boy, Bo.,e/R,) (6.16)

with Ary = H,/R. the aspect ratio and f;(Boy, Bo., e/R.) a function of
Bo, = gpR?/v, the buoyancy Bond number defined by Eq. 6.9, Bo, =
eoE2 R./2n7y, the electrical Bond number defined by Eq. 6.8 and ¢/R.
the dimensionless penetration depth.

Fig. 6.11 illustrates the aspect ratio Ar; as a function of the energy
ratio Bo.. Bubbles of V, = 0.25 ml, with a predicted h = 1.38 mm
[8], which was the largest achieved out of the three considered volumes,
were measured using a capacitor of d = 25 mm. The blue and red points
correspond to the two limiting cases: deep liquid bath and solid surface,
respectively. Measurements are sorted into three groups and are repre-
sented by a colour gradient between blue and red. The bluest category
corresponds to that which is closest to floating bubbles: e > 1.25 mm.
Conversely, the reddest category represents the group with the lowest
liquid depth: e < 0.20 mm. Finally, the third category corresponds to
e ~ (.50 mm.

The non-frustrated bubbles, with e > 1.25 mm, deform exactly like
those in a deep liquid bath. Indeed, the bubbles from this category have
a h smaller than or close to e and thus no significant change in shape
is observed. In contrast, the bubbles on which the effect of frustration
is most noticeable are those belonging to the group with e < 0.20 mm.
Firstly, the adjusted initial aspect ratio A, observable in Fig. 6.11, be-
comes larger as the liquid depth decreases. Indeed, since the bottom
electrode presses the lower part of the bubble, its immersed volume is
reduced. Consequently, as the total volume Vj is constant, the emerged
volume increases, and so does the aspect ratio. Secondly, in order to
obtain the same deformation as for a non-frustrated bubble, smaller val-
ues of Ey and consequently of Bo, are needed. This is especially visible
in the energy ratio required to initiate the Taylor cone Bo} (defined as
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Figure 6.11: Aspect ratio of the frustrated bubbles Ar; = H,/R.
drawn as a function of the energy ratio Bo. = g B3 R../2n~y for different
liquid depths e. The size of the capacitor is fixed at d = 25 mm and the
internal volume at V;, = 0.25 ml. The blue and red circles correspond
respectively to the liquid and solid results in the same situation. The
different results are sorted into three categories and are represented by
a colour gradient between blue and red. From the bluest to the reddest:
e > 1.25 mm, e ~ 0.50 mm and e < 0.20 mm.

112



the value at which Ar; begins to diverge). This effect is mainly due to
an overestimation of the capillary energy. Indeed, the contribution of
each interface to the capillary energy is estimated assuming spheroidal
cap shapes. However, a substantial part of the immersed interface is re-
placed (in case of dewetting, which appears to be the case) or flattened
(otherwise) by the flat bottom electrode. Consequently, the capillary
energy due to this interface is smaller. The total capillary energy cal-
culation does not take this into account and is thus overestimated and
so Bo, is underestimated. Although the presence of a thin liquid film
cannot be completely excluded without further investigations, frustra-
tion of bubbles seems to lead to the dewetting of their lower part. This
is especially noticeable when the frustrated bubbles blow up. Despite
it does not affect the energy calculation, the presence of the thin film
should nevertheless directly influence the mobility of the contact line.
This is still an open question and further investigations are needed to
address it.

In Fig. 6.11, the bubbles from the intermediate group (e ~ 0.50 mm)
have an adjusted initial aspect ratio A between that of the most frus-
trated bubbles and that of the non-frustrated ones. However, for Bo, —
Bo?, the values of Ary are close to those of non-frustrated bubbles at
a given Bo.. Moreover, they have the same Bo,. This transition from
a behaviour between the most frustrated and non-frustrated bubbles to
another similar to that of non-frustrated bubbles is likely due to the
decrease of the immersed surface influenced by the flat solid electrode.
Indeed, when the bubble is deformed by an electric field, besides the in-
crease in height H,, there is also a shrinkage of R, and thus a decrease in
R.. This leads to the decreasing of the fraction of the immersed surface
frustrated by the bottom electrode. Therefore, the approximate contri-
bution of the immersed interface to the capillary energy approaches the
exact one.

If we analyse the behaviour of frustrated bubbles, we observe that, no
matter how small e is, the frustrated bubbles behave more like floating
bubbles than sessile ones. Indeed, the adjusted initial aspect ratio A of
the most frustrated bubbles differs from that of a sessile bubble. This
means that even a small liquid thickness e is enough to change from a
hemispherical shape with § = 90° (characteristic of sessile bubbles) to
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a spherical cap shape with 6 ~ 60° (characteristic of floating bubbles
of V, = 0.25 ml). This is due to the mobility of the contact line of the
floating bubbles, which is pulled outwards by the surrounding liquid.
The behaviour of these frustrated bubbles illustrates the strong impacts
of the immersed interface on the energy ratio and the mobility of the
contact line on the adjusted initial aspect ratio A. Besides the intrinsic
differences between sessile and floating bubbles, our study confirms that
the energy formulation and the aspect ratio must be adapted to take
into account the immersed interface and the contact line mobility of a
floating bubble.

6.8  Conclusion

The deformations of soap bubbles under a vertically applied uniform
electric field induced by a plane capacitor were measured when the bub-
ble rests on a solid substrate or floats on a pool of its own soap (see
Fig. 6.6). As mentioned in the previous chapter, sessile and large float-
ing bubbles (Bo, > 100 [8]) are hemispherical and have a flat bottom
interface when no electric field is applied. The aspect ratio of sessile
bubbles under weak fields evolves according to a linear law represented
by Eq. 3.8 from [104] (see Fig. 6.7). This linear relationship holds for
Bo. < 0.05 , which defines the weak fields limit. Due to their similar ini-
tial shape as well as the negligible influence of their immersed part, large
floating bubbles should be described in an equivalent way. However, the
floating bubbles belonging to the intermediate regime (2 < Bo, < 100
[8]) initially form a spherical cap with an angle at the top of the menis-
cus close to 6 ~ 60°. Moreover, the presence of a third curved interface
between the soap bath and the floating bubble must be taken into ac-
count in the energy calculation. By modifying the definition of the
aspect ratio and that of the capillary energy to consider the initial bub-
ble shape and the third interface respectively, the floating and sessile
bubbles are similarly described when deformed by an applied uniform
electric field (see Fig. 6.9). In particular, all deformations under weak
fields (i.e. Bo. < 0.05 ) are predicted by a law inspired by Eq. 3.8 (see
Fig. 6.10). We also discussed the role of the meniscus: its presence
greatly influences the overall charge distribution on the bubble, notably
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modifying the critical electrical Bond number Bo}, even if the electric
field has no direct influence on it. Finally, to prove the robustness of our
analysis, the influence of the immersed interface was further explored
by controlling the liquid depth to frustrate the floating bubbles (see
Fig. 6.11).

These conclusions confirm the validity of the intuition based on the
superficial nature of the forces involved and the resulting parallel be-
tween the behaviour of bubbles and droplets under uniform vertical
electric fields. Indeed, beyond the qualitative similarity of shape pre-
sented in Fig. 1.2, the law represented by Eq. 3.8 from [104] predicted
the aspect ratio of both bubbles and droplets under weak fields, with the
amendments just described. However, these adjustments are precisely
the expression of the bubble specificities. In particular, the mobility
provided by the presence of the soap pool has a crucial impact on the
bubble shape, even when the immersed part is almost completely re-
moved. Furthermore, the presence of the meniscus at the bubble base
completely changes the overall charge distribution and induces a much
lower critical electric field. Yet, its shape is not directly modified upon
the application of an electric field.

Conversely, when a volume force is applied to the bubble, its menis-
cus deforms, forming a cylinder, leading to a clear distinction between
the global shape of a bubble and that of a droplet. The next chapter
(Ch. 7) is devoted to the description of the deformation of the menis-
cus and sessile bubbles under a uniform vertical magnetic field. Indeed,
since the bubble is made of ferrofluid, the application of a uniform mag-
netic field induces a volume force due to the magnetic dipole present
inside the ferrofluid.
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Bubbles under Magnetic Fields

When a ferrofluid bubble is subjected to a magnetic field, its meniscus
rises and forms a cylinder, which is a completely different deformation
from that of a drop under the same magnetic field (see Ch. 3). This
ferrofluid cylinder holds until the bubble blows up, at which point the
ferrofluid separates into small droplets as a drop does when subjected
to a sufficiently high magnetic field gradient [116]. This reaction means
that the bubble not only forces the liquid volume into a singular shape,
i.e. a meniscus, but also holds it together, preventing it from sepa-
rating under the action of the magnetic field. The differences between
the deformations of bubbles and droplets are due to their different lig-
uid configuration and the fact that, regardless of the fluid properties, a
magnetic volume effect cannot be avoided. Indeed, as the ferrofluid is
uniformly distributed within a droplet, the magnetic field acts on the
whole droplet. Conversely, in a bubble, most of the ferrofluid is concen-
trated within the meniscus and, therefore, most of the effect induced by
the magnetic field takes place inside it. As with the comparison between
droplets and bubbles under an electric field, this difference is presented
in Fig. 1.2. Yet, ferrofluid bubbles are not the only kind of bubbles
impacted by a magnetic field. Indeed, a liquid composed of particles
bearing no permanent magnetic moment, namely a diamagnetic liquid
(like most usual fluids), does not behave like a liquid composed of mag-
netic particles (i.e. a ferrofluid). However, whatever the liquid they are
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made of, bubbles can still be manipulated with an applied magnetic field
(see the section on diamagnetic bubbles in [51] for example), although
a bubble or droplet made of ferrofluid has the advantage of having a
very large response to the magnetic field compared to their diamagnetic
counterparts.

In this chapter, we study the deformation undergone by a ferrofluid
bubble under a homogeneous magnetic field. First, we highlight the
specificity of the bubble’s liquid distribution. Then, the experimental
set-up as well as the method used to study the deformation are presented.
Next, the overall steady shape of the bubble is studied to determine what
hypotheses can be made to describe the deformation. Through this
analysis and its conclusions, we rationalise the meniscus deformation,
which is responsible for the deformation of the whole bubble. These
observations are finally summarised in a conclusion to put them into
the context of this thesis.

7.1 The Crucial Role of the Meniscus

As developed in Section 3.3, the magnetic field tends to align the mag-
netic moments m inside a liquid volume. Moreover, a magnetic gradient
as well as magnetostrictive effects can induce a net force on the moments
m. In addition, as we seek to describe the static shape of the bubble,
the speed term in Eq. 3.10 is null and the pressure equilibrium inside
the ferrofluid under a field H is written as follows

11 oM -
P+ ,uo/ {I/a—] dH* + pgz = cst, (7.1)
0 Vigr

with the following boundary condition:

H H
OM - -
P+ uo/ {u—} dH* +u0/ MdH* + %Mﬁ =P+ P, (7.2)
0 Vi1g«r 0
N ~~ 7N ~~ e
Pm,s Pm,i Pm,n

with z the liquid depth and M its magnetisation. These equations are ap-
plicable everywhere inside the ferrofluid forming the bubbles but, since
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the magnetic effects are directly related to the liquid volume, the most
important manifestations take place where the liquid volume is concen-
trated, namely the meniscus. Finally, since we are not interested in
compression phenomena, we assume an incompressible ferrofluid: the
magnetostrictive term in Eq. 7.1 and Eq. 7.2 can be discarded without
any consequence’.

To analyse the deformation of the bubble meniscus, a sessile bubble
resting on a microscope cover slip is used (see Fig. 7.1 (a)). As explained
in Ch. 5, in such a situation the meniscus shape is defined by the surface
tension/gravity competition and can be related to the capillary length.
When we apply a uniform magnetic field, the meniscus height grows,
changing the shape of the meniscus. Furthermore, the meniscus height
increases as the intensity of the applied field does (see Fig. 7.1: By =
11.07 mT in (b) and By = 41.22 mT in (c)). The shape of the meniscus
is thus a competition between gravity, capillarity and magnetism.

This effect is certainly close to the one observed by Rosensweig [56]
(see the application on the conical meniscus at the end of the fifth chap-
ter on pages 79 to 82) who shows that the height of the meniscus formed
around a wire emerging vertically from a ferrofluid pool depends on the
current passing through this wire and, therefore, on the magnetic field
intensity. Moreover, Elias et al. [65] have also noticed the impact of
the magnetic field on the meniscus. In their paper, they studied the
drainage of a ferrofluid soap film as well as the control and description
of a ferrofluid soap foam inside a tube. They notably highlight the cru-
cial role of the meniscus and the direction of the applied magnetic field
on the drainage of the ferrofluid soap film, in particular on its velocity.
Indeed, a magnetic field applied perpendicularly to the film tends to
speed up the drainage whereas a field applied parallel to the film tends
to slow it down. This is due to the interaction between the magnetic mo-
ments, which is less favourable inside the film than inside the meniscus
when the field is perpendicular to the film, thus enhancing the drainage.
A similar effect could be expected on a sessile bubble since they are
also composed of a meniscus and a soap film. Yet, as the soap film is
not flat, the effect might be more complex, especially for small bubbles

LAt worst, it shifts the fluid pressure P, by a constant amount.
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Figure 7.1: Pictures of bubbles resting on a microscopic slide under
a uniform vertical magnetic field. Picture (a) shows the bubble on a
slide when the intensity of the magnetic field By = 0. Image (b) depicts
the shape of a bubble under a uniform vertical magnetic field having
an intensity of By = 11.07 mT. Picture (c) illustrates a bubble further
deformed by an applied field of higher intensity By = 41.22 mT. The
size of the bubble meniscus grows with the intensity of the uniform
magnetic field. The bubble adopts the shape of a spherical cap siting
atop of a cylinder. The height H;, the radius R, and the volume V, of
the bubble are measured, as well as the ferrofluid volume Vj; [m®], the
meniscus height h,, and the contact angle at the top of the meniscus 6.

with a larger curvature. Furthermore, the shape of the meniscus also
depends on the applied magnetic field, which should make the drainage
mechanics in a bubble even more complex.

Finally, there is another system closely related to a bubble resting
on a solid surface: magnetic foams, which have also been studied by
Elias et al. [135]. They used Hele-Shaw cells to observe the configura-
tion adopted by a biphasic system consisting of two immiscible liquids:
a ferrofluid and an organic oil. They investigated the effect of the fer-
rofluid surface fraction as well as those of the magnetic field intensity.
They succeeded in obtaining ferrofluid droplets? inside the oil for lower
applied magnetic fields (ﬁfo = 13.1 kA/m) and lower ferrofluid fractions
(i.e. 20%). They also obtained dry and wet froth, but unlike the previ-
ous case, the ferrofluid has the higher surface fraction and oil forms the
liquid shells between the ferrofluid droplets. Based on the knowledge

>They called them “bubbles”, but as there is only one oil/ferrofluid interface, we
substitute the terms to maintain consistency throughout the thesis.
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developed in these papers, we propose in the following to analyse how
gravity, capillarity and magnetic field prescribe the meniscus shape.

7.2  Materials and Methods

The deformations due to the application of a uniform magnetic field
were studied using two coils mounted in a Helmholtz configuration. The
uniformity of the magnetic field between the two coils was verified in a
circular area of 50 mm radius whose centre corresponds to that of the
coils. The deviation relative to the field at the centre was found to be
of the order of 3%, at worst. Moreover, the vertical uniformity of the
field was even better, diverging by less than 1% over 20 mm. As the
size of the bubbles is smaller, the applied field can be considered as
uniform over the entire bubble. A power source was used to establish
the direct current inside the coils, which was first amplified to reach field
intensities of up to 50 mT. The law linking the uniform magnetic field
at the centre of the coils to the voltage ¢ used to establish the current
was found to be linear as expected (see the graphic on the left-hand side
of Fig. 7.2 (b)). The linear law adjusted gives us By = 6.7¢ — 3 for the
magnetic field intensity in mT. The images of the bubbles were recorded
thanks to a camera placed in front of them. To limit their evaporation,
bubbles were caged inside an hermetic chamber made of transparent
Perspex sheets with some wadding soaked with water. Sketches of the
experimental set-up are presented in Fig. 7.2.

A droplet of a preset volume of ferrofluid soap Vs was released
onto a microscope slip glass using a micro pipette with an accuracy
of 0.1 ul. After dropping the droplet off, a syringe pump was used to
inflate the bubble by injecting air directly inside the soapy solution.
Bubbles created in this way not only have their size (through the in-
jected air volume V) fixed, but also the amount of ferrofluid V}; used
to create it. The whole process between the bubble creation and the
beginning of the experiment lasted about 10s. Three initial gas vol-
umes (V;, = 1, 0.5 and 0.25 ml) together with five ferrofluid volumes
(Vi = 3,7,15,30 and 60 pul) were used. As for the bubbles under an
electric field, due to compressibility and air leakage, V, was not per-
fectly reproducible. Therefore, we also determined the precise volume a
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Figure 7.2: Sketches of the experimental set-up used for measurements
performed on sessile bubbles under magnetic field. (a) Summary of
the elements composing the experimental set-up. (b) Drawing of the
geometrical measurements of the experiment: the magnetic field éo,
the gravity field g, the heights of both the meniscus and the spherical
cap forming the bubble, its total height H;, and its internal volume V,
as well as two of its radii R, and R, [m] measured respectively at the
top of the meniscus and at the base of the bubble. The graphic showing
the linear relationship between the applied potential ¢ and the intensity
of the uniform magnetic field By is presented on the left of the sketch.
The adjusted linear law is drawn in red. The scale of both sketches is
the same and is indicated in the upper right-hand corner.
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posteriori, by imaging.
The ferrofluid soap is described in Appendix B. The magnetisation
curve of the ferrofluid, presented in Fig. 7.3 and obtained with a vi-
brating sample magnetometer, is typical of a superparamagnetic colloid.
The graphic represents the magnetisation M of the ferrofluid as a func-
tion of the internal field H, the blue dots being the measured values
and the red curve a phenomenological adjustment to the data. The
function used to adjust the data describes not only the magnetisation
under low fields (which is generally approximated by a linear function),
but also the magnetisation at higher fields (a logarithmic function is
usually used in this case, see Ref. [109] for example). This function is

written as follows: ~
(i) = XM
Ms + XZH

with x; and M, [A/m] the two fitting parameters, x; being the mag-
netic susceptibility in the linear regime and M, the saturation value of
magnetisation. For the soap ferrofluid, the two parameters are equal to
xi = 2.65 +0.04 and M, =41 £+ 0.08 kA /m.

The experiments were carried out by recording 1 min videos in which
the intensity of the applied magnetic field By was increased in 2.01 mT
increments every 10s. The videos are a succession of approximately
5 s of bubble shape recording followed by 5s of black screen during
which the magnetic field is modified and the bubble reaches its steady
shape. As the bubble lifetime did not allow the full range of magnetic
fields to be explored (from —3 mT to 43.23 mT) several bubbles were
used. Each recording started at —3 mT before either picking up where
the last bubble had allowed us to arrive, or changing the parameters
and starting a new one. All experiments were performed at least three
times and three experiments were done with negative magnetic fields
(namely from —3 mT to —43.2 mT), to verify that only the field intensity
mattered and not its direction.

The video recordings of the experiments were cut into segments of
constant field and, as the bubble reached a steady regime, each part of
the recording was summarised into a single image by averaging all those
composing the portion using ImageJ [136]. The average pictures thus
obtained are then analysed using an home-made Python code in order to

(7.3)
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Figure 7.3: Magnetisation curve of the ferrofluid soap obtained with a
vibrating sample magnetometer. It represents the magnetisation of the
ferrofluid M as a function of the field H inside it. The blue bullets are
the measured values and the red line is the phenomenological adjusted
function. This function takes the form described by Eq. 7.3 with y; and
M, being the two fitting parameters. For the ferrofluid soap, the fitting
parameters are equal to y; = 2.65+0.04 and M, = 41 £ 0.08 kA /m,
respectively.
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Figure 7.4: Picture used to obtain the different lengths characterising
the bubble shape. The image was obtained by first averaging a segment
of a video recording of a bubble (V, = 0.5 ml and Vj; = 15 pl) under
a uniform magnetic field By = 31.17 mT and then processing it with
an home-made Python program. The black frame around the picture
represents the region of interest used to define the cropping of the image.
The detected edge of the bubble is drawn in red, its height H, in pink,
its base length 2R, in blue. The meniscus height h,, is shown in cyan
and the length 2R, at the meniscus top in green. The highest part of
the edge used to determine the curvature and the position of the apex
is highlighted in dark green. The circle resulting from the curvature is
drawn tangentially to the bubble apex in yellow.

extract the different characteristic lengths defining the bubbles shapes.
The procedure applied by the Python program is the same as that used
on the floating bubble under an electric field, described in Section 6.2. In
addition to the measurements performed by the routine already detailed
(i.e. hm, Hy, Ry, he, Sy [m*], V), the radius at the base of the bubble R,
was also measured (note that the measured surface and volume are the
total surface and volume S, and V, and not those of the floating part
since there is no longer an immersed part). Finally, the angle at the top
of the meniscus #,, modified by the application of a magnetic field, is
directly measured on the pictures averaged with ImageJ. The Python

125



routine was not used to extract 8, because, as 6, ~ 90° on sessile bubbles,
the third degree polynomial used to compute it on floating bubble fails
to give a satisfactory accuracy® (see Ch. 5). An example of such an
averaged picture and the detected lengths is presented in Fig. 7.4.

The origin of the typical errors on H;, and R, has already been de-
scribed in Section 5.1 and leads to the same result (i.e. 50 um for the
error on H, and smaller for that on R,). Moreover, in Section 6.2, the
errors on S, and V, were determined to be of the order of a few percents
and it was shown that the error on h,, has the same origin as that on
H,, and therefore has the same magnitude, namely 50 um. Finally, the
error on R, is only related to the base detection and is then smaller than
that on h,, or Hp and the error on 6, is estimated to be of the order of
1°. To summarise, this corresponds to a relative error of one percent or
less for all characteristic lengths.

7.3  Whole Bubbles under Magnetic Fields

In order to rationalise the effect observed in the pictures presented in
Fig 7.1, the meniscus height h,, was measured for an increasing applied
field Hy. The results are presented in Fig 7.5 for a bubble of Vy=0.5ml
and Vi = 15 pl. Each point represents the average of three different
measurements with the associated standard deviation. Pictures (i) and
(ii) of Fig. 7.5 show the ferrofluid bubble under a field intensity Hy =
8.86 kA/m and Hy = 32.96 kA /m respectively. A first observation can
be made: as the applied field H, increases and the meniscus rises higher,
the shape of the sessile bubble changes from a hemispherical shape to
one that closely resembles that of a spherical cap siting atop of a cylinder,
with the meniscus forming the cylinder.

To make informed assumptions about the internal field H inside the
meniscus, the overall shape of the bubble must be determined. Indeed,
H directly depends on the bubble shape through the demagnetising
factor D,,, and can be written as follows

H = Hy— D,,M. (7.4)

*On sessile bubbles, the edge rises almost vertically and therefore 6, cannot be
captured by a function.
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Figure 7.5: Steady height of the bubble meniscus h,, as a function of
the applied field Hy. The volume of the sessile bubble and the ferrofluid
volume used to create it were respectively V;, = 0.5 ml and Vj; = 15 pl.
Each point represents the averages of three measurements made on three
distinct bubbles, with the associated standard deviation. Picture (i)
and (ii) illustrate the shape of the bubble under Hy = 8.86 kA /m and
Hy = 32.96 kA /m respectively.
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Due to the uniformity of the internal magnetisation, this factor can be
calculated exactly for the simplest cases such as spheres, solid cylin-
ders or infinite planes (see Ref. [79] for example) and Osborn [137] has
tabulated it for a general ellipsoid.

Since most of the ferrofluid is concentrated inside the meniscus,
which is very similar in shape to a cylinder, we assume that the ferrofluid
forms a cylinder with a thickness e,, [m] at least ten times smaller than
its outer radius. To validate the cylinder hypothesis, the radius at the
base of the bubble and that at the top of the meniscus, respectively la-
belled R, and R, were measured. The closer the values of the radii are,
the more valid the hypothesis is. The results are presented in Fig. 7.6 for
the different values of the ferrofluid volume V. As it can be observed,
the radii are very close to each other when the amount of ferrofluid is
small and the bubbles are large. This was expected because, according
to cylindrical symmetry, the amount of liquid per unit length around
the bubble base is proportional to Vj;/Ry,. Thus, the smaller the bubbles
and the greater the amount of liquid, the more ferrofluid accumulates
in the meniscus. As the height is prescribed, the accumulation induces
a lateral extension, eventually leading to a larger difference between the
two radii.

Furthermore, the difference between the radii is small compared to
the value of h,,, except for low values of the applied field H, where they
are comparable*. Under these conditions, the ferrofluid can be consid-
ered to rise almost perpendicular to the substrate. This approximation
is fairly accurate for all sets of parameters, except perhaps in the worst
case when V;, = 0.25 ml, Vy = 60 pl and for small H,. As we are inter-
ested in describing the meniscus under an increasing field and since the
approximation improves with increasing field strength, we decided to
assume that the meniscus has a cylindrical shape for all sets of parame-
ters. The radius of this cylinder is assumed to be equal to the average
of the two radii, namely R, = (R, + Rs)/2 [m], its height being equal
to h,, and its volume to V.

4Again, this was expected since, at zero field, the lateral extension of the meniscus
and its height are both of the order of magnitude of the capillary length x—!

Indeed, the amount of liquid inside the spherical cap is very small as 27 R2ej, <
Vi, with e, the film thickness.
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Figure 7.6: Values of R, (solid triangles) and R; (solid circles) for the
five ferrofluid volumes considered (Vi = 3,7 ,15,30 and 60 ul). The
three air volumes used V; are represented by the same colour in each
graphic for all applied fields Hy: Vy = 0.25 ml in lilac, V;, = 0.50 ml in
orange and V;, = 1.00 ml in green. Each point represents the average of
three measurements with the corresponding standard deviation.
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Above the meniscus, the thin film of soap that closes the bubble
is almost transparent and can therefore be assumed to contain a very
small amount of ferrofluid. Therefore, both effects of Hy and gravity are
assumed to be negligible and the film should take a shape prescribed by
surface tension alone, namely a spherical cap. To validate this hypoth-
esis, the value of the measured cap height h.,, [m] can be compared to
the calculated one h.. [m]. The latter is calculated from the measured
cylinder radius R, and the angle measured at the top of the meniscus
0y. Assuming a spherical cap, this leads to
1 — cos(6y)

sin(@b)
If the two values of h. (i.e. h.., and h,.) are close, the soap film adopts
the shape of a spherical cap. In this case, gravity and magnetism have
negligible effects on the soap film.

In Fig. 7.5 each point once again represents the average of three
measurements with the corresponding standard deviation. The mea-
sured and calculated h. are plotted for each set of parameters, namely
for the five Vjs, the three V, and for all applied fields H,. The solid
black line is a guide for the eyes representing h,, . = h... As it can be
seen, if the standard deviation is taken into account, all data evidence
that the calculated and measured heights are equal. Consequently, in
the following, we consider that the part of the bubble located at the top
of the meniscus adopts a spherical cap shape.

A further validation of the overall bubble shape is given by compar-
ing the measured volume V,,, [ml] with that obtained by assuming a
spherical cap setting atop of a cylinder V, . [ml]. The total volume is
calculated by adding the volume of a cylinder of measured radius and
height R, and h,, respectively, with that of a spherical cap having the
same radius and a measured angle #,. This results in the following ex-
pression, the left-hand side being the cylinder volume and the right-hand
side that of the spherical cap:

7 (24 cos (6))(1 — cos (6y))?
3 sin® (6,)

The comparison between the two volumes V, (i.e. V,,, and V) is
drawn in Fig. 7.8, each point representing the average of three measure-

hc,c = Ra (75)

Voo = Thy R2 + R (7.6)
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Figure 7.7: Comparison between the calculated height h.. and the
measured height A, ,, for each set of parameters V;, Vs and for all applied
fields Hy. The three air volumes V, and the five ferrofluid volumes V;
used are represented as follows: V, = 0.25 ml in lilac, V;, = 0.50 ml in
orange and V, = 1.00 ml in green together with Vs = 3 pl with solid
circles, Vi = 7 ul with solid triangles, Vi = 15 pl with solid squares,
Vi = 30 pl with solid diamonds and V¢ = 60 pl with solid pentagons.
The black line is a guide that represents h.. = hem.

131



ments with the corresponding standard deviation. The same label is
used to represent the different parameters. All the data cluster in three
groups around the preset values of the gas volume V,, showing that,
although there is some dispersion around these values, the predefined
volumes are reasonably accurate. The solid black line is a guide for the
eyes representing V, . = V. Similarly to the cap height, almost all
data points follow the black curve, meaning that the measured volume
is equal to the calculated one. The only sets of parameters for which
the V, . is too large are V;, = 0.5 ml, V4 = 60 ul and small applied fields
H,. However, even for these sets of parameters, the error on the calcu-
lated value remains limited. Altogether, the approximation made on the
shape seems to describe very well the deformation of the bubble under a
magnetic field. The meniscus is therefore considered to be subject to all
the effects of the magnetic field and to form a cylinder while the rest of
the bubble is only affected through the meniscus deformation and forms
a spherical cap.

The shape assumed by the ferrofluid bubble having been verified,
the value of the corresponding demagnetising factor can be determined.
Beleggia et al. [138] have derived an approximate analytical expression
for this demagnetising factor for cylindrical shells and in particular for
thin cylindrical shells (see formula 20 in their paper). Considering that
the height h,, of the cylinder is of the same order of magnitude than
its radius R, and that its thickness e,, is at least ten times smaller
than R,, the demagnetising factor takes a value of the order of 0.1.
This is the worst-case scenario, corresponding to the thickest cylinders
obtained with V, = 0.25 ml, Vj; = 60 ul and weak applied fields H,.
Moreover, the magnetisation curve presented in Fig 7.3 shows that the
magnetisation M has the same order of magnitude as the internal field
H. According to these two considerations, the internal field H decreases
by a factor 1.1 compared to the applied field H,. At first sight, we there-
fore consider that the applied field Hy is equal to the internal one H.
This assumption can be further justified. Firstly, as shown in Fig 7.3,
as soon as the internal field H increases, the ratio between M and H de-
creases. Consequently, as the applied field H, increases, H approaches
H,. Secondly, a taller cylinder has a smaller demagnetising factor. Be-
cause the meniscus height increases with Hy (see Fig. 7.5), this further

132



1.25 v, Ve 0.25m1 | 0.50m! | 1.00ml
3pl ° ° o
7l A A A
15pl [ | [ | [ |
100 1 30pl | . . |
60ul ° ° ®
E 075 :
g
o0
’ E
0.50 .
025 ¢ i
0.25 0.50 0.75 1.00 1.25
Vg [ml]

Figure 7.8: Measured volume V, ,, plotted against calculated volume
Vy,e for each set of parameters and for all applied fields. The same
label as in the previous figure (Fig. 7.7) is used to depict each set of
parameters. The black line is a guide that represents V, ,,, = V..
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decreases the difference between H and lflo as I:IO increases. Finally,
D,, = 0.1 is the upper limit of D,, corresponding to the worst-case
scenario (V;, = 0.25 ml, Vy = 60 pl). For all other combinations of pa-
rameters, D, decreases and reaches D,, = 0.01 in the most favourable
cases. All in all, if the assumption on H fails, it will be for small H,
and for small bubbles with a large amount of ferrofluid. This combina-
tion of unfavourable factors is the same as the one already highlighted
with the discussion on Fig. 7.6. We therefore decided to stick to these
assumptions and keep in mind that they could fail in most unfavourable
cases.

7.4  Meniscus under Magnetic Fields

In order to rationalise the meniscus growth under magnetic field, let us
first characterise its size without magnetic field. Although this problem
has already been solved®, rethinking it in the light of dimensional anal-
ysis is a good starting point for understanding the whole phenomenon
we are dealing with. Assuming that the bubble is large enough so that
its horizontal curvature has no effect on the meniscus, its shape can be
entirely characterised by its height alone. Moreover, the two pressures
involved in its creation are the hydrostatic P, ~ pgh,, and the capillary
P, ~ ~h, ! pressures. Consequently, h,, can be expressed as a function
of the three dimensional governing parameters, which are p, g and ~.
All having an independent dimension, we formulate h,, as follows

(] = [0]21g) 212 (7.7)

Therefore, according to dimensional analysis and the Buckingham II-
theorem [132], the following relation can be written:

hm == C()Iiil (78)

with Cjy a dimensionless constant and k~! = \/7/pg the capillary length.
Thanks to the reflection carried out in Ref. [30, 8], we can find that the

value of the constant must be close to Cy = /2(1 — cos(6y).

6See Teixeira et al. [8] for floating bubbles or de Genne et al. [30] for those that
are sessile, taking into account the precautions explained in Ch. 5.
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When a field Hy is applied to the ferrofluid, magnetic pressures come
into play. According to Eq. 7.2, these pressures arise from two effects:

the first is the magnetic pressure inside the fluid P, ; = 1o fOH MdH* and
the second is the magnetic pressure at the interface due to the normal
continuity of the magnetic field P, , = poM?/2. As the cylinder rises
in the direction prescribed by the magnetic field, with all the magnetic
dipoles of the ferrofluid aligned in the same direction, the component
of the magnetisation normal to the interface is zero, as is the second
contribution to the magnetic pressure. Moreover, the magnetisation M
is related to the internal field H by Eq. 7.3 and, therefore, the set of
magnetic effects can be characterised by two dimensional parameters M
and o and a dimensionless one y, the magnetic susceptibility, which,
in general, is a function of H. We have chosen to keep M instead of
H or H, because it directly measures the magnetic effects inside the
ferrofluid. Assuming that the horizontal curvature still has no effect
on the meniscus’, the height h,, can be defined as a function of five
dimensional parameters, p, g, 7, po and M and a dimensionless one Y.
Four of the dimensional parameters have independent dimensions and
the dimension of the fifth can therefore be expressed as a product of the
others. If the dimension of y is chosen as the dependent one, it can be
formulated as follows

(o] = [p]"*[g]" 2] 2[M] 2. (7.9)

Moreover, the dimension of h,, has also been expressed as the product of
the same four dimensional parameters (see Eq. 7.7 with [M] exponent
to the zero power). Then, according to dimensional analysis and the
Buckingham TI-theorem [132], the following relation applies:

fro M? )
» X
vV PIY

with f,,(uoM?/\/pg7, x) a function of the two dimensionless numbers
oM?/\/pgy and x.

"This seems consistent since this contribution was already negligible in the absence
of a magnetic field. Therefore, adding a term that becomes increasingly dominant as
the magnetic field increases does not make the effect of the horizontal curvature any
less negligible.

e T ( (7.10)
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This dimensionless number can be manipulated to highlight the two
characteristic lengths of the problem. If we define the magnetic length
Iy [m]:

M2
L, = 102 (7.11)
pg

Eq. 7.10 can be rewritten as follows

I
Bon = K frn (F, X) . (7.12)

The two characteristic lengths reflect a competition between a driv-
ing effect, which pulls the liquid upward, and a restraining effect, which
has the opposite outcome. For both characteristic lengths, the restrain
is gravity, which pulls the ferrofluid down, but the motor is different.
In k71, it is capillarity that is at work, whereas in [,, it is the magnetic
in-fluid pressure P,, ;. As f,, is a function of the ratio between these two
lengths, two different regimes are expected: one dominated by capillar-
ity and the other by magnetic pressure. The transition between these
two regimes occurs when the two lengths are equal, namely at a critical
magnetic field M, ~ 4.2 kA/m. In the capillary regime, the meniscus
shape is close to the usual one, with its height h,, defined by Eq. 7.8.
In the magnetic regime, the meniscus shape is gradually transformed
into a cylinder. This metamorphosis erases the initial curvature of the
meniscus, inducing the disappearance of the capillary pressure linked to
this curvature. As the horizontal curvature is not taken into account in
this first-order model, capillarity and magnetism can be considered to
act solely in their respective regimes.

To highlight the effect of the magnetic field on the meniscus height,
h,, has been plotted as a function of the squared magnetisation M? in
Fig. 7.9 for each volume of air (V, =1, 0.5 and 0.25 ml) and volume of
ferrofluid (Vyy = 3, 7, 15, 30 and 60 pul). The labels used in the figure
are the same as previously and each point represents the average of three
different measurements with the corresponding standard deviation. The
vertical red line indicates the transition between the capillary-dominant
and magnetic-dominant regimes. As it can be seen, only the points
corresponding to a very weak magnetic field belong to the first regime
(the first two points of each data set, corresponding to a negative value
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Figure 7.9: Meniscus height h,, drawn as a function of the squared
magnetisation M? for each volume of air (V, =1, 0.5 and 0.25 ml) and
volume of ferrofluid (Vy; = 3, 7 15 30 and 60 pul). The label used is
the same as in the two previous figures and similarly, each point repre-
sents the average of three measurements with the corresponding stan-
dard deviation. The vertical red line marks the separation between

the capillary-dominant regime and the magnetic-dominant one, namely
when M2 = 17.64 kA /m.
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of M, have been omitted in this graphic to keep it clear). Therefore,
almost the entire range of applied fields corresponds to a meniscus shape
prescribed by the magnetic field. Another observation can be made on
this graphic: all data seem to be roughly sorted into five categories, each
corresponding to a different V. Furthermore, the value of the meniscus
height in the capillary-dominant regime h,, o [m] varies with Vj; and V.
However, this value must be fixed by x~!, which is the same for all
parameters. To resolve this apparent contradiction, we need to first
propose a form for the f,, function describing the effect of the magnetic
pressure.

7.5  Linear regime

The main restriction on the function f,, describing the deformation of
the meniscus under magnetic field is that it must tend to Cjy when the
magnetic field tends to zero (see Eq. 7.8), i.e. when h,, is prescribed by
k~1. Conversely, as the field increases, the shape must be in the mag-
netic regime. A function that satisfies the definition given by Eq. 7.12
can be proposed for a weak applied field, i.e. when M increases lin-
early with H. If we consider Eq. 7.3, when the field inside the liquid is
weak compared to the saturation magnetisation M, M ([:I ) & v H. Un-
der these conditions, the internal magnetic pressure P, ; takes a much
simpler form: P,,; ~ puoM?/2x;. Therefore, l,,/2x; is nothing but the
characteristic meniscus length obtained by equating P, ; and P}, ~ pghy,.
Since [, directly represents the pressures’ ratio, this suggests that f,,
could be linear in [,, under weak fields. According to this, h,, could be
described by the following equation:
—1 CY2 lm

hm =K (Cl + 2—)@;) (713)
with C7 and C5 two constants. In addition to corresponding to the
definition imposed by Eq. 7.12, this equation is the expression of two
distinct regimes: a capillary one represented by C;x~! and a magnetic
one characterised by Csl,,/2x;. Therefore, under near zero fields, the
constant O} must be equal to Cy to satisfy Eq. 7.8. However, Cix! is
also the value of the meniscus height in the capillary-dominant regime

138



hmo. When Eq. 7.13 is adjusted to each set of parameters indepen-
dently, C; (and C) varies drastically with Vs and, to a lesser extent,
with V, (as expected from the graphic displayed in Fig. 7.9). This ap-
parent contradiction can be resolved by remembering that Eq. 7.8 is
only completely valid for a meniscus rising from a liquid pool along a
solid wall. For a bubble with a limited amount of liquid, the meniscus
shape (and thus its height) is not solely determined by =1, but also by
the amount of liquid.

To rationalise this dependency, we assume that the meniscus has a
height h,, o of the same order of magnitude that its lateral extension and
that its shape is the same inside and outside the bubble. These assump-
tions make it symmetrical with respect to the plane perpendicular to
the substrate and passing through its middle. Under these assumptions,
and taking into account the cylindrical symmetry, the following formula
can be written

2 Vir

hyo=Cs Ro (7.14)
with Cs a shape constant and Ry [m] the radius of the bubble in the
capillary-dominant regime. This radius is calculated for M = 2.1 kA /m,
which is, among our data, the magnetisation that is closest to M, while
remaining below its value. Besides this, R, is defined in the same way
as for the cylinder, by taking the average of the base radius R, and the
radius at the top of the meniscus R, at M = 2.1 kA /m.

The graphic of h,  as a function of Vj;/Ry is presented in Fig. 7.10.
The data points are obtained by adjusting a linear function to the data
corresponding to each set of parameters and are shown with the cor-
responding labels. As the phenomenon leading to the meniscus rise is
different in each regime and acts within it, the following linear function
was used to directly obtain the meniscus height within the capillary-
dominant regime:

hm:hm,O"i_&@(Mz_Mcz)u (715)

2x1 pg
with A, o and C5 the two fitting parameters. The vertical standard devi-
ation is calculated by propagating the one given by the adjustment pro-
cedure. Furthermore, to determine the horizontal standard deviation,
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Figure 7.10: Initial meniscus height squared hfn’o which is the square
of the first fitting parameter obtained by adjusting a function defined by
Eq. 7.15 on each set of parameters. This height is plotted as a function
of Vi /Ry and each point is displayed with the label corresponding to its
data set. The vertical standard deviation is obtained from that given
by the fitting procedure and the horizontal one is based on the error on
Ry. The black line is the law obtained by adjusting Eq. 7.14 to the h?n,O
smaller than the square of the capillary length, represented by the red
line, and the fitting procedure gives Cy = 0.33.
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we have considered that the error on the pipetted volume of ferrofluid is
small enough to be neglected and the error is, therefore, based on that
on Ry. Two regimes seem to emerge from Fig. 7.10: one below (k~!)?
and one above. The red line represents this transition.

In the first regime, the volume of liquid per unit length around the
bubble base, proportional to Vis/Ry, is too small to allow h,, o to reach
k™. In this regime V}; /Ry prescribes h,, o according to the law given
by Eq. 7.14. We obtained the value of the shape constant C; = 0.33
by adjusting this law to all h},, below the red line®. In the second
regime, the amount of liquid per unit length is sufficiently large and
h.m0 becomes comparable to k7. In this case, the competition between
capillary and hydrostatic pressures begins to limit the meniscus height.
However, the maximum height, defined by Eq. 7.8, is still not reached
and h,, o depends on Vi and V. In this regime, we observe that the
lateral extension of the meniscus starts to become larger than its height,
especially for small V,, thus invalidating the assumption used to justify
the small liquid quantities regime. It should be noted that the values
taken by h,,o in the second regime could also be interpreted as the
expression of the saturation regime, in which the maximum meniscus
height, depending on the bubble size through the angle 6, is reached.
However, without additional data, no definite conclusions can be drawn
about this particular set. Nevertheless, all experiments can be sorted
into two groups: most of them belong to the first regime in which h,,
is defined by Eq. 7.14, while the others approach or are equal to the
saturation height and can be classified into the transition or saturation
regime.

According to Eq. 7.15, the slope of the adjusted linear function is
equal to Capi9/2pgx;. This slope has been plotted as a function of Vjs in
Fig. 7.11 labelled in the same way as in the previous figure. Again, the
vertical standard deviation comes from the adjusting procedure. As it
can be seen, the slopes are a function of Vj;, but appear to be almost
independent of V, if the error bars are considered. The values of C5 can
be evaluated knowing that 1o/2pgx; ~ 1.6 107> mm?®/A2. This gives us a
value of Cy = 0.146 for Vi = 3 pul to Cy = 0.409 for Vi = 60 ul. Taking

8This value seems consistent as it is close to that obtained by assuming a constant
curvature of the meniscus, i.e. 0.37.
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into account all the hypotheses made about the bubble shape as well
as about the ferrofluid distribution, and, considering that the effect of
the demagnetising factor has been neglected, the values obtained seem
reasonable. Furthermore, it should be noted that Fig. 7.10 and 7.11
suggest that h,,o and Cy could reach saturation values for sufficiently
large V. These saturation values could be obtained by using floating
bubbles as we did in Ch. 6, but this work is beyond the experimental
study we want to present here.

Since the slopes of the linear function do not depend on the internal
gas volumes of the bubbles V, the average values of the slopes for each
given ferrofluid volume Vs were obtained by adjusting a unique linear
function, defined by Eq. 7.15, to all points corresponding to a given V.
To get rid of the influence of the initial meniscus height h,,,, which
depends on V, the variation of the meniscus height Ah,, = hy, — Ao
[m] was plotted as a function of M?. According to Eq. 7.15, Ah,, is
described by the following law:

Ah,, = —"—=(M?* — M?), (7.16)

with Cy the only fitting parameter. The results of Ah,, are presented
as a function of M? in Fig. 7.12. The representations used in this figure
are the same as those in Fig. 7.9 except that the standard deviations
are not shown for clarity. The law in the linear weak fields regime
defined by Eq. 7.16 is adjusted for each Vs and is shown in black on
each given data set. They are identified at the top right of the graphic.
This graphic confirms what the one in Fig. 7.11 already shows, namely
that Cy is independent of V,, but varies with Vy. Moreover, the lin-
ear law is meaningful over almost half of the data range (namely for
M < 21 kA/m). After the linear regime, the deformations saturate as
expected from the magnetisation curve.

We decided not to do this because, as the effect of the demagnetising
field was neglected, the volume of the ferrofluid is a geometric limiting
factor and not a body or surface force.

It should be noted that, given the ferrofluid volume dependency, we
could have added a sixth dimensional parameter Vy, with the corre-
sponding dimensionless parameter Vs /(k7)® in the dimensional analy-
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Figure 7.11: Slopes of the adjusted function Copo/2pgx; defined by
Eq. 7.13 as a function of V. Each point represents the value obtained
for a given data set and is displayed with the same label. Standard
deviations are given by the adjusting procedure. The black bullets rep-
resent the mean values for each Vs obtained by adjusting a linear law
defined by Eq. 7.16 on all Ah,, corresponding to a given Vj;. Again, the
standard deviations are given by the adjusting procedure.
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Figure 7.12: Variation of the meniscus height Ah,, as a function of
M? for each V, and Vj;. The label used is the same as in the previous
graphics, each point represents the average of three measurements and
the red line marks the transition between the capillary-dominant and
the magnetic-dominant regimes. However, the standard deviations have
been omitted to maintain a readable representation. Their order of
magnitude is the same as in Fig. 7.9 (more precisely, the error bars
are slightly larger due to the errors on h,,o). Finally, the black lines
represent the linear law adjusted at low field values and for a given Vi
(see Eq. 7.16), with their slopes being represented in black in Fig. 7.11.
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sis. We decided not to do this because, the effect of the demagnetising
field having been neglected, the ferrofluid volume is a geometric limiting
factor and not a body or surface force. In this perspective, dimensional
analysis is used to highlight the effects of the different forces involved
and the law that links them, while Vs modifies the coefficient of this
law. Its linear form, describing the height of the meniscus under weak
fields in the magnetic regime (i.e. for M. < M < 21 kA/m), could be
summarised by the following equation:
Al,,

b = B + C2 v (7.17)
with Al,, = (M) — 1,,(M.) [m], hyo a function of Vi/Ry and Cs a
function of V. Since x; is supposed to contain all the information about
the specificities of ferrofluid, h,, o and Cs can be presumed universal and
therefore do not depend on the ferrofluid used. However, without further
experiments with a different soap, this assertion cannot be verified. Yet,
the dimensional analysis does not depend on the ferrofluid peculiarities
and assuming that its magnetisation curve is similar to that presented
in Fig. 7.3, Eq. 7.12 describes the size of the meniscus under an applied
magnetic field, whatever the ferrofluid used. Furthermore, in the linear
regime, the particular form of f,, is determined and the meniscus height
is well approximated by Eq. 7.17. It should be noted that the value at
which the data cease to be correctly grasped by the linear approximation
(i.e. the weak fields limit) increases as Vs decreases.

7.6  Conclusion

The deformations of bubbles made of ferrofluid soap resting on a dry,
solid substrate were measured when subjected to a vertical uniform mag-
netic field generated by two coils mounted in Helmholtz configuration.
Particular attention was paid to the meniscus as it concentrates most
of the deformation. Indeed, as the magnetic field intensity increases,
so does the height of the meniscus (see Fig. 7.5). As a result, the ini-
tially hemispherical bubble takes on a shape increasingly resembling a
spherical cap (see Fig. 7.7) located at the top of the cylinder formed
by the meniscus (see Fig. 7.6). Unlike drops under magnetic field, we
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did not observe a critical magnetic field at which the ferrofluid volume
separates into several daughter droplets. This lack of separation is due
to the liquid film and the related surface tension that holds the cylinder
together. However, when the bubble blows up naturally, the film disap-
pears, allowing the ferrofluid that made up the meniscus to form small
droplets that repel each other.

Based on the bubble shape, the internal field inside the meniscus can
be approximated and the law linking this internal field to the meniscus
height has been defined by Eq. 7.12 (see Fig. 7.9). Thus written, the
law highlights the presence of the two characteristic lengths of the phe-
nomenon: the capillary length ! and the magnetic length [,,. Both
of these lengths represent the competition between gravity, which pulls
the liquid downwards, and a driving effect which pulls the liquid up-
wards: the capillary for k! and the magnetic pressure for /,,,. Since the
two lengths appear as a ratio in Eq. 7.12, the growth of the meniscus is
driven by two distinct regimes. In the first regime, the capillary pressure
dominates the magnetic one and the shape of the meniscus is prescribed
by the competition between gravity and capillarity. This regime corre-
sponds to the well-known meniscus shape, namely a curved meniscus
with its centre of curvature pointing outwards from the liquid, inducing
a capillary pressure that pulls the liquid upwards. In the second regime,
capillarity is negligible and the meniscus height is entirely defined by
the competition between magnetism and gravity. In this new regime,
the shape assumed by the meniscus is a cylinder due to the alignment
of the magnetic dipoles, present inside the ferrofluid, with the internal
field. In particular, the meniscus height under weak fields (i.e. for
M < 21 kA/m) evolves linearly with the square of the magnetisation
and is represented by Eq. 7.17 (see Fig. 7.12). The independent term
in this equation represents the capillary regime and the dependent one
depicts the magnetic regime. Both the independent term and the angu-
lar coefficient are functions of the liquid properties (v, p for both and y;
for the angular coefficient) as well as the amount of liquid (see Fig. 7.10
and Fig. 7.11, respectively).

The experiments presented here as well as their description confirm
that, due to the intrinsic volumetric nature of the magnetic force, bub-
bles and droplets behave completely differently when subjected to a
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uniform vertical magnetic field. Indeed, apart from the clear distinc-
tion between the shape of bubbles and droplets presented in Fig. 1.2,
neither the localisation of the magnetic effect nor its expression are sim-
ilar. In particular, unlike the droplet where capillarity and magnetism
counteract each other, in the bubble both capillarity and magnetism
favour meniscus growth. The competitions that take place inside a bub-
ble and a droplet under uniform vertical magnetic fields are completely
different and it is therefore not surprising to obtain such a difference in
shape. Moreover, the volumetric nature of the magnetic force can be
further highlighted by comparing the deformation induced by an elec-
tric or magnetic fields on bubbles (second column in Fig. 1.2). Indeed,
although they both impact the liquid phase of the bubbles, they clearly
do not deform the bubble in the same way. Due to its superficial nature,
the electric force mainly affects the liquid distribution with the largest
surface to volume ratio, namely the liquid shell, deforming it into a
hemispherical shell. Conversely, the volumetric nature of the magnetic
force induces that its effects to occur inside the liquid distribution with
the smallest surface to volume ratio, i.e. the meniscus. These two com-
parisons (one with droplets under magnetic field and the other with
bubbles under electric field) clearly reveal the volumetric nature of the
magnetic force based on where and how it reshapes the bubble.
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Closing Remarks and New
Horizons

8.1  Closing Remarks

Now that our journey is coming to an end, it is time to look back at the
distance we have travelled and see what conclusions we can draw. This
journey, like the bubbles, has two phases. In the former (Ch. 2 and 3),
we took the time to define the toolkit we needed to study our subject,
namely bubbles. In Ch. 2, the equation of motion and the boundary
conditions were presented and we extracted the pressures describing
the different effects of surface and body forces. This description was
also an opportunity to illustrate with the wave turbulence theory that
some forces act at the fluid surface while others operate directly inside
the fluid volume. In our case, surface tension and the attraction of
free charges by the applied electric field induce surface forces whereas
gravity and the alignment of the magnetic dipoles in the magnetic field
produce volume forces (the alignment in the magnetic field also causes a
surface force in addition to the volume one). If Ch. 2 served to define the
tools we needed to construct our thesis and to put them into practice,
Ch. 3 for its part, lays the foundations on which we built it. In this
chapter, we have analysed the effect of the different body forces on an
object whose shape is qualitatively similar to that of a bubble: a droplet.
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Yet, although bubbles and droplets are similar in shape, their liquid
distribution is completely different. In droplets, the liquid occupies the
whole volume, whereas in bubbles it is confined within a thin shell with
a possible meniscus if the bubbles rest on a solid or liquid substrate. The
observations made in this third chapter have allowed us to grasp how
the different forces influence the shape of a droplet. More importantly,
with our knowledge about similarities and differences between bubbles
and droplets, it serves as a map to guide us in our journey to determine
the deformation induced by external fields on bubbles.

Being properly equipped, we were able to start our expedition, in
the second phase of our thesis (Ch. 4 to 7). In Ch. 4, we initiate the
voyage by presenting why, in our opinion, bubbles are a wonderful object
of study and why the questions asked about them are relevant. The
answer lies in two points: the multiphasic and multi-scale nature of
bubbles. This unique combination allows to specifically target a part of
the bubble with a given force. Indeed, as the gaseous and liquid phases
possess different properties, they are not impacted in the same way by
the forces. In our case, the gas being air, it is only affected by gravity.
Conversely, the liquid phase can be made up of conducting liquid or
ferrofluid, allowing its manipulation with electric or magnetic forces in
addition to gravity. Moreover, due to its unique liquid distribution, the
electric and magnetic effects manifest themselves quite differently in the
bubble. Indeed, due to its surface nature, the force deriving from an
electric field impacts the entire bubble surface, unlike the volume force
induced by a magnetic field, which mainly reshapes the meniscus since it
contains the majority of the liquid volume. These reflections, based on
the nature of the forces highlighted in Ch. 2 and 3 and the peculiarities
of the bubbles, were the first steps in the journey. They provide the
basis for understanding how to manipulate bubbles with fields and give
a first glimpse into why bubbles are a perfect tool for probing the nature
of the body forces that act on it.

After these promising first steps, we continued our journey to deepen
our guide on bubble manipulation by answering the two main questions
of our thesis: how and where do the body forces manifest their effects
on bubbles? Furthermore, this work has also been an opportunity to
further illustrate the very distinct reactions of bubbles under different
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fields. Indeed, we use the following three chapters to rationalise and
obtain the different balances that define the bubble steady shape under
different fields: gravity in Ch. 5, electric fields in Ch. 6 and magnetic
fields in Ch. 7. In the same spirit as presented in Ch. 3, these equilibria
are derived from a set of equations consisting of a generalised Bernoulli
equation and boundary conditions. First, based on the different pres-
sure terms that appear in these equations, we have build dimensionless
numbers that allow us to express the competitions between the different
forces involved. Second, we have provided a first order analysis describ-
ing the bubble deformations under electric or magnetic fields through
a linear function of these dimensionless numbers. Third, the deviation
of the deformations from the predictions of the linear laws allowed us
to properly define the limits of weak fields in the electric and magnetic
cases.

In Ch. 5, we saw that gravity impact both the liquid and the gaseous
phases of the bubbles. The general shape of the floating bubbles derives
from the competition between buoyancy due to the gaseous phase and
surface tension that is represented by the Bond number Bo, = gpR?/v
(see the left-hand side of the lower part of Fig. 8.1). The liquid phase
for its part is more locally impacted. Indeed, most of the gravity effect
takes place inside the meniscus, whose size is prescribed by the capillary
length k= = /v/pg, and only slightly modifies the overall shape of the
largest bubbles.

In Ch. 6, the shape of sessile and floating bubbles deformed by an
applied uniform electric field has been rationalised. Conversely to grav-
ity, electric force acts only on the liquid phase of the bubbles, deforming
their overall shape through liquid manipulation. As the electric force is
a surface force, it directly impacts the liquid shell, reshaping it propor-
tionally to the Bond electrical number Bo, = g9 B2 R./2n~y. This number
describes the competition between the two surface forces: the electric
force that pulls the liquid towards the charged plate and the capillary
one that tends to keep the bubble spherical. Moreover, provided that
the effect of gravity has been taken into account for the initial shape
of the floating bubbles, we show that both floating and sessile bubbles
are similarly described by Bo.. In the limit of weak fields, we have
shown that the function predicting this deformation is linear in Bo. (see
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Eq. 6.15 and the lower central part of Fig. 8.1). Its independent term
is a function of Bo, while its slope is a constant. Thanks to this law,
we were finally able to extract the limit of weak fields, namely that the
deformation is linear for Bo, < 0.05 . We also observed that the menis-
cus is almost not impacted by the electric force even if it modifies the
overall charge distribution on the bubble.

In Ch. 7, we observed the deformation of sessile ferrofluid bubbles
under a magnetic field. Like electric fields, magnetic fields only reshape
the overall shape of the bubble through liquid manipulation, but unlike
electric fields, they affect the meniscus. We have shown that there
are two regimes defining the shape of the meniscus: a capillary and
a magnetic regime. In the capillary regime, the meniscus have a size
defined by the x~! as shown in Ch. 5. Conversely, in the magnetic
regime, the capillary effects are negligible and the meniscus size is due
to a competition between gravity and the magnetic force that tends
to align the ferrofluid dipoles. These two forces are volume forces and
their competition is conveniently described by a magnetic length [, =
poM?/pg. In the magnetic regime, the law describing the meniscus size
as a function of Al,, = ,,(M) — [,,(M,.) was found to be linear under
weak fields (see Eq. 7.17 and the right-hand side of Fig. 8.1). Both its
independent term and its slope are functions of the ferrofluid volume
V. This linear law allowed us to show that the fields can be considered
weak when M < 21 kA/m.

From these three chapters and their respective conclusions, we now
have all the pieces in hand to draw the final plan of this thesis. Bubbles
turned out to be a puzzling and wonderful object that can be manip-
ulated with fields. Due to their unique liquid distribution, a specific
part of the bubble can be deformed by choosing an electric or magnetic
field. Indeed, while the electric field mainly deforms the spherical shell
into an ellipsoid, the magnetic field induces the growth of the menis-
cus, reshaping the bubble into a spherical cap sitting atop of a cylinder.
These deformations are the reasons why bubbles are so well suited to
illustrate the nature of the forces acting on them. Moreover, the phys-
ical ingredients we have extracted to explain these deformations invite
us to return to the comparison proposed in Fig. 1.2 in order to better
grasp it. Indeed, what were merely justifications of observations based
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Figure 8.1: Same miniature as presented in Ch. 4 (see Fig. 4.1), except
that the chapter corresponding to each deformation studied has been re-
placed by the relevant dimensionless number or the linear laws obtained.
In Ch. 5, we showed that the shape of floating bubbles is completely pre-
scribed by Bo, = gpR?/~, the buoyancy Bond number. In Ch. 6, we
found that the deformation of floating or sessile bubbles can be charac-
terised by a pair of dimensionless numbers: Bo, and Bo, = 80E(2)RC /2n7y,
the electrical Bond number. The law describing these bubbles is linear,
the initial shape only depending on Bo, and the deformation solely on
Bo.. Finally, in Ch. 7, we obtained that the meniscus shape evolves
according to two regimes: a capillary regime under very weak fields and
a magnetic one. The linear function that defines this shape in the mag-
netic regime also highlights the presence of the capillary one. On the
one hand, the independent term represents the capillary regime and is
linked to the capillary length x~! = y/v/pg. On the other hand, the de-
pendent term displays the influence of the magnetic field and is directly
proportional to the magnetic length I,, = uoM?/pg.
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on our knowledge of the nature of the bubbles and forces have been
transformed into laws rationalising these deformations. The similari-
ties and differences between bubbles and droplets under, respectively,
an electric or a magnetic field now appear as a natural consequence of
these laws. In a sense, we are back to where we started. Yet, the journey
we have undertaken has, I hope, given you a better understanding of the
equilibria involved in a bubble and has convinced you that the bubble
still has every reason to fascinate after so many years.

8.2 New Horizons

The end we reach here is only apparent. Indeed, as the fact that we are
returning to where we have began suggests, the road is ahead and it is
up to us to start a new journey with our brand new knowledge. While
working on bubbles during my thesis, I came across questions that, in
my opinion, are worth answering. However, choices had to be made and
so we therefore decided not to pursue these ways, despite the fact that
they were promising. These questions are presented in what follows, in
addition to an ongoing work that I didn’t have time to close.

Beyond steady state: the ongoing work is in line with that pre-
sented in Ch. 6. In that chapter, we focused on characterising the shape
of bubble under an electric field below that needed to trigger a Taylor
cone. Yet, the exact electric field for which the Taylor cone is triggered
Er is not easy to obtain. Indeed, as shown in Fig. 6.5, the time required
for a bubble to reach its steady state becomes very long as the applied
electric field approaches Ep. Similarly, for an electric field just above
Er, the appearance of the Taylor cone is also quite slow. Therefore, at a
given potential, the distinction between a bubble slowly progressing to-
wards a Taylor cone or towards a steady shape is rather uneasy. A more
accessible method to obtain Erp is based on the following observation:
above Er, the necessary time to trigger the Taylor cone At [s] becomes
smaller as the difference between the transition and the set potential
becomes larger. By measuring At as a function of the applied field Ej,
we can extract Fp by determining when At — oo or, more conveniently,
when At~! — 0. An example of this measurement is given in Fig. 8.2
for a floating bubble of V, = 0.25 ml inside a capacitor of d = 15 mm.
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Figure 8.2: Inverse of the time between the application of the potential
and the triggering of the Taylor cone At~! as a function of the applied
electric field Ey. The size of the capacitor was d = 15 mm and the
volume of the bubble was V;, = 0.25 ml. The black line is the fitting
function, described by Eq. 8.1, used to obtain the electric field that
triggers the Taylor cone E7p. For this experiment, Fr = 480 V/mm.

We used a linear function to obtain Er which reads as follows:
At~ = C(Ey - Er), (8.1)

with C' [m/Vs] and Er, the two fitting parameters. The Er obtained
and the corresponding Bond numbers Bo_, for the five sets of parameters
tested are given in Table 8.1.

These results show that both E7 and Bo] depend on the experimen-
tal parameters. This means that even if the Bond number was sufficient
to describe the deformation of soap bubbles under weak electric fields,
it does not allow to characterise the triggering of the Taylor cone. An-
other physical ingredient is therefore necessary and we suspect that it
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Vy [ml] d [mm] Ep [V/mm] Bo? [+]

1.00 15 312 £ 3 551 1071 4+ 1.6%
0.50 20 402 £ 1 772 1074 4 0.4%
0.25 25 480 £+ 2 879 107* + 0.8%
0.25 25 003 £ 1 966 10~* + 0.2%
0.25 25 004 £ 2 972 107+ 0.7%

Table 8.1: The Er obtained and the corresponding Bond numbers Bo),
for the five sets of parameters considered. The values and the standard
deviations are given by adjusting Law 8.1 on each data set. The third
row corresponds to the set presented in Fig. 8.2.

is related to the shape of a bubble beyond the transition. Indeed, as
Cloupeau et al. [94, 95] observed on droplets, there are multiple ways
for a bubble to deform when it reaches Fr. As we have said, it can
form a Taylor cone vibrating with a greater or lesser amplitude. If the
thickness of the capacitor is small enough, it is also possible that the
bubble directly touches the upper electrode or to discharges thanks to
a spark. We have also observed, as Hilton et al. [129] have already
pointed out, that a part of the bubble can be torn off without condemn-
ing it (see Fig. 8.3). Finally, instead of deforming the whole bubble to
form a Taylor cone, the electric field can induce the appearance of a
liquid accumulation at the apex of the bubble. Conversely to “conven-
tional” Taylor cone, the liquid is not emitted from the liquid shell, but
directly from the accumulation which adopts a shape that has already
been numerically obtained by Harris et al. [134] for droplets resting
at the end of a nozzle. They call this shape a “nipple-like shape” as it
closely resembles the nipple of a baby bottle (see Fig. 8.4). This particu-
lar configuration leads to a more quiescent bubble because it inhibits its
vibration. Clearly, these different kinds of destabilisation should have
an impact on the critical field at which the bubble destabilises. There-
fore, in order to understand how and at which critical electric field a
bubble destabilises, determining which elements induce one instability
or another is a mandatory first step.
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Figure 8.3: Pictures illustrating the removal of part of the bubble and
its self-healing under an applied electric field Ey = 550 V/mm generated
by a capacitor of thickness d = 25 mm. The time between each picture is
approximately equal to 0.05 s. On the third picture, the bubble, initially
having V, = 0.25 ml, loses a part of its liquid shell, resulting in a drastic

decrease of its internal volume. This set of parameters corresponds to
the fifth row of Table 8.1.

Electrospray and self-healing abilities: in parallel with these
observations and their first analysis, we also recorded the ejections emit-
ted by a bubble under a field Ey > Er with an ultra high-speed camera
in order to determine their nature. Indeed, if an electrospray is induced
on a drop, the liquid emission comes directly from the liquid volume
to form tiny droplets. Conversely, when a bubble is subjected to an
electrospray, the liquid comes from its liquid shell, possibly inducing
differences in the liquid emission. Moreover, the torn liquid could also
puncture the bubbles’ film. Since it does not automatically blows up
when a Taylor cone is triggered, and if a hole is actually induced by
the electrospray, the bubble must self-heal. In addition, as presented in
Fig. 8.3, a bubble in a Taylor cone state seems to be able to self-heal
much larger holes than expected without electric field (see Appendix D).
The presence of electric charges and the conical shape of the film induced
by the applied electric field could influence the conditions under which
this self-healing can occur and explain these enhanced healing abilities.

Charge distribution and liquid flows: beside these experiments
on bubbles under a field intensities £y > FEr, there is also promising
investigation that can be done on steady bubbles. For example, there is
no experimental verification of the charge distribution along the bubble
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Figure 8.4: Pictures emphasising two possible liquid emissions. The
“classical” Taylor cone is depicted on the left-hand side and the nipple-
like configuration on the right-hand one. The capacitor thickness and
the bubble gas volume in both cases are d = 25 mm and V,;, = 0.25 ml
(fifth row of the Table 8.1.). However, the Taylor cone and the
nipple configuration are obtained respectively under a field intensity
Ey =507 V/mm and Ey = 526 V/mm.

surface (see Harris et al. [134] for numerical results). Obtaining the local
charge density experimentally is a challenge, but an astute way to get it
could be based on measuring the local curvature of the shell. Through
the pressure equilibrium and by measuring both the pressure inside and
outside the bubble, the local curvature could be directly linked to the
local field and, consequently, to the local charge. In particular, this
study could shed light on the impact of the meniscus on the global charge
distribution. In addition, Bonhomme et al. [139] showed that an electric
field applied to a cylindrical soap film induces an electro-osmotic flow.
This flux counteracts the natural drainage (see Appendix C) increasing
the lifetime of the film. Similar flows can be observed in electrified
soap bubbles and to understand them, a good knowledge of the local
electric field (and thus of the charge distribution) is a mandatory first
step. Furthermore, obtaining the charge distribution could also be a
way to physically justify the weak fields limit and to propose a law that
describes the deformation of bubbles beyond this limit.

Influence of the ferrofluid nature and the liquid volume:
the experiments performed to determine the shape of magnetic bub-
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bles also raise unresolved questions. As with the bubbles under electric
field, physically explaining the weak fields limits is the next step in
the reflection. In addition, this study could help propose a law based
on the whole magnetisation curve that describes the meniscus size at
any magnetisation. Furthermore, submitting bubbles floating on their
own ferrofluid to a magnetic field could help us complete the picture
drawn in the Ch. 7. This presumption is based on Fig. 7.10 and 7.11,
which suggest that the values of h,, o and Cy could reach saturation for
an infinite amount of liquid. Floating bubbles therefore seem perfectly
suited to obtain these values and get rid of the influence that Vs has
on the phenomenon. This interrogation, which at first sight seems to
be linked only to bubbles under magnetic field, is in fact much more
general. Indeed, although much has already been done to define the
bubbles shape without any other field applied than gravity, nobody has
studied the impact of the volume of liquid used to create the bubble on
its shape. In Ch. 7, we saw that Vs clearly impacts the meniscus shape
and height, but it could also have an impact on the overall shape of the
bubble. Moreover, in Ch. 6, we noticed that even when the depth of the
liquid bath e on which a bubble floats is smaller than its penetration
depth h, the overall shape of the bubble closely resembles that of a non-
frustrated floating one. These two observations lead to the following
question: what defines a floating or a sessile bubble? Indeed, what we
have perceived throughout our thesis as two mutually exclusive states
of a bubble appears rather as a continuum. The study of the influence
of the liquid volume on the bubble could help determine whether there
is an abrupt transition between sessile and floating bubbles and, if so,
what characterises it.

As my final words, I would simply like to say that, even if they
may be seen at first sight as a scientific or artistic curiosity, or even
a child’s toy, bubbles are a puzzling and fascinating object of study
which, although it is not always taken seriously!, reveal complex physical
phenomena. The few perspectives developed here show that there are
still many questions to be answered and potential applications to be
found. All I hope is that the concepts developed in this thesis can serve

T have lost count of the number of times I have had to confirm that I am actually
working on soap bubbles and that this is not some kind of joke.
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as a starting point for new fascinating discoveries on fluid manipulation
with fields and more specifically in or with bubbles.
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Shape of a Sessile Droplet

As explained in the main text of the thesis, the shape transition un-
dergone by a droplet arises from the competition between gravity and
surface tension. On the one hand, gravity favours the flattening of the
liquid to minimise its height. On the other hand, surface tension aims to
reduce the interface between air and water, in other words to reduce the
surface of the droplets. Since the minimum surface for a given volume is
a sphere, any deformation from a spherical shape, such as, for example,
flattening, increases the surface of the droplet. Thus, gravity and sur-
face tension, described by hydrostatic and Laplace pressure respectively,
counteract each other. The hydrostatic pressure scales with the depth
of the liquid and therefore with the droplet size (P, = pgz). In addition,
the Laplace pressure scales with the curvature of the liquid and thus
with the inverse of the droplet size (P, = v C). The effect of surface
tension, namely the area minimisation, should accordingly be dominant
for small droplets, leading to a shape close to a hemisphere. Conversely,
the shape of larger droplets is prescribed by the hydrostatic pressure,
inducing the height minimisation and the formation of puddles!.
Mathematically, this transition in shape can be rationalised by com-

!Since, in general, neither the hydrostatic pressure nor the Laplace one is constant
within the droplet bulk (neither the depth nor the curvature is constant), the com-
plete description of the droplet profile requires finding the equilibrium through a force
equation (for a resolution, see Ref. [30] page 40 to 42, for example

161



paring the effects of the Laplace pressure induced by a given curvature
C, namely P, = ~ C with those due to the hydrostatic pressure at a
depth C7%, i.e. P, = pg C'. Dividing one by the other allows us to
define of the dimensionless number that compares the gravitational and
capillary effects: the Bond number

Bo = pg C? /7. (A.1)

If Bo > 1, gravity effects are dominant in the studied system and
the capillary ones can be neglected in their respect. Reciprocally, when
Bo « 1, capillary effects take precedence over gravity ones. As the Bo
scale with the square of the length, the larger the drop, the more likely
it is to be influenced by gravity. The transition between the two regimes
occurs when Bo = 1, 7.e. when the two pressures are equal, leading to
the definition of the capillary length = by Eq. 3.3.

To complete the description of the droplet shape in Fig. 3.1, a last
effect must be address. This phenomenon takes place at the junction
line between the solid substrate, the liquid and the surrounding gas and
fixes the contact angle between the substrate and the liquid phase at the
junction. This property, called wetting, arises from capillary effects be-
tween not only the liquid and the air but also between the solid and the
air as well as between the solid and the liquid. To explain it in a simple
way, the spreading of a liquid on a solid replaces a pre-existing inter-
face by two others: a solid/gas interface is substituted by a solid /liquid
and a liquid/gas one. If the total energy of the system is decreased
thanks to the creation of the two interfaces, the liquid spreads all over
the solid, forming a nanometric layer in order to maximise the gain in
energy. This phenomenon is called “total wetting” because the liquid
totally wets the substrate and is represented in Fig. A.1 (a). Conversely,
if the formation of the two interfaces is energy costly, the liquid forms
a droplet on the surface, leading to the situation illustrated in Fig. 3.1
and drawn in Fig. A.1 (b-c). This is situation is called “partial wetting”.

The contact angle 6, [°] between the substrate and the liquid droplet
at the junction between three phases results from the equilibrium be-
tween the three interfacial tensions, the liquid/solid, the solid/air and
the liquid/air tension (the last one corresponding to the surface tension
already defined). If the contact angle with a given liquid 6. is less than
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(a) Total wetting Partial wetting

(b)  Wettable surface (c) Non-wettable surface
i Ve oy
Solid Solid Solid

Figure A.1: Sketches representing the different behaviours that a
liquid can adopt when deposited on a solid surface. (a) If the substi-
tution of the solid/air interface with two other, one solid/liquid, one
liquid/air, decreases the total energy of the system, the liquid spreads
over the whole surface, totally wetting it. On the contrary, when the
replacement of the initial interface by two new ones is energy costly, a
droplet of liquid is formed. (b) On a wettable surface, the contact angle
0. < 90°. (c) On a non-wettable surface, the contact angle 6. > 90°.

90° (see Fig. A.1 (b)), the surface is said to have a high wettability, with
this given liquid. Conversely, if 6. is greater than 90° (see Fig. A.1 (c)),
the surface has low wettability. For water, surfaces with high wettability
are called hydrophilic surfaces while those with low wettability are desig-
nated as hydrophobic. There is even a third category for surfaces whose
0. is close to 180°: superhydrophobic surfaces. A well-known example
of a superhydrophobic surface is the lotus leaf, on which water droplets
roll thanks to the texture of its surface, which gives it self-cleaning prop-
erties [140, 141]. A more complete explanation can be found in these
two references [30, 29]. Furthermore, it should be noted that, even if
the apparent contact angle is modified by an applied external field (like
a magnetic or an electric one), there is practically no change in the lig-
uid/medium or liquid/substrate interfacial tension. The electrowetting
phenomenon, as well as the magnetowetting one, is mainly due to elec-
trostatic or magnetostatic pressures deforming the general shape of the
droplet [142, 143, 118].

To sum up, the shape of a liquid on a solid primarily depends on the
wettability of the substrate: if the liquid does not completely wet the
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substrate, it forms a droplet. The contact angle between the droplet
and the substrate depends on the wettability of the surface, while the
overall shape of the droplet depends on its size. If its characteristic size is
smaller than the capillary length, its shape is imposed by capillary effects
and the droplet forms a spherical cap. Conversely, if the characteristic
length is greater than the capillary length, the shape is dictated by the
gravity and tends to spread out, forming a puddle.
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Amphiphilic Molecules

Amphiphilic molecules, also called surfactant molecules due to their ef-
fect on the surface tension, are so named because of their interaction
with water. Indeed, when particles are added to water, they may or may
not dissolve in the water. As the HyO molecules are highly polarised,
polar molecules or ions have a strong affinity with water and are soluble
in it. They are called hydrophilic particles. Conversely, apolar particles
are insoluble in water and are therefore named hydrophobic particles.
There is also a third possibility, right on the edge of the first two, which
can occur for more complex molecules. This intermediate case appears
when part of the molecule is polar and therefore hydrophilic, whereas
the rest of it is apolar and thus hydrophobic. A sketch of one of these
molecules is drawn in the right part of Fig. 5.1. They are amphiphilic
molecules and, due to their particular configuration, they agglomerate
at the interface. Indeed, at the interface, amphiphilic molecules can
minimise their global energy by orienting themselves in such a way that
the polar heads remain in the water while the apolar tails are in the air.
Aggregating naturally at the interface, these molecules greatly influence
the surface tension, justifying their name of surfactant molecule, by de-
creasing it from 72 mN/m to ~ 20 mN/m in the case of soap diluted in
water. This decrease is induced by the fact that the surfactant molecules
soften the transition between water and air. As the concentration of sur-
factant molecule increase, the surface tension decreases, until reaching
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Figure B.1: Semi-developed chemical formulse of SLES, an anionic
surfactant (top) and CABP, a zwitterionic one (bottom), both used in
Denkov’s soap.

a saturation.

This saturation occurs when, instead of agglomerating at the con-
gested interface, the surfactant molecules self-assemble to form a struc-
ture in the bulk. The simplest structure' in which these molecules can
assemble is a spherical shell with all the heads facing outwards, thus
avoiding contact between the inner apolar tails and water. These struc-
tures are known as micelles and the concentration at which they start
to form is the Critical Micelle Concentration (hereinafter refereed to
as CMC). The surfactants concentrations in the solutions used in this
thesis are higher than the CMC and therefore saturation of the sur-
face tension is always achieved, making it less sensitive to changes in
concentration. An enlargement of the situation inside the liquid film
forming a bubble is presented on the left part of Fig. 5.1. Most surfac-
tant molecules aggregate at the interface, stiffening it, but others are
diluted in the bulk or form micelles.

Two types of soaps are used in this thesis: Denkov’s soap and fer-
rofluid soap. The former is a surfactant mixture based on the stock solu-

'Other structures are also possible, such as the well-known bilayer that separates
a cell from its surroundings.
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tions formulated in [66]: the stock solution is composed of two types sur-
factant molecules. Specifically, 6.6 wt % of sodium lauryl-dioxyethylene
sulfate (SLES from Stepan Company) and 3.4 wt % of cocoamidopropy]l
betaine (CAPB from Evonik Industrie) are diluted with water. Next,
0.4 wt % of myristic acid (MAc from Roth Carl) was dissolved by heat-
ing the mixture up to 60 . Finally, in order to increase the viscosity of
the final mixture, the stock solution was diluted 10 times in a mixture
60 wt % of glycerol (from Sigma-Aldrich) and 40 wt % of distilled water.
The semi-developed chemical formulae of both surfactant molecules are
represented in Fig. B.1. SLES is an anionic surfactant, which means
that the polar head (the OSOj3 group) bears a negative charge, whereas
CPAB is zwitterionic, meaning the polar head is polarised, bearing both
a positive and a negative charge on two non-adjacent atoms. It the case
of CAPB, the positive charge is located on the nitrogen atom while the
negative charge is carried by one of the oxygen atom in the CO4 group.
The combination of two surfactant molecules, a fatty acid and a viscous
solvent allows us to obtain bubbles that may last for hours when blown
from the resulting mixture. The viscosity of the solution described is
n=10.5 10 *Pa s at 22 according to a Haake MARS III rheometer. The
surface tension, measured using the pendant drop method [144] (CAM
200 model from KSV Instrument), and the density of the mixture are
given in Table 3.1.

The ferrofluid soap is also a surfactant mixture, which has already
been used by Elias et al. [65]. The solution consists of a water-based
ferrofluid of maghemite particles (y—Fe;O3) to which 2 wt % of a sur-
factant, the sodium dodecyl sulfate (SDS), has been added. SDS is,
like SLES, an anionic surfactant with a negatively charged polar head.

O\S /O ) Na*

CH3_ (CHz)n 0)

Figure B.2: Semi-developed chemical formula of SDS, an anionic
surfactant used in the ferrofluid soap.
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Its semi-developed chemical formula is represented in Fig. B.2. As the
maghemite particles are surrounded by negative electrostatic charges to
stabilise the solution, they are repelled by the SDS molecule preventing
their agglomeration at the interface. The physical properties, obtained
directly from Ref. [65], are given in Table 3.1. Moreover, the viscosity
is estimated to be 1 ~ 20 10*Pas.
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Bubbles Life

Although the main objective of the thesis is the steady shape reached
by a bubble after being deformed by an external field, achieving this
stable shape does not ensure that there is no flow inside the liquid shell
forming the bubble nor that this flow is stationary. The flow within the
liquid shell is a complex dynamic process that is highly dependent of the
liquid nature in which the bubbles are made. These processes greatly
influenced the choice of soap we made to carry out our experiments
and are briefly explained in this appendix. It should be noted that
the drainage dynamics are certainly modified by the external electric or
magnetic field, but the description of this influence is beyond the scope
of this thesis.

C.1  Life of “Bare” Bubbles

Even if it is technically possible to create a film of water to form a bubble,
the object formed collapses almost instantly on itself due to gravity and
surface tension induced drainage of the film and the resulting shrinkage.
Indeed, even though gravity has no effect on the overall shape of the
bubble, it does drain the liquid towards the bottom of the film due to
its mass. Moreover, the liquid inside the film is subjected to an excess of
pressure P, due to the curvature of the interface. Comparatively, at the
base of the bubble, inside the meniscus, as the radius of curvature points
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outwards the liquid, the pressure is lower than the external pressure. As
the pressure inside the meniscus is lower than the one inside the film,
the liquid is drained towards the meniscus by capillarity.

Therefore, both effects drain the liquid from the film to the base of
the bubble, which eventually leads to its death. To find out which is
dominant, the Bond number Bo and the capillary length x=! can be
used. Indeed, the two pressures being compared are the pressure due to
the bubble curvature and the one due to weight of a “column” of liquid.
Since, in a bubble, the radius related to the curvature is also the typical
height of the liquid column, the two pressures are equal when the radius
R. ~ k7! (conversely, when the general bubble shape is analysed, the
relevant parameter is the weight of a thickness e, inducing the flattening
of the bubble which leads to the definition of »~!). In our experiments,
the bubbles have an R;, > x~ !, consequently the drainage is dominated
by gravity (see Table 3.1). For bubble of “bare” liquid drained by the
gravity, Debrégas et al. [145] assumed fully mobile interfaces, inducing
free-fall drainage and thus plug flow within the film!. Yet, the flow speed
is constant at a given bubble latitude leading to an exponential decay
of the film thickness at the bubble apex, characterise by

_ . Ui
er(t) =epo € t/m with Ty = C.1
0 2 ()

and ey [m] the initial film thickness. As water have a viscosity of 1 ~
10~ Pa s and for a bubble of R, ~ 5 mm, the characteristic shrinkage
time 7, ~ 107" s, which means that a bubble of water blows up almost
instantaneously. Conversely, Debrégas et al. [145] showed that bubbles
of highly viscous liquid (such as melten polydimethylsiloxane or lava)
can have a long lifetime. However, from our daily experience, we know
that long-lived bubbles can be obtained in liquid of lower viscosity such
as soap. These bubbles owe their long life to the amphiphilic molecules.

Tndeed, as the interface falls with the entire liquid volume in the air, which has a
negligible viscosity compared to that of the liquid, there is no stress at the interface.
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C.2  Life of Soap Bubbles

The presence of surfactant molecules within the mixture drastically
changes the draining behaviour and therefore the characteristic bub-
ble life span. Indeed, as pointed out by Lhuissier et al. [126], even
an extremely small amount of surfactant molecule is able to maintain
the bubble integrity for a far longer time than would be expected on
the basis of viscosity alone. They studied the case of bubble formed
with tap water, which has typically a surface tension of 1 mN/m less
than that of pure water, and are able to obtain bubbles that last up
to 40 s. This radical change is achieved through the establishment of
a surfactant molecules gradient that induce a surface tension gradient
during the early time of the bubble’s life. During this initial phase, the
surfactant molecules are drag down to the bubble foot with the primary
flow. As the surface tension increases with decreasing surfactant concen-
tration, the surface tension at the bubble apex become greater than at
its foot and a Marangoni flow counteracting the drainage is established.

The authors also showed that, after the establishment of the surface
tension gradient, a second drainage regime follows the first. This second
regime is completely prescribe by the flow within a pinch region at the
junction between the meniscus and the liquid cap. This pinch region
has been studied by Aradian et al. [146], who showed that its origin
is due the flow induced by the pressure difference between the cap and
the meniscus. These thinner parts eventually rise towards the bubble
apex to replace the thicker zones, in a phenomenon called marginal
regeneration, thus ensuring the mass conservation [147]. The liquid flux
inside the pinch and the marginal regeneration are coupled and Lhuissier
et al. [126] observed that their combined effect drives the drainage of
bubbles consisting of highly diluted surfactant solution.

However, they postulate that marginal regeneration can only occur
in bubbles blown from a dilute surfactant solution as it imparts mo-
bile behaviour to the liquid film. In contrast, surfactant-saturated soap
bubbles, such as the one we used in our experiments, cannot experi-
ence destabilisation of the pinch region and then marginal regeneration.
Therefore, their drainage mechanism is no longer valid when the surfac-
tant concentration increases. Yet, our observations as well as those made
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Figure C.1: Sketches of the different drainage profiles within the
soap film of thickness e, as a function of interface mobility. (a) Fully
mobile interfaces lead to a plug flow, namely a constant fluid velocity «
over the whole interface thickness and the extrapolation length [ tends,
accordingly, to infinity. (b) Partially rigid interfaces induce a variation
of the velocity #(y) along the direction perpendicular to the interface
like a classical Poiseuille flow. However, even if the velocity is maximal
at the centre of the interface, it does not cancel out at its extremities.
The length [ takes on a finite value and can thus allow these flows to
be fully characterised. (c) Totally rigid interfaces are described by a
classical Poiseuille flow with a null velocity at the interface extremities
and a length [ tending towards zero.

by Champougny et al. [148] reveals that marginal regeneration is al-
ways present regardless of surfactant concentration. This suggests that,
rather than being non-existent, marginal regeneration is dominated by
another phenomenon as the surfactant concentration increases.

In the same article, Champougny et al. succeed in describing the
gravity-induced drainage of bubbles consisting of a soap solution, re-
gardless of their surfactant concentration. As the surfactant concentra-
tion greatly influences the surface mobility, they model the drainage
with a partially rigid interface. In this model, the interfaces move with
a fraction of the liquid velocity at the centre of the film. The velocity
profile resulting from this model (see Fig. C.1 (b)) is in between a plug
flow, representing drainage with fully mobile interfaces, such as “bare”
bubbles (see Fig. C.1 (a)), and a classical Poiseuille flow, expected in
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the case of fully rigid interfaces (see Fig. C.1 (c)). This hybrid flow is
characterised by a symmetric velocity profile forming a parabola, as in
the classical Poiseuille flow, but with a non-zero velocity at the interface.
Accordingly, it can equivalently be defined thanks to an extrapolation
length [ [m] which is the distance between the interface and the point
where the tangential velocity u(y) goes to zero. This distance [ varies
from zero for a classical Poiseuille flow to infinity for a plug one. When
the interfaces are quite mobile, namely when [ > €,/2, the drainage is
close to that observed in case of “bare” bubbles. Accordingly, the film
thickness at the bubble apex experiences an exponential decay charac-
terised by

_ . Nk,
ep(t) = epo e H/™ ith = ,
b(t) b,0 w T, pgl2

(C.2)

the characteristic shrinkage time for mobile interfaces (measured in [s]).
Bubbles made of ferrofluid soap exhibit this behaviour and have a typ-
ical lifetime of one minute. Conversely, when the interfaces are almost
perfectly rigid, | < e,/2 and the flow can be assimilated to a classical
Poiseuille one, inducing an algebraic decay:

€b,0 . ch
ep(t) = ——— with T, = , C.3
o(t) V1+1t/37, pgei (C:3)

the characteristic shrinkage time for rigid interfaces (measured in [s]).
Bubbles made of Denkov’s solution belong to this regime, allowing them
to reach lifetimes of the order of an hour. It should be noted that,
in general, the drainage dynamics of a surface bubble does not solely
depend of the surfactant concentration, but also on the bubble size as
numerically studied by Atasi et al. [149]. Indeed, when the size of the
bubble changes, the dominant drainage mechanism could switch from
gravity to capillarity. Furthermore, the bubble shape is predicted by its
size and this also has an impact on the drainage.
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Bubbles Death

The drainage of a soap bubble induces the thinning of its liquid shell. As
it is known from our daily experience, this thickness reduction eventually
leads to the nucleation of a hole inside the bubble, potentially driving
it to its death. Indeed, when a hole is punctured inside the liquid shell,
two capillary pressures counteract each other. On the one hand, the
pressure induced by the curvature of the circular hole itself P, [N/m?]
(with F. [N] the associated force) tends to close it. On the other hand,
the curvature of the liquid film around the hole generates a pressure
P, [N/m?] (with F, [N] the associated force), which tends to open the
hole'. These two capillary pressures are respectively P, ~ v/Rp, with
Ry, [m] the hole radius and P, ~ 27v/e,, with e,/2 the typical magnitude
of the curvature radius of the liquid film at its rupture. If the radius
of the hole is smaller than the half thickness, the closing pressure is
larger than the opening one and the hole closes, in a kind of self-healing
fashion. However, when R;, > e;,/2 the hole opens, further increasing
the pressure difference and causing the bubble to burst. The minimum

"It should be noted that there is, strictly speaking, a third curvature, that of the
soap film forming the bubble, whose radius is directed towards the centre of the bubble.
However, since the size of the bubble is at least two orders of magnitude larger than
the thickness of its film, this curvature contributes negligibly to the closing pressure.
It is therefore reasonable to assume that the hole is contained in a plane tangential to
the bubble surface.
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Figure D.1: Sketch of a hole puncture inside the liquid cap forming
the bubble. The pressure driving its opening is P, ~ 27/e;,, with e,/2 the
typical curvature radius of the film thickness at its rupture. Conversely,
the closing pressure is P. ~ v/ Ry, with R, the curvature radius of the
hole. When e,/2 < Ry, P, > P, and the hole expands, eventually leading
to the bubble death. The forces F, and F,, respectively associated with
P, and P., are represented in red.

required energy to prompt the hole nucleation is, therefore, of the order
of ve2 ~ 107 "2J.

Nevertheless, the origin of this puncturing energy remains unsettled.
Indeed, as it was showed by Lhuissier et al. [126] for bubble with a
vanishing amount of surfactant, the involving energies due to thermal
or velocity fluctuations are not sufficient to fuel the hole nucleation.
Moreover, Van der Waals forces are only effective in puncturing very
thin films of tens of nanometres, which is far smaller than the typical
ey, namely few micrometres. Furthermore, the lifetime of these bubbles
appears to be partially stochastic, although the laws governing drainage
are purely deterministic [148, 150], suggesting the absence of a direct
link between the time at which the rupture occurs and e,. Poulain et
al. [150] rationalise this apparent discrepancy by coupling deterministic
drainage with local stochastic perturbations. These perturbations can
either be extrinsic, such as violent air flow or droplet and dust impacts,
or intrinsic, such as microbubbles and dirt already present in the so-
lution. They locally modify the surface tension inducing a Marangoni
stress. These stresses themselves induces a divergent flow, eventually
leading to the film thinning [151]. Once thinned, the film is more likely
to be broken by thermal fluctuation or Van der Waals forces. Since dis-
turbances are ubiquitous, but stochastic, this explanation justifies the
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stochastic nature of the bubble lifetime.

Furthermore, Champougny et al. [148] show that, in addition to in-
creasing the lifetime of the bubble, the surfactant concentration seems
to decrease the stochastic nature of this lifetime. This observation is
concomitant with a change in the nucleation point from a random dis-
tribution near the foot of the bubble (as observed by Lhuissier et al.
[126]), to a systematic explosion at the bubble apex®. Bubbles con-
sisting of a surfactant-saturated solution thus have a deterministic life-
time and are much more robust to surface disturbances, whereas low-
concentrated bubbles exhibit opposite trends. The transition between
these two regimes occurs at the CMC, further confirms the importance
of the nature of the bubbles interfaces on their life. This conclusion is
reinforced by the work presented by Rio and Biance [152] who list the
different times involving in soap film coalescence and show the drastic
difference that the interfaces rigidity induces on these times. Finally,
Champougny et al. show in another article [153] that evaporation also
has an effect on the break-up of a soap film, even if it has no impact on
the film thinning.

After the puncturing of the film, if the hole is large enough to induce
its opening, the hole grows at a constant speed which solely depends on
the liquid properties and film thickness. This speed u, [m/s] have been
independently derived by Taylor and Culick [154, 155] and is written as

follows
2
o = 1| L. (D.1)
PEb

The hole opening induce an accumulation of liquid at its edge and the
expression for the speed is obtained by evaluating the work done by the
capillary forces on this accumulation of liquid, assuming that there is no
disturbance of the film away from the hole. This work must supply not
only the kinetic energy of edge, but also the energy needed to accelerate

2Tt is important to note that Debregeas et al. [145] showed that bubbles without
surfactant also explode at their apex. There is therefore a discontinuity between
bubbles with a low surfactant concentration and bubbles made of pure liquid, even
though their drainage profiles are very close. This observation seems to support the
assumption that the rupture of low-concentrated bubbles is due to local disturbances,
whereas pure and highly concentrated bubbles die due to gravity induced drainage.
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the initially still liquid. McEntee et al. [156] experimentally verified the
relationship between the film thickness and the opening speed and show
a good agreement for films up to 0.1 um thickness. The measurement
of this opening speed is therefore a regularly used means to measure the
thickness of the liquid cap [6, 147].
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