Real interpolation with a function parameter

Thomas Lamby (joint work with S. Nicolay)
Journées du GDR AFHP 2022 - CORTE
October 25, 2022

e fnis

LA LIBERTE DE CHERCHER

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

e ./ denotes the category of all normed vector spaces (a
sub-category of all topological vector spaces).

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

e ./ denotes the category of all normed vector spaces (a
sub-category of all topological vector spaces).

@ ¥ denotes any sub-category of the category .4 that is closed
under the operations sum and intersection

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

e ./ denotes the category of all normed vector spaces (a
sub-category of all topological vector spaces).

@ ¥ denotes any sub-category of the category .4 that is closed
under the operations sum and intersection

° fl denotes the category of all compatible couples
A = (Ao, A1) of spaces in €.
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More conventions

@ The morphisms T : (Ag, A1) — (Bo, B1) in 1 are all bounded
linear mappings from Ag + A; to By + Bi such that

TAO : Ao — Bo, TA1 : Al — Bl

are morphisms in €.
e Two basic functors from % to ¢: £(T)=A(T)= T and

A(A) = Ag N Ay,

Z(A) = Ao + Al.
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Interpolation spaces

o Let A= (Ap, A1) be a given couple in 1. Then a space A in
% will be called an intermediate space between Ag and A; (or
with respect to A) if

A(A) C AC X(A),

with continuous inclusions.
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Interpolation spaces

o Let A= (Ap, A1) be a given couple in 1. Then a space A in
% will be called an intermediate space between Ag and A; (or
with respect to A) if

A(A) C AC X(A),

with continuous inclusions.
@ The space A is called an interpolation space between Ag and
A; (or with respect to A) if in addition

T:A— A impliess T: A— A.

@ More generally, let A and B be two couples in ;. Then we
say that two spaces A and B in € are interpolation spaces
with respect to A and B if A and B are intermediate spaces
with respect to A and B respectively, and if

T:A— B implies T:A— B.
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Interpolation spaces

o If | T|lag < max{| T apB I T|lay,B:} holds, we shall say
that A and B are exact interpolation spaces.

o If [T|lag < C max{|| T a5l Tllay,pB } holds, we shall say
that A and B are uniform interpolation spaces.

@ The interpolation spaces A and B are of exponent 6 € [0,1] if
IThag < CIT % Tl 6

If C =1, we say that A and B are exact of exponent 6.
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Interpolation functor

@ An interpolation functor on % is a functor F from %7 into ¥
such that if A and B are couples in 41, then F(A) and F(B)
are interpolation spaces with respect to A and B and

F(T)=T forall T:A— B.
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Interpolation functor

@ An interpolation functor on % is a functor F from %7 into ¥
such that if A and B are couples in 41, then F(A) and F(B)
are interpolation spaces with respect to A and B and

F(T)=T forall T:A— B.

e F is a uniform (exact) interpolation functor if F(A) and F(B)
are uniform (exact) interpolation spaces with respect to A and
B. Similarly, F is (exact) of exponent 6 if F(A) and F(B) are
(exact) of exponent 6.
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Aronszajn-Gagliardo Theorem

Consider the category 9 of all Banach spaces. Let A be an
interpolation space with respect to the couple A. Then there exists
a minimal exact interpolation functor Fg on 9 such that

Fo(A) = A.

Let X = (Xp, X1) be a given couple in %;. Then X = Fy(X)

consists of those x € X(X), which admit a representation

X = Z T;aj (convergence in £(X)),
J

where Tj: A — X, aj € A. Set
Nx(x) = max(|| Tjll o, %00 | Till.as )l aj 1 -
J

The norm in X is the infimum of Nx(x) over all admissible
representations of x.
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Quid for interpolation functor of exponent 6 7

Let 6 € [0, 1], consider the category % of all Banach spaces. Let A
be an interpolation space of exponent 6 with respect to the couple
A. Then there exists a minimal interpolation functor Fy, which is
exact and of exponent 0, such that Fy(A) = A.

Let X = (Xo, X1) be a given couple in ;. Then X = Fy(X)
consists of those x € X(X), which admit a representation

x = Z T;aj (convergence in £(X)),

where T; : A — X, a; € A. Set

Z 1510 g 5 | Tl 6 13

The norm in X is the infimum of Np(x) over all admissible
representations of x.
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The K-method

The K-operator of interpolation is defined for t > 0 and a € ¥(A)
by
K(t,a) = inf{|laolla, + tllailla, : @ = a0 + a1}

If @ € (0,1) and g € [1, 00], then a belongs to the interpolation

space Kp q(Ao, A1) if a € X(A) and
(27 K(2, a))jez € 19(2).

This last condition is equivalent to t +— t~?K(t,a) € LY.
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The K-method

The K-operator of interpolation is defined for t > 0 and a € ¥(A)
by
K(t,a) = inf{|laolla, + tllailla, : @ = a0 + a1}

If @ € (0,1) and g € [1, 00], then a belongs to the interpolation

space Kp q(Ao, A1) if a € X(A) and
(27 K(2, a))jez € 19(2).

This last condition is equivalent to t +— t~?K(t,a) € LY.
For example, B; . = Ku q(H5, Hy) for s = (1 — o)t + aw.
Ky,q is an exact interpolation functor of exponent 6 on the
category 4.

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Boyd functions

A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and

- ¢(st)

o8) = sup 0y

< 00,

for all t € (0, 00).
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Boyd functions

A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and

0=

for all t € (0,00).The lower and upper Boyd indices of a Boyd
function ¢ are defined by

< 00,

b(0) = sup B _ ., loa d(t)

t<1 logt t—0 logt
and _ -
_ | I
B(9) = inf ‘2B _ iy, 10BOE)
t>1 logt t—oo logt

respectively.
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C1o; < gj41 < Coj for
all j.
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C1o; < gj41 < Coj for
all j. Let g :=infx>1 0jyk/0k and T := supy>q 0jyk/0k. The
lower and upper Boyd indices of o are defined by

log o logo;

s(o) := Iljm log 2/ and 35(0):= Iljrn og 2’
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C1o; < gj41 < Coj for
all j. Let g :=infx>1 0jyk/0k and T := supy>q 0jyk/0k. The
lower and upper Boyd indices of o are defined by

log o logo;

s(o) :==lim and 3(o0) :=lim
J J

log 2/ log 2/

Given an admissible sequence o, the function

bo(t) = %(t—?h&rj if t €[2,211), j €Ny
’ a0 if t € (0,1) ’

with o9 = 1 is a Boyd function.
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Admissible sequences

A sequence o = (0})jen of positive real numbers is admissible if
there exists a constant C > 0 such that C1o; < gj41 < Coj for
all j. Let g :=infx>1 0jyk/0k and T := supy>q 0jyk/0k. The
lower and upper Boyd indices of o are defined by

|0ng

0 logo;
j log2i

Jr'n log 2/

s(o) =i and 35(o):=1li

Given an admissible sequence o, the function
oo(t) = %(sz')ﬂg if t € [2/,2/%1), j € No
’ a0 if t € (0,1)

9

with o9 = 1 is a Boyd function.

Proposition

Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

b(¢) = min{s(0),s(0)} and b(¢) = max{s(c),5(6)}.

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Boyd function and admissible sequence

Some elementary examples :

%(t_QJ‘)_FUJ if t €[, 2+,
9o(t) = W(t —279 ) +1/0j4y ifre(2971,27]
%127]“ ~2Y)+o; ifte[2,2M), jeNg
sl =4
ST if t €(0,1)
6o 1) = { DL (D) 4 o; if te [2,27), €N
£s if t €(0,1)
where s satisfies s(0) < s < 5(0).
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Constructing a regular Boyd function from an admissible

sequence
Let 1
e /X ifx>0
Fx) { 0 else
to define
)
E X 1 (1= x)
on [0, 1].
1.0+
04r
70‘.2 012 O.Id OTG 0‘8 1.‘0 1.‘2
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Constructing a regular Boyd function from an admissible

sequence

X\ [ cosa sina) [x

Y) \-sina cosa)\y/)’
For j € N, we set

{ Xj =2 cosa + gjsina

Y= —2jsina+ojcosa ’
¢0)(X) = X=X
Xj+1 = X

and _
r(X) = ¥; + (Vi1 = Y))X

to consider the curve

on [)<J7 )<j+1]'

Thomas Lamby (joint work with S. Nicolay) Real interpolation with a function parameter



Constructing a regular Boyd function from an admissible

sequence

It gives rise to _ _
Y(y) = 79(g(€V(X(x))))

on the original Euclidean plane.
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Constructing a regular Boyd function from an admissible

sequence

It gives rise to _ _

Y(y) = 79(g(€V(X(x))))
on the original Euclidean plane.
Let n}a) be the function x ~ y on [2/,2/F1].
We can construct ¢ € BB by setting

o(t) = nf'j)(t) if t € [2,21), j € No
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Constructing a regular Boyd function from an admissible

sequence

For a = 0, we explicitly get

0y 9j+1 — 9j
n; ' (t) —%er-

t—2/

4 6 B 10 12 14 16 4 6 8 10 12 14 16

Figure: The function 7(®) (left panel) and its derivative (right panel) for
« = 0 and o such that o1 =2, 0o = 4, 03 = 20 and o4 = 22.
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Constructing a regular Boyd function from an admissible

sequence

If & > 0 is small enough, we get a function n}a) whose explicit
form is far more complicated.

Figure: The function 7(®) (left panel) and its derivative (right panel) for
a = 0.1 and o such that 01 = 2, 0o = 4, 03 = 20 and o4 = 22.
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Constructing a regular Boyd function from an admissible

sequence
Let B’ denote the set of functions f : | — I that belong to C(/)
with (1) =1 and satisfy

- [P0 (2]
f <supt
PRy SR

< 00

One can show that B’ is a subset of B. If ¢ € B with b(¢) > 0
(resp. b(¢) < 0), then there exists a non-decreasing bijection (resp.
a non-increasing bijection) ¢» € B’ such that ¢ ~ 4 and =1 € B’

Proposition

If € B is such that b(¢) > 0 or b(¢) < 0, then there exists
€€ B' N C®(I) such that & ~ ¢.
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Generalized Interpolation

@ The interpolation spaces A and B are of exponent ¢ € B if

ITlae < CO(I Tlla0x )2l Tllayx):

where ¥(t) = t/¢(t) for all t > 0.
If C =1, we say that A and B are exact of exponent ¢.

o F is an (exact) interpolation functor of exponent ¢ € B if
F(A) and F(B) are (exact) of exponent ¢.

o Let ¢ € B and g € [1,00], we let Ky 4(A) denote the space of
all a € (A) such that

lallgak ::/OOO(¢() K(t2)7 % < oc

holds.
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Generalized Interpolation

@ The interpolation spaces A and B are of exponent ¢ € B if

ITlae < CO(I Tlla0x )2l Tllayx):

where ¥(t) = t/¢(t) for all t > 0.
If C =1, we say that A and B are exact of exponent ¢.

o F is an (exact) interpolation functor of exponent ¢ € B if
F(A) and F(B) are (exact) of exponent ¢.

o Let ¢ € B and g € [1,00], we let Ky 4(A) denote the space of
all a € (A) such that

lallgak ::/OOO(¢() K(t2)7 % < oc

holds.

K 4 is an exact interpolation functor of exponent ¢ € B on
the category 1.
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Kpgp(Ao, A1)

AOO\ //’oAl

K¢27P(A0> Al)

AO A1

Ag— Kopldod) .y

Koz,p(AOa Al)

AO= ‘Al

Figure: Differents interpolation spaces where for example
d1(t) = tlog(1/t), da(t) = t*xj0.1] + t7X]1,00[ and
(]53(1’) = (taX]071] + tﬁX]l,oo[) |Og(1/1.').
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The K-method

Given ¢,v € B and g € [1, 0], a belongs to the generalized
interpolation space [Ao, Al]Zs o if @€ Ao+ Ap and

ol arg,, = 606 T K((8), )]s < 0.

If ¢, € B and q € [1, 0], then a belongs to [Ao,Al]; q if and
only if ez (57 K(1(2), 2)) 7 < 0.
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The K-method

Given ¢,v € B and g € [1, 0], a belongs to the generalized
interpolation space [Ao, Al]Zs o if @€ Ao+ Ap and

ol arg,, = 606 T K((8), )]s < 0.

Proposition

If ¢, € B and q € [1, 0], then a belongs to [Ao,Al]; q if and
only if Yy, (ﬁK(y(zf), a))? < occ.

\

Proposition

Let ¢,y € B and q € [1,00]; if b(y) > 0, then there exists £ € B/,
such that & ~ v and

[Ao, A1}, = Kpog—1,q(Ao, A1)

A\,
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Quid for AG with interpolation functor of exponent ¢ 7

Let ¢ € B such that 0 < b(¢) < b(¢) < 1, consider the category
A of all Banach spaces. Let A be an interpolation space of
exponent ¢ with respect to the couple A. Then there exists a
minimal interpolation functor Fy, which is exact and of exponent

¢, such that Fs(A) = A.

Let X = (Xo, X1) be a given couple in %;. Then X = F4(X)

consists of those x € X(X), which admit a representation

X = Z T;aj (convergence in £(X)),
J

where T; : A— X, aj € A. Set

No(x) = > 011 Till g0 )31 Tl 4y x: )l 2l -
j

The norm in X is the infimum of the Ng(x).
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Thank you for your attention !
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