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Abstract
The non-uniqueness of the solution of inverse geophysical problem has been recognized for a long-time. Although stochastic inversion methods have been developed, deterministic inversion using subsequent regularization are still more widely applied. This is likely due to their efficiency and robustness, compared to the computationally expensive and sometimes difficult to tune to convergence stochastic methods. Recently, Bayesian Evidential Learning 1D imaging has been presented to the community as a viable tool for the efficient stochastic 1D imaging of the subsurface based on geophysical data. The method has been proven to be as fast, or sometimes even faster, than deterministic solution. However, the method has a significant drawback when dealing with large prior uncertainty as often encountered in geophysical surveys: it tends to overestimate the uncertainty range. In this paper, we provide an efficient way to overcome this limitation through Iterative Prior Resampling (IPR) followed by rejection sampling. IPR adds the posterior distribution calculated at a former iteration to the prior distribution in a subsequent iteration. This allows to sharpen the learning phase of the algorithm and improve the estimation of the final posterior distribution while rejection sampling eliminates models not fitting the data. In this contribution, we demonstrate that this new approach allows BEL1D to converge towards the true posterior distribution. We also analyze the convergence behavior of the algorithm and derive guidelines for its application. We apply the approach for the interpretation of surface waves dispersion curves but the approach can be generalized to other geophysical methods.
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1. Introduction
Solving geophysical inverse problems lies at the heart of many scientific observations and engineering studies (e.g. Tarantola, 2005; Aster et al., 2013). Deterministic approaches to the ill-posed inverse problem are often used due to the lower computational cost compared to stochastic approaches and the ease of visualizing one solution compared to analyzing an ensemble (Cockett et al., 2015; Loke et al., 2003; Rücker et al., 2017). Deterministic methods generally involve regularization techniques that may yield solutions which are geologically unrealistic and allow only limited uncertainty quantification typically related to data errors propagation based on Gaussianity (Clapp et al., 2004; Lai et al., 2005). To circumvent the former issue, multiple approaches have been proposed such as adapting regularization approach to the geological context (e.g.: Clapp et al., 2004). Bayesian inversion (Aster et al., 2018; Sambridge & Mosegaard, 2002) on the other hand aims at generating the full posterior distribution allowing to quantify uncertainty related to all parameters of the inverse problems. For stochastic methods, many types of approaches have been proposed in recent years, with Markov chain Monte Carlo (McMC) being at the core of most of those methods (Tarantola, 2005; Sambridge & Mosegaard, 2002; Irving & Singha, 2010; Linde et al., 2017). Most methods have in common to rely on many forward simulations to calculate the data misfit (or likelihood) in an iterative way. More recently, machine learning has gained popularity to process geophysical data (Kim & Nakata, 2018; Laloy et al., 2018; Russell, 2019). Below, we will review how stochastic methods and machine learning have been developed for surface wave dispersion and propose a novel framework to invert dispersion curves.
The dispersion of surface waves or interface waves is used at various scales ranging from crustal imaging (e.g.: Press, 1968; Meier et al., 2007) to engineering characterization (e.g.: Park et al., 1999; Xia et al., 1999; Moss, 2008). In contrast to many other geophysical methods, the inversion of dispersion curves using stochastic approaches is well established and routinely performed (Garofalo et al., 2016a). Local linearized least square optimization is still often used (e.g.: Cercato, 2008; Lai et al., 2005) but global search algorithms are also commonly applied, such as Genetic Algorithm (e.g.: Dal Moro et al., 2007) or Simulated Annealing (e.g.: Ryden and Park, 2006). The most commonly applied method, according to Garofalo et al. (2016a), is a global search algorithm: the neighborhood algorithm (Sambdrige, 1999a; Sambrdige, 1999b), for example implemented in Wathelet et al. (2005) and Wathelet (2008) for dispersion curves. This method samples models in the prior model space according to a density map and provides multiple models of high likelihood assessed by the data misfit (Sambridge, 1999a; Sambridge, 1999b). More classical Monte-Carlo approaches are also commonly used (Press, 1968; Socco and Boiero, 2008) and yield an estimation of the posterior uncertainty from the dataset. 
Machine learning algorithms have been applied early in the 1990s to the interpretation of surface waves (Meier and Rix, 1993; Williams and Gucunski 1995; Gucunski and Krstic, 1995; Michaels and Smith, 1997). It was also among the first to see an application of a probabilistic neural network (Devilee et al., 1999). To achieve a probabilistic output of the neural network, Devilee et al. (1999) used two types of networks: the histogram and the median neural networks. They both provide estimations of the probabilities on a discretize space. Later, more advanced machine learning algorithms have been proposed to interpret surface waves into velocity profiles. Meier et al. (2007) proposed to interpret surface waves dispersion curves using a mixture density networks (MDNs; Bishop, 1994). The main strength of MDNs over Devilee et al. (1999) solution is that it provides a continuous estimate of the posterior probability density function. Zhang and Curtis (2021) applied an invertible neural network (INN; Ardizzone et al., 2019) to achieve the Bayesian inversion of those data. This approach supersedes MDNs as it is able to provide an accurate estimation of the posterior probability density function and to account for eventual correlations between parameters (Zhang and Curtis, 2021). The use of machine learning for the interpretation of surface waves is still a very active subject of research. Among recent publications, Mitu et al. (2021) compared the performances of different machine learning algorithms (Multilayer perceptron, random forest, support vector gradient) trained on real field data for the interpretation of dispersion curves into shear wave velocity (Vs) profiles. Yablokov et al. (2021) explored the optimal parameters to build an artificial neural network that provides Vs profiles from fundamental mode dispersion curves. They point towards the importance of a relevant training dataset for efficient estimation of accurate models. By re-running the training of the network with different training sets and propagating the datasets in the new network each time, they estimate uncertainty on their results. Aleardi and Sutcchi (2021) propose the use of a residual neural network to convert dispersion images into Vs profiles. Combined with a Monte-Carlo approach to propagate the noise and inaccuracy from the forward modelling, they achieved estimation of posterior probability density functions. Among the main challenges pointed out by the literature are computational optimization issues, network design for specific problems and uncertainty quantification through the machine learning algorithm.
In this contribution, we are proposing to extend the framework of Bayesian Evidential Learning (BEL) (Scheidt et al., 2018) to solve the surface wave inverse problem efficiently while computing the associated uncertainty. Compared to previous approaches, BEL provides both the computation efficiency of Machine Learning approaches and the uncertainty quantification of Bayesian inversion. The methodology requires a learning phase, allowing to approximate the Bayesian problem in a reduced dimension space by developing a statistically significant relationship between data and predictions. This linearized statistical relationship between data and predictions is based on a canonical correlation analysis in reduced dimensions. It has seen several applications in geosciences from oil field production prediction (Satija et al., 2017) to hydrogeological prediction of well-head protection area (Thibaut et al., 2021) and hydrogeophysical modeling of heat transport (Hermans et al., 2018; Hermans et al., 2019). BEL was originally designed as a prediction-focused approach applied to time dependent processes, circumventing the need to estimate the posterior distribution of model parameters by inversion. Recently, we introduced a new variation of BEL that enables instantaneous uncertainty quantification of static subsurface model parameters (1D imaging) together with a global sensitivity analysis and validated on surface Nuclear Magnetic Resonance (Michel, Nguyen, et al., 2020) and time domain Electromagnetic (TEM) (Ahmed et al., 2021). In addition to the low computational cost associated with predicting 1D models, associated uncertainty, and the global sensitivity that BEL1D provides, it also enables tracking posterior model and identify unexpected models in the posterior. 
A current drawback of BEL1D lies in the overestimation of the uncertainty from the prior model space to the posterior model space for low sensitivity parameters of the models (Michel, Hermans, et al., 2020). This happens when the relationship obtained between the predictions and the data is not properly linearized for example when dealing with large prior uncertainty (Hermans et al., 2019; Michel at al., 2020; Ahmed et al., 2021). This uncertainty overestimation has been encountered previously in Bayesian frameworks (Jeong et al., 2017; Mariethoz et al., 2010; Dosne et al., 2016 or Park & Caers, 2020). To address it, Iterative Spatial Resampling (ISR) (Jeong et al., 2017; Mariethoz et al., 2010) can augment the prior with new information drawn from the posterior at the previous iteration. Sampling Importance Resampling (SIR) (Dosne et al., 2016) assign new loads to the prior (changes the statistical distribution that describes it) according to previously drawn models and their likelihood in McMC. These algorithms are often introduced to achieve better convergence of Bayesian approaches when dealing with large prior uncertainty, as is often the case in geophysics. More recently, Park & Caers (2020) proposed in the framework of Bayesian Evidential Learning to update the uncertainty of data and prediction variable, by using the obtained posterior models as prior models for the next iteration after running forward functions on the obtained posterior samples. The iterative procedure is stopped when the error in fit decreases below some specified threshold. 
In this contribution, we propose to reduce the overestimation of the uncertainty based on a resampling algorithm (Park & Caers, 2020), here named Iterative Prior Resampling (IPR). IPR iteratively improves the posterior distribution by adding a sub-sample of posterior models from the previous iteration to obtain a “better informed” prior, improving the learning phase of the algorithm and leading to an improved quantification of the uncertainty. In this paper, we show that the combination of BEL1D with IPR significantly improves the precision and accuracy of BEL1D but is not sufficient to reach an uncertainty similar to McMC approaches. We therefore propose to apply a rejection sampling algorithm to the models obtained at the last iteration to reach a more precise estimation. We show empirically that this approach is converging towards the posterior model space (benchmarked with McMC, Vrught, 2016) while still having reasonable computational times. In this paper, we demonstrate the approach on the case of the dispersion curve from seismic surface waves, although BEL1D can be applied to any 1D geophysical inversion scheme. 

2. Methods
2.1. BEL1D
A detailed description of the 1D imaging algorithm can be found in Michel, Nguyen, et al. (2020) and the Bayesian Evidential Learning framework in Scheidt et al. (2018). The main steps are summarized below:
1. Generation of n models  sampled from the prior distribution and their associated data  by forward modeling of the geophysical process of interest
2. Reduction of the dimensionality of the data and model using principal component analysis (PCA):  and 
3. Constitution of statistical relationships between the reduced model parameters and the reduced data, using canonical correlation analysis (CCA) :  
4. Generation of posterior distributions of  by constraining the bivariate distributions  to field data  using kernel density estimators
5. Sampling of the computed posterior distributions  
6. Back-transformation of the samples into the original space , delivering a set of 1D models of the subsurface  that are constrained to the geophysical data 
The main advantage of this method over iterative stochastic approaches (e.g., McMC) is that the algorithm can be separated into 2 phases – learning and prediction –, with the numerically costly operations being only dependent on the prior distribution and limited to the learning phase. Therefore, they do not require the knowledge of the dataset to interpret; resulting in quasi-instantaneous stochastic prediction (equivalent to stochastic inversion) once the dataset is collected. Few parameters are required to tune the algorithm with the most significant parameter being the number of models sampled in the prior model space. Finally, a relationship between all sampled models and their origin in the prior can be made in the reduced dimension space, which enables a better understanding of the link between the prior and the dataset (identification of clusters of models that are outside the main distribution for example). In contrast to other methods, the algorithm is not limited to a specific shape of the prior or posterior model space. The learning phase of BEL1D is based on independent forward simulations of geophysical data from the sampled prior models, allowing for efficient parallelization (Michel, 2022). 

2.2. Iterative Prior Resampling and rejection sampling
IPR within BEL1D consists in adding a given number of the models sampled from the estimated posterior to the prior and rerunning all the BEL1D operations from this new augmented prior (Figure 1). The number of models to be added is derived from a mixing ratio, which defines the proportion between the numbers of models added from the posterior compared to the number of models in the initial prior. Since BEL1D approximates the Bayesian problem in a reduced space where learning operations occur, IPR is designed to improve the quality of the uncertainty estimation by enabling a better correlation between the models parameters and their corresponding datasets. IPR increases the number of models compared to a uniform distribution in the region of the prior space where the posterior distribution shows a higher probability density. 
This algorithm is inspired by proven methods like ISR (Jeong et al., 2017; Mariethoz et al., 2010) and SIR (Dosne et al., 2016) which indicates that improving the prior knowledge iteratively does reach convergence towards the actual posterior. As is the case with BEL1D (Michel et al., 2020), we cannot prove that IPR converges towards the actual posterior model space, even though previous studies showed empirically that the results are comparable to McMC (Michel et al., 2020) and rejection sampling (Satija and Caers, 2015). We will thus empirically demonstrate that the method converges towards a posterior distribution similar to classical Markov chain Monte-Carlos approaches (see section 3.1). 
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Figure 1. Illustration of the principle of Iterative prior resampling. The mixing ratio in this figure would be the ratio between the area in green and the area in orange in the “informed prior” graph. As a final step once the IPR algorithm has converged, we apply rejection sampling.
To stop the iterative process, the Kolmogorov-Smirnoff distance (KS) (Thas, 2010) between the univariate model parameter distributions at the current and previous iterations is used by defining a threshold on the similarity between the posterior distributions at two successive iterations. If this is not reached after 100 iterations, the algorithm stops.
The computations are conducted in a normalized space to avoid giving too much importance to some parameters due to their high relative magnitude. The threshold is defined through empirical testing on multiple distributions with a probability of falsely rejecting the null hypothesis (the two distributions are not equal) lower than 5%. The KS distance has the advantage to be computed on the cumulative distributions functions, hence is normalized (Thas, 2010). This ensures that the distance may be used even if the obtained distributions are not Gaussian. The threshold is thus only varying with the number of models in the compared distributions. 
Once IPR has converged, as a final step, a rejection sampling algorithm, accounting for data misfit, further improves the estimated posterior. This algorithm consists of a Metropolis Sampler applied to the models from the last iteration of IPR. This algorithm differs from a McMC approach fundamentally, as it re-samples models out of a set of already sampled models (the posterior distribution after IPR) contrary to generating new models from perturbations of previously accepted models.
1. For all models from the sampled posterior, compute the likelihood from the field data and the simulated data according to Equation 1 (Vrugt, 2016).
	
	
	(1)


In Equation 1,  is the tested model,  is the observed field data of dimensionality ,  is the simulated data for the current model  and  is the estimated Gaussian data variance (of dimensionality ) (Vrugt, 2016).
2. Initialize a counter for the number of rejected models to 0.
3. Select a random model () out of the samples with a likelihood . The first model is always accepted.
4. Select another random model () with a likelihood  and compute the ratio between the two likelihoods: .
a. If , accept the model , replace  with  and reset the counter to 0.
b. Else, reject the model  and increase the counter of rejected model by 1. If the counter of rejected models is higher than 20, accept the model , replace  with , and reset the counter to 0.
5. Select another random model . 
6. Repeat the operations of the 4th and 5th points until all the models have been analyzed.
In practice, this step allows to remove the models of the posterior that are not fitting the data, i.e. which have a low likelihood. The order of the models are taken randomly not to introduce any bias in the computation. Assuming that the datasets corresponding to these models are already computed to calculate their Root Mean Square Error (RMSE), the computation of the Likelihood and rejection sampling is straightforward.
2.3. Surface Waves forward simulation
In this paper, we use a Python port of sdisp96 from surf96 (PySurf96) (Herrmann, 2013) to compute the dispersion curves (the data d) of 1D models and we demonstrate our approach on the fundamental mode. The models m are expressed in terms of layer thicknesses, P-wave velocity (), S-wave velocity () and density (). Since surface waves are mostly sensitive to S-wave velocity (Xia et al., 1999; Cox and Teague, 2016), a link between  and  can be considered through the Poisson’s ratio () (Equation 2) (see e.g. Wathelet, 2008).
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In order for BEL1D to run accounting for potential uncertainties in the datasets, we use the frequency-dependent error model proposed by Boaga et al. (2011) :
	
	
	(3)


[bookmark: _Toc80367489]With V the velocity, f the frequency, A [km/s] and B [s] two parameters that can be tuned according to the noise level. In this paper, we use  and . Those values are empirically selected to accurately represent the uncertainty arising from the different experts interrogated during the InterPACIFIC project (Garofalo, et al., 2016a; Garofalo, et al., 2016b) in the Mirandola case (see section 4 for more details). We will use the same model for the synthetic benchmark and the field validation (the previously mentioned Mirandola test case).
3. Synthetic benchmark
We first apply iterative prior resampling with rejection sampling to a synthetic surface wave’s dataset generated from a model where only the shear-wave velocity profile is unknown. The other parameters (compression waves velocities and densities) are fixed mainly for visualization and comparison purposes. This simplifying assumption is later released. All the computations are performed on Windows 10 with an Intel Core i7-6800K running at stock with 64 GB of RAM at 2400MHz.
The benchmark model that we are selecting consists of two layers overlying a half-space (Table 1).

Table 1. Benchmark model description.
	
	Thickness () [m]
	S-wave velocity () [m/s]
	P-wave velocity () [m/s]
	Density () [kg/m³]

	Layer 1
	10
	120
	300
	1500

	Layer 2
	50
	280
	750
	1900

	Half-space
	/
	600
	1500
	2200



We are considering a noisy dataset with the noise distribution described in Equation 2. The frequency range that we use is between 1.25 Hz and 32Hz.
For the prior model space, only the thicknesses () and S-wave velocities () are varying. We use a uniformly distributed prior with ranges for the shear-wave velocities that are selected to obtain physically consistent Poisson’s coefficient for all layers when considering the benchmark values for the compression-wave velocities (). Therefore, we do not need to enforce specific conditions to ensure a valid range of Poisson’s coefficient, which is useful for McMC, where imposing relationships between parameters is complex. We define the prior on the five parameters with BEL1D in Table 2. The ranges for the uniformly distributed parameters are selected voluntarily to reflect a large prior uncertainty. 
Table 2. Description of the uniformly distributed prior model space for the benchmark.
	
	Thickness () [m]
	S-wave velocity () [m/s]

	
	Minimum
	Maximum
	Minimum
	Maximum

	Layer 1
	1
	30
	100
	180

	Layer 2
	10
	100
	250
	450

	Half-space
	/
	/
	500
	900



This prior is automatically falsified in the BEL1D algorithm. When projecting the data into the CCA reduced space (, represented by the red lines in Figure 2 C to F), the position is compared to the kernel density estimation of the distributions . If the position of  lies inside the probable parts of the distributions (between the 1% and 99% percentiles), the prior is accepted. Otherwise, the dataset is declared outside of the prior and the algorithm stops automatically. Here, BEL1D was initially run with 1000 models in the prior and progressively augmented with 1000 models at each IPR iterations (mixing ratio of 1).
In the following benchmark study, we first present the improvements brought by the iterative resampling scheme and analyze its iterative behavior in terms of uncertainty reduction and posterior estimation accuracy and compare it with the posterior estimated from McMC. We then show how the rejection sampler allows filtering the posterior by accounting for the data misfit. As an alternative, we show how the approach can also be used to define a pre-posterior before running McMC. Finally, we proceed with a parametric study of the algorithm. 
3.1. Results and McMC comparison
In this section, we first show how the IPR approach allows reducing the uncertainty of the posterior distribution compared to the original BEL1D algorithm. The improvement in the statistical correlation and the disentanglement of the model parameters in the reduced dimension brought by IPR is shown in Figure 2. Figures 3A and 3B show the reduction of uncertainty in the posterior distribution over the prior space for the original BEL1D algorithm. We note that the estimated uncertainty remains large with a significant proportion of posterior models showing large RMSE. This modest uncertainty reduction is due to the poor relationship that we observe between the model parameters and the reduced data spaces (Figures 2 C and E) after one iteration. The higher dimensions, containing less sensitive parameters (Michel et al., 2020) display a large scattering, and hence a poor correlation. The first iteration therefore fails to resolve less sensitive parameters. In this case, as seen in Figure 2 (A), the different parameters are entangled in the different dimensions, indicating that all the parameters are similarly informed by the dataset given the obtained posterior. 
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[bookmark: _Ref76379689]Figure 2. Visualization of the CCA space relationship between the models’ parameters and the reduced data. A and B represent the relative contributions of all the models’ parameters to the different CCA dimensions at (A) the first and (B) the last, 18th in this case, iterations. C and D represent the relationship for the first CCA dimension at (C) the first and (D) the last iterations. We present the same for the fifth dimensions in E and F for the first and last iterations respectively. In those figures, the vertical red bar represents the actual position of the data in the reduced data space (solid line) along with the noise propagated (dotted lines representing +/- 1, 2 and 3 standard deviations). The pdfs represented on the left are the kernel density estimated probability density functions of the reduced model’s parameters given the dataset. We use those to sample back models from the estimated posterior. The narrower those distributions, the narrower the obtained posterior in the original model space.
The implemented iterative procedure allows a substantial reduction of uncertainty from the prior (yellow in Figure 3 D) to the posterior at the last iteration (blue in Figure 3 D) and a disentanglement of the model parameters in the reduced dimension (Figure 2B). The improvement of the statistical relationship that is learnt through the procedure is evident from the comparison between Figures 2C and 2D (dimension 1, mostly sensitive to the thicknesses) and between Figures 2E and 2F (dimension 5 where all parameters are entangled but where the corresponding velocities dominate). Moreover, the posterior are more accurate with iterative resampling than without. The posterior models are shown as 1D profile in Figure 3 with their root mean squared error on the dataset as color scale. As can be seen, most models of the posterior are fitting the data within their noise level, but some models with a high RMSE remain. 
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[bookmark: _Ref76383865]Figure 3. Results of BEL1D before (A and B) and after applying IPR (C and D) on the benchmark case. (A and C) Visualization of the obtained 1D profiles along with their associated RMSE and (B and D) comparison of the prior (yellow) and the posterior (blue) model space for the different variables of the models. The scale for the RMSE is linear but we built the color scale to represent percentiles, with each color representing as many models as the others. The RMSE corresponding to the noise level is 0.026 km/s. Eighteen iterations were required to achieve convergence based on the KS distance in this specific case. They took under 20 seconds to run on the test computer. 

Figure 4 shows the evolution of the different parameters with the iterations. The mean value of the posterior for the first iterations are far away from the actual values and fall outside of the likely part of the distribution for some parameters, with a corresponding too large uncertainty. IPR proves efficient in improving the accuracy of the posterior and in reducing its uncertainty due to the improved correlations between the data and the parameters (Figure 2), especially for the higher dimensions. 
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[bookmark: _Ref76385127]Figure 4. Analysis of the convergence of IPR. The solid blue lines represent the mean for the corresponding distributions, the dashed lines the mean +/- the standard deviation and the red lines represent the actual benchmark value that we are searching.
Since BEL1D (with or without IPR) does not theoretically ensures convergence towards the actual posterior, we benchmark our results with a McMC algorithm: a Metropolis sampler with on-the-fly adaptation of the scaling factor (Vrugt, 2016) (Figure 5). We can see that our implementation delivers an accurate estimation of the posterior mean but that the uncertainty is still overestimated. Note that BEL1D and IPR results were obtained in less than 5% of the time it took the McMC algorithm to converge and required only 3% of the number of models sampled by the McMC algorithm. In addition, McMC clearly identifies a strong correlation between parameters,  being the most pronounced. The results obtained by using IPR on BEL1D show the same correlation, but it is partly hidden by outliers in the distribution. Since BEL1D does not require the data misfit or the likelihood of a model to determine if the sampled model from the posterior distribution is accepted or not as opposed to McMC, some models with high RMSE values are sampled. This can be observed in Figure 3B where the uncertainty range is impacted by sampled models having a high RMSE. It is thus inherent to BEL1D to find outliers that would be discarded in an approach that is based on the data misfit (or the likelihood) and is a result of the approximation of the inverse problem in the low dimensional space. 
To account for this limitation, we propose to apply rejection sampling to the models that are present in the sampled posterior model space in Figure 5. Rejection sampling allows to get rid of highly unlikely models with high RMSE (or low likelihood) and to generate results much closer to the McMC benchmark with little computational efforts (1 sec in this case). After, rejection sampling the correlations that exist between the parameters are clearly identified. 
[image: ]
Figure 5. Improvements obtained by using rejection sampling after IPR. The results are compared to the results obtained by a McMC algorithm applied on the prior model space (green). 
Even though rejection sampling is very compelling as a quick approach to refine the obtained distributions, it does not provide the exact posterior model space. We therefore propose another approach to obtain the exact posterior distribution: we use the posterior obtained from BEL1D and IPR as the prior for a classical McMC approach. The results of this approach are presented in Figure 6. Using this approach, the retrieved posterior distribution is similar to the one obtained by McMC with the original prior. 
In terms of computation time, all proposed approaches significantly reduces computation time compared to McMC on the original prior (which takes 490 sec). BEL1D + IPR takes 20 sec (4 % of the McMC) while BEL1D + IPR + McMC takes 125 sec (25.5%). Nonetheless, applying rejection sampling provides the best compromise between accuracy and computation time as it only takes one second to compute after BEL1D and IPR for a total of 21 sec (less than 4.5% of the time for a standard McMC approach).
[image: ]
Figure 6. Improvements obtained by using McMC after IPR. The results are compared to the results obtained by a McMC algorithm applied on the prior model space (green). 
In summary, BEL1D when combined with IPR already provides a rapid first estimation of the posterior model space but overestimates the uncertainty (Figure 3). When combined with rejection sampling (obtained at a negligible CPU cost) the obtained distribution mimics the behaviors of the results from a McMC approach, but small discrepancies remain (Figure 5). Therefore, if one wants to improve even further the estimation of the posterior model space, it is possible to use the posterior obtained through the BEL1D + IPR workflow as a pre-posterior for a McMC approach that will provide an accurate estimation of the posterior (Figure 6) while still being faster to converge than the application of the McMC approach to the original prior. 
3.2. Parametric study of iterative prior resampling
Here, we sequentially study the influence of key parameters in the proposed methodology.
First, we discuss the impact of the number of models in the original prior and the mixing ratio  between the posterior to add to the prior and the initial prior. We will analyze their impact on key aspects of the posterior estimation and on the computation time, since it is crucial to remain under a reasonable threshold in order for the method to remain attractive. We are using different indicators to analyze the impact of the parameters. First, we use the normalized difference between the mean of the obtained posterior distribution and the actual benchmark value. Then, we use the reduction of the standard deviation from the prior model space to the posterior model space. Again, we normalize this reduction for visual purposes. Finally, we are recording the needed computational time. We repeated each test 10 times to account for natural variability of the Bayesian process (standard deviation of the indicators presented with error bars).
[image: ]
Figure 7. Impact of the number of models in the sampled prior (first column) and of the mixing ratio posterior/prior (second column). From top to bottom, (A and B) the accuracy of the obtained estimation (Euclidian distance between the mean of the obtained posterior distribution and the benchmark model, normalized by the initial prior standard deviation), (C and D) the precision of the obtained estimation (ratio of the obtained standard deviation for the posterior estimation and the initial prior standard deviation) and (E and F) the computation time. For each value presented on the graph, the computations where performed ten times to estimate the run-to-run standard deviations (error bars). None for the mixing ratio means adding everything that is sampled without taking care of the ratio.
By default, the number of models in the initial prior corresponds to the number of models to be sampled in the posterior which can be defined by the user, corresponding to a mixing ratio of 1. The number of sampled models can increase or decrease to reach the required mixing ratio that can also be defined by the user. However, the initial number of model sampled in the prior still largely governs the convergence of the algorithm, as it controls the accuracy of the algorithm in the early iterations (Michel et al., 2020).
The results of the analysis is presented in Figure 7 (first column). There is clearly an impact of the number of models in the prior on the convergence of the algorithm. For a low number of models sampled in the prior, we can see that the prediction is neither precise (Figure 7 – A), nor accurate (Figure 7 – C): the mean of the posterior is not properly estimated and the uncertainty is overestimated. Above 500 models sampled, we see that the behavior stabilizes itself towards a more precise and accurate prediction. This means that choosing any value above 500 for the number of models in the sampled prior model space is conservative. This behavior is related to the requirement to sample enough models to properly learn the relationship in the low dimensional space. Otherwise, the first iteration will not identify properly the region of the prior that should be resampled, adding inappropriate models to refine the posterior and resulting in a prior not consistent with the data.
When analyzing the impact on the computation time (Figure 7 – E), we note that the time is only increasing linearly, which indicates the order of complexity of the algorithm being approximately, n being the number of models sampled in the prior. Therefore, we should stick to the lower values for this parameter.
We introduced the mixing ratio in the model to avoid bias in the estimation of the posterior. This parameter () equilibrates the load between the prior and the posterior. The idea is that at a given moment, convergence will be achieved, not by reaching a stable posterior, but because perturbations in the prior from IPR become negligible. For low mixing ratios (Figure 7 – B and D), BEL1D converges towards a poorly resolved mean estimation of the posterior. The number of added samples is too small to really improve the learning process. From the benchmark, a mixing ratio around one seems appropriate, since adding more samples does not change significantly the mean estimation nor reduces the standard deviation, while remaining reasonably time consuming.
We also add the sampled models from the posterior at each iteration without taking care of the proportions between one-another (see ‘None’ in the figures). This leads to similar results globally, with the noticeable exception of the observed run-to-run standard deviation on the obtained distributions, which is larger.
In terms of computation time (Figure 7 – F), we observe that the time increases with the mixing ratio. This increase in time is due to the increased number of models that need to be computed in order to satisfy the mixing ratio. It is also observable that the CPU time required is similar with a mixing ratio of “1” and no mixing ratio (“None”). Therefore, we advise to use a mixing ratio of one for an optimal behavior control.

The parametrization of the prior model space has typically an important impact. We analyze the impact of having 3 (the above benchmark model), 4, 5, 6 and 7 layers defined in the prior. For each case, we use the same type of parametrization as in the benchmark. Hence, we only take into account the  thicknesses and  s-wave velocities,  being the number of layers.
For the algorithm to work properly with additional layers (thus more parameters to explore), we increased the number of models sampled from the initial prior by multiplying it by 2 for each added layer, since the models are more complex to explore. This relationship was obtained through empirical testing.
The results are presented in Figure 8. We observe that adding layers in the model slightly increases the uncertainty, which is logical since the prior uncertainty is larger. Nonetheless, we are still able to retrieve the main aspects from the model, namely the number of identified layers still remaining 3 for all the cases, showing that the method does not need a prior constrained to 3 layers to predict them. Some variations are observed inside the layers but the estimation is always skewed at the boundaries between the layers and not in the middle, where the impact on the dataset is more important. This results in smoother transitions between layers and is inherent to the non-unicity of the solutions when the number of parameters increases.
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Figure 8. Impact of the number of layers on the obtained posterior model space. (Top) From A to E  with respectively 3 to 7 layers with an increment of one. The color scale is unique to every subplots as it represents the obtained probability for the represented case with each color representing as many models in the subplot. The RMSE corresponding to the noise level is 0.026 km/s. (Bottom) Histograms of the obtained models at specific depths (8 and 50 meters for F and G respectively) and the estimated depth to the bedrock (H).
Exploring a larger model space requires more time since more models are required in the prior samples (multiplying by 2 for each added layer). In the test case presented above, the time was approximately doubled for each added layer. This is linked to the number of models required to cover the full model space and a similar increase applies to McMC approaches. Nonetheless, in case the number of layers in the model is uncertain, it can be beneficial to start with a large number of layers to identify how many layers are necessary to explain the data, and then to run BEL1D with a reduced number of layers. 
4. Validation: application to Mirandola field dataset (InterPacific)
The InterPacific project (Intercomparison of methods for site parameter and velocity profile characterization) aimed at assessing the reliability of in-hole and surface wave methods for the estimation of shear wave velocity by comparing the interpretation obtained from different experts (Garofalo, et al., 2016a; Garofalo, et al., 2016b). In this section, we use the mean dispersion curve that arose from these experts’ analyses of the raw data to demonstrate BEL1D applicability to retrieve the shear wave velocity profile. We will focus on the case proposed by Garofalo, et al. (2016a) in the Mirandola test-site located in the Po plain. The site is characterized by soft sediments (sand, clays and gravels) overlaying a Pliocene bedrock (sand and marine pelite), found at a depth between 50 and 150 meters (Garofalo, et al., 2016a).
From this available information, we will assume that the terrain is composed of three layers: two soft layers, representing the alluvial plain and its heterogeneity and a third layer representing the bedrock. Above this, we will impose that the models must have Poisson’s coefficient within the range 0.2 to 0.45 for each layer through added conditions on the prior. Including the Poisson’s coefficient in the prior would be redundant with the inclusion of either  or  as knowing two of the three parameters enables the computation of the third. We made the choice to use  and  in the prior and to exclude models that do not correspond to the acceptable range of Poisson’s coefficient. Therefore, the prior is no longer uniformly distributed across the different dimensions, as some models are excluded through this added rule. The prior is composed of 11 parameters: 2 thicknesses (), 3 S-waves velocities (), 3 P-waves velocities () and 3 densities (). Their uniformly distributed prior distributions are described below:
· 
· 
· 
· 
· 
·  with 
·  with 
As is observed, the prior is very large given the context. This approach is used to show the capacity to reduce significantly the uncertainty when very few is known in advance from the site. 
In this case, since they are more parameters in the model, we will use a larger set of models sampled from the prior. We settled on 10.000 as being a good trade-off between fast computations and reliable estimations.
To sample the models, we used uniformly distributed variables with rejection in order to satisfy the Poisson’s coefficient interval. From the original 60 dimensions of the data (the 60 couples frequency-phase velocity of the sampled dispersion curve), PCA reduced the dimensionality to 11, explaining more than 95% of the variability. In this case, the number of dimensions is constrained by the BEL1D algorithm and not the variability to explain as, to be able to perform further steps of BEL1D, the dimension of  (the PCA reduced dataset) must be larger or equal to the one of  (the, potentially PCA reduced, model space). 
We propagate the error on the data itself using the propagation process described by Michel et al. (2020) with the noise model from equation 3. Once noise propagated, we can sample as many models from the posterior as wanted. Here, since we are iterating on the prior, we sample a number of models sufficient to satisfy the mixing ratio fixed to one, as for the previous benchmark case.
After 13 iterations (3min), we obtain the results presented in Figure 9 and Figure 10. They clearly show that we are encompassing the uncertainty observed by the different experts from the InterPacific project (Garofalo et al., 2016a). We can observe multiple interesting aspects. First, we see that we do not reduce the uncertainty for the densities. This is coherent with the well-known fact that surface waves have low sensitivities to this parameter (Xia et al., 1999). On the other hand, we observe that we have achieved significant reduction for the parameters of the  profile and, to a lesser extent for the  profile. This latter observation is mostly due to the intrinsic link that exists between  and  through the Poisson’s coefficient, as the measurement itself is not particularly sensitive to the compression waves velocities. This is especially visible in Figure 10 where we can see that the range of values for  is limited by the sampled values of  for a given layer. In Figure 9, we present the results of the algorithm at different steps. Figure 9A presents the results of BEL1D, where we easily see the large uncertainty in the estimated posterior. If we directly apply rejection sampling to the results of BEL1D (Figure 9B), we reach a better estimation, but we are still overestimating the uncertainty. Applying IPR (Figure 9C) results in a better overall estimation with some outliers still present. Finally, applying rejection sampling to BEL1D with IPR (Figure 9D) removes most of the high RMSE (low likelihood) models for a very reasonable cost (less than 1 second). The better estimation is also illustrated in the dataspace for the initial BEL1D run (Figure 9E) and the final BEL1D, IPR and rejection sampling results (Figure 9F).
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Figure 9. Results of BEL1D, IPR and rejection sampling applied to the Mirandola test case. (A to D) Models of the shear-wave velocity obtained from (A) BEL1D, (B) rejection sampling applied directly after BEL1D, (C) BEL1D and IPR and (D) rejection sampling applied after BEL1D and IPR with the color scale representing the RMSE. Those figures presents also the profiles obtained by the different experts (overlaid in gray) for the shear-wave velocities (Garofalo et al., 2016a). (E and F) Datasets associated to the different models (with their RMSE) after (E) BEL1D and (F) rejection sampling applied to the results of BEL1D and IPR. In white, we present the datasets as found by the different experts. The color scale is the same for all the different graphs. The RMSE corresponding to the noise level is 0.038 km/s. 
We observe some discrepancies on the bedrock estimations compared to previous studies. We explain this behavior by the use of the average dispersion curve as data, whereas there is a large discrepancy at low frequencies (long periods) for the dispersion curves used by the different experts (Garofalo et al., 2016a and Figure 9).
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[bookmark: _Ref76395701]Figure 10. Results from BEL1D, IPR and rejection sampling applied to the Mirandola dataset. The prior models sampled from the prior model space are presented in yellow and the posterior models from the estimated posterior model space are shown in blue. The subplots presenting a light correlation between  and  are highlighted by red rectangles. This correlation is mainly due to the Poisson’s coefficient that limits the ranges of possible values in the prior.
We can further validate our approach by comparing the depth to the bedrock measured in drilling cores (Garofalo et al., 2016b) to the estimated depth from the proposed numerical process. This comparison is presented in Figure 11. There, we observe that our mean estimation is slightly underestimating the actual depth. Nonetheless, the measured depth is close to the mean and still in a high probability area of our estimated posterior. The relatively large uncertainty is related to the lack of constraints on the bedrock in the dispersion curve. In this figure, we illustrate once again the need for IPR to better constrain the posterior model space as only running BEL1D and rejection sampling results in a quasi-negligible uncertainty reduction.
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[bookmark: _Ref76396596]Figure 11. Estimation of the depth to the bedrock from BEL1D with IPR (and rejection). The actual measured depth is displayed in black above the histograms.
5. Conclusions
In this paper, we introduce an iterative process and rejection sampler to improve results from Bayesian Evidential Learning 1D imaging (BEL1D). This process is a combination of a first iterative step called Iterative Prior Resampling (IPR), aiming at establishing statistically representative relationships between model parameters and datasets, and a final rejection sampling test allowing to remove models not fitting the data from the posterior. Although using IPR deviates from the theoretical basis underlying Bayes rule, we show empirically that this addition to BEL1D leads to an improved quantification of the uncertainty. Our results indicate that we obtain posterior estimates from the modified IPR priors that are similar to ones obtained through McMC using the original prior.
We validate the method using dispersion curves obtained from surface waves analysis, both for a synthetic case and for an already documented field case (Mirandola, see Garofalo et al., 2016). Contrary to previous applications where the prior was relatively simple and informative (fewer parameters, low ranges of prior uncertainty and absence of insensitive parameters), here, the use of IPR was required to provide a satisfactory posterior estimation. This is most likely due to the low sensitivity to multiple parameters from the inverse problem (namely the compression wave velocities and the densities – Xia et al., 1999) that highly impair the ability to reduce the uncertainty through BEL1D.
The benchmark with synthetic models shows that the method evolves towards the posterior model space as estimated by a McMC algorithm. While still slightly overestimating the posterior uncertainty, the combination of BEL1D, IPR and rejection sampling approach seems the best compromise to reach the convergence at a limited computational cost.
The application to the field dataset validates the approach on a more complex case. In this example, we show that we are capable of retrieving a set of models that is coherent with results obtained by different experts and algorithms. We also show that our results are validated against in-situ field measurements for the depth to the bedrock and for prior distribution with related parameters. Note that in both cases, the resulting distributions are not multimodal. The behavior of BEL1D combined with IPR on multimodal distributions remains to be explored, although previous application of BEL to other data types has shown that multimodal distributions can be recovered (Hermans et al., 2019).
On the prior design for 1D imaging, we show that, even though using more layers is less time-efficient, priors with a large number of layers converge to a simpler posterior model. This shows that even though prior uncertainty might still be large, using a large number of layers remains a feasible approach. Another approach that could be applied but is not explored here is coupling BEL1D with a regularized smoothed inversion, or a blocky inversion, to have a first idea of the subsurface configuration and gather the supposed number of layers from these results. This approach is less automated and therefore requires a deeper knowledge of the inversion algorithm as regularization can lead to very smooth models where layers might be difficult to extract. 
In the proposed approach, the rejection sampling step is computationally very efficient since the likelihood is readily available, and allows to retrieve posterior distributions similar to the one from a McMC algorithm, with a 95% gain in computational time. This gain is explained by the limited number of models required to learn a meaningful statistical relationship between the models and the data and the full parallelization of the forward. This contrasts with even the most advanced McMC algorithm that are still limited to parallelizing at most the number of chains, since the knowledge of the previous model is required to calculate the next models to test. As an alternative, using the posterior from BEL1D combined with IPR as the prior for a McMC approach results in faster convergence of the McMC algorithm for similar results. This later approach, even though more computationally intensive than the rejection sampling option, leads to the most precise and accurate approximation of the posterior with a significant computational gain (75%) compared to a standard McMC approach.
The algorithm released with this paper can be run for any data type as long as a forward model is provided and should lead towards real-time predictions of 1D models of the subsurface provided an adequate training phase of the algorithm.
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