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Transmission electron microscopy characterization may damage materials, but an electron beam can also
induce interesting dynamics. Elastic knock-on is the main electron irradiation damage mechanism in metals
including graphene, and although atomic vibrations influence its cross section, only the out-of-plane direction
has been considered so far. Here, we present a full three-dimensional first-principles theory of knock-on
displacements including the effect of temperature on vibrations to describe dynamics into arbitrary directions.
We validate the model with previously precisely measured knock-on damage of pristine graphene, where we
show that the isotropic out-of-plane approximation correctly describes the cross section. We then apply our
methodology to reversible jumps of pyridinic nitrogen atoms, whose probability under irradiation is measured at
55 and 60 keV. Direct displacement requiring a high emission angle and an alternative pathway via intermittent
N adatom creation and recombination are computationally explored but are unable to explain the observed rates,
implying stronger inelastic effects at the defect than in pristine graphene.
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I. INTRODUCTION

Transmission electron microscopy (TEM) is a powerful
probe of the atomic structure of materials. Due to efficient
aberration correction [1], the information that modern in-
struments can collect is mainly limited by radiation damage
[2], which can have both elastic and inelastic components.
Knock-on displacement due to elastic electron backscattering
[3] affects all materials and is the primary damage mechanism
for metals such as graphene [4]. For nondestructive imaging,
the electron should not transfer more energy than the displace-
ment threshold of the material, defined as the energy needed to
remove an atom from its lattice position. The energy received
by the nucleus may also drive certain nondestructive dynam-
ics [5,6], which has enabled atomically precise manipulation
[7–9].

Since the electron mass is small compared to the nu-
clei, momentum conservation strictly limits the amount of
kinetic energy transferred in an elastic collision. However,
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at low electron energies, the thermal motion of the atom
can significantly increase the energy transfer [10], and ir-
radiation damage of graphene at energies below 100 keV
cannot be explained without vibrations [11]. To date, these
have only been treated in the out-of-plane direction of the
greatest momentum transfer. For a complete description of
situations including the beam-induced movement of adatoms
[12], momentum transfers in all directions must be included.
Furthermore, while knock-on damage in pristine graphene
can be accurately described from first principles [13,14],
there are puzzling discrepancies between the predicted and
measured cross sections for its impurity sites [15]. Until
now, it has not been clear whether these are due to shortcom-
ings in the elastic model or arise from unaccounted inelastic
effects.

We present here a full three-dimensional theory of elec-
tron knock-on damage for arbitrarily moving target atoms,
which can be used in general to predict the probabilities of
elastic processes based solely on first-principles modeling. We
explore the implications of the theory for knock-on displace-
ments from pristine graphene as well as for the reversible
transformations of its pyridinic nitrogen impurity sites [16],
for which we include new quantitative measurements. We
explore both a direct pathway that can only be activated for
primary knock-on atom emission directions close to the plane
and also the possibility of intermittent N adatom creation
and recombination in contributing to the observed dynamics.
This provides a particularly demanding test of our ab initio
framework, and although elastic theory fails in this instance, it

2469-9950/2022/105(23)/235419(6) 235419-1 Published by the American Physical Society

https://orcid.org/0000-0001-8597-678X
https://orcid.org/0000-0001-7343-1336
https://orcid.org/0000-0002-4221-4037
https://orcid.org/0000-0001-6921-5163
https://orcid.org/0000-0002-1301-5266
https://orcid.org/0000-0003-2513-573X
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.105.235419&domain=pdf&date_stamp=2022-06-13
https://doi.org/10.1103/PhysRevB.105.235419
https://creativecommons.org/licenses/by/4.0/


ALEXANDRU CHIRITA et al. PHYSICAL REVIEW B 105, 235419 (2022)

FIG. 1. The three-dimensional electron-atom scattering geome-
try. ϕ and θ are the azimuthal and polar electron scattering angles
after the collision (blue), whereas δ and γ are the azimuthal and
polar emission angles of the atom (red). The colored dome indicates
the calculated and interpolated angular variation of the displacement
threshold energy Ed for pristine graphene (multiplied by ξ = 0.931
to match the experimental cross section; see Table I).

is applicable for the quantitative description of pure knock-on
displacements more generally.

II. ENERGY TRANSFER

To construct a three-dimensional model, we consider
the electron (mass m, energy Ee, momentum pe) as a
relativistic projectile scattering from a moving, nonrelativis-
tic target, the nucleus (mass M, energy En, momentum pn).
Assuming an initial electron momentum along the z axis,

pe = |pe|(0, 0, 1) with |pe| = pe =
√

Ee(Ee + 2mc2)/c2 (c is
the speed of light), and that the targeted atom has initial
momentum components in three Cartesian directions pn =
M(vx, vy, vz ), where vx,y,z are the initial nuclear velocity,
we derive a three-dimensional description of the electron-
nucleus scattering (Fig. 1 illustrates the geometry). The
electron can scatter into any angle after the collision, p̃e =
|p̃e|(sin θ cos ϕ, sin θ sin ϕ, cos θ ), and so can the atom, p̃n =
|p̃n|(sin γ cos δ, sin γ sin δ, cos γ ), where ϕ and θ are the elec-
tron azimuthal and polar scattering angles and δ and γ are the
corresponding atom emission angles.

To provide a starting point for the simulation of the result-
ing dynamics, we are interested in the energy transferred to the
nucleus Ẽn. This can be derived from the relativistic energy
and momentum conservation of the incoming electron and the
nucleus (this analytic solution assumes that Ee � Ẽn − En;
see the Supplemental Material [17] for details):

Ẽn(Ee, vx,y,z, θ, ϕ) = M
(
v2

x + v2
y + v2

z

)
2

+ pe

[
(1 − cos θ )(pe + Mvz )

M

− sin θ (vx cos ϕ + vy sin ϕ)

]
. (1)

Note that although electron scattering from the Coulomb
potential of the nucleus is spherically symmetric, the inclusion
of arbitrary velocity components breaks that symmetry for
atom emission. While Eq. (1) provides the general expression
of energy transfer in terms of the electron scattering angles ϕ

and θ , a connection to the atom emission angles γ and δ is
needed to describe its displacement after the collision, which
is what can be directly simulated [5,18]. These emission an-
gles can be derived from momentum conservation ([17]; Fig. 1
again shows the geometry); note that γ and δ now depend
on the instantaneous velocity of the atom at the moment of
the scattering, and yield unique values for any specific initial
state:

γ (Ee, vx,y,z, θ, ϕ) = arctan

(√
(Mvx − pe sin θ cos ϕ)2 + (Mvy − pe sin θ sin ϕ)2

Mvz + pe(1 − cos θ )

)
, (2)

δ(Ee, vx,y,z, θ, ϕ) = arctan

(
Mvy − pe sin θ sin ϕ

Mvx − pe sin θ cos ϕ

)
. (3)

III. MODELING THE CROSS SECTION
To estimate the displacement threshold energy for knock-

on from pristine graphene, we ran density functional theory
molecular dynamics (DFT/MD) simulations using our estab-
lished methodology [6,13] for atom emission angles 0◦ �
γ � 30◦ (as reduced energy transfer to larger angles can-
not overcome the displacement threshold energy Ed [17])
and 0◦ � δ � 60◦, which by symmetry allows us to predict
Ed(γ , δ) for all azimuthal angles. We used the Atomic Simu-
lation Environment [19] for Velocity-Verlet dynamics with a
time step of 0.3 fs on a 7 × 7 × 1 graphene supercell, with
forces from a GPAW [20] DFT calculator using the PBE

functional [21], a dzp basis set, a 3 × 3 × 1 Monkhorst-Pack
k-point grid, and a Fermi-Dirac smearing of 0.025 eV (which
results in ca. 0.6 eV higher values of Ed than the previously
used default setting of 0.1 eV [13]). Ed increases for emission
angles γ > 0◦, as shown in Fig. 1 (and noted earlier [22]).
Combined with the fact that a normally incident electron can
transfer less energy the larger the angle γ is, this illustrates
why the out-of-plane approximation has worked well for this
typical geometry.

In experimental studies, only the rate of displacements at
a given irradiation dose can be measured, from which the
cross section for each electron impinging on an atom can be
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TABLE I. Different cross-section models describing experimental data for carbon displacement from 12C graphene and the pyridinic N
jump (N-C2). “z-only” corresponds to the vz-dependent cross section σz with an isotropic threshold energy Ed [13,14] while “3D” refers to
the 3D cross section σ3D with the nonisotropic threshold energy Ed(γ , δ). Only the lowest Ed values with the corresponding lowest emission
angles are listed here; see Fig. 1 and Ref. [17] for their full 3D variation. ξ is a fitting factor for the simulated displacement threshold energies
used to match the experimental displacement cross sections (for pristine graphene from Ref. [13] and for pyridinic N shown in Fig. 3), and
WSME is the weighted mean-squared error minimized by the fitting. For the cross sections from adatom recombination, we give values based
on the estimated probability of the N atom to be recaptured on the other side (47%).

System Graphene N jump N adatom 47%
σ model z-only 3D z-only 3D z-only 3D

ξ 0.932 0.938 0.167 0.224 0.629 0.579
Ed [eV] (γ , δ) 22.55 (0◦, 0◦) 13.00 (55◦, 90◦) 16.0 (0◦, 0◦)
WMSE 0.005 0.004 1.18 0.55 198 94.2
Ref. [13] this work

calculated and compared to theoretical estimates. Electrons
displace atoms via Coulomb interaction with the nuclei, and
the relativistic scattering cross section between an electron
and a target atom has been derived by Mott [23] and expanded
by McKinley and Feshbach [24] to obtain an analytical ex-
pression σ (Ee, θ ) [17], accurate up to middle-Z elements.
Defect creation in pristine graphene starts a few tens of keV
below the primary beam energy Ee that is needed to overcome
Ed in a static lattice approximation, explained by accounting
for the vibrational enhancement of the momentum transfer
[11]. Most calculations have assumed that Ed is isotropic [25],
and that only out-of-plane vibrations (if any) are important
[13]. We expand the theory to a fully three-dimensional model
including vibrations and momentum transfer in arbitrary di-
rections, giving the cross section σ3D as an integral over the
electron scattering angles and the nuclear velocity compo-
nents [17]:

σ3D(Ee, Ed, T ) =
∫ 2π

0

∫ π

0

∏
i=x,y,z

∫ vmax
i

−vmax
i

P(vi, v
2
i (T ))H(Ẽn

− ξEd(γ , δ)) σ (Ee, θ ) dvi sin θ dθ dϕ,

(4)

where P(vi, v
2
i (T )) with i = x, y, z are the normal distribu-

tions of Cartesian atom velocities with mean-square widths
v2

i (T ) derived from the phonon density of states and integrated
over ±vmax

i covering their variation [13], and H is a Heaviside
step function ensuring the transferred energy Ẽn [Eq. (1)]
exceeds the value of the angle-dependent displacement thresh-
old Ed(γ , δ) [17]. The latter may need to be multiplied by a
fitting factor ξ to match the experimental cross section (see
Table I). This demanding five-dimensional expression
could only be integrated using adaptive numerical methods
[17].

We further considered the pyridinic N site (N-C2), which is
similar to a single vacancy, but with the dangling-bond C atom
replaced by N, bonding to two C neighbors and stabilizing
the defect. These N impurities have been observed to rapidly
“jump” back and forth across the vacancy under electron
irradiation at 500 ◦C [16]. The calculated energy barrier of
∼4 eV for the process is too high to be thermally activated, but
neither was it possible to explain the observed event rate with
the earlier models [15]. Since the predicted minimum-energy

pathway is in-plane [26], the in-plane velocities vx,y were
presumed to play a role in activating the jumps.

We ran DFT/MD for various emission angles at the
N-C2 site to determine under which conditions the N
can cross the vacancy to bind with the C atoms on the
other side. Using phonon modeling via first-principles cal-
culations [17] following our earlier methodology [9], we
estimated mean-squared velocities of {v2

x = 4.81, v2
y = 3.72,

and v2
z = 2.14} × 105 m2 s−2 for the N atom (where the y

direction points across the vacancy) to quantify the effect of
its in- and out-of-plane motion.

Maximum energy transfers near electron backscattering do
not result in a jump, regardless of the initial momentum of
the N atom. Instead, effective emission directions lie in a
narrow sector between 90◦ � δ � 110◦ (and symmetrically
toward the other side, where δ = 90◦ points directly across
the vacancy) and at relatively large polar emission angles
55◦ � γ � 90◦, with EN

d (γ , δ) ranging from 10 to 13.5 eV
[Fig. 2(a)]. We interpolated the resulting threshold values and
calculated cross sections with Eq. (4). However, we had to
drastically scale down Ed(γ , δ) with the multiplicative factor
ξ [see Fig. 2(b) and Table I] so that the N could receive
sufficient energy to reach the other side of the vacancy against
the restoring force from its two original C neighbors.

For other angles or energies, either no change in the site
occurs, or the N almost ejects from the lattice and is left as an
adatom near its original position, which happens for a range
of emission angles close to the surface normal at energies
between 14–16 eV [Fig. 2(c)]. Although most such adatom
configurations presumably recombine at the closest side of
the defect, thus restoring the site to its original configuration,
adatom migration at room temperature may allow some of
them to recombine on the other side, which would be ex-
perimentally indistinguishable from a direct jump. At even
higher transferred energies, which are increasingly unlikely
at primary beam energies of 60 keV or below, the N can be
entirely ejected from the lattice.

To evaluate the probability of an adatom recombining on
either the original side of the vacancy, or the other side thus
appearing as a jump, we ran Monte Carlo simulations in three
simulation cells: an open world, where an adatom can diffuse
away from the defect, and closed periodic cells of two sizes
modeling the potential energy well around the vacancy, where
it always ends up recombining on either side. These constitute
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(a)

(b)

(c)

FIG. 2. Mechanisms of the N-C2 dynamics. (a) Variation of the
threshold energy Ed(γ , δ) for the jumping of the N atom (shown in
green) estimated with DFT/MD and numerically interpolated. The
direction across the vacancy parallels the positive y axis (δ = 90◦).
The coloring of each angular tile displays a numerical interpolation
between the Ed values spanning its angular range, while the uncol-
ored tiles represent directions where no jump is found. The top views
show the initial and final snapshots from a DFT/MD simulation
(γ = 60◦, δ = 90◦, Ẽn = 10 eV). (b) Scaled ξEd (orange circles;
ξ = 0.224) compared to transferred energies as a function of polar
atom emission angle γ and 3D velocity components (solid lines).
The energy transfer across the vacancy is greatest for positive vy

and negative vz velocity components. (c) Selected top views from a
DFT/MD trajectory of a higher-energy perpendicular ejection (γ =
5◦, δ = 5◦, Ẽn = 15 eV) resulting in an N adatom near its original
location.

“best” and “worst” case estimates for the true probability with
the assumption that all migration barriers are equal. Based
on 10 000 simulations for each case, probabilities for the
N adatoms to recombine on the other side range from 32%
(open world, only considering those atoms that do not escape)
to 47% (periodic 3 × 3 × 1 cell). The latter value is used in
Fig. 3 to plot the limiting case for the apparent jump cross
sections via an adatom-mediated route.
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FIG. 3. Reversible jumps of N across a vacancy in graphene.
(a)–(f) Six selected frames from a medium-angle annular dark-field
scanning transmission electron microscopy image series, recorded at
60 keV at room temperature, which contained a total of 17 jumps,
with the N atom finally ejected before the last frame. The scale bar
is 2 Å. (g), (h) Exponential distribution of jump doses (N events in
total; each bin contains all the events that occurred at doses higher
than the lower bin limit) fitted with the expected Poisson expectation
value λ at (g) 55 keV (resulting cross section σ of 17.0 barns) and (h)
60 keV (22.5 barns). (i) Comparison of experimental jump (blue open
circles) and knock-on (KO; orange open circle) cross sections with
the calculated ones for the full 3D (solid blue line) and z-only (dashed
blue line) models for the direct jump pathway [Fig. 2(a)], as well as
the 3D model for displacement to an adatom [example in Fig. 2(c)]
followed by recombination on the other side at 47% probability
(orange solid line), and direct knock-out corresponding to the same
scaling factor ξ (orange dashed line). The error bars correspond to
2-sigma confidence intervals.
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IV. COMPARISON TO EXPERIMENT ON
PYRIDINIC NITROGEN

To test these predictions, we collected new room-
temperature data on pyridinic N jumps at 55 and 60 keV by
imaging incidental impurities identified by electron energy
loss spectroscopy and obtained precise cross-section estimates
(Fig. 3(i); [17]). Notably, the room-temperature value of 22.5
barns at 60 keV is slightly lower than the earlier rough
estimate of 30 barns at 500 ◦C. We also observed eight knock-
out events at 60 keV and estimated their cross section to be
1.54 barns. Finally, we explored including the variation of Ed

due to thermal perturbations from the equilibrium geometry
[14]. Unfortunately, the addition of an energy dimension to
the integration of Eq. (4) proved numerically too demanding,
nor is it possible to perform the required thermal sampling at
our DFT/MD level of theory. However, this effect is expected
to be a negligible correction [14].

In Table I we compare the z-only and 3D cross-
section models, including the required scaling factor and the
residual error of the simultaneous fit to experimental data
points at different electron energies [13]. While the 3D model
makes only a small difference for either of the cases that can
be activated at emissions close to normal incidence (dam-
age of pristine graphene and N adatom creation at the N-C2

site), for the direct jump the required rescaling is somewhat
smaller (factor ξ increased from 0.167 to 0.224). However,
any elastic model cannot explain the remarkably high experi-
mentally observed jump rates: without the scaling factor ξ , the
predicted rate would be negligible at these electron energies,
while the N atoms are observed to jump many times per
minute.

Since the adatom-mediated route can be effectively acti-
vated with energy transfers closer to the plane normal, the
scaling factor ξ required to describe the correct order of mag-
nitude of the measured cross sections is closer to unity, but still
quite substantial. Thus, theoretically calculated elastic thresh-
old energy values would still predict a negligible probability
for this process. Further, assuming that the N is recaptured
on the opposite side of the vacancy 47% of the time, it is
not possible to simultaneously explain the high probability of
jumps and the relatively low probability of knocking out the
N. In Fig. 3(i), the theoretical adatom and knock-on curves
are simultaneously fitted to the jump and knock-out cross
sections; a much lower ξ could push the cross section higher,
but would result in a far too high probability of knocking out
atoms.

Measurements at additional beam energies would be
useful, but would not alter the general magnitude of the dis-
crepancy. We also note that there will be a limited range of
primary beam energies where (1) atomic resolution can be
retained, (2) the process is fast enough to measure with suffi-
cient statistics, and (3) competing processes such as knock-on

damage do not interfere. In our instrument, it is challenging
to retain sufficient resolution at 50 keV, while the probability
of knock-on damage at 65 keV and above may prevent the
collection of robust statistics at higher energies.

V. CONCLUSION

Since vibrations in all directions and the variation of Ed as a
function of emission angle are now accounted for in our com-
plete theory, remaining discrepancies between simulated and
experimentally derived values suggest an additional source:
the inaccuracy of DFT/MD in describing the energy required
to displace the N atom from the N-C2 site within the ground-
state Born-Oppenheimer approximation. Inelastic effects have
been shown to be vital for explaining damage in nonmetal-
lic 2D materials [10,27–30], but it is surprising they should
also play such a role for point defects in metallic graphene.
Recent theoretical work has proposed potential mechanisms
and avenues for quantitative modeling [31]: further advances,
building upon the 3D foundation established here, will be
needed before a full quantitative picture can be drawn.

Finally, it may be instructive to consider the magnitudes
of the energy barriers that the fitted ξ result in. A value of
0.224 brings a DFT/MD threshold energy of 13.0 eV down
to less than 3 eV—still too large to be thermally activated, but
below the calculated barrier of the in-plane minimum-energy
pathway. Applying the same factor to that barrier would bring
its value from 4 eV [26] down to as little as 0.9 eV—which
could easily be crossed thermally. Considering the complex-
ities of the analysis, these factors should not be taken as any
direct measure of the effects of potentially complex dynamics
driven by electronic excitations, but the magnitudes involved
could suggest that the observed rates may be the result of low-
ering of thermal migration barriers due to inelastic electron
scattering, which future theoretical developments may be able
to directly quantify.
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