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Topology is a crucial ingredient for understanding the physical properties of superconductors.
Magnetic field lines erewd to adopt the form of a topologically-protected quantum flux lines which
can lose this property when moving at high velocities. These extreme conditions can be realized
when superconductors undergo a thermomagnetic instability for which the sample topology come al-
so into play. In this work, utilizing the magneto-optical imaging technique, we experimentally study
magnetic flux avalanches in superconducting films with multiply-connected geometries, including
single and double rings. We observe a domino effect in which avalanches triggered at the outer
ring, stimulate avalanches at the inner ring thus impairing the expected shield, efthe outer ring and
gap. We implement numerical simulations in order to gain more insight into the underlying physical
mechanism and demonstrate that such event is not caused by the heating conduction, but mainly
attributed to the local current distribution variation near the preceding flux avalanche in the outer
ring, which in turn has a ripple effect on the local magnetic field profile in the gap. Furthermore, we
find that the domino effect of thermomagnetic instability; can be switched on/off by the environmen-
tal temperature and the gap width between the deublg rings. These findings provide new insights
on the thermomagnetic instability in superconducting devices with complex topological structures,
such as the superconductor-insulator-superconductor (SIS) multilayer structures of superconducting

radio-frequency (SRF) cavities.
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I. INTRODUCTION

A unique hallmark of superconductivity is the capac-
ity to carry electric current without dissipation. This
quantum state is however, very sensitive to temperature,
magnetic field, and even mechanical strain [1-4]. In par-
ticular, thin superconducting films exposed to a ramping
magnetic field, may undergo thermomagnetic instabili-
ties in the form of finger-like or tree-like flux avalanches.
These catastrophic events can be directly observed vi-
a magneto-optical imaging (MOI) technique, as demon-
strated in several superconducting materials, such as Nb
[5, 6], MgBs [1, 7], YBCO [8-10], NbsSn [11], Pb [12],
NDbN [13], Mo3Ge [14], as well as a-MoSi thin film [15].
The effects of controllable space modulations of the su-
perconducting state in this event can be accomplished
mainly by inserting artificial arrays of holes, cracks, and
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additional conducting layers in the superconducting sys-
tems [16-21].

Besides the thermodynamic parameters, the geometry
and topology of the structure plays a major role on the
superconducting response. For instance, ring-shaped su-
perconductors are widely found as key components in de-
vices (e.g., permanent magnets, superconducting quan-
tum interferences device (SQUID), and magnetic bear-
ings) [22-24]. In addition, they present significantly d-
ifferent magnetic behavior compared to the simply con-
nected counterparts, including the static flux penetra-
tion and the development of dynamic thermomagnetic
instabilities [25-27]. Unlike avalanches observed in sim-
ply connected structures, multiply connected MgBs films
(e.g., superconducting rings) have shown the presence of
a crossing dendrite after several tree-like avalanches nu-
cleate on the outer edge without reaching the inner rim
[25]. This event has been coined magnetic perforation.
Recent experimental results in Nb demonstrated that
such dendrites are triggered when the difference between
the applied field and the average field inside the central
hole AH;p, reaches a certain threshold level, and-appear
quasiperiodically with increasing applied field [27].
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A ring-shaped superconductor exposed to a time-
varying magnetic field is reminiscent of the cross-section
of superconducting radio-frequency cavities. In recent
years, a superconductor-insulator-superconductor (SIS)
structure has been proposed to be used in supercon-
ducting radio-frequency cavities to arrest thermomagnet-
ic avalanches triggered by local penetration of vortices at
defects [28]. Kubo [29] discussed the magnetic field limit
and the optimum layer thickness of such SIS multilayer
structure for application in superconducting accelerat-
ing cavities. Wang et al. [30] use TDGL theory to nu-
merically investigate the effect of nanoscale defects, sur-
face roughness, and cracks on the vortex penetration and
superheating field in Nb3Sn-I-Nb multilayer structures.
The cross-section of the SIS cylindrical structure consists
of two concentric superconducting rings. The macroscop-
ic thermomagnetic instabilities in such two layers struc-
ture exposed to a ramping magnetic field remain largely
unexplored.

The present work aims at investigating thermomagnet-
ic instabilities in superconducting rings, with particular
attention on the magnetic perforation process. We—fizst
experimentally study the flux avalanche morphologies in
superconducting rings exposed to an increasing applied
field by magneto-optical (MO) technique, and observe
a domino effect of flux avalanches in double rings. In
order to gain more insight into the underlying physical
mechanism, we implement numerical simulations to in-
vestigate triggering conditions of thermomagnetic insta-
bilities, magnetic flux avalanches morphology, and the
flux injected into the hole in superconducting films with
multiply-connected geometries, including single and dou-
ble rings. In addition, we demonstrate that the domino
effect of thermomagnetic instability can be tuned by ad-
justing the gap width between the double rings. The
paper is organized as follows: the experimental settings
and the numerical method used to analysig the flux dy-
namics in superconducting rings are presented in Sec.
II. In Sec. III, Weg present MOI experimental results of
flux avalanches in concentric rings. Mereeves, we discuss
the simulated thermomagnetic instabilities and unveil the
mechanism for the domino effect of flux avalanches. Fi-
nally, a summary of the most salient results is presented
in Sec. IV.

II. EXPERIMENTAL AND NUMERICAL
METHODS

A. Sample preparation and MOI technology

The MgB> thin films were prepared by hybrid physical-
chemical vapor deposition (HPCVD) developed by X. X.
Xi et al. [31]. Details of the HPCVD system used in
this work can be found in Refs. [32, 33]. Briefly, Mg
ingots (> 99.5% purity) were placed around a 5 x 5 x 0.3
mm MgO (111) substrate on a molybdenum susceptor,
and heated up to 660 °C in 4 kPa ultrahigh pure hydrogen

FIG. 1. Schematic of the investigated sample. (a) Two con-
centric superconducting rings of inner radii R;; and R;2 and
outer radii R,1 and R,2 on a substrate exposed to a gradu-
ally increasing perpendicular magnetic field H,. (b) A single
superconducting ring of inner radius R; and outer radius R,.
The red line shows the numerically calculated field profile of
the z-component magnetic field B, along the radius.

(> 99.9999% purity). The deposition started as 5% BoHg
balanced with hydrogen were slowly flowed into the vacu-
um chamber at a rate of 3 sccm. 50 nm-thick MgB, thin
film were deposited on substrate after 4 min. The super-
conducting ring pattern schematically shown in Fig. 1(a)
(with R;1 = Ro1/2 = Ri2/3 = Ry2/4 = 0.5 mm) were ob-
tained by photolithographic process by dry-etching with
Argon ion milling.

The magneto-optical technique is employed to observe
the flux penetration in the concentric rings, where a Bi-
doped yttrium iron garnet with in-plane magnetic do-
mains placed on top of the superconducting specimen is
used as an indicator film based on Faraday effect [34].
The sample was first zero-field-cooled to 4.3 K, and then
an increasing magnetic field was applied perpendicular
to the sample.

B. Numerical method

For a very thin superconducting film, exposed to an
applied magnetic field perpendicular to the film plane,
the electrodynamics follows Maxwell’s equations:

B=-VXE, VxH=J§z)andV-B=0, (1)

with B = poH and V - J = 0, where Jé(z) is the cur-
rent density with J the sheet current and d(z) the delta
distribution. The heat flow in the film is governed by the
equation

deT = deV*T — (T —Ty) + J - E, (2)

where T is the local temperature in the superconductor,
Ty is the base temperature which is kept at a constant
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value, d is the sample thickness and J - E represents the
Joule heating. The thermal conductivity and the specific
heat of the superconductor are x and ¢, and h is the
coeflicient of heat transfer between the superconducting
film and the substrate. The temperature dependencies of
the thermal parameters are assumed as x = ko(T/T.)3,
c=co(T/T.)® and h = ho(T/T.)? [35].

The relationship between current and electric field is
described by the commonly used phenomenological mod-
el [36]

E = p(J)J/d, 3)
with a resistivity law

_ pO(J/JC)n717 J < J67 T<Tca
() = { Pns otherwise, (4)

where pg and p,, are a constant resistivity and the normal
state resistivity, respectively. J. is the critical sheet cur-
rent density, and n is the so-called creep exponent. The
E-J relationship is highly nonlinear and corresponds to
Bean model when n — oo. Here, the temperature depen-
dence of J,. and n are taken as

Je = Joo(1=T/T.) and n = noT,./T + 1, (5)

where J.o and ng are constants.

To solve the electromagnetic behavior, the sheet cur-
rent is expressed through the local magnetization, g(x, y),
as [37]

9g 9g
Jp ==, J,=——=, 6
oy Y Ox (6)
We can obtain the time derivative of g by the Biot-

Savart law using the fast Fourier transform (FFT)
method as reported in Ref. [35]

itr.t) =7 { 2FB 0 - 0] (D)

where F is the two-dimensional (2D) spatial Fourier
transform and k = |k|. This equation can be used to
describe the dynamics of multiply-connected samples.

For a thin superconducting film as the one shown in
Fig. 1, the zy plane is divided into three parts: the super-
conductor, the area in the hole and the area outside the
ring. Inside the superconductor, B, can be obtained by
combining Faraday’s law with the constitutive equations
(3) and (4) of the superconductor, given by

B. =V -(pVyg)/d, (8)

For the area outside the superconducting ring, B, can be
obtained by an iterative procedure that guarantees g = 0
outside the sample. For the area inside the hole, there
are generally three different implementations to obtain
B, that satisfies the boundary conditions of the hole (g
is kept constant in the hole). (i) g in the hole area is

set to the lowest value of the inner edge of the ring [38,
39]. This method is simple and flexible to implement.
However, unphysical net flux will be introduced into the
hole in this way. (ii) The hole is considered as part of
the superconducting sample, but its critical current is
strongly reduced (or the resistance is increased) [40, 41].
This method is physically feasible, but the calculation
efficiency is penalized due to the reduction of the time
step. (iii) A modified iterative procedure is used to find
B. in the holes as reported by Vestgarden et al. [42, 43].
This approach does not require additional assumptions,
but is more demanding from computational point of view.
In what follows, we use the second method to model the
holes. By testing different values of p, we find that p = p,,
is large enough to make g =constant and J = 0 in the
holes.

Numerical simulations are performed over a square of
half-width L = 1.3R,, discretized on a 256 x 256 equidis-
tant grid. The material parameters used in this calcula-
tions are typical for MgBs films, with T, = 39 K, J.o = 50
kA /m, pg = pn = 7 u€2 cm [35]. The thermal parameters
are o = 0.17 kW/Km, ¢y = 35 kJ/Km? and hy = 220
kW/Km?2. We use ng = 19 and limit n(T) to n(T) < 59
at low temperature. A weak quenched disorder is intro-
duced by radomly decreasing J.o by 10% at 5% of the
grid points.

III. RESULTS AND DISCUSSIONS
A. Magneto-optical investigation

Figure 2(a-d) show magneto-optical images (MOI) of
concentric rings at different applied fields. The bright-
ness in these images represents the magnitude of the lo-
cal magnetic flux density. In order to distinguish flux
avalanches from the regular penetration, we show in
Fig. 2(e-h) the difference between the flux distribution in
the upper panels and the corresponding preceding flux
distribution taken at a slightly lower field. The bright-
ness here indicates the magnetic flux development with
increasing applied field. At poH, = 0.31 mT, sever-
al flux avalanches are triggered exclusively in the out-
er ring, including magnetic perforation accompanied by
sudden flux increase in the outer hole between the two
rings (panels (a) and (e)).

When the applied field reaches pgH, = 0.49 mT, the
first crossing dendrite appears in the inner ring as shown
in panels (b) and (f). The increase in the flux field insid-
e the central hole and the decrease of flux at the outer
edge of the inner superconducting ring prove that a large
amount of magnetic flux in the outer hole is injected into
the central hole through this channel (i.e. magnetic per-
foration of the inner ring). With further increasing the
applied field (e.g., uoH, = 1.57 mT and poH, = 2.5 mT),
several flux instabilities appear in the inner ring, includ-
ing short-range flux avalanches and crossing dendrites
(see panels (c-d) and (g-h)). Note that at poH, = 1.57
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FIG. 2. Magneto-optical images of a 50 nm-thick ring-shaped MgBs film at Ty = 4.3 K (a-d), and the differential map (e-h).
Bright (dark) color indicates high (low) local magnetic fields. In panels (a, €) a magnetic perforation takes place at the outer
ring. In panel (b, f) a magnetic perforation occurs in the inner ring, with a nucleation spot in the vicinity of the avalanche

shown in (e).
avalanches (panels (d, h)).

mT flux avalanches are triggered simultaneously in both
inner and outer superconducting rings as demonstrated
in Fig. 2(g).

Remarkably, the smooth Bean-like magnetic profile has
not yet fully penetrated the outer ring, when the first
crossing dendrite in the superconducting inner ring is
triggered in the vicinity of a flux avalanche in the outer
ring, as shown in Fig. 2(b). This non-local correlation be-
tween avalanches in the outer and inner ring is suggestive
of a domino effect.

B. Numerical simulations of superconducting rings

Since the thermomagnetic breakdown of the inner ring
seems to depend on the flux instability behaviors in the
adjacent outer ring as suggested by MO images, it is in-
structive to start first by investigating numerically the
flux avalanches and the magnetic perforation in a single
ring. To the best of our knowledge, this analysis has not
been done so far. As shown in Fig. 1(b), the inner ra-
dius, outer radius and thickness of the superconducting
ring are R; = 1.1 mm, R, = 2.2 mm and d = 0.5 pm,
respectively. Note that there is a small negative field at
the inner edge of the ring resulting from the circulating
supercurrent, which has also been reported and explained
by Pannetier et al. [44]. We will then extend the numer-
ical simulations of the flux behavior for two concentric
rings, and demonstrate the domino effect of thermomag-
netic instabilities in which the flux avalanches in the inner
ring can be triggered by the thermomagnetic instability
at the outer ring. In this way we will be able to clarify the
mechanism and triggering condition of thermomagnetic
instability of the inner ring.

Simultaneous avalanches in the inner and outer ring are seen in panels (c, g), as well as short range dendritic

It is well known that the morphology of flux avalanch-
es is strongly influenced by the temperature [1, 45].
Fig. 3(a-d) show the magnetic flux distribution in the ring
exposed to an increasing applied field with ,uoHa = 100
T/s at four different temperatures, where panels (a-c)
correspond to the first magnetic perforation. At low
working temperature (Ty = 7 K), the first flux channel
connecting the inner and outer edge of the ring appears
at roughly poH,,, = 6.5 mT. As shown in Fig. 3(a),
frequent finger-like flux avalanches in the ring appear be-
fore the formation of the flux channel, which is consistent
with previous experimental reports [25]. In this case, the
threshold field poHyp for the onset of the thermomagnet-
ic instabilities is smaller than the threshold perforation
field p1oH,yp for the appearance of the first crossing den-
drite. With increasing temperature, the number of flux
avalanches before the first magnetic perforation is found
to decrease (not shown). At somewhat higher temper-
atures (e.g., Tp = 11 K, 15 K), the magnetic perfora-
tion coincides with the onset of avalanche regime, which
is consistent with the experimental results in Ref. [27].
Therefore, whether o H,y,y is larger than pgHe, or equal
to can be controlled by varying the temperature. Fur-
thermore, for the highest temperature of 20 K, the flux
front almost reaches the inner edge of the ring without
any thermomagnetic instability as seen in Fig. 3(d).

With the occurrence of the magnetic perforation even-
t, a large amount of flux is injected into the central hole
through the flux channel. Fig. 3(e) shows the correspond-
ing evolution of average magnetic field in the central hole
during the ramping up of the applied field. The dashed
line in this figure indicates the applied magnetic field
woH,. At high temperature (7 = 20 K), there is no
flux avalanches and hence no magnetic perforation event
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FIG. 3. Simulated distributions of B, in a single super-
conducting ring exposed to an increasing applied field with
poH, = 100 T/s at (a) To = 7 K and poHmp = 6.5 mT;
(b) To = 11 K and poHmp = 9.4 mT; (c) Tp = 15 K and
1oHpmp = 15.3 mT; (d) To = 20 K and poH, = 12 mT. Panel
(e) shows the average magnetic field B. in the central hole
of the ring as a function of the applied field. The color bars
indicate the local magnetic field component B, in mT.

triggered. However, after the applied field reaches about
11 mT, the average magnetic field in the central hole
increases linearly with the applied field due to the satu-
ration of the current in the superconducting ring. As the
working temperature decrease to a moderate value (e.g.
Tp = 11 K and 15 K), the average field in the central hole
exhibits abrupt jumps up to the value of the applied field
woH, corresponding to the formation of the flux channel,
in agreement with the experimental results shown in Re-
f. [27]. Moreover, this quasiperiodic perforation event
increases with the decrease of working temperature. In-
terestingly, the average field in the hole no longer jumps
to the value of the applied field at low temperature (e.g.,
To = 7 K) but instead it remains below poH,. This effec-
t is ascribed to the shrinking of the heated flux channel
with decreasing temperature, resulting in less flux being
injected into the central hole of the superconducting ring.

In addition to the temperature, the ramping rate of
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FIG. 4. Simulated distributions of B, in a single super-
conducting ring at Ty = 11 K for (a) poHa. = 25 T/s and
uoHa = 19.5 mT; (b) poHa =50 T/s and poHmp = 17.5 T/s;
(c) poH, = 100 T/s and poHump = 9.4 mT; (d) poHa = 200
T/s and poHmp = 6.5 mT. Panel (e) shows the average mag-
netic field B, in the central hole of the ring as a function of
the applied field.
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FIG. 5. The threshold field poH, for the onset of flux

avalanches in superconducting rings of different sizes as a
function of the inner radius R;. The width w = R, — R;.



1oH =0 mT

FE

1oH,=-19.6 mT

- "—For increasing applied magnetic field
—For decreasing applied magnetic field |

-20 -15 -10 -5 0 5 10 15
1oH, (mT)

FIG. 6. Flux penetration on a superconducting ring exposed
to a decreasing applied field (a)-(d), and the average magnetic
field B, in the central hole as a function of the applied field

(e).

applied field also plays an important role in the occur-
rence and morphology of the thermomagnetic instabili-
ties [9, 19, 46-49]. In order to clarify the effect of the
ramping rate on the flux avalanches and magnetic perfo-
ration, in Fig. 4 we show the magnetic field distribution
in the rings (a~-d) and average magnetic field in the cen-
tral holes (e) exposed to increasing applied fields with
ramping rates ranging from 25 T/s to 200 T/s. For the
lowest ramp rate puoH, = 25 T/s, the ring remains sta-
ble in a state similar to that observed at high temper-
ature as shown in Fig. 3(d). Remarkably, for the ramp
rate of 50 T/s, a flux channel is formed after the first
flux avalanche is triggered. Via this channel the central
hole is filled with flux which manifests itself as a sudden
increase of average field in the hole, and simultaneous-
ly nucleates several secondary avalanches from the inner
edge of the ring. The behavior of flux avalanches in the
ring for poH, = 100 T/s is similar to that for poH, = 50
T/s, but with a lower perforation field and narrower flux
channel. With further increasing the ramp rate, there are
frequent and small flux avalanches triggered in the ring,
but no flux is captured in the central hole until the first
crossing dendrite is formed. In fact, avalanches continue
to occur in between the jumps of B, shown in Fig. 4(e).

As reported in Ref. [27], the threshold field pgHyp, in

a ring-shaped superconductor is independent of the rim
width. However, uoHyp should be dependent on the sam-
ple size. Indeed, as shown in Fig. 5, the threshold field
woHyp, for rings with the same rim width (the symbols
connected by solid lines) and that for rings with a fix
R; (the square symbols connected by a blue dotted line)
both decrease with the radius of the ring at different tem-
peratures. For the smallest R; (R; = 0.275 mm), there
is no flux avalanche triggered in the ring at T, = 11 K.
This can be explained by the fact that the local field at
the border of the ring is increased by a large geometric
factor Begge ~ poHar/Ro/d [50-52], leading to a similar
increase in the rate of local magnetic field change at the
border. This argument leads as to conclude that pgHzp
should decrease with increasing R,,, as observed in Fig. 5.
This is also consistent with the observations reported in
Ref. [53]. Based on the same reasoning concerning the
demagnetization factor, no dependence of poHy, on w
(w = R, — R;) is to be expected, as indeed shown in
Fig. 5, with symbols connected by a black dotted line.

In addition, we also investigate the electrodynamic be-
havior of a single ring for decreasing applied field by ap-
plying a magnetic field of 10.0 mT after cooling down
to 11 K, and subsequently reducing the field to —19.6
mT. For pgH, = 10.0 mT, which is larger than poHzp,
there is a crossing dendrite in the ring, resulting in a
jump of average field B, in the central hole (see Fig. 6(a)
and Fig. 6(e)). Figure 6(b) presents the flux penetra-
tion in the superconducting ring after the applied field
is decreased from its maximum value to 0 mT. Bright
and dark colors indicate positive high and negative local
magnetic field, respectively. The field at the outer edge
drops and negative flux (i.e., flux of opposite polarity to
the applied field) appears, whereas the field at the in-
ner edge increases. With further decreasing the applied
field to —0.3 mT, a clear avalanche of negative flux is
triggered retracing along the same path than the initial
avalanche, which is consistent with the experimental re-
sults reported before [25, 54]. The negative flux outside
the ring is injected into the central hole through the dark
flux channel, corresponding to the abrupt drop of B, in
Fig. 6(e). After the first anti-flux perforation event, new
events become frequent and several dark multi-branched
dendrites appear in the superconducting ring, with more
negative flux entering into the central hole and multiple
jumps of average magnetic field in the central hole.

We have shown that magnetic flux can reach the cen-
tral hole of the single superconducting ring via a flux
channel, confirming that the flux jump in the outer hole
of concentric rings observed by MOI in Fig. 2 is caused by
the magnetic perforation of the outer ring. Subsequently,
a thermomagnetic instability in the inner superconduct-
ing ring shown in Fig. 2 occurs, as in the well-known
’domino effect’. Thus, we will further discuss whether
the flux avalanches can continue occurring in the inner
superconducing ring.

Figure 7 shows the magnetic field distribution of con-
centric superconducting rings (with R;; = Rp2/4, Ro1 =
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FIG. 7. Simulated distribution of B, in two concentric super-
conducting rings cooled to 9 K at different applied fields.

Ry2/2, Ris = 3Rp2/4, Rpa = 2.2 mm) at different applied
fields for Ty = 9 K and poH, = 100 T/s. The sim-
ulated results reproduce the thermomagnetic instability
process of the concentric rings observed by MO images
presented in Fig. 2. For the lower applied field, sever-
al flux avalanches are triggered in the outer ring, while
the inner ring is on a Bean’s critical state. As the ap-
plied field increases, some flux channels are formed in
the outer ring, injecting a large amount of flux into the
outer hole as shown in panel (b). This process causes a
stepwise increase in the magnetic field in the outer hole
as demonstrated in the single ring case. When the field
reaches poH, = 7.5 mT, a thermomagnetic instability of
the inner ring is triggered by the increase of the magnetic
field in the outer hole. With further increasing applied
field to 9.7 mT, the first magnetic perforation event ap-
pears in the inner ring accompanied by a jump of the
magnetic field in the central hole, while magnetic flux
has not fully penetrated the outer ring yet.

It is important to note that the threshold field of
avalanches and the magnetic field captured in the hole
strongly depend on temperature as shown in Fig. 3. We
present in Fig. 8 the influence of Ty on the investigated
superconducting concentric rings (R;; = Ro2/4, Ro1 =
Ry2/2,Ri2 = 3Ru2/4, R = 2.2 mm) for a ramp rate
poH, = 100 T/s. Panels on the left column show the
field landscape just after the first channel in the inner
superconducting ring has formed, and panels on the right
column correspond to the average fields injected in each
hole. For Ty = 7 K (Fig. 8(a, b)), before the first magnet-
ic perforation of the inner ring, there are frequent den-
dritic avalanches triggered in the concentric rings and
several thermal channels formed in the outer ring, which
is also confirmed by the quasiperiodic jumps of the aver-
age field in the outer hole. With increasing temperature,
the number of avalanches before the first magnetic per-
foration of the inner ring decreases and the jump of aver-
age field in the outer hole becomes larger. For the highest
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FIG. 8. Simulated distribution of B, in the two concentric su-
perconducting rings after the formation of the first flux chan-
nel in the inner ring at three different working temperatures
(left column), and the average magnetic field B, in the outer
hole and the central hole as a function of the applied field
(right column). The black ellipses indicate magnetic perfo-
rations occurring almost simultaneously within the inner and
outer rings (domino effect).

temperature Ty = 11 K, the average magnetic field in the
outer hole jumps to the value of the applied field poH,
due to the appearance of a crossing dendrite in the out-
er ring. Interestingly, the threshold field for the onset
of magnetic perforation in the inner ring poHmp—inner
does not increase monotonically with temperature, and
the crossing dendrite in the inner ring is located near
the flux channel of the outer ring, which is marked by
the black ellipse. During this rapid process, the average
magnetic field in the outer hole first jumps to a certain
finite value and then is found to drop slightly. Howev-
er, this decrease is much smaller than the increase of the
average magnetic field in the central hole. These results
suggest that the thermomagnetic instability at the inner
ring can be triggered by the magnetic perforation in the
outer ring, and therefore the mechanism of flux avalanch-
es in this case is more complex.

Figure 9 shows the magnetic field distribution for con-
centric superconducting rings (with R;;1 = Ry2/4, Ro1 =
Ro2/2, Ria = 3R2/4, Roz = 2.2 mm) (a), (b), and a s-
ingle ring (with R; = R,/4, R, = 2.2 mm)(c), (d), for
To =10 K and poH, = 100 T/s. As shown in panel (a),
when the applied field reaches 7.1 mT, a flux channel is
formed in the outer superconducting ring, through which



~7.1mT e 10

Holdyp-outer

HoH,,=8.0mT

FIG. 9. Simulated distribution of B, in two concentric su-
perconducting rings (a, b), and in the single superconducting
ring (c, d) for Top = 10 K, poH, = 100 T/s.

the magnetic flux is injected into the outer hole and nu-
cleates at multiple positions on the edge of the inner ring.
Interestingly, the flux channel in the concentric supercon-
ducting rings terminates at the outer hole, and does not
extend to the central hole. With further increasing of
the applied field to 10 mT, there is still only one flux
avalanche triggered in the concentric rings as shown in
Fig. 9(b). However, at the same applied field, several flux
avalanches occur in the single ring and formed two flux
channels (Fig. 9(d)). Surprisingly, the outer hole of the
concentric rings shows a stabilization effect, which is also
observed in a circular hole [47, 55, 56]. This result indi-
cates that despite the domino effect, the two-concentric-
ring structure can not only reduce the scale and frequency
of flux avalanches, but also effectively improves the ther-
momagnetic stability of the inner superconducting films,
avoiding flux injection into the central hole of the system.

In order to clarify the process and the mechanism of
this cascade dynamics behavior, in Fig. 10 we compare
the magnetic field distribution of the investigated super-
conducting rings in Fig. 8 with that of the single su-
perconducting ring of the same size as the inner ring,
as well as calculate the maximum electric field of each
of them (panels on the right column). Fig. 10(a) and
(d) show the magnetic field landscape of concentric rings
at poHpmp—outer = 8.6 mT and of single-layer ring at
toHpp = 18.5 mT for the same IJOH@ and Tj with that
in Fig. 8(e), respectively. For the superconducting con-
centric rings in this case, once the flux channel is formed
in the outer ring, the thermomagnetic instability of the
inner ring is activated, and the nucleation loci of the
first avalanches in the inner ring are near the channel
(See Supplemental Material 1 at [ URL will be inserted
by publisher] for flux penetration process). Note that,
the threshold field for the onset of avalanches in the in-
ner ring is approximately equal to that of the outer ring
(here Hip—outer = Hmp—outer ), which is significantly low-

er than the threshold field of the single-layer of the same
size as the inner ring. This observation confirms that the
magnetic perforation in the outer ring of the supercon-
ducting concentric rings can trigger the flux avalanches
in the inner ring. It is well known that with the for-
mation of a magnetic flux channel in a superconduct-
ing ring, the average field of the central hole jumps to
a certain value. To study the mechanism of the domino
effect, we further compare the magnetic field distribu-
tion in the outer hole of the concentric rings (Fig. 10(b))
just after the formation of the flux channels with that
outside the single ring (Fig. 10(e)) before the avalanches
nucleate. Remarkably, for the concentric rings, a large
amount of magnetic flux is injected into the outer hole
through the flux channel, resulting in a rapid increase
of local magnetic field in the vicinity, which is much
larger than everywhere else in the hole. In contrast to
that, for the single-layer superconducting ring, the mag-
netic field outside the superconductor is equal along the
ring. According to the theoretical model developed in
Ref. [57] Hy = djo/matanh(hT* /nadj.poH,), where
T* = |0lnj./0T|™', and therefore the threshold mag-
netic field for the onset of avalanches can be lowered by
increasing the ramp rate of applied field. As a conse-
quence, the fast rate of magnetic field variation in the
hole near the flux channel favors the thermomagnetic
instability nearby, triggering the flux avalanches in the
inner ring.

According to the linear analysis and numerical result-
s in Refs.[58, 59], avalanches are triggered once the lo-
cal background electric field exceeds its critical value F.,
and keeps its maximum during the break-down event.
This property is illustrated in Fig. 10(c) where the max-
imum electric field in the inner ring of concentric rings
FEraz—inner 18 shown and compared with that for the
single-layer ring Fy,q4, (Fig. 10(f)). The main differences
are that the maximum electric field for the inner ring of
the concentric rings Fyqz—inner is lower before it abrupt-
ly jumps by almost ten orders of magnitude, and that the
thermomagnetic instability of the inner ring lasts longer,
which is due to the continuous penetration of the flux
through the heated channel of the outer ring. For a sin-
gle superconducting ring, with the nucleation and growth
of avalanches, a large amount of heat is absorbed quickly
and dissipated to stabilize the superconductor. Howev-
er, for the superconducting concentric rings, it takes a
longer time for the magnetic flux to flow into the central
hole through the flux channel in the outer ring. During
this period, the magnetic field distribution in the outer
hole is not uniform and the ramp rate is not constant,
which triggers the continuous flux avalanches of the in-
ner ring at different points. These results are consistent
with our suggestion that the domino effect forms the trig-
gering mechanism of the avalanches in superconducting
concentric rings.

Let us now investigate the influence of the gap sep-
arating the concentric rings on the flux avalanches by
keeping the inner ring width constant and changing its
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radius. Fig. 11 shows the magnetic field distribution and
the maximum electric field of the superconducting con-
centric rings (Wlth Ril = 3R02/8,R01 = 5R02/8,R1‘2 =
3R,2/4, Ry2 = 2.2 mm) and those of the single-layer ring
of the same size as the inner ring. For the superconduct-
ing concentric rings, we can find that the threshold field
of the inner ring poHip—inner determined by the magnet-
ic perforation event of the outer ring slightly increases
when the gap is reduced by comparing Fig. 10(a) and
Fig. 11(a). On the contrary, the threshold field of the
single-layer superconducting ring poHy, decreases from
18.7 mT to 14.7 mT by increasing its outer and inner
radius by 0.275 mm. These results seem to indicate that
increasing the inner ring radius can increase the stability
of the superconducting concentric rings. From panels (c)
and (f), one can also see that the break-down event of
the inner ring lasts longer than that of the single-layer
ring. It is worth emphasizing that for the superconduct-
ing concentric rings with a larger inner ring, once a heat-
ed channel is formed in the outer ring, the magnetic per-
foration event in the inner ring is first triggered near the
channel (i.e. poHmp—inner = HoHth—inner) (See Sup-
plemental Material 2 at [ URL will be inserted by pub-
lisher] for magnetic perforation process in the concentric
rings). The physical mechanism leading to this domino
effect can be understood as follows: As the normal region
(avalanche) propagates into the outer ring, supercurrents
get compressed towards the inner rim of the outer ring
thus genetrating a local higher magnetic field at the inner
rim of the outer ring which in turn triggers the avalanche
in the inner ring. As shown in Fig. 10(b) and Fig. 11(b),
the local magnetic field at the border of the inner ring
near the channel in the outer ring is indeed significantly
larger than other region far away. Moreover, the domino
effect is stronger when the gap between inner and outer
rings is smaller.

The discussion above suggests that the threshold mag-
netic fields of the inner ring poHip—inner and for the
magnetic perforation pgHpp—inner depend on the in-
ner/outer radius of the inner ring (i.e. the gap of concen-
tric rings). To further study the triggering condition of
the break down event, we present in Fig. 12 the thresh-
old field for the thermomagnetic instability poH¢h—inner
as a function of R, /Res with Ry = 2.2 mm, and we
also build up phase diagrams delineating the bound-
aries of regimes of smooth penetration, flux avalanches
(o Hih—inner < poHmp—inner), and magnetic perforation
(MOch—inner = /-LOHmp—inne’r) ﬁI‘Stly triggered in the in-
ner ring. The threshold field of the inner ring increases
with the outer radius R,;. Note that in this case, the
flux channel is formed in the outer ring after the first
thermomagnetic instability event occurs. The inner ring
remains stable until the flux is injected into the outer hole
through this channel, corresponding to the lower regime
in Fig. 12. The left orange dots corresponds to smaller
R,1 for which flux avalanches are triggered in the inner
ring without the formation of flux channel connecting the
outer hole and the central hole of the superconducting
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FIG. 12. The threshold field for the onset of the avalanches
in the inner ring poa Hih—inner as a function of Ro1/Ro2 with
Roz2 = 2.2 mm for Tp = 11 K, poHq = 100 T/s.

concentric rings. When the outer radius of the inner ring
increases to a certain value (R,1 > 13R,2/24), a crossing
dendrite is formed in the inner ring after the magnetic
perforation event in the outer ring (i.e., poHmp—inner =
/*LOchf’L'TLTLGT = MOHmpfouter = ,UfOchfouter)v and the
flux is injected into the central hole of the supercon-
ductor, which is due to the decrease of gap between the
rings. This is in accordance with the previous prediction
based on Fig. 11 and the above explanation concerning
the domino effect.

IV. CONCLUSIONS

In summary, we investigate thermomagnetic instabil-
ities in multiply-connected ring structures. Magneto-
optical measurements of MgBs rings show that flux
avalanches can be triggered in the inner ring by a ther-
momagnetic instability of the adjacent outer ring be-
fore the smooth Bean-like magnetic front fully penetrates
the outer ring. This domino effect of flux avalanches
in multiply-connected topological structure is confirmed
and explained by numerical simulations using the ther-
momagnetic model introduced in Ref. [35]. We firstly
obtain the relationship between the threshold field for
the avalanches pgHyy, and the threshold perforation field
toHpmp of a single superconducting ring, by changing the
temperature Ty and the ramp rate of the applied field
poH,. For low temperatures or fast ramp rates, poHip
is lower than ugH,,p, while for a high Ty or low pgH,,
the flux channel is formed simultaneously with the first
avalanche (uoHy, = poHmp)- It is worth noting that in
addition to the frequency, size, and morphology of the
flux avalanches, the average magnetic field injected into
the central hole can also be controlled by changing To
and poHg-

For the concentric rings, it is the local current distri-
bution variation near the preceding flux channel in the
outer ring that has-a ripple effect on the local magnetic
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field profile in the gap, which Jeads to the domino effect of
flux avalanches in the concentric rings. Surprisingly, by
comparing the magnetic flux behavior of the single super-
conducting ring with that of the two concentric supercon-
ducting rings, it can be found that the multilayer struc-
ture can effectively improve the thermomagnetic stability
of the internal superconducting films despite the domi-
no effect of flux avalanches in two superconducting rings.
By varying the gap between the two concentric supercon-
ducting rings, we obtain the threshold field for the onset
of the flux avalanches in the inner ring pgH¢p—inner as a
function of R,1/Res for Ty = 11 K and poH, = 100 T/s.
In this case, ﬂOchfinner = ,U/OHmpfouter = /«LOchfoutew
By decreasing the spacing between the concentric rings,
the domino effect is reinforced. We finally obtain the
boundaries of regimes of smooth penetration, the first
flux avalanche triggered in the inner ring without forma-
tion of new flux channels (toHin—inner < toHmp—inner),
and magnetic perforation event once the thermomagnetic
instability is triggered in the inner ring (poHp—inner =
poHmp—inner), and demonstrate that the domino effect
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of thermomagnetic instability can be tuned by the envi-
ronment temperature and the gap width between rings.
This study provides a theoretical basis for the design of
multilayer superconducting structures, and may also bear
some implications to the analysis of electric breakdown
in multilayered dielectric heterostructures. It could be
interesting to further explore the domino effect of ther-
momagnetic instability in several concentric rings (more
than two rings) or in multi-layer stacks of superconduct-
ing films as experimentally addressed in Ref. [60].
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