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Abstract

The dilution of minute concentration of polymers in wall bounded flows

is well-known for its unparalleled ability to reduce turbulent friction

drag. Another phenomenon, elasto-inertial turbulence (EIT), has been

far less studied even though elastic instabilities have already been ob-

served in dilute polymer solutions before the discovery of polymer drag

reduction. EIT is a chaotic state driven by polymer dynamics that

is observed across many orders of magnitude in Reynolds number. It

involves energy transfer from small elastic scales to large flow scales.

The investigation of the mechanisms of EIT offers the possibility to

better understand other complex phenomena such as elastic turbulence

and maximum drag reduction. In this review, we survey recent re-

search efforts that are advancing the understanding of the dynamics of

EIT. We highlight the fundamental differences between EIT and Newto-

nian/inertial turbulence from the perspective of experiments, numerical

simulations, instabilities and coherent structures. Finally, we discuss

the possible links between EIT and elastic turbulence, polymer drag

reduction as well as the remaining challenges in unraveling the self-

sustaining mechanism of EIT.
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1. INTRODUCTION

The dynamical state of elasto-inertial turbulence, EIT, has only been defined rather recently

(Samanta et al. 2013) and the extent of its prevalence in viscoelastic flows is not yet fully

established and subject to ongoing investigation. As the name implies, the distinguishing

feature of EIT is that disordered motion arises from both inertial forces and elastic stresses,

by opposition to elastic turbulence (ET), a chaotic regime caused by elastic stresses in

inertialess flows (Steinberg 2021). The instability that gives rise to EIT is distinct from

the transition to inertial turbulence (IT) (Reynolds 1883; Avila et al. 2023) and features

qualitatively different structures (spanwise instead of streamwise vortices) and a different

self-sustaining mechanism. Yet across a large parameter range of Reynolds number and

viscoelastic parameters EIT and IT co-exist, which complicates the distinction between

these two chaotic flow states and in part explains the late (re)discovery of EIT. The

EIT: Elasto-inertial

turbulence

ET: Elastic

turbulence

IT: Inertial
turbulence

MDR: Maximum

drag reduction

first observations of turbulent-like motions at unusually low Reynolds numbers (Re) in

viscoelastic fluids date back to the early 20th century (Ostwald & Auerbach 1926). In

contrast to Newtonian pipe flow where turbulence only sets in for Re ∼ 2000 and above,

these studies reported that in dilute aqueous polymer solutions, “early turbulence” can

already arise at Re of order one. Subsequently, little attention has been paid to these

studies and instead the main focus has been on the seemingly unrelated phenomenon of

polymer drag reduction, i.e., the quasi-suppression of inertial turbulence by addition of

small amounts of polymers to Newtonian solvents. It is noteworthy that, in the context

of drag reduction, studies reported a transition delay, in contrast to the aforementioned
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phenomenon of early turbulence.

“Early turbulence” finally regained attention when two independent studies, one nu-

merical (Dubief et al. 2010; Dubief & White 2011) and the other experimental (Hof et al.

2011), found evidence for novel flow structures on the one hand and for a distinct transition

branch on the other. The former study reported results of direct numerical simulations

using a constitutive model to capture the dynamics of dilute polymer solutions. In the

so-called maximum drag reduction (MDR) limit the authors discovered structures distinct

from Newtonian streaks and vortices (Dubief et al. 2010). The generation and sustenance

of these structures were linked to elastic instabilities. The experimental study on the other

hand exploited recent insights into the transition in Newtonian pipe flow and in doing so

could distinguish between two competing instabilities, one requiring finite amplitude per-

turbations and giving rise to Newtonian type puffs, and the other, without hysteresis, giving

rise to a globally fluctuating state, EIT. In agreement with the early turbulence literature

the latter state could be detected at Re well below 2000. In addition however, by exploiting

the linear stability of Hagen-Poiseuille flow, this instability could be tracked to much higher

Re (∼ 5000). Surprisingly, the friction factors detected (Samanta et al. 2013) above onset

coincided with the MDR asymptote. Hence, EIT does not only explain the moderate inertia

’early turbulence’ phenomenon but also offers a new interpretation of the drag reduction

limit in polymer solutions at large inertia.

Beyond its potential ability to modify mixing and drag at Reynolds numbers which

would be laminar in the absence of polymers, EIT offers a unique window of investigation

into the interactions between two different dynamics (flow and polymers) at different scales.

Specifically, chaos in EIT is the result of a backward energy transfer, from small scales to

large scales, contrary to the well-accepted energy cascade of Newtonian turbulence, where

energy flows toward increasingly small scales.

This review attempts to offer a comprehensive overview of the different approaches

used to study EIT. It covers the challenges inherent to its numerical and experimental

investigation and also provides our perspective on the research necessary to further advance

the understanding of EIT.

1.1. Polymer drag reduction

In pipe and channel flows of Newtonian fluids, the motion takes one of two forms, it is

laminar at low Reynolds numbers and turbulent at high. This conceptual view, despite

contrary evidence (see following section), has by and large also been adopted for pipe flow

of complex viscoelastic fluids. The starting point of the Newtonian perspective applied

to polymer flows was the discovery by Toms (1948) that the addition of a small quantity

(typically a few ppm in weight) of long chain polymers to a turbulent flow can substantially

reduce the drag. The effect of polymers on Newtonian turbulence and the underlying drag

reduction mechanism have been studied in great detail following suggestions by Lumley

(1969) of a viscous mechanism and a competing suggestion by Tabor & De Gennes (1986)

of an elastic mechanism. For details regarding the polymer drag reduction mechanism,

we refer the interested reader to the comprehensive reviews of White & Mungal (2008)

and Xi (2019). In this context we would like to highlight several puzzling observations

that could not be addressed by this classical approach, an approach that is strongly biased

towards Newtonian turbulence and the modification of the underlying flow structures. While

the amount of drag reduction is found to increase with polymer concentration, flows are
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normally not found to fully relaminarize. Instead a low fluctuation level persists and the

corresponding drag approaches a well-defined limit, the so called maximum drag reduction

(MDR) asymptote (see Figure 1a reprinted from Virk et al. 1970).

Figure 1

(a) Original friction factor plot of Virk et al. (1970). (b) Evolution of the Reynolds shear stress for

increasing drag reduction up to MDR by Warholic et al. (1999).

This drag limit turns out to be independent of the exact polymer solvent combination.

Commonly used polymers in these studies are polyethyleneoxide (PEO), polyacrylamide

(PAM) and polymethylmethacrylate (PMMA) with molecular weights in the range of mil-

lions Da, while concentrations range from a few to several hundred ppm.

From the Newtonian turbulence perspective it is difficult to explain why the drag

reduction falls short of relaminarizing flows, let alone to explain why this limit should

be universal. Frequently MDR has been interpreted as a marginal state of Newtonian

turbulence and some studies connected it to the Newtonian edge state (Xi & Graham

2010). The edge state however is per definition unstable and it is not a priori clear how

polymers would turn it into a stable state. Another puzzling observation is that, in the

MDR limit, Reynolds stresses are reduced by almost an order of magnitude (see Figure 1b

reprinted from Warholic et al. 1999). It is questionable whether Newtonian flow structures

can be sustained at such low Reynolds-stress levels.

1.2. Early turbulence versus transition delay in experiments

The discovery of turbulent-like fluctuations in polymer solutions at unusually low Reynolds

numbers goes back to Ostwald & Auerbach (1926) who dubbed this phenomenon ‘structural

turbulence’. It was subsequently noted by Reiner (1926a,b) that the onset of structural

turbulence is determined by a critical shear rate, whereas the onset of IT is governed

by the Reynolds number. Consequently, Reiner argues that the critical velocity for the

onset of structural turbulence should be proportional to the ratio of the pipe radius and

the fluid’s molecular viscosity R/η, while the velocity threshold for IT is proportional to

the inverse. The effect of the radius on the critical velocity for the onset of ‘Reynold’s

turbulence’ (IT), Ukrit, and on the critical velocity for the onset of structural turbulence,

Vkrit, is illustrated in Figure 2a (reproduced from Reiner 1926a). In agreement with this

proposition, later experiments showed that in capillary tubes (i.e., for small R) structural
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turbulence could be pushed to Re as low as one (Ram & Tamir 1964). Moreover, it was

Figure 2

Structural turbulence a From Reiner (1926b) depicting the scaling of the transition threshold to
Reynolds turbulence, Ukrit, that scales with the inverse of the pipe radius. Vkrit, the transition

threshold for structural turbulence, however, is proportional to the shear rate and hence increases
linearly with radius. b From Little & Wiegard (1970), comparing the flow rate of a Newtonian

solvent to that of a polymer solution. Starting from small wall shear stresses in both cases the

flow rates increase at the same rate up to the structural turbulence transition in the polymer
solution. Structural turbulence causes higher drag and hence the flow rate increases more slowly

compared to the Newtonian case. This trend is reversed when the water flow becomes turbulent

resulting in substantially larger drag in the Newtonian solvent. Note that, in case of the polymer
solution, after the onset of structural turbulence no further transition is observed.

noted by Little et al. (1975) that early turbulence causes a drag increase at low Reynolds

numbers (see Figure 2b). The authors speculated about a common origin of the stabilizing

drag reduction effect and the destabilizing early turbulence phenomenon. Later studies

(Hoyt 1977) apparently did not distinguish between the two types of turbulence and, as a

result, could not explain why some studies appeared to find a transition delay while others

proposed an early transition: “Whether transition from laminar to turbulent flow is delayed

in dilute polymer solutions, unchanged or occurs at an earlier Reynolds number has been

a vexing question since research began in this area”. Clearly at that stage the studies

of structural turbulence, its distinction as a separate dynamical state and in particular

the explanation offered by Reiner (1926a,b) on the opposing trends of the two instabilities

had been forgotten. The early turbulence work suffered a similar fate since the focus of

subsequent studies of polymer solutions shifted to the mechanism underlying drag reduction

and took little note of the effect of polymers on transition.

1.3. Rediscovery of elasto-inertial turbulence

The transition problem was finally revisited by Samanta et al. (2013), who applied recent

insights gained in Newtonian fluids in an attempt to better quantify the effect of polymer

additives. Since they initially focused on lifetimes of turbulent puffs, their study was carried
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out in a long, small diameter tube, a setting where the onset of Newtonian turbulence is

encountered at high shear rates and where hence the Weissenberg number is large.

At this point a brief note on transition in Newtonian pipe flow is in order. In this

case the laminar Hagen-Poiseuille flow is linearly stable and turbulence can only arise from

perturbations of finite amplitude (Reynolds 1883), a scenario often referred to as subcritical

transition. The point where turbulence first arises in a given experiment, the ‘natural tran-

sition’ point, is setup specific and depends on imperfections and disturbance levels. If on the

other hand turbulence is initially triggered, for the time scales (i.e., pipe length) available

in typical experiments the onset of turbulence appears to depend on the perturbation used,

e.g., orifice, periodic or impulsive perturbation (Mukund & Hof 2018). This apparent de-

pendence on perturbation levels and on experimental details has made a characterization of

the Newtonian turbulence transition difficult. At the same time it has hindered quantitative

studies of the effect of polymers on transition. Eventually progress in understanding of the

Newtonian transition has allowed a quantitative and set-up independent characterization

of turbulent puffs, the flow structures in the Newtonian transitional regime. In particular,

Figure 3

The transition threshold to Newtonian turbulence, green data points (based on measurements of

puff lifetimes), increases with polymer concentration. For larger polymer concentrations, however,

a different instability branch is encountered (red points) that marks the onset of EIT. By
suppressing the subcritical transition to IT, the EIT branch can be tracked to lower polymer
concentrations (Samanta et al. 2013).

the transient nature of puffs and the sensitive dependence of puff lifetimes (Hof et al. 2006,

2008) on control parameters make them ideal to detect effects of changes in fluid properties

on transition. This sensitive dependence of puff lifetimes was exploited by Samanta et al.

(2013) to determine the effect of polymer additives on transition and to discriminate the

Newtonian turbulence transition from other dynamical states. The authors demonstrated
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that the subcritical transition to IT is delayed (see green curve in Figure 3) in line with the

drag reducing effect of polymers in turbulent flow. However, at higher shear rates a separate

instability to a different fluctuating state was found (red curve in Figure 3). In this case

fluctuation levels were found to increase continuously with Re not requiring any external

perturbations. Moreover, unlike for Newtonian puffs, fluctuations arose globally throughout

the flow. The fluctuation level on the other hand remained considerably lower than in IT.

In particular, these authors could follow the new branch (see Figure 3) to higher Reynolds

numbers by avoiding the Newtonian transition (i.e., to inertial turbulence). Samanta et al.

(2013) also observed that this transition was determined by a critical shear rate, unknow-

ingly confirming the suggestion made by Reiner (1926a,b) 87 years earlier. Speculating

that this shear dependent turbulent state may be dynamically connected to a purely elastic

instability that occurs in flows with curved streamlines and in particular to the associated

state of ‘elastic turbulence’ (ET) (Groisman & Steinberg 2000; Steinberg 2021), Samanta

et al. (2013) dubbed this state ’elasto-inertial turbulence’. From an historical perspective, it

is noteworthy that the term elastic turbulence has probably been first used by Vinogradov

& Manin (1965)

2. IMPORTANT LESSONS FROM NUMERICAL SIMULATIONS

Numerical simulations of viscoelastic flows have proven to be an essential tool in the study of

EIT. They complement experiments by giving access to polymer dynamics, which is virtually

impossible to measure at the macro-scale of interest. Yet the viscoelastic constitutive models

and numerical methods they require suffer from limitations that can affect the simulated

physics. The knowledge of these limitations and the understanding of their influence on the

dynamics of the flow are essential when studying the mechanisms of EIT, as such limitations

can affect the simulated physics but also some numerical limitations may be used to isolate

key mechanisms of EIT. In this context, this section first introduces the most common

general framework for viscoelastic direct numerical simulations, and then discusses the best

practice within the limitations of present computing power and numerical methods.

2.1. Constitutive viscoelastic models

This section focuses only on the most common models known for their ability to simulate

EIT. A more detailed description of viscoelastic models may be found in the recent review

of Alves et al. (2021). Hereafter index tensorial notations are used and Einstein index rule

is implied unless stated otherwise.

Led by the pioneering work of Sureshkumar et al. (1997), the numerical community

sought to understand polymer drag reduction using constitutive viscoelastic models. The

tensor-transport models Oldroyd-B and FENE-P (Bird et al. 1987) have been the most

popular. Both may be described as follows. The flow is incompressible,

∂iui = 0 , 1.

and governed by the Navier-Stokes equations supplemented by a viscoelastic stress Tij ,

∂tui + uj∂jui = −∂ip+
β

Re
∂j∂jui +

1− β
Re

∂jTij . 2.

The parameter β is the ratio of the solvent viscosity to the zero-shear-rate viscosity of the

polymer solution, and Re is the Reynolds number.

www.annualreviews.org • Elasto-Inertial Turbulence 7



Individual polymer molecules are represented as two beads connected by a spring, also

called the dumbbell model. The Lagrangian Brownian dynamics model of this simplified

molecule is derived from the inertialess equilibrium between hydrodynamic forces (drag) on

the beads, the spring or entropic force, and a Brownian term to account for the molecular

thermal noise or interaction between the polymer molecule and the solvent molecules. This

equation is expressed as a function of the end-to-end vector qi connecting the two beads.

At the continuum level, the local state of polymer molecules is reduced to the conforma-

tion tensor Cij = 〈qiqj〉, where 〈·〉 is the phase average over all local polymer molecules.

Effectively the trace of this tensor, Ckk, is the local average of the squared extension of

polymers. The transport equation for Cij is derived from the Fokker-Planck equation (see

Bird et al. 1987, for complete derivation), and writes,

∂tCij + uk∂kCij = Cik∂kuj + Ckj∂kui − Tij +
1

ReSc
∂k∂kCij . 3.

The first two terms on the RHS of Equation 3 represent the stretching of polymers by

the local velocity gradients, the third term is the entropic term or spring force and the last

is the molecular diffusion of Cij , which is a function of the Schmidt number Sc, the ratio of

solvent viscosity to diffusivity of polymers in solution. The tensor Tij is the internal stress

in Equation 3, and also the viscoelastic stress in Equation 2,

Tij =
1

Wi
(f(Ckk)Tij − δij) , 4.

where the Weissenberg number Wi is the relaxation time of the polymer solution normalized

by the flow time scale.

Oldroyd-B: Hookean

constitutive
viscoelastic model.

UCM:
Upper-convected
Maxwell constitutive

model,
corresponding to an

Oldroyd-B model

with β = 0, i.e.,
without solvent.

FENE-P: Finitely

extensible nonlinear
elastic-Peterlin

constitutive model,

derived from a
nonlinear internal

stress model.

The Oldroyd-B model assumes a linear spring connecting the two beads of the dumbbell

model, which translates into f(Ckk) = 1. The simplicity and linearity of the Oldroyd-B

model has made it a prime candidate for linear stability analysis, similarly to the upper-

convected Maxwell (UCM) model (see discussion in Section 3.1). The UCM model simply

corresponds to the Oldroyd-B model with β = 0 in Equation 2, i.e., a polymeric liquid

without Newtonian solvent. However, the Oldroyd-B suffers from several limitations. One

is the possibility of singular extensional viscosity or stress in extensional flows, owing to

the absence of an upper bound on the polymer extensibility. Another is its inability to

reproduce the shear thinning behavior observed in most polymer solutions.

A solution to overcome these two limitations is to introduce a nonlinear spring force to

limit the dumbbell extension, such as the finitely extensible non-linear elastic (FENE) spring

proposed by Warner (1972). The drawback of the FENE model is that the constitutive

equation for the polymer stress is unclosed. A closure can be obtained if a pre-averaging,

known as Peterlin approximation, is performed in the calculation of the nonlinear spring

force. The resulting FENE-P model is then given by

f(Ckk) =
1

1− Ckk/L2
, 5.

where L is the finite length of polymer molecules. The FENE-P model is the most popular

nonlinear model used in simulations of polymer drag reduction but Peterlin approximation

reduces its accuracy compared to the FENE model. In particular, FENE-P is not able to

show the hysteresis effect that polymers have. It also assumes an homogeneous distribution

of single length, or molecular weight molecules. In real polymer solutions, the distribution
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of molecular weights is broader which may produce a spectrum of time scales the FENE-

P model cannot reproduce. It should be noted that there are models for multi-dispersed

polymer solutions but they have yet to be tested in EIT. Additionally, it is very difficult

to determine the parameters L, Wi and β to match an actual polymer solution. Although

FENE-P has been shown to capture the dynamics of MDR flows and the emergence of

EIT in subcritical flows, the reader should bear in mind that exact comparison between

simulations and experiments is still a challenge.

2.2. The diffusion problem

Polymer diffusion in a typical solvent like water is very small, of the order of 10−12 m2/s

(Layec & Layec-Raphalen 1983), corresponding to a Schmidt number Sc = 106. This

property justifies neglecting the diffusion term in the derivation of constitutive viscoelastic

models such as FENE-P (Bird et al. 1987). However, most direct numerical simulations of

Equations 1–3 add a diffusive term (last term on the RHS of Equation 3) with a Schmidt

number much lower than 106. Sureshkumar & Beris (1995a) first investigated the impact

of the addition of stress diffusion on the numerical stability of a supercritical channel flow

(Re = 5000). Using a spectral method, the authors found that numerical stability requires

a diffusion coefficient (ReSc)−1 = O(10−3) or Sc ∼ 0.2. This study has justified the use

of Sc < 1 in most subsequent simulations of polymer drag reduction (Sureshkumar et al.

1997; Ptasinski et al. 2003; Stone et al. 2004; Li et al. 2006; Xi & Graham 2010; Thais

et al. 2011, among the most cited). The Sc < 1-based FENE-P model captures the drag

reduction mechanism of polymer additives, i.e., the damping of near-wall vortices. However,

the fundamental modification of the mathematical nature of Equation 3 from hyperbolic

(Sc� 1) to parabolic (Sc < 1) has significant consequences on the simulated physics.

Dubief et al. (2005) and Sid et al. (2018) discussed this problem in the framework of

small scales of passive scalar transport in turbulent flows developed by Batchelor (1959) and

Batchelor et al. (1959) for Sc < 1 and Sc� 1. These two major contributions in turbulence

theory define the smallest length scale of passive scalar as a function of the smallest length

scale of turbulence, the Kolmogorov scale ηK = (ν/ε3)1/4, where ν is the viscosity and

ε is the dissipation rate of the turbulent kinetic energy. For Sc < 1, the smallest length

scale of a passive scalar is the Obukhov-Corrsin length scale ηOC = ηKSc
−3/4, larger than

the Kolmogorov length scale by a factor of 1.6 for Sc = 0.5 to 3.3 for Sc = 0.2. The

Batchelor scale for Sc � 1, ηB = ηKSc
−1/2, is obviously a factor

√
Sc smaller than ηK .

Dubief et al. (2005) remarked that the stretching and entropic terms in Equation 3, i.e.,

the source terms of individual tensor components, do not have any diffusive property and

are likely to produce small length scales on the order of the Kolmogorov length scale or

smaller. The small-scale dynamics of the exact FENE-P model (with Sc→∞) is therefore

strongly influenced by the convection term uk∂kCij . Since there is no theory available

today for active transported properties such as Cij , it is fair to assume that the smallest

length scale of this tensor dynamics is between the Kolmogorov and the Batchelor scales,

but a key question remains: “how far does the dynamic range of scales, i.e., the scales to

be resolved to capture the dynamics of polymer flows, extend into the small scales below

the Kolmogorov length scale?”
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2.3. Appropriate numerical methods

The previous question cannot be answered with Sc < 1. Numerical methods must be

adapted to the mathematical nature of the equations, here the hyperbolicity, or stiffness, of

Equation 3. Min et al. (2001) proposed a numerical method typically used in compressible

flows for the treatment of the convection term in Equation 3: a higher-order upwind scheme

supplemented by a local artificial diffusion triggered by the loss of positiveness of the deter-

minant of Cij , a symmetric tensor. Effectively, such an approach thickens large gradients

to adjust to the local mesh resolution. Dubief et al. (2005) modified Min et al.’s algorithm

to enforce upper boundedness of the trace of Cij . The algorithm is not unconditionally

stable; strong Gibbs oscillations in regions of large gradients can result in a loss of positive-

ness of one or more diagonal component of the tensor. As expected from stiff problems,

convergence is recovered by reducing the time-step and increasing the spatial resolution.

Vaithianathan & Collins (2003) proposed a more robust approach with the combination

of a higher-order upwind scheme and an eigenvalue decomposition of the conformation

tensor. Albeit rigorously robust and respecting the low diffusivity of polymers, the method

proved to be costly and a new iteration (Vaithianathan et al. 2006) resorted to the solution

of the Cij transport equation in its naive form, thereby removing the strict enforcement of

the upper and lower boundedness of the tensor. A log-conformation approach (Fattal &

Kupferman 2005) should also be mentioned, for its ability to remain bounded. This method

is also quite computationally expensive and has not been applied to the simulation of EIT

flows, to the knowledge of the authors.

Other algorithms that have successfully simulated EIT (e.g., Shekar et al. 2019) use

upwinding or limiter schemes for the advection term of the Cij-transport equations. A

notable exception is the simulation of Lopez et al. (2019) who used a spectral method with

Sc = 2 and L = 30. The general consensus of available results at the time of the submission

of this review is that the simulation of large L, Wi and β values requires the similar

compromises used in compressible flows (upwinding, and/or limiters) with the inherent

limitations with respect to numerical dispersion and dissipation.

2.4. Computational domain limitations

The need for large resolution both in time and space is a limiting factor in the dimensions of

the computational domain and its boundary conditions. Since the bulk of EIT research has

focused on pipe and channel flows, DNS have mostly used periodic boundary conditions

in the streamwise directions. Periodicity is extensively used in inertial turbulent, wall-

bounded flows with the constraint that the length of the domain should be long enough for

streamwise correlations to reach zero for half the domain’s length.

It should not be a surprise that the emerging research in EIT parallels the numerical

study of inertial turbulence in channel flows. The first major contribution was the DNS

of Kim et al. (1987) in a doubly periodic channel large enough for correlations to vanish

and at low Reynolds number, slightly above the critical Reynolds number. An even greater

contribution was the demonstration of the existence of minimal flow unit (MFU, Jiménez &

Moin 1991) which isolated the set of coherent structures responsible for the self-sustaining

process of turbulence. As an intermediate state, Jiménez (1994) and Orlandi & Jiménez

(1994) studied a 2D vortex to gain further understanding in the generation of friction

and control of wall-bounded flows. From these works emerged a clearer picture of the

self-sustaining mechanism of wall turbulence (Waleffe 1997; Jiménez & Pinelli 1999) and
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the concept of exact coherent structures in wall-bounded flows (Waleffe 2001). Later, as

computing power increased and algorithms improved, higher Reynolds number simulations

in very large domains enabled the investigation of very-large scale dynamics (Jiménez et al.

2001).

In the timeline of wall turbulence research, EIT, at the time of this review’s publica-

tion, has reached the level of Jiménez & Moin’s MFU and exact coherent structures. The

simulations are still limited to small 2D and 3D domains, inhibiting our ability to study the

effects of very large-scales on EIT and adding uncertainties when comparing with experi-

ments. For example, the relaminarization observed experimentally by Choueiri et al. (2018)

may be observed in 2D channel flow for a given length. Yet increasing this length for the

same polymer parameters may drive the flow to a more chaotic state (Dubief et al. 2022).

Whereas there is value in manipulating or cutting-off scales to better understand the dy-

namics, caution should be exercised when comparing simulations to experiments which are

spatially developing over much greater lengths than what is computationally affordable in

2023. The investigation of very large scales will most likely require advances in algorithms

and hardware to overcome the requirements for much finer spatial and time resolutions than

for inertial turbulence at comparable Reynolds numbers.

Future research should advance our understanding of 2D and 3D flows. Whereas

the latter is obviously more expensive and the former contains the key elements of the

self-sustaining mechanisms of EIT (Sid et al. 2018), experiments are ultimately three-

dimensional. 2D simulations must be viewed as numerical experiments, much like the MFU

of Jiménez & Moin. For 3D simulations, it should not be assumed that EIT’s dynamics can

be fully contained in domains that are deemed adequate for inertial turbulence. Rather,

the community should invest time into a careful investigation of the influence of boundary

conditions and domain sizes on the dynamics of EIT.

2.5. Lessons and perspective

Although early turbulence was the first sign of EIT, numerical simulations shed crucial

light on its possible structure (which will be discussed later) and domain of existence which

extends well into the polymer drag reduction regime. In fact, the numerical methods that

successfully simulate EIT highlight key elements of its physics. The stiffness of Equation 3

requires higher resolution than for Newtonian flows and much smaller time steps. Low

Schmidt number diffusion effectively filters out EIT as shown by Sid et al. (2018) whose

simulations (Sc = ∞, local artificial diffusion) establish clear EIT dynamics for the same

parameters for which Xi & Graham (2010) simulated a laminar flow (Sc = 0.5). Not only

hyperbolicity is critical to the existence of EIT, it is necessary for its sustainability.

Upwind schemes and centered finite difference/volume schemes carry inherent disper-

sion, which can result in a spurious accumulation of energy at small scales, even with the

high wavenumber numerical dissipation of the upwind schemes. In spite of extensive res-

olution studies (Sid et al. 2018; Dubief et al. 2022), this numerical dispersion has cast a

shadow of uncertainty on simulated EIT since its discovery. Yet, if the problem is simply

stiff, it ought to be solvable with non-dissipative, non-dispersive numerical methods, i.e.,

spectral methods, providing that the resolution is high enough and the time step is low

enough. This proposition was shown to be true in the simulation of elastic turbulence in

low-Re Kolmogorov flow by Berti et al. (2008).

The importance of small scale resolution is undeniable, however Batchelor et al. (1959)’s
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theory for Sc � 1 passive scalars must be considered as a guideline. Dominant energy

transfers between turbulent kinetic energy and turbulent elastic energy occur around Kol-

mogorov scales. Spectra of Cij or elastic energy have not shown clear k−1 energy decay

beyond the Kolmogorov wavenumber. Yet the study of energy spectra as a function of

Schmidt number (Sid et al. 2018) shows clear reduction of energy at all scales for Sc < 100

at a Reynolds number in the critical to super-critical range. The prediction of the smallest

relevant dynamic scale for the polymer field remains an open question.

A different development are the recent efforts to simulate EIT in wall-bounded flows

with spectral methods by the present authors and others at large Sc, which may allow for

the rigorous elimination of numerical dispersion and dissipation for spatial derivatives of

current algorithms. It is hoped and anticipated that this new development in the numerical

simulation of EIT will lead to a thorough assessment of the effect of Schmidt number on

the dynamics of EIT and to the definition of criteria for spatial and temporal resolutions

as a function of flow and polymer parameters.

However it is critical to stress that the simulation of EIT using Eulerian constitutive

equations such as Equations 1–4 with current algorithms is a long and frustrating endeavour

of high-resolution simulations that must be run for very large flow times with much smaller

time steps than comparable Newtonian simulations. Any shortcut has so far resulted in a

loss of critical dynamics. Future algorithms should focus on resolving the stiffness of Equa-

tion 3 with the highest fidelity at the lowest possible cost. It is hoped that the emergence

of hybrid computing platforms (CPU+GPU) could make these simulations more tractable

as it has for other stiff problems like molecular dynamics (Páll et al. 2020).

3. ONSET OF EIT

Early studies failed to detect a linear instability in (non-shear-thinning) viscoelastic pipe

flow and, at low Reynolds number, channel flow. However, these studies only investigated

low Weissenberg numbers. In the absence of inertia linear instability was only found for

flows with curved streamlines (Larson et al. 1990; McKinley et al. 1991; Shaqfeh 1996). As

a result, parallel shear flows of viscoelastic fluids were for a long time believed to be linearly

stable in the low Re limit (Larson 1992; Wilson et al. 1999).

At larger Reynolds numbers, the linear stability of Newtonian pipe and Couette flows

(Schmid & Henningson 2000) has been widely assumed to also apply to the viscoelastic

case. On the other hand, earlier studies of plane Poiseuille flow of a UCM fluid have found

several unstable modes (Porteous & Denn 1972), in addition to the elastically-modified

Tollmien-Schlichting (TS) mode that is known to become unstable in the Newtonian limit

at Rec = 5772 (Schmid & Henningson 2000). However, these modes are strongly stabilized

by the solvent viscosity (Sureshkumar & Beris 1995b) and become thereby irrelevant in the

dilute limit. Moreover, the elastically-modified TS mode shows a non-monotonic behavior

with increasing elasticity E (Sureshkumar & Beris 1995b; Zhang et al. 2013).

Inspired by the discovery of elastic turbulence in inertialess flows with curved streamlines

(Groisman & Steinberg 2000), several studies investigated the possibility of a purely elastic

nonlinear instability leading to a state analogous to elastic turbulence in planar shear flows

(Morozov & Saarloos 2005, 2007, 2019). These authors argued that perturbations inducing

sufficient flow curvature could possibly trigger a nonlinear instability akin to the purely

elastic instability in Taylor-Couette flows. Initial perturbations in the form of blowing and

suction at the wall are for instance frequently used in numerical simulations to initiate the
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chaotic dynamics of EIT (Dubief et al. 2013).

On the other hand, several experimental observations hinted at a possible supercritical

viscoelastic instability (Little et al. 1975; Samanta et al. 2013; Choueiri et al. 2018; Chandra

et al. 2020; Choueiri et al. 2021). In particular, the smooth and continuous transition from

the laminar regime to MDR and the absence of hysteresis when increasing or decreasing

the fluid elasticity, the invariance of the critical Reynolds number for externally perturbed

and unperturbed transition at sufficiently large concentration, and the disappearance of

localized puffs, signature of the nonlinear subcritical route in the Newtonian case, were all

indications of a possible linear instability of the viscoelastic pipe flow, alluded in the past

by Forame et al. (1972), Graham (2014) or Wen et al. (2017). The existence of such linear

instability at large Weissenberg number has been recently confirmed by (Garg et al. 2018),

as discussed below.

One of the main difficulties in obtaining a clear picture on the transition scenarios to

EIT is the high-dimensionality of the parameter space (Reynolds number, Weissenberg or

elasticity number, polymer-solvent concentration, etc.), rendering its systematic exploration

challenging. On the other hand, it also offers several pathways to EIT that do not rely on

the modification of Newtonian exact coherent states, as previously postulated (Zhu & Xi

2021).

3.1. Recent linear stability results for viscoelastic pipe and channel flows

Motivated by the aforementioned experimental hints at a possible linear instability, Garg

et al. (2018) revisited the stability of the viscoelastic pipe flow. Using the Oldroyd-B

model, they demonstrated that for large Weissenberg numbers the viscoelastic pipe flow

can be linearly unstable to axisymmetric disturbances down to a critical Reynolds number

Rec ≈ 63, much lower than the Newtonian transition threshold. Newtonian turbulence is

only sustained for Re > 2040 and turns transient below this critical point (Avila et al. 2011;

Mukund & Hof 2018).

The viscoelastic linear instability has been further detailed and analyzed by Chaudhary

et al. (2021). The unstable mode is found to propagate at a speed close to the base-state

maximum velocity and has thus been called a center mode, although its disturbance field

is spread across the entire pipe cross-section. A more significant localization of the velocity

eigenfunctions towards the pipe center is only observed at larger Reynolds numbers. The

absence of instability in the Newtonian (β = 1 or Wi = 0) and UCM limits suggests that

inertia, viscous solvent stress and elastic polymer stress are essential for this center mode

instability. In the asymptotic limit of dilute polymer solutions ((1−β)� 1 and E(1−β)�
1), the critical Reynolds number scales as Rec ∝ (E(1 − β))−3/2 (i.e., Wic ∝ Re

1/3
c ). In

other words, the instability survives provided E ∝ (1− β)−1, so that the polymer stress of

the disturbance remains of order unity. Additionally, there is a maximum elasticity number

Ec (i.e., Wic ∝ Rec) above which the instability does not exist for any Re, as illustrated by

the neutral curves in Figure 4a . To take into account the effect of shear thinning (FENE-P

model), Chaudhary et al. (2021) also suggest that the above -3/2 exponent be replaced by

-5/8. The parameter space was then extended by Dong & Zhang (2022), who carried out

an asymptotic analysis through singular perturbations.

In light of the similarities between Newtonian pipe and channel flows, it comes as no

surprise that, in addition to the elastically-modified Newtonian TS mode, a very similar

center mode instability also exists in the plane Poiseuille flow of an Oldroyd-B fluid at
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Figure 4

Critical Reynolds number Rec as a function of (1− β)E for different values of the concentration

parameter β in the case of the (a) pipe and (b) channel flow of an Oldroyd-B fluid. Reproduced

with permission from Chaudhary et al. (2021) and Khalid et al. (2021b).

sufficiently high elasticity (Khalid et al. 2021a). The same asymptotic scaling of the critical

Reynolds number Rec as in the pipe flow for dilute solutions indicates a possible universal

linear mechanism underlying the onset of EIT in both pipe and channel configurations.

Nonetheless, the center mode instability ceases to exist in channel flow for β < 0.5. On

the other hand, unlike initially thought (Ho & Denn 1977), it continues to exist down

to Re = 0 in ultra-dilute solutions (β > 0.9905) at very high Weissenberg number (Khalid

et al. 2021b), as illustrated by the corresponding neutral curves in Figure 4b. These results

suggest the existence of a continuous pathway between ET and EIT, directly connected to

the laminar state. The inclusion of finite extensibility (FENE-P model) seems to move the

neutral curve closer to the inertialess limit at fixed β and towards lower, more realistic,

critical Weissenberg numbers in the dilute limit (Page et al. 2020; Zhang 2021). In the

absence of solvent (UCM, β = 0) Chaudhary et al. (2019) have found several symmetric

and antisymmetric unstable wall modes. The addition of solvent (small but finite β) leads

however to a strong stabilization of these modes, in stark contrast to the destabilizing effect
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of solvent viscosity on the center mode.

It should finally be mentioned that most of these recent linear stability studies rely on a

new geometric decomposition of the conformation tensor and the associated scalar measures

of the polymer perturbations introduced by Hameduddin et al. (2018, 2019). This new

formalism ensures that the mean and perturbation tensor fields remain positive definite.

It thus provides a rigorous mathematical basis for analysis and allows a clear physical

interpretation compared to the Euclidean geometry assumed by the classical decomposition.

This framework is not only useful in linear and nonlinear stability theory, but also more

generally when analyzing the conformation tensor.

3.2. Non-modal amplification

Modal stability analysis only focuses on the asymptotic long time growth rate of perturba-

tions. Because the operators of the linearized equations are not self-adjoint (non-normal),

the linear eigenmodes are typically non-orthogonal, which can lead to an initial algebraic

transient growth before the long term exponential decay (Schmid 2007). Transient ampli-

fication can thus produce perturbations that become larger than the nonlinear instability

threshold of a subcritical bifurcation.

While the potential importance of transient growth has already been recognized in

the past (e.g., Doering et al. 2006), a large amount of work has been recently dedicated to

investigating the non-modal amplification of infinitesimal perturbations, including the work

by Jovanović and coworkers (Hoda et al. 2008, 2009; Jovanović & Kumar 2009, 2010, 2011;

Hariharan et al. 2018), Zaki and coworkers (Zhang et al. 2013; Agarwal et al. 2014; Page

& Zaki 2014, 2015), Graham and coworkers (Shekar et al. 2019, 2020) or Zhang (2021). A

good overview of the topic can be found in Sánchez et al. (2022).

While non-modal analysis cannot prove the existence of a subcritical instability, it offers

an amplification mechanism that may lead to a self-sustained nonlinear state.

3.3. Subcritical transition

Although the linear instability of viscoelastic pipe and channel flows suggests a possible

route to EIT through a supercritical transition, experiments of viscoelastic pipe flow (in-

cluding older studies on structural / early turbulence) detected turbulence down to far lower

Reynolds numbers (Re ≈ 1), and simulations of EIT at lower Weissenberg numbers, than

the instability threshold in linear analysis. There is consequently a large part of the parame-

ter space outside the linearly unstable regions in which EIT has been observed, highlighting

the existence of bifurcated solutions beyond the parameter domain of linear instability.

This implies that the viscoelastic flow is possibly nonlinearly unstable, i.e., unstable to suf-

ficiently large amplitude disturbances. Moreover, akin to the Poiseuille flow whose linear

instability is in practice quite irrelevant, linear instability does not preclude a nonlinear

subcritical transition. Such subcritical scenario has been proposed as the most likely one in

the past (Morozov & Saarloos 2007) and experimental evidence has corroborated it in the

low Reynolds number limit (Pan et al. 2013; Qin & Arratia 2017).

Using nonlinear amplitude expansion about the Gorodtsov & Leonov modes (Gorodtsov

& Leonov 1967), Meulenbroek et al. (2004) and Morozov & Saarloos (2005) have obtained

clear evidence for a subcritical transition in inertialess plane Poiseuille and Couette flows

of a UCM fluid at a Weissenberg number somewhat larger than one. Their results have

been recently extended by Morozov & Saarloos (2019) for an Oldroyd-B fluid in the low β
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limit, showing that, even if the laminar flow has straight streamlines and is linearly stable

in the parameter range considered, a slowly decaying perturbation with curvature in its

streamlines can drive an instability (see Figure 5). Similarly to the Newtonian case, the

resulting nonlinear structures are traveling wave solutions characterized by the presence of

vortices, streaks and high polymer stress in the near-wall region.

Figure 5

Nonlinear perturbative expansion: convergence of the amplitudes Ψm of traveling wave solutions
as functions of Wi for the case of plane Poiseuille flow of an Oldroyd-B fluid with β = 0.05. The

lower branch defines the perturbation amplitude required to destabilize the flow. Reproduced with

permission from Morozov & Saarloos (2019).

Our current understanding of Newtonian transition relies on a dynamical system inter-

pretation, in which the transitional flow is seen as a wandering trajectory in phase space

between different non-trivial three-dimensional solutions of the Navier-Stokes equations, so-

called exact coherent state (ECS) solutions (Kerswell 2005; Eckhardt et al. 2007; Graham

& Floryan 2021). A similar interpretation for the viscoelastic case could also be envisioned,

where EIT would be built around the coexistence of many (unstable) simple invariant so-

lutions populating the phase space but that rely on elasticity to exist (Morozov & Saarloos

2019). This scenario has gained support with the recent discovery of the first coherent

structure in two-dimensional elasto-inertial turbulence by Dubief et al. (2022). This stable

attractor in 2D takes the particularly simple form of a travelling wave in which sheets of

large polymer stress originating near the walls bend to meet at the channel centre to form a

symmetric arrowhead structure (see the detailed discussion in Section 4 and Figure 10g).

Despite significant differences between the arrowhead structure and the linearly unstable

center mode, Page et al. (2020) have recently established a clear link between the two

by tracking the traveling wave issued from the saturated center mode linear instability

in Weissenberg and Reynolds number (see Figure 6). Their analysis demonstrates the

subcriticality of the bifurcation at this point. The upper branch solution corresponds to

the arrowhead solution of Dubief et al. (2022), while the much weaker lower branch states

resemble more closely the center mode eigenfunction of Garg et al. (2018). It is interesting

to note that the threshold of the perturbation amplitude for nonlinear instability is low, even

at much lower Wi than its value at the bifurcation, implying that for practical purposes the

instability might appear supercritical. The weakly nonlinear analysis of Buza et al. (2022)

also shows that the subcriticality of the center mode linear instability is generic across the

neutral curve (also in β at Re = 0) with supercritical bifurcation only in the low Re - high

Wi region of the parameter space. Destabilization is found to be elastically- rather than
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inertia-driven as the polymer work and not the shear energizes the instability. On the other

hand, at higher polymer concentration (low β), the unstable region becomes smaller and

the transition is mostly supercritical (Buza et al. 2022; Wan et al. 2021).

Figure 6

Contours of linear growth rate σ for most unstable symmetric instability waves in a

two-dimensional channel flow of a FENE-P fluid (L = 500) for streamwise wave numbers k ∈ N.

The dashed white line indicates marginal stability σ = 0. The overlayed grid and symbols identify
DNS runs in a box of length lx = 2π: (blue circle) laminar, (red square) EIT, (green triangle)

arrowhead. The blue lines identify the arclength continuation of the nonlinear traveling wave born
in this instability (at k = 2). Reproduced with permission from Page et al. (2020).

Another subcritical route, based on viscoelastic wall modes strongly localized at the

critical layer, has been proposed by Shekar et al. (2019) in plane Poiseuille flow for mod-

erate Weissenberg numbers. This family of attractors, that are nonlinearly self-sustained,

resembles the stable Newtonian Tollmien-Schlichting (TS) mode and is connected to two-

dimensional EIT through an unstable branch (Shekar et al. 2020). At moderate Reynolds

number the Newtonian and viscoelastic TS attractors are disconnected in phase space.

However, Shekar et al. (2021) have shown that, at Re = 10000, the unstable Newtonian

TS attractor evolves continuously into EIT upon increasing the Weissenberg number. The

importance of wall modes and critical layers has also been confirmed through resolvent

analysis in channel flow (Shekar et al. 2019) and pipe flow (Zhang 2021).

3.4. Experimental observations

In experiments EIT appears to arise continuously with increasing shear rate, as shown in

Figure 7. Hence, unlike for the Newtonian turbulence transition, no hysteresis is detectable

at the onset of EIT. In these measurements the onset of EIT has been detected by monitor-

ing pressure fluctuations. While in experiments pressure fluctuations are also non-zero in

laminar flow, this background noise level is constant and independent of Re. The transition

is then characterized by a continuous increase in fluctuations.

The possibility of a supercritical transition seems to be corroborated by the pipe exper-

iment of Chandra et al. (2020), who observed a departure from the laminar friction factor f

with the transition Reynolds number Ret in the form (f/flam − 1) ∝ (Re/Ret − 1)1/2. The

elastic turbulence experiment of Jha & Steinberg (2021) would also suggest a linear insta-

bility at high Wi. Reasonable agreement is also found between linear stability predictions
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Figure 7

Left panel: continuous increase of pressure fluctuations at the onset of EIT from Samanta et al.

(2013). The threshold is found to be independent of external perturbations and hence no hysteresis

could be detected. Right panel: Scaling of the transition threshold from Chandra et al. (2018).

Figure 8

Structure of elasto inertial turbulence. Choueiri et al. (2021) captured the structure of EIT in

experiments using particle image velocimetry. The top left shows the flow field close to the onset

of EIT (Re = 100, Wi = 304, β = 0.5) (plotted is the streamwise velocity component u minus the
average profile Ū and normalized by the bulk flow speed Ub). The overall structure is that of a
centre mode which is in qualitative agreement with the linear stability prediction (Garg et al.
2018) shown below. Further above the onset of instability EIT is however largely composed of
near wall streak-like structures shown in the top right panel at Re = 1000. Qualitatively the flow

structure remains unchanged with increasing Re and persists in the maximum drag reduction
limit here shown for Re = 10000 in the right bottom panel.
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and the experiment of Srinivas & Kumaran (2017) in microchannels.

Despite the apparent continuous non-hysteretic scaling, the distinction of a supercritical

from a subcritical transition is not straightforward in this case. Looking at flow structures

close to onset Choueiri et al. (2021) detected a chevron-type flow pattern, illustrated in

Figure 8, which is in good qualitative agreement with the unstable mode predicted by

Garg et al. (2018). However, even close to onset the flow in experiments remained unsteady

and three dimensional. The flow hence never fully settled to the mode predicted by linear

theory. Moreover, the same authors also observed the corresponding fluctuating chevron

structure down to Re as low as 5 (see Fig. 1B, top panel in Choueiri et al. (2021)), while

stability analysis only predicts a linear instability for Re & 60. Although quantitative

differences between experiments and the stability of an Oldroyd-B fluid may be expected,

the Reynolds number threshold in experiments is more than an order of magnitude lower.

This, just like the unsteady nature of the flow patterns, points to a subcritical scenario. In

this context it should be noted that, if transition thresholds are finite but smaller or equal

to the noise level in experiments, a subcritical transition cannot be readily distinguished

from a supercritical one. Recent theoretical studies (Wan et al. 2021; Buza et al. 2022)

indeed propose low amplitude thresholds in the subcritical regime for EIT.

Furthermore, above the onset of EIT (e.g., Figure 8 top right panel) Choueiri et al.

(2021) reported a structural change from the chevron centre mode to a wall mode. At this

higher Reynolds number EIT is dominated by near-wall inclined shear layers and streak pairs

(see dashed circles). Interestingly this structural composition of EIT is equally found at ten

times larger Re in the maximum drag reduction limit (right bottom panel in Figure 8).

3.5. Discussion and perspective

Clearly, the high-dimensionality of the parameter space offers several possible routes to EIT,

as tentatively summarized in Figure 9. At high elasticity, in both pipe and channel flows,

the unstable center-mode allows a supercritical path to transition, but the instability in

dilute solutions is likely to be subcritical in a large part of the parameter space. Additionally,

in channel flow, the center-mode instability extends down to Re = 0 for ultradilute solutions

and an elastically-modified TS mode provides an additional nonlinear subcritical route at

moderate Reynolds and Weissenberg numbers. Because it is believed that even relatively

weak viscoelasticity tends to suppress the Newtonian ECS (Li & Graham 2007), subcritical

transition to EIT is likely based on new elasto-inertial coherent states, such as the arrowhead

attractor (Dubief et al. 2022) or the viscoelastic nonlinear TS attractor (Shekar et al. 2020),

that are sampled by an EIT trajectory akin to the Newtonian case.

This picture is certainly incomplete and numerous questions remain open. The su-

percritical transition to EIT has yet to be reproduced in numerical simulations and the

subsequent steps following the initial linear instability (nonlinear saturation, secondary

instabilities) need to be elucidated. One can also wonder what happens at even higher

Weissenberg number for not too dilute solutions, i.e., in regions above the upper branch of

the neutral curve in Figure 9 where the center mode is again stable and the instability

likely supercritical. Would the flow be laminar? Do other instabilities exist?

On the other hand, the extent of the subcritical regions is widely unknown; saddle

nodes can only be located through continuation and the parameter space is vast. In that

respect, the relevance of the elastically-modified TS route for pipe flow is still unclear. More

generally, the existence of other elasto-inertial attractors and corresponding bifurcations
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Figure 9

Schematic representation of the possible stability map in the Re−Wi plane of (a) channel and

(b) pipe flow of an Oldroyd-B fluid. Neutral curve of linear instability (thick lines) and subcritical

boundary (dashed lines). Center mode instability (red) continuing down to Re = 0 in channel flow
for β > βc; Newtonian subcritical scenario based on elastically-damped ECS (dashed green line);

viscoelastic nonlinear TS mode (blue); subcritical transition leading to ET in inertialess limit

(dotted black line). Each curve additionally depends on β. Adapted from Sánchez et al. (2022).

need to be further analyzed.

Khalid et al. (2021a) have shown that the least stable modes in channel flow change

from TS to modes in the continuous spectrum (CS) to the center mode when the elasticity

is increased. The possible role of CS modes in a subcritical route has not been studied

yet. On the other hand, in the inertialess limit the center-mode offers an alternative to the

previously prevalent view of a bifurcation from infinity. All these modes could thus represent

good starting points for a nonlinear expansion, extending thereby the nonlinear analysis of

Morozov & Saarloos (2019) to the inertial range and higher Weissenberg numbers.

The center mode has demonstrated a possible continuous path from ET to EIT in chan-

nel flow and the analysis of Buza et al. (2022) suggests that the center mode is elastically-

and not inertia-driven. This link has however not yet been shown in pipe flow. More fun-

damentally, the connection between EIT and ET on one side, and to IT on the other, needs

to be further analyzed. The integration of non-modal mechanisms into this overall picture

would also be very beneficial.

Finally, it should be emphasized that these results have been predominantly obtained

using the Oldroyd-B, and, to some extent, the FENE-P models (Bird et al. 1987). Although

these constitutive models incorporate many features of dilute polymer solutions, such as a

non-zero first normal stress difference (anisotropy), memory (relaxation), elasticity, and, for

the FENE-P model, shear-thinning, they are based on some strong simplifications. This ap-

proximate representation of real viscoelastic fluids renders a quantitative comparison with

experiments very challenging, especially in regard with the difficult task of determining the

numerical parameters (Wi, β, L, etc.) of the physical models. Additionally, other instabili-
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ties and/or relevant modes could exist beyond those found with these aforementioned mod-

els. For instance, Couette flow is linearly unstable with the nonlinear Phan-Thien–Tanner

(PTT) model (Grillet et al. 2002), while it has otherwise always been found to be linearly

stable.

In summary, stability analysis and numerical simulations have greatly helped rationalize

experimental observations. Nonetheless, the direct link between them is yet to be fully

established. This will require the ability to quantitatively predict the instability thresholds

and direct experimental observation of the flow structures predicted by the theory.

4. THE STRUCTURE OF EIT

4.1. The different regimes of stress fields in two-dimensional flows

A significant simplification in the exploration of EIT came from the demonstration that

the essential dynamical structures exist in two-dimensional flows (Sid et al. 2018). The dy-

namical importance of small and large scales renders 3D simulations expensive in both time

and space-resolution. Dubief et al. (2022) conducted a comprehensive study of 2D periodic

channel flows using the FENE-P model (Equations 1–3) over a large range of Reynolds

numbers, polymer parameters (L,Wi, β) and computational domain lengths. These au-

thors identified the existence of at least four regimes of EIT, including a first exact coherent

structure.

The structure of polymer stress may be investigated through various quantities that give

the same depiction of the dynamics, namely the trace of Cij , the trace of Tij , the elastic

energy ep = −L2/(2ReWi) ln(1−Ckk/L
2) or the first normal stress difference N1 = T‖−T⊥,

where T‖ and T⊥ are the diagonal components of the polymer stress tensor aligned, and

perpendicular to the principal direction of stretch, respectively. The latter quantity is

directly related to the extensional viscosity (Bird et al. 1987) as well as, with the second

normal stress difference, to the well-known Weissenberg effect in polymer flows, or rod

climbing phenomenon, where the first normal stress difference acts like a hoop stress (Barnes

et al. 1989).

4.1.1. Chaotic regimes. Figures 10a,b depict the most chaotic regime observed in 2D

channel flows. The observed structures of N1 and pressure contours are very similar to

those observed in planes aligned with the streamwise and wall-normal directions in 3D

simulations (Samanta et al. 2013; Dubief et al. 2013; Terrapon et al. 2015; Sid et al. 2018).

N1: First normal

stress difference

Q: Second invariant

of the velocity

gradient tensor

TKE: Turbulent

kinetic energy

TEE: Turbulent
elastic energy

In the first EIT regime, the chaotic regime (CR), regions of large N1 are organized

in thin sheets tilted upward and downstream. A typical sheet displays some undulations,

which appear to be connected to low and high cylindrical pressure regions, highlighted by

green dots at their center in Figures 10a,b. These undulations are reminiscent of the

undulations of streamlines observed in the original simulation of EIT (Dubief et al. 2010).

The fluid gap between two adjacent sheets is therefore subjected to normal stress, whose

variations are governed by the relative undulations of the sheets.

The next regime found by increasing elasticity of the solution is the chaotic arrowhead

regime (CAR, Figure 10c,d). This regime retains the chaotic sheet-structure of CR, but

a few sets of two sheets (here one set), located on either side of the centerline connect to

form an arrowhead-looking structure at the center of the channel. This structure is chaotic

with very poor symmetry, yet persistent over very long flow times.

www.annualreviews.org • Elasto-Inertial Turbulence 21



Figure 10

The four regimes of EIT identified by Dubief et al. (2022). This figure (from Dubief et al.) shows
snapshots of the first normal stress difference N1 (a,c,e,g), and pressure (b,d,f,g) contours for

different polymer parameters, highlighted in the figure for each regime. These regimes are shown

here for a bulk Reynolds number Reb = 1000 in a domain of dimensions 2πh× 2h.

4.1.2. Intermittent and steady regimes. Further increase in elasticity leads to the inter-

mittent arrowhead (IAR) and eventually steady arrowhead regime (SAR), depicted in Fig-

ures 10e,f , and g,h , respectively. SAR is a fully steady state regime with perfect symmetry

about the centerline. IAR is a regime that oscillates between CAR and SAR over time scales

much greater than the time scales of chaos in CR and CAR. A distinct feature of the arrow-

head structure is its pressure signature, where a high pressure region is nested under the

tip of the arrowhead, or junction of the upper and lower sheets of significant N1. In SAR, a

steep pressure gradient, akin to a shockwave, can be observed at the tip of the arrowhead.

The existence of arrowheads and their regime are highly dependent on the length of the

domain, Reynolds number and the three parameters of the FENE-P model. To summa-
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Figure 11

Early turbulence numerical experiment of Dubief et al. (2010) in a 3D periodic channel flow at
constant mass flow rate. At tUb/h = 0, where Ub = 1 is the bulk velocity, and h = 1 is the half

height of the channel, the initial condition consists of a uniform flow in the streamwise direction x,

on which a slab of isotropic turbulent perturbations are superimposed in the core region of the
flow −1/2 ≤ y/h ≤ +1/2, where y is the wall-normal direction. The initial perturbation is scaled

to match a user-defined turbulent intensity (highlighted in red in Figure (a)). The dashed, dotted

and dash-dotted lines show the evolution of pressure gradient for the flow without polymers. The
solid line is the result of a polymer flow for an initial perturbation with turbulent intensity of

1.5%. Figures (b) and (c) show the structure of positive (blue) and negative (orange) isosurfaces
of the second invariant Q of the velocity gradient tensor at the beginning of the transition and in

the fully developed regime, respectively. These times are highlighted by blue arrows in Figure (a).

The flow direction is from x = −π to x = π. The Reynolds number is Reb = Ubh/ν = 5000.

rize the first study of this vast parameter space (Dubief et al. 2022), the stability of the

arrowhead increases with increasing polymer maximum extension L, Weissenberg number

Wi, independently or collectively. The β parameter, which controls the contribution to the

solvent viscosity, enhances stability as it decreases, but promotes the emergence of chaos

as it approaches unity, suggesting a stabilizing mechanism associated with decreasing β.

When β → 1, larger L and/or Wi are required to return to SAR. A SAR regime in a given

domain length eventually becomes unstable as the streamwise length is increased, pointing

out a significant role of large scales in the dynamics of EIT. Stability can be recovered by

increasing L and/or Wi at β constant, and/or reducing β.

www.annualreviews.org • Elasto-Inertial Turbulence 23



4.2. 3D structure

Owing to the cost of simulating EIT, the parameter space so far explored in 3D is much more

limited that in 2D. The first evidence of EIT was found in a numerical experiment designed

to elucidate the phenomenon of early turbulence discussed in Section 1.2. Dubief et al.

(2010) conducted a bypass transition in a 3D periodic channel flow. As explained in the

caption of Figure 11, the simulation was designed to trigger transition via a receptivity-like

mechanism. Receptivity (Goldstein & Hultgren 1989) defines the energy of pertubations in

free-stream that penetrate a boundary layer and trigger instabilities. Here the perturbations

are introduced away from the wall and yet they manage to excite instabilities at the wall

before the core turbulence reaches the wall. The flow with additives was subjected to

initial perturbations with weak turbulent intensity (RMS(u)/Ub), which indeed triggered

a departure from the laminar state much sooner than the Newtonian flow with same, or

higher, initial turbulent intensity, as shown in Figure 11a .

Using the isosurfaces of second invariant Q = −(1/2)∂jui∂iuj of the velocity gradient

tensor ∂jui to track the emergence of vortices revealed an unexpected spanwise organization

of positive and negative isosurfaces of Q. Hunt et al. (1988) first proposed to use positive

regions of Q for vortex identification. In incompressible flows, Q is proportional to the

Laplacian of pressure, ∂i∂ip = 2Q, and an enclosed region of positive Q is also a region

of minimum pressure. The Q-criterion is one of the most popular vortex identification

methods, however, much like other methods, it is not objective: a positive region of Q is not

necessarily a vortex, and proper vortex identification method requires a subjective threshold

above which closed isosurfaces of Q ≥ Qth may be verified to exhibit the characteristic

dynamics of vortices, e.g., swirling local streamlines (Dubief & Delcayre 2000). In the case

of EIT shown in Figure 11b, positive Q-isosurfaces do not qualify as vortices inducing

spiraling patterns in the velocity vectors in any local convection reference frame. Reminding

the reader that Q may also be expressed as the difference between the norm of the rotation

and strain tensors, the train of positive and negative Q-isosurfaces may also be interpreted

as regions of local rotation Q > 0 and dissipation of turbulent kinetic energy Q < 0.

In the fully developed flow, Figure 11c is representative of a high-friction drag event

with a few visible hairpin vortices, a typical large coherent vortex observed in transitional

flows and intermittently in fully turbulent flows. The shape of the observed hairpin vortices

is different from Newtonian vortices due to viscoelastic stress. The hoop stress makes the

core of vortices more angular-looking. But the most striking difference with transitional or

fully turbulent Newtonian wall-bounded turbulence is the presence of trains of alternating-

sign, cylindrical Q structures similar to those at the onset of early turbulence. These

structures are found in the wake of the head of hairpin vortices and in streaks. During

low-drag events (not shown), the structure of Q is predominantly aligned in the spanwise

direction. The spanwise length scale of these structures is that of the wavelength of the

streak instability influenced by the viscoelasticity of the flow (Dubief et al. 2013).

4.3. Relation between Q-structures, pressure and polymer stress

The Q-structures have been shown to be attached to the sheets of high polymer stress and

their relation to pressure and polymer stress has been discussed in Dubief et al. (2013),

Terrapon et al. (2015) and Sid et al. (2018). The key equation relating Q, pressure and

viscoelastic stress is derived by applying the divergence operator to Equation 2 and using

the divergence-free property of the velocity field (Equation 1). This equation is also known
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as the Poisson equation for pressure,

∂i∂ip = −∂iuj∂jui +
1− β
Re

∂i∂jTij = 2Q+
1− β
Re

∂i∂jTij . 6.

In strong EIT flows, the contribution of the viscoelastic stress term dominates that of 2Q,

which is the contribution of the advection term. Interestingly, this equation simplifies in

Stokes flows with the Laplacian of pressure equating the divergence of the divergence of

polymer stress. If EIT and ET are to be dynamically related, and we anticipate they

are, the universal dynamics is likely to be hidden in Equation 6. Terrapon et al. (2015)

studied the pressure by splitting its inertial and elastic contribution and further analyzing

the latter in terms of rapid and slow parts. The elastic rapid part dominates, causing a

redistribution of energy from the streamwise component to other components. Due to the

elliptic nature of Equation 6, the cylindrical nature of Q-structures, reminiscent of Kelvin-

Helmholtz instability, should not be a surprise. The seed of the Q-structures appears to be

the undulations in the sheets of high-N1 identified in Figures 10a,b. These trains do not

exist around the sheets forming the steady arrowhead structure in 2D flows (Figure 10g).

4.4. Perspectives on self-sustaining cycle for EIT

The polymer and flow structures of EIT reveal a very different dynamical picture than tur-

bulent or even transitional Newtonian flows. Wall-bounded turbulent flows are governed by

a self-sustaining cycle of interactions between mean shear and coherent structures arising

from well-understood instabilities (Waleffe 1997; Jiménez & Pinelli 1999). A fundamen-

tal difference between the self-sustaining process of Newtonian wall-turbulence and that of

EIT is in the energy transfer between scales. In Newtonian turbulence, the energy flows

from large to small scales, through the well-known Kolmogorov cascade. In EIT, at least

simulated EIT, the high Schmidt number effect discussed in Sid et al. (2018) and in Sec-

tion 2.2, as well as the analysis of energy transfer between turbulent kinetic energy (TKE)

and turbulent elastic energy (TEE) conducted by Dubief et al. (2022) show that the energy

transfer from TEE to TKE is from small to larger scales and this energy transfer most likely

sustains chaotic pressure and velocity fluctuations, which in turn sustain the existence of

N1 sheets and their undulations (Dubief et al. 2013; Terrapon et al. 2015).

The understanding and modeling of EIT requires the derivation of a self-sustaining

cycle that ties together the recent developments in stability analysis, and the study of

flow and polymer coherent structures. Zhang et al. (2021a, 2022) derived a self-sustaining

process on the basis of budget of turbulent kinetic and elastic energy, demonstrating the

validity of earlier observations that EIT is fundamentally different than IT (Dubief et al.

2013; Terrapon et al. 2015). The effort of Zhang et al. focused on subcritical, critical and

supercritical Reynolds numbers (yet still low from the perspective of IT) and their statistical

analysis could paved the way to turbulent models of EIT, which are currently lacking at

the time of the publication of this review.

Of equal importance, efforts should be continued to establish a parallel between the dy-

namics observed in simulations and in experiments. At the moment, the similarity between

simulations and experiments is based on statistics of drag and fluctuations of pressure and

velocity, not on coherent structures.
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5. EIT AND ITS RELATION TO THE MAXIMUM DRAG REDUCTION
ASYMPTOTE

The MDR asymptote (see Figure 1a) is one of the most intriguing and least well under-

stood aspects of polymer drag reduction. As we discussed in Section 1.1 its interpretation as

a marginal state of ordinary turbulence cannot readily explain how this state becomes stabi-

lized and why higher polymer concentrations fall short of relaminarizing the flow. Samanta

et al.’s finding that the elasto-inertial instability, red curve in Figure 3, can be traced to

higher Reynolds numbers and to parameter values well inside the polymer drag reduction

regime has given rise to an alternative interpretation of MDR. Based on what is known

about the nature of the elasto-inertial instability it is plausible to assume that EIT will un-

avoidably arise as the shear and or the polymer concentration are increased (i.e., increasing

Weissenberg number). This on its own will necessarily prevent flows from being laminar at

sufficiently large Wi. Samanta et al. also observed that starting from EIT at low Reynolds

numbers the MDR asymptote is directly approached as Re is increased without the typical

signatures of Newtonian turbulence transition, i.e., neither spatio-temporal intermittency

nor hysteresis were detected. Based on these observations the authors suggested that the

MDR asymptote may correspond to the characteristic friction scaling of EIT and, hence,

that the MDR limit may be entirely dominated by EIT.

Subsequently, Choueiri et al. (2018) demonstrated that for selected parameter values

addition of polymers can, unexpectedly, fully relaminarize turbulence (Figure 12). Start-

ing from a fully turbulent Newtonian flow and keeping Re constant (Re = 3150), they

increased the polymer concentration and observed an inverse transition. Here turbulence at

first reduced in amplitude but then, despite the large Reynolds number value, laminar gaps

appeared and the flow became spatio temporally intermittent. While initially the turbulent

regions took the form of expanding slugs, for larger polymer concentration turbulence re-

duced to transitional puffs and eventually the flow fully relaminarized. Yet higher polymer

concentrations led to an instability of the laminar flow and the weakly fluctuating flow

was found to have a friction factor comparable to the MDR asymptote. This observation

suggests that, at least for these specific parameters, the ‘MDR state’ is not dynamically

connected to Newtonian turbulence and results entirely from EIT. The relaminarization

also shows that for selected parameters, despite its name, polymers can reduce the drag

beyond the MDR limit. Complete relaminarization at moderate Reynolds numbers has

subsequently been confirmed in experiments (Chandra et al. 2020) and has equally been

demonstrated in FENE-P simulations of pipe and channel flow (Lopez et al. 2019; Shekar

et al. 2019). In addition to confirming the reverse transition, relaminarization and subse-

quent onset of EIT, Lopez et al. (2019) carried out simulations in pipes of different lengths

and could also show that ’hibernation’ events (i.e., quiescent time intervals) that are found

in short pipes (Xi & Graham 2010) correspond to spatio-temporal intermittency (and hence

a reverse transition to puffs and slugs) in long pipes. Hence, hibernation is a signature of

relaminarization and is encountered prior to the approach to the MDR asymptote. While all

these observations confirm the connection between the MDR limit and EIT, these findings

cannot clarify if the asymptotic MDR state is solely determined by EIT or if, in particular at

higher Re, MDR corresponds to a mixed state comprised of EIT and Newtonian turbulence.

In order to elucidate this point Choueiri et al. (2021) measured flow fields in experiments

and compared structures of EIT at Reynolds numbers where Newtonian turbulence does

not exist, Re <= 1000, to MDR at Re = 10000. As shown in Figure 11 at least quali-

tatively, flow structures resemble each other and look clearly different from turbulence in
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Figure 12

Starting from a fully turbulent flow at Re = 3150 Choueiri et al. (2018) showed that for increasing
polymer concentration the friction factor decreases past the MDR limit and reaches the laminar

Hagen-Poiseuille level (dotted line, left figure). As the polymer concentration is further increased

the flow eventually destabilizes and the drag increases to the MDR level (dash dotted line, left
figure). The contours on the right show the deviation of streamwise velocity fluctuations with

respect to the mean for Re = 3150 and polymer concentrations of (a) 0, (b) 20, (c) 30, (d) 50, (e)

100, and (f) 150 ppm

a Newtonian fluid. Another recent study (Zhu & Xi 2021) questioned whether the MDR

state is really asymptotic. In their computations these authors noted that, although the

friction level saturates, the dynamics of the instantaneous friction factor values continue to

change with increasing Weissenberg numbers. Yet, another numerical study (Zhang et al.

2021b, 2022) observes saturation at high Weissenberg numbers. An original contribution

of the latter study is the decomposition of the skin-friction in terms of viscous, Reynolds

(inertial turbulence), linear elastic and nonlinear elastic (EIT) contributions, showing that

EIT dominates at high Wi. More studies are needed in the high Wi, high L parameter

space to settle the understanding of the role of EIT in MDR. Of critical importance is that

the future studies should focus on finer resolutions than the two numerical studies discussed

here, in order to assess the possible role of small scales of EIT on MDR.

SUMMARY POINTS

1. The elasto-inertial instability arises for increasing Wi in viscoelastic pipe and chan-

nel flows. EIT is not only encountered at low Re (early turbulence) but EIT struc-

tures persist across a wide parameter regime and, in particular, are found in the

maximum drag reduction limit.

2. The high-dimensional parameter space offers several pathways to EIT. While the

recently discovered center-mode linear instability provides a possible supercritical

route, the transition is likely subcritical in a large part of the parameter space,

with new elastically-driven attractors, such as the arrowhead in two dimensions or

other ones in three dimensions, as underlying backbones in a dynamical system

perspective.
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3. The fundamental instabilities sustaining EIT over a large range of Reynolds num-

bers are two-dimensional. 3D structures resemble 2D structures with a three-

dimensionality caused by their interactions with nonlinear Newtonian instabilities

like streaks or vortices.

4. The numerical simulation of EIT requires patience: the large scale dynamics is slow

and requires many flow times to achieve statistically steady-state. The smallest

scales of the polymer dynamics however necessitate high resolution and small time-

steps due to the stiffness of the polymer model transport equation.

5. EIT is likely connected to ET and MDR.

FUTURE ISSUES

1. A direct link should be established between theory/simulations and measurements

with predictions of instability thresholds verified experimentally and a qualitative

and quantitative comparison of flow structures between experiments and simula-

tions.

2. Connection between EIT and ET: is EIT simply an inertial version of ET or does

inertia play a more fundamental role?

3. The relation between EIT and MDR: are the flow structures and properties in the

maximum drag reduction limit fully determined by EIT or do Newtonian type of

vortices and streaks and the underlying sustaining cycle persist at some level?

4. Centre mode versus wall mode: the transformation of the centre mode that arises

from the linear instability to the near wall inclined structures characteristic of EIT

at larger Wi is currently not understood.

5. Unraveling the self-sustaining mechanism of EIT is not only necessary to derive the

theory and modeling of EIT, it may help identify fundamental dynamics shared

with ET.

6. New algorithms are needed to accelerate simulations of EIT.
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Samanta D, Dubief Y, Holzner M, Schäfer C, Morozov AN, et al. 2013. Elasto-inertial turbulence.

Proceedings of the National Academy of Sciences 110(26):10557–10562
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