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Boyd functions

A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and

- ¢(st)

o8) = sup 0y

< 00,

for all t € (0, 00).
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Boyd functions

A function ¢ : (0,00) — (0,00) is a Boyd function if it is
continuous, ¢(1) =1 and

- ¢(st)

o(t sup

()= 28 0(s)

for all t € (0,00).The lower and upper Boyd indices of a Boyd
function ¢ are defined by

< 00,

_ . logg(t) . logd(t)
b(¢) = ?i‘f logt 1.!|—>0 log t

o 08 3(t) _ | log ()
o logd(t) . logd(t

b(0) = gfl logt t|l>no1<> logt ’

respectively.
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Admissible sequences

A sequence o = (0j)jen of positive real numbers is admissible if
there exists a constant C > 0 such that C‘laj <ojs1 < Coj for
all j.
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Admissible sequences

A sequence o = (0j)jen of positive real numbers is admissible if
there exists a constant C > 0 such that C‘laj <ojs1 < Coj for
all j. Let g := infx>1 04 k/0k and T := supy>q 0j1k/0k. The
lower and upper Boyd indices of o are defined by

logo; = logo;

J
S =S i S
s(o) Shlog2 ' log2

and - -
_ . 0goaoj . 0ga;

= inf - = :
s(@) J!QN log 2 j log2i’

respectively.
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Classical link

Given an admissible sequence o, the function

(}50-(1') = 2 )

(- ) oy ifte[2,270), ) €N
o0 if t € (0,1)

with o9 = 1 is a Boyd function.
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Properties of the Boyd functions

o The indices b(¢) and b(¢) are two numbers such that
b(¢) < b(¢).
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Properties of the Boyd functions

o The indices b(¢) and b(¢) are two numbers such that
b(¢) < b(9).
@ Given € > 0 and R > 0, there exists C > 0 such that

C_1t5(¢)+5 < ¢(t) < C'tb(‘f))_“:7

forany t < R.
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Properties of the Boyd functions

o The indices b(¢) and b(¢) are two numbers such that
b(¢) < b(¢).

@ Given € > 0 and R > 0, there exists C > 0 such that
C1eb0)+e < g(t) < Cbl@)—=,

forany t < R.

@ In the same way, we also have

C b0 = < (1) < Ct (<1>)+€

forany t > R.

Thomas Lamby and Samuel Nicolay Generalized Interpolation: a Functorial Point of View



1 germ versus 2 germs

We will denote by B> the set of continuous functions
¢ [1,00) — [ such that ¢(1) =1 and

—
28 6s)

for any t > 1. Given ¢ € B, we denote by ¢, the restriction of ¢
to [1,00) and by ¢g the restriction of ¢ to (0, 1].

< 00,

Proposition

The application

T:B—B*xB>* ¢ (t—

do(1/5) %)

is a bijection.
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A representation theorem

A function ¢ : [1,00) — | belongs to B> if and only if $(1) =1
and there exist two bounded continuous functions n,§ : [1,00) — |

such that

#(t) = eMDT T,
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A representation theorem

A function ¢ : [1,00) — | belongs to B> if and only if $(1) =1
and there exist two bounded continuous functions n,§ : [1,00) — |
such that

#(t) = eMDT T,

A function ¢ : | — | belongs to B if and only if $(1) =1 and there
exist four bounded continuous functions ng,&o : (0,1] — | and
Noos Eco & [1,00) — | such that

. e+ &O%E if e e (0,1]
e+ 6T jf t € [1,00)
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One has SV C B*® C R.

If o is an admissible sequence, then there exist two bounded
continuous functions n,§ : [1,00) — | such that

for all j € N.

8/65



A representation theorem

One has SV C B> C R.

If o is an admissible sequence, then there exist two bounded
continuous functions 1,§ : [1,00) — | such that

o; = eN@VIE €%

for all j € N.
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Properties of the admissible sequences

If o is an admissible sequence, for any € > 0 there exists a
constant C > 0 such that

C10)- < o < Ttk < < o)+
Ok

for any j,k € N.
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Properties of the admissible sequences

If o is an admissible sequence, for any € > 0 there exists a
constant C > 0 such that

C10)- < o < Ttk < < o)+
Ok

for any j,k € N.

The previous inequalities are not necessarily valid for e = 0.
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Some instructive examples

Consider the increasing sequence (j,), defined by

Jo =0,

.jl = ]-7

J2n = 2j2n—1 = j2n-2,
Jong1 = 2.

Then, define the admissible sequence o by

o= 2 if jon <J < Jjont1
! angf=lostif opig < J < jant2

The sequence oscillates between (j); and (2/); and we have
s(c) =0 and 5(0) = 1.
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Some instructive examples

Let g =1, @ > 0 and o be defined by

Ol = { 0j if.j2n SJ §j2n+1
AR 0;2% if jont1 <J < jant2

We have s(0) =0, 5(¢) =1 and for all £ > 0, there exists C > 0
such that o; < C2¢ for all j.
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Relations between Boyd functions and admissible sequences

Proposition
Ifp € Bandoj= q§(2j)_ oroj =1/¢(27/) then we have
b(¢) < s(o) <5(a) < b(¢).
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Relations between Boyd functions and admissible sequences

Proposition
Ifp € Bandoj= ¢(2jl oroj =1/¢(27/) then we have
b(¢) < s(0) <5(0) < b(¢).

Proposition
Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

b(¢) = min{s(c),s(0)} and b(¢) = max{s(c),5(6)}.
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Relations between Boyd functions and admissible sequences

Proposition

Ifp € Bandoj= ¢(2jl oroj =1/¢(27/) then we have
b(¢) < s(0) <5(0) < b(6).

Proposition

Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

b(¢) = min{s(c),s(0)} and b(¢) = max{s(c),5(6)}.

If ¢ belongs to B, then we have b(¢) = min{s(m1(¢)),s(m2(¢))}
and b(¢) = max{s(r1(¢)),5(2(¢))}-
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Boyd function obtained from one admissible sequence

Admissible sequences vs Boyd functions

3 3

%W %W
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Boyd function obtained from one admissible sequence

Some elementary examples :

%(t—?) +o if t € [2,2011),
9o(t) =\ 1/0] - 1/oa

> (t—27"Y+1/0;4; ifte (27127
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Boyd function obtained from one admissible sequence

Some elementary examples :

¢0‘t
()

i) if t€(0,1)
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Boyd function obtained from one admissible sequence

Some elementary examples :

2

oo (t) = (- ) +o; ifteld, M), jeNg
t° if t€(0,1)

where s satisfies s(0) < s < 5(0).
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Constructing a regular Boyd function from an admissible
sequence

et x2 ifx>0
F) = { 0 else
to define
f(x)
gix f(x)+f(1—x)
on [0, 1].

. L L L I I I
-02 02 04 06 08 10 12
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Constructing a regular Boyd function from an admissible

sequence
X\ [ cosa sina) [x
Y) \-sina cosa)\y/)’
For j € N, we set
{ X; =2 cosa+ ojsina

Y= —2fsina+ojcosa ’
¢0)(X) = X=X
Xj+1 = X

and _
rO(X) = ¥+ (Yia = V)X

to consider the curve
Y = 70)(g(¢D(X)))
on [)<j7)<j+1]'
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Constructing a regular Boyd function from an admissible
sequence

It gives rise to _ _
Y(y) = 79(g(€V(X(x))))

on the original Euclidean plane.
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Constructing a regular Boyd function from an admissible
sequence

It gives rise to _ _
Y(y) = 79(g(€V(X(x))))

on the original Euclidean plane.
Let nja) be the function x ~ y on [2/,2/F1].
We can construct ¢ € BB by setting

sy = | 7@ e 27, j e,
s fte(0,1)
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Constructing a regular Boyd function from an admissible
sequence

For a = 0, we explicitly get

. vin 0
) =0+

1+ (5202

t—2/

4 6 B 10 12 14 16 4 6 8 10 12 14 16

Figure: The function 7(®) (left panel) and its derivative (right panel) for
« = 0 and o such that o1 =2, 0o = 4, 03 = 20 and o4 = 22.
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Constructing a regular Boyd function from an admissible
sequence

If & > 0 is small enough, we get a function n}a) whose explicit
form is far more complicated.

Figure: The function 7(®) (left panel) and its derivative (right panel) for
a = 0.1 and o such that 01 = 2, 0o = 4, 03 = 20 and o4 = 22.
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Constructing a regular Boyd function from an admissible
sequence

Let BB’ denote the set of functions f : | — I that belong to C(/)
with (1) =1 and satisfy

- (1) ()]
0 ft < t
S0 SR
One can show that B’ is a subset of B. If ¢ € B with b(¢) > 0

(resp. b(¢) < 0), then there exists a non-decreasing bijection (resp.
a non-increasing bijection) ¢» € B’ such that ¢ ~ v and ¥~ € B’

< oQ.
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Constructing a regular Boyd function from an admissible
sequence

Proposition

If o is an admissible sequence such that either s(o) > 0 or
5(0) < 0, then there exists £ € B' N C*°(I) such that (£(2)); ~ o.
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Constructing a regular Boyd function from an admissible
sequence

Proposition

If o is an admissible sequence such that either s(o) > 0 or
5(0) < 0, then there exists ¢ € B' N C*°(1) such that (£(2)); ~ o.

Proposition

If $ € B is such that b(¢) > 0 or b(¢) < 0, then there exists
&€ B N C>(I) such that & ~ ¢.

| '\
A\,

.
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An handy way to define generalized spaces

@ Let J be Bessel operator of order s:
T =F A+ P)y2Fe),

for f €S’ and s € R.

Thomas Lamby and Samuel Nicolay Generalized Interpolation: a Functorial Point of View



An handy way to define generalized spaces

@ Let J be Bessel operator of order s:
T =F A+ P)y2Fe),

for f € S’ and s € R.
o The fractional Sobolev space H, (p € [1,00]) is defined by

Hs={f €S : |T*F|lr < o0}
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An handy way to define generalized spaces

@ Let B” be the set of functions ¢ € B that belong to
C*([1,00)) and satisfy

XM (x)| < Cmo(x),

for all m € N and x > 1.
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An handy way to define generalized spaces

@ Let B” be the set of functions ¢ € B that belong to
C*([1,00)) and satisfy

XM (x)| < Cmo(x),

for all m € N and x > 1.

o For example, ¢(x) = x*(1 + |log x|)” (s, € R) belongs to
B”.
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An handy way to define generalized spaces

o Given ¢ € B”, the generalized Bessel operator 7 is given by
Tf = FHo(\J1+]- P)FS),

for f € §'.
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An handy way to define generalized spaces

o Given ¢ € B”, the generalized Bessel operator 7 is given by
Tf = FHo(\J1+]- P)FS),
for f € S'.

e J is a linear bijective operator such that (J¢)~! = JYe
and J?(S) = S.

Thomas Lamby and Samuel Nicolay Generalized Interpolation: a Functorial Point of View



An handy way to define generalized spaces

e Given ¢ € B” and p € [1, 00|, the generalized Sobolev space
Hff is defined by

HS = {f € 8"+ |7l < o0}
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An handy way to define generalized spaces

e Given ¢ € B” and p € [1, 00|, the generalized Sobolev space
Hff is defined by

HS = {f € 8"+ |7l < o0}

e For ¢(t) = t° (s € R), we have H,? = H,.
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An handy way to define generalized spaces

@ Let g € [1,00] and ¢ € B; given a Banach space X, the space
lg(X) is the space of sequences (aj); of X such that

(@(2)llallx) € 1.

We set /g = /(Z((C).
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An handy way to define generalized spaces

@ Let g € [1,00] and ¢ € B; given a Banach space X, the space
lg(X) is the space of sequences (aj); of X such that

(@(2)llajllx) € 1°.
We set /g = /(Z((C).
@ This space is equipped with the norm

12l = () 13l x e

Thomas Lamby and Samuel Nicolay Generalized Interpolation: a Functorial Point of View



An handy way to define generalized spaces

@ Let g € [1,00] and ¢ € B; given a Banach space X, the space
lg(X) is the space of sequences (aj); of X such that

(@(2)llallx) € 1.

We set /g = /(Z((C).
@ This space is equipped with the norm

12l = () 13l x e

o If ¢(t) = t5, we write 9(X) = 19(X).
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An handy way to define generalized spaces

@ Let p € S be a function with support in
{x € R?:1/2 < |x| <2} such that ¢(x) > 0 and
ZjeZ ©(27x) =1 for x # 0.
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An handy way to define generalized spaces

@ Let p € S be a function with support in
{x € R?:1/2 < |x| <2} such that ¢(x) > 0 and
> ez ©(27x) =1 for x # 0.

o Let us define ¥g and ®; (j € Z) such that

oo

Fiho(x) =1-> ¢(277x)
j=1

and .
Foj(x) = p(27x).
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An handy way to define generalized spaces

@ Let p € S be a function with support in
{x € R?:1/2 < |x| <2} such that ¢(x) > 0 and
> ez ©(27x) =1 for x # 0.

o Let us define ¥g and ®; (j € Z) such that

oo

Fiho(x) =1-> ¢(277x)
j=1

and .
Foj(x) = p(27x).

o We set ¢g = 1 and ¢; = ®; for j € N; these functions are
called test functions.
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An handy way to define generalized spaces

@ Let p,q € [1,00] and ¢ € B; the generalized Besov space Bqu
is defined by

Byg={f €8 : (pr =)k € [{(LP)}.
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An handy way to define generalized spaces

@ Let p,q € [1,00] and ¢ € B; the generalized Besov space Bqu
is defined by

Byg={f €8 : (pr =)k € [{(LP)}.

@ This space is equipped with the norm

Il ge, = I1(ex * Fhllig ey = ICllon* Fllee )il
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An handy way to define generalized spaces

@ Let p,q € [1,00] and ¢ € B; the generalized Besov space Bqu
is defined by

Byg={f €8 : (pr =)k € [{(LP)}.

@ This space is equipped with the norm

Il ge, = I1(ex * Fhllig ey = ICllon* Fllee )il
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An handy way to define generalized spaces

o Let p,qg € [1,00] and ¢ € B; the generalized Hardy-Sobolev
space Fg),q is defined by

Foo={f €8 (px* i € LP(I)}.
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An handy way to define generalized spaces

o Let p,qg € [1,00] and ¢ € B; the generalized Hardy-Sobolev
space Fg),q is defined by

Foo={f €8 (px* i € LP(I)}.

@ This space is equipped with the norm

1Fllgg, = IConx Oillinggy = I 1 Conx )illig -
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An handy way to define generalized spaces

@ An object B in a given category is a retract of an object A if
there exist morphisms v: B — Aand v: A — B in the
category such that v o u is the identity on B.
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An handy way to define generalized spaces

@ An object B in a given category is a retract of an object A if
there exist morphisms v: B — Aand v: A — B in the
category such that v o u is the identity on B.

@ For ¢ € B,

o BY, is a retract of [7(LP) for p,q € [1,00],
o Fp, is a retract of LP(/]) for p,q € (1,00].
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Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.
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Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

e ./ denotes the category of all normed vector spaces (a
sub-category of all topological vector spaces).
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Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

e ./ denotes the category of all normed vector spaces (a
sub-category of all topological vector spaces).

@ ¥ denotes any sub-category of the category .4 that is closed
under the operations sum and intersection
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Some conventions

@ Two topological vector spaces Ag and A; are compatible if
there is a Hausdorff topological vector space H such that Ag
and A; are sub-spaces of H.

e ./ denotes the category of all normed vector spaces (a
sub-category of all topological vector spaces).

@ ¥ denotes any sub-category of the category .4 that is closed
under the operations sum and intersection

° fl denotes the category of all compatible couples
A = (Ao, A1) of spaces in €.
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More conventions

@ The morphisms T : (Ag, A1) — (Bo, B1) in %1 are all bounded
linear mappings from Ag + A1 to By + Bi such that

TAO : AO — BQ7 TA1 : Al — Bl

are morphisms in €. In the sequel, T will stand for the
restrictions to the various subspaces of Ag + Aj.
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More conventions

@ The morphisms T : (Ag, A1) — (Bo, B1) in %1 are all bounded
linear mappings from Ag + A1 to By + Bi such that

TAO : AO — B()7 TA1 : Al — Bl

are morphisms in €. In the sequel, T will stand for the
restrictions to the various subspaces of Ag + Aj.

@ Two basic functors from %1 to ¢: £(T)=A(T)= T and

A(A) = Ap N Aq,

T(A) = Ag + Ar.
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Interpolation spaces

o Let A= (Ap, A1) be a given couple in 1. Then a space A in
% will be called an intermediate space between Ag and A; (or
with respect to A) if

A(A) C AC X(A),

with continuous inclusions.
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Interpolation spaces

o Let A= (Ap, A1) be a given couple in 1. Then a space A in
% will be called an intermediate space between Ag and A; (or
with respect to A) if

A(A) C AC X(A),

with continuous inclusions.
@ The space A is called an interpolation space between Ag and
A; (or with respect to A) if in addition

T:A— A impliess T: A— A.
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Interpolation spaces

o Let A= (Ap, A1) be a given couple in 1. Then a space A in
% will be called an intermediate space between Ag and A; (or
with respect to A) if

A(A) C AC X(A),

with continuous inclusions.
@ The space A is called an interpolation space between Ag and
A; (or with respect to A) if in addition

T:A— A impliess T: A— A.

@ More generally, let A and B be two couples in ;. Then we
say that two spaces A and B in € are interpolation spaces
with respect to A and B if A and B are intermediate spaces
with respect to A and B respectively, and if

T:A— B implies T:A— B.
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Interpolation spaces

e Clearly A(A) and A(B) (X(A) and X(B)) are interpolation
spaces with respect to A and B.
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Interpolation spaces

e Clearly A(A) and A(B) (X(A) and X(B)) are interpolation
spaces with respect to A and B.

o If H THA,B < max{HTHAO’BO, H THAl,Bl} hO|dS, we shall say
that A and B are exact interpolation spaces.
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Interpolation spaces

@ Clearly A(A) and A(B) (X(A) and X(B)) are interpolation
spaces with respect to A and B.

o If H THA,B < max{HTHAO’BO, H THAl,Bl} hO|dS, we shall say
that A and B are exact interpolation spaces.

o If || Tllag < C max{||T|ayB || TllA;,B } holds, we shall say
that A and B are uniform interpolation spaces.
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Interpolation spaces

@ The interpolation spaces A and B are of exponent 6 € [0,1] if

ITlag < CIT a5 Tl 5,
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Interpolation spaces

@ The interpolation spaces A and B are of exponent 6 € [0,1] if

ITlag < CIT a5 Tl 5,

o If C =1, we say that A and B are exact of exponent 0.
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Generalized interpolation spaces

@ The interpolation spaces A and B are of exponent ¢ € B if

ITlas < COUITaoxo )2l Tllayx):

where 1(t) = t/¢(t) for all t > 0.
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Generalized interpolation spaces

@ The interpolation spaces A and B are of exponent ¢ € B if

ITlas < COUITaoxo )2l Tllayx):

where 1(t) = t/¢(t) for all t > 0.
o If C =1, we say that A and B are exact of exponent ¢.
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Interpolation functor

@ An interpolation functor on % is a functor F from %7 into ¥
such that if A and B are couples in 41, then F(A) and F(B)
are interpolation spaces with respect to A and B and

F(T)=T forall T:A— B.
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Interpolation functor

@ An interpolation functor on % is a functor F from %7 into ¥
such that if A and B are couples in 41, then F(A) and F(B)
are interpolation spaces with respect to A and B and

F(T)=T forall T:A— B.

e F is a uniform (exact) interpolation functor if F(A) and F(B)
are uniform (exact) interpolation spaces with respect to A and
B. Similarly, F is (exact) of exponent 6 (¢ € B) if F(A) and
F(B) are (exact) of exponent 6 (¢ € B).
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The K-method

The K-operator of interpolation is defined for t > 0 and a € ¥(A)
by
K(t, a) = inf{HaOHAO + tHalﬂAl ra=ap+ 31}.

If € (0,1) and g € [1, 00], then a belongs to the interpolation

space Ky 4(Ao, A1) if a € X(A) and
(27%K (2, a))jez € 19(Z).

This last condition is equivalent to t — t=?K(t,a) € L{.
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The K-method

The K-operator of interpolation is defined for t > 0 and a € ¥(A)
by
K(t, a) = inf{HaoHAo + tHalﬂAl ra=ap+ 31}.

If € (0,1) and g € [1, 00], then a belongs to the interpolation

space Ky 4(Ao, A1) if a € X(A) and
(27 K(2,a))jez € 19(Z).

This last condition is equivalent to t — t=?K(t,a) € L{.
For example, B; , = Ku q(H5, Hp) for s = (1 — o)t + aw.
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The K-method

Let ¢ € B and g € [1,00], we let Ky 4(A) denote the space of all

a € ¥(A) such that

lallo gk = /0 (e <o

holds.

Thomas Lamby and Samuel Nicolay Generalized Interpolation: a Functorial Point of View



The K-method

Let ¢ € B and g € [1,00], we let Ky 4(A) denote the space of all

a € ¥(A) such that

> dt
Jalloan = [ (Grsklea)sS <o

holds.

Ks.q is an exact interpolation functor of exponent ¢ € B on the
category .#". Moreover, we have

K(t,a) < Co(t) l|allg,q,k-
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Kyp(Ao, A1)

AOo\ /IIQAl

K¢27P(A0> Al)

Ao A

Ag— Kopldod) .y

Koz,p(AOa Al)

AOe ‘Al

Figure: Differents interpolation spaces where for example
d1(t) = tlog(1/t), da(t) = t*xj0.1] + t7X]1,00[ and
(]53(1’) = (taX]071] + tﬁ)(]l)oo[) |Og(1/1.').
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The K-method

Given ¢,v € B and g € [1, 0], a belongs to the generalized
interpolation space [Ao, Al]Zs o if @€ Ao+ Ap and

ol arg,, = 606 T K((8), )]s < 0.

Proposition

If ¢, € B and q € [1, 0], then a belongs to [Ao,Al]; q if and
only if Yy, (ﬁK(y(zf), a))? < occ.
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The K-method

Given ¢,v € B and g € [1, 0], a belongs to the generalized
interpolation space [Ao, Al]Zs o if @€ Ao+ Ap and

ol arg,, = 606 T K((8), )]s < 0.

Proposition

If ¢, € B and q € [1, 0], then a belongs to [Ao,Al]; q if and
only if Yy, (ﬁK(y(zf), a))? < occ.

\

Proposition

Let ¢,y € B and q € [1,00]; if b(y) > 0, then there exists £ € B/,
such that & ~ v and

[Ao, A1}, = Kpog—1,q(Ao, A1)

A\
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The K-method

Let o be an admissible sequence and g € [1,]; a belongs to the
upper generalized interpolation space [Ao,Al]Qq if a € Ap+ Az and

o0
1 .
llalljao, A1, = Z ;K(?, a) < oo.
j=t "

In the same way, a belongs to the lower generalized interpolation
space [Ao, A1ly 4 if a € Ao + Ar and

)
||a||[AO7A1]X7m = ZUjK(2_J7 a) < 0.
=1
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The K-method

Let o be an admissible sequence and g € [1,]; a belongs to the
upper generalized interpolation space [Ao,Al]Qq if a € Ap+ Az and

o0
1 .
llallpao,Au1p., == Z ;K(?, a) < oco.
j=1

In the same way, a belongs to the lower generalized interpolation
space [Ao, A1ly 4 if a € Ao + Ar and

oo
||3||[A0,A1]XW7 = ZUJ’K(Q_J, a) < oo.
j=1

Proposition

Ifp € B, oj = ¢(2) and 0; = 1/¢(27/) then

Kg,q(Ao. A1) = [Ao, A1ly o N [Ao, Al -
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The K-method

Letp € B, 1 < p<qg<+o0, one has
with continuous embedding. )
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The K-method

Proposition

Letp € B, 1< p<q< +o00, one has

with continuous embedding.

Proposition
Let g, qo, g1 € [1,+00] and ¢, po, p1 € B such that

b(¢o) < b(¢) < b(¢) < b(1).

Then, B B B
K¢0’q0(A) N K¢1,(I1 (A) C K¢7Q(A)7

with continuous embedding.
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The K-method

If Ay C Ao and b(¢o) < b(#1), then

K¢17q(z) c K¢0,Cl(z)'
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The K-method

If Ay C Ao and b(¢o) < b(#1), then

.

If Ao and Ay are complete, then so is Ky 4(A).

.
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The J-method

Let ¢ € B, q € [1,00], and let J; 4(A) denote the space of all
a € ¥(A) which can be represented by a = [, b(t)4t, where
b(t) € A(A) for all t > 0 and

t = o(t) 1 J(y(t), b(t)) € LY.
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The J-method

Let ¢ € B, q € [1,00], and let J; 4(A) denote the space of all
a € ¥(A) which can be represented by a = [, b(t)4t, where
b(t) € A(A) for all t > 0 and

t = o(t) 1 J(y(t), b(t)) € LY.

This space is equipped with the norm

lallg g, 1= inf [|e() S (v(t, b)) 5

the infimum being taken on all b such that a = [, b(t)%.
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The J-method

Jg.q Is an exact interpolation functor of exponent ¢ € I3 on the
category ¥ . Moreover, we have

L

o0 J(t,a)

lallg.q.0 < €

for a € A(A).
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Equivalence Theorem

Let ¢ € B such that 0 < b(¢) < b(¢) < 1, q € [L,00], then

J¢,q(z) = K¢>,q(z)-
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A density result

o If g < oo, then A(A) is dense in Ky 4(A),

o The closure of A(A) in K o0(A) is the space ng,oo of all a
such that

—tK(t,a)—>O as t—0 or t— o0
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Reiteration theorem

Let A be a given couple of normed vector spaces and ¢ € BB and
suppose that X is an intermediate space with respect to A.

Then,
o X is of class Gk (¢; A) if K(t,a) < Co(t)|allx for all a € X;

o X is of class €(¢; A) if ||al|x < C ﬁJ(t, a) for all a € A(A).

Furthermore, X is of class €(¢; A) if X is of class €k(¢; A) and
Ci(p; A).
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Reiteration theorem

Let A be a given couple of normed vector spaces and ¢ 678 and
suppose that X is an intermediate space with respect to A.
Then,

o X is of class Gk (¢; A) if K(t,a) < Co(t)|allx for all a € X;

o X is of class €(¢; A) if ||al|x < C ﬁJ(t, a) for all a € A(A).

Furthermore, X is of class € (¢; A) if X is of class €x(¢; A) and

C)(; A). _
Ky,q(A) is of class €(¢; A).

Thomas Lamby and Samuel Nicolay Generalized Interpolation: a Functorial Point of View



Reiteration theorem

If0 < b(¢) < b(¢) < 1, then
o X is of class €k (¢; A) iif

A(A) C X C Ky oo(A).
@ a Banach space X is of class €(¢; A) iif

Ky1(A) C X C X(A).
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Reiteration theorem

For j € {0,1}, assume that X; are complete and of class € (¢;; A),
where 0 < b(¢;) < b(¢;) < 1.

Let ¢ € B such that 0 < b(¢) < b(¢) < 1 and set f = ¢1/po and
Y =do.(pof).

If b(f) > 0 or b(f) <0, then

Kdnq(y) = Kw,q(Z)-

In particular, if 0 < b(¢;) < b(¢;) < 1 and Ky, 4,(A) are complete,
then

K¢,q((K¢o,qo (Z), Ksra1 (Z))) = Kd),q(z)-
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Reiteration theorem

For j € {0,1}, assume that X; are complete and of class € (¢;; A),
where 0 < b(¢;) < b(¢;) < 1.

Let ¢ € B such that 0 < b(¢) < b(¢) < 1 and set f = ¢1/po and
Y =do.(pof).

If b(f) > 0 or b(f) <0, then

Kdnq(y) = Kw,q(Z)-

In particular, if 0 < b(¢;) < b(¢;) < 1 and Ky, 4,(A) are complete,
then

K¢,q((K¢o,qo (Z), Ksra1 (Z))) = Kd),q(z)-

There exists a version for semi-normed spaces.
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The duality theorem

Let A be a couple of Banach spaces such that A(A) is dense in Ag
and Aj.

Assume that 1 < q < oo and 0 < b(¢) < b(¢) < 1.

Then,

Ko.a(A) = Kijo(1/).q (A);
where1/q+1/q' = 1.
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The duality theorem

Let A be a couple of Banach spaces such that A(A) is dense in Ag
and Aj.

Assume that 1 < q < oo and 0 < b(¢) < b(¢) < 1.

Then,

Ko.a(A) = Kijo(1/).q (A);
where1/q+1/q' = 1.

For the case g = oo, one has (Eg),oo)’ = Ki/p1/)1(A).
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First compactness theorem

Let T be a bounded linear operator between a couple of Banach
spaces (Ao, A1) and a Banach space B.
If T : Ag — B is compact and if E is of class €k (¢; A) for some
¢ € B such that 0 < b(¢) < b(¢) < 1,
then T : E — B is a compact operator.
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Second compactness theorem

Let T be a bounded linear operator between a Banach space B
and a couple of Banach spaces (Ao, A1).

If T : B — Ag is compact and if E is of class €,(¢; A) for some
¢ € B such that 0 < b(¢) < b(¢) < 1,

then T : B — E is a compact operator.
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Compactness theorems

If Ag and A are Banach spaces, A1 C Ap compactly and
0 < b(¢o) < b(¢o) < b(#1) < b(¢1) <1, then

K¢17q1 (Z) c Kd)o,CIo (Z)a

with compact inclusion.
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An extremal property

Suppose that F is an interpolation functor of exponent ¢, where
0 < b(6) < B(¢) < 1. B
Then, for any compatible Banach couple A, one has

J1/1/7¢>,1(Z) C F(Z)

Moreover, if A(A) is dense in Ay and A;, then

F(A) € K . (A).
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Power theorem

Ks,q((A5, AD)P = Ky pq(Ao, Ar),
where 1(t) = $(tP)/P.
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Generalized interpolation for triples

Let A = (Ao, A1, Az) be a Banach or quasi-Banach triple.
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Generalized interpolation for triples

Let A = (Ao, A1, Az) be a Banach or quasi-Banach triple.
We define

K(tl, tg,a) = inf{Haoqu —|—t1H31HA1 +t2H32HA2 ca= ao+81+32}.
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Generalized interpolation for triples

Let A = (Ao, A1, Az) be a Banach or quasi-Banach triple.
We define

K(tl, tg,a) = inf{Haoqu —|—t1H31HA1 +t2H32HA2 ca= ao+81+32}.

Let
H = {(¢,%) € BxB:b(¢) >0, b(x)) >0 and b(¢)+ b(x)) < 1}.
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Generalized interpolation for triples

Let A = (Ao, A1, Az) be a Banach or quasi-Banach triple.
We define

K(tl, tg,a) = inf{Haoqu +t1H31HA1 +t2H32HA2 ca= ao+al—i—32}.

Let

H = {(¢,v) € BxB: b(¢) >0, b(x)) >0 and b(¢)+ b(v)) < 1}.
Given (¢,v) € H, we define Ky ,(A) as the space of all a € £(A)
such that

1/p
1 P dty dty
K(ty,t _— .
” ”debp (//000)2 ( t]_ 1.'2) ( L 2)> t1 b ) < o0
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Reiteration formula

Let A be a triple of Banach or quasi-Banach function lattices. If
p, Po, p1 € [1,00] and

then

Ky,,p (Kao,po(AOa A2)a Kal,pl (Ala A2)) — K01,92,p(A05 A17 A2)7

where 61 = (1 — a1)p and 03 = ap(1 — p) + aqp.
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By = Kq, p, (A1, A2)

BO - Kao,pg (A07 A2)

Ag Ay
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Generalized Reiteration formula

Let A be a triple of Banach or quasi-Banach function lattices. If
P, Po, P1 € [17 OO] and

1
1 t PO 1
th = | —— + o(t)m
(a5)" 400
for all t > 0, then

Ko, (Kgo,p0 (Ao, A2), Ky py (A1, A2)) = Ky p(Aos At A2),

where v1(£) = 6 (it ) and wa(t) = 5205 6(61(8)).
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B = K¢, p, (A1, A2)

By = Kg,p0 (Ao, A2)

A() Al
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Thank you for your attention !



