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Abstract 10 

In this paper, several Newton-type methods of convergence order 2 or higher were 11 

tested on various nonlinear systems of equations and on an advanced material law 12 

implemented in a finite-element code. The computational speed, numerical 13 

efficiency, and robustness of each method were evaluated for each studied case. 14 

The effect of numerical damping was also studied. The results were then compared 15 

to put in light the strengths and weaknesses of each method. The most efficient and 16 

robust method for the material law in the finite-element code was identified as the 17 

Newton method with a selective numerical damping. 18 
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1 Introduction 21 

In many fields, the design and study of components requires advanced 22 

mathematical models. The use of finite-element codes allows to numerically 23 
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reproduce the behavior of components subjected to various types of loadings. In 24 

this respect, many advanced constitutive laws, such as crystal plasticity models [1] 25 

for microscopic analysis or Chaboche-type models [2] for macroscopic approach, 26 

have been developed over the years. The goal of these laws is to model the 27 

behavior of materials under complex types of loadings such as fatigue, creep, 28 

thermal loading, or combinations of these. Ahmed and Hassan [3] developed a 29 

behavior model based on the works of Chaboche [4]. This model contains 30 

advanced features such as kinematic hardening, static recovery, temperature-31 

dependent parameters, and cyclic hardening. In order to evaluate the lifetime of 32 

components, a damage model such as the Lemaitre model can be coupled to the 33 

behavior law. Lemaitre and Desmorat [5] proposed a unified damage model taking 34 

into account the effect of microdefect closure which can occur when the material is 35 

in compression. The resulting coupled model is complex and requires solving a 36 

system of 31 nonlinear difference equations corresponding to the evolution of 37 

elastic strains, plastic strains, stresses, and back-stresses.  38 

In a general manner, consider a system of nonlinear equations 𝐹(𝑥) =39 

{𝑓1(𝑥), 𝑓2(𝑥),… , 𝑓𝑛(𝑥)}
𝑇 = 0, where 𝑥 is a vector of size 𝑛. The most common 40 

method to solve this type of system is the Newton method: starting from an initial 41 

guess 𝑥0, the solution is obtained by calculating the successive iterations given by 42 

(1) until convergence: 43 

𝑥𝑘+1 = 𝑥𝑘 − 𝐹′(𝑥𝑘)
−1
 𝐹(𝑥𝑘 ) (1) 

This method is, however, not infallible. This is especially the case when the initial 44 

guess is far from the actual solution or when the Jacobian matrix 𝐹′(𝑥𝑘) is singular 45 

(det (𝐹′(𝑥𝑘)) = 0)) or nearly singular (det (𝐹′(𝑥𝑘)) ≈ 0). In such cases, the 46 

numerical computation of the inverse of the Jacobian may be unreliable. 47 
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The goal of this study is to identify a robust and efficient method for solving 48 

systems of nonlinear equations. The study focuses on gradient-based algorithms, 49 

typically Newton-type methods of convergence order 2 or more. Although other 50 

methods for solving nonlinear equations exist - such as genetic algorithms [6], 51 

particle swarm optimization [7], etc. - this study is limited to gradient-based 52 

algorithms as they tend to be more accurate and usually require less computational 53 

time and less data storage. Moreover, these methods were better adapted to the 54 

finite-element code Lagamine implemented in this study, in which Newton method 55 

is already used for solving constitutive equations. Likewise, algorithms that require 56 

the computation of a second-order gradient, such as Chebyshev-Halley type 57 

methods [8], were not included in the study because the evaluation of the second-58 

order gradient is very costly from a computational point of view, especially for 59 

large systems of equations. 60 

2 Numerical study of Newton-type methods 61 

In this part, different Newton-type methods are evaluated on various analytical 62 

systems of nonlinear equations. The objective is to quantify the efficiency of each 63 

method and compare their speed and robustness. 64 

2.1 Newton-type methods 65 

The study is conducted on 14 methods in addition to the Newton method. Table 1 66 

sums up the different methods studied with their equations, order of convergence, 67 

and references. The order of convergence is a measure of how fast the iterative 68 

scheme converges towards a solution. It can be determined analytically from the 69 

iterative equations of the Newton-type methods. 70 

The Newton method, also known as Newton-Raphson method, is referred to as 71 

‘NR’. It is a second-order convergence method. The Wu method [9] is a modified 72 

version of Newton’s method that aims at preventing the divergence of the 73 
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algorithm in cases where 𝐹′(𝑥𝑘) is singular. A non-zero term 𝑑𝑖𝑎𝑔(𝜈) ⋅74 

𝑑𝑖𝑎𝑔 (𝐹(𝑥𝑘)) is added to the Jacobian 𝐹′(𝑥𝑘), with 𝑑𝑖𝑎𝑔(𝜈) a diagonal matrix 75 

whose coefficients are defined in Table 1. The addition of this term guarantees that 76 

the matrix [𝑑𝑖𝑎𝑔(𝜈) ⋅ 𝑑𝑖𝑎𝑔 (𝐹(𝑥𝑘)) + 𝐹′(𝑥𝑘)] that is used to compute 𝑥𝑘+1 can 77 

always be inverted.  78 

Several methods with higher orders of convergence are two-step methods in which 79 

the first step is identical to a Newton step and the second step is a variation of it. 80 

The 2-step Newton method (2-step NR) proposed by Darvishi and Barati [10] 81 

simply consists in computing two steps of the Newton method in one iteration. This 82 

results in a third-order convergence method. Another way to derive a third-order 83 

convergence method from NR is to only reevaluate the Jacobian 𝐹′(𝑥𝑘) every 84 

other step, as detailed in [11]. This leads to the method referred to as NR-3 in Table 85 

1. The Arithmetic Mean NR method (AMNR), studied extensively in [12], can be 86 

derived from a third-order accurate limited Taylor expansion. It uses the arithmetic 87 

mean of the 1st step and 2nd step Jacobian matrices. The Midpoint NR method is 88 

obtained by using the midpoint integration rule to derive the second step, as 89 

explained in [13] and [14] for the one-dimensional case. The method was extended 90 

to the p-dimensional case by Frontini and Sormani [15]. Babajee et al. [16] 91 

proposed two third-order Chebyshev-like methods in which the Hessian matrix 92 

(second-order derivative) is approximated using Taylor’s theorem. The first one is 93 

referred to as ‘CL’ in Table 1 and the second one is equivalent to NR-3. Hasanov et 94 

al. [17] derived a third-order convergence method from Newton’s equations by 95 

using Simpson’s rule. Haijun [18] proposed a third-order two-step method similar 96 

to the above-mentioned Wu method. The method is equivalent to NR-3 with the 97 

addition of a term to the Jacobian to guarantee that the computation of 𝑦𝑘 and 𝑥𝑘+1 98 

is possible even if the Jacobian is singular. 99 
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Using two-step methods, it is also possible to obtain fourth-order convergence 100 

methods. Jarratt [19] proposed a class of two-step methods of which 2 particular 101 

cases are given in Table 1. Sharma et al. [20] developed a method consisting of two 102 

weighted-Newton steps. Soleymani [21] proposed a three-step method for the 103 

solution of one-dimensional equations. A simplified version of the method, 104 

applicable to multidimensional systems of equations, was then proposed by 105 

Montazeri et al. [22] and is listed in Table 1 as ‘Soleymani’. In the same study, 106 

Montazeri et al. also proposed a three-step method which has a sixth-order rate of 107 

convergence. Finally, Darvishi and Barati [23] developed a three-step method 108 

based on a combination of NR-3 and midpoint NR with a fourth-order 109 

convergence. 110 

Table 1 - Newton type methods 111 

Name Equations Order Ref. 

NR 𝑥𝑘+1 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 2  

Wu 

𝑥𝑘+1 = 𝑥𝑘 − [𝑑𝑖𝑎𝑔(𝜈) ⋅ 𝑑𝑖𝑎𝑔(𝐹(𝑥𝑘)) + 𝐹′(𝑥𝑘)]
−1
𝐹(𝑥𝑘) 

𝜈𝑖 = 𝑠𝑖𝑔𝑛 (𝑓𝑖(𝑥
𝑘)
𝜕𝑓𝑖
𝜕𝑥𝑖

(𝑥𝑘)) ∗ 1 

2 [9] 

2-step NR 

𝑥𝑘+1 = 𝑦𝑘 − 𝐹′(𝑦𝑘)−1𝐹(𝑦𝑘) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 
3 [10] 

NR-3 

𝑥𝑘+1 = 𝑦𝑘 − 𝐹′(𝑥𝑘)−1𝐹(𝑦𝑘  )

= 𝑥𝑘 − 𝐹′(𝑥𝑘)−1(𝐹(𝑥𝑘 ) + 𝐹(𝑦𝑘  )) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

3 [11] 

AMNR 
𝑥𝑘+1 = 𝑥𝑘 − [

𝐹′(𝑥𝑘) + 𝐹′(𝑦𝑘)

2
]

−1

𝐹(𝑥𝑘 ) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

3 [12] 

Midpoint 

NR 

𝑥𝑘+1 = 𝑥𝑘 − 𝐹′ (
𝑥𝑘 + 𝑦𝑘

2
)

−1

 𝐹(𝑥𝑘 ) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

3 

[13], [14],  

[15] 



6 

 

CL 
𝑥𝑘+1 = 𝑦𝑘 −

1

2
𝐹′(𝑥𝑘)−1[𝐹′(𝑦𝑘) − 𝐹′(𝑥𝑘)](𝑦𝑘 − 𝑥𝑘) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

3 [16] 

Hasanov 
𝑥𝑘+1 = 𝑥𝑘 − 6 [𝐹′(𝑦𝑘) + 4𝐹′ (

𝑥𝑘 + 𝑦𝑥

2
) + 𝐹′(𝑥𝑘)]

−1

 𝐹(𝑥𝑘 ) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

3 [17] 

Haijun 

𝑥𝑘+1 = 𝑥𝑘 + [𝐷(𝑥𝑘) − 𝐹′(𝑥𝑘)]−1(𝐹(𝑥𝑘) + 𝐹(𝑦𝑘)) 

𝑦𝑘 = 𝑥𝑘 + [𝐷(𝑥𝑘) − 𝐹′(𝑥𝑘)]−1𝐹(𝑥𝑘) 

𝐷(𝑥𝑘) = 𝑑𝑖𝑎𝑔(𝛼𝑘) ⋅ 𝑑𝑖𝑎𝑔(𝐹(𝑥
𝑘)) 

𝛼𝑘 = 𝑠𝑖𝑔𝑛[𝑑𝑖𝑎𝑔(𝐹′(𝑥𝑘)) ⋅ 𝐹(𝑥𝑘)]
max(|𝑓𝑖(𝑥

𝑘)|)

∑ max(|𝑓𝑖(𝑥
𝑗)|)𝑘

𝑗=1

 

3 [18] 

Jarratt 1 

𝑥𝑘+1 = 𝑥𝑘 −
1

2
𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) + [𝐹′(𝑥𝑘) − 3𝐹′(𝑦𝑘)]−1𝐹(𝑥𝑘  ) 

𝑦𝑘 = 𝑥𝑘 −
2

3
𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

4 [19] 

Jarratt 2 

𝑥𝑘+1 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) −
3

2
𝐹′(𝑦𝑘)−1𝐹(𝑥𝑘)

+ 3[𝐹′(𝑥𝑘) + 𝐹′(𝑦𝑘)]−1𝐹(𝑥𝑘 ) 

𝑦𝑘 = 𝑥𝑘 −
2

3
𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

4 [19] 

Sharma 

𝑥𝑘+1 = 𝑥𝑘 −
1

2
[−𝐼 +

9

4
𝐹′(𝑦𝑘)−1𝐹′(𝑥𝑘) +

3

4
𝐹′(𝑥𝑘)−1𝐹′(𝑦𝑘)]

∗ 𝐹′(𝑥𝑘)−1𝐹(𝑥𝑘) 

𝑦𝑘 = 𝑥𝑘 −
2

3
𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

4 [20] 

Soleymani 

𝑥𝑘+1 = 𝑥𝑘 − [𝐼 −
3

8
(𝐼 − (𝐹′(𝑦𝑘)−1𝐹′(𝑥𝑘))

2
)] ∗ 𝐹′(𝑥𝑘)−1𝐹(𝑥𝑘) 

𝑦𝑘 = 𝑥𝑘 −
2

3
𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

4 [21], [22] 

Montazeri 

𝑥𝑘+1 = 𝑧𝑘 − [
5

2
𝐼 −

3

2
𝐹′(𝑥𝑘)−1𝐹′(𝑦𝑘)] ∗ 𝐹′(𝑥𝑘)−1𝐹(𝑧𝑘) 

𝑦𝑘 = 𝑥𝑘 −
2

3
𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

6 [22] 
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𝑧𝑘 = 𝑥𝑘 − [
23

8
𝐼 − 3𝐹′(𝑥𝑘)−1𝐹′(𝑦𝑘)

+
9

8
(𝐹′(𝑥𝑘)−1𝐹′(𝑦𝑘))

2
] 𝐹′(𝑥𝑘)−1𝐹(𝑥𝑘) 

 

Darvishi 

𝑥𝑘+1 = 𝑥𝑘 − [
1

6
𝐹′(𝑥𝑘) +

2

3
𝐹′ (

𝑥𝑘 + 𝑧𝑘

2
) +

1

6
𝐹′(𝑧𝑘)]

−1

𝐹(𝑥𝑘) 

𝑦𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 

𝑧𝑘 = 𝑥𝑘 − 𝐹′(𝑥𝑘)−1(𝐹(𝑥𝑘  ) + 𝐹(𝑦𝑘  )) 

4 [23] 

2.2 Method of evaluation 112 

The objective of the study is to compare the efficiency and the robustness of the 113 

methods listed in Table 1. All the methods were tested on 10 systems of nonlinear 114 

equations of different sizes found in [9], [10], [16], [18], [20], [22]. The 15 115 

methods and the 10 systems of equations were implemented in a MATLAB 116 

program. Table 2 lists the 10 systems 𝐹(𝑥). 𝑛 is the size of the system, 𝐹′(𝑥) the 117 

Jacobian matrix, and 𝑥∗ the solution(s) to the system. The solutions 𝑥∗ are written 118 

with a 10-digit precision, corresponding to the convergence criterion later defined. 119 

Table 2 - Systems of nonlinear equations, Jacobian matrices, and solution to the system 120 

n° 𝑛 𝐹(𝑥) 𝐹′(𝑥) 𝑥∗ 

1 2 {
𝑥1
2 + 3 ln(𝑥1) − 𝑥2

2

2𝑥1
2 − 𝑥1𝑥2 − 5𝑥1 + 1

} [
2𝑥1 +

3

𝑥1
−2𝑥2

4𝑥1 − 𝑥2 − 5 −𝑥1

] {
1.3192058033
−1.6035565518

} 

2 3 {

𝑥1
2 + 𝑥2

2 + 𝑥3
2 − 1

2𝑥1
2 + 𝑥2

2 − 4𝑥3
3𝑥1

2 − 4𝑥2
2 + 𝑥3

2

} [

2𝑥1 2𝑥2 2𝑥3
4𝑥1 2𝑥2 −4
6𝑥1 −8𝑥2 2𝑥3

] {
0.6982886100
0.6285242980
0.3425618969

} 

3 2 {
𝑥1
5 − 𝑥2 + 1

𝑥2
5 − 𝑥1 + 1

} [
5𝑥1

4 −1

−1 5𝑥2
4] {

−1.1673039783
−1.1673039783

} 

4 3 {

0.5𝑥1
3 − 6𝑥2

2 + 21.5𝑥3 − 22

0.5𝑥2
3 − 6𝑥3

2 + 21.5𝑥1 − 22

0.5𝑥3
3 − 6𝑥1

2 + 21.5𝑥2 − 22

} [

1.5𝑥1
2 −12𝑥2 21.5

21.5 1.5𝑥2
2 −12𝑥3

−12𝑥1 21.5 1.5𝑥3
2

] {
4.0
4.0
4.0
} 
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5 2 {
10𝑥1𝑒

−𝑥2
2
− 1

10𝑥2𝑒
−𝑥1

2
− 1

} [
10𝑒−𝑥2

2
−20𝑥1𝑥2𝑒

−𝑥2
2

−20𝑥1𝑥2𝑒
−𝑥1

2
10𝑒−𝑥1

2 ] 

{
1.6796306104
1.6796306104

} 

or {
0.1010258483
0.1010258483

} 

6 2 {
𝑥1
2 − 𝑥2 + 1

𝑥1 − cos (
𝜋𝑥2
2
)
} [

2𝑥1 −1

1
𝜋

2
sin (

𝜋𝑥2
2
)
] {

−0.7071067812
1.5

} 

7 3 {

−𝑥1
4 + 3𝑥2

2 + 𝑥3
−𝑥2

4 + 3𝑥1
2 + 𝑥3

−𝑥3
4 + 3𝑥1𝑥2

} [

−4𝑥1
3 6𝑥2 1

6𝑥1 −4𝑥2
3 1

3𝑥2 3𝑥1 −4𝑥3
3

] {
0.0
0.0
0.0
} 

8 2 {
𝑥1 + 𝑒

𝑥2 − cos(𝑥2)

3𝑥1 − 𝑥2 − sin(𝑥2)
} [

1 −𝑒𝑥2 + sin(𝑥2)

3 −1 − cos(𝑥2)
] {

0.0
0.0
} 

9 4 {

𝑥2𝑥3 + 𝑥4(𝑥2 + 𝑥3)

𝑥1𝑥3 + 𝑥4(𝑥1 + 𝑥3)

𝑥1𝑥2 + 𝑥4(𝑥1 + 𝑥2)
𝑥1𝑥2 + 𝑥1𝑥3 + 𝑥2𝑥3 − 1

} [

0 𝑥3 + 𝑥4 𝑥2 + 𝑥4 𝑥3 + 𝑥2
𝑥3 + 𝑥4 0 𝑥1 + 𝑥4 𝑥1 + 𝑥3
𝑥2 + 𝑥4 𝑥1 + 𝑥4 0 𝑥1 + 𝑥2
𝑥3 + 𝑥2 𝑥1 + 𝑥3 𝑥1 + 𝑥2 0 

] {

0.5773502692
0.5773502692
0.5773502692
−0.2886751346

} 

10 99 

{
 
 

 
 
𝑥1𝑥2 − 1
𝑥2𝑥3 − 1

⋮
𝑥98𝑥99 − 1
𝑥99𝑥1 − 1 }

 
 

 
 

 

[
 
 
 
 
𝑥2 𝑥1 0 0 ⋯ 0 0
0 𝑥3 𝑥2 0 ⋯ 0 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 0 0 ⋯ 𝑥99 𝑥98
𝑥99 0 0 0 ⋯ 0 𝑥1 ]

 
 
 
 

 {
1
⋮
1
} or {

−1
⋮
−1
} 

The starting point of the algorithm plays a crucial role in the capacity of the 121 

method to converge or not. It is well-known that the Newton method works best 122 

when the starting point is close to the solution. However, a robust algorithm should 123 

converge even when starting from a point far from the solution. To evaluate the 124 

robustness of the Newton-type methods, each system was tested with 3x3 different 125 

starting points: 126 

• 3 values of deviation 𝜀 from the solution were used: (0.05; 0.5; 5.0) 127 

• For each 𝜀, the 3 following starting rules were tested:  128 

o {
𝑥1
0

…
𝑥𝑛
0
} = {

𝑥1
∗ + 𝜀
…

𝑥𝑛
∗ + 𝜀

} ;   129 

o {
𝑥1
0

…
𝑥𝑛
0
} = {

𝑥1
∗ − 𝜀
…

𝑥𝑛
∗ − 𝜀

} ;   130 
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o {
𝑥1
0

…
𝑥𝑛
0
} = {

𝑥1
∗ + (−1)𝑟1𝜀

…
𝑥𝑛
∗ + (−1)𝑟𝑛𝜀

} where 𝑟𝑖 is assigned the value of 0 or 1 at 131 

random. 132 

Note that, neglecting the particular cases of a null solution for systems 7 and 8, the 133 

solutions of the studied systems are of a similar order of magnitude (|𝑥𝑖
∗| < 5), so 134 

the values chosen for the deviation are consistent with how far from the solution 135 

the algorithm starts. 136 

The algorithms were stopped after a maximum number of 250 iterations or when 137 

the following convergence criterion was achieved, where ‖. ‖ is the L² norm 138 

(Euclidian norm): 139 

‖𝑥𝑘+1 − 𝑥𝑘‖ + ‖𝐹(𝑥𝑘)‖ < 10−10 (2) 

To assess the efficiency of the algorithms, two requirements were considered: a 140 

low number of iterations and a low computation time. The computation time (CPU 141 

time) was obtained using the MATLAB timeit function. To evaluate the robustness, 142 

a failure rate was calculated. The algorithm was considered to have failed if the 143 

convergence criterion has not been met within a maximum number of 250 144 

iterations. 145 

2.3 Results 146 

Figure 1 shows the average number of iterations required to reach the solution for 147 

each method with consideration of the initial deviation 𝜀. The average covers the 148 

10 systems of equations and the 3 starting rules of section 2.2. The results only 149 

include cases where the method converges in order to evaluate the speed of the 150 

methods independently from their robustness. The results are presented by 151 

increasing global number of iterations, i.e., 2-step NR is the one that has the 152 

smallest number of iterations all deviations considered. It can be observed that 153 

second-order methods (NR and Wu) are amongst the slowest in terms of iterations. 154 
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However higher-order methods do not necessarily perform better, as can be seen 155 

with Jarrat 2 (4th-order), Soleymani (4th-order) and CL (3rd-order). 156 

 157 

Figure 1 - Average number of iterations to reach solution when algorithm is successful 158 

With regards to the number of iterations, 2-step NR seems to be the most efficient 159 

method. However, comparing the CPU time of the different methods shows this is 160 

not really the case. In Figure 2, the methods are ranked by increasing CPU time. 161 

Again, the average of the successful cases is used. NR is the fastest method, even 162 

though it requires more iterations than most methods. The reason behind this is that 163 

one iteration of NR method is much faster to compute than one iteration of any 164 

other method. This can easily be understood when comparing NR and 2-step NR. 165 

The 2-step NR simply consists in computing 2 steps of the NR method in one 166 

iteration (see equations in Table 1). From a computational point of view, the only 167 

difference between the two methods is that the convergence criterion is only 168 

checked every other step in the 2-step NR method. Since the CPU time required for 169 

checking convergence is negligible compared to the CPU time required for 170 

calculating a Newton step, the overall CPU times of the two methods are 171 

equivalent. Moreover, in some cases NR reaches convergence after an odd number 172 
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of iterations, that is, using an odd number of steps. This means 2-step NR requires 173 

one additional superfluous step, which makes it slightly more costly. 174 

It can also be observed in Figure 2 that the CPU time for a given method increases 175 

with the initial deviation from the solution. This is also generally the case for the 176 

number of iterations (Figure 1). 177 

 178 

Figure 2 - Average computation time when algorithm is successful 179 

Figure 3 gives a better understanding of the relation between the computation time 180 

and the number of iterations. For each test performed (9*10 tests per algorithm), 181 

the CPU time is plotted as a function of the number of iterations 𝑁𝑖𝑡𝑒𝑟. The size of 182 

the point corresponds to the maximum value of the condition number of the 183 

Jacobian 𝑐𝑜𝑛𝑑 (𝐹′(𝑥𝑘)) over all iterations. More precisely, the size 𝑠 in points 184 

squared is expressed as: 185 

𝑠 = 10 ∗ log10 (max
𝑘
(𝑐𝑜𝑛𝑑 (𝐹′(𝑥𝑘)))) (3) 

In the case where 𝑠 = ∞, the point is represented by a cross. The vertical group of 186 

points at the far right of the graph (𝑁𝑖𝑡𝑒𝑟 = 250) corresponds to tests that did not 187 

converge. For many of them, this can be linked to a badly conditioned Jacobian 188 
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(high or infinite condition number). In general, however, there is no direct 189 

correlation between the condition number and the success or failure of the 190 

algorithm: some failures occur despite small condition numbers, and algorithms 191 

converge in cases where the maximum condition number is high.  192 

Two distinct groups of points appear in Figure 3. The upper group (higher CPU 193 

times) was identified to correspond to tests performed with system of equations 194 

n°10, which is of size 99. This can be explained easily, as computations made with 195 

matrices of order 99 are much more costly than similar calculations with matrices 196 

of order 2 to 4. 197 

For both groups of points, it can be observed that the tests that converged rapidly 198 

(𝑁𝑖𝑡𝑒𝑟 ≤ 10) correspond to small values of the maximum condition number. Tests 199 

with higher condition numbers tend to converge more slowly.  200 

It can also be observed that the vertical scattering of the points seems to depend on 201 

the order of convergence of the method used. Indeed, the points corresponding to 202 

methods with low order of convergence (particularly NR and Wu, represented in 203 

dark blue in Figure 3) tend to be at the bottom of each group of points, which 204 

corresponds to low CPU times. In contrast, methods of convergence order four or 205 

higher (in colors ranging from yellow to red) tend to be on the upper part of the 206 

group of points. This is consistent with the observations made above: methods with 207 

higher orders of convergence require more complex calculations at every iteration 208 

and can therefore be less efficient in regard to the computation time. 209 
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 210 

Figure 3 - Number of iterations versus CPU time for the different tests; the size of the points depends 211 
on the maximum condition number of the Jacobian over all iterations; an infinite value is represented 212 

by a cross 213 

Finally, the robustness of the methods is evaluated using the failure rate. Figure 4 214 

shows the failure rate of each method, defined as the proportion of computations 215 

that did not reach convergence within 250 iterations, among the 10 systems of 216 

equations and the 3 starting rules. The failure rate is shown for the 3 different 217 

initial values of deviation and the methods are ranked according to the mean failure 218 

rate. Sharma, Jarratt 1, NR and 2-step NR are the best performing methods when 219 

𝜀 ≤ 0.5 with 0% failure rates (meaning the method always converges towards the 220 

solution). However, for a high value of initial deviation, these methods have a 221 

failure rate higher than 20%. It is important to note that for a deviation 𝜀 = 5.0, 222 

none of the methods is very robust. The minimum failure rate is obtained with 223 

Hasanov and is approximately 21%, which is not negligible. Globally, the most 224 

robust methods are Sharma, Hasanov, Jarratt 1, and Midpoint NR.  225 

The methods of Wu and Haijun, although developed to be more robust than 226 

Newton’s method (see section 2.1), actually have higher failure rates than NR. In 227 

these methods, the addition of a term to the Jacobian allows the algorithm to 228 

continue even when the Jacobian would be singular, but it also makes the direction 229 
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of progression of the algorithm less accurate and therefore these methods are more 230 

likely to diverge. 231 

 232 

Figure 4 - Failure rate 233 

The success of a method depends not only on the initial deviation from the 234 

solution, but also on the system of equations to be solved. Indeed, Figure 5 shows 235 

the percentage of failure obtained with each method for systems of equations n°2 236 

(𝐹2) and n°10 (𝐹10) separately (see Table 2). Soleymani and Montazeri are the only 237 

methods that have a 0% failure rate for 𝐹2. However, both methods have a failure 238 

rate of 33% for 𝐹10 while most other methods are always successful. Consequently, 239 

although some methods seem to give better results overall, it is not possible to infer 240 

that these methods would be the best suited for any given problem. For cases that 241 

are particularly problematic, no method can a priori guarantee a good result. The 242 

methods have to be tested in order to find which one is best suited for the problem. 243 
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 244 

Figure 5 - Percentage of failure for systems of equations n°2 and 10 245 

2.4 Effect of numerical damping 246 

The use of numerical damping is known to improve the robustness of the Newton 247 

method, especially in cases where the initial value is far from the solution. Other 248 

techniques can be combined with the Newton method to improve its robustness 249 

such as trust-region type methods, however only damping was considered in this 250 

study because of its simplicity to implement. 251 

Numerical damping consists in applying a coefficient 0 < 𝛼 < 1 to the second 252 

term in order to reduce the correction of each Newton step, as written in Eq. (4). 253 

The algorithm is therefore slower (a larger number of iterations is expected since 254 

the progression at each step is smaller) but less likely to go in the wrong direction, 255 

i.e., more robust [24]. 256 

𝑥𝑘+1 = 𝑥𝑘 − 𝛼𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) (4) 

Ideally, the value of coefficient 𝛼 should be dependent on the value of 𝐹(𝑥𝑘 ). At 257 

the beginning of the iterative process during a computation, when 𝑥𝑘 can be far 258 

from the solution and 𝐹(𝑥𝑘) far from 0, a low value of 𝛼 should be used to activate 259 

numerical damping. For values of 𝐹(𝑥𝑘  ) close to zero – i.e., when the algorithm is 260 

close to the solution – 𝛼 should be close to 1 in order to accelerate the convergence 261 
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of the method. In this study, for simplicity, a fixed value of 0.5 (or 1 when damping 262 

is not activated) was chosen to study the effect of numerical damping.  263 

To test damping on methods with 2 steps, a damping coefficient is applied on the 264 

first step (coefficient 𝛼) and another one is applied on the second step (coefficient 265 

𝛽). Eq. (5) shows an example of the application of the damping coefficients for the 266 

2-step NR method (NB: Coefficient 𝛽 is not applicable on 1-step algorithms like 267 

NR and Wu). For 3-step methods, the coefficients are only applied on the 1st step 268 

(𝛼 for 𝑦𝑘) and 2nd step (𝛽 for 𝑧𝑘). 269 

𝑥𝑘+1 = 𝑦𝑘 − 𝛽𝐹′(𝑦𝑘)−1𝐹(𝑦𝑘) 

𝑦𝑘 = 𝑥𝑘 − 𝛼𝐹′(𝑥𝑘)−1 𝐹(𝑥𝑘 ) 
(5) 

The 2 damping coefficients are set to either 1 or 0.5 independently. In this way, the 270 

effect of damping on the 1st, 2nd, or both steps is studied.  271 

The effect of damping is evaluated on the systems of equations detailed in Table 2 272 

using the methodology described in section 2.2. The value of initial deviation is set 273 

to 𝜀 = 5 only as it is the value that leads to the highest failure rates. 274 

 275 

Figure 6 - Effect of numerical damping on the failure rate of Newton-type methods 276 
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Figure 6 shows the failure rate obtained for the different methods for each 277 

combination of damping coefficients. The blue bar corresponds to the method with 278 

no numerical damping. Note that the results can differ slightly from the results 279 

shown in Figure 4 because the 3rd rule for the definition of the starting point 280 

includes random numbers, which are different from one computation to another 281 

(see section 2.2). However, for each system of equations, the same 3 starting points 282 

are used for all algorithms and damping values, therefore their respective efficiency 283 

can be compared. For NR and Wu, which are 1-step methods, the value of 𝛽 has no 284 

influence, therefore the blue and red bars (1st and 2nd), and yellow and purple (3rd 285 

and 4th) are the same. For both methods, damping slightly improves the robustness. 286 

The case of 2-step NR is also interesting: when damping is not applied or applied 287 

on both steps, the failure rate is the same as NR. However, when damping is 288 

applied only on the 1st or 2nd step ({𝛼; 𝛽} = {1; 0.5} or {0.5; 1}), the failure rate is 289 

significantly lower. This indicates that numerical damping on Newton method can 290 

actually be more efficient if applied only every other iteration. 291 

Globally, the effect of damping varies depending on the method. For some 292 

methods, damping improves or does not significantly affect robustness, while for 293 

others, damping can actually have a negative impact. This is the case for the 294 

Soleymani method where the value 𝛽 = 0.5 leads to a 100% failure rate. Overall, 295 

numerical damping is not as effective as could be expected for the set of nonlinear 296 

systems studied. 297 

3 Application to the Lemaitre-Chaboche model 298 

In finite-element models, the various state variables – stresses, strains, hardening, 299 

etc. – are computed for each integration point of each element at each time step in 300 

the material law. The material law usually consists of a set of nonlinear difference 301 

equations that describe the behavior of a specific material. In this study, a 302 
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Lemaitre-Chaboche type law was used to model the behavior of nickel-alloy 303 

HAYNES 230 at high temperature.  304 

Within a finite-element model, a failure of the method to solve the equations of the 305 

constitutive law can lead to a reduction of the time increment which can greatly 306 

impact the overall computation time, or a total failure of computation due to 307 

divergence problems. Therefore, a robust method is essential to ensure that the 308 

model works properly. 309 

3.1 Lemaitre-Chaboche advanced model 310 

The model used is based on the works of Ahmed and Hassan [3] for the behavior 311 

law and on the works of Lemaitre and Desmorat [5] for the damage evolution. A 312 

detailed description of the equations of the behavior model without damage can be 313 

found in [25]. The effect of damage is coupled to the behavior model using the 314 

isotropic damage variable 𝐷. The full model was implemented in the finite-element 315 

code Lagamine [26] developed at the University of Liège. In the code, the Newton 316 

method is used to solve the system of nonlinear equations presented hereafter. 317 

The equations of the coupled model are presented in their residual form in 318 

equations (7) to (10). In the following equations, the difference operator Δ is used 319 

to indicate the variation of a variable 𝑧 on the finite-element time step: Δ𝑧 =320 

𝑧𝑛+1 − 𝑧𝑛. For simplification, values at the end of the time step 𝑧𝑛+1 are written 321 

without the subscript: 𝑧𝑛+1 = 𝑧. Variables written in bold are symmetrical 3x3 322 

second-order tensors which are transformed in a contracted form as 6x1 vectors, as 323 

shown in Eq. (6) for the stress. As a result, the system to be solved is of size 31 – 5 324 

unknowns of size 6: Δ𝜺𝒆, Δ𝝈, Δ𝑿𝒊 with 𝑖 = 1: 3 and 1 unknown of size 1: Δ𝑟.  325 
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[

𝜎11 𝜎12 𝜎13
𝜎21 𝜎22 𝜎23
𝜎31 𝜎32 𝜎33

] = [

𝜎1 𝜎4 𝜎5
𝜎4 𝜎2 𝜎6
𝜎5 𝜎6 𝜎3

] ≡

{
 
 

 
 
𝜎1
𝜎2
𝜎3
𝜎4
𝜎5
𝜎6}
 
 

 
 

= 𝝈 (6) 

 326 

𝑹𝜺𝒆 = Δ𝜺
𝒆 + Δ𝜺𝒕𝒉 + Δ𝑟𝒏 − Δ𝜺 = 𝟎 (7) 

𝑅𝑟 = ‖𝒔 − 𝑿‖𝑉𝑀 − 𝑅(𝑟) − 𝜎𝑦 = 0 (8) 

𝑹𝝈 = 𝜺
𝒆 −

(1 + 𝜈)

𝐸
[
⟨𝝈⟩+

1 − 𝐷
+

⟨𝝈⟩−

1 − ℎ𝐷
] +

𝜈

𝐸
[
⟨𝑡𝑟𝝈⟩

1 − 𝐷
−
⟨−𝑡𝑟𝝈⟩

1 − ℎ𝐷
] 𝑰𝟔𝐱𝟏 = 𝟎 (9) 

𝑹𝑿𝒊 = Δ𝑿𝒊 −
2

3
Δ𝑟𝐶𝑖𝒏

𝑿 + 𝛾𝑖(𝑿𝒊 − 𝒀𝒊)Δ𝑟 + 𝑏𝑖‖𝑿𝒊‖VM
𝑟𝑖−1Δ𝑡𝑿𝒊

−
1

𝐶𝑖

𝜕𝐶𝑖
𝜕𝑇

Δ𝑇𝑿𝒊 = 𝟎  

with 𝑖 = 1: 3 

(10) 

In Eq. (7), the total strain 𝜺 is decomposed as the sum of the elastic strain 𝜺𝒆, the 327 

plastic strain 𝜺𝒑, and the thermal strain 𝜺𝒕𝒉. The plastic strain variation Δ𝜺𝒑 is 328 

expressed as Δ𝑟𝒏 where Δ𝑟 is the variation of the equivalent plastic multiplier 𝑝 329 

corrected by the damage value: Δ𝑟 = Δ𝑝(1 − 𝐷), and 𝒏 is the plastic normal 330 

defined by Eq. (11), where ‖. ‖𝑉𝑀 is the von Mises equivalent operator, 𝑿 =331 

∑ 𝑿𝒊
𝟑
𝒊=𝟏  is the total back-stress, and 𝝈̂ the deviatoric stress. 332 

𝒏 =
3

2

1

1 − 𝐷

𝒔 − 𝑿

‖𝒔 − 𝑿‖𝑉𝑀
  

with 𝒔 =
𝝈̂

1−𝐷
 

(11) 

Equation (8) corresponds to the von Mises yield criterion. 𝑅(𝑟) is the isotropic 333 

hardening defined by Eq. (12), where 𝑏 and 𝑄 are material parameters. 𝜎𝑦 is the 334 

yield stress. 335 

𝑅(𝑟) = 𝑄(1 − exp(−𝑏𝑟)) (12) 
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Eq. (9) establishes the relation between the stress and the elastic strain according to 336 

a modified Hooke’s law, with 𝐸 the Young modulus and 𝜈 the Poisson ratio. 337 

Indeed, the effect of microdefects closure is considered in this model. As a result, 338 

the relation between 𝝈 and 𝜺𝒆 is not direct. The microdefects closure effect is 339 

modeled by considering a smaller fraction of damage ℎ𝐷 (where ℎ < 1 is a 340 

material parameter) when the stress is negative, i.e., when the material is under 341 

compressive stress. To do so, the stress tensor 𝝈 needs to be decomposed into a 342 

positive part ⟨𝝈⟩+ and a negative part ⟨𝝈⟩−, as defined by Eq. (13), where 𝜎𝐾 are 343 

the eigenvalues of 𝝈, 𝒒𝐾 the corresponding eigenvectors, and ⟨. ⟩ the Macauley 344 

brackets. 345 

⟨𝝈⟩𝒊𝒋
+ = ∑ ⟨𝜎𝐾⟩

3
𝐾=1 𝒒𝑖

𝐾𝒒𝑗
𝐾 and ⟨𝝈⟩𝒊𝒋

− = 𝝈𝒊𝒋 − ⟨𝝈⟩𝒊𝒋
+ (13) 

𝑰𝟔𝐱𝟏 is the 6-component vector form of the second-order identity tensor. 346 

Finally, Eq. (10) defines the evolution of the 3 back-stresses 𝑿𝒊 that model 347 

kinematic hardening. 𝐶𝑖, 𝛾𝑖, 𝑏𝑖 and 𝑟𝑖 are material parameters, 𝑇 is the temperature. 348 

The normal 𝒏𝑿 is defined by Eq. (14). The three first terms of Eq. (10) correspond 349 

to the Armstrong-Fredericks hardening rule [27]. The 4th term is used to model 350 

static recovery, and the 5th term is used to take into account the effect of 351 

temperature variation. The variable 𝒀𝒊 models the evolution of the cyclic mean 352 

stress under creep-fatigue loading conditions that results from the effect of the 353 

dislocation network, as defined by Yaguchi et al. [28]. Its evolution is defined by 354 

Eq. (15), where Δ𝑡 is the time increment, 𝛼𝑏,𝑖 is the rate of evolution of 𝒀𝒊, and 𝑌𝑠𝑡,𝑖 355 

controls the saturated value of 𝒀𝒊. 356 
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𝒏𝑿 = (1 − 𝐷)𝒏 (14) 

where 𝒀𝒊 = [𝒀𝒊,𝒏 −
3

2
Δ𝑡𝛼𝑏,𝑖𝑌𝑠𝑡,𝑖‖𝑿𝒊‖𝑉𝑀

𝑟𝑖−1𝑿𝒊] [1 + Δ𝑡𝛼𝑏,𝑖‖𝑿𝒊‖𝑉𝑀
𝑟𝑖 ]

−1
 (15) 

The damage is semi-coupled with the behavior: at every time step, equations (7)-357 

(10) are solved considering a constant value of damage on the step equal to 𝐷𝑛 358 

(value from the previous step). The equations for the calculation of 𝐷 at the end of 359 

the current step are not detailed here as they are not relevant to the study, but can 360 

be found in [5]. 361 

The system to solve can be rewritten as Eq. (16), where the total vector of the 362 

unknowns is written as 𝒳 to avoid confusion with the back-stress 𝑿: 363 

{ℛ(𝒳)} =

{
  
 

  
 
𝑹𝜺𝒆

𝑅𝑟
𝑹𝝈
𝑹𝑿𝟏
𝑹𝑿𝟐
𝑹𝑿𝟑}

  
 

  
 

= {0} 
(16) 

The Jacobian matrix of the system is detailed in Appendix A. It is important to note 364 

that because of the decomposition of the stress tensor in Eq. (9), there is no exact 365 

analytical expression for 
𝜕𝑹𝝈

𝜕𝚫𝝈
; the expression shown in Appendix A is an 366 

approximation. This can have an impact on the efficiency of Newton-type methods, 367 

as the Jacobian matrix defines the direction of progress of the algorithms. 368 

In the case where ℎ = 1 however, Eq. (9) can be rewritten as Eq. (17): 369 

𝑹𝝈 = 𝜺
𝒆 −

(1 + 𝜈)

𝐸

𝝈

1 − 𝐷
+
𝜈

𝐸

𝑡𝑟𝝈

1 − 𝐷
 𝑰𝟔𝐱𝟏 = 𝟎 (17) 

The expression for 
𝜕𝑹𝝈

𝜕𝚫𝝈
 is therefore very easy to derive and the equations can be 370 

solved more easily. 371 
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3.2 Test of the methods 372 

3.2.1 Methodology 373 

In the material law, the initial point 𝒳0 is determined based on the results of the 374 

previous time step. Thus, the methodology proposed in section 2.2 with varying 375 

starting points to test the different methods is not suitable to establish the 376 

robustness and efficiency of the Newton-type methods within the material law. 377 

Instead, it was decided to test the methods using values of 𝒳0 obtained from an 378 

actual finite-element simulation using the Lagamine code [26]. The chosen finite-379 

element simulation consists in a single-element case with imposed displacements 380 

along the x direction, as shown in Figure 7 (a). The methods were tested at 4 381 

different time instants of a cyclic loading shown in Figure 7 (b) where the solution 382 

of system (16) was likely to be unsuccessful. In the finite-element code, a failure to 383 

solve the equations within the material law results in a reduction of the time 384 

increment, which increases the overall computation time. Therefore, it is 385 

interesting to increase the robustness of the iterative algorithm in the material law 386 

to avoid too many step reductions. In the present comparative analysis, the chosen 387 

time increment corresponds to its actual value in the finite-element simulation 388 

before reduction due to non-convergence. Table 3 sums up the different time 389 

instants used for testing and their specificity. The yield point (point 1) is likely to 390 

cause problems because it is a plastic step preceded by an elastic step. When 391 

estimating the initial value of 𝒳0, the code will therefore consider no plastic strain 392 

and overestimate the elastic strain and the stress. Similarly, when a change occurs 393 

in the loading direction (points 3 and 4), the initial guess for the variation of stress 394 

will be made in the direction of evolution of the previous step. For instance, at 395 

point 4 the initial estimate will consider a positive Δ𝝈 when in reality the stress 396 

drops due to relaxation. Finally, point 2 was added to the study because the finite-397 
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element code did not converge immediately at that point, which led to a time 398 

increment reduction.  399 

(a) (b) 

 

 

Figure 7 - Finite-element modeling (a) scheme of the geometry and boundary conditions; (b) 400 

Representation of the cyclic loading with identification of the 4 studied time steps 401 

Table 3- Definition of studied time instants 402 

N° Time instants Step size 𝚫𝒕 Meaning 

1 9s 2.5 Yield point 

2 29s 2.5 No convergence in NR 

3 45s 1.378640 Change in loading direction 

4 255s 1.5 Change in loading direction 

To test the different Newton-type methods on the finite-element model, the 403 

precision for the norm of convergence was set to 10−10 and the maximum number 404 

of iterations was 100. 405 

3.2.2 Results 406 

The different methods were first tested for the constitutive law with ℎ = 1, i.e., 407 

with a closed-form expression of the Jacobian and a more straightforward relation 408 

between the stress and the elastic strain (see Eq. (17)). 409 
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Figure 8 shows the number of iterations calculated for each method and for the 4 410 

studied time instants depending on the damping coefficients. When the number of 411 

iterations reaches 100, it means the method failed to converge. The methods of 412 

Soleymani, Haijun, and Montazeri never converged towards a solution within the 413 

required precision, due to the Jacobian becoming singular after a few iterations 414 

(Soleymani and Montazeri) or because they ended up diverging (Haijun). The rest 415 

of the methods gave good results without damping, with the Wu method being the 416 

slowest. As can be seen in Figure 8 (b), (c), and (d), damping does not improve the 417 

results in this case and only leads to a higher number of iterations. 418 

 419 

Figure 8 - Number of iterations required for the methods to converge at 4 different time instants for 420 
the constitutive law with h=1 with (a) no damping; (b) damping on the 1st step; (c) damping on the 2nd 421 

step; (d) damping on 1st and 2nd steps. 422 

The average CPU times obtained for the algorithm that converged are shown in 423 

Figure 9. In the case with no damping, NR is the fastest, although it takes more 424 

iterations than most methods (see Figure 8 (a)). This is consistent with the results 425 

discussed in Section 2.3. NR only requires the computation of one Jacobian per 426 



25 

 

iteration, contrarily to most of the other methods that require the computation of 427 

two or three Jacobians at every iteration. In the case where damping is applied on 428 

both steps, the method of Darvishi is the fastest, as well as the one that requires the 429 

smallest number of iterations. Once again, NR is among the fastest methods in this 430 

case as well. 431 

 432 

Figure 9 - Average CPU time of the converging algorithm with (a) no damping; (b) damping on the 433 
1st step; (c) damping on the 2nd step; (d) damping on 1st and 2nd steps. 434 

Figure 10 shows the number of iterations calculated for each method in the case 435 

where ℎ < 1, i.e., when the Jacobian is approximated and the relation between the 436 

stress and the elastic strain is not direct. Again, a number of iterations equal to 100 437 

means failure to convergence. The methods of Montazeri, Haijun, Jarratt 1, 438 

Soleymani, and Wu never converged, due to a singular Jacobian (Montazeri, Jarratt 439 

1, Soleymani) or divergence (Haijun, Wu). Therefore, the results for these methods 440 

are not shown in Figure 10. As shown in section 2.3, the success of each method is 441 

highly dependent on the system to solve. These 5 methods are not efficient for the 442 

problem considered; however, they can give good results on other equations. 443 
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Without damping (see Figure 10 (a)), none of the methods can solve the equations 444 

of the studied model at every time instant considered. Sharma and NR are the 445 

methods that give the best results, as they lead to a solution in 2 out of the 4 cases.  446 

When damping is applied on the first step, i.e., {𝛼; 𝛽} = {0.5; 1}, NR and CL 447 

become more robust: both these methods converge for the 4 studied cases (see 448 

Figure 10 (b)). However, this has a significant impact on the convergence rate, as 449 

both methods require around 40 iterations to converge while less than 10 iterations 450 

were necessary without damping (for the successful cases). Overall, the use of 451 

damping on the 1st step improves the robustness of most algorithms. When 452 

damping is applied on the 2nd step ({𝛼; 𝛽} = {1; 0.5}), several of the 2-step 453 

methods become more robust (Figure 10 (c)). Once again, this results in a 454 

significant increase of the number of iterations required to reach the solution. 455 

When damping is applied on both steps (Figure 10 (d)), all methods prove to be 456 

robust, with the exception of the Darvishi method which does not converge for 457 

time t=255s. However, it is important to note that the convergence rate of Darvishi 458 

is barely affected by damping. While all other methods show a significant increase 459 

in the number of iterations when damping is applied on both steps, Darvishi 460 

method converges in less than 10 iterations when it is successful.  461 
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 462 

Figure 10- Number of iterations required for the methods to converge at 4 different time instants with 463 

(a) no damping; (b) damping on the 1st step; (c) damping on the 2nd step; (d) damping on 1st and 2nd 464 

steps. 465 

3.3 Optimal method for the finite-element code 466 

In a finite-element code, robustness is the most important criterion at the level of 467 

the integration point. In a simulation with multiple elements, the reduction of the 468 

time increment due to a problem of convergence in one element leads to re-doing 469 

the calculation for all elements. Multiplying the number of time steps in a finite-470 

element simulation is much more costly than occasionally increasing the number of 471 

iterations within the material law for a few elements. 472 

Based on the results of sections 2.3, 2.4, and 3.2.2, an optimal strategy was 473 

designed. To benefit from the robustness of the NR method with damping (see 474 

Figure 10 (b)) and the efficiency of NR without damping (see Figure 2 and Figure 475 



28 

 

10 (a)), a combined approach was implemented in the finite-element code. By 476 

default, the NR method is used within the material law. NR is quite robust and it is 477 

the fastest method on average, as shown in Section 2.3 and in Figure 9 (a), which 478 

makes it the most adequate default method for solving the equations. However, in 479 

the case where NR does not converge in the calculation of a given finite element, 480 

the process of solving the nonlinear equations for that element is restarted from the 481 

initial value using damped NR algorithm, which is slightly slower but more robust. 482 

It is necessary to restart from the initial value and not the value obtained with NR 483 

because the latter is likely a local minimum of the residual function which damped 484 

NR will also remain stuck at if used as initial value. Although other methods with 485 

damping could have been used, NR with damping was chosen as it is expected to 486 

be the fastest among the damped methods, given the results obtained with a 487 

consistent Jacobian presented in Figure 9 (d).    488 

3.3.1 Application to the single-element model 489 

The 3 different methods (NR, damped NR, mixed NR/damped NR) are compared 490 

on the loading case described in Figure 7. The simulation is performed on 100 491 

cycles. The results are displayed in Table 4. 492 

Table 4 - Performance of the selected methods for a 100-cycle finite-element simulation 493 

Method CPU time Number of FE time steps 

NR 1.515 s 2206 

Damped NR 1.812 s 1710 

Mixed NR/Damped NR 1.172 s 1710 

The damped NR method requires fewer time steps than NR. This is because no 494 

reduction of the time increment occurs with the damped method thanks to its 495 

robustness. However, the high number of iterations required to solve the equations 496 

makes it slightly slower. The mixed NR/Damped NR approach performs better 497 
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than both these algorithms in terms of speed, as it combines both the robustness of 498 

damped NR (no reduction of time increment) and the efficiency of NR (rapid 499 

convergence in the material law). 500 

3.3.2 Application to a larger model 501 

The mixed procedure was finally tested on a larger model. The model consists in a 502 

slice of a tube from a solar receiver, similar to the test case studied by Logie et al. 503 

[29]. This tube contains a heat transfer fluid at a temperature 𝑇ℎ𝑡𝑓 = 565°C and is 504 

exposed to a solar flux 𝑞𝑠𝑜𝑙 = 890 kW/m² on its front, as shown in Figure 11 (a). 505 

The back of the tube is fixed, and both faces of the slice are made to remain 506 

parallel during the simulation, to model the fact that the entire tube remains 507 

straight. Only half of the tube is modeled due to the symmetry. The half tube is 508 

meshed with 500 elements: 1 along the axial length of the tube slice, 5 along the 509 

thickness of the tube, and 100 along its circumference. 510 

(a) 

  

(b) 

  

Figure 11 – (a) Temperature field in a tube from a solar receiver; (b) Thermal loading of the tube. 511 

The thermal loading is applied cyclically to simulate the daily heating and cooling 512 

of the solar receiver, as shown in Figure 11 (b): at the beginning of the cycle, no 513 
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solar flux is applied. Then solar flux increases linearly over a period of 1h until it 514 

reaches its value 𝑞𝑠𝑜𝑙. The solar flux is then maintained for a duration of 11 hours 515 

(daytime) before decreasing back to 0 in an hour. Finally, the tube remains with no 516 

thermal loading for a duration of 11 hours (nighttime). 517 

Two cycles are simulated using either NR, damped NR, or the mixed method to 518 

evaluate the performance of the different methods on a large-scale model. 519 

Table 5 - Performance of the selected methods for a 2-cycle finite-element simulation 520 

Method 

CPU time Number of FE  

time steps Constitutive law Total 

NR 217.3s 21m 58s. 697 

Damped NR 40s 8m 13s. 469 

Mixed NR/Damped NR 28s 8m 6s. 469 

Table 5 shows the computation times (time spent in the constitutive law and total 521 

for the simulation) and number of steps required for the simulation of 2 cycles of 522 

the tube model with the different methods. Damped NR and the mixed method 523 

perform much better than NR in this case. However, there is not much difference 524 

between damped NR and mixed NR. This is due to the fact that on a large-scale 525 

simulation, the time spent for solving the global equations at the finite-element 526 

level is more significant than the time spent in the material law of each element. 527 

This can be seen from the CPU times: only 28 to 40 seconds are spent in the 528 

constitutive law for the simulations with damped NR and the mixed method, 529 

whereas the whole simulation lasts around 8 minutes in both cases. Therefore, the 530 

reduction of the time increment (robustness) has a greater impact on the large-scale 531 

simulation compared to the single-element model seen in section 3.3.1, but the 532 

speed of convergence within the material law is not as significant. 533 
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4 Conclusions 534 

In this article, we conducted a review of various Newton-type methods for the 535 

solution of nonlinear multidimensional equations. The robustness and efficiency of 536 

each method was tested on a sample of 10 systems of nonlinear equations, with 537 

starting points taken at various distances from the solution. Table 6 sums up the 538 

results of the study on nonlinear equations. The Newton-type methods tested are 539 

ranked from best to worst on 3 criteria: the number of iterations required to reach 540 

the solution, the CPU time to reach the solution, and the robustness, i.e., the 541 

capacity to reach a solution. The table also indicates the effect numerical damping 542 

can have, considering the most favorable damping coefficients. The following 543 

conclusions can be drawn from the study:  544 

• Classic Newton method is the fastest on average on the set of equations 545 

tested in this study; compared to other methods, Newton’s method is the 546 

most robust when the initial point is not too far from the solution. 547 

• Methods that are considered more efficient from a mathematical point of 548 

view (fewer iterations required, higher order of convergence) are not the 549 

most efficient from a computational point of view. For instance, the 550 

Newton method and the Wu method are amongst those that require the 551 

highest number of iterations to reach a solution, but among the fastest 552 

when considering CPU time. For numerical applications, CPU time is more 553 

important than the number of iterations. 554 

• Damping can improve the robustness of some methods (NR, 2-step NR, 555 

NR-3, Soleymani) but does not give good results on others (Midpoint-NR, 556 

Montazeri, Darvishi). The efficiency of numerical damping also seems to 557 

depend on the problem to solve. 558 

• Efficiency and robustness of methods depend on the system to solve and 559 

on the distance from the solution of the starting point. 560 
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Table 6 - Summary of the results of the study on nonlinear systems of equations: ranking of the 561 
Newton-type methods on number of iterations, CPU time, and robustness; improvement of robustness 562 
due to numerical damping using the most favorable combination of coefficient for each method. 563 

Method 
Number of  

iterations 

CPU 

time 
Robustness 

Improvement of 

robustness 

from damping  

(most favorable case) 

NR 12 1 5 ++ 

Wu 14 3 8 + 

2-step NR 1 2 6 ++++ 

NR-3 8 5 9 ++ 

AMNR 11 8 7 + 

Midpoint NR 9 4 4 -- 

CL 15 14 10 + 

Hasanov 3 6 2 + 

Haijun 7 11 15 + 

Jarratt 1 4 7 3 + 

Jarratt 2 13 15 14 + 

Sharma 5 12 1 + 

Soleymani 10 10 11 +++ 

Montazeri 6 13 12 / 

Darvishi 2 9 13 - 

 564 

The methods were then compared on an advanced Lemaitre-Chaboche model 565 

implemented in a finite-element code. A particularity of this model is that there is 566 

no exact analytical expression of Jacobian matrix, therefore an approximation is 567 

used. This issue makes it more difficult for Newton-type methods to reach a 568 

solution. In the case of the Lemaitre-Chaboche model, damping was shown to 569 

significantly improve the robustness of most methods. A mixed method using 570 

Newton method with and without damping was finally adopted in the finite 571 

element code to improve the overall computation time. 572 

Generally, Newton-type methods of order 2 or higher do not bring much 573 

improvement regarding efficiency or robustness compared to Newton method. 574 

Other methods which were not tested in this study could still offer further 575 

improvement in the convergence of the constitutive law: 576 
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• quasi-Newton methods [30] or secant methods [31], which do not require 577 

the computation of the Jacobian; 578 

• algorithms using a trust-region approach, such as Levenberg-Marquardt 579 

[32] or dogleg method. 580 
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Appendix A: Jacobian matrix for the Lemaitre-Chaboche model 585 

The Jacobian matrix of the system described by equations (7) to (10) can be written 586 

as: 587 

[
𝜕ℛ

𝜕𝒳
] =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
𝜕𝑹𝜺𝒆

𝜕Δ𝜺𝒆
𝜕𝑹𝜺𝒆

𝜕Δ𝑟
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𝜕Δ𝑟

𝜕𝑹𝝈
𝜕Δ𝝈

𝜕𝑹𝝈
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𝜕𝑹𝝈
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𝜕Δ𝜺𝒆

𝜕𝑹𝑿𝟏
𝜕Δ𝑟

𝜕𝑹𝑿𝟏
𝜕Δ𝝈

𝜕𝑹𝑿𝟏
𝜕Δ𝑿𝟏

𝜕𝑹𝑿𝟏
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𝜕𝑹𝑿𝟐
𝜕Δ𝝈

𝜕𝑹𝑿𝟐
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𝜕Δ𝑟

𝜕𝑹𝑿𝟑
𝜕Δ𝝈
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𝜕Δ𝑿𝟏

𝜕𝑹𝑿𝟑
𝜕Δ𝑿𝟐

𝜕𝑹𝑿𝟑
𝜕Δ𝑿𝟑]

 
 
 
 
 
 
 
 
 
 
 
 
 

 588 

Derivatives of 𝑹𝜺𝒆: 589 

𝜕𝑹𝜺𝒆

𝜕Δ𝜺𝒆
= 𝑰𝟔𝐱𝟔 

𝜕𝑹𝜺𝒆

𝜕Δ𝑟
= 𝒏 

𝜕𝑹𝜺𝒆

𝜕Δ𝝈
=

Δ𝑟

(1 − 𝐷)2
𝜕𝒏𝑿

𝜕Δ𝒔
 

𝜕𝑹𝜺𝒆

𝜕Δ𝑿𝒊
= −

𝜕𝑹𝜺𝒆

𝜕Δ𝝈
 

Derivatives of 𝑅𝑟: 590 

𝜕𝑅𝑟
𝜕Δ𝜺𝒆

= 𝟎1x6 
𝜕𝑅𝑟
𝜕Δ𝑟

= 𝑏𝑄 ∗ exp(−𝑏𝑟) 
𝜕𝑅𝑟
𝜕Δ𝝈

= {𝒏}𝑻 
𝜕𝑅𝑟
𝜕Δ𝑿𝒊

= {𝒏𝑿}𝑇 

Derivatives of 𝑹𝝈: 591 



34 

 

𝜕𝑹𝝈
𝜕Δ𝜺𝒆

= 𝑰𝟔𝐱𝟔 

𝜕𝑹𝝈
𝜕Δ𝑟

= 𝟎6x1 

𝜕𝑹𝝈
𝜕Δ𝝈

= −
1 + 𝜈

𝐸
(
𝑯𝝈
+

1 − 𝐷
+

𝑯𝝈
−

1 − ℎ𝐷
)

+
𝜈

𝐸
(
𝐻(𝑡𝑟(𝜎))

1 − 𝐷
+
𝐻(−𝑡𝑟(𝜎))

1 − ℎ𝐷
) 𝑰𝟔𝐱𝟏⨂𝑰𝟔𝐱𝟏  

𝜕𝑹𝝈
𝜕Δ𝑿𝒊

= 𝟎6x6 

Where 𝐻(𝑥) is the Heaviside step function, ⊗ is the tensorial product, 𝑯𝝈
+ and 𝑯𝝈

− 592 

are obtained by applying the Heaviside step function to each component of ⟨𝝈⟩+ 593 

and ⟨𝝈⟩− respectively. 𝑰𝟔𝐱𝟔 is the 6-by-6 second-order identity tensor and 𝟎mx𝑛 is 594 

an m-by-n zero tensor. 595 

If ℎ = 1, the derivative 
𝜕𝑹𝝈

𝜕Δ𝝈
 becomes: 596 

𝜕𝑹𝝈
𝜕Δ𝝈

= −
1 + 𝜈

𝐸

1

1 − 𝐷
𝑰𝟔𝒙𝟔  +

𝜈

𝐸

1

1 − 𝐷
 𝑰𝟔𝐱𝟏⨂𝑰𝟔𝐱𝟏  597 

Derivatives of 𝑹𝑿𝒊: 598 

𝜕𝑹𝑿𝒊
𝜕Δ𝜺𝒆

= 𝟎𝟔𝐱𝟔 
𝜕𝑹𝑿𝒊
𝜕Δ𝑟

= −
2

3
𝐶𝑖𝒏

𝑿 + 𝛾𝑖(𝑿𝒊 − 𝒀𝒊) 
𝜕𝑹𝑿𝒊
𝜕Δ𝝈

= −
2

3
𝐶𝑖Δ𝑟

𝜕𝒏𝑿

𝜕Δ𝝈
 

𝜕𝑹𝑿𝒊
𝜕Δ𝑿𝒋

= 𝟎6x6 for 𝑗 ≠ 𝑖 

𝜕𝑹𝑿𝒊
𝜕Δ𝑿𝒊

= 𝑰𝟔𝐱𝟔 −
2

3
𝐶𝑖Δ𝑟

𝜕𝒏𝑿

𝜕Δ𝑿𝒊
+ 𝛾𝑖Δ𝑟 (𝑰𝟔𝐱𝟔 −

𝜕𝒀𝒊
𝜕Δ𝑿𝒊

) + 𝑏𝑖Δ𝑡 [
3

2
(𝑟𝑖 − 1)‖𝑿𝒊‖

𝑟𝑖−3𝑿𝒊⨂𝑿𝒊 + ‖𝑿𝒊‖
𝑟𝑖−1𝑰𝟔𝐱𝟔]

−
1

𝐶𝑖

𝜕𝐶𝑖
𝜕𝑇

Δ𝑇𝑰𝟔𝐱𝟔 

Where: 599 

𝜕𝒏𝑿

𝜕Δ𝝈
=

1

1 − 𝐷

𝜕𝒏𝑿

𝜕Δ𝒔
=

1

1 − 𝐷

1

‖𝒔 − 𝑿‖
[
3

2
𝑰𝟔𝐱𝟔 −

1

2
𝑰𝟔𝐱𝟏⨂𝑰𝟔𝐱𝟏 − 𝒏

𝑿⨂𝒏𝑿] 600 

𝜕𝒏𝑿

𝜕Δ𝑿𝒊
=

1

‖𝒔 − 𝑿‖
[
3

2
𝑰𝟔𝐱𝟔 − 𝒏

𝑿⨂𝒏𝑿] 601 

𝜕𝒀𝒊
𝜕Δ𝑿𝒊

= −
3

2
𝛼𝑏,𝑖

‖𝑿𝒊‖
𝑟𝑖−3

1 + 𝛼𝑏,𝑖‖𝑿𝒊‖
𝑟𝑖
[Δ𝑡𝑌𝑠𝑡,𝑖 (‖𝑿𝒊‖

2𝑰𝟔𝐱𝟔 +
3

2
(𝑟𝑖 − 1)𝑿𝒊⨂𝑿𝒊)602 

−
𝑟𝑖‖𝑿𝒊‖

1 + 𝛼𝑏,𝑖‖𝑿𝒊‖
𝑟𝑖
𝑿𝒊⨂(𝒀𝒊,𝒏 −

3

2
Δ𝑡𝛼𝑏,𝑖𝑌𝑠𝑡,𝑖‖𝑿𝒊‖

𝑟𝑖−1𝑿𝒊)] 603 
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