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Notations

e (unidimensional) minimal shift spaces: X, Y, ...

e language of the shift space X:

£(x)= U £(x)

xeX

e image of a X under o:

o(X) = {S*o(x) | x € X,0 < k < [o ()|}
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case
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Definitions
Dendric shifts
S-adic representations

Extensions

Left and right extensions:

Eb(w)=1{ac A|aw e £(X)}, ER(w)={be A|wbe L£(X)}
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Definitions
Dendric shifts
S-adic representations

Extensions

Left and right extensions:

Eb(w)=1{ac A|aw e £(X)}, ER(w)={be A|wbe L£(X)}

If #EL(w) > 2, w is said to be left special.
If #E8(w) > 2, w is said to be right special.
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Definitions
Dendric shifts
S-adic representations

Extensions

Left and right extensions:

Eb(w)=1{ac A|aw e £(X)}, ER(w)={be A|wbe L£(X)}

If #EL(w) > 2, w is said to be left special.
If #E8(w) > 2, w is said to be right special.

Bi-extensions:

Ex(w) = {(a, b) € EL(w) x EE(w) | awb € L£(X)}
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Definitions
Dendric shifts
S-adic representations

Extension graphs

Definition
The extension graph of w € L(X) is the bipartite graph Ex(w)
with vertices E(w) U E§(w) and edges Ex(w).
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Definitions
Dendric shifts
S-adic representations

Extension graphs

Definition
The extension graph of w € L(X) is the bipartite graph Ex(w)
with vertices E(w) U E§(w) and edges Ex(w).

If X is the Fibonacci shift space,
Ex(e)

QvO
OO
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Definitions
Dendric shifts
S-adic representations

Extension graphs

Definition
The extension graph of w € L(X) is the bipartite graph Ex(w)
with vertices E(w) U E§(w) and edges Ex(w).

If X is the Fibonacci shift space,

Ex(e) ex(1)

U o
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Definitions
Dendric shifts
S-adic representations

Dendric words

Definition (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)
A word w € L(X) is dendric if its extension graph Ex(w) is a tree.

A shift space X is dendric if all the words w € £(X) are.
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Definitions

Dendric shifts
S-adic representations

Relation with other families

complexity (#A4 —1)n+1

regular
interv.

France Gheeraert S-adic characterization of dendric shifts Dyadisc 5

7/ 42



Definitions
Dendric shifts having one right special factor Dendric shifts
S-adic characterization of shifts in F S-adic representations
General case

Derived shift spaces: example

x =...0102010102010010201 . . .
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Definitions
Dendric shifts having one right special factor Dendric shifts
S-adic characterization of shifts in F S-adic representations
General case

Derived shift spaces: example

x=...0]1020]10|1020 | 100 | 1020 | 1...
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Definitions
Dendric shifts having one right special factor Dendric shifts
S-adic characterization of shifts in F S-adic representations
General case

Derived shift spaces: example

x=...0]1020| 10| 1020 | 100 | 1020 | 1...
a— 10

o9 b~ 100
c — 1020
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Definitions
Dendric shifts
S-adic representations

Derived shift spaces: example

x=...0]1020 | 10 | 1020 | 100 | 1020 | 1...

a— 10
o9 b~ 100
c — 1020

then x = Sko(y) where 0 < k < |o(yo)| and

y =...cacbc...
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Definitions
Dendric shifts
S-adic representations

Derived shift spaces

Definition
A morphism o : A* — B* is strongly left proper (slp) if there exists
a letter £ € B such that

o(a) e B\ {¢})", Vace A
Definition
The derived shift of a minimal shift space X C B% with respect to

( € Bis ‘the’ shift space Y C AZ such that X = o(Y) for some
injective morphism o : A* — B* slp for the letter /.
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Definitions
Dendric shifts
S-adic representations

Case of dendric shifts

If X C BZ is a minimal dendric shift space and Y C AZ is its
derived shift with respect to ¢, then...

Theorem (Balkova, Pelantova, Steiner)

. #A=#B.

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

... Y is also a minimal dendric shift space.
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Definitions
Dendric shifts
S-adic representations

S-adic representations

Definition
A primitive S-adic representation of a minimal shift space X is a
primitive sequence of morphisms (o, : A%, ; — Aj}), such that

L(X) =] Fac(og...on(Ant1))-
N

A sequence (o, : Ay, — A})n is primitive if, for all N, there
exists m > 0 such that, for all a € Ayimi1, On- .. ON+m(d)
contains all the letters of Ay.
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Definitions
Dendric shifts
S-adic representations

S-adic representations of dendric shifts

Every minimal dendric shift over A has an S-adic representation
such that

e morphisms are injective and slp,
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Definitions
Dendric shifts
S-adic representations

S-adic representations of dendric shifts

Every minimal dendric shift over A has an S-adic representation
such that

e morphisms are injective and slp,

e intermediary shift spaces are dendric shifts over A,
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Definitions
Dendric shifts
S-adic representations

S-adic representations of dendric shifts

Every minimal dendric shift over A has an S-adic representation
such that

e morphisms are injective and slp,

e intermediary shift spaces are dendric shifts over A,

e the letter for which the k" morphism is slp is right special in
the k™" intermediary shift space.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case
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Dendric shifts having one right special factor

Dendric shifts and right special factors

Proposition
If X is a dendric shift over A, then for all n € N,

S (#ERw) -1) =#A-1.

weLn(X)
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Dendric shifts having one right special factor

Dendric shifts and right special factors

Proposition
If X is a dendric shift over A, then for all n € N,

> (#ERw) 1) =#A-1.

weLn(X)

Corollary

If X is a dendric shift over A, then the following are equivalent:
© for each length, X has a unique right special factor,
@ for each length, X has a right special factor w such that

EX(w) = A,
© X has an infinite number of right special factors w such that
ER(w) = A.
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Dendric shifts having one right special factor

Family F

Definition
The family F is the family of minimal dendric shifts over
Aq :={0,1,2, 3} satisfying the properties of the previous slide.
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Dendric shifts having one right special factor

Family F

Definition
The family F is the family of minimal dendric shifts over
Aq :={0,1,2, 3} satisfying the properties of the previous slide.
Every shift in F has an S-adic representation such that
e morphisms are injective slp,
e intermediary shift spaces are dendric shifts over Ay,

e the letter for which the k" morphism is slp is the unique right
special letter in the k" intermediary shift space.
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Dendric shifts having one right special factor

Family F

Definition
The family F is the family of minimal dendric shifts over
Aq :={0,1,2, 3} satisfying the properties of the previous slide.

Every shift in F has an S-adic representation such that
e morphisms are injective slp,
e intermediary shift spaces are in F,

e the letter for which the k" morphism is slp is the unique right
special letter in the k" intermediary shift space.

France Gheeraert S-adic characterization of dendric shifts Dyadisc 5 15 / 42



Dendric shifts having one right special factor

Family F

Definition
The family F is the family of minimal dendric shifts over
Aq :={0,1,2, 3} satisfying the properties of the previous slide.
Every shift in F has an S-adic representation such that
e morphisms are injective slp,
e intermediary shift spaces are in F,

e the letter for which the k" morphism is slp is the unique right
special letter in the k" intermediary shift space.

o(X) e F L XerF
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Unique antecedent: example
0—0

101 2020010
25 02

3+ 032
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Unique antecedent: example
0—0

101 202 0 0L 0
25 02

3+ 032
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Dendric shifts having one right special factor

Unique antecedent: example
0—0

510l 2020 01 0=20(201)0
2 1 02

3+ 032
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Dendric shifts having one right special factor

Unique antecedent: example

0—0

510l 2020 01 0=20(201)0
2 1 02
3+ 032

£x(201)

@v@ €,(x)(2020010)
o v

2]

B3—3
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Dendric shifts having one right special factor

Unique antecedent: example
0—0

510l 2020 01 0=20(201)0
2 1 02

3+ 032

Ex(201)
© E4(x(2020010)

@]
G—®
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Dendric shifts having one right special factor

Unique antecedent: example

0—0
510l 2020 01 0=20(201)0
2 02
3 032
£x(201) )0
© 03 {3 s €,(x(2020010)

D
@]
G—®
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Dendric shifts having one right special factor

Unique antecedent: example

0—0
510l 2020 01 0=20(201)0
2 1 02
3+ 032
£x(201) )0
L.
© ¥ {3 L3 €,(x)(2020010)
0 0—0
1—1
2] of -

22

(3) (3) 33
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Dendric shifts having one right special factor

Unique antecedent: example

0—0
510l 2020 01 0=20(201)0
2 1 02
3+ 032
£x(201) )0
L.
© ¥ {3 L3 €,(x)(2020010)
0 0—0 @ 0
1—1
2] of -

22 3) (3)
(3) (3) 33
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Dendric shifts having one right special factor

Unique antecedent

Proposition (G., Lejeune, Leroy)

Let o : A* — A* be an injective slp morphism for £. If
u € L(o(X)) is such that |u|, > 1, it has a unique decomposition
(s,v,p) € A* x L(X) x LA* such that

o u=so(v)p,
e s is a proper suffix of a word of o(.A),

e p is a proper prefix of a word of o(A)L.
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Dendric shifts having one right special factor

Unique antecedent

Proposition (G., Lejeune, Leroy)

Let o : A* — A* be an injective slp morphism for £. If
u € L(o(X)) is such that |u|, > 1, it has a unique decomposition
(s,v,p) € A* x L(X) x LA* such that

o u=so(v)p,
e s is a proper suffix of a word of o(.A),
e p is a proper prefix of a word of o(A)L.
We then have
Ex(x)(u) = (o5 X @) Ex(v)

where
oL :ars bst. o(a) € A*bs cpg sar> bst. o(a)l € pbA*.
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Dendric shifts having one right special factor

S-adic representations of shifts in F

Every shift in F has an S-adic representation such that
e all the morphisms are injective and slp,
e all the intermediary shift spaces are in F,

e the letter for which the k*" morphism is slp is the unique right
special letter in the k" intermediary shift space.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

France Gheeraert I S OETE  Dydscs 1942



S-adic characterization of shifts in F

Possible extension graphs

If X € F, then the extension graph of ¢ is, up to a permutation,

one of
O——0
1%1
2 2
3 3
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If X € F, then the extension graph of ¢ is, up to a permutation,
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3 3
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S-adic characterization of shifts in F

Possible extension graphs

If X € F, then the extension graph of ¢ is, up to a permutation,

one of
0——0 0——0 0 0 0——0
1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Possible morphisms: example

W N = O
w N = O
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Possible morphisms: example

Ex(e) G1(X)

W N = O
w N = O
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S-adic characterization of shifts in F

Possible morphisms: example

Ex(e) G1(X)
0o T
1 1
FONY ()

3 3 2+—3
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S-adic characterization of shifts in F

Possible morphisms: example

Ex(e) G1(X) 0
0——0 (Ol/\/‘ 1
1 1
FONY ()
3 3 2+—3
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Possible morphisms: example

Ex(e) Q
0

X

w N = O
/N

W N = O
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S-adic characterization of shifts in F

Possible morphisms: example

o™
=
2

W N = O
w N = O

France Gheeraert

S-adic characterization of dendric shifts

01
02

Dyadisc 5
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F

General case

Possible morphisms: example

5)((8)

X

W N = O
w N = O

France Gheeraert

1 01
02
032
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S-adic characterization of shifts in F

Possible morphisms: example

™
ja ¥}
&

W N = O
w N = O

France Gheeraert

S-adic characterization of dendric shifts

0—20
1—01
202
3+ 032

Dyadisc 5 21 /42



S-adic characterization of shifts in F

Possible morphisms

0——0 0——0 0——=0 0——=0
1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3
0—20 0—20 0—20 0—0
1—01 1—01 1—01 1—01
«a B v 6
2+ 02 2+ 02 2+ 021 2+ 021
3+ 03 3+ 032 3+ 031 3+ 0321
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S-adic characterization of shifts in F

Possible morphisms

0——0 0——0 0——=0 0——=0
1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2
3 3 3 3 3 3 3 3
0—20 0—20 0—20 0—0
1—01 1—01 1—01 1—01
«a B v 6
2+ 02 2+ 02 2+ 021 2+ 021
3+ 03 3+ 032 3+ 031 3+ 0321

SF = Z4{047 B, s 5}241

every shift in F has an Sr-adic representation.
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S-adic characterization of shifts in F

Not a characterization

If o € 568}\]_- is an Sr-adic representation of X, then 0 is not
dendric in X.

0—0
1+— 001
Bos
2 — 00201
3 — 00320201
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00 &x(0)
0 0
1+— 001
Bod: 1 1
2 — 00201 5 5
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S-adic characterization of shifts in F

Not a characterization

If o € 568}\]_- is an Sr-adic representation of X, then 0 is not
dendric in X.

00 &x(0)
0 0
1 001 S~
0d: 1 1
’ 2+ 00201 ) \\ )
3 — 00320201 3
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S-adic characterization of shifts in F

Not a characterization

If o € 568}\]_- is an Sr-adic representation of X, then 0 is not
dendric in X.

00 &x(0)
0 0
1 001 S~
00 :
b 2 — 00201 ; \\ ;
3+ 00320201 3

If o is an Sr-adic representation of X such that o, = 8 and
Opt+1 = 0 for some n, then X & F.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

How to avoid that?

Question: given X € F and ¢ € Sr, when is o(X) in F?
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S-adic characterization of shifts in F

How to avoid that?

Question: given X € F and ¢ € Sr, when is o(X) in F?

Idea: if u = so(v)p is right special, then p =¢ € A and

£ rm. useless vertices Ps XS"?
x(v) Ex,s(v) — E5x)(v)
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S-adic characterization of shifts in F

Stability of images

Theorem (G., Lejeune, Leroy)

Let X € F and o € Sr. The image o(X) is in F if and only if, for
all s € A; and for all v € L(X), the graph Ex s(v) is connected.
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S-adic characterization of shifts in F

Stability of images

Theorem (G., Lejeune, Leroy)

Let X € F and o € Sr. The image o(X) is in F if and only if, for
all s € A} and for all v € L(X), the graph Ex s(v) is connected.

e when removing the left vertices of Ex(v) in
As={ae€ Ay | o(a) & Ass}

the other left vertices remain connected,
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S-adic characterization of shifts in F

Stability of images

Theorem (G., Lejeune, Leroy)

Let X € F and o € Sr. The image o(X) is in F if and only if, for
all s € A, and for all v € L(X), the graph Ex s(v) is connected.

e when removing the left vertices of Ex(v) in
As={ae€ Ay | o(a) & Ass}

the other left vertices remain connected,

e the only ‘interesting’ values of s are the ones that are suffix of
at least two elements of o(.Ay),
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S-adic characterization of shifts in F

Stability of images

Theorem (G., Lejeune, Leroy)

Let X € F and o € Sr. The image o(X) is in F if and only if, for
all s € A; and for all v € L(X), the graph Ex s(v) is connected.

e when removing the left vertices of Ex(v) in
As={ae€ Ay | o(a) & Ass}

the other left vertices remain connected,

e the only ‘interesting’ values of s are the ones that are suffix of
at least two elements of o(.Ay),

e difficult to check...
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S-adic characterization of shifts in F

Graph G,(X): example
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Graph G,(X): example
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S-adic characterization of shifts in F

Graph G,(X): example
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S-adic characterization of shifts in F

Graph G,(X): example (I1)

© (0)

QD
Ex(0)

Ex(2)

Q\T
© ©
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S-adic characterization of shifts in F

Graph G,(X): example (I1)
Go(X)

(0) (0) ® ©

/0
ex(0) 9"9 © @
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Graph G,(X): example (II)

© (0
/D

x(0)
£x(0 QAQ
3

© ©)

Ex(2)
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Graph G,(X): example (II)

(© (0
QD

x(0)
£x(0 9"9
3

© ©

Ex(2)
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S-adic characterization of shifts in F

Graph G,(X): example (I1)

0 0 @ G2(X)
oWps

x(0)

o

G1(X)

©)

Ex(2)

Q\T
© ©

® @
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S-adic characterization of shifts in F

Graph G(X)
Definition

If X is in F, Gp(X) is the union of the cliques given by the sets of
vertices EX(v) for all v € £(X) N Aj.
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S-adic characterization of shifts in F

Graph G(X)

Definition
If X is in F, Gp(X) is the union of the cliques given by the sets of
vertices EX(v) for all v € £(X) N Aj.

We define
G(X) = Ii'r7n Gn(X).
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S-adic characterization of shifts in F

Graph G(X)

Definition
If X is in F, Gp(X) is the union of the cliques given by the sets of
vertices EX(v) for all v € £(X) N Aj.

We define
G(X) = Ii,r7n Gn(X).

Proposition
Let B C A4. The following are equivalent.
@ The graph G(X) \ B is connected.

@ For all v € L(X), the subgraph of Ex(v) where we removed,
on the left, the vertices in B (and the isolated vertices) is
connected.
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S-adic characterization of shifts in F

Stability of images (1)

Theorem
Let X € F and 0 € Sr. The image o(X) is in F if and only if

C(G(X),o): for all s € A}, the graph G(X) \ As is connected,
where

As={a€ Ay | o(a) & A;s}.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Stability of images (II): example

G(X)
()

X € F st.

0—0
1+—01
202
3+ 032
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Stability of images (II): example

G(X)
()

X € F st.

0—0
1+—01 € 2
202
3+ 032
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Stability of images (II): example

G(X)
()

X € F st.

0—0

1+ 01 £ 2
2502 A-=0 A ={0,1}
3+ 032
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S-adic characterization of shifts in F

Stability of images (II): example

oo

X € F st
0—0
5.1 £ 2
120 02 Ac=0 A ={0,1}
3+— 032
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S-adic characterization of shifts in F

Stability of images (II): example

G(X)
X € F st. = p(X)eF
0—0
5.1 £ 2
120 02 Ac=0 A ={0,1}
3+— 032
France Gheeraert S-adic characterization of dendric shifts Dyadisc 5
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Image graph

Recall that
Exx)(so(v)E) = oe(Ex(v)).
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S-adic characterization of shifts in F

Image graph

Recall that
Ero(so(v)0) = pe(Ex(v)).

Proposition

If X and o(X) are in F and if G(X) is built with the cliques
G, ..., Cx, then G(o(X)) is built with the cliques

eH(C)  se AL i<k

For a graph G, we denote o(G) the graph built with this
technique.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Image graph: example

0—0 €

1 01 Az =10

2+ 02
3+~ 032

G(X)

©
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S-adic characterization of shifts in F

Image graph: example

00 € | 2
1001 Az =10 A, =1{01)
2+ 02

3+ 032

G(X) G(6(X))

© ©
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S-adic characterization of shifts in F

Image graph: example

00 € 2
5 1+ 01 Az =10 A; ={0,1}
) 0—0
202 - e . 250
31 032 Ps R PR
2,315 2

G(X)

G(B(X))
(© © ©
® @
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S-adic characterization of shifts in F

Image graph: example

00 € 2
5 1+ 01 Az =10 A; ={0,1}
) 0—0
202 . o 250
31 032 @ 33
2,332

A .

Dyadisc 5 32 /42
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S-adic characterization of shifts in F

Image graph: example

00 € 2
5 1+ 01 Az =10 A; ={0,1}
) 0—0
202 - e . 2150
31 032 Ps N PR
2,315 2

G(X) G(6(X))

© ©

France Gheeraert S-adic characterization of dendric shifts

Dyadisc 5 32 /42



Definitions
Dendric shifts having one right special factor
S-adic characterization of shifts in F

Graph G(S7)

The graph G(Sr) is defined as follows:
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S-adic characterization of shifts in F

Graph G(S7)
The graph G(Sx) is defined as follows:

e its vertices are the graphs G for which there exists X € F
such that G = G(X),
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S-adic characterization of shifts in F

Graph G(S7)

The graph G(Sx) is defined as follows:

e its vertices are the graphs G for which there exists X € F
such that G = G(X),

e there is an edge labeled by o € S from G to G’ if the
condition C(G', o) is satisfied and if G = o(G’).
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S-adic characterization of shifts in F

Graph G(S7)

The graph G(Sx) is defined as follows:

e its vertices are the graphs G for which there exists X € F
such that G = G(X),

e there is an edge labeled by o € S from G to G’ if the
condition C(G', o) is satisfied and if G = o(G’).

© ©

B |
{ |

O
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S-adic characterization of shifts in F

Sr-adic characterization

Theorem

A shift space X is in F if and only if it has a primitive Sr-adic
representation labeling an infinite path in G(Sr).
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S-adic characterization of shifts in F

Sr-adic characterization

Theorem
A shift space X is in F if and only if it has a primitive Sr-adic

representation labeling an infinite path in G(Sr).
The graph G;(Sr) is defined as follows:
e its vertices are the trees over Aj,

e there is an edge labeled by o € S from G to G’ if the
condition C(G', o) is satisfied and if G = o(G’).
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S-adic characterization of shifts in F

Sr-adic characterization

Theorem

A shift space X is in F if and only if it has a primitive Sr-adic
representation labeling an infinite path in G(Sr).

The graph G;(Sr) is defined as follows:
e its vertices are the trees over Ay,

e there is an edge labeled by o € S from G to G’ if the
condition C(G', o) is satisfied and if G = o(G’).

Theorem

A shift space X is in F if and only if it has a primitive Sr-adic
representation labeling an infinite path in G;(Sr).
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S-adic characterization of shifts in F

Simplification of the graph

If we only take one labeling for each ‘shape’ of tree, it is still a
characterization.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

Simplification of the graph

If we only take one labeling for each ‘shape’ of tree, it is still a
characterization.

o
IBI /8 y 7V T0L
5 dmo1, 0'mo1, 02713,
{1 2 3}' 5 ! o
- 03, O’ » TO1QTT01,
a, o, =4 03 03 /24

TN

T02QxTQ2, TO3XTT03,

c
10264702, MO0, 5 ~__ L® roamozBmor, moamozBmo01,
Y 702, /
5 g, 7028702, 7023 To2, 7023703, T02/3' mo3,
7T021 7702 P M PR /-
Y702, Y 702 /7101, 7y 7101

where

B'=Pmz, & =0m3, A =qm2, " =mszyms.
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case
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Definitions

Dendric shifts having one right special factor
S-adic characterization of shifts in F
General case

What changes?

© Bigger set of morphisms
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General case

What changes?

@ Bigger set of morphisms
@ So far, we only had to consider the left side

5X,s
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General case

What changes?

@ Bigger set of morphisms
@ So far, we only had to consider the left side

Exs — Exs
A — AL
G(X) — GL(X)
C(G,0) — CH(G,0)
o(G) — JL(G)
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General case

Set of morphisms

How to find the set S 4:
@ list all possible extension graphs,

@ for each extension graph, choose a letter and list the paths in
the Rauzy graph of order 1,
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General case

Set of morphisms

How to find the set S 4:
@ list all possible extension graphs,

@ for each extension graph, choose a letter and list the paths in
the Rauzy graph of order 1,

© problem: often too many paths (sometimes, infinite number
of paths),
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General case

Set of morphisms

How to find the set S 4:
@ list all possible extension graphs,

@ for each extension graph, choose a letter and list the paths in
the Rauzy graph of order 1,

© problem: often too many paths (sometimes, infinite number
of paths),

@ choose all subsets of compatible paths.

France Gheeraert S-adic characterization of dendric shifts Dyadisc 5 38/ 42



General case

Dendric images

Theorem (G., Lejeune, Leroy)

Let X be a dendric shift over A and o € Sx. The image o(X) is
dendric if and only if the following conditions are satisfied:

‘L’ for all s € A* and for all v € L(X), the graph 8)L<,S(v) is
connected,
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General case

Dendric images

Theorem (G., Lejeune, Leroy)
Let X be a dendric shift over A and o € Sx. The image o(X) is
dendric if and only if the following conditions are satisfied.:

‘L’ for all s € A* and for all v € L(X), the graph S)Lgs(v) is
connected,

‘R" for all p € A* and for all v € L(X), the graph €§7p(v) is
connected.

where

AR = {a€ Al o(a) ¢ pA")

and 5§7p(v) is the subgraph of £x(v) where we removed the right
vertices in AR (and the isolated vertices).
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General case

Graphs GL(X) and GR(X)

Definition

If X is dendric, GR(X) is the union of the cliques given by the sets
of vertices E(v) for all v € £(X) N .A" and we define

GR(X) = lim G(X).
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General case

Graphs GL(X) and GR(X)

Definition

If X is dendric, GR(X) is the union of the cliques given by the sets
of vertices E(v) for all v € £(X) N .A" and we define

GR(X) = lim G(X).

Theorem (G., Leroy)

Let X be a dendric shift over A and o € S4. The image o(X) is
dendric if and only if the following conditions are satisfied:

CH(GE(X),0): forall s € A*, the graph GL(X) \ AL is connected,
CR(GR(X).0): for all p € A*, the graph GR(X)\ AR is connected.
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General case

S-adic characterization of dendric shifts

The graph GE(S4) is defined as follows:
e its vertices are the trees over A,

e there is an edge labeled by o € S4 from G to G’ if the
condition CL(G’, o) is satisfied and if G = oL (G').
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General case

S-adic characterization of dendric shifts

The graph GF(S4) is defined as follows:
e its vertices are the trees over A,

e there is an edge labeled by o € S4 from G to G’ if the
condition CR(G’, o) is satisfied and if G = o*(G').
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General case

S-adic characterization of dendric shifts

The graph GF(S4) is defined as follows:
e its vertices are the trees over A,
e there is an edge labeled by o € S4 from G to G’ if the
condition CR(G’, o) is satisfied and if G = o*(G').
Theorem (G., Leroy)

A shift space X over A is minimal dendric if and only if it has a
primitive S 4-adic representation labeling infinite paths in both

GE(Sa) and GE(Sa).
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General case

Thank you for your attention!
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