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Combinatorics on words background

We are using
e finite alphabets: A, B
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Combinatorics on words background
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e the set of words over A is denoted A*
e u is a factor of v if there exist w, w’ such that v = wuw’
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Combinatorics on words background

We are using

e finite alphabets: A, B
e (unidimensional) finite words: u, v, w, ...
e the set of words over A is denoted A*
e u is a factor of v if there exist w, w’ such that v = wuw’

e recurrent factorial languages: £
e recurrent: if u and v are in L, there exists w such that uwv is
in £
e factorial: if uisin L, so are its factors
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Examples

e alphabet: {0,1}
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Examples

e alphabet: {0,1}
e words: £, 10, 010, 01001
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Examples

e alphabet: {0,1}
e words: £, 10, 010, 01001

e ¢, 10 and 010 are factors of 01001
€ and 010 are also prefixes of 01001 and ¢ is a suffix
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Examples

e alphabet: {0,1}
e words: £, 10, 010, 01001

e ¢, 10 and 010 are factors of 01001
€ and 010 are also prefixes of 01001 and ¢ is a suffix

e language: {0,1}*\ {0,1}*11{0,1}* the set of words that do
not have the factor 11
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Morphisms
Definition
A morphism o : A* — B* is a monoid morphism, i.e.
o(w) =oc(w1)...o(wp).

0+~ 001
o:{0,1,2}* — {0,1}%, 1—10
2—0
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Morphisms

Definition

A morphism o : A* — B* is a monoid morphism, i.e.

o(w) =o(w1)...o(wy).

0~ 001 #(021) = 001 0 10
o:{0,1,2)* = {0,1}*, {110
20 ole)=¢
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Morphisms

Definition

A morphism o : A* — B* is a monoid morphism, i.e.

o(w) =o(w1)...o(wy).

0~ 001 #(021) = 001 0 10
o:{0,1,2)* = {0,1}*, {110
20 ole)=¢

Definition
Let £ C A* be a language and o : A* — B* be a morphism. The
image of £ under o is

o-L= U Fac(o(u)).

uel
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Extension graphs

E;(wy={aeAlawe L}, Ef(w)={beA|wbe L}
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Extension graphs

E;(wy={aeAlawe L}, Ef(w)={beA|wbe L}

Ec(w) = {(a,b) € E; (w) x Ef(w) | awb € L}
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Extension graphs

E;(wy={aeAlawe L}, Ef(w)={beA|wbe L}
Ec(w) = {(a,b) € E; (w) x Ef(w) | awb € L}

Definition

The extension graph of w € L is the bipartite graph .(w) with
vertices E, (w) U E} (w) and such that, for all a € E/ (w),

b € Ef(w), it contains the edge (a, b) iff (a, b) € Eg(w).
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Example

If £ ={0,1}*\ {0,1}*11{0,1}*, then

E (e) =
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Example

If £ ={0,1}*\ {0,1}*11{0,1}*, then

E-(e)=1{0,1}
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Example

If £ ={0,1}*\ {0,1}*11{0,1}*, then

E-(e)=1{0,1}

Er(e)

QvO
O
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Example

If £ ={0,1}*\ {0,1}*11{0,1}*, then

Ef(e)={0.1}  Ef()={0}

&c(e) €c(1)

U W
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Dendric

A word w € L is dendric if its extension graph in L is a tree.

A language L is dendric if the words w € L are.
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Hierarchy

complexity (#A4 —1)n+1

dendric

regular
interv.
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Slp morphisms

Definition
A morphism o : A* — B* is strongly left proper (slp) if there exists
a letter ¢ € B such that

o(a) € ((B\ {£})", Vae A

0—0
c:¢1—~01
2— 021
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Slp morphisms

Definition
A morphism o : A* — B* is strongly left proper (slp) if there exists
a letter ¢ € B such that

o(a) € ((B\ {£})", Vae A

0—0
oc:¢1~01
2— 021
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Motivation

Every (recurrent) dendric language can be seen as the image of a
language under an slp morphism.
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Motivation

Every (recurrent) dendric language can be seen as the image of a

language under an slp morphism.

021001
10001
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Motivation

Every (recurrent) dendric language can be seen as the image of a
language under an slp morphism.

021001 <2< 0210010
10001 << 02100010
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Motivation

Every (recurrent) dendric language can be seen as the image of a
language under an slp morphism.

021001 << 021001
10001 << 0210001
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Motivation

Every (recurrent) dendric language can be seen as the image of a
language under an slp morphism.

fac. o 0—0
021001 <+— 021001 — 201
fac. o 0:41—01
10001 <+« 02100010 <« 2001
2+ 021
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Motivation

Every (recurrent) dendric language can be seen as the image of a
language under an slp morphism.

0—0

021001 & 021001 < 201
fac. o 0:41—01
10001 <+« 02100010 <« 2001
2— 021

Theorem (Berthé, De Felice, Dolce, Leroy, Perrin, Reutenauer,
Rindone)

Let L C A* be a language and o : A* — B* be an slp morphism.

If o - L is recurrent dendric, then L is recurrent dendric. Moreover,
Card(.A) = Card(B).
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S-adic representations

Definition
A primitive S-adic representation of a language L is a primitive
sequence of morphisms o = (0, : Apt1 — Ap)n such that

E:Iirr'n(aoo---oan)'AnH-
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S-adic representations

Definition
A primitive S-adic representation of a language L is a primitive
sequence of morphisms o = (0, : Apt1 — Ap)n such that

£:Iirr)n(aoo--~00n)~«4n+1-

Corollary

Every recurrent dendric language has a primitive S-adic
representation using slp morphisms.

Moreover, we can assume that all the intermediary alphabets are
equal.
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Goal

Let £ C A* be a language and o : A* — B* be an slp morphism
for the letter /£.

L dendric <= o - L dendric
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Goal

Let £ C A* be a language and o : A* — B* be an slp morphism
for the letter /£.

L dendric <= o - L dendric

L dendric =& o - L dendric
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Goal

Let £ C A* be a language and o : A* — B* be an slp morphism
for the letter /£.

L dendric <= o - L dendric

L dendric =& o - L dendric

When is a word u € o - L dendric?
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Initial factor: example

yor(1)
0—0
c:¢1—01
2+— 021
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Initial factor: example

yor(1)
0—0
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2+— 021
France Gheeraert Dendric words and slp morphisms

Séminaire du GT CI

15/1



Initial factor: example

Eror(1)
0—0
c:¢1—01
2+— 021
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Initial factor: example

Esr(1)
0—0
c:4¢1—01 0 @
2 — 021
@)
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Initial factors

If ‘u|g =0, then

aube o-L = Ja € Ast. aub € Fac(o(a)l).
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Initial factors

If ‘u|g =0, then
aube o-L = Ja € Ast. aub € Fac(o(a)l).

Let

Ly = U Fac(o(a)f).

acA
We have
Eor(u) =&, (u).
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Initial factors

If ‘u|g =0, then

aube o-L = Ja € Ast. aub € Fac(o(a)l).

Let
Ly = U Fac(o(a)f).
acA
We have
Eo.r(u) = &, (u).
Definition

An slp morphism o for ¢ is dendric if the words v € L, such that
|ul¢ = 0 are dendric.
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Extended images: example

0—0
c:41—01
2+— 021
Ey.£(1021010)
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Extended images: example

0—20
o 4101 1 021 0 01 O
2+ 021
Ey.£(1021010)
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Extended images: example

0—20
o415 01 1 021 0 01 0=10(201)0
2+ 021
Ey.£(1021010)
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Extended images: example

0—20
o415 01 1 021 0 01 0=10(201)0
2+ 021
£5.£(1021010) £r(201)
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Extended images: example

0—0
o415 01 1 021 0 01 0=10(201)0
2 — 021
£5.0(1021010) Er(201

)
)
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Extended images: example

0—0
o:4101 1 021 0 01 0=10(201)0
2+— 021
£5.£(1021010) £r(201)
_ J1=0
(0) 1 2502
0 0—0
903' {11
22
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Extended images: example

0—0
o415 01 1 021 0 01 0=10(201)0
2 — 021
£5.0(1021010) Er(201

)
© T4,
Q—) 00
1—1

22

S+
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Extended images

Proposition (G., Lejeune, Leroy)

If u€ o- L issuch that |ul, > 1, it has a unique decomposition
(s,v,p) € B* x L x {B* such that

e u=so(v)p,
e s is a proper suffix of a word of o(.A),
e p is a proper prefix of a word of o(.A)Z.
We then have
Eo.c(u) = (¢s % ¢)Ec(v)

where

s ar> bst o(a) € B bs pf :ar b st. o(a)l € pbB*.
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Dendric images

The graph &¢ s p(v) is the subgraph of ££(v) where we have
removed the vertices (and their edges) that are ‘useless’ to obtain

Es.c(sa(v)p).
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Dendric images

The graph &¢ s p(v) is the subgraph of ££(v) where we have
removed the vertices (and their edges) that are ‘useless’ to obtain
Exr(so(v)p).

Theorem (G., Lejeune, Leroy)

Let L be a dendric language and o an slp morphism. The image
o - L is dendric if and only if o is dendric and the following
conditions are satisfied:

‘—' for all s € B* and for all v € L, the graph E¢ s (V) is
connected,

‘+' for all p € B* and for all v € L, the graph & . p(v) is
connected.
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Understanding the condition

‘—' for all s € B* and for all v € L, the graph £¢ ¢ .(v) is
connected
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Understanding the condition

‘—' for all s € B* and for all v € L, the graph £ .(v) is
connected

e when removing the left vertices of ££(v) in
A; ={ac A|o(a) & B*s}

the other left vertices remain connected,
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Understanding the condition

—' for all s € B* and for all v € L, the graph £¢5.(v) is
connected

e when removing the left vertices of ££(v) in
A; ={ac A|o(a) & B*s}

the other left vertices remain connected,

e only a finite number of ‘interesting’ values of s,
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Understanding the condition

‘—' for all s € B* and for all v € L, the graph £¢ ¢ .(v) is
connected

e when removing the left vertices of ££(v) in
A; ={ac A|o(a) & B*s}

the other left vertices remain connected,
e only a finite number of ‘interesting’ values of s,
e difficult to check
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Graph G, (£): example

France Gheeraert Dendric words and slp morphisms Séminaire du GT CI 22 /1



Graph G, (£): example
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Graph G, (£): example
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Graph G, (£): example
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Graph G, (L£): example (II)

@ ®

Ec(4)

©

Ec(5)

@ ® @ @& 6 6
()

©
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Graph G, (L£): example (II)

@ ®
©
®)

Ec(4)

©

Ec(5)

@ ® @ @& 6 6
()
®
@
@

©
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Graph G, (L£): example (II)

@ ®©
©
®

Ec(4)

©

Ec(5)

@ ® @ @6 6
()
@

©

France Gheerae rt Dendric words and slp morphisms Séminaire du GT CI 23 /1



Graph G, (L£): example (II)

@ ®

Ec(4)

@ ® & ©

©

Ec(5)

@ & ©
©@ @
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Graph G, (L£): example (II)

(0 (2) Gy (L)

s ©  ® @
Ec(4)

@ /

5 A —G

G (£)

3 OO (2)
£(5) G ——5) "

(5)

©
©
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Graph G~ (£)

Definition
If £ is dendric, G, (L) is the union of the cliques given by the sets
of vertices E. (v) forall ve LN A"
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Graph G~ (£)

Definition
If £ is dendric, G, (L) is the union of the cliques given by the sets
of vertices E. (v) forall ve LN A"

We define
G (L) = Ii’rTn G, (L).
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Graph G~ (£)

Definition
If £ is dendric, G, (L) is the union of the cliques given by the sets
of vertices E (v) for all v € LN A"
We define
G™(£) =lim G, (L).

Proposition
Let B C A. The following are equivalent.

@ For all v € L, the subgraph of £,(v) where we removed, on
the left, the vertices in B (and the isolated vertices) is
connected.

@ The graph G~ (L) \ B is connected.
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Graph G*(£)

Definition
If £ is dendric, G, (L) is the union of the cliques given by the sets
of vertices E/ (v) for all v € LN A"
We define
G* (L) =lim G, (£).

Proposition
Let B C A. The following are equivalent.

@ For all v € L, the subgraph of £,(v) where we removed, on
the right, the vertices in B (and the isolated vertices) is
connected.

@ The graph G™(L) \ B is connected.
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Dendric images (II)

A ={ae A|o(a) & B*s}
Al ={ae Al o(a)l & pB*}

Theorem

Let L be a dendric language and o an slp morphism. The image
o - L is dendric if and only if o is dendric and the following
conditions are satisfied:

‘—' for all s € B*, the graph G~ (L) \ A is connected,
‘4" for all p € B*, the graph G (L) \ A} is connected.
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Image graph

Recall that
Es.c(so(v)p) = (5 X i )Ec(v)
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Image graph

Recall that
Es.c(so(v)p) = (5 X i )Ec(v)

thus
E . (so(v)l) = o5 (EL (V).
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Image graph

Recall that
Es.c(so(v)p) = (¢s X on)Ec(v)
thus
E, c(sa(v)l) = ps (EL (v)).
Proposition

If L and o - L are dendric and if G~ (L) is built with the cliques
G, ..., Cx, then G~ (o - L) is built with the cliques
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Image graph

Recall that
Es.c(so(v)p) = (5 X i )Ec(v)
thus
E, c(sa(v)l) = s (EL (V).
Proposition

If L and o - L are dendric and if G (L) is built with the cliques
Gy, ..., Cy, then G (o - L) is built with the cliques
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0—0
oc:<1—01
2021
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. A7 =0 A7 = {0}

oc:<1—01
2+— 021
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. A7 =0 A7 = {0}

(o 1—01 o 0—0 _ 10
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AZ =10 Ay = {0}

0—0
(o 1—01 o 0—0 _ 10
2 021 T ll2e1 P 22

(00— @ ©
(2) ©
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000 A- =10 A7 = {0}

7:q1—=01 {00 (1m0
2 021 21 TP 202

(00—
(2) ©
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000 A- =10 A7 = {0}

(o 1—01 o 0—0 o 10
2021 2 1201 TP 22
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What we know

Given a dendric language L, its graphs G~ (£), GT(£) and slp
morphisms oy, . ..,0,, we can easily know if (cgo---00,) L is
dendric.
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What we know

Given a dendric language L, its graphs G~ (£), GT(£) and slp
morphisms oy, . ..,0,, we can easily know if (cgo---00,) L is
dendric.

If £0) = (gj0---00,)- L,

G (L)

G(£)
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What we know

Given a dendric language L, its graphs G~ (£), GT(£) and slp
morphisms oy, . ..,0,, we can easily know if (cgo---00,) L is
dendric.

If £0) = (gj0---00,)- L,

G (L) 2 G (L")

GH(L) I 6Ly
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What we know

Given a dendric language L, its graphs G~ (£), GT(£) and slp
morphisms oy, . ..,0,, we can easily know if (cgo---00,) L is
dendric.

If £0) = (gj0---00,)- L,

G (L) 2 G (£My 2=

GH(L) 2o GH(eimy =
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What we know

Given a dendric language L, its graphs G~ (£), GT(£) and slp
morphisms oy, . ..,0,, we can easily know if (cgo---00,) L is
dendric.

If £0) = (gj0---00,)- L,

G (L) 2 6 (M) = 2% 6 (L)

GH(L) 2o GH(cmy 2 0 2 g (L)
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What we know

Given a dendric language L, its graphs G~ (£), GT(£) and slp
morphisms oy, . ..,0,, we can easily know if (cgo---00,) L is
dendric.

If £0) = (gj0---00,)- L,

G (L) <& G (M) &=L & 6 (£O)

GH(L) & gH(emy &=L 0 & g (L)
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S-adic characterization

Let S be a set of dendric slp morphisms over A. The graph G~ (S)
is defined as follows:
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S-adic characterization

Let S be a set of dendric slp morphisms over A. The graph G~ (S)
is defined as follows:

e its vertices are the graphs G for which there exists a dendric
language £ such that G = G~ (£),
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S-adic characterization

Let S be a set of dendric slp morphisms over A. The graph G~ (S)
is defined as follows:
e its vertices are the graphs G for which there exists a dendric
language £ such that G = G~ (£),

e there is an edge labeled by o € S from G to G’ if the
condition ‘—' is satisfied for G’ and o and if G = 0~ (G’).
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S-adic characterization

Let S be a set of dendric slp morphisms over A. The graph G (S)
is defined as follows:
e its vertices are the graphs G for which there exists a dendric
language £ such that G = G7 (L),

e there is an edge labeled by o € S from G to G’ if the
condition ‘+' is satisfied for G’ and ¢ and if G =" (G').
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S-adic characterization

Let S be a set of dendric slp morphisms over A. The graph G (S)
is defined as follows:

e its vertices are the graphs G for which there exists a dendric
language £ such that G = G7 (L),

e there is an edge labeled by o € S from G to G’ if the
condition '+ is satisfied for G’ and ¢ and if G = o™ (G').

Theorem

Let L be a language having a primitive S-adic representation o .
The language L is dendric if and only if o labels infinite paths in
both G=(S) and G*(S).
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Simplification of the graph

Let S be a set of dendric slp morphisms over A. The graph G; (S)
is defined as follows:

e its vertices are the trees over A,

e there is an edge labeled by o € S from G to G’ if the
condition ‘—' is satisfied for G’ and o and if G = o~ (G’).
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Simplification of the graph

Let S be a set of dendric slp morphisms over A. The graph G, (S)
is defined as follows:

e its vertices are the trees over A,

e there is an edge labeled by o € S from G to G’ if the
condition '+ is satisfied for G’ and ¢ and if G = o (G').
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Simplification of the graph

Let S be a set of dendric slp morphisms over A. The graph G, (S)
is defined as follows:

e its vertices are the trees over A,

e there is an edge labeled by o € S from G to G’ if the
condition '+ is satisfied for G’ and o and if G =" (G').

Theorem

Let L be a language having a primitive S-adic representation o .

The language L is dendric if and only if o labels infinite paths in
both G; (S) and G (S).
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Simplification of the graph

Let S be a set of dendric slp morphisms over A. The graph G, (S)
is defined as follows:

e its vertices are the trees over A,

e there is an edge labeled by o € S from G to G’ if the
condition '+ is satisfied for G’ and o and if G =" (G').

Theorem

Let L be a language having a primitive S-adic representation o .
The language L is dendric if and only if o labels infinite paths in
both G; (S) and G (S).

Even more simplifications with the symmetries/permutations.

France Gheeraert Dendric words and slp morphisms Séminaire du GT CI 31 /1



Sizes of the graphs

graph ‘ #A=3 ‘ #A=4 ‘ #A=n

>33 | ? 2

cond. ‘—" and ‘+’
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Sizes of the graphs

graph ‘ H#A=3 ‘ H#A=4 ‘ #A=n

cond. ‘—" and ‘4’ >33 ? ?
G (S)xGT(S) | 4x4=16 |29 x29=2841 | <A001187>
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Sizes of the graphs

graph ‘ #A=3 ‘ #A=4 ‘ #A=n
cond. ‘—" and ‘4’ >33 ? ?
G (S)xGT(S) | 4x4=16 |29 x29=2841 | <A001187>
G (S)xGH(S) | 3x3=9 | 16x16=256 | n"2 x n"2
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Sizes of the graphs

|

| #A=3 | #A=4 #A=n
? ?

graph

cond. ‘=" and ‘+’ >33
G (S)xGT(S) | 4x4=16 |29 x29=2841 | <A001187>

Gr(S)xGF(S) | 3x3=9 2 2

16 x 16 =256 | n X n
2 14 ?

with symmetries

France Gheeraert Dendric words and slp morphisms Séminaire du GT CI 32 /1



End

Thank you for your attention!
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