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1 Introduction

High-energy hadronic scattering may be described by Reggeon exchanges (see, e.g. [1] and
references therein) and for center-of-momentum energies /s larger than 100 GeV, the only
trajectory that matters is that of the pomeron. However, at energies of a few TeV and
higher, the growth of the pomeron term leads to violation of the black-disk limit [2-4] and
eventually of unitarity. Unitarity can be enforced in high-energy pp and pp interactions
by the inclusion of multiple exchanges, which act as a cut to the elastic scattering am-
plitude. Different unitarisation schemes have been discussed in the literature [5] but all
of them rely on phenomenological arguments in the absence of a comprehensive quantum
chromodynamics treatment.

The effect of unitarisation on the growth of p(ﬁ) cross-sections becomes important
when considering proton-proton scattering cross sections at the LHC where the centre-of-
momentum energies extend up to 13 TeV. Measurements of the total, elastic, inelastic, and
diffractive pp cross sections by the different LHC experiments — ALICE [6], ATLAS [7-10],
CMS [11], LHCD [12], and TOTEM [13-18] — add to existing p(]_)) scattering data at lower
energies from previous generation experiments at the SppS [19, 20] and the TeVatron [21—
26]. This extensive wealth of data allows us to constrain the nature of unitarisation gov-
erning these interactions with an improved degree of accuracy.

Differences in cross sections that depend on the choice of the unitarisation scheme
are expected to show up at very high energies — at 10 TeV and higher — and therefore
may influence predictions for cosmic-ray collisions with atmospheric nuclei at ultra-high
energies. Showering codes, such as SIBYLL [27] and QGSJET [28], used to simulate and
reconstruct these events from observations of secondaries have historically used the eikonal
scheme (see [29] for a review). In the context of ongoing ultra-high energy cosmic-ray
experiments, e.g. the Pierre Auger Observatory [30], the Telescope Array Project [31], and



IceTop [32], an investigation of the dependence of cross sections on different unitarisation
schemes assumes paramount importance.

In [33], we examined the effect of including up-to-date collider data for total, elastic,
and inelastic cross sections. We found nearly identical cross sections for the three irre-
spective of the unitarisation scheme used. In the current work, we focus on the effect of
incorporating diffractive data into the fits. Diffractive scattering in 2 +— 2 interactions,
where either one or both final state particles break up into jets, becomes increasingly im-
portant as the interaction energy increases. In these interactions, the final state(s) being
no longer expressible in terms of hadronic eigenstates, the calculation of the corresponding
scattering amplitudes requires the invocation of a rotated eigenstate basis as described in
the Good-Walker mechanism [34].

The present work is organised as follows. In section 2, we briefly recapitulate the theory
of unitarisation in p(f)) scattering and the different schemes that have been proposed in the
literature. In section 3 we explain the Good-Walker representation [34]. In section 4 we
list the various parameters defining our fits. Additionally, we list all the p(f?) scattering
data that are used to determine our best fits. Finally, in section 5 we give our results and
discuss them in light of the existing literature, drawing our conclusions.

2 Brief survey of unitarisation schemes and fit to non-diffractive forward
data

The differential cross section for elastic scattering may be expressed in terms of the elastic
amplitude A(s,t) as
2
dael _ ‘A(S,t)‘
dt 16ws2

where ¢t = —¢q? is the square of the momentum transfer. At low energy, the term in

(2.1)

A(s,t) responsible for the growth of the cross section with s can be parameterised [35]
using the pomeron trajectory a(t), the proton elastic form factor F,,(t) and the coupling
pomeron-proton-proton g, as

N0
as.t) = g3, Fld (2) 6 22)

with £(t) the signature factor

_ama(t)

§(t) = —e

We shall consider here a dipole form factor, which is close to the best functional form [35],

(2.3)

although the exact functional form is not very important as we consider only integrated

quantities in this paper:
1

Fpp=—— (2.4)
(L =t/ty)?
The pomeron trajectory is close to a straight line [36], and we take it to be
a(t)=1+e+ apt. (2.5)



At high energy, the growth of this pomeron term and eventual violation of unitarity is
most clearly seen in the impact-parameter representation, where the Fourier transform of
the amplitude a (s, t) rescaled by 2s is equivalent to a partial wave

2 als :
X0 = [ (%12 -, (2:6)

The norm of this partial wave at small |b| exceeds unity around /s = 2 TeV [36].

To solve this problem, one introduces unitarisation schemes which map the amplitude
X(s,b) to the physical amplitude X(s,b). The latter reduces to x(s,b) for small s, is
confined to the unitarity circle | X (s,b) —i| < 1, and bears the same relation as eq. (2.6),
but this time to the physical amplitude:

2 s ) .
X(s,b) :/((2173214(2:)6‘1# (2.7)

The most common scheme is the eikonal scheme, and it has been derived for struc-
tureless bodies, in optics, in potential scattering and in QED. Another proposed scheme is
the U matrix scheme, which can be motivated by a form of Bethe-Salpeter equation [37].
Probably neither of these is correct in QCD, but going from one to the other permits an
evaluation of the systematics linked to unitarisation.

In the following, we shall actually use generalised versions of the schemes, which include
an extra parameter w [5]:

i .
Xp(s,b) = — |1 —elwx(=b) 2.8
E(Sa ) w [ € :| ) ( )
while the generalised U-matrix scheme requires:
x(s,b)
X b) = . 2.
U(87 ) 1— iwx(s, b) ( 9)

In both cases, the asymptotic value of X(s — 00,b) is 1/w, hence the traditional values
for w are 1 for the standard eikonal [37], and 1/2 for the standard U matrix [38]. Both
schemes map the amplitude x(s, b) into the unitarity circle for w > 1/2. In terms of partial
waves, the maximum inelasticity is reached for X (s,b) = i.

The total and elastic scattering cross sections may be readily expressed in these rep-
resentations as

Cror = 2/d2b Jm (X(5,B)), 0o = /d2b 1X (s, b)[°. (2.10)

Hence these unitarised schemes naturally lead to expressions for the total, elastic, and
hence inelastic, cross sections. We shall now use them to fit all the data in p(;_)) scattering
above 100 GeV, for which lower trajectories have a negligible effect. This includes the
following:

 pp total and elastic cross sections from TOTEM [13-17], and ATLAS [7, 8];

o pp total and elastic cross sections from CDF [21], E710 [22, 23], and E811 [25, 26]
experiments at TeVatron; and UA4 at SppS [19];



Scheme € ap (GeV~2) Gpp top (GeV?) | x%/d.o.f
U-matrix | 0.10£0.01 | 0.37£0.28 | 7.56+£08 | 2.5+0.6 1.436
Eikonal | 0.11+0.01 | 0.31£0.19 | 7.3£09 | 1.9+04 1.442

Table 1. x2/d.o.f and best-fit parameters obtained using the eikonal (w =
(w" = 1/2) unitarisation schemes without diffractive data [33].

1) and U-matrix

¢ Direct measurements of inelastic cross sections, i.e. not derived from total and elastic
measurements, from UA5 at SppS [20], ATLAS [9, 10], LHCb [12], ALICE [6], and
TOTEM [18].

This gives a total of 37 data points. In the next section, we shall also consider 6 extra
data points:

o Single diffractive pp cross sections from UA5 [20, 39] and E710 [40]; and
 pp single diffractive cross sections at various energies measured at ALICE [6].

The resulting fit leads to the following parameters of table 1.

3 Unitarisation and diffraction

The implementation of diffraction within a unitarisation scheme at high energy has to
confront two questions: how does one describe the diffractive amplitude at the Born level,
and how does one embed that amplitude within a unitarisation scheme?

The first questions has two answers. On the one hand, the asymptotic answer is
that, for high-mass final states, one should use the triple-reggeon vertices. However, as
the masses considered are not necessarily large, one must consider a variety of reggeons
lying on trajectories below that of the pomeron [41], and to include not only subdominant
trajectories (with intercept of the order of 1/2) but also sub-subdominant ones (with an
intercept of the order of 0). This introduces a multitude of parameters, of the order of the
number of high-energy data points available.

On the other hand, it is possible to consider a generic diffractive state D and the vertex
p—+ IP — D. A priori, this implies the consideration of a large number of channels for the
diffractive state D, and the introduction of many parameters. However, it has been shown
in [42] that for inclusive cross section, the consideration of one generic diffractive state | ¥p)
is sufficient, and that adding other states does not significantly improve the description of
the data. One however looses the information about the mass of the diffractive state.

We will concentrate in this paper on inclusive quantities, and on a generic diffractive
D, which is the seed of high-energy pions, and hence of high-energy muons, in cosmic ray
showers. This makes them of particular interest in view of the muon anomaly at ultra-high
energies (see [43] and references therein).

The second question concerns the description of multiple exchanges, which are expected
to be important at ultra-high energies. The problem is to include insertions that contain



the pIPD, the DIPp and DIPD vertices, and re-sum them. Solutions to this problem have
been proposed by Gotsman, Levin, and Maor (GLM) [42, 44] and further explored by
Khoze, Martin, and Ryskin [45-47] using the Good-Walker model [34]. We shall adapt
their method, originally proposed for the eikonal unitarisation, to any scheme, and more
specifically to the U-matrix unitarisation scheme.

At the Born level, the interaction of a proton with a pomeron can leave the proton
intact or turn it into a diffractive state D. GLM argue that it is possible to define two
states | 1) and | ¥9) which are not modified by the interaction with a pomeron:

| Up) =cosf | ¥1) +sinf | ¥g), and (3.1a)
| Up) = —sinf | Uy) + cosb | Uy), (3.1b)

with 6 an arbitrary angle. In this representation, the final states for elastic, single diffrac-
tive, and double diffractive amplitudes are given by | ¥, ¥,), | ¥,¥p), and | Yp¥p)
respectively.

Before we unitarise, we need the Born-level amplitudes a;;(s,t) = (V;¥; | T | U, W),
for i, j = 1,2. We shall assume that the pomeron is a simple pole at the Born level, so that
the amplitudes can be factorised in t space as e.g.

app—pp = (pP|T|pp) = ‘/:tlp(t)zR(57t) (3.2)
App—spD = App—pp = (pp|T|pD) = Vi () Vpp (1) R(s, 1)
app—pp = (DD|T|DD) = Vpp(t)*R(s,t)

t
with R(s,t) = (2 ol )5 t), and Vg (t) the vertex functions. All processes can be described
50

using 3 functions, V,,, Vpp and V,p = Vp,. We take them as

Vab = gabfab(t) (35)

where a and b are either p or D, gu are the coupling strengths and Fu;(t) is a form factor,
with Fu;(0) = 1. The nature of form factors for the eigenstates W1 2) cannot be determined
from experiments, therefore we invert the relations in eq. (3.1) to express W12y in terms
of Wy, py. This allows us to work with the proton and diffractive state form factors; we
assume the form factor for the latter is similar to that of the proton. The two GLM states

|W1) = cosf|p) —sinb|D) (3.6)
|Wq) = sin@|p) + cosb| D),

correspond to amplitudes
aij—k = (ij|T[kl) = Vie()Vi(t)R(s,1), 4,5 =1,2 (3.8)
which will be purely elastic if V15 = V51 = 0. This leads to

()
n200) = o~

(3.9)



and

Vi1 (t) = Vyp(t) cos®(6) + Vpp(t) sin?(0) — V,p(t) sin(26) (3.10)
Vaa(t) = Vpp(t) sin?(0) + Vpp(t) cos®(6) + Vpp(t) sin(26). (3.11)

Hence at this point, we have traded three amplitudes V,; for two amplitudes V;; and an
angle. We do not know, at the born level, how any of these should behave, except for V,,,(t),
for which the parameterisation (3.5) is a good representation at low energy [35]. One can
assume the same functional form holds for Vpp, hence we keep these two parameterisations.
Following GLM [2], we choose 6 as a final input. Clearly, it depends on t. However, as we
shall be considering integrated cross sections, and as the ¢ dependencies of the various Vy,
are not expected to be very different, it is reasonable to approximate

_ 9pD T 9Dp

tan(260(t)) ~ tan(26(0)) 9DD — Gpp

(3.12)

and keep it as a parameter. To translate this into a specific expression for Vi1 and Vag, we
eliminate V},p using eq. (3.9). This leads to

cos?(6) Vip(t) — sin?(0)Vpp(t)

u() = cos(26) (3.13)
Vao(t) = 6082(9>VDDC<2(;;)inQ<0>%p<t> (3.14)

These can be used to build the amplitudes that will enter into the unitarisation
schemes, using eq. (3.8). One can thus obtain the elastic, single-diffractive and double-
diffractive amplitudes from three purely elastic amplitudes [42, 44], given the fact that

a12—12 = A21—21:

App—spp = cos4(9)a11_>11 +2 0082(0) sin® (0)ara—12 + sin4(9)a22_,22 (3.15a)
app—pp = cos(6) sin(0)
x (—cos*(0)ar1s11 + (cos?(0) — sin®(0))aia_12 + sin®(0)age_s22)  (3.15b)

Qpp—DD = COS2(9) sinQ(Q)(aHHH — 2a19512 + a22‘)22)- (3.15C)

At this point, it is easy to unitarise the amplitudes a;j;;(s,t), following what was
done in section 2 for elastic scattering. One goes into impact parameter space to obtain
the corresponding x;j—i;(s, b), replaces the amplitudes at the Born level by their unitarised
version, as egs. (2.8) and (2.9):

E i iwxij—ij(s
X{75(s,8) = = [L = eovmu o] (3.16a)
iii(s,b)
XU (s b) = Xiji4 (5, . 3.16b
i (5:0) 1 — iwxij—ij(s, ) (316



and obtains the amplitudes of interest as in eq. (3.15):

X = cos?(0) X 11511 + 2 cos? () sin?(0) X 1212 + sin (0) Xo9_y20 (3.17a)
Xsq = cos()sin(0)

x (—cos?(0) X 1111 + (cos?(0) — sin?(0)) X 12512 + sin®(0) Xog_,20) (3.17D)
Xgq = cos?(0) sin(0)(X11511 — 2X 1212 + Xoo_322). (3.17¢)

The relevant 2 — 2 cross sections are then given by
Trot = 2/d2b Jm{X.) Ol = /d2b Xl (3.18a)
od = 2/d2b (1%sal*) 5 Tad = /d% | Xaal” (3.18D)
and the p parameter is defined by

_ Re {Xel(sat = O)}
C Im{Xy(s,t =0)}"

p(s,t=0) (3.18¢)

4 Fit parameters and data

Section 3 has introduced the basic ingredients and parameters of our model. First of all, one
has of course the parameters of section 2, i.e. € and o/, linked to the Pomeron trajectory
R(s,t), as well as gp, and tp,, linked to the pIPp vertex V,,(t). To describe diffractive
scattering in our scheme, one needs three more parameters: the DIPD coupling gpp, the

scale tpp in the form factor
1

(1—t/tpp)?

and the mixing angle #. Finally, one can introduce the parameters w and w’ corresponding

Fpp(t) = (4.1)

to extended unitarisation schemes.

Several remarks are in order at this point. First of all, we have considered the minimal
GLM scheme, where we mix the proton with one diffractive state. This corresponds to
a 2-channel unitarisation scheme. In principle, one could consider an N-channel scheme,
at the cost of multiplying the number of parameters N(N + 1)/2 + 8. Given the paucity
of diffractive data at high energy, going beyond N = 2 is not possible. Note that GLM
considered the case N — 3, and found that there is no significant improvement [42].

We can further limit the number of parameters by considering the two standard uni-
tarisation schemes, i.e. fix w = 1 and w’ = 1/2. We have checked that varying these
parameters lead to an improvement of only 0.01 in the x?/d.o.f.

Nevertheless, even in the 2-channel scheme, one still has an over-parameterisation. The
main problem comes from the fact that there is a strong correlation between the parameters
of V},, and those of Vpp, so that error bars are huge. As the pp parameters are determined



Expt Vs Otot [mb] Ol [mb] Oin [mb] 0sq [mb]
200 GeV 4.8+0.9
UA5 546 GeV 54+1.1
900 GeV 50.3+1.1 7.84+1.2
1.02TeV | 61.1 £9.9
E710
1.8TeV | 78.3+5.9 19.6 £ 3.0 81+1.7
7 TeV 9544+1.4 24.04+ 0.6
7TeV 69.4 +7.3
ATLAS
8 TeV 96.1 0.9 24.34+0.4
13 TeV 78.0 £ 3.0
2.76 TeV 62.8+3.4 122446
ALICE
7 TeV 73.24+4.3 14.9+4.7
7TeV 68.7+4.9
LHCbH
13 TeV 75.4+5.4
7 TeV 73.7+ 3.4
TOTEM
13 TeV 1106 £34 31.0+1.7

Table 2. High energy p(f?) experimental data set supplemented by data available in [48].

by the fits of section 2, we fix their values to their central values in that fit: g,, = 7.5 (7.3)

and

tpp = 2.6 (1.9) GeV? in the U-matrix (eikonal) schemes.

. . . . . (=) .
Since our focus is on high energy effects induced in p p  cross sections, we use exper-

imental data above 100 GeV. Together with the data set provided by the Particle Data
Group [48], table 2 includes the data from the following experiments:

pp total and elastic cross sections from TOTEM [13-17], and ATLAS [7, 8];

pp total and elastic cross sections from CDF [21], E710 [22, 23], and E811 [25, 26]
experiments at the TeVatron; and UA4 at the SppS [19];

Direct measurements of inelastic cross sections, i.e. not derived from total and elastic
measurements, from UA5 at the SppS [20], ATLAS [9, 10], LHCb [12], ALICE [6],
and TOTEM [18];

Single diffractive pp cross sections from UA5 [20, 39] and E710 [40]; and
pp single diffractive cross sections at various energies measured at ALICE [6].

A few caveats about our data selection are in order. We use measured data from ex-

periments that quote both statistical and systematic errors, and combine them in quadra-

ture

. We omit pp cross-section measurements from cosmic-ray experiments because the



dataset | number of points | x?
Otot 18 21.7
Oel 11 21.3
Oin 8 4.1
Osd 2.6

Table 3. The values of x? resulting from independent fits to quadratic polynomials in log(s),
illustrating the tensions in some parts of the dataset.

Scheme € o/p (GeV~2) 9pD tpp (GeV?) 6 (rad) x%/d.o.f
U-matrix | 0.11 £0.08 | 0.35+0.05 6.3+ 1.3 22404 0.11 £0.02 1.316
FEikonal | 0.124+0.04 | 0.31+0.10 | 8.81+0.12 | 1.37£0.05 | 0.20 +0.02 1.328

Table 4. y?/d.o.f and best-fit parameters obtained using the eikonal (w = 1) and U-matrix
(w’ = 1/2) unitarisation schemes with single diffractive data. The parameters of the pp vertex are
fixed to the central values of table 1.

reconstruction of these events uses Monte Carlo showering codes such as SIBYLL [49] and
QGSJET-II [50] which use the eikonal unitarisation scheme.

As discussed in [33], there is considerable tension amongst the total and elastic cross
sections at the same or similar energies from different experiments (see also [51, 52]).
We quantify these inconsistencies by fitting each kind of cross section with a quadratic
polynomial in log s, the resulting x? shown in table 3.

We particularly note that at centre-of-mass energies of 7 and 8 TeV, total and elastic
cross sections from TOTEM are consistently 1o higher than those from ATLAS. The low
statistics we have to work with prevents us from determining which experimental results
are the outliers, so we shall continue to use all of the data points with the cognisance
that the resulting x? will inevitably be high. When including single diffractive data, this
enforces a baseline minimum of x? = 49.6 for 43 data points.

Furthermore, we do not include double diffractive cross-section measurements [6, 53,
54] in our fits since a proper description of these cross sections has so far eluded any
theoretical description. We have checked that our models are not able to reproduce these,
even if we free all possible parameters. We show the discrepancy in figure 1.

5 Results

We give the results of our fits in figure 1 and table 4. We obtain equivalent fits for the
U matrix and the eikonal, with respective values of the x?/d.o.f of 1.316 and 1.328. As
discussed in section 4, these high values are driven by disagreements in the elastic data at
the high energies. With this understanding, it is clear that the data allows for U-matrix
unitarisation scheme. Either scheme describes the total and elastic cross sections equally
well; however, the U-matrix scheme provides a slightly better fit to the high-energy single
diffractive data than does the eikonal, as can be seen in figure 1.
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Figure 1. Top left: total, elastic, and inelastic cross sections obtained with best-fit parameters for
the U-matrix (solid curves) and the eikonal schemes (dashed curves) without using single-diffractive
data. Top-right: same as top-left but when single diffractive data is included in the fits. Bottom-
left: single diffractive cross-sections for best-fit values of the parameters when using the U-matrix
(solid curves) and eikonal schemes (dashed curve). Bottom-right: double diffractive cross-sections,
which are not well fit by either scheme.

The parameters of the pomeron trajectory are not affected by the inclusion of the
diffractive data, as they have a much lower weight than the elastic data. The parameters
linked to the diffractive state are consistent with the physical picture underlying our model:
the diffractive state is slightly bigger than the proton hence its scale tpp is slightly lower
than t,,.

As noted previously, the double diffractive cross sections p(]_)> — 2X [6, 53, 54] are
not fitted well by either of the unitarisation schemes. We show this in figure 1 (bottom-
right panel).

Multiple experiments have investigated the ratio of the real part of the elastic scattering
amplitude to its imaginary part at different centre-of-mass energies. Although we do not
use p data in our fits, we can predict its values at different /s using our best-fit parameters
and compare these predictions against the experimental data. We find that the values of
p and its slowly-falling shape as a function of /s are largely consistent with experimental

~10 -
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Figure 2. The growth of the single-diffractive cross section with lab energies up to /s = 10! GeV
for both the U-matrix unitarisation scheme (solid curve) and the eikonal (dashed curve). We show
a lo error band in the U-matrix case. The corresponding band is similar in the eikonal case, but
we omit it for clarity.

data between 100 GeV and 7TeV (see e.g. [48]). We predict p = 0.131 £ 0.009 for either
unitarisation scheme at /s = 13 TeV. This agrees with the result p = 0.14 in [55]; however,
it is in tension with the value of p ~ 0.10 obtained for the 13 TeV TOTEM data both by
the collaboration itself [56] and in [57].

Despite their equivalence for existing data, the two schemes give significantly different
predictions for the single-diffractive cross section at ultra-high energies. Unlike the total,
elastic, and inelastic cross sections, the single diffractive cross section obtained using the
eikonal scheme is noticeably different from that obtained using the U-matrix, with the
former exhibiting a slower growth with energies than the latter, as shown in figure 2. This
difference is especially significant for ongoing cosmic-ray experiments measuring the pp
cross-section at high energies from tens of TeV up to the GZK cut-off, Ep.p ~ 5 x 1010 GeV.
As the single-diffraction is the parent process to forward pions, and hence to forward
muons, it seems that considering different unitarisation schemes would lead to different
muon multiplicities at ultra-high energies.

6 Conclusions

We have shown how the scheme proposed by Gotsman, Levin and Maor [42, 44] could
be adapted to other unitarisation schemes. We have also shown how the vertices of the
mixed states could be deduced from those of the proton, allowing a more constrained
parameterisation.

Using up-to-date collider data on p(z_)) total, elastic, and single diffractive cross sections,
including 13 TeV data from recent LHC experiments, we have determined best fits to the

- 11 -



parameters governing these cross sections in the context of different unitarisation schemes.
Specifically, we have shown that the U-matrix scheme fits the data as well as the more
ubiquitous eikonal scheme. In fact, the fits have a slight preference for the U Matrix. This
difference is driven by the single diffractive cross section, especially at high energies, while
the best-fit total and elastic cross sections are nearly identical up to energies of 13 TeV
when using either of these schemes.

A consequence of the indifference of the elastic cross section to the choice of the unitari-
sation scheme up to tens of TeV is that values of the p parameter remain largely unaffected
by the choice of the scheme too. We use our best-fit parameters to compute this parameter
across different energies, and find that the corresponding values conform to existing data,
to the exception of the TOTEM measurement at 13 TeV.

We have also analysed how the fits improve if one uses the generalised eikonal and
U-matrix schemes and we find that these generalisations — at the cost of an additional
free parameter (w or w’) — do not improve the fits significantly.

The upshot of our analysis is that the overall best-fit cross section, in light of up-to-
date collider data, is obtained using amplitudes unitarised via the U-matrix scheme. The
resulting p(f)) single diffractive cross section shows a sharper growth at high energies than
does the one obtained using the more commonly used eikonal scheme, and unitarisation
could have an impact on the description of ultra-high-energy cosmic-ray showers.
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