
Energy Geotechnics – Wuttke, Bauer & Sánchez (Eds)
© 2016 Taylor & Francis Group, London, ISBN 978-1-138-03299-6

Temperature distribution in the vicinity of a borehole heat exchanger for
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ABSTRACT: Existing analytical solutions for thermal analysis of closed-loop ground heat exchangers systems
evaluate temperature change in the heat carrier-fluid and the surrounding ground in the production period of
Borehole Heat Exchangers (BHE) only if a continuous heat load is assigned. In the present study, we solve
analytically the heat conduction/advection/dispersion equation in porous media, for intermittent heat extrac-
tion. We convolute rectangular function or pulses in time domain both for single and multi-BHEs field. The
solution includes non-symmetric configurations around the BHEs by considering anisotropic features induced
by groundwater convection or intrinsic anisotropy of thermal conductivity. Thermal dispersivity linked to the
ground water flow is also considered.

The validity of the analytical model is checked through the comparison with results obtained from numerical
finite element code. The comparison results agree well with numerical results both for conduction and advection
dominated heat transfer systems, and analytical solutions provide significantly shorter runtime compared to
numerical simulations. The developed tool allows also to investigate the recovery aspects and the sustainability
of closed-loop ground heat exchangers systems in terms of temperature and the energy deficit of the ground.

1 INTRODUCTION

The Ground Source Heat Pump (GSHP) system tech-
nologies are the most often application of the shal-
low geothermal energy use and primarily reduce the
energy consumption for the space heating and cooling
supplied from the conventional systems.

In order to evaluate the necessary drilling depth of
a borehole heat exchanger and the regulation of the
heat input, the specific heat extraction rate should be
optimized regarding the characteristics of the hydro-
geological conditions for the long term operational
effects in the fields.

This is particularly the case for multi-BHEs that
may affect significantly the ground temperature on
a relatively large area. After an operation period of
BHEs, the ground needs time to recover from the tem-
perature drop to sustain the performance of the system
in the long-term run (e.g. 30 years) (Signorelli 2004;
Rybach and Eugster 2010).

In order to investigate an operation both with the
heat extraction and the subsequent recovery periods
of BHEs, including the groundwater flow dispersion
in a porous medium and the axisymmetric heat trans-
fer along the BHE, the 3D numerical simulation tools
undergo a large computational effort and require long
execution time. On the other hand, most of the analyti-
cal solutions described in literature consider a constant
continuous heat extraction/injection in timemerely for
a single BHE (Eskilson 1987; Zeng et al. 2002; Sutton

et al. 2003; Diao et al. 2004;Marcotte et al. 2010;Man
et al. 2010;Molina et al. 2011). Until now, intermittent
heat extraction can be taken into account through sim-
plified assumptions (Eskilson 1987; Hellström 1991;
Claesson and Eskilson 1988).

Theobjective of this study is to develop an analytical
solution to evaluate temperature change in the ground
both for single and multi-BHEs that considers inter-
mittent heat extraction, thermal conduction, advection
and dispersion. This new analytical solution may fur-
ther help to investigate the regulatory issues such as
the recovery of groundwater temperature after the use
of GSHP systems, and also can be used in TRT oper-
ations for predicting the ground thermal properties
(Erol et al., 2015).

We start from theGreen’s functionwhich is the solu-
tion of heat conduction/advection/dispersion equation
in porous media and apply an analytical convolution
of that function with a rectangular function or pulses,
which have different period length and pulse height.
The evolution of the mean fluid temperature of the
carrying fluid to maintain a constant heat extraction
rate is evaluated along the time. Temperature evalua-
tion in the surrounding ground is also deduced. The
developed equation is verified with the finite element
method software COMSOL Multiphysics. Further-
more, the energy balance of the ground is investigated
with the analytical solution during 30 years of produc-
tion period, and the subsequent energy recovery of the
ground after the system is shutdown.
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2 ANALYTICAL DEVELOPMENT

2.1 Single BHE

In geothermal literature, the existing finite and cylin-
drical analytical solutions with a constant heat load
may provide satisfactory estimation of ground ther-
mal parameters to design closed-loop ground heat
exchangers systems (Deerman and Kavanaugh 1991;
Kavanaugh and Rafferty 2014; Gehlin 2002). In a real
case, the systems can be operated with various periods
in a given time for different heat extraction/injection
rates, instead of a continuous operation as assumed in
most of other previously presented analyticalmethods.
Some authors evaluated the temperature change for
TRT operation in the vicinity of a single BHE or BHEs
field with an analytical solution by usingmultiple load
aggregation algorithms (Yavuzturk 1999; Bernier et al.
2004; Marcotte and Pasquier 2008; Lamarche 2009;
Michopoulos and Kyriakis 2009; Michopoulos and
Kyriakis 2010). However, some of those approaches
may not be appropriate in all cases to evaluate the
accurate temperature change in the ground due to
neglecting the axial effect, considering only single
BHE or not taking into account groundwater flow. In
particular when Darcy’s velocity in porous media is
considered, the thermal dispersion coefficients must
be taken into account, because thermal dispersion has
a large impact on the distribution of the temperature
plume around BHE, for Darcy’s velocity larger than
×10−8 m/s (Molina et al. 2011).

The governing equation of the heat advec-
tion/dispersion in porous media is given as follows:

in which uw,x is the Darcy’s velocity on the x-direction,
s is a volumetric heat source, and ρmcm is the vol-
umetric heat capacity of the medium, which can be
calculated as the weighted arithmetic mean of the
solids ρscs and volumetric heat capacity of water ρwcw
(de Marsily 1986):

The components of effective longitudinal and trans-
verse thermal conductivities are defined on the direc-
tions of x, y and z as follows (Hopmans et al.
2002):

where λm is the bulk thermal conductivity of porous
medium in the absence of groundwater flow, ̟l and
̟t are the longitudinal and transverse dispersivities,
respectively.The thermal dispersion is a linear function
of groundwater flow and relates to the anisotropy of the
velocity field (Molina et al. 2011; Sauty et al. 1982).

The solution of the partial differential equation for
heat transfer in porous media (Eq. 1) is obtained from
the Green’s function G of a pulse point source QP at
the given point coordinates (x′, y′, z′) and time t = 0
(Metzger 2002):

In order to take into account the axial effect and the
groundwater flow, this solution can be applied for the
response of a constant line-source with finite lengthH
along the vertical z direction with a pulse heat extrac-
tion after applyingmoving source theory (Carslaw and
Jaeger 1959) by integrating Eq. 5 along the z-axis
(Diao et al. 2004):

where QL is a pulse heat input per meter depth and vT
is thermal transport velocity that can be calculated as
follows (Molina et al. 2011):

In order to simplify Eq. 6, the exponential function can
be integrated by using u-substitution method:
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The limits of u-value becomes:

Substituting Eq. 10 and Eq. 11 into Eq. 8, allows to
re-write the equation as:

The integration of exponential function f = exp(−u2)
can be expressed with error function:

By taking the integration of exponential function,
therefore, Eq. 12 reduces to:

with simplification, Eq. 14 can be expressed with the
error functions as follows:

To apply an intermittent injection or extraction of
heat in time domain, we convolute analytically Eq.
15 with a single or a series of different rectangular
pulses referring to the duration of operations in time.
For instance, f (x, y, z, t) function is convoluted with
a rectangular heat flow rate function qL(t) defined as
follows:

in which T is the period of heat extraction. qL is the
heat flow rate taken as independent of the depth in our
simulations.

The convolution of qL and f function is written as
follows:

For the analytical evaluation of the convolution inte-
gral equation, we discretize both qL and f functions
with a differential of 1t. So, the convolution as a sum
of impulse responses at coordinates (x, y, z) is given as:

where n denote the time span, i 1t is the time delay of
each unit impulse, and the delayed and shifted impulse
response becomes qL (i 1t)f (t-i 1t) 1t.

Byusing the samemethod, it is possible to convolute
f functionwith rectangular pulseswhich have different
pulse height and length in given identical time span of
f function. Thus, recovery period of the ground can
be investigated after a production of a single BHE and
the numerical computational effort will be decreased.

2.2 Multi-BHEs

In case of multi-BHEs, analytical solution Eq. 15 can
be solved in a sum function (Eq. 19) depending on the
grid coordinates of each line heat source as illustrated
in Figure 1.
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Figure 1. Illustration of multi-BHEs geometry demonstrat-
ing the grid coordinates.

in which s represents the number of BHEs. We con-
sider the impact of groundwater flow on each BHE at
x direction by taking into account thermal transport
velocity vT .

The sumC(x, y, z, t) can be convoluted as described
in the previous Section 2.1 to apply intermittent heat
extraction as follows:

3 VALIDATION

The developed analytical solutions (Eq. 18 and Eq.
20), for intermittent heat extraction, are verified with
3D numerical models. For the verification, numerical
model setup, initial and boundary conditions of the
model, input parameters and comparison of the numer-
ical and the analytical solution results are presented in
the following.

3.1 Numerical model setup

In order to validate the analytical solution devel-
oped above, simple cases for single and multi-BHEs
have been considered through numerical models
using COMSOL Multiphysics software. The common
numerical characteristics are described here for both
single and multi-BHEs field models. The study is car-
ried out by a 3Dhomogeneousmodel domain andBHE
is represented with the line heat source(s) (W m−1). A
model domain of 40m× 40m in the horizontal direc-
tion and 60m in the vertical direction is set for the
simulation. The length of line heat source is 50m for
each. The mesh is generated using uniform tetrahedral
elements. The coordinates of single and multi-lines
heat sources are shown in Figure 3.

In order to get a better resolution of the temperature
variations around the line source, close to it the mesh
is further refined along the length of line source and
also along the line on which the observation point are
placed (at the depth of 25m).

Figure 2. Load profile of heat extraction.

Table 1. Common initial input parameters for the model
domain of single and multi-BHEs field.

Parameters Value

Initial temperature ◦C (To) 0
Bulk thermal conductivity of porous medium 2.4a

W m−1 K−1 (λm)
Effective thermal conductivity in the 6.6b

longitudinal direction W m−1 K−1 (λx)
Effective thermal conductivity in the transverse 2.82b

direction W m−1 K−1 (λy = λz)
Volumetric heat capacity MJ m−3 K−1 (ρmcm) 2.8a

Groundwater flow / discharge m s−1 (uw,x) 1× 10−6c

Longitudinal thermal dispersion coefficient (̟l) 1d

Transverse thermal dispersion coefficient (̟t) 0.1d

a Representative values taken from (VDI-Richtlinie 2000).
b Calculated values according to Eq. 3 and 4.
c Assigned only for the models in which heat advec-
tion/dispersion is considered.
d Values taken from (Hecht-Méndez et al. 2013) to calculate
effective thermal conductivities.

As the boundary conditions, the load profile of heat
extraction with three different extraction periods can
be seen in Figure 2. The simulation time is restricted
to 160 days. The top of the model surface tempera-
ture is fixed to 0◦C, as well as identically assigned
initial temperature, to observe the relative tempera-
ture change in the subsurface. Initial input parameters
are given in Table 1. Thermal dispersion is taken into
account leading to anisotropic thermal conductivity of
the medium, as described by Eq. 3 and 4.

The number of elements changes depending on the
model of single or multi-lines heat sources (Table 2).
For the simulations, the basic heat transfer module of
COMSOL Multiphysics, which uses Fourier’s law, is
used, and the groundwater flow is imposed through
a homogeneous velocity field. The Backward Euler
(Crank-Nicolson Scheme) timemarchingmethodwith
RMS error tolerance of 10−3 is applied and the max-
imum time step interval set to 86400 s due to better
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Table 2. Summary of the model setup for verification.

Parameter Value

Type of problem 3D
Numerical method for heat Standard Galerkin-FEM
transfer
Simulation time 160 days
Number of elements solved for 834,679/1,975,633
single BHE model/multi-BHEs
model
Solver type Flexible Generalized

Minimal Residual method

Table 3. Comparison the execution times and time steps for
single BHE.

Number of
time stepa Runtime

Model (Total simulation) [s] a

Analytical solution (Eq. 18) 2562 9b/13c

Numerical model 1 162 15986
no groundwater flow
Numerical model 2 162 16974
with groundwater flow of
1× 10−6 m/s

a Hardware specifications: Intel, 4 core i-5 3.10 GHz, RAM:
16 GB.
b Calculation for 5 observation points.
c Calculation for 7 observation points (Figure 4 and Figure 5).

robustness. Table 2 provides a summary of the model
setups.

For verification plots, temperature changes are
observed in time on the x direction of the coordinate
system (Figure 3).

3.2 Single BHE

The Eq. 18 is solved on MATLAB and compared with
the numerical results. According to the results, the
analytical method solution agrees well with numer-
ical results both under conduction (Figure 4) and
advection/dispersion dominated heat transfer systems
(Figure 5). Comparing the results of temperature dif-
ference between conduction and advection/dispersion
heat transfer systems, the impact of the groundwater
flow/dispersion appears clearly. The first heat extrac-
tion phase generates larger temperature decrease in the
point located in the x-directionwhen groundwater flow
and dispersion are considered. However, the recovery
phase is accelerated due to water flow. Consequently,
the subsequent heat extraction induces lower tempera-
ture change in the ground close to the BHE.Also, with
time, temperature is impacted at larger distance in the
direction of the water flowwhen the groundwater flow
and the dispersion are considered (at 10 m, 1T= 0.8
K with water flow vs 1T= 0.2 K without water flow).

The significant advantage of analytical method can
be seen in Table 3. The execution time of Eq. 18 is

approximately 1500 times smaller than the runtime of
numerical models. Note that, for the analytical solu-
tion, the computation time depends on the number
of observation point. It has the advantage that it can
reduce the calculation time as a function of the amount
of required information.

3.3 Multi-BHEs

Eq. 20 is solved on MATLAB and compared with
the numerical results. According to the results, again
the analytical method solution agrees with numer-
ical results both with (Figure 6) and without the
groundwater flow (Figure 7).

The small discrepancy between the results of advec-
tion/dispersion case can be accounted for the mesh
discretization of the numerical simulation. Compari-
son of Figure 6 and Figure 7 shows that the maximum
temperature decrease in the ground is substantially
reduced by the groundwater flow (from –12K to –8K
in the simulated case).

4 SUSTAINABILITYAND RECOVERY
ASPECTS

The objective of this section is to evaluate the long-
term sustainability of the system and the energy
deficit of the ground by comparing the temperature
distribution in the vicinity of a BHE and the heat
fluxes.

Figure 3. Illustration of temperature observation points on
the x direction: a) for single BHE b) for multi-BHEs field.
Groundwater flow is set on the x direction.
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Figure 4. Comparison of numerical and analytical solution
results at the depth of 25m for single line heat source without
groundwater flow. Induced by the load profile of Figure 2.

Figure 5. Comparison of numerical and analytical solution
results at the depth of 25m for single line heat source. Under
groundwater flow of 1× 10−6 m/s on the x-axis direction.
Induced by the load profile of Figure 2.

Figure 6. Comparison of numerical and analytical solution
results at the depth of 25m for multi-BHEs field without
groundwater flow.

The study is carried out with the developed ana-
lytical solution on MATLAB. The scenario contains
a production period of 30 years, and a subsequent
recovery phase, which is identical duration as the
production period. A constant continuous heat extrac-
tion of 10.27Wm−1 is applied along 30 years oper-
ation period (the total amount of heat extraction
9000 kWh per year= 50Wm−1

× 100m× 1800 h is
distributed hourly for a single BHE with a length of
100m). The bulk thermal conductivity of the ground
is λm = 1.5Wm−1 K−1, and the bulk volumetric heat

Figure 7. Comparison of numerical and analytical solu-
tion results at the depth of 25m for multi-BHEs field under
groundwater flow of 1× 10−6 m/s on the x-axis direction.

capacity is 2.5MJm−3 K−1. The thermal properties
of the ground are set as an average value of soils,
which can be seen in shallow subsurface such as
clay or silica-sand, and the groundwater flow is not
considered.

In Figure 8, the relative temperature change results
are plotted (e.g. the temperature difference between
plume temperature ensuing from the operation and ini-
tial ground temperature) during the production and the
subsequent recovery phase of the ground. The results
show that even at 10m distance from the BHE, the
mean temperature decrease is nearly 0.3K after 30
years of the ground temperature recovery.

Moreover, the bulk energy deficit of the ground
demonstrated in Figure 9 is calculated based on the
volume integration method respect to the tempera-
ture change. During the production period, the Eq. 20
accounts for the balance between the energy extrac-
tion and the lateral heat flux in the ground and during
the recovery period only the lateral heat flux in the
ground is considered. The bulk energy deficit in the
ground can be calculated in axisymmetric conditions
as follows:

in which H is the length of the BHE and we assume
that the energy deficit is identical along the length,1T
is the temperature change respect to time interval 1t,
dR is the radial distance interval, and R is the radial
distance.

Compared to the evaluation of the recovery phase
respect to the temperature gradient (Figure 8) and
regarding to the energy balance in the ground (Fig-
ure 9), it can be seen that the justification based on the
local change of the ground temperature does not pro-
vide a straight insight compared to the replenishment
of the bulk ground energy deficit Actually, the fast
decline of the temperature deficit after the shutdown
of the system is not translated by such a rapid drop of
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Figure 8. Temperature probe of the scenario. Temperature
probes at the depth of 50m from surface.

Figure 9. The bulk ground energy deficit of Scenario 4,
basalt.

energy deficit. The total amount of extracted energy
by the BHE over the production period is around
9.72× 1011 Joule (=10.27Wm−1

× 100m× 30 years
×3.15× 107 s/year) and the net energy deficit in the
ground after this 30 years of the production period is
around 2.7× 1011 Joule, which means that approxi-
mately 70% of the energy already recovered during
the production period by the ground lateral heat fluxes
(see Figure 9). After subsequent 30 years of recovery,
nearly 98 % of the extracted heat is recovered.

In the near-field, the consideration of the tem-
perature change is plausible to know if the local
temperature drops to the freezing point of the ground-
water, but the bulk energy deficit gives more global
information about the energy recovery of the ground.

5 CONCLUSION

Analytical solutions of GSHP systems are prefer-
able to have a better comprehension about the heat
transfer system of the ground. Starting from the
Green’s function, which is a solution of the con-
duction/advection/dispersion heat transfer in porous
media, we deduced an analytical solution that provides
temperature distribution around single and multi-
BHEs for intermittent heat extraction or storage.Axial
effect and groundwater flow are considered. The pro-
posed analytical solutions are validated with numeri-
cal code. Non-symmetric distribution of temperature

plume is obtained due to advection and dispersion pro-
cesses induced by the groundwater movement. The
new approach provides significantly shorter computa-
tion time compared to numerical simulation to obtain
the temperature results of a long-term production of
GSHP systems and subsequent recovery period.

The consideration of the temperature change in the
vicinity of a BHE does not give the direct insight in the
replenishment of the bulk ground energy deficit. By
taking into account the bulk vertical and the lateral heat
fluxes around the BHEs, the evaluation of the energy
recovery may be more realistic.

As a perspective, our analytical model can serve as
a tool to predict the ground thermal evaluation around
the BHEs during the heat extraction/injection opera-
tions and in the subsequent recovery phase after the
GSHP system is shutdown. However, the limitations
of the model is that we did not take into account the
top surface and the bottom heat fluxes which may
accelerate the recovery process in long-term, and the
performance of the GSHP system may increase more
than we estimated here.
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