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The need for floating structures 
increases throughout the world.

Opportunities for Cleaner Energy Production Alternatives to Land Reclamation

Possibilities for Crossing Large and Deep Straits

21h -> 13h 
for 1100 km 
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The nodal variances can be computed efficiently 
with a complete quadratic combination scheme.
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The nodal variances can be computed efficiently 
with a complete quadratic combination scheme.

e.g. bending moment in the Viaduct of Millau

+5,3%

+35%

-10%-8,5%

With mode correlation
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The extension at third order gave birth to  
the Multiple Timescale Spectral Analysis.

• It is mathematically justified with the perturbation theory. 
  

• It is based on the existence of sharp and distinct peaks. 

• It generalizes B/R to crossed and higher-order statistics. 

• It provides simple and efficient analytical approximations.

ACCURACY RAPIDITY

1 + 1 = 2

SIMPLICITY

(a)

,

(b) (c)

MODEL
PARAMETERS

Bispectrum
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What if the excitation triggers the inertial regime ?

Wave

Wind

background 

resonant 

resonant 

inertial

0.05 rad/s 0.5 rad/s

0.05 rad/s 0.5 rad/s
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typical added damping typical added mass 

neither classical, nor negligible and also frequency-dependent 

What if the hydroelastic effects are considered ?

[Giske 2016]
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SDOF MDOF

1) Theoretical Novelties 
2) Minimalistic Example

3) Theoretical Novelties 
4) Realistic Applications

What about the inertial component ? What about the hydroelastic effects ?
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The loading process is quadratized 
to express its spectrum more easily.

Wave Model 
Linear Airy Wave Theory

Load Model 
Non-Linear Morison Equation

System Model

main inputs: current speed + sign. wave height + wave peak period

velocity-feedbackwave  kinematics

wave 
load
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The loading process is quadratized 
to express its spectrum more easily.

System Model

main inputs: current speed + sign. wave height + wave peak period

velocity-feedbackwave  kinematics

wave 
load

Quadratized Loading Linear Term Quadratic Term+=

+=LOAD

fct. of      , the relative wave height 

& the wave peak frequency

Wave Model 
Linear Airy Wave Theory

Load Model 
Non-Linear Morison Equation
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The structural kernel is characterized 
by four poles + two monomial trends.

FRF

FRF

|        |2

sharper if more 
slightly damped

background 
regime

inertial 
regime
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Multiple Timescale Spectral Analysis 
Objective : find a unified formulation.

"slow" load

LOADING

RESPONSE

KERNEL

x

=

"fast" load
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Multiple Timescale Spectral Analysis 
Objective : find a unified formulation.

"slow" load "fast" load

LOADING

RESPONSE

KERNEL

x

=

background 

resonant resonant 

inertial



1. Introduction     2. SDOF Theory     3. Minimalistic Example     4. MDOF Theory     5. Realistic Applications     6. Conclusion 27

Multiple Timescale Spectral Analysis 
Objective : find a unified formulation.

"slow" load "fast" load

LOADING

RESPONSE

KERNEL

x

=

sharp & distinct peaks

cst across both peaks 
of the structural kernel

natural frequency far 
from peak frequency

thus OK to use MTSA

IF

&

THEN

background 

resonant resonant 

inertial
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FRF|        |2

It is usual to approximate locally both  
peaks in the kernel to separate them.
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FRF|        |2

It is usual to approximate locally both  
peaks in the kernel to separate them.

due to symmetryx  2

leading term for in this zone

x  load at + nat. freq.

x  load at + nat. freq.
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A partial fraction expansion of the kernel 
can separate the peaks in an exact way.

FRF

FRF

OR

FRF|        |2

KERNEL  
=

+x

multiply 2 x 2 poles sum 4 x 1 pole
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A partial fraction expansion of the kernel 
can separate the peaks in an exact way.

FRF
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     cst = load at - nat. freq. = load at + nat. freq.FRF|        |2
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A partial fraction expansion of the kernel 
can separate the peaks in an exact way.

FRF

FRF

ORmultiply 2 x 2 poles sum 4 x 1 pole

FRF|        |2

KERNEL  
=

+x

x     cst = load at - nat. freq. = load at + nat. freq.
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The loading components differ by  
the degree of the monomial trends.

"slow" load

LOADING

RESPONSE

KERNEL

x

=

background 

resonant 

monomial of degree 0

and exact value at 

background regime

cst    xcst   x
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The loading components differ by  
the degree of the monomial trends.

LOADING

RESPONSE

KERNEL

x

=

"fast" load

resonant 

inertial

monomial of degree -4 
inertial regime

and exact value at 

cst    xcst   x
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The transition background-inertial is 
ensured by the multiplicative factor.

complete 
integrand 

"slow" load "fast" load
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The transition background-inertial is 
ensured by the multiplicative factor.

complete 
integrand 
resonant 

component

remaining 
integrand 

loading (b-i) 
component

background inertialnothing left

"slow" load "fast" load



1. Introduction     2. SDOF Theory     3. Minimalistic Example     4. MDOF Theory     5. Realistic Applications     6. Conclusion

0

42

The transition background-inertial is 
ensured by the multiplicative factor.

complete 
integrand 
resonant 

component

1 1

because

remaining 
integrand 

loading (b-i) 
component

background inertialnothing leftmultiplied by

=

"slow" load "fast" load



1. Introduction     2. SDOF Theory     3. Minimalistic Example     4. MDOF Theory     5. Realistic Applications     6. Conclusion 43

SDOF MDOF

1) Theoretical Novelties 
2) Minimalistic Example

3) Theoretical Novelties 
4) Realistic Applications

What about the inertial component ? What about the hydroelastic effects ?
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The resonant term increases 
with the relative wave height.

/ /

"slow" load "fast" load
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Quadratized Loading
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/ /

"slow" load "fast" load

VARIANCE

RESPONSE

Quadratized Loading

The resonant term increases 
with smaller damping ratios.
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/ /

"slow" load "fast" load

VARIANCE

RESPONSE

The resonant component disappears 
if the loading is inertial and linearized.

Linearized Loading

no more resonant

10-2 10-1 100 101

100

103

10-3

10210-2 10-1 100 101

100

103

10-3

102



1. Introduction     2. SDOF Theory     3. Minimalistic Example     4. MDOF Theory     5. Realistic Applications     6. Conclusion 56

SDOF MDOF

1) Theoretical Novelties 
2) Minimalistic Example

3) Theoretical Novelties 
4) Realistic Applications

What about the inertial component ? What about the hydroelastic effects ?
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

truncation 
projection

(        )adv. + inc.

damping
classical 
 or 
negligible 

hypotheses
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

truncation 
projection

(        )adv. + inc.

damping
classical 
 or 
negligible 

hypotheses
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

SSF modal 

truncation 
projection

(        )adv. + inc.

damping

standard EP 
doubled size

classical 
 or 
negligible 

freq. dep. negligible 
State-Space 
Formulation

hypotheses
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

SSF modal 

truncation 
projection

(        )adv. + inc.

damping

standard EP 
doubled size

classical 
 or 
negligible 

freq. dep. negligible 

hypotheses

State-Space 
Formulation
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

SSF modal 

SSF + ASE

truncation 
projection

(        )adv. + inc.

damping

standard EP 
doubled size

classical 
 or 
negligible 

freq. dep. negligible 

infinite series expansion 
1st + 2nd if small coupling

Asymptotic Series 
Expansion

hypotheses

&fct
not inverted

State-Space 
Formulation
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

SSF modal 

SSF + ASE

truncation 
projection

(        )adv. + inc.

damping

standard EP 
doubled size

classical 
 or 
negligible 

freq. dep. negligible 

infinite series expansion 
1st + 2nd if small coupling

Asymptotic Series 
Expansion

hypotheses

&fct
not inverted

freq. dep. restricted 

State-Space 
Formulation
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The FRF matrix can be computed 
once a diagonal matrix is inverted.

equations FRF

MCK nodal

MCK modal

SSF modal 

SSF + ASE

truncation 
projection

(        )adv. + inc.

damping

standard EP 
doubled size

classical 
 or 
negligible 

freq. dep. negligible 

infinite series expansion 
1st + 2nd if small coupling

Asymptotic Series 
Expansion

hypotheses

&fct
not inverted

freq. dep. restricted 

State-Space 
Formulation

Scenario 1 
                 

Scenario 2 
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The FRFs exhibit half the poles and 
monomial trends of different slopes.

SSF

Lin. Log.

m is odd m is even

1 x 2

2 x 1
modify slopesVS

MCK

twice the size half the poles
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The kernel is complex-valued and the 
eigenfrequencies form conjugate pairs.
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separated peaks
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The kernel is complex-valued and the 
eigenfrequencies form conjugate pairs.

interacting peaks
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A partial fraction expansion of the kernel  
can separate the peaks in an exact way.still

FRFm

FRFn

ORmultiply 2 x 1 pole sum 2 x 1 pole
KERNEL  

=

x

+
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A partial fraction expansion of the kernel  
can separate the peaks in an exact way.still

FRFm

FRFn

OR
KERNEL  

=

x

load at mth nat. freq. load at nth nat. freq.

+

multiply 2 x 1 pole sum 2 x 1 pole
x x
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A partial fraction expansion of the kernel  
can separate the peaks in an exact way.still

FRFm

FRFn

OR
KERNEL  

=

load at mth nat. freq. load at nth nat. freq.

x

x x

int.  
res. thm. 

multiply 2 x 1 pole sum 2 x 1 pole

load at mth nat. freq. load at nth nat. freq.

x x
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A partial fraction expansion of the kernel  
can separate the peaks in an exact way.still

FRFm

FRFn

OR
KERNEL  

=

x

x x

int.  
res. thm. 

psd at mth nat. freq. psd at nth nat. freq.

multiply 2 x 1 pole sum 2 x 1 pole
x x

+
load at mth nat. freq. load at nth nat. freq.



1. Introduction     2. SDOF Theory     3. Minimalistic Example     4. MDOF Theory     5. Realistic Applications     6. Conclusion 71

The monomial trends in the kernel 
depend on the pairs of FRFs parts.

FRFm
FRFn

x

It changes the exponents in the loading components.
They rely on numerical integrations in the nodal basis.
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A few modifications are needed if the  
properties are frequency-dependent.

FRFm FRFnx FRFkx

The structural kernel has three poles and steeper slopes at first order.

The hydroelastic matrices are considered as constant across the peaks.

Use values at: 

- all of the natural frequencies  
(as for the PSDs of loading) 

- the peak frequency of waves  
(as for the structural kernel)
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frequency 
dependent 
properties

damping 
non 

classical

 SDOF 
B + R

BOTH 
R + I

matched 
loading 

component

along the thesis

Released hypotheses

Davenport

Denoël

Geuzaine

 MDOF 
B + R
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in the end

Released hypotheses with 
a consistent degeneration.

along the thesis

frequency 
dependent 
properties

damping 
non 

classical

 SDOF 
B + R

BOTH 
R + I

matched 
loading 

component

Davenport

Denoël

Geuzaine

 MDOF 
B + R
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Realistic Applications
A simplified 2D model inspired by the Bergsøysund Bridge in Norway 

A 3D model of the future Bjørnafjorden Bridge, to be build in Norway 

1

2

[NPRA, Fenerci et al. 2022]

[Kvale et al. 2016]
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Realistic Applications
A simplified 2D model inspired by the Bergsøysund Bridge in Norway 

A 3D model of the future Bjørnafjorden Bridge, to be build in Norway 

1

2

[NPRA, Fenerci et al. 2022]

[Kvale et al. 2016]
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Parameters of the Model

surge

sway

yaw

• deep water and short-crested waves 
• absence of cables > linear behaviour 
• a significant wave height of 2,4 m 
• a wave peak frequency of 2,2 rad/s 
• thus, a wave peak period of 2,85 s
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Scenario 1 
freq. dep. is negligible 

use constant properties 
                 

Scenario 2  
freq. dep. is just limited 

use freq. dep. properties

Modal Analysis Results



1. Introduction     2. SDOF Theory     3. Minimalistic Example     4. MDOF Theory     5. Realistic Applications     6. Conclusion 79

Scenario 1 
freq. dep. is negligible 

use constant properties 
                 

Scenario 2  
freq. dep. is just limited 

use freq. dep. properties
closest  
  to

overestimatedModal Analysis Results
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except for

Modal Analysis Results

Scenario 1 
freq. dep. is negligible 

use constant properties 
                 

Scenario 2  
freq. dep. is just limited 

use freq. dep. properties

overestimated
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smaller 
damping

greater 
damping

Modal Auto-PSDs

Scenario 2 - reference + expansion

Scenario 1 - reference + decomposition

more 
resonant

less 
resonant

backgroundresonant
inertial
mixed second order

leading order
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almost nothing

6

Modal Auto-PSDs

Scenario 2 - second order term + decomposition

Scenario 2 - leading order term + decomposition

backgroundresonant
inertial
mixed second order

leading order
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Modal Cross-PSDs

1-4 3-14 13-15

Scenario 1 - reference + decomposition

inertial mixed
background

backgroundresonant
inertial
mixed second order

leading order
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Modal Cross-PSDs
Scenario 2 - reference + expansion + decomposition

inertial mixed background

1-4

backgroundresonant
inertial
mixed second order

leading order
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Modal Cross-PSDs
Scenario 2 - reference + expansion + decomposition

inertial mixed background

3-14

backgroundresonant
inertial
mixed second order

leading order
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Modal Cross-PSDs
Scenario 2 - reference + expansion + decomposition

13-15

backgroundresonant
inertial
mixed second order

leading order
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Modal Correlations
Scenario 1 - reference + approximation + decomposition

Reference Decoupling Approximation MTSA Decomposition

Decoupling Error MTSA Error

Loading Component

Resonant Component
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Modal Correlations
Scenario 2 - reference + approximation + decomposition

Reference Decoupling Approximation MTSA Decomposition

Decoupling Error MTSA Error

Loading Component

Resonant Component

less 
error

more 
resonant
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Nodal Recombinations
REFERENCE - MTSA 1 - MTSA 2
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Nodal Recombinations
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Nodal Recombinations
REFERENCE - MTSA 1 - MTSA 2

surge

sway

yaw
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Gain in CPU time thanks to MTSA 
increases with the number of dofs.

re
du

ct
io

n

element / segment
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Realistic Applications
A simplified 2D model inspired by the Bergsøysund Bridge in Norway 

A 3D model of the future Bjørnafjorden Bridge, to be build in Norway 

1

2
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Results in a Nutshell
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Results in a Nutshell
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Results in a Nutshell



1. Introduction    2. 2nd order, SDOF    3. 2nd order, MDOF    4. Realistic Applications    5. 3rd order, SDOF    6. Conclusion 100

Wave-loaded floating structures 
can be analyzed 10-100x faster.

ACCURACY RAPIDITY

1 + 1 = 2

SIMPLICITY

• background, inertial & matching 
• non-classical damping matrices 
• frequency-dependent properties 
• partial fraction expansion of FRF 
• avoid to project/invert matrices

AT SECOND ORDER, BUT NOT COMPLETELY AT THIRD ORDER... YET!
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Wave-loaded floating structures 
can be analyzed 10-100x faster.

ACCURACY RAPIDITY

1 + 1 = 2

SIMPLICITY

AT SECOND ORDER, BUT NOT COMPLETELY AT THIRD ORDER... YET!

YEAH !

• background, inertial & matching 
• non-classical damping matrices 
• frequency-dependent properties 
• partial fraction expansion of FRF 
• avoid to project/invert matrices
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For the resonant component, it is usual 
to approximate each peak in the kernel.

FRF|        |2

LOAD

LOAD

cst.

cst.

leading term for

& symmetric for

x  2
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The loading components differ by  
the degree of the monomial trends.

FRF|        |2

LOAD

FRF|        |2 monomial of degree -4 

monomial of degree 0

and exact value at-----  

and exact value at-----  

& symmetric for

background regime

inertial regime

cst  x

cst  x


