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Abstract. In applications requiring a large magnetic force, permanent magnets
with non-parallel magnetization directions can be assembled in a Halbach array to
generate a large gradient of magnetic flux density. The saturation magnetization
of permanent magnets, however, brings a fundamental limit on the performance
of this configuration. In the present work, we investigate experimentally the as-
sembly of cuboid bulk, large grain melt-textured YBasCuszO7_, superconductors
(~14x14x14 mm?) with orthogonal c-axes so as to form a basic unit of Halbach
array. The experiments are carried out at 77 K.

The experimental distribution of the magnetic flux density above the array of
trapped-field superconductors is compared to a similar array made of permanent
magnets. A simple analytical model is developed and is shown to accurately
reproduce the main experimental observations. The results suggest that a
redistribution occurs in the current flowing in the central sample when the
distance between the superconductors is reduced, whereas the neighbouring
superconductors are unaffected. It is shown that this current redistribution yields
a reduced contribution of the central sample to the magnetic flux density above
the centre of the array and a new negative contribution associated with stray fields
to the magnetic flux density at this location. This interpretation is confirmed by
modelling of the distribution of transport currents in the superconductor using a
3D finite element model.

Bulk superconductor, trapped field magnet, magnetic field gradient, interacting bulk
superconductors, flur pinning
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1. Introduction

The force acting on a magnetic material results both
from the magnitude and the gradient of the magnetic
flux density B. Applications involving such a force
range from large lifting electromagnets down to mag-
netic matrices machined at the micrometre scale to
attract fine magnetic particles [1], depending on the
length scale of the gradient. In this work, we consider
a compact system producing a magnetic gradient on
the centimetre scale typical of magnetic drug delivery
applications [2].

Two different methods are typically considered to gen-
erate the gradient. The first is the use of a “Halbach ar-
ray” which consists of an assembly of permanent mag-
nets with non-parallel magnetization which leads to an
increase in the magnetic flux density on one side of the
assembly. Recent work has aimed to optimize an ar-
ray of neighbouring Nd-Fe-B to increase the gradient
while taking into account the repelling forces during
the assembly process [3-6]. Although other Halbach
arrangements exist, the most common configuration
corresponds to the case in which the magnetizations
of neighbouring permanent magnets are perpendicu-
lar. This corresponds to the configuration investigated
in this work. The second method involves taking ad-
vantage of the magnetic flux density gradient resulting
from the insertion of a soft ferromagnetic material in a
large uniform DC field. This “dipole field navigation”
technique was successfully demonstrated in 2015 [7].
One advantage of this second method is that the large
uniform DC field can also be used to fully magne-
tize the nanoparticles to be guided [8]. In both above
mentioned methods however, the saturation magneti-
zation pgMsgas of the magnetic material used (1.4 T for
Nd-Fe-B permanent magnets [9,10] and 2.4 T for soft
ferromagnetic Fe-Co alloys [11]) limits the maximum
achievable field and field gradient.

In this context, the ability of bulk superconductors to
trap large magnetic fields is of great interest as they can
be employed as pseudo-permanent or “trapped-field”
magnets. The trapped field of such magnets can be
enhanced by increasing their dimensions [12,13] and is
not limited by any saturation magnetization. The max-
imum field trapped in a bulk superconductor to date
is 17.6 T [14], almost one order of magnitude higher
than the fundamental limit for iron. Instead of bulk
materials, a stack of thin superconducting tapes can
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also be very efficient in trapping a field. It has been
shown that these “quasi bulks” are also able to reach
a trapped field in excess of 17 T [15].

With such values, magnetized superconductors are an
attractive alternative for permanent magnets in ap-
plications requiring a large flux density Bora large
gradient of flux density V||B|| [16-23]. In particular,
magnetic drug delivery was demonstrated using two
separated bulk superconductors with parallel magneti-
zations [24-26], or under a DC field, using a “zebra”
architecture of alternated superconductors and ferro-
magnets to generate the required gradients [27].

In this work, we experimentally evaluate the combi-
nation of several cuboid superconductors in a Halbach
configuration. The assembly process is more critical
than for a classic Halbach array given that the trapped
current loops in each magnetized sample may be al-
tered by the proximity of another sample. The magne-
tization of two neighbouring superconductors in the ar-
ray being perpendicular, the situation is actually com-
parable to a “crossed-field” configuration, in which the
trapped field of a superconductor is affected by an ex-
ternal magnetic field which is not parallel to the main
axis of magnetization [28-36].

In a few reports, the placement of several trapped field
superconductors in close proximity was investigated
[37]. A DC field varying sinusoidally in space was gen-
erated through the use of two staggered rows of station-
ary samples with parallel magnetizations [38-40]. A
magnetic concentration effect was successfully demon-
strated by exploiting flux trapping together with flux
exclusion with samples having different critical temper-
atures [41,42]. A circular Halbach array of supercon-
ductors for rotating machines was proposed and de-
signed by Hull et al [43]. Experiments involving the
combination of several superconducting magnets with
perpendicular magnetizations however remains unex-
plored and is studied in details in this paper.

2. Experimental methods

In order to study the feasibility and the effectiveness
of a superconducting Halbach array made of three
magnetized cuboid superconductors we first consider
the development and design of the experimental
system.  This system should allow the clamping
of pre-magnetized superconducting magnets, their
reproducible motion and the measurement of the
properties of the resulting Halbach array. The most
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relevant constraints considered during the design of the
experimental system are listed below:

e The cryogenic temperature required is achieved by
keeping the bottom part of the system in a liquid
nitrogen bath. The experimental system uses
Permaglas M730 for the parts partially immersed
in liquid nitrogen, while the rest of the system
including the motors, aluminum mechanical
guides, and position sensors are maintained at
room temperature above the cryogenic bath.
This results in safer manipulations for the
user and mitigates the problems related to
thermal expansion of the precise translation and
positioning mechanism.

e Due to large flux density trapped in the
superconductors, significant magnetic forces are
expected to develop within the array. The system,
therefore, has to generate a translational motion
of trapped field superconducting magnets over a
range of 20 cm while handling safely the significant
repulsive forces between the superconductors.
These forces are evaluated numerically to exceed
60 N for an array of permanent magnets having
individual remnant magnetization comparable to
the typical trapped field at 77 K of the bulk
YBasCuzO7_, cuboid superconductors used in
this work. It should be highlighted that these
repulsive forces develop mainly in a direction
perpendicular to the axis of the array.

e Low magnetic susceptibility is required for the
structure to avoid any magnetic interaction other
than that occurring between the superconducting
samples. For this reason, the sample holders are
machined in aluminum (y ~ 107%).

A view of the experimental system fulfilling the above
requirements is presented in Figure 1.
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Figure 1. Picture of the experimental rig used to assemble and
measure a linear Halbach array.

Figure 1 shows how the system is made up of five dif-
ferent carriages, allowing five magnets to be accommo-
dated. The central carriage is fixed while the other
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four can be moved by activating two different trape-
zoidal lead screws. The motion of these four carriages
is guided by two rods. Their positions are precisely
measured with potentiometers. A gearbox allows the
selection of the activated lead screw. A sample holder
system intended to be immersed in liquid nitrogen is
mounted on each carriage. Although the system was
designed to allow the manipulation of five samples,
only Halbach arrays made up of 3 samples were in-
vestigated in this work.

A Hall probe mapping system equipped with a cryo-
genic Hall sensor is incorporated into the experimen-
tal rig so that trapped field measurements can easily
be performed on the assembled superconducting Hal-
bach array. More specifically, during each experiment
a mapping of the magnetic flux density is performed in
a plane parallel to the surface of the configuration at a
distance of 1 mm from the surface of the central sam-
ple. The distribution of the magnetic flux component
perpendicular to the array (B,) along the alignment
direction (line z) is extracted from this mapping and
shown for each case. The position of the mapping plane
with respect to the studied configuration is presented
schematically in Figure 2.

Mapping plane

1 mm §

Figure 2. Schematic representation of the Hall probe mapping
performed on the assembled array in each experiment. The
samples represented here can either be permanent magnets or
trapped field magnets.

The experimental system was first tested by assem-
bling a classical Halbach array made up of three cubic
(12x12x12 mm?) Nd-Fe-B permanent magnets at am-
bient temperature. In this preliminary experiment, the
permanent magnets were clamped in the experimental
rig and the array was assembled by approaching the
peripheral samples towards the central one at a speed
of 0.6 mm s~! until contact between them.

The superconducting YBas;Cu3zOr7_, samples investi-
gated in this work were fabricated by the TSMG
method [44-47]. The exact dimensions of the samples
and their respective positions in the array are given in
Table 1 and in Figure 3 respectively.

In the assembled array, each bulk superconducting
sample was magnetized parallel to its c-axis, i.e the
c-axis of sample 2 is parallel to the z-direction while
the c-axes of samples 1 and 3 were respectively parallel
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Table 1. Dimensions of the superconductors involved in the
superconducting Halbach array.

Sample ag ay a,
number [mm| [mm] [mm]
1 15.2 14.1 14.1
2 14.4 14.4 15.9
3 14.3 14.3 14.5
Gy
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Figure 3. Position of the superconductors in the superconduct-
ing Halbach array.

and anti-parallel to the z-direction. Furthermore, the
seed of sample 2 wad located on the side where the
mapping is performed while the seeds of samples 1 and
3 were located on the faces in contact with sample 2.

The assembly of the superconducting Halbach array
was achieved by first magnetizing each sample, one
after the other at 77 K using a field cooling procedure
from 1.2 T. The applied field was parallel to the c-axis
of the superconductor and removed at a constant rate
of 1 mT s~!. At the end of the magnetization of the
third sample, a period of 45 minutes was allowed for
magnetic relaxation. The samples were then inserted
and clamped in the experimental rig shown in Figure 1.
At this point, the distance separating each sample (~
80 mm) was large enough to assume no interactions
between them [48]. The array was assembled by
moving the external samples towards the central one
at a speed of 0.6 mm s~! until the three samples
were in contact. A second period of 45 minutes was
then allowed to let further magnetic relaxation occur
before measuring the flux density distribution above
the assembled array, as described above.

3. Models

3.1. Analytical Model

A simple analytical model allowing the computation
of the 3 components of the magnetic flux density
generated by cubic permanent magnets can be derived.
This model assumes that the field generated by a
cubic permanent magnet can be modelled by a surface
current density, K , flowing at the surface of the
magnet.

Let wus first consider the magnetic flux density
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generated by a quarter of a permanent magnet carrying
a surface current of amplitude K.. More particularly,
let us consider two different current lines containing
respectively the points kand k + dze, both located on
the surface of the magnet. These lines define a surface
carrying a total current I= K.dz€, as represented in
Figure 4 (a).

Figure 4. (a) Schematic representation of the analytical model
of a quarter of a permanent magnet, (b) Numbering of the four
quarters of permanent magnet.

It is assumed that the magnetic flux density dB
generated by the green surface in Figure 4(a) at point
P can be computed with the Biot-Savart law, which
writes:

_MOKC %gyx(ﬁ_E)
1P — k|

dy dz. (1)
-3
The magnetic flux density generated at point P by the
quarter of permanent magnet can thus be computed

by integrating the expression (1) over the height of the

ﬁ» M() K, 3 gy X _’ E)
% 1P = K[[?
Noting o?(z, z) = (Px — )% + (P, — 2)? and solving
(2) for the = and z-components one can obtain the
relations (10) and (11) presented in appendix. The
magnetic flux density generated by the full permanent
magnet can then be computed simply by adding the
contributions of each quarter. The number assigned to

dy dz. (2)
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each quarter and the expression of the total magnetic
flux density is presented in Figure 4(b) and in equations
(3) to (7) respectively.

By = f(Ps, Py, P.)é, + g(Py, P, P,)é., (3)
By = f(Py,~Py, P.)é, + g(P,, — Py, P.)e., (4)
Bs = —f(=Pu, —P,, P.)é + g(—Ps, —P,, P.)E.,  (5)
By = —f(=P,, Py, P,)& + g(—P,, P, P.)é., (6)
Biot = B1 + B + B3 + Ba. (7)

A similar procedure was applied to compute analyti-
cally the magnetic flux density generated by a magne-
tized cubic bulk superconductor. The model considers
a completely magnetized superconductor in the criti-
cal state (Bean model [49]) with square current loops
strictly parallel to the a — b planes. The model also
assumes that the critical current density is a constant,
field-independent value equal to J. over the whole su-
perconductor. Let us consider the magnetic flux den-
sity generated by a quarter of this superconductor, as
shown schematically in Figure 5 (a). More particu-
larly, let us consider four different current lines con-
taining respectively the points E, k+ dacé’x,l; + dyeéy
and k + dze, + dz€,. These lines define a volume car-
rying a total current I=1J, dzdz€, as represented in
Figure 5 (a).

P= Py &+ Py &, + P, ¢,
k=xzé,+yé, +ze,

:
R 1
€, a :
Y L2
€x a

Figure 5. (a) Schematic representation of the analytical model
of a quarter of a superconductor, (b) Position of the points P;
and PQ.

It is assumed that the magnetic flux density dB
generated by the volume shown in green in Figure 5(a)
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at the point P can be computed with the Biot-Savart
law. Similarly to the calculation done for permanent
magnets, this expression can be integrated over the
quarter of superconductor to compute the flux density
at point 15, which writes:

B // /Lm . |P(_]3||E)dydzdsc (8)

where L(z) is the length of the current line containing
the point k. In the case of a cubic superconductor in
the critical state, L(z) = 2.

The first two integrals appearing in equation (8) are
similar to those for permanent magnets. The x and
z-components of the magnetic flux density thus take
the integral form presented in equations (12) and (13)
in appendix. The total magnetic flux density can be
computed by applying the equations (3) to (7) with
the functions f* and g¢* instead of f and g¢g. This
expression can be simplified at two particular points
exploiting the different symmetries of the generated
flux density. The first point P corresponds to the
geometrical centre of the top surface of the cube; the
second point ]32 corresponds to the geometrical centre
of a lateral surface. At these points, only the z-
component of the flux density does not vanish and
their values can be computed semi-analytically using
the equations (14) and (15) (given in appendix). From
these equations, the ratio B2 /BI is found not to
depend on the critical current density of the sample
nor on its size. It only depends on the aspect ratio of
the superconductor, for a cube, B?/BF is equal to
0.16 ~ 1/6.

It should be highlighted that the model presented in
this section can easily be extended to parallelepiped
samples by inserting integration bounds in equations
that are not equal to each other, i.e. a; # ay # a., in
equations (2) or (8). Also, it is possible to take into
account a possible variation of J. along the c-axis of
the superconductor by incorporating this dependence
in equation (8).

3.2. Finite element model

In order to obtain a deeper understanding of the phys-
ical phenomena arising during the assembly process, a
numerical tool was developed in the GetDP environ-
ment. Starting from the “A-formulation” developed
n [50], the code was extended to investigate the in-
teraction between several magnetized bulk supercon-
ductors in relative motion with respect to each other.
The modelling of the motion is performed by updat-
ing the position of the superconducting regions at each
time step and by projecting the A-field computed at
the previous time step in these regions. The remeshing
of the domain required by such an approach increases
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significantly the numerical cost of the method, which
prevents us from using a fine mesh to solve the prob-
lem. Given the absence of symmetry, a 3D modelling
should be carried out. In order to keep a reasonable
computation time, the size of the mesh inside the su-
perconducting regions is around 1/12 of the cube side
a (~ 1 mm). The purpose of the simulations consists
in the qualitative understanding of the phenomenon
occurring during the assembly rather than obtaining a
quantitative agreement with experimental results.
The zero field cooling magnetization of an individual
cubic superconductor (14x14x14 mm?) is first simu-
lated to compute the initial A-field distribution. The
temperature of the superconductor is assumed to be
constant (77 K) for the modelling. The magnetiza-
tion process, therefore, is assumed to be carried out
in zero-field cooled mode, with a maximum field equal
to 2.4 T, i.e. twice the magnetizing field used in the
experimental field cooled procedure. During this mag-
netization process, the field is increased and then de-
creased at a constant rate of 1 mT s~!. The critical
exponent is fixed to a typical value for YBayCu3zO7_,
bulk superconductors at 77 K: n = 20 [51]. The aver-
age critical current density is fixed to 2.3x10% A m—2
so that after 45 minutes of magnetic relaxation, the
remaining current density flowing in the superconduc-
tor is close to the value deduced experimentally. The
critical current density is also assumed to be homoge-
neous and isotropic. Two cases are considered : (i)
a field-independent J.. or (i) a field-dependent .J.(B)
following a Kim dependence [52] considered as:

= 1
JC(B) = JCO — = -
L+Bl|/Bo

In this case, the parameter By is chosen equal to 0.5 T,
in agreement with .J.(B) behavior reported at 77 K for
other bulk melt-textured YBazCuzOr_, samples [53].
The value of J, is adjusted so as the field-averaged J,.
between 0 and 1.2 T, i.e. the maximum flux density
experienced by the superconducting sample during the
experiment is equal to the field-independent value, i.e.
2.3x108 A m~2.

The initial A-field distribution before any relative
motion of the superconductor is evaluated 45 minutes
after the end of the magnetization. The assembly
process of three identical cubic magnetized bulk
superconductors in a Halbach array is then simulated
as follows. The initial distance separating each bulk
from its neighbour is set to 40 mm and the individually
computed A-field distributions are projected in each
sample. The separating distance is then reduced at a
rate of -1 mm s~! until it reaches a value of 0.5 mm.

9)

4. Results and discussion

We now move to the experimental results which
are divided in three parts. First, an individual
characterization of the samples used throughout
the work is presented. Secondly, measurements
performed on a Halbach array made up of three cubic
(12x12x12 mm?) Nd-Fe-B permanent magnets at
ambient temperature are presented. The investigation
of this well-known configuration will allow us to
highlight the characteristics that are specific to
superconducting trapped field magnets later on.
Finally, we focus on the experiments performed at 77
K to assess the feasibility of assembling a Halbach
array made of 3 magnetized cuboid YBayCu3zO7_,
bulk superconductors.

4.1. Characterization of individual magnets

A Hall probe mapping is performed for each Nd-Fe-
B permanent magnet at ambient temperature 1 mm
away from the surface of the sample. The value of K,
used in equation (11) is adjusted to obtain the best
agreement between experimental data and analytical
predictions. This leads to K. = 105 A m~! for all the
samples. Considering this surface current, the perma-
nent magnets are expected to exhibit a magnetic mo-
ment m equal to 1.77 A m2. This value is confirmed
experimentally through the direct measurement of the
magnetic moment using a bespoke flux extraction mag-
netometer able to accommodate magnetized samples of
large size [54].

Preliminary trapped field measurements are then
performed on each cuboid superconductor considered
in this work. After the magnetization process described
in Section 2, a period of 45 minutes is allowed for
magnetic relaxation and the trapped field is measured
on both sides of the sample. The trapped flux density
value at the centre of the top and bottom faces of each
sample are shown in Table 2.

Table 2. Trapped field value at 77 K for the three investigated
bulk superconductors. The top surface corresponds to the
surface including the seed.

Sample  Trapped field 1 mm over Trapped field 1 mm over
number the top surface [mT)] the bottom surface [mT]
1 440 112
2 466 145
3 461 98

A striking feature that can be observed for each
sample in Table 2 is the noticeable difference between
the trapped field measured above the two opposite
surfaces of the superconductor. This observation can
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be explained by a progressively decreasing J. away
from the seed of the sample, as an inhomogeneous
J. is sometimes found for melt-textured (RE)BCO
superconductors [55-57]. In this work, we use a
simplified approach which consists in considering a
critical current varying along the c-axis in order to
approximate the trapped flux density both on top and
bottom faces of the sample. Further details concerning
the considered evolution of the critical current density
along the c-axis are given in appendix. Using the
adjusted analytical model, the maximum flux density
trapped inside the superconductors is found to be equal
to 1.2 T. This results highlights that a field cooling
process under 1.2 T is enough to fully magnetize the
bulk superconductors to be used in the Halbach array.
Note that due to the non homogeneous J. distribution
along the c-axis, the maximum magnetic flux density
is not reached at the geometrical centre of the sample
within this model.

4.2. Halbach array with 38 permanent magnets

Three permanent magnets are assembled at ambient
temperature in a Halbach array using the experimental
procedure described in Section 2. Figure 6 shows the
measured magnetic flux density distribution along the
line z at 1 mm above the top surface of the Halbach
array. The measurements are also compared to the
predictions of the analytical model described in Section
3.1. In this configuration, the model assumes a simple
vector summation of the flux density generated by each
permanent magnet in the array and that no alteration
of the individual magnetization is considered.

As can be seen from the data represented in Figure
6, the analytical model predicts very appropriately
the magnetic flux density distribution measured
experimentally. This observation gives evidence
that the Halbach configuration including 3 Nd-Fe-B
permanent magnets can be seen as the simple addition
of the individual and independent contributions of the
flux density generated by each magnet. This result is
expected since the applied field pgH should typically
exceed 1 T to observe irreversible demagnetization of
Nd-Fe-B magnets [58], which is much larger than the
stray fields (~ 500 mT) of the permanent magnets
used. As expected for Halbach arrays, this summation
of individual contributions leads to an increase of
30% of both the maximum value of the magnetic flux
density reached and the magnetic flux density gradient
generated 1 mm away from the array.

4.8. Halbach array with 8 bulk superconducting
magnets

In this section we investigate the three cuboid
bulk superconductors characterized previously now

1mm I
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Figure 6. Evolution of the z-component of the magnetic flux
density generated 1 mm away from the surface of a single Nd-
Fe-B permanent magnet and of a Halbach array made up of
three Nd-Fe-B permanent magnets along the line . The red
vertical lines are located at the border of the samples. The
experimental data are compared to an analytical model assuming
a simple vector summation of the flux densities generated by
each permanent magnet in the array and no alteration of the
individual magnetization.

combined in a linear Halbach array. Both numerical
and experimental approaches are investigated and the
main difference with Nd-Fe-B permanent magnets are
highlighted.

4.3.1. Modelling We first examine the current den-
sity inside the bulk superconductor determined using
the 3D finite element model described in Section 3.2.
Figure 7 compares the current density distributions be-
fore and after the assembly process of the array when
the critical current density J. is assumed to be field-
independent. This comparison is carried out in two
different planes. Plane 1 (shown in red in Figure 7) in-
cludes the c-axis of the central sample and the centres
of all the samples. Plane 2 (shown in green in Figure 7)
is parallel to the contact surface between the samples
and cuts the central sample at 0.1 mm from its edge.

As can be observed in Figure 7, the finite element sim-
ulation predicts a reorganisation of the current den-
sity distribution inside the samples during the assem-
bly process. More particularly, this reorganisation is
expected to occur only in a region close to the con-
tact surface between neighbouring samples. In the
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Figure 7. Comparison of the y and z-components of the current density distribution before and after the assembly of the
superconducting Halbach array computed by the finite element model. A field-independent critical current density of 2.3x108

A m~2 is considered in this simulation.

simulation this region is found to be only one finite-
element thick, the actual thickness is thus expected to
be smaller or equal to 1 mm. The numerical confir-
mation of this value would require a refinement of the
mesh in the superconducting regions, which would dra-
matically increase the numerical cost of the simulation.
An alternative way of determining this thickness with
the analytical model will thus be proposed in the next
section.

A qualitative understanding of the current distribution
after the assembly process may already be extracted
from the results in Figure 7. We first look at the results
in the central sample. Before the assembly, the current
distribution in this sample is close to the distribution
expected for the critical state, i.e. a uniform current
density for which Plane 1 is shared symmetrically with
positive and negative values. The situation changes
significantly when the samples are in close vicinity, es-
pecially in regions close to the neighbouring supercon-
ducting samples. As appears from the results in Plane
2, the supercurrents close to the sample borders flow
in loops that are perpendicular to the z-axis after the
assembly of the array, i.e. perpendicular to the direc-
tion of magnetization in the two neighbouring samples.
The z-component of the magnetic flux density gener-
ated by these regions over the centre of the array is
thus smaller than before assembling the configuration.
In addition, these modified current loops are found to
oppose the field generated by the closest neighbouring
sample. This redistribution is expected to have two
consequences: (i) a decrease in the contribution of the
central sample to the magnetic flux density above the
centre of the array, and (ii) the apparition of a new
negative contribution to the magnetic flux density at
this location.

From the results shown in Figure 7, it can also be no-
ticed that the current distribution in the peripheral

samples is much less affected than the current in the
central sample during the assembly process. The cur-
rent loops in these samples are found to remain mostly
perpendicular to the z-axis and are close to their initial
distribution. This much smaller impact on the cur-
rent distribution of the two peripheral samples may
be understood considering that beside its own trapped
field, the only significant field contribution experienced
by a peripheral sample during the assembly process
corresponds to the return field lines associated to the
trapped field of the central sample. From the results
obtained in Section 3.1, this contribution is expected
to be approximately 6 times smaller than the trapped
field of the central sample, regardless of the particu-
lar value of the critical current density. The situation
is completely different for the central sample which is
aligned with the c-axis of the peripheral samples and is
thus subjected, at the end of the assembly process, to
a maximum field amplitude equal to the trapped field
at the centre of their top surfaces.

A second finite element simulation introducing this
time the critical current density dependency upon the
magnetic flux density in the model is then performed.
The current density distributions computed before and
after the assembly process in Plane 1 and 2 are pre-
sented in Figure 8. From the results presented in Fig-
ure 8, it can be observed that taking into account a
relatively strong field dependence of J. as the one re-
ported in equation (9), instead of a constant J., does
not bring any qualitative change to the conclusions of
this finite element study.

4.3.2. FExperimental results The experimental assem-
bly process and the measurement method followed in
this experiment are presented in Section 2. The first
model to which measurements of the flux distribution
above the array are compared assumes that the mag-
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Comparison of the y and z-components of the current density distribution before and after the assembly of the
superconducting Halbach array computed by the finite element model.

The considered field dependence of the critical current

density is given in equation (9), with J.o = 4.5 x 108 A m~2 and By = 0.5 T.

netized bulk superconductors behave similarly to per-
manent magnets during the assembly of the array. The
current density distribution in each superconductor is
thus assumed to remain unchanged even after having
brought the superconductors in close vicinity. Figure 9
presents a comparison between the magnetic flux den-
sity distribution, measured at 77 K, 1 mm away from
the surface of the array and the sum of the individual
contribution of each sample computed with the ana-
lytical model described in Section 3.1. Note that the
model takes into account the inhomogeneous distribu-
tion of J,. in each sample.

As observed in Figure 9, the agreement with experi-
mental data is good above the peripheral samples of the
array. However, it may be noted that the model assum-
ing no alteration of the individual magnetization signif-
icantly overestimates the maximum flux density gener-
ated above the centre of the superconducting Halbach
array; the maximum field measured experimentally is
471 mT, i.e. only 5 mT higher than the trapped field
of sample 2, while the analytical model assuming no
modification of current density in the central sample
predicts a field of 530 mT. The contribution of samples
1 and 3 to the magnetic flux density over the centre of
the array thus appears to be rather small, unlike the
Halbach array made of Nd-Fe-B permanent magnets.
This observation can be compared with the predictions
of the finite element model, suggesting that the cur-
rent density distribution of the central superconductor
is modified during the assembly process.

In order to improve the agreement with the experi-
mental magnetic flux distribution, the analytical model
used to compute the magnetic flux density generated
by the array is then modified with a slightly different
current density distribution. Based on the qualitative
observations performed with the finite element model,
it is assumed that the interactions between the sam-
ples result in a current redistribution occuring in two
zones of equal thickness e on both sides of the super-
conductor located at the centre of the array, as shown
schematically in Figure 10. In these zones, the current
is modelled to flow in loops perpendicular to the z di-

1mm I
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Figure 9. Evolution of the z-component of the magnetic flux
density generated 1 mm away from the surface of a Halbach
array made up of three cuboid bulk superconductors along the
line z. The blue vertical lines are located at the border of the
superconducting samples. The experimental data are compared
to an analytical model assuming a simple vector summation of
the flux densities generated by each superconductors in the array
and no alteration of the individual magnetization.

rection in such a way that it opposes the contribution
of the closest neighbouring sample. The current den-
sity there is also assumed to be field-independent and
anisotropic, i.e. the current density in the z-direction is
three times smaller than the value J; y,q4 Of the central
superconductor (sample 2). This anisotropy leads to a
more elaborated current distribution in these zones as
represented schematically in Figure 10 [59,60]. The
magnetic flux density generated along the line x by
such a distribution is then computed for several values
of the thickness e. The results are compared to the



Trapped field of a superconducting Halbach array

experimental data in Figure 11.

Assembly
process

(&

inalan

/
t
J

m:J.=0
(Model 2)

Figure 10. Schematical representation of the analytical model
of a superconducting Halbach array accounting for the samples
interactions. The red arrows shows the current distribution in
the samples before assembling the array while the yellow arrows
shows the modifications induced by the interaction during the
assembly process.

It is observed in Figure 11 that for values of e ranging
from 0 to 2 mm, the magnetic flux density distribution
over the peripheral superconductors is only weakly
affected by the modification of the current distribution.
Then focusing on the value of the field generated
above the centre of the array, it can be noticed
that increasing the thickness e of the zones where
the current distribution is altered leads to a decrease
of this central field. The value of the thickness e
can thus be adjusted in order to fit the central field
value measured experimentally while conserving a good
agreement above the peripheral sample. From Figure
11, it appears that a thickness e = 0.8 mm leads
to a fair agreement between experimental results and
analytical predictions. It should be emphasized that
the computed value of e is smaller than 1 mm as
expected by the finite element simulation.

In practice, the current density distribution is likely
to be more elaborated than the simplified picture
shown in Figure 10. Nevertheless, this very simple
approach allows the determination of the thickness
e effortlessly and is able to capture effectively the
main features of the actual magnetic flux density
generated by a superconducting Halbach array. The
analytical computations also seem to confirm that the
main obstacle to the applicability of superconducting
Halbach array is linked to a demagnetization of the
central superconductor during the assembly of the
configuration.

Finally, it should be noticed that the flux distribution
over the central superconductor is weakly affected by
the non-uniform distribution of J.. This is shown in

10
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Figure 11. Evolution of the z-component of the magnetic flux
density generated 1 mm away from the surface of a Halbach
array made up of three cuboid bulk superconductors along the
line z. The blue vertical lines are located at the border of the
superconducting samples. The curves represent the predictions
of the analytical model assuming a simple vector summation
of the flux densities generated by each superconductor in the
array. The model also assumes that during the assembly of
the configuration the current distribution in the central sample
is altered over two zones of equal thickness e as represented
schematically in Figure 10.

Appendix 2, where the above results are compared to
those obtained using a constant value of the critical
current density over the whole superconductor.

5. Conclusions

The flux density distribution generated by a super-
conducting Halbach array comprised of YBasCuzO7_,
bulk superconductors was investigated. An experimen-
tal system accommodating up to 5 cuboid samples and
capable of overcoming the significant repulsive forces
arising during the assembly of the array was designed.
The system was used to successfully assemble and mea-
sure a superconducting Halbach array of 3 supercon-
ductors. Both finite element simulations and analytical
calculations were compared to the measurements of the
magnetic flux density distribution above the array of
trapped field magnets.
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It was found that the peripheral samples can be as-
sumed to remain in the critical state despite the close
vicinity of the central superconductor. However, the
approach of the peripheral samples to the central sam-
ple during array assembly disturbs the current density
distribution in the central superconductor. This alter-
ation of the current distribution results in a reduction
of the maximum magnetic flux density generated, lim-
iting the performances of the array. Preventing the oc-
currence of this reorganization of current density would
indeed lead to a situation where the maximum mag-
netic flux density generated at a distance of 1 mm is
13 % higher than that generated with a single super-
conductor. Given that the maximum field trapped in
a superconductor to date is almost one order of magni-
tude higher than the saturation magnetization of per-
manent magnets, the same would be true when com-
paring the performance of superconducting with that of
classic Halbach arrays. The remaining challenge, how-
ever, would consist in handling the repulsive force be-
tween the superconductors which scale with the square
of the trapped field of individual magnets. Since the
repulsive forces develop in a direction perpendicular to
the axis of the array, it is to be noted that the main
task is not really to reduce the distance between the
magnetized superconducting samples, but to do so in
such a way they are kept aligned with each other.

A simple analytical model assuming a field-independent
critical current density and including the current den-
sity distribution modification was also adjusted, cap-
turing successfully the main features of the B-field
measured experimentally. Finally, it was also shown
that the unavoidable non-uniformity of J. is not a ma-
jor issue in this application.
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Appendix 1: Evolution of the critical current
density along the c-axis

In this work, two different evolutions of the critical
current density along the c-axis are investigated and
incorporated in equation (8). The first corresponds
to a linear variation of J. between a value at the top
surface (Je 10p) and another value at the bottom surface
(Je,pottom)- The second corresponds to a constant
critical current density (Jcmae) in the upper part of
the superconductor followed by an abrupt drop to 0 at
a given position along the c-axis. These two simplified
(linear and step-like) J.(z) were considered for their
simplicity. The parameters of both models are adjusted
for each sample to obtain the best agreement with
experimental data. As an illustration, the measured
trapped field of sample 2 along the line x is compared
to both models in Figure 12.
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performed. It is therefore impossible to determine
which J, distribution is the most appropriate using
Hall probe mapping measurements only, since both
Je(2) lead to very similar distributions.

In order to access an experimental parameter that
is able to discriminate the particular J. distributions
shown in Figure 12(a), we consider the magnetic
moment, which is proportional to the average value
of J. over the whole bulk superconductor. Using a
flux extraction magnetometer design to accommodate
large size magnetized samples [54], it is possible to
measure experimentally the volume magnetic moment
of each sample. The same magnetizing process as
for the trapped field measurements is followed and
the volume magnetic moment is measured 45 minutes
after the end of the magnetization process. The
experimental results are presented in Table 3 together
with the value computed analytically based on the two
J. distributions considered above.

Table 3. Comparison between the measured magnetic moment
of the cuboid bulk superconductors with the values computed
analytically. Model 1 assumes a linear variation of J. along
the c-axis. Model 2 assumes a constant critical current density
followed by an abrupt drop to 0 at a given position along the
c-axis.

Sample Magnetic moment [A m?]
number Model 1 Model 2 Magnetometer measurements
1 0.71 0.84 0.97
2 0.85 1.02 1.19
3 0.72 0.81 0.87
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Figure 12. Comparison between the measured trapped

field and the analytical model assuming the sample is in the
critical state and a field-independent critical current density.
Measurements are performed 1 mm away from the surface of
sample 2 both above the top and bottom surface. (a) Evolution
of J. along the c-axis considered in each analytical model, (b)
Geometry and coordinate definition, (c) and (d) Comparison of
the experimental data to analytical Model 1 and 2 respectively.

It can be observed in Figure 12 that both over-
simplified J.(z) dependence give results that are in
excellent agreement with the measured trapped field
distribution for a small computational effort. It should
nevertheless be noted that trapped field measurements
are mainly sensitive to the current loops close to the
surface above which the Hall probe the mapping is

It appears clearly in Table 3 that both models
lead to an underestimation of the actual magnetic
moment of the sample. This observation suggests
that the J. distributions represented in Figure 12
are an oversimplified view of the reality and that a
more elaborated distribution could be used. However,
given the excellent agreement in terms of trapped flux
distribution observed in Figure 12, it is decided to keep
the model as simple as possible and to use the model
leading to the highest magnetic moment, i.e. Model 2.

Appendix 2: Impact of the non-homogeneity
of the critical current density on the field
generated by a superconducting Halbach array

The results represented by the black plain line in Figure
11 are compared to a model assuming a constant
value of the critical current density over the whole
superconductor in Figure 13. In this model, the current
density in the central sample is still assumed to be
altered over two zones of equal thickness e = 0.8 mm.
However, the value of the critical current density of
each sample is determined by considering the trapped
field over the top surface of the superconductor only.
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This leads to a significant overestimation both of
the trapped field over the bottom surface and of the
magnetic moment of each trapped field magnet.

+ Experiment

= Model with demagnetization (e = 0.8 mm)

Model with demagnetization (¢ = 0.8 mm)

- assuming a constant .J,.
T T T

400

Z 200
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~200
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Figure 13. Evolution of the z-component of the magnetic flux
density generated 1 mm away from the surface of a Halbach
array made up of three cuboid bulk superconductors along the
line . The blue vertical lines are located at the border of
the superconducting samples. The model assumes that during
the assembly of the configuration the current distribution in
the central sample is altered over two zones of equal thickness
e as represented schematically in Figure 10. The red curve
corresponds to a model assuming a constant critical current
density over the whole sample. The black curve corresponds
to a model assuming a constant critical current density followed
by an abrupt drop to 0 at a given position along the c-axis.

As highlighted in Figure 13, the critical current
density uniformity affects significantly the magnetic
flux density distribution over the peripheral sample.
However, it can be noticed that it has only a small
impact on the magnetic flux density profile over the
centre of the configuration.
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Appendix 3: Magnetic flux density generated by a cubic permanent magnet

The = and z-components of the magnetic flux density generated by a cubic permanent magnet at a point P can
be expressed as follows:

2
o K Py_y az(%az)
B, = — arctanh 14+ —== = f(P., P,, P,), (10
= ||IB, =yl ( ®-07)| . (B By B2) )
2]y
K. (P —§ P, P e
B, = _H04 CIE ng) Py_y arctan S — = g(Py, P, P,). (11)
| Py — 5 1Py —yl 1P, — a1+ 2]
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Appendix 4: Magnetic flux density generated by a magnetized cubic superconductor

The x and z-components of the magnetic flux density generated by a cubic magnetized superconductor in the
critical state at a point P can be expressed as follows:

L(x) 5
“ 2
MOJC/5 Py —y o*(z, 2) *
B, =— —— arctanh 1+ ——= da = f*(Py, Py, P2), (12)
am Jo |]IP, =l (Py =9 )] 1) ’
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Jc % Pm - P — PZ _
Be= -t [ || e —— dr =g (P, P, P). (13)
= — T _ a?(x,z
0 Y y ‘Py*$| 1+ (Py—y)2 7# B
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The magnetic flux density by a cubic magnetized superconductor in the critical state at the particular points 2
and P, can be expressed as follows:

P _ MoJea 2) | (V6+1 1+V3\| _
B; —W[arctan<\/;> ln<\/g_1>+\/§ln< 7 )] =0.2384 x pg J.a, (14)

'uOJCa/1 arctan —ﬂ 2tz
27 z(z+1)

B = ) dx ~ 0.0375 x pg J. a. (15)
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