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From Basic Particle Gradation Parameters to Water Retention
Curves and Tensile Strength of Unsaturated Granular Soils
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Abstract: The long-debated effective stress definition of unsaturated soils is believed to be correlated to suction, the degree of saturation, and
the less mentioned interfacial areas. The tensile strength of unsaturated soils is directly associated with the effective stress definition in theory,
and it is also crucial in engineering practices. For unsaturated soils, the relationship between suction and degree of saturation can be described
as the water retention curve (WRC), which is related to the pore-size distribution. In the meanwhile, the air–water interfacial area is also
regarded as a function of the degree of saturation, and parameters of the function are determined by the soil’s pore structures. For granular
soils, the pore-size distribution is usually in a unimodal shape and, therefore, the strength properties can also be related to the particle gra-
dation parameters. In this study, a preliminary estimation method is proposed for the tensile strength of unsaturated sandy soils based on basic
particle gradation parameters. In this method, with basic physical features considered, WRC is estimated from a characteristic grain diameter
(d60) and the coefficient of uniformity (Cu). The function to determine the air–water interfacial area is also formulated by soil gradation
parameters of the mean grain-size (d50), the coefficient of uniformity (Cu), and the void ratio. The proposed tensile strength estimation is
compared with experimental measurements on sandy soils, which shows fair agreement, especially for the conventional split plate method.
Qualitatively, the tensile strength is inversely proportional to soil mean grain-size and is increased with particle-size polydispersity.
DOI: 10.1061/(ASCE)GM.1943-5622.0001677. © 2020 American Society of Civil Engineers.
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Introduction

The water retention curve (WRC) or the soil-water characteristic
curve (SWCC), which is the relationship between the degree of sat-
uration and suction, is an important hydraulic property for unsatu-
rated soils. It also affects the soil mechanical behaviors such as
strength coupled with effective stress formulations. Water retention
behavior is related to particle-size distribution (PSD), soil texture,
and relative density (Gupta and Larson 1979; Saxton et al. 1986;
Vereecken et al. 1989), which is usually referred to as pedotransfer
functions (PTFs) (Bouma 1989). For sandy soil, its void ratio var-
iation is relatively small, and its pore-size distribution usually has a
single peak, which is associated with its PSD (Feia et al. 2014).
Thus, the WRC may be predicted from PSD (Wang et al.
2017b), which will save experiment time and cost.

On the other hand, among different strength property measure-
ments, tensile strength is a significant value which should be inves-
tigated in different engineering problems. For example, the soil
cracking phenomena, which is affected by tensile strength, is vital
for the development of slope sliding, road embankment instability,
earth dam failure, etc. (Vahedifard et al. 2016; Xu et al. 2011).
Moreover, tensile strength is one of the most fundamental and direct

evidences for the effective stress definition of unsaturated soils. The
cohesive effect in unsaturated soils is mainly induced by two aspects.
One is from the negative pore-water pressure (suction), which is in-
trinsically associated with water retention behavior. Another impor-
tant origin is from the interfacial areas with the action of surface
tension. In the present day, the interfacial area effect attracts more
and more attention in the investigation of unsaturated soil mechanics
(Gray et al. 2009; Nikooee et al. 2013). As we mentioned before,
water retention behavior of a clean granular soil can be estimated
from its particle-size distribution. Recently, Yin and Vanapalli
(2018) raised a new model to predict the tensile strength of unsatu-
rated soils in which the interface effect is included. They proposed
that the air–water interfacial area could be related to the soil unifor-
mity coefficient Cu. This means that, together with the pedotransfer
function, the total tensile strength of an unsaturated granular soil with
various degree of saturation could be preliminarily estimated from its
particle-size distribution parameters. A new tensile strength model
based on these is thereafter emerged.

We proposed an estimation method to study the relationship
between PSD and WRC for sandy soils through a semiphysical
and semistatistical way. The classic van Genuchten’s model (van
Genuchten 1980) is adopted to describe the WRC. Dimensional
analysis is applied to clarify the key parameters. A monosized gran-
ular packing and an extremely polydisperse packing are considered
to enhance the physical basis. Then, a couple of new pedotransfer
functions are proposed by using basic parameters of d60 and Cu.
Furthermore, we also compare the estimation of the interfacial
area (Yin and Vanapalli 2018) with our X-ray CT measurements,
which coincide with each other. Then, by coupling the proposed
PTFs with the recent effective stress definitions (Lu et al. 2010;
Nikooee et al. 2013) and also including the interfacial area effects
(Yin and Vanapalli 2018), a new model to estimate the tensile
strength of sandy soils is derived. Justifications of this model are
implemented by comparing the estimated WRCs and tensile
strength characteristic curves with experimental measurements of
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various granular materials in literature. Furthermore, a qualitative
investigation is also carried out by studying the particle-size effect
on tensile strength parametrically. It helps to understand the funda-
mental relationship between particle-size and strength properties
from two key aspects: the mean grain-size and the particle-size
polydispersity. It should be noted that the proposed method in
this study is only valid for sandy soils which have single peak pore-
size distributions. For clay or soil with a certain amount of fine con-
tent, the pore structure may be more complicated; for example, it
could be a dual pore structure. In that case, the estimation methods
for water retention curve and strength properties in this study may
not be valid.

Estimation of Water Retention Curves from
Particle-Size Distribution

The Water Retention Curve in van Genuchten’s Model

With the increase of soil suction, the degree of saturation starts to
decrease when it reaches the air entry value (AEV) and air bubbles
enter the water phase. Then the degree of saturation reduces signif-
icantly with the suction increase and both water and air phases be-
come continuous (see Fig. 1 where large pores start to drain while
smaller pores are still filled with water). When the suction value is
very high, the water phase exists as isolated water bridges and ad-
sorption layers. Further change of suction has little further influence
on the degree of saturation. This state is called the residual state.
The definition of the effective degree of saturation is usually
adopted to characterize the water retention behavior as

Se =
θ − θr
θs − θr

=
Sr − Srr
1 − Srr

(1)

where θ, θs, and θr=water content, saturated water content, and re-
sidual water content, respectively; Sr and Srr = degree of saturation
and residual degree of saturation. In the classic van Genuchten’s
model (van Genuchten 1980), the effective degree of saturation is
expressed as

Se = 1 +
s

αvg

( )nvg( )(1/nvg )−1

(2)

where s= soil suction; αvg= a parameter related to air entry value;
and nvg= a parameter related to WRC slope.

Estimation of van Genuchten’s Model Parameters by d60

and Cu

Wang et al. (2017b) proposed two pedotransfer equations to predict
the WRC by estimating the van Genuchten’s model parameters
from grain-size distribution. The equations are semiphysical and
semiempirical. In this section, we reintroduce the basic ideas
briefly.

In geotechnical engineering, d10, d30, and d60 (particle sizes at
10%, 30%, and 60% passing by weight) are three important particle
sizes in describing soil gradation (Terzaghi et al. 1996). With the co-
efficient of uniformity (Cu= d60/d10), the coefficient of curvature
(Cc = d230/(d60d10)), and a measure of mean particle size, the
shape of PSD can be determined. In this model, d60 is used to quan-
tify the mean grain-size. Dimensional analysis, after Buckingham’s
Pi theorem (Buckingham 1914), is employed to clarify the control-
ling parameters in the unsaturated granular system. In WRC, the
effective degree of saturation (Se) relies on the PSD, suction, and
also the water surface tension value (noted as γ). The variation of
void ratio for sandy soil is assumed to be small. Here, Se[−] can
then be expressed as a function of variables of Cu[−], Cc[−],
d60[L], s[ML−1T− 2;], and γ[MT−2;], where means dimensionless
and L, M, and T represent length, mass, and time units, respectively.
Then after dimensional analysis

Se = f (Cu, Cc, d60, s, γ) = f ′ Cu, Cc,
sd60
γ

( )
(3)

By neglecting the effect of Cc, the relationship can be simplified
as

Se ≈ f ′′ Cu,
sd60
γ

( )
(4)

The van Genuchten’s equation can also be rewritten by normal-
ized suction (s* = sd60/γ) and normalized αvg(αvg* = αvgd60/γ) as

Se = 1 +
s*
αvg*

( )nvg( )(1/nvg )−1

(5)

In Eq. (4), there are only two controlling parameters, s* and Cu.
In Eq. (5), in addition to s*, there are two more parameters nvg and
αvg* . Normally, nvg is believed to be related to coefficient of unifor-
mity (Cu). Therefore, the normalized parameter αvg* = αvgd60/γ is
either related to Cu or is a constant.

To make the analysis more applicable, two extreme conditions
are considered. The first case is a monosized granular material,
thus the coefficient of uniformity Cu= 1. If the particles are

Fig. 1. Water retention curve and a cross-section of an unsaturated granular material by X-ray tomography.
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assumed to be spheres, pore size in the granular medium will also
be uniform. This means when suction reaches the air entry value all
pores should start to drain. The slope of the WRC is nearly infinite
(nvg→∞). Another scenario is that Cu is very high. This means that
large pores are filled with finer particles and the soil is very difficult
to desaturate. Therefore, the slope of the WRC will be a rather flat
shape. The minimum value of parameter nvg will be reduced to
approach 1.

The empirical relationship is based on 70 sandy soils from the
UNSODA database (Leij et al. 1996) and eight granular materials
(four glass beads and four sands with different particle-size
distributions) tested by Wang et al. (2017b). The 70 sandy soils
from UNSODA have clear and continuous PSD and reached the
residual state with high suctions. The eight tested granular materials
have relatively low Cu values. In Fig. 2(a), the best-fitted nvg param-
eters of the 78 samples are plotted against log10Cu. When the
material is nearly monosized, Cu approaches to 1 and the parameter
nvg tends to be infinite. When the grain-size is highly dispersed
(Cu is a very high value), the parameter nvg decreases to about
1. The following equation is proposed to represent the n and
log10Cu relationship:

nvg =
C1

log10Cu
+ 1 (6)

where C1 is a constant; and C1≈ 1.07 by a regression analysis of
78 soils.

In the dimensional analysis, the normalized parameter
αvg* = αvgd60/γ is believed to be either related to Cu or to be a cons-
tant. It is found that the normalized αvg is not obviously influenced
by Cu. Therefore, it is assumed that αvgd60/γ is approximately a
constant C2 and the parameter αvg can be approximated from d60 as

αvg =
C2γ

d60
(7)

Fig. 2(b) demonstrates the correlation between αvg and d60.
Here, C2 is fitted to be 12.07 by the 78 materials.

Wang et al. (2017b) compared the above relationship with other
pedotransfer functions in literature and found that the new equa-
tions have a better performance. They also validate the above
two equations on sandy soils beyond the analyzed database and
found it is widely valid for clean sandy soils with little clayey or
silty fines. Therefore, Eqs. (6) and (7) will be employed in the
later sections to estimate the tensile strength property.

Estimation of Tensile Strength

Effective Stress of Unsaturated Granular Soils

The effective stress definition is the cornerstone of modern soil me-
chanics after Terzaghi (1943). For unsaturated soils, the first and
the most classic effective stress formulation is the Bishop’s effec-
tive stress (Bishop and Blight 1963) which is expressed as

σ′ij = (σij − uaδij) + χ(ua − uw)δij (8)

where ua= pore-air pressure; uw= pore-water pressure; δij=
Kronecker delta; and χ is called the “Bishop’s coefficient,” which
is believed to be relevant to the degree of saturation (or suction).
The pressure difference between air and water, ua− uw, is matric
suction which is also associated with the degree of saturation
through the water retention behavior (WRC).

Some authors simply approximate the Bishop’s coefficient χ as
the degree of saturation (Nuth and Laloui 2008; Schrefler 1984).
The Bishop’s coefficient can also be estimated as an exponential re-
lationship with the normalized suction (Khalili and Khabbaz 1998).
More recently, χ is suggested to be only associated with the free
water in the microstructure (Alonso et al. 2010). However, the
effect of air–water surface tension has not been considered in the
previous work.

Lu et al. (2010) proposed a suction stress characteristic curve to
unify the effective stress definitions of saturated and unsaturated
soils. They express the effective stress as

σ′ij = (σij − uaδij) − σsij (9)

where σs= suction stress. Based on a virtual work principle, the
suction stress term can be derived, and the interfacial energy is
included in the expression

σsij = −Se(ua − uw)δij −
∑
i

γi
∂Ai

∂V
δij (10)

where Se= effective degree of saturation; V= volume; γi= interfacial
free energy of the ith interface; and Ai= interfacial surface area of the
ith interface. Although the interfacial area effect exists in the formula
derivation, the second term is ignored in their experimental validation
as the interfacial areas are difficult to be measured. Nikooee et al.
(2013) also verified the above effective stress expression by a ther-
modynamic approach. The complete effective stress of unsaturated

(a) (b)

Fig. 2. Predicted van Genuchten’s model parameters and measured values: (a) relationship between nvg and Cu; and (b) relationship between αvg and
d60.
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soil can be formulated by simplifying the last term as

σ′ij = (σij − uaδij) + Se(ua − uw)δij + γaawδij (11)

where γ= air–water surface tension (0.072 N/m is taken in
this study); and aaw= the specific air–water interfacial area
(the air–water interfacial area per total volume).

Here it should be noted that when the degree of saturation is
within the residual state, the suction term is 0 (taking Se= 0
when 0 < Sr < Srr ). However, the surface tension term may still
contribute to the soil strength. It has been observed that with a
tiny amount of water, the strength of granular materials can be sig-
nificantly increased by pendular water bridges (Scheel et al. 2008;
Wang et al. 2017c, 2018). Theoretically, the water pressure and air
pressure terms contribute to the material strength together with the
air–water surface tension or interfacial area effect. However, in
the pendular regime, the water phase is not a continuous phase.
The local meniscus curvatures or pressure may not be the same,
as both convex and concave menisci exist among granular particles
(Lourenço et al. 2012). Therefore, it gives justifications to ignore
the pressure effect while the surface tension effect is retained.

Estimation of Air–Water Interfacial Area

It is usually not easy to quantify the interfacial area from experi-
ments. Although it becomes possible by using high-resolution
X-ray CT (Culligan et al. 2006; Wang et al. 2019; Willson et al.
2012), the measurement is still relatively expensive and time-
consuming. For granular soils with a continuous particle-size distri-
bution, the pore-size distribution has a unimodal shape. The air–
water interfacial area in the material is believed to be related not
only to the degree of saturation but also to grain-size. Based on sim-
ple water bridge and cubic unit pore-cell assumptions, Likos and
Jaafar (2013) proposed a model to estimate the interfacial area
from the pore-size distribution. As pore-size distribution is associ-
ated with particle-size distribution, estimating the interfacial area
from particle-size distribution will be more applicable to engineer-
ing practice. Rumpf (1961) and Schubert et al. (1975) indicated that
the tensile strength induced by surface tension could be inversely
proportional to void ratio and mean grain-size in addition to the ef-
fect of degree of saturation. Following their spirit and considering
the position of the peak strength, Yin and Vanapalli (2018) pro-
posed a semiempirical equation to estimate the air–water interfacial
area for cohesionless granular soils. We may rewrite the equation as

aaw = ηs
π

ed50
Sλsr (1 − Sr) (12)

where ηs=magnitude of the interfacial area; λs= degree of
saturation with the peak interfacial area; e= void ratio; and d50 =
mean grain diameter. After an analysis of a number of cohesionless
soils, Yin and Vanapalli (2018) also indicates that the parameter ηs
should also be related to the grain-size uniformity parameter Cu and
they proposed a linear relationship as

ηs = ksCu (13)

They suggest that ks≈ 0.73 based on a regression analysis on 10
soils. Here it should be noted that in Eq. (12), we used the degree of
saturation term Sr instead of the effective degree of saturation Se.
This is because, as introduced in the previous section, the surface
tension effect (or the interfacial area effect) is significant within
the pendular state through water bridges between particles.

We may also verify the relationship in Eqs. (12) and (13) by
comparing the model prediction with X-ray CT measurements. Fol-
lowing Wang et al. (2019), high-resolution X-ray CT technique can
be employed to measure interfacial areas of wet granular materials.

Glass beads with grain diameters ranging from 0.2 to 0.4 mm are
used for this study. Five samples with different degree of saturation
are prepared and scanned on the micro-CT facility HECTOR in
Gent University (Masschaele et al. 2013). The void ratio of the
five glass bead samples is around 0.61. The mean particle size
d50 is 0.3 mm and the uniformity coefficient Cu is about 1.47. Res-
olution of the obtained images from X-ray CT is about 5.85 μm per
pixel. Then the images are reconstructed and segmented into three
phases in the three-dimensional (3D) space. A Representative Vol-
ume Element (RVE)-based analysis method is adopted to measure
the local degree of saturation and interfacial areas. That is to say, a
sample is meshed into cubic subelements based on which the mea-
surement is implemented. The elements are in cubic shape with 110
pixels in width (two times of the mean grain diameter), which is the
minimum size that can bear a stable pore structure. Due to the na-
ture of water distribution heterogeneity, the local elements should
cover the full range of degree of saturation and should also include
all possible interfacial area values statistically.

Fig. 3 presents the relationship between the local degree of sat-
uration and local air–water interfacial areas for all the elements in
the five samples (the global degree of saturation is presented in the
legend). It can be seen that the overall saturation and interfacial area
relationship follows a rise and fall trend. The maximum air–water
interfacial area value is around 0.3 degree of saturation. We also
plot the predicted value of Eq. (12) to have a verification of
the model. Here, λs= 0.3 is taken and we keep the suggestion of
ks= 0.73 by Yin and Vanapalli (2018). It can be seen that the pre-
dicted line falls within the full range of the X-ray measurements
(the clouded data). This means that the estimation model by Yin
and Vanapalli (2018) has a fair accuracy. We will use the model
of Yin and Vanapalli (2018) and keep their model parameter values
in the following analysis.

Relating WRC and Interface Area with Tensile Strength

To calculate the strength properties of unsaturated sandy soils, the
failure criterion should be determined first. In this study, the Mohr–
Coulomb failure criterion is adopted to model the material strength.
For sandy soils, there is no cohesion when the material is
completely dry or fully saturated. When it is partially saturated,
its cohesion is due to the suction effect and air–water surface ten-
sion. Incorporating the effective stress definition in Eq. (11) and

Fig. 3. X-ray CT measured specific interfacial area and equation
estimation.
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considering cohesion is the intercept between the Mohr–Coulomb
failure line, cohesion can be formulated as

c = [Se(ua − uw) + γaaw] tanϕ (14)

where ϕ= the friction angle of the material. After Richefeu et al.
(2006), the friction angle is assumed not to be obviously affected
by water content for dry and partially saturated granular soils.

The tensile strength is estimated based on the assumption that
the linear Mohr–Coulomb failure criterion is also valid in the ten-
sile process. For soil mechanics, we use the positive sign to repre-
sent stress in compression and the negative signs for tensile stress.
For a uniaxial tensile test without confining stress, its first principle

stress is 0. By drawing a Mohr circle crossing the point of origin
and tangential to the Mohr–Coulomb failure envelope, the uniaxial
tensile strength can be obtained. According to the geometry in
Fig. 4, the uniaxial tensile strength has a relation with cohesion as

σt = 2 tan
π

4
−
ϕ

2

( )
· c = 2 cosϕ

1 + sinϕ
· c (15)

By rewriting van Genuchten’s model in Eq. (5) as a function of
the effective degree of saturation, suction in the cohesion term can
be expressed as

s = ua − uw = αvg(S
nvg/(1−nvg )
e − 1)1/nvg (16)

It can be substituted into the cohesion and tensile strength equa-
tions. The estimation model in Eqs. (6) and (7) can also be substi-
tuted in the tensile strength formulation. Then, finally, we can
obtain the following equation to estimate the tensile strength:

σt = 2 tanϕ tan
π

4
+
ϕ

2

( )
C2γ

d60
Se[S

−((C1+log10Cu)/C1)
e − 1]

log10Cu/(C1+log10Cu) + γksCu
π

ed50
Sλsr (1 − Sr)

{ }
(17)

with Se = [(Sr − Srr )/(1 − Srr )] being kept in mind. In this equation,
ϕ, γ, C1, C2, ks, and λs are material constants; ϕ is the friction angle
which can be measured from the dry sand; γ is water–air surface
tension (for distilled water it is 0.072 N/m at 20°C); C1, C2, ks,
and λs are independent of soil gradation. Based on regression anal-
ysis, C1 and C2 are suggested to be 1.07 and 12.07, respectively,
for all sandy soils within the applicable range. Here, ks= 0.73
and λs= 0.3 are taken by following Yin and Vanapalli (2018)
(these constants are summarized in Table 1). Therefore, the uniax-
ial tensile strength can be estimated by grain-size parameters of d50,
d60, Cu, and void ratio e with a given degree of saturation.

It should be noted that the hysteresis effect in theWRC is not con-
sidered in this estimation method. In the literature, some authors con-
sider that the friction angle depends on the stress level. For example,
the friction angle under relatively low normal stress is regarded as a
much larger value than the normal friction angle (Likos et al. 2010;
Lu et al. 2009). However, from our perspective, there are two un-
solved points. The first is that the systematic measurement error
may be more significant for very low stress conditions with a tradi-
tional testing apparatus. The second point is that more direct evidence
is required to confirm the friction angle for materials in tension.
Therefore, we still keep the conventional friction angle concept for
this study. It will demonstrate a fair prediction in the later section.

Model Verification and Discussion on Particle-Size
Effect

This section will demonstrate the performance of the prediction
model by comparing the estimated WRC and tensile strength

with the experimental measurements in literature. Some qualitative
analysis will also be provided to investigate the particle-size effect
on material strength.

WRC and Tensile Tests with Constant Suction

As the model does not consider the hydraulic history effect, water
retention tests following the main drying path and suction con-
trolled tensile tests are more suitable for the model validation.
Schubert (1972) investigated the tensile strength of a series of gran-
ular materials including both limestone aggregates and glass balls.
A split plate apparatus conducted the tests with the negative water
pressure controlled by a U-shape manometer (Schubert 1975). The
tensile force was applied from the horizontal direction. As air pres-
sure in this apparatus is 0 (connected to the atmosphere), the mea-
sured head difference in the U-shape manometer represents the
suction.

Grain-size of the tested limestone aggregates ranges from about
0.03 to 0.2 mm. The mean grain diameter d50 is about 0.071 mm,
d60 is about 0.087 mm, and the uniformity coefficient Cu is about
1.64. Soil gradation and other model parameters are summarized
in Table 2. Fig. 5 compared the experimental results of WRC
and tensile strength with the model estimated results. In the predic-
tion of WRC, the residual degree of saturation Srr is 0.2. It can be
seen that using particle-size parameters to estimate the van Gen-
utchten’s model through Eqs. (6) and (7) gives a good agreement
with the experimental measurements. For the tensile strength, the
maximum tensile strength appears at around 92% of saturation. It
also has a second peak around 10% to 20% of degree of saturation

Table 1. Summary of model constants

Parameter Value

γ (N/m) 0.072
C1 1.07
C2 12.07
ks 0.73
λs 0.3

Fig. 4. Mohr–Coulomb type failure and uniaxial tensile strength.
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within the pendular state. The tested material has a void ratio of
0.71. In our estimation, we used a typical friction angle of 40°
for crushed limestone aggregates. Then, based on the particle-size
parameters, the uniaxial tensile strength can also be predicted by
Eq. (17). The estimation fairly agrees with the tested results. It
also has a bimodal shape with one peak in the pendular regime
and the maximum peak appears in the high degree of saturation
range. It represents that the tensile strength within the pendular
state is mainly contributed by the interfacial area term but the max-
imum tensile strength of this material is mainly due to the suction
effect. The maximum tensile strength of the estimation is slightly
lower than the measurements, which is due to the underestimation
of suction in the high saturation range.

Schubert (1972) also tested the WRC and tensile strength of
glass balls. Results of a glass balls sample with particle size ranging
from 0.07 to 0.2 mm are used for model validation. The void ratio
of the sample is 0.59. Here, d50 and d60 are about 0.15 mm and the
uniformity coefficient Cu is 1.53. By taking Srr = 0.05, it can be
seen from Fig. 6 that Eqs. (6) and (7) give a very prediction on
water retention behavior compared to experimental results. The in-
ternal friction angle of glass balls is around 30° (Richefeu et al.
2006). Then, based on the given particle-size distribution, the ten-
sile strength is also calculated by Eq. (17). The estimated curve
agrees with the tested results generally.

WRC and Tensile Tests with Constant Water Content

In literature, the number of suction-controlled tensile tests is limited.
There are some water-content-controlled tensile strength tests, which
can be used to compare with the proposed estimation method. Water
retention behaviors of the tested materials may also validate the pro-
posed pedotransfer functions in Eqs. (6) and (7).

Kim and Sture (2008) measured both the water retention behav-
ior and the tensile strength of an Ottawa silica sand (F-75).

The sand was produced by the Ottawa Silica Company. It has a
mean size of 0.22 mm, its d60 is around 0.24 mm and the coefficient
of uniformity Cu is 2. The sample was prepared at a certain void
ratio and mixed with a certain amount of water. The tensile test ap-
paratus was adopted from Perkins (1991). The tensile force was ap-
plied horizontally on a static sample. Here, we use the results of the
clean Ottawa sand with a void ratio of 0.65 to do the comparison.
The authors also tested the water retention curve of this sand, which
also gives the opportunity to validate our water retention estima-
tion. In Fig. 7, the measured WRC and tensile strength data are
compared with model predictions. For WRC, the residual state de-
gree of saturation is about 0.17. It can be observed that our estima-
tion coincides with the measured values in drying path in trend. It has
a slight overestimation in air entry value, which could be related to
void ratio variation. By applying the internal angle of friction as 36°

Table 2. Soil gradation and soil parameters of the studied soils

Granular soil name Testing method d50 (mm) d60 (mm) Cu e ∅(◦) Srr

Limestone aggregates Constant suction, split plate 0.071 0.087 1.64 0.71 40 0.2
Glass balls Constant suction, split plate 0.15 0.15 1.35 0.59 30 0.05
Ottawa sand Constant water content, split plate 0.21 0.24 2 0.65 36 0.17
Silica sand Constant water content, split plate 0.42 0.46 1.96 0.65 36 0
Perth medium sand Constant water content, tilt tube 0.45 0.47 1.5 0.67 30 0.1
Perth fine sand Constant water content, tilt tube 0.17 0.18 1.5 0.82 30 0.05
Perth silty sand Constant water content, tilt tube 0.1 0.12 1.8 0.82 30 0.02

Fig. 5. Model estimation and measured data of limestone aggregates. Fig. 6. Model estimation and measured data of glass balls.

Fig. 7. Model estimation and measured data of Ottawa sand F75.
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for Ottawa sands (Baltodano-Goulding 2006), the estimated tensile
strength also has a high accuracy comparing with the measured ten-
sile strength. Its performance in the pendular state is even better. The
maximum strength in the test is similar to the estimation. The model
somehow overestimates the strength when Sr> 0.7, however, the
measured results in this range are limited.

Jindal et al. (2016) used a similar testing method as Kim and
Sture (2008) to measure the tensile strength of a silica sand. The
tested silica sand was obtained from Sil Industrial Minerals, AB,
Canada. The mean particle size d50 is about 0.42 mm, its d60 is
0.46 mm, and the coefficient of uniformity Cu is 1.96. Unfortu-
nately, the WRC is not available for this material. The compared
sand has a void ratio of 0.65 and the internal friction angle can
be regarded as the same as Ottawa sand. By taking Srr ≈ 0, we
can still estimate the water retention behavior as well as its tensile
strength characteristics from the equations introduced earlier. As
can be seen in Fig. 8, it has very high accuracy in predicting the ten-
sile strength characteristic curve.

Furthermore, Lu et al. (2007) also tested the tensile strength
properties of different Perth sands. They used a different testing de-
vice. In their tests, the tensile strength was not directly measured by
applying tensile forces. They prepared the sample in two halves of a
cylindrical tube and then tilted the tube with the upper half being
fixed until failure, then the tensile strength was calculated based
on the tilting angle and the weight of the lower half.

A medium sand, a fine sand, and a silty sand were tested by the
device. The soil gradation parameters, void ratio, friction angle,
and residual degree of saturation of the studied soils are summa-
rized in Table 2. The typical friction angle of Perth sands is
around 30°. Then the measured tensile strength can be compared
with the model estimation. Fig. 9 presents the comparison of the
Perth medium sand. The WRC is not available, but we can take
the residual degree of saturation as 0.1, which is a typical value
for medium sands. It shows that the estimation represents a similar
trend of the tensile strength characteristic curve. It reasonably pre-
dicts the maximum strength around 90% of saturation. Fig. 10
demonstrates the measured results of Perth fine sand, in which
the WRC is also measured. It can be seen that the model predic-
tion of WRC agrees well with the experimental measurements.
However, there is an apparent overestimation in tensile strength.
In Fig. 11, the measured data of Perth silty sand is compared
with the model estimations. The estimation presents the trend of
the measured data, but it overestimates the suction value and
the tensile strength at the same degree of saturation. We should
keep in mind that the tested method is different from the previous
split plate method and the hydraulic history of the tested materials
is unknown. The comparisons from Figs. 5 to 9 already prove that
the proposed model could be a useful preliminary estimation
method of WRC and tensile strength from basic particle gradation
parameters.

Fig. 9. Model estimation and measured data of a Perth medium sand. Fig. 11. Model estimation and measured data of a Perth silty sand.

Fig. 8. Model estimation and measured data of a silica sand. Fig. 10. Model estimation and measured data of a Perth fine sand.
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Qualitative Discussions of Particle-Size Effect on Tensile
Strength

We may also have a qualitative investigation of the particle-size ef-
fect on tensile strength of granular soils, including the suction in-
duced tensile strength term and the air–water interface tensile
strength term. The soil gradation effect mainly has two aspects,
one is the mean grain-size effect, and another one is the polydisper-
sity effect in grain-size. Based on the proposed estimation model in
Eq. (17), the two types of tensile strength can be estimated respec-
tively based on the two terms in the bracket.

The air–water interfacial area (surface tension) induced tensile
strength is related to grain-size from three parameters. The first
one is the magnitude parameter ηswhich is related to the uniformity
parameter Cu according to Eq. (13). The second one is the mean
grain-size d50 in the estimation model. The last one is the parameter
void ratio, which is indirectly related to particle-size distribution.
This is because, based on an empirical equation by Vukovic and
Soro (1992), porosity of a granular soil (which can be replaced
by void ratio as e/(1+ e)) roughly has the following relationship
with the uniformity coefficient Cu:

e

1 + e
= a(1 + bCu ) (18)

where a and b are constants. This relationship is reasonable as
with a wider particle-size distribution, soil pores can be more
easily filled by finer particles. It does not consider the void ratio
variation for a same soil, but it gives the possibility to discuss the
strength based on grain-size distribution qualitatively. Based on a
study of 431 granular soils, a= 0.2 and b= 0.93 can be taken

(Wang et al. 2017a). Fig. 12 represents the mean grain-size effect
and the particle-size polydispersity effect on the tensile strength
of the interfacial area term (angle of internal friction is assumed
to be 30°). It can be seen that with the same particle-size unifor-
mity, finer soils have higher interface-induced tensile strength. In
the meanwhile, with the same mean particle diameter, a soil with
higher uniformity coefficient has stronger tensile strength contrib-
uted by interfacial areas.

Furthermore, the effect of particle-size distribution on suction
can also be investigated based on the predicted WRC and
Eq. (17) (only taking the first term in the bracket). As d50 and
d60 usually have similar values, we take d50≈ d60 to simplify the
parametric study. Residual degree of saturation Srr is approximated
as 0.1. In Fig. 13, effects of mean grain-size and uniformity are
analyzed. With the same uniformity coefficient, a finer mean
grain-size means a larger air entry value, which shifts the WRC.
Therefore, the suction-induced tensile strength is inversely propor-
tional to the mean grain-size. The degree of saturation of the
maximum suction induced strength is not changed if Cu is the
same. On the other hand, for soils with the same mean particle
size, suction-induced tensile strength is stronger with a higher
particle-size polydispersity. Due to the change of the slope of
WRC, the maximum suction induced strength appears at a lower
degree of saturation when Cu is larger.

Then the total tensile strength is obtained by summing the
interface-induced tensile strength and the suction-induced tensile
strength (Fig. 14). Similarly, with the same Cu, the maximum
tensile strength is inversely proportional to the soil mean diameter.
In the meanwhile, for soils with a same mean size, a wider

(a) (b)

Fig. 12. Particle-size effect on tensile strength induced by air–water interface: (a) mean particle-size effect; and (b) grain-size polydispersity effect.

(a) (b)

Fig. 13. Particle-size effect on tensile strength induced by suction: (a) mean particle-size effect; and (b) grain-size polydispersity effect.
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particle-size distribution will lead the soil to have a higher
maximum tensile strength and the soil can reach the maximum
strength at a relatively lower degree of saturation.

Conclusions

Basic soil gradation parameters of d60 and Cu are employed to
estimate the WRCs of unsaturated granular soils. Two extreme sce-
narios are considered to quantify the monosized material and the
highly polydisperse sand, which enhances physical features to the
statistical approach. A couple of semiempirical equations are
proposed to estimate van Genuchten’s model parameters which de-
scribes the WRC behavior of granular soils. The air entry value is
inversely proportional to d60. The WRC slope is inversely propor-
tional to logarithmic Cu.

A recent effective stress definition, which accounts for the
air–water interfacial area effect, is employed to couple with the pro-
posed WRC prediction, which gives the possibility to estimate
strength properties from particle-size distribution. Equations to es-
timate tensile strength are then derived based on the new pedotrans-
fer functions and a recent approximation equation (Yin and
Vanapalli 2018) on the air–water interfacial area. The estimated
air–water interfacial area is compared with our experimental mea-
surements by using high-resolution X-ray CT. It shows that the
estimated curve is within the upper and lower boundaries of the
measured data for the full range of degree of saturation. Therefore,
it validates the referred interfacial area estimation.

The model estimation is then verified by experimental measure-
ments of various granular soils in literature. Water retention behav-
iors are also compared with the model estimation if testing data is
available. It shows that the estimation method generally agrees well
with the tested results. It also indicates that the proposed model has
a higher estimation accuracy for tensile tests using the conventional
split plate method. A qualitative investigation of particle-size distri-
bution effect on tensile strength is also carried out based on para-
metric studies. It demonstrates that both the suction-induced and
interface-induced tensile strength terms are stronger for finer gran-
ular soil or soils with higher particle-size polydispersity. A wider
particle-size distribution will also lead the maximum strength to
appear at a relatively lower degree of saturation.

Data Availability Statement
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