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Differential Equations of Stiffened Panels of Ship Structures
and Fourier Series Expansions

Philippe Rigo, University of Liege!

1 Introduction

This text presents the theory used to implement in the LBR-5 software an analytical solution of
the stiffened panels governing equations. For that purpose, Fourier series expansions are used to
solve the governing differential equations. In the present analysis, cylindrical shells are used as the
reference panels. Stiffened plates are considered as a simplified case of the more general cylindrical
shell. In the LBR-5 software, plates are analyzed as being cylindrical shells having a very large radius
(g = 10'° m). The present method has been developed for fast and accurate linear elastic analysis of
stiffened structures, particularly in regard to structural optimization.

Applications of the LBR-5 software to ship structures including its associated background about
the scantling optimization procedure have been presented in various papers and conferences, Rigo
(2001a,b,¢,2008), Rigo and Fleury (2001). The presented developments were initiated in Rigo (1989a)
and the general methodology presented in Rigo (1989b,1992a,b). After 15 years the LBR-5 software
is now well-established and patented; it is therefore relevant to publish the extensive theoretical
background of this method.

2 Differential equations of the cylindrical stiffened shell

Fig.1 shows the coordinate system ozy with z = 0 at mid plate thickness. The relation between the
 coordinate (used for shell) and the y coordinate is: y = qyp, with ¢ the radius, § the plate thickness,
L the panel length (along z), and ¢( the opening angle (radian). :

Fig.1: Panel coordinate system

Fig.1 presents the stresses acting on a small volume element [dz, dz, (¢ + z)dy]. In this study, the thin
shell (plate) theory is used, i.e. 73:, 7:, and o, are not considered (e, = gz = Yp: = 0).

The governing differential equations, known as the D.K.J. differential equations (Donnell von
Karman and Jenkins), are based on the Love-Kirchoff hypotheses:
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1. Thin shell theory, i.e. §/q < 1. For LBR-5, we impose that §/¢ < 1/100.
2. Small deformation and linear analysis.

3. The points that are on a perpendicular line to the mid plate surface (2 = 0) before deformation
remain on the same perpendicular after deformation, thus vz, and v,. = 0.

4. o, and its effects are negligible.

5. No deformation along oz (e, = 0).

Let us denote partial derivatives as follows:

of s O 10f
fl=2L _0of _19f | (1)
0z Oy qOp
Then the linear *deformation-displacement’ relations for a shell are:
gg = u —zw'
w 00
€, = vV°+ 7 zw (2)
Yoo = u®+v —2zw”

and the ’stress-displacement’ relations are:

E ! o w " [o]+]
Oy = I—:ﬁ{u—i—u-(v +—é—>——z(w +v-w )]

E
0 = T KU"—I»%) +V-u’—z(w°°+u-w”)} (3)
Top = Gu®+v —2zw®)

E is the Young’s modulus, v the Poisson coefficient, G = E/[2(1 + v)] the shear modulus. The special
-case of a plate is derived by simply setting w/g = 0 in Egs.(2) and (3)

Fig.2 shows the internal resultant forces Nz, Qgz, Nzy, Ny, Qp, Nyz, and moments My, Mz,
M, M, that are applied on an elementary cylindrical shell (plate), hereafter called resultants. This
element is included between the upper surface (z = §/2) and the lower surface (z = —J/2) and has
a surface dimension of dz - ¢ d¢ (or dz - dy). With reference to the thin shell element, Fig.2, we
can establish the ’resultant-stress’ relationships, Eqgs.(4). These resultant forces and moments are
referenced to the plate neutral axis (z = 0).

5/2 5/2

N, = / op,dz  Ng= / oz(1+ i) dz inplane axial resultant
—5/2 —5/2 I
§/2 §/2
M, = / opzdz Mg = / oz(1+ g—)z dz  bending moments
i T @
Nyg = / Tog 02 Ngp = / Top(1 + E) dz  inplane shear resultant
—5/2 —5/2 7
§/2 §/2
Myz = / Toe? A2 Mg, = / Tzo(1l + i)z dz torsion moments
—5/2 —5/2 7

Qg and @, (transverse shear resultant) cannot be calculated by integration of the 7, and 7, stresses
as these shear stresses are assumed to be equal to 0 (thin plate assumption). Nevertheless, @ and
@, can be evaluated using the 4th and the 5% equilibrium equations, Eqs.(9).
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Fig.2: Resultant forces and moments

If we replace the ’stress-displacement’ relationships, Eqgs.(3), within the ’resultant-stress’ relationships
Eqs.(4), we obtain the 'resultant-displacement’ relationships:

N, = D@+ % + vu')
N, = D +w°+ VEU—)
1—v I
Ngz = Nap=D——(0'+u) (5)
M, = K(w +vu")
M, = K"+ vw™)

Mgy, = My =K(1-v)w
with D = E§/(1 — v?) and K = ES3/[12(1 — v?)].

Fig.3 shows the additional resultant forces and moments acting on the shell (plate) coming from
a stiffener oriented along oz (Nz,conc, Mz, Cones Nazy,Cones Qz,Cone, and My conc). For a transverse

‘member (frame) oriented along oy the additional resultant forces and moments are (Ny, conc, My,Cone;

Ny:r,Conc; Qy,ConCa and Mym,Conc)-

If we consider a stiffened thin shell element, the resultant-stress’ relationships including the plate
and the stiffener components become:
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Fig.3: Resultant forces and moments acting on the shell (plate) due to a stiffener.

5/2
N, = / o, dz + f(x) / Uw% dz inplane axial resultant

~6/2 : Wy
5/2

—6/2 We
1 (6)

M, = / o,z dz + f(z) /a(pzde—; dz bending moments
—6/2 We
§/2
z ex
M, = / oz2(1 4+ =) dz + f(cp)/azz— dz
q dg
—4/2 W
with w, and wg the cross-sections of, respectively, the frames and the stiffeners. ez, ey, dz, and dp
follow from Fig.4. The second term of each equation in Egs.(6) corresponds to the stiffeners f(y)
(frames (f(z)). ' :

t ¢ t @ |

| d o d

[ ‘
B N\ S\ S N\

: X
; ~ 20 007 07

b-d/2

s

Fig.4: Heaviside function (top left) and stiffener/frame spacings
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Egs.(4) (unstiffened element) are a simplified form of Eqgs.(6) (stiffened element). Their first terms
are identical. For a stiffened element, Egs.(6) include Heaviside functions [f(z) and f(y)] that are
equal to zero except at the stiffener locations, b — d/2 < z < b+ d/2, where they are equal to 1.

_ i . _ ) H{z)=0 if z<0
F(z)=Hl[z— (b—d/2)] - H[z — (b+d/2)] with H(:E)——{ Hiz)=1 if >0 (7
with H(z) the Heaviside function. If we replace the ’stress-displacement’ relationships (3) in the
'resultant-stress’ relationships (6), we obtain the ’resultant-displacement’ relationships for stiffened
panels (including stiffeners and frames):

N, = D(v° + 3;— + vu') +f(:c)—d§ (('u° e —Z—)ww - w°°h¢> incl. frame contr.
M, = K(w™ + v +f(w)§-i (0 + Lohy - w1,
My = K(1 — v)w® +f(a:)-c—l—§;(K¢w°' + A (v +u°))
Ny =D +v(v° + %)) —{—f((,o)El};;{;(u'w_,c — w"hy) incl. stiffener contr.
M, = K(w" + vw®) —%—f(cp)dﬁ(‘u'hz —w"Iy) ‘ (8)
May = K(1 - v)u® +f((p)§—(me°' + (v +u°))
Nz, =D (1 ; U) (v +u°) +f(:c)§—ﬂfp(v' + u®) frame contribution
+f ((p)gﬂlz(’l)’ +u®) stiffener contribution

with wg, w,  transversal section of a stiffener (frame) without plating
Rz, hy 15t sectional moment of wy (wy,) relative to the plate neutral axis z = 0
I, I, 2™ sectional moment of w; (w,) relative to the plate neutral axis z = 0
K, K, torsional rigidity of a stiffener (frame)
QL, Q,  reduced flange section (for flange in-plane shear contribution)
Az, A,  flange eccentricity to the plate neutral axis 2 =0
dg, d,  effective strip width of longitudinal stiffeners (frames)

A major uncertainty related to the validity of these equations concerns the flange contribution to
the in-plane shear effects, Fig.5. If these contributions are not considered, set pr and Q to zero in
Egs.(8). For the special case of a flat plate, set w/q = 0 in Eqgs.(8) :

S

o

Fig.5: Flange contributions to the in-plane shear resultant (Ng,) and torsional moment (Mgz,)

To summarize, the D.K.J. governing differential equations of a cylindrical shell (plate) are obtained
by: :
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~ Using the 6 equilibrium equations, Fig.2:

Ng+ Ng, + X =0
NS+ Niy — (Qp/d)+Y =0
(th/Q)‘*’Q;'f“Q:u"Z =0 (9)
Mg+ Mg, — Qp =0
M:é'i-M(;m_Qa: =0
Nmtp—thz+M(pm/q =0

The special case of a plate follows by omitting all terms containing ¢ in Eq.(9).
— Using the five hypotheses of linear thin shell theory (see above),

~ Using the ’stress-displacement’ relationships (3) and the 'resultant-stress’ relationships (6) to
establish the ’resultant-displacement’ relationships (8).

The problem is composed of 13 unknowns:

- U, v, W
- N.'L') Mz» Q:m N:clpa M:z:cp
- N(p-: M(,m le: N«pz; M(pm

and there are 13 available equations:

~ 4 'resultant-displacement’ relations corresponding to Nz, Mz, Nyp, Mgy (8)
(there is no available equation for Q)

— 4 'resultant-displacement’ relations corresponding to Ny, My, Nyz, Mye (8)
(there is no available equation for Q)

— 5 equilibrium equations (9)
(the last equilibrium equation has already been used and cannot be considered).

Replacing the ’'resultant-displacement’ relations (8) in the 5 first equilibrium- equations (9) and
replacing @ and Q, (4" and 5th equations) in the 3¢ equilibrium equation, we obtain the 3
governing differential equations in u, v, and w. This is a system of three differential equations.

2.1 Shell with shear contribution of the flanges..
Stiffened shell with stiffeners [f(p)] and frames [f(z)]

, —
D(U”"}‘I/’UO,—}"UEUQ—)—{-D (1 v (’U,QOJF’UO,)+f($)[S¢(U°’+U°°)]

+f(‘P)[QmU" — Hyw" + Sm(UOI +u®)] + fO(SO)[Sm(’UI +u?)]+ X =0

1-—
D(v°°+w°/q+1/u°')+D( 2U> (UOI-—{—’UH)

+£(2)[Qp(v%° 4+ w°) — How®® + Sp(v" + )] + f'(z)[Sp (v + u°)] |
+ (@) [Sz(v" +u)] +Y =0 (10)

D

E’(vo + E +I/'U,l) +Kwoooo +2K'w°°"+Kw""
+f p

+f (m)[T(p,wool +L¢p('l)o’ +’Ll.°°)] +f(('0){__Hmulll + Rm'w’"' +meooll +Lz(’l}°” +’LL°°/)]

+f

(@) [Tpw®” + Le(v" +u)] - Z =0

(IL‘) _Qy_(,uo + l:_) _HSQ(Zu(I;’o _I_,Uodo) _*__R(p,woooo +T(p,wooll+ch(voll+uool)
!
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ETRIP Y

with

Euw Euw Eh Eh Bl EI

O, = g =Y g "l g oo = R =—F

¥ d, T dg ¥ d, T d, By dy, 7 dg
G, G G G A A :
:————y -z T e e =——£ QI =___.'I: QI
Se= . So=g* To=gKe To= K Ly = 3269, Ls G

A major uncertainty related to the validity of these equations concerns the flange contribution to the
in-plane shear effects. In the following developments these contributions will not be considered. This
is a conservative assumption.

2.2. Shell without flange contribution
Stiffened shell with stiffeners [f(¢)] and frames [f(z)]:

1—v

2
—v

D(u" + v + 1/—(:]—) +D < ) (u® +0°") + F(0)[ Q" — Hpw" |+ X =0

) (@ +0") + F@)[0 (0% + w) — Hw™™] +Y =0

o]

1
D(v*° + %— +vu®)+ D <

{q)_(vo + _"_;’_ + z/ul) + K% + 2Kw*" + Kw"" (11)
Q . 2 {ele]
+f($) |:_q_90(vo + %U_) "'H(p( w + 1000) __}_R‘pwoooo +T wooll
+f ( )[ wwool] +f( )[ mulll +sz,l” _{_meooll] + fo( )[meoll] . Z — 0
Unstiffened shell:
1 4 oo ol

D" + vv° +u?)+D( 5 )(u +07)+X =0
D(v°°+%——+7/u°’)+D (1 "V> (W' +0")+Y =0 (12)

D
__q__(,uo + % + z/u') +K’UJ°°°O +‘2K’U}°°" +lelll . Z — O

The corresponding formulae for plates are again obtained by simply setting 1/¢ = 0 in Egs.(11) and
(12). These equations are then no longer coupled. The bending equation (37 equation) can be solved
independently of the in-plane forces (1°¢ and 2™¢ equations).

3 Stiffened cylindrical shell (plate) elements -

Fig.6 shows a typical LBR-5 stiffened cylindrical shell element composed of a plating () and three
layers of stiffeners. Shells are the generic elements and plates are analyzed as a particular case. There
are two layers along the longitudinal (oz) direction and one layer along the (o) direction.

- Longitudinal stiffeners

Longitudinal girder n°1

Longitudinal
stiffeners

j e S
: ~ Longitudinal girder n°2
! q yd &
i e
: Main
."\(p\“’ P z \T \_Frames X
S .~-="7 Transversal\[\ \[\
b \ =T stiffeners

Fig.6: Stiffened cylindrical shell elements
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Typically the layer along op corresponds to the transverse frames. Longitudinally (oz), there are the
stiffeners (smaller in size) and the girders (larger). We assume that:

— all stiffeners belonging to the same panel are identical and have the same spacing,

— all frames belonging to the same panel are identical and have the same spacing.

On the contrary, the girders can differ and their spacing is free.

3.1 Resultant forces and moments of the three-layered stiffened panels

Fig.7 shows the standardization procedure used to consider the stiffener and frame contributions.
Egs.(13) give the resultant forces and moments of the three-layered stiffened panels:

N, = (D+9,) <v° + 35) + Dvu! — Hyuw®

N, = (D+Q)u +Dv <v° + %) — Hpw" + f(o)[Qiu’ — Hiw"

M, = (K+R,)w” + Kvuw" —H(p(—"g+u°

M, = (K+BRo)u"+ Kvw™ — Hpu' — f(p)[Hou' — Riw"]

My = [(K(1—v)+Tpw® + Ly(v' +u°)

Mg, = [(K(1—v)+Tp)w® + Ly(v' +u®) + Flo)[Thw®' — LE(v' +u®)] (13)
1- o

New = P( 1) #5045, 0+ u) + (ISE )]

Nz Ny .

an _ (K+T ) oII (K+R¢)wooo —Hgo (% 'Jr"l)oo) +Lz('v"+u°')

+f (@) [Tjw” + L (v" + u®)] |
Qz — (K—I-T(p) ooll (K+Rm)w"’ _ m'U/” +L¢(UOI+UDO)
~f () (Hpu" - sz”’)

with (subscript z for stiffeners, subscript ¢ for frames, subscript z¢ for each individual girders):

_Bw, . _ Eu, _Eh, . _Bh, ., El, , _EI
V=3f Q=3E Ho=73f Ho= 73 Ro=%2 Ra= 7
elo) ey’ GK GK. GX G
_ @ — T _ @ — z . . el Xl _ T Ay
So=5f S=pt Te=p5 T=x Ly= 3% L= 3%

with Az, A, the spacing between longitudinal stiffeners resp. frames,
and for each individual girder:

Ewg Ehg Ely GKg GQ, ot
ot — 2%zt g Zlat opro Zowto ot TRat gt Tzt pb o Gl
* d:):t * da:t * dmt ¥ d:l:t ’ dzt * z ot
The symbols have the same meaning as above for the other stiffeners, the index ¢ indicates that they
pertain now to a girder. o

Fig.7: Uniformly distributed frames: f(z) = —— =const.
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Eqgs.(13) include different components:

- Plate components (D, K),

— Stiffener components (Qz, Ry, Sz, Hz, Tz, Lg),

— Frame components (Qy, Ry, Sy, Hyp, Ty, Ly) and

— Girder components (Qf, R, St, HL, T%, Lt terms multlphed by f(p))-

The f(p) Heaviside functions allow to model the non-uniformity of the girders (in size and in
location). For the stiffeners, however, the f(y) function is replaced by d,/Ayp. For the frames f(z) is
replaced by d;/Az, Fig.7. This standardization does not mean that the stiffeners (frames) are smeared
and replaced by an equivalent plate thickness but it means that each individual characteristic (cross
section, first sectional moment, inertia moment, torsional rigidity,...) is standardized on the entire
plate. Globally, the stiffened panel behavior is accurately modeled but it is locally simplified. This
simplification is only valid if the spacing between stiffeners (frames) is constant and remains small
! (compared to their span).

Based on the equilibrium equations (9) and the ’resultant-displacement’ relationships (13), three
i governing differential equations are obtained:

0400 o (152) o+ [0 (52) 15 5] -+ 2

i

= = f(¢)[Qu" — Hiw + S;(v°' +u*°)] - £°()[Sz (v +u°)] =X

~ v ~

Ao Uoz

1—v

1 1
(D+Qu)v*° + {D ( ha U) + S + Sq,} u® + [D ( >,+ Sz + S¢] v — How®®® + §(D + Q) w°

= — fISL" +u)]-Y (14)
Yo

Dy, L1

H:L-’UJ”I"!-(L$+L¢)(Uo°’+’ucl,) + (D+Q )( E) __H(pvooo +(K+Rw)woooo

2H,
+(2K + Ty + Tg)w™" + (K + Rg)w" — —2w*® =

q
’ | . f(Lp)[Téwm" . H;:U”, + R‘:‘,z,wllll +L§:('U°” + uool)] - fO((p)[TmtonI +L§3(’U" + uol)] +Z

~ vy ~ . o

:f Zo Uox

In these equations we can distinguish the components related to the plating (D, K), stiffeners (Sg,
Q:L‘r")v frames (S¢‘7 Q(p"") and girders (f((p) ' X07 f(W) : Y07 f((p) ) ZOa fo((p) ) UOX) fo((p) * UOZ)' The
Xo, Yo, Zo, Upx, and Upz components can be considered as external loads for the girders. The Xp,
Yy, Zg loads are in fact "force load lines’, Fig.8, corresponding to the girder reactions on the panels.
Upx and Upyz are 'moment load lines’. They correspond to the f°(y) terms.

Fig.8: The five girder load lines (forces and moments)
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4 Analytical solution for the governing equations for stiffened panel

Only for the unstiffened plate u and v (in-plane displacements) are not coupled with w (transversal
displacements) within linear thin plate theory. In all other cases, u, v, and w are coupled and the three
equations for them (Egs.(10), (11), (12), or (14)) have to be solved simultaneously. The principle to
solve any of these three governing differential equations is the same. They can be written as:

au+bv+caw = +X(z;9)
agu + bov + cow +Y (z,p) (15)
asu+byv +caw = —Z(z,p)

fl

with:

— u(z, ), v(z, ), and w(z, @) the displacements;

z and ¢ are the coordinates of a point on the mid-plane of the cylindrical shell (plate). The z
coordinate does not appear as we only look for the displacements (u, v, and w) at the mid-plate
thickness where z = 0 (linear thin shell theory).

—~ X, Y and Z(z, p) are the surface loads, Fig.12.

a1, by, ..., c3 are the derivative operators. E.g. for the system of Eq.(11) we have:
0 1—-v\ 0
=D—+D —
u=Pa;t ( > > By

Note: At this stage the f(y) concentrated terms of the differential equations (14) corresponding to
the girders must be discarded. Their effects will be considered at a later stage (STEP 6).

4.1 STEP 1: Homogeneous solution (6r Complementary solution)

The homogeneous solution of the governing differential equations (15) yields:

ay b1 Ci
as by co = al(b203 - b302) -+ ag(bgcl — blcg) + Cl,3(blcg - bzcl) =0 (16)
ag b3 c3

If we apply this to the w(z, ) displacement, we obtain:
Awgy + Bwsgp + Cwea + Dwag + Fwas + ... + Jwae + Kweg = 0 (17)

“This is an 8t" order differential equation with two coupled variables (z and ¢). w;; denotes the ith
order derivative of w by z and j** order derivative by y (y = gp). E.g. w1z = w'*®°.

4.2 STEP 2: Fourier Series Expansions
To solve this 8" order differential equation make an assumption on the shape of the displacements
u, v, w to obtain an 8% order differential equation with two separate variables:
w(z, @) = w1 (p) - wa(z) (18)

We use the Fourier series expansion theory and assume:

u(z,p) = u(p)-cos(Az)

v(z,0) = v(p)-sin(Az) (19)
w(z,p) = w(p)-sin(z) ~ |

with A\ = nm/L, n the term number of the Fourier series expansion, and L the span of the structure

(and panels) along oz. L is the same for each panel.
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The shape of the assumed displacements imposes some limitations on the boundary conditions.
The two edges z = 0 and z = L must behave as simply supported edges, i.e. w = v = Mz = Ny =0,
Fig.9.

Inserting Eq.(19) in the one of the considered governing differential equations (10), (11), (12), or
(14) yields an 8% order polynomial differential equation with now only one variable ().

\«p(v)

w(x,9) = wlg)sin(nnx/ L)

X(u)

Fig.9: Fourier series expansion and boundary conditions

4.3 STEP 3: Loads’ Fourier series expansion

Having decided to expand the displacements using Fourier series (STEP 2) to solve the governing
differential equations means that the Z(z, ) loads, Egs.(15), have to also satisfy the Fourier series
expansion’s shapes:

Z(z,p) = Z*(¢) - Q(z) = Z*(p) - ) asin(Az)
- The way to implemeht the actual loads in the analytical procedure is explained in STEP 5.

Counsider a load function @(z), which consists of a uniform load Qg between z; and z2, and zero
elsewhere. The Fourier expansion with sine and cosine series of this-load is:

sine expansion: Qz) = Z F—Q— sin (2[/ (z1 + mg)) sin (22( Tg — :1:1))] sin 2% (20)

nmw L
n=1
' on: Qo) = z[@ (57 @1 +a2)) -sin (3@ — o)) ] -cos ™% 21
cosine expansion: T) = —cos | o7 (o1 + 22 sin | 57 (22 — 21 T

Hydrostatic pressure is usually uniformly distributed along oz and varies linearly along op. The
variation along oy is considered in STEP 5. The expansion along oz for such a symmetric load uses
only the odd terms in a sine series:

= 4Q . (2n—1)7mz
= nz::l Gn-1r 07 2L (22)

In practice, the first three terms of the series are enough to model such loads with sufficient accuracy.

Cargo loads and weight distribution can be approximated by step functions. In such cases, 7 to 13
usually suffice to model the loads with sufficient accuracy.

To model the primary bending moment, it is necessary to apply axial longitudinal loads at the
both ends of each panel. As concentrated loads cannot be expanded with the Fourier series, these end
loads are applied on a small zone on each side. The width of these zones is taken in LBR-5 as 1/20 of
the span L. This is a compromise between computational effort and accuracy. The applied forces can
differ between right and left end. of the panel, because the primary bending moment changes along
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the hull girder. For such expansions, cosine Fourier series are used truncated typically after 7 to 13
terms. :

4.4 STEP 4: Homogeneous solution of differential equation ‘
From the solution of the 8% order polynomial differential equation with a single variable (y),

Eq.(17), and keeping in mind that w(z, ¢) = w(y) sin Az, Eq.(19), we obtain:

w(z, ) = [e%99(4;cos figw + Bisin figep) + e*i4#%0=)(C; cos fig(2m — ) + Disin fig(2m — ) + ...

-sin(Az)
(23)

withi =1 to 2, 3, or 4.

If then ie. solutions

By and B2 # 0 i=1t02 | (a1,£01), (a2, £b2) 2 complex

Bi#0and Bo=0|i=1to3 | (a1,£5), (a2,0), (a3,0) 1 complex, 2 real

Bi=0and B2 #0 | i=1to3 | (a1,£h1), (a2,0), (as3,0) 1 complex, 2 real

Br=pP2=0 i=1to4 | (a1,0), (a2,0), (a3,0), (a4,0) | 4 real

A;, B;, C;, D; are the eight integration constants included in Eq.(23). These constants are deter-
mined through the boundary conditions (STEP 6).

For u(p) and v(¢p) similar equations can be written. The u(p) and v(p) equations contain other
integration constants that depend directly on the eight integration constants of w (A;, B;, Ci, D;.).
This means that once these eight constants are fixed for w, the equations for u and v are also completely
defined. In addition, using the 'resultant-displacement’ relationships (like Egs.(13)) the resultant and
displacement derivatives (e.g. w® = slope) are also known. These will be required later (STEP6) to
find the boundary forces to apply along the panel boundary edges (¢ = 0 and ¢ = ¢y).

Eq.(23) for w(yp) and those for u(yp) and v(p) are the ’homogeneous solution’ of the differential
equations. The 'homogeneous solution’ is our basic solution to determine the solution of the actual
panel. v

4.5 STEP 5: Superposition principle

At this stage it is valuable to resume briefly the general philosophy to solve analytically the gov-
erning differential equations of structures composed of cylindrical stiffened shells (plates):

A. We decompose (mesh modeling) the global structure in a series of stiffened cylindrical shells and
stiffened plates, Fig.10.

4 3 2, 1
"I‘ITTTTWIL.UUHHilli‘;‘l\lHl < < %
= Electric 1 / 1N A
,:': cables E \\ // ._’: /\\ 5y Y13 20
k- N /N 17
E\ ws /- Crude O / . .
5 Jan| E .Storage ta?. . 6Y "14
E ] - I.E 214
J \ . 7Y Y15

3 N\ 19

: : /-"( ’_r: \’x t .
R Z4. N e S B 1 ' 224
b | s N ]
Foduct o/ N, :/ .
&TTTTT»TTTITTTT HHHHTHHTH\NHH — > - >

9 10 11 12

Fig.10: Modeling of the structure with stiffened panels
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Using the displacement shape of the Fourier series expansion, we solve for each panel the gov-
erning differential equations without second member (homogeneous solution). At that stage,
the f(p) concentrated terms of the differential equations, Egs.(14) corresponding to the girders
are discarded. For each panel, Eq.(23) gives the homogeneous solution, which includes the eight
unknown integration constants.

This procedure (STEP 2 and STEP 8) is repeated for each term of the Fourier series expansion.
At the end, the superposition principle is applied by summing all the solutions (one per term)
to get the actual solution. The number of terms to use depends on the problem’s complexity in
terms of the load patterns. Usually 3 to 13 terms are required.

Each panel (cylindrical shell) is considered as a complete 360° cylinder (i.e. the shell opening
angle is 360°). The actual opening angle o will be considered later.

Definition of the four ’basic unitary load lines’: X, Yy, Zyu, My. The principle is to find the
eight integration constants for the four 'basic unitary load lines’ applied on the complete cylinder.
Four sets of integration constants are (one per unitary load line). The superposition principle
allows then to find the solution (u,v,w) for the actual stiffened panels (actual opening angle g
and loads) that compose the structure. The 4 ’basic unitary load lines’ applied on the complete
cylinder.are:
Xy = 10000 cos(Az) [N/m]
Y, = 10000 sin(Az) [N/m]
Z,, = 10000 sin(Azx) [N/m]
M, = 10000sin(Az)  [Nm/m]

Their forms are compatible with the Fourier series expansions of the actual loads. These unitary
load lines are applied at ¢ = 0 (and ¢ = 360°).

For each of these 'unitary load lines’, eight integration constants are obtained through the
boundary conditions at ¢ = 0 and ¢ = 360°. To satisfy the boundary conditions, we can
define four equations (equilibrium and/or compatibility). In addition, the symmetry or the
anti-symmetry of the resultants and displacements induced by the load line provides four other
equations. E.g. for the Z, load case, the conditions are, Fig.11: ‘

(24)

v = 0.0 sin Az in ¢ = 0 (per symmetry)
Nye = 0.0 cos Az in ¢ = 0 (per symmetry)
w® = 0.0 sin Az in ¢ = 0 (per symmetry)
R, = -5000 sin Az in @ =€
N\, \'Z '
TN NN A
42(. /; e O \ \\"-'\'N
/ / /\'\
([ [ [ fe ..
N N VO W
NN NN

L
Lo -, 10000 /m

Fig.11: Z, = 9810sin Az (N/m) basic unitary load line

At this stage, only the stiffeners and the frames are explicitly considered. The effects of the
girders on the global solutions is added by introducing additional load lines (Xo, Yo, Zo, Uox,
and Upz), corresponding to the reactions between the panel and the girders. Considered as
external loads, they are applied on the cylindrical shell (plate) as explained in STEP 7.

Lateral pressure (varying along o), the deadweight, and the longitudinal axial compression

Schiffstechnik Bd.52 - 2005/Ship Technology Research Vol. 52 - 2005




(induced by the primary bending moment) can also be considered using the basic unitary load
lines. The unitary load lines, Fig.12, are assumed to be applied on a small surface (L - dy or
L - qdy) at z = 0 (L is the panel length along oz). Integrating the solutions obtained for the
basic load lines according to the actual load distribution, we get.the solutions (u, v and w) for
a complete cylinder under the real load conditions. Only the girder contribution remains to be
added (STEP 7).

lo —t
r) ] b =at 479
a1 T(A)dAsinAx
|
\L0)

Fig.12: External loads (pressure, deadweight) and integration procedure

4.6 STEP 6: Actual panel

In order to get the solution of the real panel (for the actual shell opening angle (o) we have
to consider the actual boundary conditions imposed along the two longitudinal edges (p = 0 and
@ = p). To satisfy these boundary conditions, we apply along each edge a set of four basic load lines
(X4, Yy, Zy, and My). The problem is to find the amplitude of these load lines. For each panel, the .
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unknowns are the ’edge amplification factors’ of these load lines. Conditions to determine these 'edge
amplification factors’ are:

For a free edge: My, = Ny = Ngy = R, =0

For a clamped edge: w=v =u =dw/dy =0

For a simply supported edge: w =u = My, = N, =0

For an edge (node) corresponding to the junction between two panels, we impose four compati-
bility conditions between the displacements of the two panels and four equilibrium equatlons

— For an edge (node) corresponding to the junction between three panels, we impose eight compat-
ibility conditions between the displacements of the three panels and four equilibrium equations.

The ’edge amplification factors’ for all panels are determined in STEP 8. For a structure with NV
panels, there are 8 - N unknowns corresponding to the eight 'edge multiplication factors’ per panel.
They are determined by solving a system of 8 - N linear equations.

The equations (compatibility or equilibrium) at the panel edges require the displacements (u, v,
w, w°) and the resultants (M, Ny, Ngp, R,) acting along the edge (¢ = = 0) and the edge (¢ = ©o).
These are determined for the nine ’standard loading cases’, Fig.13:

~ The actual external loads:
- pressures (quasi-static): Z type
- gravity loads (deadweight, cargo,...) having component along op and along oz: Y and Z types
— axial compression (induced by the primary bending moment) : X type

— the four basic unitary load lines (X, Yy, Zu, and My,) acting at (¢ = 0)

~ the four basic unitary load lines (Xu, Yy, Zu, and M,) acting at (¢ = o)

All these displacements and forces are calculated from the solutions of the homogeneous differential
equations for the four basic load lines applied on the 360° cylinder (see STEPS 2 and 3).

4.7 STEP 7: Girders

In order to include the effects of the girders on the stiffened panels it is necessary to evaluate their
individual contributions (each girder individually) on the complete cylinder submitted to the nine
'standard loading cases’. For each ’standard loading case’ we establish the displacement compatibility
and the force equilibrium between the girders and the cylindrical shell (which includes stiffeners and
frames). So, a linear equations system has to be solved including 5-- My equations, where My is the
‘number of girders of the panel). There is one equation for each girder and for each girder load line
(Xodz, Yodz, Zodz, Uoz, Ups). 'dx’ is width of the strip where the Xo, Yo, Zy girder forces act. It
- corresponds to the width where f(p) = 1. Units of X, Yo, Zo are [N/m?] and those of Xodz, Yodz,
Zydz are [N/m]. We obtain from Eq.(14):

if lange shear neglected

Xodz = [Qu" — Hiw+ SL(v®' +u®)] dz = [Qtu" — Hiw] dz

Yodr = [SL(v" +u°' )] dz =0

ZO dr = [Tt ocoll Htulll +Rt nn e L;‘,E(,Uoll +uool)] dr = [Té ooll Htulll +Rt IIII] dr (25)
Upe = [Tiw" +LL(" +u)] dz = [Tiw®"] dz

Usp- = [Stv+u ]d’l) =0

‘The Xodz, Yodz, Zodz, Ug, load lines are proportional to, respectively, Xv, Yy, Zy, My. No load
line is defined to represent Uy, because Uy, is here discarded as negligible. However, since in principle-
Up- can also be considered. it is retained in the following formulae.
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Fig.13: The nine 'standard loading cases’ (applied on the 360° cylinder)
'poids propre’ = own weight
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Let us consider:

¢ =Y, the coordinate of the current line where displacements are calculated
@ = A, the coordinate of the current line where a load line is applied
M7 girders located at A = Kj, j = 1...Mp

Uxo(Kj)y Uyol(K;), Yzo(Kj), Yyoz(Kj), Yyoz(K;) the unknown amplitudes of the Xodz, Yodz,
Zydz, Ugg, Up, girder load lines (located at A = Kj),

Us(), Vo(p), We(p) the shell (plate) displacements due to one ’standard loading case’

Uxol®), Vxolp), Wxo(p) the shell (plate) displacements due to a unitary load (X, =
10000 cos Az) that is similar to Xodz (at one constant)

Uyo(®), Viro(®), Wy o(ip) the shell (plate) displacements due to a unitary load (¥, = 10000 sin Az)
that is similar to Ypdz (at one constant)

similarly for [UZO(()D)7 VZo(‘P)a WZO(‘P)]? [UUoz(‘P)7 VUo.'L‘((P)a T/VUoz:((P)] ‘and [UUO;:(‘P)a VUoz(‘P)a
Wiroz ()

(Xodz)xo0,y=F;A=K;y (YodT)xoy=Kin=K;, (Z0d%T)x0y=Kih=K;; (Uoz)xoy=kKin=K; and
(Uoz) xo,y=K;,a=K; are the values of the girder load lines at the location of the 'i’ girder (Y = K;)
due to a unitary load X, = 10000 cos Az applied at the location of the ’j’ girder (A = Kj).
They are calculated by replacing the displacements [Uxo(®), Vio(®), Wxo(p)] in Eq.(25) for
¢=K; - K;

(.Xodil:)ya,yzj(i’/\zj{j, (Y0d$))'o’)’=Ki’A=Kj, (ZOd-'E)Yo,YzKi,A=Kja etc. are the girder load lines at
the location of the i’ girder (Y = Kj;) due to a unitary load Y, = 10000sin Az applied at the
location of the the ’j’ girder (A = Kj;). They are calculated by replacing the displacements
[Uvolp), Wolp), Wyo(e)] in Eq.(25) for ¢ = K; — K;.

similarly for (Xodz)zo,y=k;A=K;» (Y0dZT)zo,y=K: A=K;, (Z04Z) 20,y =K; A=K, €tC.
(X0dz)vos,y =K A=K;s (YodZ)voz,y=K; A=F;> (Z0dT)Uoz,y=K; A=K €tC.
(Xodz)voz,y=K; A=K;> (Y0dT)Uoz,y=Ki,A=K;> (Z0dT)Uoz,y=K; A=K;, €tC.

(Xodm)g’y:](i, (Ygd.’lt)o,y:[(i, (Z0d$)0’y=[(i, (UO.rdm)O,YzK,-; and (UO,:d-’E)O,)":Ki are the values of
the girder load lines at the location of the '’ girder (Y = K;) due to the considered ’standard
loading case’. They are calculated by replacing the displacements [Us(y), Vo(@), Wo(p)] in
Eq.(25) for ¢ = K;.

Based on this a typical equation is:

98

' E Uy (K)
\IIXo(Ki) = (XOd-T)O,YzKi +Z W(Xodx)XO,)’=Ki,A=Kj
Jj=1
MT
Uy o (K;) i
e X0 d T YV o V=K A=K s
+j=1 10000 K0TV or=KiA=K;
MT
\I’Zo(Ki)
—et (X nd e Hs A ECs e
+j=1 10000 (Xodz) zo,y=F; A=K, + (26)
MT
\yXo(Ki)
Vo, (K;) = (Zpd . L A Z0d T o Ve K A
zo(Ki) = (Zodz)o,y=k; +j=1 10000 (Zodz) x0,y=K; A=K;
MT
\II)"O(K'L')
e Z0dT ) Vo V=K A=K T+ e
+j:1 10000 (Zodz)yoy=K;n=F; +
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In principle the five components should be considered, but the LBR-5 program only considers the
Xo and Zy components, assuming the three others as negligible. The rigidity matrix of the system
Eq.(26) does not change with the load case. So the system has to be solved only once but with none

different sets of independent terms. For LBR-5, one set of (Xp, Zo) is obtained for each 'standard .

loading case’.

: »
dx "z
<X B L S
\ 9 =A,

Z,-dx
4.?%_? _______
10000N /m
LA
U Ve We
U N
<X 2 = _ ...\
A %
L P =4,

Ug, Ve, Wg

Vo
Fig.14: The five ’girder unitary load liries’

In conclusion, one needs for each girder nine sets of (Xo, Zg) ’girder load lines’. Each set corresponds
to one of the nine ’standard loading cases’. Then, these girder load lines are applied on the 360°
cylindrical shell in addition to the standard loading cases in order to determine the displacements (u,
v, w, w°) and the resultants (N, My, Nyg, Ry) along the two edges (p =0 and ¢ = ©0)-

Having now determined along the boundary edges of each panel all the displacements and resultants
(including the girder contribution), we can solve the global system for the complete structure and get
the amplification factors (STEP 6) to apply at the eight "unitary load lines’ on each panel (STEP 8).

4.8 STEP 8: Final solution

At the final stage, each panel is a 360° cylindrical shell including stiffener, frame, and girder
_ contributions. For these panels we know the displacements (u, v, w, w°) and the resultants (Ny, My,
Nyz, R,) along their two boundary edges (p = 0 and ¢ = q) for the nine standard loading cases. To
satisfy tlie actual boundary conditions of each panel, we determine the ’amplification factors’ of the
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four 'unitary load lines’ applied at ¢ = 0 and the four 'unitary load lines’ applied at ¢ = . This is
done through the compatibility and the equilibrium equations between panels, see STEP6. By solving
the global system including all these equations (8 per panel) we get the amplification factors.

Then, the final solutions (u, v, 'w) of a panel of the structure is obtain by adding nine different
solutions of the same 360° cylindrical panel (including stiffeners, frames and girders):

~ the 360° cylindrical panel under actual external loads,

“— at p = 0, the 360° cylindrical panel under the X,, Y., Z,, and M, 'unitary load lines’ multiplied
by their respective ’amplification factor’,

— at ¢ = ¢y, the 360° cylindrical panel under the X, Y,,, Z,, and M, "unitary load lines’ multiplied
by their respective ’amplification factor’.

References

RIGO, P. (2001a), Differential equations of stiffened panels, Rep. 348, Dept. NAME, Univ. of Michigan, Ann
Arbor

RIGO, P. (2001b), A module-oriented tool for optimum dsign of stiffened structures, Marine Structures 14/6,
pp.611-629 :

RIGO, P.; FLEURY (2001), Scantling optimization based on convez linearizations and a dual approach, Marine
Structures 14/6, pp.631-649

RIGO, P. (2001c), Least-cost structural optimization oriented preliminary design, J. Ship Production 17/4,
pp.202-215

RIGO, P. (2003), An integrated software for scantling optimization and least production cost, Ship Technology
Research 50, pp.126-141

RIGO, P. (1989a), Utilisation des développements h.armom'qdes auz calculs des ouvrages hydrauliques
métalliques, Ph.D. thesis, Univ. of Liege

RIGO, P. (1989b), A software for the computation and design of stiffened hydraulic structures, PIANC Bulletin
65

RIGO, P. (1992a), Stiffened sheathings of orthotropic cylindrical shells, J. Structural Eng. 118/4 pp.926-943

RIGO, P. (1992b), The Computation of prismatic structures, applied to naval architecture, Marine Structures
5/3, pp.313-332

100 . Schiffstechnik Bd.52 - 2005/Ship Technmhgy Research Vol. 52-- 2005.

et i L




