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with Crossbars ! :

3 software, is a computation method dealing with cylindrical orthotropic
shells (Rigo 1983a, b). As a result, LBR-3 gives displacements and stresses
both with an equal level of accuracy, both being directly deduced and not
one from the other. With this analytical method, results can be obtained at
all points of the structure (sheathing, web, flange, web-flange junction, web
sheathing junction).

For hydraulic structures, such as an orthotropic sheathing (Fig. 1), a
navigation-dam gate, or a tidal surge barrier, frequent use is made of box
girders, which are stiffened by longitudinal and transversal stiffeners. In
these cases, the number of stiffeners and crossbars is so large that treating
them by usual stress-analysis methods may become very expensive. For
instance, the central processing unit (CPU) time for a simple sheathing lock
gate (3,940 nodes and 21,000 degrees of freedom) is 90 min on an IBM 3081
(Aristaghes et al. 1986). By comparison, with LBR-3 for the aforementioned
simple sheathing lock gate, it takes only 1 min on an IBM 4381.

The strongest advantage of this method is the discretization. Each stiff-
ened shell or plate is considererd as one panel (Fig. 1); “panel” has the
significance of an “element” in the finite-element method. However, a panel
(shell or plate) includes all the stiffeners that are present; it is not necessary
to split up the stiffener into smaller elements. For each panel of a structure,
the analytical relationship of the solution (stresses and displacements) is
obtained. It takes into account the compatibility conditions and the equi-
librium equations that must be satisfied at the junction between two or more
panels. Thus, it is, for instance, possible to study a stiffened square-box
girder 100 m long, with only four of our elements (panels).

When the shells are cylindrical, which is the case of steel structures in
the hydraulic field, the harmonic analysis methods are among the efficient
ones (Bares and Massonnet 1966; Cheung 1976; Golberg and Leve 1957;
Puckett and Gutkowski 1986; Schnobrich 1987). In these methods, loads
and displacements, as well as stresses, are decomposed by Fourier series
along a parallel direction to the cylinder-generating lines. The stiffened
sheathing method is presented according to this principle.

THEORETICAL STATEMENTS

All the theoretical mn_:mamﬂm involved in the stiffened sheathing method
(Rigo 1989a, b) cannot be included in this paper. Therefore, in presenting
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chitecture (tanker boat, barge, craft, oil tanker) (Rigo 1989a, b) and steel
structure fields (shelving, formwork, floor, bridge deck).

Within the linear DKJ method (Dehousse 1961), no additional restrictions
have been placed on the orthotropic shell with smeared-stiffener theory on
the torsional stiffness, or on the lateral bending stiffness. The basic element
is a cylindrical orthotropic shell where the length is L, g is the radius;  is
the thickness, and ¢, is the shell degree of opening. The coordinate system
is presented in Fig. 2, showing the x-axis being along the cylindrical gen-
erator, the ¢-axis along the circumference, and the z-axis perpendicular to
the shell. Displacements u, v, and w are associated with the x-, ¢-, and z-
axes. The reference shell is situated between the external and the internal
surfaces (Fig. 2). i ,

The stiffening includes three types of ribs (stringers, rings and crossbars)
as shown in Fig. 1. These longitudinal and transversal ribs have, respectively,
a spacing of ¢, and &,,. There are also the unitary forces (N,, N, N.o, N,
O, and Q,) and the unitary moments (M,, M,, M,,, and M,,), which are
calculated 1n relation to the middle surface (Fig. 2).

The middle surface (Fig. 2) receives the external loads: which can be
subdivided into X, Y, and Z, for specific pressures (N/m?), and M,, M,,
and M., for the specific moments (N-m/m?). These loads enable one to apply
dead load, hydrostatic pressure, pressures that can be varied along x- and
¢-axes, as well as moments that are applied, for instance, at the extremities.

The six equilibrium equations containing the ten aforementioned variables
can be determined :

2+>m+kuo3
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where f = the derivative of f relative to x (df/dx) and f° = derivative of f
relative to o(df/de).

At the moment, no hypothesis has been assumed. However, to solve the
problem, it is necessaryito introduce the following assumptions: the validity
field of these developments is the elastic range of the DKJ simplications.
These simplifications are the thin-shell assumptions (i.e., thickness << ra-
dius), the small deformations and the Love-Kirchhoff hypothesis. These
hypotheses are sufficient to maintain a linear stress variation along the shell
thickness.

In order to write the unitary expression of the forces and moments (Fig.

~
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Arpenpix ll. NotaTions

The following symbols are used in this ﬁs.umﬁ.

e.f,8h
e, Or e,(2), e, or e,(2)

F or F(p)

f(9), fx)
G(e)

M,

M., My, Moy, My,
g\«u Eﬁu >&N

N,

2&« Zﬁu x@? Zﬁh
n

mk‘ DG

I

I

I

]

constants defined in (23);

parameters of end force functions F(o);
E-8/(1 - v?);

maximal values of e, stringer width and e, ring
width;

length of end segments (x = 0,x = L) on which
loads are applied;

modulus of elasticity;

parameters of end moments functions G(¢);
stringer and ring widths according to z-coor-
dinate;

analytical relationship of end forces;
Heaviside functions;

analytical relationship of end moments;
stringer and ring static moments related to mid-
dle surface of shell;

E®12(1 — v?);

span of shell along x-axis;

coefficients considering stringer (ring) lateral
bending stiffness;

theoretical end moments;

unitary moments;

specific moments (N-m/m?);

theoretical end forces;

unitary forces;

term number of Fourier series;

unitary forces;
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where e, = the stringer width according to the z coordinate = fe(z); d,
= the maximum value of the e, stringer width; w, = the stringer transversal
surface area; and f(¢) = a function that is 1 under the stringer, and 0
elsewhere (see Fig. 3).

The f(¢) functions [f(x) for the rings] are composed of Heaviside ones,
which enable one to obtain functions perfectly compatible with the structure
geometry (Fig. 3). They are equal to unity and cancel out each other’s
spaces (d, and d,) where the ribs act. These functions permit the consid-
eration of the exact location of each stringer [or ring for an f(x) function].
Hence, the geometric dimensions of two stringers (symmetric or eccentric)
fixed on the same shell can be different. This is one of the most important
particularities of this method. Many other methods use the smeared stiffener
theory (Bares and Massonnet 1966; Hutchinson and Amazigo 1967).

After integration of (14) and (15), N, and M, become

zknm?d.*,éc+§v+xex§5kle\, £ R R € )

zkummsgf v) — F@WH, = WR) ......eirineii. . (17)

where ), = the modified stringer transversal surface area (Q, = w,- E/d,);
H, = the static moment related to the middle surface; and R, = the moment
of inertia with respect to the middle surface.

Egs. (16) and (17) show the precise positior of each stringer is accurately
considered. Indeed, f(¢) equals zero between two stringers (Fig. 3); so, (12)
and (13), which are valid for unstiffened shells, are again found to be valid.

The N,, and M, relationships can also be obtained as

1—v| , u ,ul
ZSIUIINI.. v+ p + fle)S, { v + 2 B O € 1))
or 0/ 0
EsuETs.W - f(e) ﬁﬂlJrP q\+=Mv e (19)

where S, and L, = two coefficients considering the lateral (tangent to the
shell) bending stiffness; and T, = a coefficient taking into account the
torsional stiffness. These S, and L, coefficients must be carefully determined
because they are very important for the transverse shear deformations (seen
hereafter in the numerical verifications). .

For the rings, N, N,,, M,, and M,, are to be obtained. The Q, and Q.
unitary forces are determined from the moment equations [(4) and (5)] by
replacing the already-computed unitary forces and moments.

Next, by replacing the unitary forces and moments with their analytical
expressions in (1), (2), and (3), a system of three differential equations with
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in order to use LBR-3 software. Thus, it can be easily understood how

attractive LBR-3 is to the designer.
“As an example, Fig. 11 shows the diagram of the von-Micec commaricarn
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where A, B, C, . . . , K coefficients = constants that depend only on the

geometric characteristics of the shell and its stiffeners. They depend also
on the mechanical properties of the material (E, v).

To obtain an equation with two independent variables, the displacements
are developed using Fourier series expansion:

S

nmx

E@,ﬁvna.MNEAevwmzHl e (29)
u(x, @) = MweAﬁvaA'Mm ...... ANmV
u(x, ) = MH:AGVnOmwlMM . (26)

There is no right-hand side in (23) because only the load lines are con-
sidered. They are applied on a g-d¢ infinitesimal space across a line along
the x-axis. The analytical relationship of w is obtained after:integration of
the general solution [(23)] along the ¢-axis for the real load distribution
(Dehousse 1961).

The real actions of the stringers on the shell are determined by the solution
of a system of integral equations that are well known as the Volterra-
Fredholm equations of the second kind. The kernels of these integral equa-
tions come from the introduction of the Green functions in the analytical
relationships of the three unitary force lines and the two unitary moment
lines. So, the stiffened shell can be computed as an unstiffened shell where,
not only do the external loads act, but also five load lines at each stringer
(or ring) position act. ,

After solving the integral equations for the displacements, the first results
are the analytical relationships of the u, v, w displacements according to
the x-, ¢-, and z-coordinates. By replacing these in (9), (10), and (11), the
analytical expressions for the stresses may be obtained. For z = 0, stresses
are determined in the middle surface of the shell. Knowing the x, ¢, and z
stiffener coordinates, the stresses at every point of a stiffener can also be
computed (for instance: in the web, in the flange, etc.). The analytical
expressions that result from the aforementioned principles will not be de-
veloped here. These computations are too long and not useful to the reader.
For more details, refer to the main work of the author (Rigo 1989).

STRUCTURES WITH PARTICULAR END CONDITIONS

The sine-series decomposition of w(x, o) [(24)] implies that the other
displacement expressions are v(x, ¢) as sin Ax [(25)], and u(x, ¢) as cos Ax
[(26)]. So, at the boundaries (x = O'and x = L), thé w and v displacements
vanish, but the u longitudinal displacement and the w' = dw/dx rotation
do not. Hence, theoretically, the x = 0 and x = L extremities must always
be simply supported; the two other zones (¢ = 0 and ¢ = ;) can be free,
fixed, simply supported, or common with other panels.

As far as the hvdraulic structures are concerned manv hay oirderce amd

SSM-1, L.B.R.-3
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FIG. 8. Used Discretizations (FEM, LBR-3, and Bending Theory) and for SSM-1
Discretization, v and w Displacements at Midspan

TABLE 1. Deformation at Midspan (without Flange Contribution)

Displacement v (mm) | Displacement u (mm)
Method along axis ¢ along axis x
{1) () (3)
SAMCEF, FEM* 210 elements,
2,854 equations 18.10 5.14
LBR-3 discretization SSM-1,* 7
terms, 1 panel, 6 stringers, 8

equations 20.17 5.81
LBR-3 discretization SSM-2,° 7
terms, 25 panels, 200 equations 19.50 5.57

“The stringer modeling is made within the modeled stiffened panel.
®Stringers modeled with unstiffened plate panels.
“Stringers modeled with unstiffened plate elements.

mations will be different (warping). Such behavior cannot be studied with
the present method except by using a secondary discretization, the so-called
SSM-2. This second discretization needs more elements and is also more
expensive. There are seven unstiffened panels to discretize the skin plate
and three for each stringer, which are, therefore, modeled by unstiffened
panels as for the FEM modeling. Thus, there are 25 panels (7 + 3 x 6 =
25) and then a system of 200 (25 X 8) equations to solve. Such a discreti-
zation could also be used by the finite strip method.

The SSM-2 discretization allows stringers to work separately of the skin
plate because, in this case, the assumption that sections remain straight
during the bending is no longer a restriction. The representation of the
transmission of loads between stringers and sheathing corresponds to reality.
On the other hand, for the SSM-1 discretization, the theoretical assumption

~ that sections remain straight during the bending is verified.

The v and u displacements for the three discretizations (FEM, SSM-1,

and SSM-2) are presented in Table 1. There is good correlation between
the FEM and the QQAMLLY calittinne The COA T racialéc fE % O% o crmans %
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in the differential equations [(20), (21), and (22)]. So dM,(x)/dx, the de-
rivative of the M, end moments, must be considered. _

Fourier Series Expansion of End Forces and Moments

If an exact load decomposition must be obtained, the development of the
end moments requires a very large number of terms (50-100 terms). In
practice, concentrated loads do not exist. They are always more or less
applied on d* length segments. So, N, end forces and M, end moments are
always applied on such d* segments near the ends. Satisfactory results with
only the first seven terms of the Fourier series are obtained with an ac-
ceptable accuracy. For d* = L/15, Fig. 4 shows the theoretical end force
(solid line) and the practical one (dotted line), which has been applied by
using the Fourier series| expansion.

The d* length is one of the most important parameters to determine the
accuracy of the results. However, in practice, this is influenced by the
structure geometry and'some other practical considerations. For instance,
the junction between the box girder of a radial gate and the arms must be
very strong, so there is a minimum (practical) width for arms and there are
also many strengthening pieces (plates, gussets, etc.). Therefore, the results
in the end regions will always be approximate. After many trials, it has been
seen that the most economical solution is to take d* in the range of L/15
(L = span), which assures an acceptable level of accuracy.

Computation of Elastically Supported Structures :

Using the N, end forces and M, end moments, computation of elastically
supported structures becomes possible. :

Because of (24), (25), and (26), the end sections are like partition walls
that are rigid in their respective planes (w = v = 0). The perpendicular
displacement to each plane is free, which is the case of the longitudinal
displacements u. In spite of these conditions, it is possible to take into
account the particular boundary conditions (fixed, elastically supported).
Consider a radial gate loaded by hydraulic pressure (hydrostatic and hy-
drodynamic pressures). The box girder and the supporting arms behave as
portals (Fig. 5).

The end sections of the gate cannot have any deformation as would a
simply supported gate. If the end of a supporting arm is subjected to a
general rotation ¢ (Fig. 5), the u longitudinal displacements and the dw/dx
rotations at the junction box girder/arm are readily known according to the

~ /_\ PR
Box Girder

- =

FIG. 5. Plan of Portal, Box Girder and One Supporting Arm of Radial Gate. End
Nafnrmatinmn Nt Rav Clordos

¢ variable. Therefore, it is necessary to apply both N, end forces and M,
end moments at the extremities, and both must have compatibility between
the end displacements of the box girder and the displacements resulting
from the arm rotation.

At the box girder/arm junction, it is necessary to check the compatibility
of the u displacements and the dw/dx rotations. The mechanism of the
portal is then split up in two parts—the arm is one and the box girder is
the order—and these two are analyzed separately.

Determining End Effects

The method used to determine the end forces and moments when the u
displacements and the dw/dx rotations are fully known is the following.

The N, and M, theoretical relationships present important inconveniences
because the subsequent analytical developments would be cumbersome to
handle (Rigo 1989a, b). For simplicity and rationalization purposes, the
third-degree polynomial development has been chosen for the functions
representing the end effects. Let F(¢) and G(¢) [(28) and (29)] be the end
forces and moments functions where a, b, ¢, dande, f, g, h are, respectively,
unknown parameters of the end force function and the end moment func-
tion.

F(o) = a(ge®) + b(ge)* + c(qe) +d ..... ... (28)
Ge) = e(qe)® + flgo) + glge) + h oo (29)

Each parameter is in fact, the multiplicate coefficient of a unitary end
force or moment. Practically, the coefficients a, b, ¢, d, . . . , h are obtained

by imposing, point by point, the condition of displacement: continuity and
rotation continuity between the box girder and the supporting arms. Assume
a structure composed of # shells in which there are 8-n unknown parameters
that are determined by imposing 8 - # continuity conditions at some structural
points.

ExampLES OF NUMERICAL VERIFICATIONS OF STIFFENED
SHEATHINGS METHOD

There are several generally accepted verifications related to unstiffened
shells (Rigo 1989a, b). For these verifications, the LBR-3 results were com-
pared with FEM software such as SAMSEF (1988), SAPLI (Fonder 1985),
and other methods (Scordelis and Lo 1964; Vlassov 1962).

We hereby present verifications of orthotropic plates. Their aim is to
evaluate the flange contribution to the lateral (tangent to the shell) bending
stiffness of the stringers. This contribution is very important because the
transverse shear deformations are of great significance in the case of stiffened
plates. It is interesting to see how much the flanges help the skin plate
(sheathing) when they are fixed by gussets (Fig. 6) or without gussets.

A plate, 15 m wide and 3 m high, loaded in its plane has been studied
(Fig. 7). The load (P = 1 x 10° N/m) was applied along the x = 0 coordinate
line. The six stringer dimensions being very important (flange: 150 x 20
mm, web: 250 X 20 mm, and spacing: 0.5 m) in comparison to the skin-
plate thickness (8 = 4 mm), this example will better show the flange influ-
ence. The x = 0 and x = 15 m edges are simply supported (w = v = N,
= M, = 0), and the two other ones (¢ = 0 and @, = 3 m) are free. Two
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