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Preface

Control systems are making a tremendous impact on our gogiebugh invisible
to most users, they are essential for the operation of nadrtievices — from basic
home appliances to aircraft and nuclear power plants. Apart technical systems,
the principles of control are routinely applied and ex@diin a variety of disciplines
such as economics, medicine, social sciences, and aftifitétligence.

A common denominator in the diverse applications of corigdhe need to in-
fluence or modify the behavior of dynamic systems to atta@specified goals. One
approach to achieve this is to assignh a numerical perforeiaaex to each state tra-
jectory of the system. The control problem is then solveddarehing for a control
policy that drives the system along trajectories corredpanto the best value of the
performance index. This approach essentially reducesrthtegan of finding good
control policies to the search for solutions of a mathenahtiptimization problem.

Early work in the field of optimal control dates back to the @94vith the pi-
oneering research of Pontryagin and Bellman. Dynamic @rogting (DP), intro-
duced by Bellman, is still among the state-of-the-art t@asimonly used to solve
optimal control problems when a system model is availabie dlternative idea of
finding a solutionin the absencef a model was explored as early as the 1960s. In
the 1980s, a revival of interest in this model-free paradigahto the development of
the field of reinforcement learning (RL). The central them&L research is the de-
sign of algorithms that learn control policies solely frame knowledge of transition
samples or trajectories, which are collected beforehafy online interaction with
the system. Most approaches developed to tackle the RLgiroate closely related
to DP algorithms.

A core obstacle in DP and RL is that solutions cannot be repted exactly for
problems with large discrete state-action spaces or asotisispaces. Instead, com-
pact representations relying on function approximatorstrba used. This challenge
was already recognized while the first DP techniques wenegba¢veloped. How-
ever, it has only been in recent years — and largely in cdroelavith the advance
of RL — that approximation-based methods have grown in dityggrmaturity, and
efficiency, enabling RL and DP to scale up to realistic proide

This book provides an accessible in-depth treatment ofasiament learning
and dynamic programming methods using function approxinsaiVe start with a
concise introduction to classical DP and RL, in order to diie foundation for
the remainder of the book. Next, we present an extensivewesf state-of-the-art
approaches to DP and RL with approximation. Theoreticatguaes are provided
on the solutions obtained, and numerical examples and casopa are used to il-
lustrate the properties of the individual methods. The iiaing three chapters are



dedicated to a detailed presentation of representatiaittigns from the three ma-
jor classes of techniques: value iteration, policy itematiand policy search. The
properties and the performance of these algorithms ardigiigéd in simulation and
experimental studies on a range of control applications.

We believe that this balanced combination of practical \llgms, theoretical
analysis, and comprehensive examples makes our book Isuitab only for re-
searchers, teachers, and graduate students in the fielgsimfband adaptive con-
trol, machine learning and artificial intelligence, butaafer practitioners seeking
novel strategies for solving challenging real-life cohprmblems.

This book can be read in several ways. Readers unfamilidr thi field are
advised to start with Chapter 1 for a gentle introductiord aantinue with Chap-
ter 2 (which discusses classical DP and RL) and Chapter 3ctwbonsiders
approximation-based methods). Those who are familiar thighbasic concepts of
RL and DP may consult the list of notations given at the endhefliook, and then
start directly with Chapter 3. This first part of the book iffisient to get an overview
of the field. Thereafter, readers can pick any combinatidblafpters 4 to 6, depend-
ing on their interests: approximate value iteration (Chagd), approximate policy
iteration and online learning (Chapter 5), or approximatiécy search (Chapter 6).

Supplementary information relevant to this book, inclgdancomplete archive
of the computer code used in the experimental studies, ihl@at the Web site:

http://www.dcsc.tudelft.nl/rlbook/

Comments, suggestions, or questions concerning the botiledieb site are wel-
come. Interested readers are encouraged to get in toucltheitauthors using the
contact information on the Web site.

The authors have been inspired over the years by many steewtno undoubt-
edly left their mark on this book; in particular by Louis Welkel, Pierre Geurts,
Guy-Bart Stan, Rémi Munos, Martin Riedmiller, and Michbdgoudakis. Pierre
Geurts also provided the computer program for building erdes of regression
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sible without our colleagues, students, and the excellefepsional environments
at the Delft Center for Systems and Control of the Delft Ursity of Technology,
the Netherlands, the Montefiore Institute of the Universitiziege, Belgium, and at
Supélec Rennes, France. Among our colleagues in Delfinlige deserves special
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1

Introduction

Dynamic programming (DP) and reinforcement learning (RE)algorithmic meth-
ods for solving problems in which actions (decisions) angliad to a system over
an extended period of time, in order to achieve a desired aimethods require
a model of the system’s behavior, whereas RL methods do hettifne variable is
usually discrete and actions are taken at every discretediap, leading to a sequen-
tial decision-making problem. The actions are taken inedildeop, which means that
the outcome of earlier actions is monitored and taken intmact when choosing
new actions. Rewards are provided that evaluate the opedstasion-making per-
formance, and the goal is to optimize the long-term perforteameasured by the
total reward accumulated over the course of interaction.

Such decision-making problems appear in a wide variety fffjéncluding au-
tomatic control, artificial intelligence, operations rasegh, economics, and medicine.
For instance, in automatic control, as shown in Figure ), Haontroller receives
output measurements from a process, and applies actiohstprocess in order to
make its behavior satisfy certain requirements (Levin@®6)9In this context, DP
and RL methods can be applied to solve optimal control prabjén which the be-
havior of the process is evaluated using a cost functionglests a similar role to
the rewards. The decision maker is the controller, and te&esyis the controlled
process.

. action
action

’—> Controller Process —‘

output

Intelligent Environment
Agent

—
perception

(a) Automatic control. (b) Artificial intelligent agents.

FIGURE 1.1
Two application domains for dynamic programming and raicdément learning.

In artificial intelligence, DP and RL are useful to obtainioml behavior for in-
telligent agents, which, as shown in Figure 1.1(b), moriheir environmentthrough
perceptions and influence it by applying actions (Russellarvig, 2003). The de-
cision maker is now the agent, and the system is the ageniiament.

If a model of the system is available, DP methods can be applikey benefit

1



2 Chapter 1. Introduction

of DP methods is that they make few assumptions on the systhioh can gen-

erally be nonlinear and stochastic (Bertsekas, 2005a,)2007s is in contrast to,

e.g., classical techniques from automatic control, manytdth require restrictive

assumptions on the system, such as linearity or determirNgmmeover, many DP

methods do not require an analytical expression of the madélare able to work
with a simulation model instead. Constructing a simulatimdel is often easier than
deriving an analytical model, especially when the systehabior is stochastic.

However, sometimes a model of the system cannot be obtatralt] a.g., be-
cause the system is not fully known beforehand, is insufittyaunderstood, or ob-
taining a model is too costly. RL methods are helpful in thase; since they work
using only data obtained from the system, without requigingodel of its behavior
(Sutton and Barto, 1998). Offline RL methods are applicdtdata can be obtained
in advance. Online RL algorithms learn a solution by intérapwith the system, and
can therefore be applied even when data is not availablevaree. For instance, in-
telligent agents are often placed in environments thatetriuily known beforehand,
which makes it impossible to obtain data in advance. NoteRhamethods can, of
course, also be applied when a model is available, simplysbgithe model instead
of the real system to generate data.

In this book, we primarily adopt a control-theoretic poiritwiew, and hence
employ control-theoretical notation and terminology, @hdose control systems as
examples to illustrate the behavior of DP and RL algorithviie.nevertheless also
exploit results from other fields, in particular the stromglp of RL research from the
field of artificial intelligence. Moreover, the methodologg describe is applicable
to sequential decision problems in many other fields.

The remainder of this introductory chapter is organize@tsws. In Section 1.1,
an outline of the DP/RL problem and its solution is given.t#ecl.2 then introduces
the challenge of approximating the solution, which is a @rtbpic of this book.
Finally, in Section 1.3, the organization of the book is eipéd.

1.1 The dynamic programming and reinforcement learning
problem

The main elements of the DP and RL problem, together with floav of interaction,
are represented in Figure 1.2: a controller interacts wiitoaess by means of states
and actions, and receives rewards according to a rewartidanEor the DP and RL
algorithms considered in this book, an important requineniee the availability of
a signal that completely describes the current state of theegs (this requirement
will be formalized in Chapter 2). This is why the process shawfFigure 1.2 outputs
a state signal.

To clarify the meaning of the elements of Figure 1.2, we usenaeptual robotic
navigation example. Autonomous mobile robotics is an apgibn domain where
automatic control and artificial intelligence meet in a matway, since a mobile
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action

FIGURE 1.2

The elements of DP and RL and their flow of interaction. Thenelats related to the reward
are depicted in gray.

robot and its environment comprise a process that must deatied, while the robot
is also an artificial agent that must accomplish a task inritsrenment. Figure 1.3
presents the navigation example, in which the robot showimeifbottom region must
navigate to the goal on the top-right, while avoiding thetable represented by a
gray block. (For instance, in the field of rescue robotics, gloal might represent
the location of a victim to be rescued.) The controller is tbleot's software, and
the process consists of the robot’'s environment (the seirdacwhich it moves, the
obstacle, and the goal) together with the body of the robeffitlt should be empha-
sized that in DP and RL, the physical body of the decisioningkntity (if it has
one), its sensors and actuators, as well as any fixed lowet-¢entrollers, are all
considered to be a part of the process, whereas the conisotiken to be only the
decision-making algorithm.

Fits rW/ —

’-~' next state x,,,
action u, (step)
- L) state x, (position)

k
\\

\

FIGURE 1.3

A robotic navigation example. An example transition is alkown, in which the current and
next states are indicated by black dots, the action by a ldackv, and the reward by a gray
arrow. The dotted silhouette represents the robot in thesiate.

In the navigation example, the state is the position of thton the surface,
given, e.g., in Cartesian coordinates, and the action ism@taken by the robot, sim-
ilarly given in Cartesian coordinates. As a result of takingtep from the current
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position, the next position is obtained, according to adition function. In this ex-
ample, because both the positions and steps are repregeadesian coordinates,
the transitions are most often additive: the next posit®the sum of the current
position and the step taken. More complicated transitiosasoatained if the robot
collides with the obstacle. Note that for simplicity, mosttee dynamics of the robot,
such as the motion of the wheels, have not been taken inteatiere. For instance,
if the wheels can slip on the surface, the transitions beaioahastic, in which case
the next state is a random variable.

The quality of every transition is measured by a reward, geed according to
the reward function. For instance, the reward could havesdipe value such as 10 if
the robot reaches the goal, a negative value suehlasepresenting a penalty, if the
robot collides with the obstacle, and a neutral value of Gafor other transition. Al-
ternatively, more informative rewards could be constrdctesing, e.g., the distances
to the goal and to the obstacle.

The behavior of the controller is dictated by its policy: agping from states into
actions, which indicates what action (step) should be takeach state (position).

In general, the state is denotedXythe action byu, and the reward by. These
guantities may be subscripted by discrete time indicesyakédenotes the current
time index (see Figure 1.3). The transition function is deddyf, the reward func-
tion by p, and the policy by.

In DP and RL, the goal is to maximize the return, consistindnefcumulative re-
ward over the course of interaction. We mainly consideralisted infinite-horizon
returns, which accumulate rewards obtained along (pgdsiffinitely long trajec-
tories starting at the initial time stdp= 0, and weigh the rewards by a factor that
decreases exponentially as the time step increases:

)prl—i- y1r2+y2r3+... (1.2)

The discount factoy € [0,1) gives rise to the exponential weighting, and can be
seen as a measure of how “far-sighted” the controller is imsimiering its rewards.
Figure 1.4 illustrates the computation of the discountddrrefor the navigation
problem of Figure 1.3.

The rewards depend of course on the state-action trajefdtboyved, which in
turn depends on the policy being used:

Xo, Ug = h(Xg), X1, u1 = h(X1), X2, Uz =h(x2), ...

In particular, each rewand; is the result of the transitiofx, Uk, Xk+1). It is con-
venient to consider the return separately for every ingtatexy, which means the
return is a function of the initial state. Note that, if st&@nsitions are stochastic,
the goal considered in this book is to maximize the expemtaif (1.1) over all the
realizations of the stochastic trajectory starting fngm

The core challenge of DP and RL is therefore to arrive at aisolthat optimizes
the long-term performance given by the return, using onlyare information that
describes the immediate performance. Solving the DP/Rblpro boils down to
finding an optimal policy, denoted Hy, that maximizes the return (1.1) for every
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FIGURE 1.4

The discounted return along a trajectory of the robot. Theresesing heights of the gray
vertical bars indicate the exponentially diminishing matof the discounting applied to the
rewards.

initial state. One way to obtain an optimal policy is to firsingpute the maximal
returns. For example, the so-called optimal Q-functiomaded byQ*, contains for
each state-action paig,u) the return obtained by first taking actionn statex and
then choosing optimal actions from the second step onwards:

Q (x,u) = YPri+ylro+ yPra+ ...

whenxgy = X, Ug = U, and optimal actions are taken far, xo,... (1.2)

If transitions are stochastic, the optimal Q-function ifiked instead as the expec-
tation of the return on the right-hand side of (1.2) over ttagettory realizations.
The optimal Q-function can be found using a suitable DP or Rjor@thm. Then,
an optimal policy can be obtained by choosing, at each stata actionh*(x) that
maximizes the optimal Q-function for that state:

h*(x) € argmaxQ*(x,u) (1.3)

To see that an optimal policy is obtained, recall that thénogltQ-function already
contains optimal returns starting from the second step oasyén (1.3), an action is
chosen that additionally maximizes the return over the diep, therefore obtaining
a return that is maximal over the entire horizon, i.e., optim

1.2 Approximation in dynamic programming and reinforcement
learning
Consider the problem of representing a Q-function, not sseodly the optimal one.

Since no prior knowledge about the Q-function is availatile, only way to guar-
antee an exact representation is to store distinct valutreed-function (Q-values)
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for every state-action pair. This is schematically depidgteFigure 1.5 for the navi-

gation example of Section 1.1: Q-values must be stored aghafor each position

of the robot, and for each possible step that it might takenfewery such position.

However, because the position and step variables are canitsnthey can both take
uncountably many distinct values. Therefore, even in thigoke example, storing

distinct Q-values for every state-action pair is obviousipossible. The only feasi-
ble way to proceed is to use a compact representation of thumQion.

FIGURE 1.5

lllustration of an exact Q-function representation for tia@igation example. For every state-
action pair, there is a corresponding Q-value. The Q-vadwesot represented explicitly, but
only shown symbolically near corresponding state-actainsp

One type of compact Q-function representation that wiknfbe used in the se-
guel relies on state-dependent basis functions (BFs) amhatiscretization. Such
a representation is illustrated in Figure 1.6 for the naiggproblem. A finite num-
ber of BFs,q,. .., @, are defined over the state space, and the action space is dis-
cretized into a finite number of actions, in this case 4. kdht, forward, and back.
Instead of storing distinct Q-values for every state-acyair, such a representa-

state space

FIGURE 1.6
Illustration of a compact Q-function representation far ttavigation example.
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tion storesparameter®, one for each combination of a BF and a discrete action.
To find the Q-value of a continuous state-action g&ju), the action is discretized
(e.g., using nearest-neighbor discretization). Assumedbult of discretization is the
discrete action “forward”; then, the Q-value is computeddoging the parameters
61 forward; - - - » BN forward COrresponding to this discrete action, where the parameter
are weighted by the value of their corresponding BFs at

N
Q(Xa forward) = 21 @ (X)8 forward (1.4)

The DP/RL algorithm therefore only needs to remember thigpdrameters, which
can easily be done wheMhis not too large. Note that this type of Q-function repre-
sentation generalizes to any DP/RL problem. Even in probeith a finite number
of discrete states and actions, compact representatiarsittdoe useful by reducing
the number of values that must be stored.

While not all DP and RL algorithms employ Q-functions, thdlygenerally re-
quire compact representations, so the illustration abgtenes to the general case.
Consider, e.g., the problem of representing a pdiicdin exact representation would
generally require storing distinct actions for every pblesistate, which is impos-
sible when the state variables are continuous. Note thdtnuaus actions are not
problematic for policy representation.

It should be emphasized at this point that, in general, a emtmgpresentation
can only represent the target function up to a certain appation error, which
must be accounted for. Hence, in the sequel such repreisastate called “function
approximators,” or “approximators” for short.

Approximation in DP and RL is not only a problem of represéota Assume for
instance that an approximation of the optimal Q-functioavailable. To obtain an
approximately optimal policy, (1.3) must be applied, whiequires maximizing the
Q-function over the action variable. In large or continuaason spaces, this is a po-
tentially difficult optimization problem, which can only lselved approximately in
general. However, when a discrete-action Q-function offtihen (1.4) is employed,
it is sufficient to compute the Q-values of all the discretéaams and to find the
maximum among these values using enumeration. This prexdadaotivation for
using discretized actions. Besides approximate maxiimizabther approximation
difficulties also arise, such as the estimation of expecsuls from samples. These
additional challenges are outside the scope of this sediwoh will be discussed in
detail in Chapter 3.

The classical DP and RL algorithms are only guaranteed @iobnh optimal so-
lution if they use exact representations. Therefore, theviing important questions
must be kept in mind when using function approximators:

o Ifthe algorithm is iterative, doesdionvergevhen approximation is employed?
Or, if the algorithm is not iterative, does it obtain a meafiirh solution?

o If a meaningful solution is obtained, ishtear optimgland more specifically,
how far is it from the optimal solution?
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¢ Is the algorithnconsistenti.e., does it asymptotically obtain the optimal solu-
tion as the approximation power grows?

These questions will be taken into account when discussgagithms for approxi-
mate DP and RL.

Choosing an appropriate function approximator for a givesbjem is a highly
nontrivial task. The complexity of the approximator mustrbanaged, since it di-
rectly influences the memory and computational costs of theabd RL algorithm.
This is an important concern in both approximate DP and agpiprate RL. Equally
important in approximate RL are the restrictions imposedheylimited amount of
data available, since in general a more complex approximetpires more data to
compute an accurate solution. If prior knowledge about thetion of interest is
available, it can be used in advance to design a lower-codityléut still accurate,
approximator. For instance, BFs with intuitive, relevarganings could be defined
(such as, in the navigation problem, BFs representing ttantie between the robot
and the goal or the obstacle). However, prior knowledgetsnofinavailable, espe-
cially in the model-free context of RL. In this book, we wilidrefore pay special
attention to techniques that automatically find low-comiijeapproximators suited
to the problem at hand, rather than relying on manual design.

1.3 About this book

This book focuses on approximate dynamic programming (Di)rainforcement
learning (RL) for control problems with continuous variewl The material is aimed
atresearchers, practitioners, and graduate studentsfieltis of systems and control
(in particular optimal, adaptive, and learning controfmputer science (in partic-
ular machine learning and artificial intelligence), opienas research, and statistics.
Although not primarily intended as a textbook, our book cawantheless be used as
support for courses that treat DP and RL methods.

Figure 1.7 presents a road map for the remaining chaptenssdidok, which we
will detail next. Chapters 2 and 3 are prerequisite for tmeaeder of the book and
should be read in sequence. In particular, in Chapter 2 tharFRL problem and
its solution are formalized, representative classicadidtlyms are introduced, and the
behavior of several such algorithms is illustrated in am@xia with discrete states
and actions. Chapter 3 gives an extensive account of DP armdd®thods with func-
tion approximation, which are applicable to large and curdiis-space problems. A
comprehensive selection of algorithms is introduced, ritézal guarantees are pro-
vided on the approximate solutions obtained, and numesiamples involving the
control of a continuous-variable system illustrate thedwédr of several representa-
tive algorithms.

The material of Chapters 2 and 3 is organized along threerrolgeses of DP
and RL algorithms: value iteration, policy iteration, analipy search. In order to
strengthen the understanding of these three classes ofthigs, each of the three
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Chapter 2.
An introduction to DP and RL

l

Chapter 3.
DP and RL in
large and continuous spaces

/ v \

Chapter 5. Chapter 6.
Chapter 4. Approximate policy iterati Approximate poli h
Approximate value iteration N ppr?mmalg pcln icy iteration N .thpprommate pol |cyt.se.arctl
with a fuzzy representation or online learning with cross-entropy optimization
and continuous-action control of basis functions
FIGURE 1.7

A road map for the remainder of this book, given in a graphicah. The full arrows indicate
the recommended sequence of reading, whereas dashed ardivese optional ordering.

final chapters of the book considers in detail an algorithomfone of these classes.
Specifically, in Chapter 4, a value iteration algorithm wittzzy approximation is
discussed, and an extensive theoretical analysis of tyigitim illustrates how con-
vergence and consistency guarantees can be developegfoxapate DP. In Chap-
ter 5, an algorithm for approximate policy iteration is dissed. In particular, an
online variant of this algorithm is developed, and some irteod issues that appear
in online RL are emphasized along the way. In Chapter 6, ayskarch approach
relying on the cross-entropy method for optimization isadigged, which highlights
one possibility to develop techniques that scale to redtihigh-dimensional state
spaces, by focusing the computation on important initetiest. The final part of each
of these three chapters contains an experimental evatuatia representative selec-
tion of control problems.

Chapters 4, 5, and 6 can be read in any order, although, iftgesthey should
be read in sequence.

Two appendices are included at the end of the book (theseairshown in
Figure 1.7). Appendix A outlines the so-called ensemblexdfeenely randomized
trees, which is used as an approximator in Chapters 3 andpgerfix B describes
the cross-entropy method for optimization, employed infgéis 4 and 6. Reading
Appendix B before these two chapters is not mandatory, siotie chapters include
a brief, specialized introduction to the cross-entropyhudt so that they can more
easily be read independently.

Additional information and material concerning this boaiGluding the com-
puter code used in the experimental studies, is availaltleedt/eb site:

http://www.dcsc.tudelft.nl/rlbook/






2

An introduction to dynamic programming and
reinforcement learning

This chapter introduces dynamic programming and reinfoerg learning tech-
nigues, and the formal model behind the problem they soheMarkov decision
process. Deterministic and stochastic Markov decisiorcgsses are discussed in
turn, and their optimal solution is characterized. Thretegaries of dynamic pro-
gramming and reinforcement learning algorithms are deedrivalue iteration, pol-
icy iteration, and policy search.

2.1 Introduction

In dynamic programming (DP) and reinforcement learning)(RLcontroller (agent,
decision maker) interacts with a process (environmentjnbgns of three signals: a
state signal, which describes the state of the process,tam agynal, which allows
the controller to influence the process, and a scalar revigmdlswhich provides the
controller with feedback on its immediate performance. dd¢lediscrete time step,
the controller receives the state measurement and applesian, which causes the
process to transition into a new state. A reward is genethtgavaluates the quality
of this transition. The controller receives the new statasneement, and the whole
cycle repeats. This flow of interaction is represented iruFé2.1 (repeated from
Figure 1.2).

action

state

FIGURE 2.1 The flow of interaction in DP and RL.

The behavior of the controller is dictated by its policy, adtion from states into
actions. The behavior of the process is described by itsrdigsa which determine

11
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how the state changes as a result of the controller’s actitage transitions can be
deterministic or stochastic. In the deterministic caddntaa given action in a given
state always results in the same next state, while in thdaic case, the next state
is a random variable. The rule according to which rewardganerated is described
by the reward function. The process dynamics and the rewaatibn, together with
the set of possible states and the set of possible actiosgetvely called state
space and action space), constitute a so-called Markogidagrocess (MDP).

In the DP/RL setting, the goal is to find an optimal policy thaéximizes the
(expected) return, consisting of the (expected) cumwdataward over the course
of interaction. In this book, we will mainly consider infia#horizon returns, which
accumulate rewards along infinitely long trajectories.sTd¢tioice is made because
infinite-horizon returns have useful theoretical progertin particular, they lead to
stationary optimal policies, which means that for a giveatestthe optimal action
choices will always be the same, regardless of the time wiedrstate is encountered.

The DP/RL framework can be used to address problems fromietyaf fields,
including, e.g., automatic control, artificial intelliges, operations research, and eco-
nomics. Automatic control and artificial intelligence arguably the most important
fields of origin for DP and RL. In automatic control, DP can lsed to solve non-
linear and stochastic optimal control problems (BertseR887), while RL can al-
ternatively be seen as adaptive optimal control (Sutton.etl@92; Vrabie et al.,
2009). In artificial intelligence, RL helps to build an adifil agent that learns how
to survive and optimize its behavior in an unknown environtneithout requiring
prior knowledge (Sutton and Barto, 1998). Because of thieethinheritance, two
sets of equivalent names and notations are used in DP anddrL;a@ntroller” has
the same meaning as “agent,” and “process” has the samemgessiienvironment.”
In this book, we will use the former, control-theoreticahténology and notation.

A taxonomy of DP and RL algorithms is shown in Figure 2.2 aniited in the
remainder of this section.

value iteration

DP, model-based policy iteration
algorithms

policy search
offline
value iteration <
online

offline
RL, model-free policy iteration <

algorithms online

offline
policy search <
online

FIGURE 2.2 A taxonomy of DP and RL algorithms.
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DP algorithms require a model of the MDP, including the tithors dynamics
and the reward function, to find an optimal policy (Bertsek07; Powell, 2007).
The model DP algorithms work offline, producing a policy whis then used to
control the process.Usually, they do not require an analytical expression of the
dynamics. Instead, given a state and an action, the modelisequired to generate
a next state and the corresponding reward. Constructingy agenerative model is
often easier than deriving an analytical expression of fhreachics, especially when
the dynamics are stochastic.

RL algorithms are model-free (Bertsekas and TsitsikliQ6 $utton and Barto,
1998), which makes them useful when a model is difficult otlgde construct. RL
algorithms use data obtained from the process, in the forarsef of samples, a set of
process trajectories, or a single trajectory. So, RL careba as model-free, sample-
based or trajectory-based DP, and DP can be seen as moeel{Ras While DP
algorithms can use the model to obtain any number of samgsitrons from any
state-action pair, RL algorithms must work with the limitdata that can be obtained
from the process — a greater challenge. Note that some REitlgs build a model
from the data; we call these algorithms “model-learning.”

Both the DP and RL classes of algorithms can be broken dowentimee sub-
classes, according to the path taken to find an optimal polibgse three sub-
classes are value iteration, policy iteration, and polegrsh, and are characterized
as follows.

e \alue iterationalgorithms search for the optimal value function, which-con
sists of the maximal returns from every state or from evesyesaction pair.
The optimal value function is used to compute an optimalgyoli

e Policy iterationalgorithms evaluate policies by constructing their valuieck
tions (instead of the optimal value function), and use thedee functions to
find new, improved policies.

e Policy searchalgorithms use optimization techniques to directly seéoclan
optimal policy.

Note that, in this book, we use the name DP to refer to the diall model-based
algorithms that find solutions for MDPs, including modekbd policy search. This
class is larger than the category of algorithms traditignedlled DP, which only
includes model-based value iteration and policy iterafBertsekas and Tsitsiklis,
1996; Sutton and Barto, 1998; Bertsekas, 2007).

Within each of the three subclasses of RL algorithms, twegmies can be fur-
ther distinguished, namely offline and online algorithm§lide RL algorithms use
data collected in advance, whereas online RL algorithma laaolution by interact-
ing with the process. Online RL algorithms are typically potvided with any data

IThere is also a class of model-based, DP-ikéine algorithms called model-predictive control (Ma-
ciejowski, 2002; Camacho and Bordons, 2004). In order tmictthe scope of the book, we do not discuss
model-predictive control. For details about the relatfopsof DP/RL with model-predictive control, see,
e.g., (Bertsekas, 2005b; Ernst et al., 2009).
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in advance, but instead have to rely only on the data thegciolhile learning, and

thus are useful when it is difficult or costly to obtain dateasivance. Most online
RL algorithms work incrementally. For instance, an incratag online value itera-

tion algorithm updates its estimate of the optimal valuecfiom after each collected
sample. Even before this estimate becomes accurate, #dstaglerive estimates of
an optimal policy, which are then used to collect new data.

Online RL algorithms must balance the need to collect inftive data (byex-
ploring novel action choices or novel parts of the state space) hitinéed to control
the process well (bexploitingthe currently available knowledge). This exploration-
exploitation trade-off makes online RL more challengingrtioffline RL. Note that,
although online RL algorithms are only guaranteed (undpr@griate conditions) to
converge to an optimal policy when the process does not eéhavgr time, in prac-
tice they are sometimes applied also to slowly changinggsses, in which case
they are expected to adapt the solution so that the changéskan into account.

The remainder of this chapter is structured as follows. i8e.2 describes
MDPs and characterizes the optimal solution for an MDP, & dkterministic as
well as in the stochastic setting. The class of value itenatigorithms is introduced
in Section 2.3, policy iteration in Section 2.4, and polieasch in Section 2.5. When
introducing value iteration and policy iteration, DP and &gorithms are described
in turn, while the introduction of policy search focuses be model-based, DP set-
ting. Section 2.6 concludes the chapter with a summary asalidsion. Throughout
the chapter, a simulation example involving a highly alet&rd robotic task is em-
ployed to illustrate certain theoretical points, as welltlas properties of several
representative algorithms.

2.2 Markov decision processes

DP and RL problems can be formalized with the help of MDPs€&Ruan, 1994).
We first present the simpler case of MDPs with deterministitesransitions. After-
wards, we extend the theory to the stochastic case.

2.2.1 Deterministic setting

A deterministic MDP is defined by the state spacef the process, the action space
U of the controller, the transition functiof of the process (which describes how
the state changes as a result of control actions), and therddwnctionp (which
evaluates the immediate control performarfcAk a result of the actiony applied

in the state at the discrete time stdq the state changes 1, 1, according to the

2As mentioned earlier, control-theoretic notation is usesiéad of artificial intelligence notation. For
instance, in the artificial intelligence literature on DRI&L, the state space is usually denotedshthe
state bys, the action space b, the action bya, and the policy byr.
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transition functionf : X x U — X:

X1 = F (X, Uk)

At the same time, the controller receives the scalar rewigrehbry . ;, according to
thereward functiorp : X xU — R:

M1 = P (X, Uk)

where we assume thdp||. = sup,|p(x,u)] is finite3 The reward evaluates the
immediate effect of actiony, namely the transition fromy to Xk 1, but in general
does not say anything about its long-term effects.

The controller chooses actions according tgitdicy h: X — U, using:

Uk = h(xk)

Given f andp, the current statey, and the current actiony are sufficient to
determine both the next statg,; and the rewardy_ ;. This is the Markov property,
which is essential in providing theoretical guaranteesiaB®/RL algorithms.

Some MDPs have terminal states that, once reached, can gerloe left; all
the rewards received in terminal states are 0. The RL liteeadften uses “trials”
or “episodes” to refer to trajectories starting from somiédahstate and ending in a
terminal state.

Example 2.1 The deterministic cleaning-robot MDP.Consider the deterministic
problem depicted in Figure 2.3: a cleaning robot has to cobleused can and also
has to recharge its batteries.

r=1

SteIzalil

FIGURE 2.3 The cleaning-robot problem.

x=0 1

In this problem, the stat® describes the position of the robot, and the action
u describes the direction of its motion. The state space @ets and contains six
distinct states, denoted by integers 0 toX5= {0,1,2,3,4,5}. The robot can move
to the left 4 = —1) or to the right ¢ = 1); the discrete action space is therefore
U ={-1,1}. States 0 and 5 are terminal, meaning that once the robdteeaither
of them it can no longer leave, regardless of the action. Dneesponding transition
function is:

F(x ) = X+u ifl<x<4
U x if x=0 orx =5 (regardless ofi)

3To simplify the notation, whenever searching for extremerfgrming summations, etc., over vari-
ables whose domains are obvious from the context, we ongetdemains from the formulas. For in-
stance, in the formula syg|p(x,u)|, the domains ok andu are clearlyX andU, so they are omitted.
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In state 5, the robot finds a can and the transition into tlaitess rewarded with
5. In state 0, the robot can recharge its batteries and thsiti@n into this state is
rewarded with 1. All other rewards are 0. In particular, takany action while in a
terminal state results in a reward of 0, which means thatathetrwill not accumulate
(undeserved) rewards in the terminal states. The correspgneward function is:

5 ifx=4andu=1
px,uy=<1 ifx=1andu=-1
0 otherwise

Optimality in the deterministic setting

In DP and RL, the goalis to find asptimal policythat maximizes the return from any
initial statexg. The return is a cumulative aggregation of rewards alongjadtory
starting atxp. It concisely represents the reward obtained by the cdatrai the
long run. Several types of return exist, depending on the iwayhich the rewards
are accumulated (Bertsekas and Tsitsiklis, 1996, Sectilgrikaelbling et al., 1996).
The infinite-horizon discounted retuiis given by:

R (x0) = ki Pres = ki V4% h(x) (2.2)

wherey € [0,1) is thediscount factoandx 1 = f (X, h(x)) fork > 0. The discount

factor can be interpreted intuitively as a measure of how$fghted” the controller

is in considering its rewards, or as a way of taking into actmcreasing uncertainty
about future rewards. From a mathematical point of viewgalisiting ensures that
the return will always be bounded if the rewards are bountibd.goal is therefore
to maximize the long-term performance (return), while oaging feedback about
the immediate, one-step performance (reward). This leattetso-called challenge
of delayed rewards (Sutton and Barto, 1998): actions takehd present affect the
potential to achieve good rewards far in the future, butitir@édiate reward provides
no information about these long-term effects.

Other types of return can also be defined. The undiscountechrebtained by
settingy equal to 1 in (2.1), simply adds up the rewards, without distimg. Unfor-
tunately, the infinite-horizon undiscounted return is oftmbounded. An alternative
is to use the infinite-horizon average return:

K—o0o K

li LS h
im —k;)P(Xk, (%))

which is bounded in many cases. Finite-horizon returns eapbitained by accumu-
lating rewards along trajectories of a fixed, finite lenHtifthe horizon), instead of
along infinitely long trajectories. For instance, the fiditerizon discounted return
can be defined as:

K
> ¥*p (%, h(%))
o
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The undiscounted returty & 1) can be used more easily in the finite-horizon case,
as it is bounded when the rewards are bounded.

In this book, we will mainly use the infinite-horizon discdad return (2.1), be-
cause it has useful theoretical properties. In particiitauthis type of return, under
certain technical assumptions, there always exists atde@stationarydeterminis-
tic optimal policyh* : X — U (Bertsekas and Shreve, 1978, Chapter 9). In contrast,
in the finite-horizon case, optimal policies depend in gahan the time steg, i.e.,
they are nonstationary (Bertsekas, 2005a, Chapter 1).

While the discount factoy can theoretically be regarded as a given part of the
problem, in practice, a good value phas to be chosen. Choosipgften involves a
trade-off between the quality of the solution and the cogeece rate of the DP/RL
algorithm, for the following reasons. Some important DP/&gorithms converge
faster whery is smaller (this is the case, e.g., for model-based valuatita, which
will be introduced in Section 2.3). However,ifis too small, the solution may be
unsatisfactory because it does not sufficiently take intmant rewards obtained
after a large number of steps.

There is no generally valid procedure for choosipgonsider however, as an
example, a typical stabilization problem from automatiatcol, where from every
initial state the process should reach a steady state arainénere. In such a prob-
lem, y should be chosen large enough that the rewards receivedrepohing the
steady state and remaining there have a detectable infloertte returns from ev-
ery initial state. For instance, if the number of steps taiygra reasonable policy to
stabilize the system from an initial statds K(x), theny should be chosen so that
y<max is not too small, wherémax = maxK(x). However, findingkmax is a diffi-
cult problem in itself, which could be solved using, e.g.n@don knowledge, or a
suboptimal policy obtained by other means.

Value functions and the Bellman equations in the determinic setting

A convenient way to characterize policies is by using thailug functions. Two
types of value functions exist: state-action value funigQ-functions) and state
value functions (V-functions). Note that the name “valuediion” is often used for
V-functions in the literature. We will use the names “Q-ftian” and “V-function” to
clearly differentiate between the two types of value fumesi, and the name “value
function” to refer to Q-functions and V-functions collaatly. We will first define
and characterize Q-functions, and then turn our attentidAfunctions.

The Q-functionQ": X x U — R of a policy h gives the return obtained when
starting from a given state, applying a given action, antb¥ahg h thereafter:

Q"(x,u) = p(x,u) + YR'(f(x,u)) (2.2)

Here,R"(f(x,u)) is the return from the next staféx, u). This concise formula can
be obtained by first writinggh(x, u) explicitly as the discounted sum of rewards
obtained by takingi in x and then followingh:

Q(x.u) = kz 40 0%, )
=0



18 Chapter 2. An introduction to DP and RL

where(xp,Up) = (X,U), X1 = F(x,ux) for k > 0, anduy = h(xy) for k > 1. Then,
the first term is separated from the sum:

Q) = px )+ T Yo Ue)
k=1

—pxu)+ ka ) @3)
=1

= p(xu) + yR(f(x,u))

where the definition (2.1) of the return was used in the lagi.sBo, (2.2) has been
obtained.
The optimal Q-function is defined as the best Q-function tlaatbe obtained by
any policy:
Q*(x,u) = mr?th(x, u) (2.4)

Any policy h* that selects at each state an action with the largest op@madlue,
i.e., that satisfies:
h*(x) € argmaxQ*(x,u) (2.5)
u

is optimal (it maximizes the return). In general, for a giv@+iunctionQ, a policyh
that satisfies:
h(x) € argmaxQ(x, u) (2.6)
u

is said to begreedyin Q. So, finding an optimal policy can be done by first finding
Q*, and then using (2.5) to compute a greedy polic@in

Note that, for simplicity of notation, we implicitly assuntigat the maximum in
(2.4) exists, and also in similar equations in the sequelefiifie maximum does
not exist, the “max” operator should be replaced by the supre operator. For the
computation of greedy actions in (2.5), (2.6), and in sim#lquations in the sequel,
the maximum must exist to ensure the existence of a greedyyptilis can be guar-
anteed under certain technical assumptions (BertsekaStaeste, 1978, Chapter 9).

The Q-function®Q" andQ* are recursively characterized by tBellman equa-
tions which are of central importance for value iteration andgyoiteration algo-
rithms. The Bellman equation f@" states that the value of taking actioin statex
under the policyh equals the sum of the immediate reward and the discounted val
achieved byn in the next state:

Qh(X,U) :p(X,U)+th(f(X, U),h(f(X, U))) (2.7)

This Bellman equation can be derived from the second step.8),(as follows:
Q"(x.u) =p(xu)+y S ¥ p(xh(%))
K=1

— p(xu) + v p(F (6w, h(f(x, u>>>+vkiv“p<xk,h<xk>>}

= p(xu) + yQ"(f(x.u),h(f(x,u)))
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where(Xo, Up) = (X,U), Xky1 = F(Xk, k) for k> 0, anduk = h(x) for k > 1.

The Bellman optimality equation characteriz@s, and states that the optimal
value of actionu taken in statex equals the sum of the immediate reward and the
discounted optimal value obtained by the best action in &éxt state:

Q' (%) = p(x,U) + ymaxQ’ ((x.u),u) (2.8)

The V-functionv" : X — R of a policyh is the return obtained by starting from
a particular state and following. This V-function can be computed from the Q-
function of policyh:
VP(x) = R'(x) = Q"(x,h(x)) (2.9)
The optimal V-function is the best V-function that can beaotbéed by any policy, and
can be computed from the optimal Q-function:

V*(x) = mhaxVh(x) = maxQ'(xu) (2.10)

An optimal policyh* can be computed froM*, by using the fact that it satisfies:
h*(x) € argmaxp(x,u) + W*(f(x,u))] (2.11)
u

Using this formula is more difficult than using (2.5); in padiar, a model of the
MDP is required in the form of the dynamié¢sand the reward functiop. Because
the Q-function also depends on the action, it already iredudformation about the
quality of transitions. In contrast, the V-function onlysteibes the quality of the
states; in order to infer the quality of transitions, theystioe explicitly taken into
account. This is what happensin (2.11), and this also explahy it is more difficult
to compute policies from V-functions. Because of this d#éfece, Q-functions will
be preferred to V-functions throughout this book, even fiothey are more costly
to represent than V-functions, as they depend botk amdu.

The V-functionsv" andV* satisfy the following Bellman equations, which can
be interpreted similarly to (2.7) and (2.8):

V() = p(xh(x)) + WI(F (x,h(x)) (2.12)
V¥ (%) = maxp(x,u) + W (f(x,u))] (2.13)

2.2.2 Stochastic setting

In a stochastic MDP, the next state is not deterministiagilrgn by the current state
and action. Instead, the next state is a random variablettendurrent state and
action give the probability density of this random variable

More formally, the deterministic transition functidnis replaced by a transition
probability functionf : X x U x X — [0,00). After actionuy is taken in statey, the
probability that the next state,, 1, belongs to a regioKy; C X is:

P (X1 € X1 | Xic, U) =/ f (X, Ui, X)X’

X1
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For anyx and u, f(x,u, -) must define a valid probability density function of the
argument *”, where the dot stands for the random variakle;. Because rewards
are associated with transitions, and the transitions aterrger fully determined by
the current state and action, the reward function also hdsgend on the next state,
P 1 X xU x X — R. After each transition to a stai@, 1, a rewardry, ; is received

according to:
M1 = P (X, Uk Xt 1)

where we assume th#ip||. = sup,» A(x,u,X) is finite. Note thatp is a deter-
ministic function of the transitiofix, g, Xc+1). This means that, oncg.1 has been
generated, the rewarg, ; is fully determined. In general, the reward can also depend
stochastically on the entire transiti(x, ux, X1 1) If it does, to simplify notation, we
assume thagb gives theexpectedeward after the transition.

When the state space is countable (e.g., discrete), thettcamfunction can also
be given asf : X x U x X — [0, 1], where the probability of reaching after taking
Uy iN X is:

P (X1 =X [ X, Uk) = T (X, U, X) (2.14)

For anyx andu, the functionf must satisfyy f(x,u,x') = 1. The functionf is a
generalization of to uncountable (e.g., continuous) state spaces; in suckesphe
probability of ending up in a given stateis generally 0, making a description of the
form f inappropriate.

In the stochastic case, the Markov property requires¢hamnduy fully determine
the probability density of the next state.

Developing an analytical expression for the transitiorbatlity function f is
generally a difficult task. Fortunately, as previously mbie Section 2.1, most DP
(model-based) algorithms can work with a generative maakich only needs to
generate samples of the next state and corresponding refzardny given pair of
current state and action taken.

Example 2.2 The stochastic cleaning-robot MDPConsider again the cleaning-
robot problem of Example 2.1. Assume that, due to unceréaiivi the environment,
such as a slippery floor, state transitions are no longermétistic. When trying
to move in a certain direction, the robot succeeds with agidity of 0.8. With a
probability of Q15 it remains in the same state, and it may even move in thesitepo
direction with a probability of @5 (see also Figure 2.4).

P=0.15
1 P=0.05 m P=0.8
= 1&g

x=0 1 2 3 4 5

FIGURE 2.4
The stochastic cleaning-robot problem. The robot inteaasdve right, but it may instead end
up standing still or moving left, with different probabiés.
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Because the state space is discrete, a transition moded fuirtim (2.14) is appro-
priate. The transition functioi that models the probabilistic transitions described
above is shown in Table 2.1. In this table, the rows corredgorcombinations of
current states and actions taken, while the columns caynesto future states. Note
that the transitions from any terminal state still lead detaistically to the same
terminal state, regardless of the action.

TABLE 2.1 Dynamics of the stochastic, cleaning-robot MDP.

o) fxu0) fxul) fxu2) fu3d) fixud) fxu5)
-1 1 0 0 0 0 0
(1,-1) 08 0.15 005 0 0 0
2-1) 0 038 015 005 0 0
3,-1) 0 0 08 0.15 005 0
(4-1) 0 0 0 a8 015 005
(5-1) 0 0 0 0 0 1
(0,1) 1 0 0 0 0 0
(1) 005 015 08 0 0 0
(2,1) 0 0.05 015 08 0 0
(3,1) 0 0 005 015 08 0
(4,1) 0 0 0 Q05 015 08
(5,1) 0 0 0 0 0 1

The robot receives rewards as in the deterministic caset rgaching state 5, itis
rewarded with 5, and upon reaching state 0, it is rewardeud WwiT he corresponding
reward function, in the fornd : X x U x X — R, is:

5 ifx#5andX =5
px,uX)=<1 ifx#£0andx =0
0 otherwise

Optimality in the stochastic setting

The expectednfinite-horizon discounted return of an initial staggunder a (deter-
ministic) policyh is:*

Rh( ) - ||m EXk+1f\/f Xk h { Z ykrk_;,_l}
= A‘E‘ Exk+1~f (X h(x¢ { Z Vkp (%, (% Xk+l)}

(2.15)

4We assume that the MDP and the polidigsave suitable properties such that the expected return and
the Bellman equations in the remainder of this section albdeéined. See, e.g., (Bertsekas and Shreve,
1978, Chapter 9) and (Bertsekas, 2007, Appendix A) for audsion of these properties.
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where E denotes the expectation operator, and the notatian~ f(xk,h(xk),-)
means that the random variahdg ; is drawn from the densitf(xk, h(x),-) at each
stepk. The discussion of Section 2.2.1 regarding the intergoeteand choice of
the discount factor also applies to the stochastic caseafpistochastic or deter-
ministic MDP, when using the infinite-horizon discountetlira (2.15) or (2.1), and
under certain technical assumptions on the elements of é,Nhere exists at least
one stationary deterministic optimal policy (Bertsekad Shreve, 1978, Chapter 9).
Therefore, we will mainly consider stationary determiicigiolicies in the sequel.

Expectedundiscounted, average, and finite-horizon returns (setoBez.2.1)
can be defined analogously to (2.15).

Value functions and the Bellman equations in the stochastisetting

To obtain the Q-function of a polich, the definition (2.2) is generalized to the
stochastic case, as follows. The Q-function iséxpectedeturn under the stochas-
tic transitions, when starting in a particular state, ajpygya particular action, and

following the policyh thereafter:

Qh(xa U) = Ex’~f~(x7u7~) {ﬁ(xv uvxl) + th(X,)} (216)

The definition of the optimal Q-functio®* remains unchanged from the determin-
istic case (2.4), and is repeated here for easy reference:

Q' (x.u) = maxQ(x.u)

Similarly, optimal policies can still be computed fra@i as in the deterministic case,
because they satisfy (2.5), also repeated here:

h*(x) € argmaxQ*(x, u)

The Bellman equations f@" andQ* are given in terms of expectations over the
one-step stochastic transitions:

Q"06) = By i) {BOGUX) +yQ X, h(x)) } (217)

Q' (6U) =By e { PORUX) + Y@ (1)} (2.18)
The definition of the V-functio’v of a policy h, as well as of the optimal V-
functionV*, are the same as for the deterministic case (2.9), (2.10):
V(%) = R'(x)
V*(x) = mhaxVh(x)

However, the computation of optimal policies frofi becomes more difficult, in-
volving an expectation that did not appear in the deterricisse:

h*(x) € arguma>EX,Nf~(X7u7,) {p(x,ux)+W*(xX)} (2.19)
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In contrast, computing an optimal policy fro@t is as simple as in the deterministic
case, which is yet another reason for using Q-functionsactpre.

The Bellman equations for" andV* are obtained from (2.12) and (2.13), by
considering expectations over the one-step stochastisitians:

V) = By, { OGN0, X) + W) | (2.20)

VI (x) = maxEy_fxy, ) {p(x,ux)+W*(xX)} (2.21)

Note that in the Bellman equation f&f* (2.21), the maximization is outside the
expectation operator, whereas in the Bellman equatio@fdf.18), the order of the
expectation and maximization is reversed.

Clearly, all the equations for deterministic MDPs are a ggease of the equa-
tions for stochastic MDPs. The deterministic case is obthiny using a degenerate
density f (x,u,-) that assigns all the probability mass f¢x, u). The deterministic
reward function is obtained ggx,u) = p(x,u, f(x,u)).

The entire class of value iteration algorithms, introduice8ection 2.3, revolves
around solving the Bellman optimality equations (2.18Yb2() to find, respectively,
the optimal Q-function or the optimal V-function (in the deninistic case, (2.8) or
(2.13) are solved instead). Similarly, policy evaluatiasich is a core component
of the policy iteration algorithms introduced in Sectiod,Zevolves around solving
(2.17) or (2.20) to find, respectivel@" or V" (in the deterministic case (2.7) or
(2.12) are solved instead).

2.3 \Value iteration

Value iterationtechniques use the Bellman optimality equation to iteedyicom-
pute an optimal value function, from which an optimal polisyderived. We first
present DP (model-based) algorithms for value iteratiolipdved by RL (model-
free) algorithms. DP algorithms like V-iteration (Bertssk 2007, Section 1.3) solve
the Bellman optimality equation by using knowledge of thensition and reward
functions. RL techniques either learn a model, e.g., Dyndt¢®, 1990), or do not
use an explicit model at all, e.g., Q-learning (Watkins army@n, 1992).

2.3.1 Model-based value iteration

We will next introduce the model-bas&titerationalgorithm, as an illustrative ex-
ample from the class of model-based value iteration algast Let the set of all
the Q-functions be denoted k. Then, the Q-iteration mapping: 2 — 2, com-

putes the right-hand side of the Bellman optimality equati&.8) or (2.18) for any
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Q-function® In the deterministic case, this mapping is:

[T (Q)] (X7 U) = p(X7 U) + yrnu/aXQ( f (X7 U), U/) (2.22)

and in the stochastic case, itis:

T(QI06U) = By {PlrUX) +ymaQiX )} (229

Note that if the state space is countable (e.qg., finite), @sttian model of the form
(2.14) is appropriate, and the Q-iteration mapping for tieetsastic case (2.23) can
be written as the simpler summation:

TQI0cu) = 3 Tixux) [pocux) +ymaQi. )| (@220

X

The same notation is used for the Q-iteration mapping bothérdeterministic case
and in the stochastic case, because the analysis given helolies to both cases,
and the definition (2.22) of is a special case of (2.23) (or of (2.24) for countable
state spaces).

The Q-iteration algorithm starts from an arbitrary Q-fuaotQg and at each
iteration? updates the Q-function using:

Quy1=T(Qy) (2.25)

It can be shown thal is a contraction with factoy < 1 in the infinity norm, i.e., for
any pair of function®) and@/, it is true that:

ITQ) = T(Q)lle < VIQ—Qlle

BecauseT is a contraction, it has a unique fixed point (Istratescu2208ddition-
ally, when rewritten using the Q-iteration mapping, thelBein optimality equation
(2.8) or (2.18) states thq* is a fixed point ofT, i.e.:

Q" =T(Q") (2.26)

Hence, the unique fixed point df is actuallyQ*, and Q-iteration asymptotically
converges t@)* as/ — o. Moreover, Q-iteration converges @ at a rate ofy, in
the sense thdtQ11 — Q*|l» < V||Qr — Q*|l~. An optimal policy can be computed
from Q* with (2.5).

Algorithm 2.1 presents Q-iteration for deterministic MDRsn explicit, proce-
dural form, whereinl is computed using (2.22). Similarly, Algorithm 2.2 present
Q-iteration for stochastic MDPs with countable state spaasing the expression
(2.24) forT.

5The term “mapping” is used to refer to functions that workhadtther functions as inputs and/or
outputs; as well as to compositions of such functions. Tha e used to differentiate mappings from
ordinary functions, which only have numerical scalarstees; or matrices as inputs and/or outputs.
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ALGORITHM 2.1 Q-iteration for deterministic MDPs.
Input: dynamicsf, reward functiorp, discount factoy

1: initialize Q-function, e.g.Qo < 0

2: repeatat every iteratiod = 0,1,2,...

3 for every(x,u) do

4 Qr+1(X,U) = p(x,u) + ymaxy Qi (f(x,u), U/)
5 end for

6: until Q1 =0Qy

Output: Q* =Qy

ALGORITHM 2.2 Q-iteration for stochastic MDPs with countable state space
Input: dynamicsf, reward functiorp, discount factoy

1: initialize Q-function, e.g.Qo < 0

2: repeatat every iteratiof = 0,1,2, ...

3 for every(x,u)do

4 Qr+1(X,U) X f(xu, X/) [ij (x.u, X/) + ymaxy Q (X/a U/)]
5 end for

6: until Q1 =0Qy

Output: Q*=Qy

The results given above only guarantee the asymptotic cgexee of Q-
iteration, hence the stopping criterion of Algorithms 2rid&.2 may only be sat-
isfied asymptotically. In practice, it is also important toagantee the performance
of Q-iteration when the algorithm is stopped after a finitentver of iterations. The
following result holds both in the deterministic case anthmstochastic case. Given
a suboptimality boundy, > 0, where the subscript “QI” stands for “Q-iteration,” a
finite numberL of iterations can be (conservatively) chosen with:

_ G(1—y)?
L= [IOQVWW (2.27)

so that the suboptimality of a polity thatis greedy i, is guaranteed to be at most
G, in the sense thalv™ —V*||. < ¢o. Here,[-] is the smallest integer larger than
or equal to the argument (ceiling). Equation (2.27) folldwsn the bound (Ernst

et al., 2005): "
VhL_V* w <2 Hp||°°
[ I <2000

on the suboptimality ofi_, by requiring that %ﬂ—py‘;‘; < G-

Alternatively, Q-iteration could be stopped when the difece between two
consecutive Q-functions decreases below a given threshgld- 0, i.e., when
|Qr+1 — Qrllo < €q1- This can also be guaranteed to happen after a finite number
of iterations, due to the contracting nature of the Q-iieratipdates.
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A V-iteration algorithm that computes the optimal V-furastican be developed
along similar lines, using the Bellman optimality equati@ri3) in the deterministic
case, or (2.21) in the stochastic case. Note that the narhe"itaration” is typically
used for the V-iteration algorithm in the literature, wheseve use it to refer more
generally to the entire class of algorithms that use thenisdl optimality equations
to compute optimal value functions. (Recall that we sinhylarse “value function”
to refer to Q-functions and V-functions collectively.)

Computational cost of Q-iteration for finite MDPs

Next, we investigate the computational cost of Q-iteratidren applied to an MDP
with a finite number of states and actions. Denoté-pthe cardinality of the argu-
ment set *”, so that|X| denotes the finite number of states dddldenotes the finite
number of actions.

Consider first the deterministic case, for which Algorithrih 2an be used. As-
sume that, when updating the Q-value for a given state+agior (x,u), the max-
imization over the action spad¢ is solved by enumeration over ifd| elements,
andf (x,u) is computed once and then stored and reused. Updating tlzu@-then
requires 2+ |U| function evaluations, where the functions being evaluated, p,
and the current Q-functio@,. Since at every iteration, the Q-values|¥f |U| state-
action pairs have to be updated, the cost per iteratiof|i®) | (2+ |U|). So, the total
cost ofL Q-iterations for a deterministic, finite MDP is:

LIX||U](24+|U]) (2.28)

The numbel of iterations can be chosen, e.g., by imposing a suboptiyriadiund
Gor and using (2.27).

In the stochastic case, because the state space is finitgjthlg 2.2 can be used.
Assuming that the maximization overis implemented using enumeration, the cost
of updating the Q-value for a given pdix,u) is |X| (24 |U|), where the functions
being evaluated aré, p, andQ;. The cost per iteration i&X|*|U| (2+ |U|), and the
total cost ofL Q-iterations for a stochastic, finite MDP is thus:

LIX2U|(2+U]) (2.29)

which is larger by a factoX | than the cost (2.28) for the deterministic case.

Example 2.3 Q-iteration for the cleaning robot. In this example, we apply Q-
iteration to the cleaning-robot problem of Examples 2.1 212d The discount factor
yis setto 05.

Consider first the deterministic variant of Example 2.1. Hus variant, Q-
iteration is implemented as Algorithm 2.1. Starting fromidentically zero initial
Q-function,Qp = 0, this algorithm produces the sequence of Q-functionsgivéhe
first part of Table 2.2 (above the dashed line), where ea¢islvelvs the Q-values of
the two actions in a certain state, separated by a semidedsrinstance:

Q3(2,1)=p(2,1)+ me:lXQz( f(2,1),u)=0+05 muaxQz(B, u)=0+05.-25=1.25
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TABLE 2.2
Q-iteration results for the deterministic cleaning-ropatblem.
=0 x=1 X=2 x=3 Xx=4 x=5

Q 050 0;0 0;0 0;0 0;0 0;0
Q. 050 1;0 05;0 025;0 Q125;5 O0;0
Q> 0;0 1;025 05;0125 025;25 125;5 0;0
Q3 0;0 1;025 05;125 0625;25 125;5 0;0
Qs 0;0 1;0625 05;125 0625;25 125;5 0;0
Qs 0;0 1;0625 05;125 0625;25 125;5 0;0
h* * -1 1 1 1 *
V* 0 1 125 25 5 0

27

The algorithm converges after 5 iteratiod = Q4 = Q*. The last two rows
of the table (below the dashed line) also give the optimaicpesd, computed from
Q* with (2.5), and the optimal V-functiov*, computed fronQ* with (2.10). In the

policy representation, the symbal

means that any action can be taken in that state

without changing the quality of the policy. The total numbéfunction evaluations
required by the algorithm in the deterministic case is:

5/X||U[(2+U])=5-6-2-4=240

Consider next the stochastic variant of the cleaning-rpbattlem, introduced in
Example 2.2. For this variant, Q-iteration is implementgadusing Algorithm 2.2,
and produces the sequence of Q-functions illustrated irfitsiepart of Table 2.3
(not all the iterations are shown). The algorithm fully cerges after 22 iterations.

TABLE 2.3
Q-iteration results for the stochastic cleaning-robobfgm. Q-function and V-function val-
ues are rounded to 3 decimal places.

x=0 x=1 X=2 X=3 X=4 X=05
Q O30 0;0 0;0 0;0 0;0 0;0
Q1 0;0 0800;0110 0320;0044 0128;0018 Q301;4026 0;0
Q2 0;0 0868;0243 Q0374;0101 0260;1639 1208;4343 00
Qz 0;0 0874;0265 Q419;0709 0515;1878 1327;4373 00
Qs 0;0 0883;0400 0453;0826 0581;1911 1342;4376 O0;0
Q2 0;0 0888;0458 0467;0852 0594;1915 1344;4376 0,0
Q2 0;0 0888;0458 0467;0852 0594;1915 1344;4376 0,0
h* * -1 1 1 1 *
A 0 0.888 0852 1915 4376 0
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The optimal policies and the optimal V-function obtaineé also shown in Table 2.3
(below the dashed line). While the optimal Q-function areldptimal V-function are

different from those obtained in the deterministic case,dptimal policies remain
the same. The total number of function evaluations requisethe algorithm in the

stochastic case is:

22X [|U|(2+|U|) = 22-6-2-4=6336

which is considerably greater than in the deterministi@cas

If we impose a suboptimality bourgd, = 0.01 and apply (2.27), we find that Q-
iteration should run fok = 12 iterations in order to guarantee this bound, where the
maximum absolute rewaritp||,, = 5 and the discount factgr= 0.5 have also been
used. So, in the deterministic case, the algorithm fullyvesges to its fixed point
in fewer iterations than the conservative number given bg7R In the stochastic
case, even though the algorithm does not fully converge aftéterations (instead
requiring 22 iterations), the Q-function at iteration 18q@n in Table 2.3) is already
very accurate, and a policy that is greedy in this Q-functfofully optimal. The
suboptimality of such a policy is 0, which is smaller than timposed boundy,.
In fact, for any iteratior? > 3, the Q-functiorQ, would produce an optimal policy,
which means that = 12 is also conservative in the stochastic case. O

2.3.2 Model-free value iteration and the need for exploratn

We have discussed until now model-based value iterationné¥ consider RL,
model-free value iteration algorithms, and disc@sfearning the most widely used
algorithm from this class. Q-learning starts from an aditrinitial Q-functionQg
and updates it without requiring a model, using instead veskstate transitions
and rewards, i.e., data tuples of the fofx, ux, X 1, k1) (Watkins, 1989; Watkins
and Dayan, 1992). After each transition, the Q-functiorpidated using such a data
tuple, as follows:

Qi1 (X, Ue) = Qi) + AkMies1 + YMaxQu(i1,U) = Qe U] (2:30)

where ax € (0,1] is the learning rate. The term between square brackets is
the temporal difference, i.e., the difference between theated estimate, ; +
ymaxy Qu(xc.1,U) of the optimal Q-value of(x,ux), and the current estimate
Qk(x, Ux). In the deterministic case, the new estimate is actuall@tieration map-
ping (2.22) applied td) in the state-action paifx, ux), wherep(xy,ux) has been
replaced by the observed rewagd 1, and f (x, ux) by the observed next-stakg, ;.

In the stochastic case, these replacements provide a sagiple of the random
guantity whose expectation is computed by the Q-iteratiapping (2.23), and thus
Q-learning can be seen as a sample-based, stochastic apatiox procedure based

on this mapping (Singh et al., 1995; Bertsekas and Tsitsik®96, Section 5.6).

As the number of transitionk approaches infinity, Q-learning asymptotically
converges t@* if the state and action spaces are discrete and finite, anet tmel
following conditions (Watkins and Dayan, 1992; Tsitsikli994; Jaakkola et al.,
1994):
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e The sumyy_,a2 produces a finite value, whereas the spfh, ax produces
an infinite value.

¢ All the state-action pairs are (asymptotically) visite@iriitely often.

The first condition is not difficult to satisfy. For instaneesatisfactory standard
choice is:
1
ax = K
In practice, the learning rate schedule may require turbegause it influences the
number of transitions required by Q-learning to obtain adysolution. A good
choice for the learning rate schedule depends on the prodiéisnd.

The second condition can be satisfied if, among other ththgs;ontroller has a
nonzero probability of selecting any action in every endeted state; this is called
exploration. The controller also has to exploit its curdembwledge in order to ob-
tain good performance, e.g., by selecting greedy actionisercurrent Q-function.
This is a typical illustration of the exploration-explditan trade-off in online RL.
A classical way to balance exploration with exploitationQrlearning ise-greedy
exploration (Sutton and Barto, 1998, Section 2.2), whidecse actions according
to:

(2.31)

(2.32)

U — u € argmaxQk (X, U) with probability 1— g
] a uniformly random action i) with probability &

whereg € (0,1) is the exploration probability at stdp Another option is to use
Boltzmann exploration (Sutton and Barto, 1998, Sectiof), 2/Bich at stefk selects
an actionu with probability:

er(Xk7U)/Tk

Pl = 5o

(2.33)
where the temperaturg > 0 controls the randomness of the exploration. Whe#r:

0, (2.33) is equivalent to greedy action selection, whilerffo— oo, action selection
is uniformly random. For nonzero, finite values®f higher-valued actions have a
greater chance of being selected than lower-valued ones.

Usually, the exploration diminishes over time, so that thkcy used asymptoti-
cally becomes greedy and therefore as— Q*) optimal. This can be achieved by
makingegg or T approach 0 ak grows. For instance, astgreedy exploration sched-
ule of the formeg = 1/k diminishes to 0 ak — o, while still satisfying the second
convergence condition of Q-learning, i.e., while allowimndjnitely many visits to
all the state-action pairs (Singh et al., 2000). Notice tinglarity of this explo-
ration schedule with the learning rate schedule (2.31).aFschedule of the Boltz-
mann exploration temperaturgthat decreases to 0 while satisfying the convergence
conditions, see (Singh et al., 2000). Like the learning sateedule, the exploration
schedule has a significant effect on the performance of (rileg

Algorithm 2.3 presents Q-learning withgreedy exploration. Note that an ideal-
ized, infinite-time online setting is considered for thigaithm, in which no termi-
nation condition is specified and no explicit output is proelll Instead, the result of
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the algorithm is the improvement of the control performaackieved while inter-
acting with the process. A similar setting will be considefer other online learning
algorithms described in this book, with the implicit undargling that, in practice,
the algorithms will of course be stopped after a finite humifesteps. When Q-
learning is stopped, the resulting Q-function and the apoading greedy policy
can be interpreted as outputs and reused.

ALGORITHM 2.3 Q-learning withe-greedy exploration.

Input: discount factoyy,

exploration schedulégi},_o, learning rate schedulier o
initialize Q-function, e.g.Qp «— 0

measure initial state,

3: for every time stefx=0,1,2,... do

" U u € argmaxQx (X, U) with probability 1— & (exploit)
a uniformly random action ikl with probability g, (explore)

5: applyux, measure next staig,; and rewardy, 1

6:  Qup1(X,Uk) — Qu(Xk, Uk) + k[T 1+ ymadyy Qu(Xer1, ) — Qu(Xc, Uk)]

7: end for

Note that this discussion has not been all-encompassieg:gineedy and Boltz-
mann exploration procedures can also be used in other dRliredgorithms besides
Q-learning, and a variety of other exploration proceduxést e~or instance, the pol-
icy can be biased towards actions that have not recentlyta&en, or that may lead
the system towards rarely visited areas of the state spdwer{T1992). The value
function can also be initialized to be larger than the truerres, in a method known
as “optimism in the face of uncertainty” (Sutton and Bart®98, Section 2.7). Be-
cause the return estimates have been adjusted downwardsyfactions already
taken, greedy action selection leads to exploring novébast Confidence intervals
for the returns can be estimated, and the action with larggstr confidence bound,
i.e., with the best potential for good returns, can be ch@kerlbling, 1993). Many
authors have also studied the exploration-exploitatiaderoff for specific types of
problems, such as problems with linear transition dynarfiteddbaum, 1961), and
problems without any dynamics, for which the state spaceaeslito a single element
(Auer et al., 2002; Audibert et al., 2007).

2.4 Policy iteration

Having introduced value iteration in Section 2.3, we nowsider policy iteration

the second major class of DP/RL algorithms. Policy iteratdgorithms evaluate
policies by constructing their value functions, and use¢healue functions to find
new, improved policies (Bertsekas, 2007, Section 1.3). Aspaesentative example
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of policy iteration, consider an offline algorithm that evatles policies using their
Q-functions. This algorithm starts with an arbitrary pwgliw. At every iteration?,
the Q-functionQ™ of the current policyh, is determined:; this step is callgmlicy
evaluationPolicy evaluation is performed by solving the Bellman dua(2.7) in
the deterministic case, or (2.17) in the stochastic caseenNfolicy evaluation is
complete, a new policli, 1 that is greedy irQ" is found:

he,1(x) € argmax@™ (x, u) (2.34)

This step is callegholicy improvementThe entire procedure is summarized in Algo-
rithm 2.4. The sequence of Q-functions produced by poliesation asymptotically
converges t@Q* as¢ — oo, Simultaneously, an optimal polidy is obtained.

ALGORITHM 2.4 Policy iteration with Q-functions.
1: initialize policy hg
2: repeatat every iteratiof = 0,1,2, ...
3. find Q", the Q-function oty > policy evaluation
4 hey1(x) € argmay Q" (x,u) > policy improvement
5. until hyy 1 =hy

Output: h* = hy, Q* = QM

The crucial component of policy iteration is policy evaloat Policy improve-
ment can be performed by solving static optimization protdge.g., of the form
(2.34) when Q-functions are used — often an easier challenge

In the remainder of this section, we first discuss DP (moe@ekel) policy itera-
tion, followed by RL (model-free) policy iteration. We papexial attention to the
policy evaluation component.

2.4.1 Model-based policy iteration

In the model-based setting, the policy evaluation step eygknowledge of the tran-
sition and reward functions. A model-based iterative athor for policy evaluation
can be given that is similar to Q-iteration, which will beledlpolicy evaluation for
Q-functions Analogously to the Q-iteration mappirig(2.22), a policy evaluation
mappingT" : 2 — 2 is defined, which computes the right-hand side of the Bellman
equation for an arbitrary Q-function. In the determinisiése, this mapping is:

TNQ)I(x,u) = p(x,u) + yQ(f (x,u),h(f(x,u))) (2.35)
and in the stochastic case, it is:
[Th(Q)](X’ U) = Ex’~f~(x,u,~) {f)(X, uvxl) + VQ(X,v h(X’))} (2-36)

Note that when the state space is countable, the transitalehi2.14) is appropriate,
and the policy evaluation mapping for the stochastic cag6j2Zan be written as the
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simpler summation:

T(Q)](x,u) = > f(x,u,x) [B(x,u,X) + yQ(X,h(X))] (2.37)

X

Policy evaluation for Q-functions starts from an arbitr@yfunction QB and at
each iteratiorr updates the Q-function usirfy:

QL =T"@Q (2.38)

Like the Q-iteration mappind, the policy evaluation mapping" is a contraction
with a factory < 1 in the infinity norm, i.e., for any pair of functior@andQ’:

ITNQ) — T"Q@) | < VIQ— Qllen

So, TM has a unique fixed point. Written in terms of the mappiiy the Bellman
equation (2.7) or (2.17) states that this unique fixed psiaciuallyQ":

Q"=1"Q" (2.39)

Therefore, policy evaluation for Q-functions (2.38) asyatizally converges t@".
Moreover, also becaudé' is a contraction with factoy, this variant of policy evalu-
ation converges tQ" at a rate ofy, in the sense thafQ", ; — Q"[le < V|| QF — Q"[.

Algorithm 2.5 presents policy evaluation for Q-functionslieterministic MDPs,
while Algorithm 2.6 is used for stochastic MDPs with counéabtate spaces. In
Algorithm 2.5, T" is computed with (2.35), while in Algorithm 2.6, (2.37) is em
ployed. Since the convergence condition of these algosttamonly guaranteed to
be satisfied asymptotically, in practice they can be stoppeyl, when the differ-
ence between consecutive Q-functions decreases belowem thkeshold, i.e., when
Q.1 — QY < &, Wheregse > 0. Here, the subscript “PE” stands for “policy
evaluation.”

ALGORITHM 2.5 Policy evaluation for Q-functions in deterministic MDPs.
Input: policy h to be evaluated, dynamids reward functiorp, discount factoy

1: initialize Q-function, .9.Qf — 0

2: repeatat every iteratiorr =0,1,2, ...

3 for every(x,u) do

4: QrT]Jrl(X’ u) < p(X, u)""erT](f(X’ u), h(f(x,u)))
5 end for

6: until Q" = Qf

Output: Q"=Q"

8A different iteration indext is used for policy evaluation, because it runs in the innep lof every
(offline) policy iteration.
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ALGORITHM 2.6
Policy evaluation for Q-functions in stochastic MDPs withuatable state spaces.

Input: policy hto be evaluated, dynamid_s reward functiorp, discount factoy

1: initialize Q-function, e.9.Qf < 0

2: repeatat every iteratior =0,1,2,...

3 for every(x,uydo

4: QP (% U) — Ty F(xu,X) [B(x,u,X) + yQR(X, h(X))]
5 end for

6: until QI ; = Qf

Output: Q"=q"

There are also other ways to compQ@® For example, in the deterministic case,
the mappingT" (2.35) and equivalently the Bellman equation (2.7) are obsfy
linear in the Q-values. In the stochastic case, becXuisas a finite cardinality, the
policy evaluation mappind" and equivalently the Bellman equation (2.39) can be
written by using the summation (2.37), and are thereforelaisar. Hence, when the
state and action spaces are finite and the cardinali¥/ »U is not too large (e.g.,
up to several thousand<)" can be found by directly solving the linear system of
equations given by the Bellman equation.

The entire derivation can be repeated and similar algostbam be given for V-
functions instead of Q-functions. Such algorithms are npaqgular in the literature,
see, e.g., (Sutton and Barto, 1998, Section 4.1) and (Bads@007, Section 1.3).
Recall however, that policy improvements are more probtemvehen V-functions
are used, because a model is required to find greedy polasesen in (2.11). Ad-
ditionally, in the stochastic case, expectations over tfeestep stochastic transitions
have to be computed to find greedy policies, as seen in (2.19).

An important advantage of policy iteration over value itena stems from the
linearity of the Bellman equation fa®" in the Q-values. In contrast, the Bellman
optimality equation (foQ*) is highly nonlinear due to the maximization at the right-
hand side. This makes policy evaluation generally easisoltige than value iteration.
Moreover, in practice, offline policy iteration algorithroffen converge in a small
number of iterations (Madani, 2002; Sutton and Barto, 1¥3&;tion 4.3), possi-
bly smaller than the number of iterations taken by offlinaueateration algorithms.
However, this does not mean that policy iteration is comjrtally less costly than
value iteration. For instance, even though policy evatunatising Q-functions is gen-
erally less costly than Q-iteration, every single poligrétion requires a complete
policy evaluation.

Computational cost of policy evaluation for Q-functions infinite MDPs

We next investigate the computational cost of policy evidwmafor Q-functions
(2.38) for an MDP with a finite number of states and actionsal¥e provide a com-
parison with the computational cost of Q-iteration. Notaiaghat policy evaluation
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is only one component of policy iteration; for an illustratiof the computational
cost of the entire policy iteration algorithm, see the upzaniExample 2.4.

In the deterministic case, policy evaluation for Q-funnaan be implemented
as in Algorithm 2.5. The computational cost of one iteratidithis algorithm, mea-
sured by the number of function evaluations, is:

41XV

where the functions being evaluated @ref,h, and the current Q-functio®?. In
the stochastic case, Algorithm 2.6 can be used, which regjait each iteration the
following number of function evaluations:

4[X[*|V]

where the functions being evaluated @e ,h, andQ?. The cost in the stochastic
case is thus larger by a facto¢| than the cost in the deterministic case.

Table 2.4 collects the computational cost of policy evabarafor Q-functions,
and compares it with the computational cost of Q-iterati®action 2.3.1). A sin-
gle Q-iteration require$X||U|(2+ |U|) function evaluations in the deterministic
case (2.28), an{X|?|U| (2+|U|) function evaluations in the stochastic case (2.29).
WhenevelU| > 2, the cost of a single Q-iteration is therefore larger thendost of
a policy evaluation iteration.

TABLE 2.4

Computational cost of policy evaluation for Q-functionslaf Q-
iteration, measured by the number of function evaluatidhe. cost
for a single iteration is shown.

Deterministic case  Stochastic case

Policy evaluation | |U| 4|X2|U|
Q-iteration IX|Ul(2+U])  IX]AU](2+U])

Note also that evaluating the policy by directly solving linear system given by
the Bellman equation typically requires{|(2[|3 U |3) computation. This is an asymp-
totic measure of computational complexity (Knuth, 197@) & no longer directly
related to the number of function evaluations. By comparisioe complexity of the
complete iterative policy evaluation algorithm iIOX||U|) in the deterministic
case and Q. |X|?|U|) in the stochastic case, wherés the number of iterations.

Example 2.4 Model-based policy iteration for the cleaning obot. In this exam-
ple, we apply a policy iteration algorithm to the cleanirdpot problem introduced
in Examples 2.1 and 2.2. Recall thewtery single policy iteration requires eom-
plete executiomf policy evaluation for the current policy, together witpalicy im-
provement. The (model-based) policy evaluation for Q-fioms (2.38) is employed,
starting from identically zero Q-functions. Each policyakwation is run until the
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Q-function fully converges. The same discount factor isduse for Q-iteration in
Example 2.3, namely = 0.5.

Consider first the deterministic variant of Example 2.1, imiah policy evalua-
tion for Q-functions takes the form shown in Algorithm 2.%a®ing from a policy
that always moves righhg(x) = 1 for all x), policy iteration produces the sequence of
Q-functions and policies given in Table 2.5. In this talbhe $equence of Q-functions
produced by a given execution of policy evaluation is sefedrby dashed lines from
the policy being evaluated (shown above the sequence oh€ifuns) and from the
improved policy (shown below the sequence). The policyatien algorithm con-
verges after 2 iterations. In fact, the policy is alreadyiropt after the first policy
improvementh, = hy = h*.

TABLE 2.5
Policy iteration results for the deterministic cleanirdpot problem. Q-values
are rounded to 3 decimal places.

x=0 x=1 X=2 x=3 x=4 x=5
hg * 1 1 1 1 *
Q 0;0 0;0 0;0 0;0 0;0 0;0
Q. 050 1;0 0;0 0;0 0;5 0;0
Q 050 1;0 0;0 0;25 125;5 0;0
Qs 0;0 1;0 0; 125 0625;25 125;5 0;0
Qs 0;0 1;0625 0313;125 0625;25 125;5 00
Qs 0;0 1;0625 0313;125 0625;25 1.25;5 00
hy * -1 1 1 1 *
Q 030 0;0 0;0 0;0 0;0 0;0
Q. 050 1;0 05;0 0;0 0;5 0;0
Q 0;0 1;0 05;0 0;25 125;5 0;0
Qs 050 1;0 05;125 0625;25 125;5 0;0
Qs 0;0 1;0625 05;125 0625;25 125;5 O0;0
Qs 0;0 1;0625 05;125 0625;25 125;5 00
hy * -1 1 1 1 *

Five iterations of the policy evaluation algorithm are riegd for the first policy,
and the same number of iterations are required for the squolicy. Recall that the
computational cost of every iteration of the policy evailoglgorithm, measured by
the number of function evaluations, i$4 |U |, leading to a total cost of 8- |X||U |
for each of the two policy evaluations. Assuming that the imézation overU in
the policy improvement is solved by enumeration, the comiportal cost of every
policy improvement igX||U|. Each of the two policy iterations consists of a policy
evaluation and a policy improvement, requiring:

5-4- X[ U]+ [X]U] = 21[X]||U|
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function evaluations, and thus the entire policy iteraitgorithm has a cost of:
2:21-|X||U|=2-21-6-2=504

Compared to the cost 240 of Q-iteration in Example 2.3, pdtieration is in this
case more computationally expensive. This is true evergihthe cost of any single
policy evaluation, 54- [X||U| = 240, is the same as the cost of Q-iteration. The latter
fact is expected from the theory (Table 2.4), which indidateat policy evaluation
for Q-functions and Q-iteration have similar costs wilgh= 2, as is the case here.

Consider now the stochastic case of Example 2.2. For this, gadicy evalua-
tion for Q-functions takes the form shown in Algorithm 2.6a®ing from the same
policy as in the deterministic case (always going right}igydteration produces the
sequence of Q-functions and policies illustrated in Tab@ie(Bot all Q-functions are
shown). Although the Q-functions are different from thas¢hie deterministic case,
the same sequence of policies is produced.

TABLE 2.6
Policy iteration results for the stochastic cleaning-top@blem. Q-values are rounded to 3
decimal places.

x=0 x=1 X=2 X=3 X=4 X=05
ho * 1 1 1 1 *
Q 050 0;0 0;0 0;0 0;0 0;0
Q: 0;0 0800;0050 0020;0001 Q001;0 0250; 4 0;0
Q, 0;0 0804;0054 (0022;0001 0Q101;1600 1190;4340 00
Q3 0;0 0804;0055 0062;0641 0485;1872 1324;4372 00
Qs 0;0 0820;0311 0219;0805 0572;1909 1342;4376 00
Qx4 0;0 0852;0417 0278;0839 0589;1915 1344;4376 00
hy * -1 1 1 1 *
Q 030 0;0 0;0 0;0 0;0 0;0
Q: O0;0 0800;0110 0320;0020 Q008;0Q001 Q0250;4 0;0
Q> 0;0 0861;0123 (0346;0023 0109;1601 1190;4340 00
Q3 0;0 0865;0124 (0388;0664 0494;1873 1325;4372 00
Qs 0;0 0881;0382 0449;0821 0578;1910 1342;4376 00
Qx, 0;0 0888;0458 0467;0852 0594;1915 1344;4376 00
hy * -1 1 1 1 *

Twenty-four iterations of the policy evaluation algorithame required to eval-
uate the first policy, and 22 iterations are required for theoad. Recall that the

cost of every iteration of the policy evaluation algorithmeasured by the number
of function evaluations, is |*|U | in the stochastic case, while the cost for policy
improvement is the same as in the deterministic c@glU|. So, the first policy
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iteration requires 244 |X|2|U| + |X||U| function evaluations, and the second re-
quires 224- [X|?|U| + |X||U | function evaluations. The total cost of policy iteration
is obtained by adding these two costs:

46-4-[X|U|+2|X||U| =46-4.62.2+2.6.2= 13272

Comparing this to the 6336 function evaluations necessamyQfiteration in the
stochastic problem (see Example 2.3), it appears thatypidéication is also more
computationally expensive in the stochastic case. Monmepadicy iteration is more
computationally costly in the stochastic case than in therdgnistic case; in the
latter case, policy iteration required only 504 functioalerations. O

2.4.2 Model-free policy iteration

After having discussed above model-based policy iterati@mow turn our attention

to the class of class of RL, model-free policy iteration aidons, and within this
class, we focus 08ARSA an online algorithm proposed by Rummery and Niranjan
(1994) as an alternative to the value-iteration based @vleg. The name SARSA is
obtained by joining together the initials of every elementie data tuples employed
by the algorithm, namely: state, action, reward, (nextestaext) action. Formally,
such a tuple is denoted iy, Uk, rk+1,X+1, Uk+1). SARSA starts with an arbitrary
initial Q-functionQp and updates it at each step using tuples of this form, asiisllo

Q-1 (X, Uk) = Qu(Xk, Uk) + Ak k1 + YQK (X1, Uk+-1) — Qu(Xk, Uk )] (2.40)

whereay € (0,1] is the learning rate. The term between square brackets terie
poral difference, obtained as the difference between tluataeo estimatey ., +
YQk (X1, Uks1) Of the Q-value for(x, ux), and the current estima@ (X, U). This
is not the same as the temporal difference used in Q-leaf@idg). While the Q-
learning temporal difference includes the maximal Q-vdluéhe next state, the
SARSA temporal difference includes the Q-value of the actotually taken in
this next state. This means that SARSA performs online, frfpee policy evalu-
ation of the policy that is currently being followed. In thetdrministic case, the new
estimatey., 1 + yQk(Xk+1, Uk+1) Of the Q-value forxy, uy) is actually the policy eval-
uation mapping (2.35) applied @ in the state-action paiix, Ux). Here,p (X, Uy)
has been replaced by the observed reward, and f (X, ux) by the observed next
statexy. 1. In the stochastic case, these replacements provide @& sagiple of the
random quantity whose expectation is found by the policiatéon mapping (2.36).
Next, the policy employed by SARSA is considered. Unlikeinélpolicy it-
eration, SARSA cannot afford to wait until the Q-functiorsh@@lmost) converged
before it improves the policy. This is because convergenag take a long time,
during which the unimproved (and possibly bad) policy wobélused. Instead, to
select actions, SARSA combines a greedy policy in the cti@efunction with ex-
ploration, using, e.g£-greedy (2.32) or Boltzmann (2.33) exploration. Because of
the greedy component, SARSA implicitly performs a policypiimvement at every
time step, and is therefore a type of online policy iterati®ach a policy iteration
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algorithm, which improves the policy after every samplesasnetimes called fully
optimistic (Bertsekas and Tsitsiklis, 1996, Section 6.4).

Algorithm 2.3 presents SARSA witkrgreedy exploration. In this algorithm, be-
cause the update at stkjnvolves the actiomy, 1, this action has to be chosen prior
to updating the Q-function.

ALGORITHM 2.7 SARSA withe-greedy exploration.
Input: discount factowy,
exploration schedulégi},_o, learning rate schedulier .o
1: initialize Q-function, e.g.Qo < 0
2: measure initial state
u € argmaxQo(Xo, U) with probability 1— & (exploit)
a uniformly random action i) with probability &y (explore)
4: for every time stefx=0,1,2,... do
5: applyug, measure next statg,; and rewardy. 1
u € arg max Qi (Xit1,U) with probability 1— & 1
a uniformly random action il with probability &, 1

Qut-1 (X, Uk) — Qu(Xk, Uk) + Ak[rir1 4 YQK(Xis-1, Uk1) — Qu(Xk, Uk )]
8: end for

3: Up <

@

Uk+1 <

~

In order to converge to the optimal Q-functi@Qi, SARSA requires conditions
similar to those of Q-learning, which demand explorationg @additionally that
the exploratory policy being followed asymptotically bewes greedy (Singh et al.,
2000). Such a policy can be obtained by using, e-greedy (2.32) exploration with
an exploration probabilitg, that asymptotically decreases to 0, or Boltzmann (2.33)
exploration with an exploration temperatumgthat asymptotically decreases to 0.
Note that, as already explained in Section 2.3.2, the eafoy policy used by Q-
learning can also be made greedy asymptotically, even ththug convergence of
Q-learning does not rely on this condition.

Algorithms like SARSA, which evaluate the policy they areremtly using to
control the process, are also called “on-policy” in the Rériiture (Sutton and Barto,
1998). In contrast, algorithms like Q-learning, which anttbe process using one
policy and evaluate another policy, are called “off-palidp Q-learning, the pol-
icy used to control the system typically includes explanatwhereas the algorithm
implicitly evaluates a policy that is greedy in the currenfu@ction, since maximal
Q-values are used in the Q-function updates (2.30).

2.5 Policy search

The previous two sections have introduced value iteratiwhpmlicy iteration. In this
section, we consider the third major class of DP/RL methodmelypolicy search
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algorithms. These algorithms use optimization technigaedirectly search for an
optimal policy, which maximizes the return from every ialtstate. The optimiza-
tion criterion should therefore be a combination (e.g.rage) of the returns from
every initial state. In principle, any optimization techné can be used to search for
an optimal policy. For a general problem, however, the ojgtition criterion may
be a nondifferentiable function with multiple local optimghis means that global,
gradient-free optimization techniques are more approptiean local, gradient-based
techniques. Particular examples of global, gradientfieebniques include genetic
algorithms (Goldberg, 1989), tabu search (Glover and Lagli@97), pattern search
(Torczon, 1997; Lewis and Torczon, 2000), cross-entrogimapation (Rubinstein
and Kroese, 2004), etc.

Consider the return estimation procedure of a model-baskdypsearch algo-
rithm. The returns are infinite sums of discounted rewardk)(Z2.15). However,
in practice, the returns have to be estimated in a finite tifoehis end, the infinite
sum in the return can be approximated with a finite sum ovefitbeK steps. To
guarantee that the approximation obtained in this way iiwid boundsyc > 0 of
the infinite sumK can be chosen with (e.g., Mannor et al., 2003):

K= Pogy ZucL—Y) V)W

2.41
ol (241)

Note that, in the stochastic case, usually many samplectoajes need to be simu-
lated to obtain an accurate estimate of the expected return.

Evaluating the optimization criterion of policy search uggs the accurate es-
timation of returns from all the initial states. This prooceel is likely to be com-
putationally expensive, especially in the stochastic c8&agce optimization algo-
rithms typically require many evaluations of the criterigolicy search algorithms
are therefore computationally expensive, usually morehan walue iteration and
policy iteration.

Computational cost of exhaustive policy search for finite MDPs

We next investigate the computational cost of a policy deatgorithm for deter-
ministic MDPs with a finite number of states and actions. Sithe state and action
spaces are finite and therefore discrete, any combinatmpiahization technique
could be used to look for an optimal policy. However, for slitipy, we consider an
algorithm that exhaustively searches the entire policgspa

In the deterministic case, a single trajectory consistifdg<csimulation steps
suffices to estimate the return from a given initial statee Tlumber of possible
policies is|U|‘X‘ and the return has to be evaluated for all {K¢ initial states. It
follows that the total number of simulation steps that haved performed to find an
optimal policy is at mosK |U |‘X‘ |X|. Sincef, p, andh are each evaluated once at
every simulation step, the computational cost, measurdatidoypumber of function
evaluations, is:

3K (U]
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Compared to the codt|X||U|(2+ |U|) of Q-iteration for deterministic systems
(2.28), this implementation of policy search is, in mostesaglearly more costly.

In the stochastic case, when computing the expected retoimmd given initial
statexp, the exhaustive search algorithm considers all the passdallizations of a
trajectory of lengthK. Starting from initial statey and taking actiorh(xo), there
are|X| possible values ofy, the state at step 1 of the trajectory. The algorithm con-
siders all these possible values, together with their i@s@eprobabilities of being
reached, namely (X, h(x0),X1). Then, for each of these valuesxaf given the re-
spective actionB(x;), there are agaifX| possible values of,, each reachable with
a certain probability, and so on unidl steps have been considered. With a recursive
implementation, a total number pf| + [X|?+ - - - + |X| steps have to be considered.
Each such step requires 3 function evaluations, where tietitins being evaluated
are f, p, andh. Moreover,|U |‘X‘ policies have to be evaluated fpf| initial states,
so the total cost of exhaustive policy search in the stoahease is:

K
k
3(2 ] ) U x| =3
k=1

Unsurprisingly, this cost grows roughly exponentially wi, rather than linearly
as in the deterministic case, so exhaustive policy searchoi® computationally
expensive in the stochastic case than in the determinissie.dn most problems, the
cost of exhaustive policy search in the stochastic casests gieater than the cost
LIX[?|U|(2+|U|) of Q-iteration (2.29).

Of course, much more efficient optimization techniques themaustive search
are available, and the estimation of the expected retumalsa be accelerated. For
instance, after the return of a state has been estimatadedtimate can be reused
at every occurrence of that state along subsequent trajgstthereby reducing the
computational cost. Nevertheless, the costs derived atrvée seen as worst-case
values that illustrate the inherently large complexity ofigy search.

XK —X] g
|X|7—1|U| IX]

Example 2.5 Exhaustive policy search for the cleaning roboConsider again the
cleaning-robot problem introduced in Examples 2.1 andéh#@,assume that the ex-
haustive policy search described above is applied. Takeghsoximation tolerance
in the evaluation of the return to teggc = 0.01, which is equal to the suboptimal-
ity bound ¢y for Q-iteration in Example 2.3. Using,, maximum absolute reward
llplle =5, and discount factgr= 0.5 in (2.41), atime horizon df = 10 steps is ob-
tained. Therefore, in the deterministic case, the comjmuntat cost of the algorithm,
measured by the number of function evaluations, is:

3K [U|XI|X| = 3-10-2°.6 = 11520

whereas in the stochastic case, it is:

XK1y 11
id | ||U|‘X‘|X|:3-%f-26-6x8-1§0

X1



2.6. Summary and discussion 41

By observing that it is unnecessary to look for optimal atdiand to evaluate returns
in the terminal states, the cost can further be reduced 1®3* -4 = 1920 in the
deterministic case, and to % .2%.4~1-10%in the stochastic case. Additional
reductions in cost can be obtained by stopping the simulatidrajectories as soon
as they reach a terminal state, which will often happen irefavan 10 steps.

Table 2.7 compares the computational cost of exhaustiveypsearch with the
cost of Q-iteration from Example 2.3 and of policy iteratipom Example 2.4. For
the cleaning-robot problem, the exhaustive implememadfalirect policy search is
very likely to be more expensive than both Q-iteration anlitpateration. O

TABLE 2.7

Computational cost of exhaustive policy search for thergtearobot, compared with
the cost of Q-iteration and of policy iteration. The cost isasured by the humber of
function evaluations.

Deterministic case Stochastic case

Exhaustive policy search 11520 - B0t0
Exhaustive policy search,

ARG . 1920 1101
no optimization in terminal states
Q-iteration 240 6336
Policy iteration 504 13272

2.6  Summary and discussion

In this chapter, deterministic and stochastic MDPs have lirteoduced, and their
optimal solution has been characterized. Three classedPoéridl RL algorithms
have been described: value iteration, policy iteratiord dimect search for control
policies. This presentation provides the necessary baackgkfor the remainder of
this book, but is by no means exhaustive. For the readereistinl in more details
about classical DP and RL, we recommend the textbook of &eaxts(2007) on DP,
and that of Sutton and Barto (1998) on RL.

A central challenge in the DP and RL fields is that, in theigioral form, DP and
RL algorithms cannot be implemented for general problerhgyTcan only be im-
plemented when the state and action spaces consist of anfimitber of discrete ele-
ments, because (among other reasons) they require therepaesentation of value
functions or policies, which is generally impossible faatetspaces with an infinite
number of elements. In the case of Q-functions, an infinitelmer of actions also
prohibits an exact representation. For instance, mostgmubin automatic control
have continuous states and actions, which can take infinit@ny distinct values.
Even when the states and actions take finitely many values;dbt of representing
value functions and policies grows exponentially with thener of state variables
(and action variables, for Q-functions). This problem ifeththe curse of dimen-
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sionality, and makes the classical DP and RL algorithms amiical when there are
many state and action variables.

To cope with these problems, versions of the classical #hgos thatapproxi-
matelyrepresent value functions and/or policies must be usech Slgorithms for
approximate DP and RL form the subject of the remainder sfttbok.

In practice, it is essential to provide more comprehensg&régpmance guarantees
than simply the asymptotical maximization of the returnr Fstance, online RL
algorithms should guarantee an increase in performancetione. Note that the
performance cannot increase monotonically, since exfiords necessary, which
can cause temporary degradations of the performance. br toduse DP and RL
algorithms in industrial applications of automatic cohtibshould be guaranteed
that they can never destabilize the process. For instamckinB and Barto (2002);
Balakrishnan et al. (2008) discuss DP and RL approachegtlatintee stability
using the Lyapunov framework (Khalil, 2002, Chapters 4 a#id 1

Designing a good reward function is an important and noiatrstep of apply-
ing DP and RL. Classical texts on RL recommend making the neftenction as
simple as possible; it should only reward the achievemetiofinal goal (Sutton
and Barto, 1998). However, a simple reward function oftelkesaonline RL slow,
and including more information may be required for sucaddefirning. Moreover,
other high-level requirements on the behavior of the cdletroften have to be con-
sidered in addition to achieving the final goal. For instaic@utomatic control the
controlled state trajectories often have to satisfy regjugnts on overshoot and the
rate of convergence to an equilibrium, etc. Translatinghswguirements into the
language of rewards can be very challenging.

DP and RL algorithms can also be greatly helped by domain ledwye. Al-
though RL is usually envisioned as purely model-free, itlawery beneficial to use
prior knowledge about the problem, if such knowledge islatée. If a partial model
is available, a DP algorithm can be run with this partial mputeorder to obtain a
rough initial solution for the RL algorithm. Prior knowlee@bout the policy can also
be used to restrict the class of policies considered by (iroaed or model-free)
policy iteration and policy search. A good way to provide @gamknowledge to any
DP or RL algorithm is to encode it in the reward function (ariand Colombetti,
1994; Matarit, 1997; Randlgv and Alstram, 1998; Ng et 8199). This procedure is
related to the problem of reward function design discusbede For instance, prior
knowledge about promising control actions can be explditedssociating these ac-
tions with high rewards. Encoding prior knowledge in theaesvfunction should be
done with care, because doing so incorrectly can lead topewed and possibly
undesirable behavior.

Other work aiming to expand the boundaries of DP and RL iresugroblems in
which the state is not fully measurable, called partiallgetvable MDPs (Lovejoy,
1991; Kaelbling et al., 1998; Singh et al., 2004; Pineau.e28D6; Porta et al., 2006),
exploiting modular and hierarchical task decompositiddigtterich, 2000; Hengst,
2002; Russell and Zimdars, 2003; Barto and Mahadevan, 2BB8yamzadeh and
Mahadevan, 2007), and applying DP and RL to distributed tiraglent problems
(Panait and Luke, 2005; Shoham et al., 2007; Busoniu e2@03a).
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Dynamic programming and reinforcement
learning in large and continuous spaces

This chapter describes dynamic programming and reinfoeceémearning for large
and continuous-space problems. In such problems, exattimw cannot be found in
general, and approximation is necessary. The algorithriteegbrevious chapter can
therefore no longer be applied in their original form. Igteapproximate versions of
value iteration, policy iteration, and policy search anedduced. Theoretical guar-
antees are provided on the performance of the algorithnasnamerical examples
are used to illustrate their behavior. Techniques to autically find value function
approximators are reviewed, and the three categories ofitigns are compared.

3.1 Introduction

The classical dynamic programming (DP) and reinforcemeatning (RL) algo-
rithms introduced in Chapter 2 require exact represemtstiof the value func-
tions and policies. In general, an exact value functiones@ntation can only be
achieved by storing distinct estimates of the return forgggate-action pair (when
Q-functions are used) or for every state (in the case of \¢tions). Similarly, to rep-
resent policies exactly, distinct actions have to be stéoedvery state. When some
of the variables have a very large or infinite number of pdesialues (e.g., when
they are continuous), such exact representations are igedgossible, and value
functions and policies need to be represented approxim&tieice most problems of
practical interest have large or continuous state andraspaces, approximation is
essential in DP and RL.

Approximators can be separated into two main types: pararatid nonpara-
metric. Parametricapproximators are mappings from a parameter space into the
space of functions they aim to represent. The form of the rimgggnd the number of
parameters are givempriorj while the parameters themselves are tuned using data
about the target function. A representative example is ghited linear combination
of a fixed set of basis functions, in which the weights are grameters. In contrast,
the structure of aonparametri@pproximator is derived from the data. Despite its
name, a honparametric approximator typically still hasapeaters, but unlike in the
parametric case, the number of parameters (as well as thkies) is determined
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from the data. For instance, kernel-based approximatarsidered in this book de-
fine one kernel per data point, and represent the targetifumas a weighted linear
combination of these kernels, where again the weights arpahameters.

This chapter provides an extensive, in-depth review of axprate DP and RL
in large and continuous-space problems. The three basisedeof DP and RL al-
gorithms discussed in Chapter 2, namely value iteratiol¢yieration, and policy
search, are all extended to use approximation, resulti@pproximate value itera-
tion, approximate policy iteratigrndapproximate policy searchlgorithm deriva-
tions are complemented by theoretical guarantees on tedonmance, by numerical
examples illustrating their behavior, and by comparisdib@different approaches.
Several other important topics in value function and polagproximation are also
treated. To help in navigating this large body of materigduFe 3.1 presents a road
map of the chapter in graphical form, and the remainder afdkction details this
road map.

Section 3.1
Introduction

.

Section 3.2
The need for approximation

|

Section 3.3
Approximation architectures

Y

Section 3.4 L. Section 3.5
Approximate value iteration Approximate policy iteration

Section 3.7
L.t Approximate policy search

Section 3.6
Finding value function
approximators automatically

\

Section 3.8
Comparison

!

Section 3.9
Summary and discussion

v

h |

FIGURE 3.1
Aroad map of this chapter. The arrows indicate the recomextedquence of reading. Dashed
arrows indicate optional ordering.

In Section 3.2, the need for approximation in DP and RL fogdsand continu-
ous spaces is explained. Approximation is not only a proléoompact represen-
tation, but also plays a role in several other parts of DP ana@lBorithms. In Sec-
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tion 3.3, parametric and nonparametric approximationitgctures are introduced
and compared.

This introduction is followed by an in-depth discussion ppeoximate value iter-
ation in Section 3.4, and of approximate policy iteratioSaction 3.5. Techniques to
automatically derive value function approximators, usef@pproximate value iter-
ation and policy iteration, are reviewed right after thege tlasses of algorithms, in
Section 3.6. Approximate policy search is discussed inildat&ection 3.7. Repre-
sentative algorithms from each of the three classes arégipla numerical example
involving the optimal control of a DC motor.

In closing the chapter, approximate value iteration, goiteration, and poli-
cy search are compared in Section 3.8, while Section 3.9¢geeva summary and
discussion.

In order to reasonably restrict the scope of this chapteeraéchoices are made
regarding the material that will be presented:

¢ In the context of value function approximation, we focus ofiu@ction ap-
proximation and Q-function based algorithms, becauserafgignt portion of
the remainder of this book concerns such algorithms. Negless, a majority
of the concepts and algorithms introduced extend in a sttfmigvard manner
to the case of V-function approximation.

e We mainly consider parametric approximation, becausedahwminder of the
book relies on this type of approximation, but we also reviemparametric
approaches to approximate value iteration and policytitara

e When discussing parametric approximation, whenever gpjate, we con-
sider general (possibly nonlinear) parametrizations. &ones, however, we
consider linear parametrizations in more detail, e.g.,abse they allow
the derivation of better theoretical guarantees on theltieguapproximate
solutions.

Next, we give some additional details about the organinaifdhe core material
of this chapter, which consists of approximate value iterafSection 3.4), approx-
imate policy iteration (Section 3.5), and approximate @o$iearch (Section 3.7). To
this end, Figure 3.2 shows how the algorithms selected fesentation are orga-
nized, using a graphical tree format. This organizatioh gl explained below. All
the terminal (right-most) nodes in the trees correspondlbsections in Sections 3.4,
3.5, and 3.7. Note that Figure 3.2 does not contain an exkiauakonomy of all the
approaches.

Within the context of approximate value iteration, algwonits employing para-
metric approximation are presented first, separating mbdséd from model-free
approaches. Then, value iteration with nonparametricapation is reviewed.

Approximate policy iteration consists of two distinct plelms: approximate pol-
icy evaluation, i.e., finding an approximate value funcfimna given policy, and pol-
icy improvement. Out of these two problems, approximatécgavaluation poses
more interesting theoretical questions, because, likecxpate value iteration, it
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model-based value iteration with
parametric approximation

approximate model-free value iteration with
value iteration parametric approximation

value iteration with
nonparametric approximation

value iteration-like algorithms for
approximate policy evaluation

model-free policy evaluation with
approximate linearly parameterized approximation
policy evaluation policy evaluation with

. nonparametric approximation
approximate

policy iteration . ) ) )
model-based approximate policy evaluation with
rollouts

policy improvement

gradient-based policy search,

approximate actor-critic methods
policy search

gradient-free policy search

FIGURE 3.2
The organization of the algorithms for approximate valeegtion, policy iteration, and policy
search presented in this chapter.

involves finding an approximate solution to a Bellman eratiSpecial require-
ments have to be imposed to ensure that a meaningful appaitxisolution exists
and can be found by appropriate algorithms. In contrastcyp@hprovement relies
on solving maximization problems over the action variap¥esich involve fewer
technical difficulties (although they may still be hard téveowhen the action space
is large). Therefore, we pay special attention to approtenpmlicy evaluation in
our presentation. We first describe a class of algorithmgpédicy evaluation that
are derived along the same lines as approximate valueigterdathen, we introduce
model-free policy evaluation with linearly parameterizggbroximation, and briefly
review nonparametric approaches to approximate policiuatian. Additionally, a
model-based, direct simulation approach for policy evédumas discussed that em-
ploys Monte Carlo estimates called “rollouts.”

From the class of approximate policy search methods (Se&id), gradient-
based and gradient-free methods for policy optimizatiendéscussed in turn. In the
context of gradient-based methods, special attentiondstpahe important category
of actor-critic techniques.
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3.2 The need for approximation in large and continuous space

The algorithms for exact value iteration (Section 2.3) iegthe storage of distinct
return estimates for every state (if V-functions are usedioevery state-action pair
(in the case of Q-functions). When some of the state varsdidee a very large or in-
finite number of possible values (e.g., when they are coatis)y exact storage is no
longer possible, and the value functions must be repredapigroximately. Large or
continuous action spaces make the representation of Qidmscadditionally chal-
lenging. In policy iteration (Section 2.4), value functioemd sometimes policies also
need to be represented approximately in general. Simjlerlgolicy search (Sec-
tion 2.5), policies must be represented approximately vthestate space is large or
continuous.

Approximation in DP/RL is not only a problem of represerdatiTwo additional
types of approximation are needed. First, sample-basewxippation is necessary
in any DP/RL algorithm. Second, value iteration and polieyation must repeatedly
solve potentially difficult nonconcave maximization preimns over the action vari-
ables, whereas policy search must find optimal policy pataragwhich involves
similar difficulties. In general, these optimization preivls can only be solved ap-
proximately. These two types of approximation are detdieldw.

Sample-based approximation is required for two distineppses in value func-
tion estimation. Consider first, as an example, the Q-i@matigorithm for determin-
istic problems, namely Algorithm 2.1. Every iteration ofstlalgorithm would have
to be implemented as follows:

for every (Xv U) do: Qf+l(xv U) = p(X, U) + ym,aXQ[( f (Xa U), ul) (31)

When the state-action space contains an infinite numbereofiaits, it is impos-
sible to loop over all the state-action pairs in finite timestead, a sample-based,
approximate update has to be used that only considers arfimitéer of state-action
samples.

Such sample-based updates are also necessary in stognabtems. Moreover,
in the stochastic case, sample-based approximation isreelfor a second, distinct
purpose. Consider, e.g., the Q-iteration algorithm foregahstochastic problems,
which for every state-action paig,u) considered would have to be implemented as
follows:

Qu1(X ) = By fixu,) {f)(x, U, X') + ymaxQy (X, U’)} 3.2)

Clearly, the expectation on the right-hand side of (3.2hcdbe computed exactly in
general, and must be estimated from a finite number of samgesby using Monte
Carlo methods. Note that, in many RL algorithms, the esiwnatf the expectation
does not appear explicitly, but is performed implicitly ‘ehprocessing samples.
For instance, Q-learning (Algorithm 2.3) is such an aldorif in which stochastic
approximation is employed to estimate the expectation.

The maximization over the action variable in (3.1) or (323 (vell as in other
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value iteration algorithms) has to be solved for every sansphsidered. In large or
continuous action spaces, this maximization is a potéyntidfficult nonconcave op-

timization problem, which can only be solved approximatelgeneral. To simplify

this problem, many algorithms discretize the action spagsmall number of val-
ues, compute the value function for all the discrete actiand find the maximum
among these values using enumeration.

In policy iteration, sample-based approximation is reggiiat the policy eval-
uation step, for reasons similar to those explained abolre.rfaximization issues
affect the policy improvement step, which in the case of @efions computes a
policy hy, 1 using (2.34), repeated here for easy reference:

he41(%) € argmax™ (x,u)
u

Note that these sampling and maximization issues alsotafgorithms that em-
ploy V-functions.

In policy search, some methods (e.g., actor-critic alparg) estimate value func-
tions and are therefore affected by the sampling issuesiomexat above. Even meth-
ods that do not employ value functions must estimate refarogder to evaluate the
policies, and return estimation requires sample-basedbappation, as described
next. In principle, a policy that maximizes the return fromey initial state should
be found. However, the return can only be estimated for &fgubset of initial states
(samples) from the possibly infinite state space. Additignia stochastic problems,
for every initial state considered, the expected returb5Pmust be evaluated using
a finite set of sampled trajectories, e.g., by using Montdcdaethods.

Besides these sampling problems, policy search methodsahosurse find the
best policy within the class of policies considered. Thig idifficult optimization
problem, which can only be solved approximately in genétalvever, it only needs
to be solved once, unlike the maximization over actions ine/dgteration and pol-
icy iteration, which needs to be solved for every sample iclemed. In this sense,
policy search methods are less affected from the maximoizaifficulties than value
iteration or policy iteration.

A different view on the benefits of approximation can be takethe model-free,
RL setting. Consider a value iteration algorithm that eatis Q-functions, such
as Q-learning (Algorithm 2.3). Without approximation, tQevalue of every state-
action pair must be estimated separately (assuming it sifpledo do so). If little or
no data is available for some states, their Q-values ardypestimated, and the al-
gorithm makes poor control decisions in those states. Hewehen approximation
is used, the approximator can be designed so that the Qsvaf@ach state influence
the Q-values of other, usually nearby, states (this regtiire assumption of a certain
degree of smoothness for the Q-function). Then, if goodvedts of the Q-values
of a certain state are available, the algorithm can also medsonable control deci-
sions in nearby states. This is callgeneralizationn the RL literature, and can help
algorithms work well despite using only a limited number afrgples.



3.3. Approximation architectures 49

3.3 Approximation architectures

Two major classes of approximators can be identified, napaigmetric and non-
parametric approximators. We introduce parametric apprators in Section 3.3.1,
nonparametric approximators in Section 3.3.2, and comjbaréwvo classes in Sec-
tion 3.3.3. Section 3.3.4 contains some additional remarks

3.3.1 Parametric approximation

Parametricapproximators are mappings from a parameter space intoptee of
functions they aim to represent (in DP/RL, value functionpalicies). The func-
tional form of the mapping and the number of parameters guiedlly established
in advance and do not depend on the data. The parameters &b pheximator are
tuned using data about the target function.

Consider a Q-function approximator parameterized by-gimensional vectdr
6. The approximator is denoted by approximation mappin§ : R" — 2, where
R" is the parameter space aftlis the space of Q-functions. Every parameter vector
0 provides a compact representation of a corresponding gjppate Q-function:

Q=F(9)

or equivalently, element-wise:

Q(x,u) = [F(8)](x,u)

where[F(0)](x,u) denotes the Q-functioR (8) evaluated at the state-action pair
(x,u). So, instead of storing distinct Q-values for every gaiu), which would be
impractical in many cases, it is only necessary to siquarameters. When the state-
action space is discretn,is usually much smaller thaiX| - |U|, thereby providing
a compact representation (recall that, when applied tq getsnotation|-| stands
for cardinality). However, since the set of Q-functionsresgentable by is only a
subset of2, an arbitrary Q-function can generally only be represenfetb a certain
approximation error, which must be accounted for.

In general, the mapping can be nonlinear in the parameters. A typical exam-
ple of a nonlinearly parameterized approximator is a fewdird neural network
(Hassoun, 1995; Bertsekas and Tsitsiklis, 1996, Chaptdd®@)ever, linearly pa-
rameterized approximators are often preferred in DP andtRtause they make
it easier to analyze the theoretical properties of the tieguDP/RL algorithms.
A linearly parameterized Q-function approximator emplaysasis functions (BFs)
@,...,¢ : X xU — R and ann-dimensional parameter vect8r Approximate Q-
values are computed with:

[F(e)](x7 U) = (H(X7 U)9| = (pT(Xa U)e (33)

™Mo

1All the vectors used in this book are column vectors.
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where@(x,u) = [@(x,u),...,@(x u)]" is the vector of BFs. In the literature, the BFs
are also called features (Bertsekas and Tsitsiklis, 1996).

Example 3.1 Approximating Q-functions with state-dependat BFs and dis-
crete actions.As explained in Section 3.2, in order to simplify the maxiatinn
over actions, in many DP/RL algorithms the action spacessrdtized into a small
number of values. In this example we consider such a disa@ten approximator,
which additionally employs state-dependent BFs to appnake over the state space.

A discrete, finite set of actions, ... ,uy is chosen from the original action space
U. The resulting discretized action space is denotedoy {u,...,um}. A number
of N state-dependent BFg;,..., @\ : X — R are defined and replicated for each
discrete action itJq. Approximate Q-values can be computed for any state-discre
action pair with:

[F(G)](x,uj) = (pT(x,uj)G, (3.4)

where, in the state-action BF vectpf (x, u;), all the BFs that do not correspond to
the current discrete action are taken to be equal to O:

@(x,uj) =[0,...,0,...,0,@(x),...,@n(X),0,...,0,...,0]" € RNM (3.5)
N—— N——— N——
Up uj Um

The parameter vectdt therefore hadlM elements. This type of approximator can
be seen as representikdistinct state-dependent slices through the Q-functios, o
slice for each of théM discrete actions. Note that it is only meaningful to use sarch
approximator for the discrete actionslly; for any other actions, the approximator
outputs 0. For this reason, only the discrete actions arsidered in (3.4) and (3.5).

In this book, we will often use such discrete-action appreatiors. For instance,
consider normalized (elliptical) Gaussian radial basigfions (RBFs). This type of
RBF can be defined as follows:

a0 =y s A =ep(glaBledl)  39)

Here,q are the nonnormalized RBFs, the veatot [ci 1, ..., Cip]" € RP is the cen-
ter of theith RBF, and the symmetric positive-definite maBjxc RP*P is its width.
Depending on the structure of the width matrix, RBFs of vasishapes can be ob-
tained. For a general width matrix, the RBFs are elliptiedlile axis-aligned RBFs
are obtained if the width matrix is diagonal, i.e. Bf= diag(bi 1,...,bip). In this
case, the width of an RBF can also be expressed using a \®etob; 1, .. ., bip]T.
Furthermore, spherical RBFs are obtained if, in additpa= --- = b p.

Another class of discrete-action approximators \stete aggregatio{Bertsekas
and Tsitsiklis, 1996, Section 6.7). For state aggregatimnstate space is partitioned
into N disjoint subsets. LeX; be theith subset in this partition, for=1,...,N.
For a given action, the approximator assigns the same ddr all the states in
Xi. This corresponds to a BF vector of the form (3.5), with byrealued (0 or 1)
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state-dependent BFs:

— 3.7
a9 0 otherwise (3.7

- {1 if X € X;
Because the subseXsare disjoint, exactly one BF is active at any point in theestat
space. All the individual states belongingXpcan thus be seen as a single, larger
aggregatéor quantized) state; hence the name “state aggregatiostdte quantiza-
tion). By additionally identifying each subsk¥t with a prototype statg; € X;, state
aggregation can also be seerstéae discretizatignvhere the discretized state space
is Xg = {X1,...,Xn}. The prototype state can be, e.g., the geometrical centér of
(assuming this center belongsXg, or some other representative state.

Using the definition (3.7) of the state-dependent BFs anéxpeession (3.5) for
the state-action BFs, the state-action BFs can be writterpeatly as follows:

1 if xe X andu= u;
ii(xu) = 3.8
iy 6w {0 otherwise (3:8)
The notatiorli, j] represents the scalar index correspondinigaiad j, which can be
computed agi, j] =i+ (j — 1)N. If the n elements of the BF vector were arranged

into anN x M matrix, by first filling in the first column with the firdl elements,
then the second column with the subsequérglements, etc., then the element at
indexli, j] of the vector would be placed at ravand columnj of the matrix. Note
that exactly one state-action BF (3.8) is active at any poir¥ x Ug, and no BF is
active ifu ¢ Ug. O

Other types of linearly parameterized approximators usethe literature in-
clude tile coding (Watkins, 1989; Sherstov and Stone, 20®@bijtilinear interpola-
tion (Davies, 1997), and Kuhn triangulation (Munos and Mp@002).

3.3.2 Nonparametric approximation

Nonparametriapproximators, despite their name, still have paramelttraever,
unlike in the parametric case, the number of parameterselisae/the form of the
nonparametric approximator, are derived from the avasldhata.

Kernel-based approximators are typical representativethe nonparametric
class. Consider a kernel-based approximator of the Q4fumdin this case, th&er-
nel functionis a function defined over two state-action pairsX xU x X xU — R:

(x,u, X, u) — Kk((x,u),(X,u)) (3.9)

that must also satisfy certain additional conditions (geg.,, Smola and Scholkopf,
2004). Under these conditions, the functiorcan be interpreted as an inner prod-
uct between feature vectors of its two arguments (the twie-stetion pairs) in a
high-dimensional feature space. Using this property, agoiwapproximator can
be obtained by only computing the kernels, without ever waglexplicitly in the
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feature space. Note that in (3.9), as well as in the sequelsttite-action pairs are
grouped together for clarity.

A widely used type of kernel is the Gaussian kernel, whichtf@ problem of
approximating the Q-function is given by:

K((x,u),(X,u)) = exp<_% [E:ﬂTBl [L‘:’S/D (3.10)

where the kernel width matriB ¢ R(P+C)*(P+C) myst be symmetric and positive
definite. HereD denotes the number of state variables @ntkenotes the number of
action variables. For instance, a diagonal marix diag(bs, . .. ,bp+c) can be used.
Note that, when the paiix,u’) is fixed, the kernel (3.10) has the same shape as a
Gaussian state-action RBF centered dnu’).

Assume that a set of state-action samples is availdfe; u,) |Is=1,...,ns}.
For this set of samples, the kernel-based approximatos tilesform:

Q(X7 U) = Z K((X7 U), (X|S,U|S))9|s (311)
ls=1

whereb;, ..., By, are the parameters. This form is superficially similar tolithearly
parameterized approximator (3.3). However, there is aiarulifference between
these two approximators. In the parametric case, the nuaribform of the BFs
were defined in advance, and therefore led to a fixed fundtfona F of the ap-
proximator. In contrast, in the nonparametric case, thebmrrof kernels and their
form, and thus also the number of parameters and the furatfiorm of the approx-
imator, are determined from the samples.

One situation in which the kernel-based approximator casebe as a parametric
approximator is when the set of samples is selected in advamen, the resulting
kernels can be identified with predefined BFs:

@ (x,u) =K((x,u),(xg,uyg)), ls=1,...,ns

and the kernel-based approximator (3.11) is equivalentlioearly parameterized
approximator (3.3). However, in many cases, such as in eftin, the samples are
not available in advance.

Important classes of nonparametric approximators tha¢ feeen used in DP
and RL include kernel-based methods (Shawe-Taylor andi&risi, 2004), among
which support vector machines are the most popular (Solpbkt al., 1999; Cris-
tianini and Shawe-Taylor, 2000; Smola and Scholkopf, 20G4&ussian processes,
which also employ kernels (Rasmussen and Williams, 2006),ragression trees
(Breiman et al., 1984; Breiman, 2001). For instance, kebasked and related
approximators have been applied to value iteration (Oriitand Sen, 2002; Deisen-
roth et al., 2009; Farahmand et al., 2009a) and to policyuenin and policy itera-
tion (Lagoudakis and Parr, 2003b; Engel et al., 2003, 200&¢pal., 2007; Jung and
Polani, 2007a; Bethke et al., 2008; Farahmand et al., 20@3t®embles of regres-
sion trees have been used with value iteration by Ernst @05, 2006a) and with
policy iteration by Jodogne et al. (2006).
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Note that nonparametric approximators are themselvesmiy certain meta-
parameters, such as the widklof the Gaussian kernel (3.10). These meta-parameters
influence the accuracy of the approximator and may requiriang) which can be
difficult to perform manually. However, there also exist haats for automating the
tuning process (Deisenroth et al., 2009; Jung and Ston®)200

3.3.3 Comparison of parametric and nonparametric approxination

Because they are designed in advance, parametric approxarieave to be flexi-
ble enough to accurately model the target functions solglyibing the parameters.
Highly flexible, nonlinearly parameterized approximatars available, such as neu-
ral networks. However, when used to approximate value fanstin DP and RL,
general nonlinear approximators make it difficult to guéearthe convergence of the
resulting algorithms, and indeed can sometimes lead tagivnee. Often, linearly
parameterized approximators (3.3) must be used to guareaterergence. Such ap-
proximators are specified by their BFs. When prior knowleidgeot available to
guide the selection of BFs (as is usually the case), a larggbeuof BFs must be de-
fined to evenly cover the state-action space. This is im@adh high-dimensional
problems. To address this issue, methods have been projpcsammatically derive
a small number of good BFs from data. We review these metho&ection 3.6.
Because they derive BFs from data, such methods can be seesiding between
parametric and nonparametric approximation.

Nonparametric approximators are highly flexible. HowebeGause their shape
depends on the data, it may change while the DP/RL algorithmnning, which
makes it difficult to provide convergence guarantees. A acametric approximator
adapts its complexity to the amount of available data. Tiseineficial in situations
where data is costly or difficult to obtain. It can, howevercbme a disadvantage
when a large amount of data is used, because the computatiothanemory de-
mands of the approximator usually grow with the number of@as For instance,
the kernel-based approximator (3.11) has a number of paeasrequal to the num-
ber of samplegs used. This is especially problematic in online RL algorighmhich
keep receiving new samples for their entire lifetime. Thexist approaches to mit-
igate this problem. For instance, in kernel-based methtbh@snumber of samples
used to derive the approximator can be limited by only emplpwa subset of sam-
ples that contribute significantly to the accuracy of theragination, and discarding
the rest. Various measures can be used for the contributiargiven sample to the
approximation accuracy. Such kernel sparsification methegle employed by Xu
et al. (2007); Engel et al. (2003, 2005), and a related, #eecaubset of regressors
method was applied by Jung and Polani (2007a). Ernst (20@poged the selec-
tion of informative samples for an offline RL algorithm byrégively choosing those
samples for which the error in the Bellman equation is makmmaer the current
value function.



54 Chapter 3. DP and RL in large and continuous spaces

3.3.4 Remarks

The approximation architectures introduced above for @fions can be extended
in a straightforward manner to V-function and policy appnoation. For instance,

a linearly parameterized policy approximator can be dbedrias follows. A set of
state-dependent BHs, ..., ¢ » : X — R are defined, and given a parameter vector
9 € R, the approximate policy is:

~ N
= Y 415 = 9799 (3.12)

whereg (x) = [¢1(X), ..., d 4 (X)]". For simplicity, the parametrization (3.12) is only
given for scalar actions, but it can easily be extended ta#se of multiple action
variables. Note that we use calligraphic notation to défdiate variables related to
policy approximation from variables related to value fuoctapproximation. So, the
policy parameter i$# and the policy BFs are denoted by whereas the value func-
tion parameter i®¥ and the value function BFs are denoted¢ayFurthermore, the
number of policy parameters and BFs4s. When samples are used to approximate
the policy, their number is denoted bys.

In the parametric case, whenever we wish to explicitly higiitithe dependence
of an approximate policy on the parameter vectdt, we will use the notation
h(x; 3). Similarly, when the dependence of a value function on thiarpaters needs
to be made explicit without using the mappiRgwe will use@(x, u;0) and\7(x; 0)
to denote Q-functions and V-functions, respectively.

Throughout the remainder of this chapter, we will mainlydson DP and RL
with parametric approximation, because the remaindereohtiok relies on this type
of approximation, but we will also overview nonparametppeoaches to value iter-
ation and policy iteration.

3.4 Approximate value iteration

In order to apply value iteration to large or continuousespproblems, the value
function must be approximated. Figure 3.3 (repeated fraanrdevant part of Fig-
ure 3.2) shows how our presentation of the algorithms for@apmate value iteration
is organized. First, we describe value iteration with parttim approximation in de-
tail. Specifically, in Section 3.4.1 we present model-badgdrithms from this class,
and in Section 3.4.2 we describe offline and online moded-fdgorithms. Then, in
Section 3.4.3, we briefly review value iteration with norgraetric approximation.
Having completed our review of the algorithms for approxienaalue iteration,

we then provide convergence guarantees for these algatinn®ection 3.4.4. Fi-
nally, in Section 3.4.5, we apply two representative alons for approximate value
iteration to a DC motor control problem.
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model-based value iteration with
parametric approximation

approximate model-free value iteration with
value iteration parametric approximation

value iteration with
nonparametric approximation

FIGURE 3.3
The organization of the algorithms for approximate valeesition presented in this section.

3.4.1 Model-based value iteration with parametric approxmation

This section considers Q-iteration with a general paramapproximator, which is
a representative model-based algorithm for approximdteveeration.

Approximate Q-iteration is an extension of the exact Qaitien algorithm in-
troduced in Section 2.3.1. Recall that exact Q-iterati@mtstfrom an arbitrary Q-
function Qp and at each iteratiofi updates the Q-function using the rule (2.25),
repeated here for easy reference:

Qr+1=T(Qy)

whereT is the Q-iteration mapping (2.22) or (2.23). In approxim@steration,
the Q-functionQ, cannot be represented exactly. Instead, an approxima®ues
compactly represented by a parameter ve@itarR", using a suitable approximation
mappingF : R" — 2 (see Section 3.3):

Q =F(8)

This approximate Q-function is provided, instead®f as an input to the Q-iteration
mappingT. So, the Q-iteration update would become:

Qf1=(ToF)(8) (3.13)

However, in general, the newly found Q—functi@j+1 cannot be explicitly stored,
either. Instead, it must also be represented approximatelgg a new parameter
vectorf,, 1. This parameter vector is obtained bpmjection mapping : 2 — R":

6r1=P(Q,})

which ensures tha,. 1 = F(6,.1) is as close as possible @H- A natural choice
for P is least-squares regression, which, given a Q-func@ipproduces:
Ns

P(Q) = 6%, where6* c argmin’y” (Q(x,, u,) — [F(6)](xi,,u)*  (3.14)
6 =1

2In the absence of additional restrictions, the use of lsqakres projections can cause convergence
problems, as we will discuss in Section 3.4.4.
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for some set of state-action samp{gs_,u,) |Is=1,...,ns}. Some care is required
to ensure thab* exists and that it is not too difficult to find. For instance amtthe
approximatofF is linearly parameterized, (3.14) is a convex quadraticipation
problem.

To summarize, approximate Q-iteration starts with an eabjt(e.g., identically
0) parameter vectddy, and updates this vector at every iteratiamsing the compo-

sition of mapping®, T, andF:
6y 1= (PoToF)(6) (3.15)

Of course, in practice, the intermediate result& &ndT cannot be fully computed
and stored. InsteaBo T o F can be implemented as a single mapping, andF can

be sampled at a finite number of points. The algorithm is stdgmce a satisfactory
parameter vecto6* has been found (see below for examples of stopping criteria)
Ideally, 6 is near to a fixed poin®* of PoT o F. In Section 3.4.4, we will give
conditions under which a unique fixed point exists and isiobthasymptotically as

{ — oo,

Givenb*, a greedy policy irF(@*) can be found, i.e., a polidythat satisfies:
h(x) € argmaxF (8*)](x, u) (3.16)
u

Here, as well as in the sequel, we assume that the Q-fungiimmaimator is struc-
tured in a way that guarantees the existence of at least oxieniziang action for any
state. Because the approximator is under the control of élsgyder, ensuring this

property should not be too difficult.
Figure 3.4 illustrates approximate Q-iteration and thatiehs between the vari-

ous mappings, parameter vectors, and Q-functions corsldsrthe algorithm.

space of Q-functions
ToF(6,)
T
F(6,) FoY @/
| / \
FIII P // \\‘
7

r/ // \\
1 / \
¢ é ° ¢
6, 6,=PoToF(8,) B, eeoos o*

parameter space

FIGURE 3.4

A conceptual illustration of approximate Q-iteration. Ateey iteration, the approximation
mappingF is applied to the current parameter vector to obtain an aqpate Q-function,
which is then passed through the Q-iteration mapginghe result ofT is then projected back
onto the parameter space with the projection mappingeally, the algorithm asymptotically
converges to a fixed poirft*, which leads back to itself when passed thro&ghT o F. The
asymptotically obtained solution of approximate Q-itenais then the Q-functiofr (6*).
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Algorithm 3.1 presents an example of approximate Q-iterfbr a deterministic
Markov decision process (MDP), using the least-squargsegtion (3.14). At line 4
of this aIgorithm,Q§+l(x|S, u,) has been computed according to (3.13), in which the
definition (2.22) of the Q-iteration mapping has been stlosti.

ALGORITHM 3.1 Least-squares approximate Q-iteration for determinid@Ps.
Input: dynamicsf, reward functiorp, discount factowy,
approximation mapping, sampleq (x,uy) |ls=1,...,ns}
1: initialize parameter vector, e.g < 0
2: repeatat every iteratiod = 0,1,2,...
3 forls=1,...,nsdo
4 Q1 (X Uly) = P4, Uiy) + ymay [F (60)](F (. ui,) )
5: end for 5
6: 0,1+ 6%, whered* c argmin, z{‘::l (Q§+1(x|s, u,) — [F(0)] (X, u|s))
7: until 6,1 is satisfactory
Output: 6" = 6.1

There still remains the question of when to stop approxingaiteration, i.e.,
when to consider the parameter vector satisfactory. Onsiljibity is to stop after
a predetermined number of iterationsUnder the (reasonable) assumption that, at
every iteratior?, the approximate Q-functio@, = F(6,) is close to the Q-function
Q, that would have been obtained by exact Q-iteration, the munlof iterations
can be chosen with Equation (2.27) of Section 2.3.1, repdadee:

Ga(1- V)Z-‘
2||p|le

wheregy > 0 is a desired bound on the suboptimality of a policy greedheQ-
function obtained at iteratioh. Of course, becaude(6,) is not identical toQy, it
cannot be guaranteed that this bound is achieved. Nevestjelis still useful as an
initial guess for the number of iterations needed to achéegeod performance.

Another possibility is to stop the algorithm when the disebetweerd,,; and
6, decreases below a certain threshgjd> 0. This criterion is only useful if approx-
imate Q-iteration is convergent to a fixed point (see Sec?idm4 for convergence
conditions). When convergence is not guaranteed, thisririt should be combined
with a maximum number of iterations, to ensure that the dlgor stops in finite
time.

Note that we have not explicitly considered the maximizaigsues or the es-
timation of expected values in the stochastic case. As qdan Section 3.2, one
way to address the maximization difficulties is to discretiie action space. The
expected values in the Q-iteration mapping for the stoahastse (2.23) need to
be estimated from samples. For additional insight into fhigblem, see the fitted
Q-iteration algorithm introduced in the next section.

A similar derivation can be given for approximate V-itecatj which is more pop-

L= {Iogy
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ular in the literature (Gonzalez and Rofman, 1985; Chow asitsiklis, 1991; Gor-
don, 1995; Tsitsiklis and Van Roy, 1996; Munos and Moore,2@rine, 2004).
Many results from the literature deal with the discretiaatof continuous-variable
problems (Gonzalez and Rofman, 1985; Chow and Tsitsik@911 Munos and
Moore, 2002; Griine, 2004). Such discretization proceslsoeetimes use interpo-
lation, which leads to linearly parameterized approximasimilar to (3.3).

3.4.2 Model-free value iteration with parametric approximation

From the class of model-free algorithms for approximatei@dteration, we first
discuss offline, batch algorithms, followed by online altfons. Online algorithms,
mainly approximate versions of Q-learning, have been stiidince the beginning
of the nineties (Lin, 1992; Singh et al., 1995; Horiuchi et 4B96; Jouffe, 1998;
Glorennec, 2000; Tuyls et al., 2002; Szepesvari and SrA@@4; Murphy, 2005;
Sherstov and Stone, 2005; Melo et al., 2008). A strong rebketdread in offline
model-free value iteration emerged later (Ormoneit and 3@d2; Ernst et al., 2005;
Riedmiller, 2005; Szepesvari and Munos, 2005; Ernst et2@l06b; Antos et al.,
2008a; Munos and Szepesvari, 2008; Farahmand et al., 2009a

Offline model-free approximate value iteration

In the offline model-free case, the transition dynanfi@nd the reward functiop
are unknowr?. Instead, only a batch of transition samples is available:

{(X|S; u|saxfsa r|s) | lS = 1) sy nS}

where for everys, the next statevxl’S and the reward,, have been obtained as a result
of taking actionuy in the statex_. The transition samples may be independent, they
may belong to a set of trajectories, or to a single trajecteoy instance, when the
samples come from a single trajectory, they are typicaltieced so thak,_ 1 = x|’S
forallls < ns.

In this section, we preserfitted Q-iteration(Ernst et al., 2005), a model-free
version of approximate Q-iteration (3.15) that employshsabatch of samples. To
obtain this version, two changes are made in the originatjehibased algorithm.
First, one has to use a sample-based projection mappingdhsiders only the sam-
ples(x,uy,), such as the least-squares regression (3.14). Secondisedcand p
are not available, the updated Q—funct'@ﬁ+1 = (ToF)(6;) (3.13) at a given itera-

tion ¢ cannot be computed directly. Instead, the Q-vaﬁggsl(xk,uk) are replaced
by quantities derived from the available data.
To understand how this is done, consider first the detertigriase. In this case,

SWe take the point of view prevalent in the RL literature, whimnsiders that the learning controller
has no prior information about the problem to be solved. Tieésns the reward function is unknown. In
practice, of course, the reward function is almost alwaysighed by the experimenter and is therefore
known.
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the updated Q-values are:
Qf 145, Us) = P iy) + yma{F (8)](F(x,ug). W) (3.07)

where the Q-iteration mapping (2.22) has been used. Réeaptx, u ) =, and
that f (x, u,) = xl’s. By performing these substitutions in (3.17), we get:

Qf 1 (4. Uty) = 11, +ymaxF (6,)](X,,u) (3.18)

and hence the updated Q-value can be computed exactly f@itnathsition sample
(>qs,u|5,x,’s,r|s), without usingf or p.
Fitted Q-iteration works in deterministic and stochasticlgems, and replaces
+ ity
each Q-valu€;_ , (x, u) by the quantity:

Qyy =Net vmuaﬁF(Gz)](%s,U’) (3.19)

identical to the right-hand side of (3.18). As already dssmd, in the deterministic
case, this replacement is exact. In the stochastic caseipitheted Q-value is the
expectation of a random variable, of WhiQfHJS is only asample This updated
Q-value is:

Q06 0) = B 0, { D0t )+ ymad(F (810X, |

where the Q-iteration mapping (2.23) has been used (note:x}lq(x|s,u|s) is the
true Q-value and not a data point, so it is no longer subsipy the sample index
Is). Nevertheless, most projection algorithms, including ldast-squares regression
(3.14), seek to approximate the expected value of theirudwtgriable conditioned
by the input. In fitted Q-iteration, this means that the petg actually looks for

6, such that~(6,) ~ Q2t+1a even though only samples of the form (3.19) are used.
Therefore, the algorithm remains valid in the stochastieca

Algorithm 3.2 presents fitted Q-iteration using least-sgagrojection (3.14).
Note that, in the deterministic case, fitted Q-iteratiordiritical to model-based ap-
proximate Q-iteration (e.g., Algorithm 3.1), whenevertbatgorithms use the same
approximatolF, the same projectioR, and the same state-action samglesu,).

The considerations of Section 3.4.1 about the stoppingraiof approximate Q-
iteration also apply to fitted Q-iteration, so they will na kepeated here. Moreover,
once fitted Q-iteration has found a satisfactory parametetov, a policy can be
derived with (3.16).

We have introduced fitted Q-iteration in the parametric cselearly establish
its link with model-based approximate Q-iteration. Neuratworks are one class of
parametric approximators that have been combined witldfiRateration, leading
to the so-called “neural fitted Q-iteration” (RiedmillerQ@5). However, fitted Q-
iteration is more popular in combination with nonparantesipproximators, so we
will revisit it in the nonparametric context in Section 34.
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ALGORITHM 3.2 Least-squares fitted Q-iteration with parametric appratiom.
Input: discount factowy,
approximation mapping, sampleg{ (X, Ui, X, 1) [Is = 1,...,ns}
1: initialize parameter vector, e.ddy < 0
2: repeatat every iteratiod = 0,1,2,...
3: forls=1,...,ngdo
4 Qf 11, Mo+ ymaxy[F (8] (X, U)
5: end for )
6: 0,1+ 6%, whered* c argmin, z{‘::l (QLUS —[F(0)] (X, u|s))
7: until 6,1 is satisfactory
Output: 6" = 6.1

Although we have assumed that the batch of samples is giavance, fitted Q-
iteration, together with other offline RL algorithms, cas@be modified to use dif-
ferent batches of samples at different iterations. Thiperty can be exploited, e.g.,
to add new, more informative samples in-between iteratiBnsst et al. (2006b) pro-
posed a different, but related approach that integratesl fi@-iteration into a larger
iterative process. At every larger iteration, the entiredtQ-iteration algorithm is
run on the current batch of samples. Then, the solution oétHby fitted Q-iteration
is used to generate new samples, e.g., by using-@reedy policy in the obtained
Q-function. The entire cycle is then repeated.

Online model-free approximate value iteration

From the class of online algorithms for approximate valeeaition, approximate
versions of Q-learning are the most popular (Lin, 1992; Biagal., 1995; Horiuchi
etal., 1996; Jouffe, 1998; Glorennec, 2000; Tuyls et aD2Z2&zepesvari and Smart,
2004; Murphy, 2005; Sherstov and Stone, 2005; Melo et aD8R0Recall from
Section 2.3.2 that the original Q-learning updates the gtion with (2.30):

Qe 2 (X U) = Qu(Xks Uk) + k(M1 -+ YMaxQi (X1, ) — Qilxc, U]

after observing the next staig,; and reward_ 1, as a result of taking actiong
in statexy. A straightforward way to integrate approximation in Qflgag is by
using gradient descent. We next explain how gradient-b@sksérning is obtained,
following Sutton and Barto (1998, Chapter 8). We require tha approximation
mappingF is differentiable in the parameters.

To simplify the formulas below, we denote the approximat@etion at timek
by Qk(%k, Ux) = [F(6«)] (%, k), leaving the dependence on the parameter vector im-
plicit. In order to derive gradient-based Q-learning, assdior now that after taking
actionuy in statexy, the algorithm is provided with the true optimal Q-value loé¢ t
current state action pai@* (x, Ux), in addition to the next statg 1 and rewardy. 1.
Under these circumstances, the algorithm could aim to miarthe squared error
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between this optimal value and the current Q-value:

1 . A 2
Or1= 6— Eakd_ek {Q (X, ) — Qk(Xk7Uk)}
N 9 ~
= + * ’ - ’ YR )
6« + a {Q (%: U) — QX Uk)} 76, Qi (X, Uk)

Of course Q* (X, Ux) is not available, but it can be replaced by an estimate dgrive
from the Q-iteration mapping (2.22) or (2.23):

Mes1 -+ YMaxQe(Xir 1, )

Note the similarity with the Q-function samples (3.19) usefitted Q-iteration. The
substitution leads to the approximate Q-learning update:

~

~ ~ 17}
Mes1 - YMaXQi(Xer 1, U) = QX Uk)} =7 Q%) (3.20)

Br1 = B+ Ok 38,

We have actually obtained, in the square brackets, an appation of the tempo-
ral difference. With a linearly parameterized approximg®3), the update (3.20)
simplifies to:

By1 = B+

M1+ Vmuf;\X((PT(XkH, u)6k) — @ (X, Uk) Gk] o(x, W) (3.21)

Note that, like the original Q-learning algorithm of Sectid.3.2, approximate
Q-learning requires exploration. As an example, AlgoritBr8 presents gradient-
based Q-learning with a linear parametrization argteedy exploration. For an ex-
planation and examples of the learning rate and exploratedules used in this
algorithm, see Section 2.3.2.

ALGORITHM 3.3 Q-learning with a linear parametrization apdjreedy exploration.
Input: discount factowy,
BFs@,...,gh: X xU = R,
exploration schedulégi},_o, learning rate schedulier .o
1: initialize parameter vector, e.g < 0
2: measure initial state,
3: for every time stefx=0,1,2,... do
_ Juearg ma (@' (X, U) ) with probability 1— & (exploit)
a uniform random action iy with probability g (explore)
5: applyux, measure next staig,; and rewardy, 1

6:  Br1 — Bt Ok [Nigr+ ymaxy (@7 (X1, W) 6k) — @7 (X, Uk) 6] @(Xc, U)
7: end for
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In the literature, Q-learning has been combined with a anéapproximators,
for example:

e linearly parameterized approximators, including tile iogd(Watkins, 1989;
Sherstov and Stone, 2005), as well as so-called intergelagpresentations
(Szepesvari and Smart, 2004) and “soft” state aggregéfimgh et al., 1995).

e fuzzy rule-bases (Horiuchi et al., 1996; Jouffe, 1998; &torec, 2000), which
can also be linear in the parameters.

e neural networks (Lin, 1992; Touzet, 1997).

While approximate Q-learning is easy to use, it typicallgjuiees many transi-
tion samples (i.e., many stefdg, before it can obtain a good approximation of the
optimal Q-function. One possible approach to alleviate fioblem is to store tran-
sition samples in a database and reuse them multiple tinmadady to how the
batch algorithms of the previous section work. This proceds known as expe-
rience replay (Lin, 1992; Kalyanakrishnan and Stone, 2087pther option is to
employ so-called eligibility traces, which allow the parter updates at the current
step to also incorporate information about recently olbegtvansitions (e.g., Singh
and Sutton, 1996). This mechanism makes use of the facthtbdatest transition is
the causal result of an entire trajectory.

3.4.3 \Value iteration with nonparametric approximation

In this section, we first describe fitted Q-iteration with parametric approximation.
We then point out some other algorithms that combine vakration with nonpara-
metric approximators.

The fitted Q-iteration algorithm was introduced in a paraieontext in Sec-
tion 3.4.2, see Algorithm 3.2. In the nonparametric caseediQ-iteration can no
longer be described using approximation and projectionpimgs that remain un-
changed from one iteration to the next. Instead, fitted @iien can be regarded
as generating an entirely new, nonparametric approxinatevery iteration. Algo-
rithm 3.4 outlines a general template for fitted Q-iteratwith nonparametric ap-
proximation. The nonparametric regression at line 6 isaesjble for generating
a new approximato®,,, that accurately represents the updated Q—funoi)@ﬂ,

using the information provided by the available samp}é;ljls, Is=1,...ns.

Fitted Q-iteration has been combined with several typesoofparametric ap-
proximators, including kernel-based approximators (Farand et al., 2009a) and
ensembles of regression trees (Ernst et al., 2005, 200&b)Appendix A for a de-
scription of such an ensemble.

Of course, other DP and RL algorithms besides fitted Q-itamatan also be
combined with nonparametric approximation. For instamesenroth et al. (2009)
employed Gaussian processes in approximate value iteraftoey proposed two
algorithms: one that assumes that a model of the (deteriginikynamics is known,
and another that estimates a Gaussian-process appraxinedtihe dynamics from
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ALGORITHM 3.4 Fitted Q-iteration with nonparametric approximation.
Input: discount factowy,
samples{ (X, Ui, X, M) [Is = 1,...,ns}

1: initialize Q-function approximator, e.gjo —0

2: repeatat every iteratiod = 0,1,2,...

3: forls=1,...,nsdo R

4 Qf. 1), Mo+ ymaxy Qu(x_,u)

5: end for

6 find Qg1 using

nonparametric regression ¢f(x., u|S),Qj+1,|S) [Is=1,...,ns}

7: until Q.1 is satisfactory

Output: Q" = Q41

transition data. Ormoneit and Sen (2002) employed keraséd approximation in
model-free approximate value iteration for discreteaactiroblems.

3.4.4 Convergence and the role of nonexpansive approximat

An important question in approximate DP/RL is whether thpragimate solution
computed by the algorithm converges, and, if it does cormdrgw far the conver-
gence pointis from the optimal solution. Convergence isartgnt because a conver-
gent algorithm is more amenable to analysis and meaningftdpnance guarantees.

Convergence of model-based approximate value iteration

The convergence proofs for approximate value iteratiorrofely on contraction
mapping arguments. Consider for instance approximate@tion (3.15). The Q-
iteration mapping is a contraction in the infinity norm with factgr< 1, as already
explained in Section 2.3.1. If the composite mappihgT o F of approximate Q-
iteration is also a contraction, i.e., if for any pair of paeter vector®, 8’ and for

somey < 1:

[(PoToF)(8) = (PoToF)(8') o< V|6 -6

then approximate Q-iteration asymptotically convergesuaique fixed point, which
we denote byo*.

One way to ensure th&o T oF is a contraction is to requirE andP to be
nonexpansions, i.e.:

[F(8)—F(0')]w<|6—6|s forallpairsd,6’
IP(Q) — P(Q)les < [|Q—Q'lls for all pairsQ,Q’

Note that in this case the contraction factorRé T o F is the same as that df:
Y = y < 1. Under these conditions, as we will describe next, subggltiy bounds
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can be derived on the approximate Q-functioff*) and on any policﬁ* that is
greedy in this Q-function, i.e., that satisfies:

~

h*(x) € argmaxF (6*)](x,u) (3.22)

Denote by.Zr.p C 2 the set of fixed points of the composite mappkg P,
which is assumed nonempty. Define the minimum distance lezt@eand any fixed
point of F o P:#

G =_min Q" —Q
€FFoP

Q

This distance characterizes the representation poweedgbroximator: the better
the representation power, the closer the nearest fixed gl P will be to Q*, and
the smallerg, will be. Using this distance, the convergence péihbf approximate
Q-iteration satisfies the following suboptimality bounds:

e3 * ZCSI
Q" =F (8]l < Ty (3.23)
* ﬁ* 4VCSI
[Q"—Q" [lo < a_yp (3.24)

whereQ" is the Q-function of the near-optimal polity (3.22). These bounds can
be derived similarly to those for approximate V-iteratimumd by Gordon (1995);
Tsitsiklis and Van Roy (1996). Equation (3.23) gives theapthmality bound of the
approximately optimal Q-function, whereas (3.24) givesshboptimality bound of
the resulting approximately optimal policy, and may be nretevantin practice. The
following relationship between the policy suboptimalitydethe Q-function subopti-
mality was used to obtain (3.24), and is also valid in general

2y
(1-vy)

where the policyh is greedy in the (arbitrary) Q-functia@.

Ideally, the optimal Q-functio®" is a fixed point of- o P, in which caseg, =0,
and approximate Q-iteration asymptotically converge®‘toFor instance, whe@*
happens to be exactly representableFyya well-chosen tandem of approximation
and projection mappings should ensure tf¥tis in fact a fixed point ofF o P.

In practice, of courseg;, will rarely be 0, and only near-optimal solutions can be
obtained.

In order to take advantage of these theoretical guaranfeaesd P should be
nonexpansions. Whdn is linearly parameterized (3.3), it is fairly easy to enstse
nonexpansiveness by normalizing the Bsso that for everx andu, we have:

Q" — Qe < 1Q* — Qlfeo (3.25)

a(xu)=1

™Mo

“4For simplicity, we assume that the minimum in this equatigists. If the minimum does not exist,
thengf, should be taken as small as possible so that there stilse@te Frop with |Q' — Q*[| < ¢5-



3.4. Approximate value iteration 65

Ensuring thaP is nonexpansive is more difficult. For instance, the legstases pro-
jection (3.14) can in general be an expansion, and examplds/ergence when
using it have been given (Tsitsiklis and Van Roy, 1996; Wigr2004). One way to
make least-squares projection nonexpansive is to cho@gzleRrs = n state-action
samplegx,u ), =1,...,n, and require that:

atx,u)=1, @>,u)=0vl'#l

These samples could be, e.g., the centers of the BFs. Thempyrdijection (3.14)
simplifies to an assignment that associates each paramigtethe Q-value of the
corresponding sample:

[PQ)] =Q(x,u) (3.26)

where the notatiofP(Q)], refers to thdth componentin the parameter vecRiQ).
This mapping is clearly nonexpansive. More general, biitrestrictive conditions
on the BFs under which convergence and near optimality aaeagteed are given in
(Tsitsiklis and Van Roy, 1996).

Convergence of model-free approximate value iteration

Like in the model-based case, convergence guaranteedflioepbatch model-free
value iteration typically rely on nonexpansive approxiimat In fitted Q-iteration
with parametric approximation (Algorithm 3.2), care musttaken when selecting
F andP, to prevent possible expansion and divergence. Similarfitted Q-iteration
with nonparametric approximation (Algorithm 3.4), the panametric regression
algorithm should have nonexpansive properties. Certgegdyf kernel-based ap-
proximators satisfy this condition (Ernst et al., 2005)eTionvergence of the kernel-
based V-iteration algorithm of Ormoneit and Sen (2002) # guaranteed under
nonexpansiveness assumptions.

More recently, a different class of theoretical results fatch value iteration
have been developed, which do not rely on nonexpansion grepand do not con-
cern the asymptotic case. Instead, these results provadmpilistic bounds on the
suboptimality of the policy obtained by using a finite humbérsamples, after a
finite number of iterations. Besides the number of sampldstarations, suclfinite-
samplebounds typically depend on the representation power of pipecximator
and on certain properties of the MDP. For instance, MunosSazepesvari (2008)
provided finite-sample bounds for approximate V-iteratiodiscrete-action MDPs,
while Farahmand et al. (2009a) focused on fitted Q-iteraitiothe same type of
MDPs. Antos et al. (2008a) gave finite-sample bounds fordfi@eiteration in the
more difficult case of continuous-action MDPs.

In the area of online approximate value iteration, as alrediscussed in Sec-
tion 3.4.2, the main representative is approximate Q-lagrriMany variants of ap-
proximate Q-learning are heuristic and do not guaranteeszgence (Horiuchietal.,
1996; Touzet, 1997; Jouffe, 1998; Glorennec, 2000; Mikéral., 2002). Conver-
gence of approximate Q-learning has been proven for lipgaatameterized ap-
proximators, under the requirement that the policy folldveg Q-learning remains
unchangediuring the learning process (Singh et al., 1995; Szepeawdr Smart,
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2004; Melo et al., 2008). This requirement is restrictive;duse it does not allow the
controller to improve its performance, even if it has gatideknowledge that would

enable it to do so. Among these results, Singh et al. (199bparpesvari and Smart
(2004) proved the convergence of approximate Q-learning mbnexpansive, lin-

early parameterized approximation. Melo et al. (2008) sttbthat gradient-based
Q-learning (3.21) converges without requiring nonexpansipproximation, but at

the cost of other restrictive assumptions.

Consistency of approximate value iteration

Besides convergence, another important theoretical prywpé algorithms for ap-
proximate DP and RL is consistency. In model-based valuatita, and more gen-
erally in DP, an algorithm is said to be consistent if the agpnate value function
converges to the optimal one as the approximation accuracgases (e.g., Gonza-
lez and Rofman, 1985; Chow and Tsitsiklis, 1991; Santos d@gd-¥guiar, 1998).
In model-free value iteration, and more generally in RL,sistency is sometimes
understood as the convergence to a well-defined solutiolhneasumber of samples
increases. The stronger result of convergence to an opsiohation as the approxi-
mation accuracy also increases was proven in (Ormoneit and2®02; Szepesvari
and Smart, 2004).

3.4.5 Example: Approximate Q-iteration for a DC motor

In closing the discussion on approximate value iteratioe, provide a numerical
example involving a DC motor control problem. This examieves how approxi-
mate value iteration algorithms can be used in practice fif$tgpart of the example
concerns a basic version of approximate Q-iteration tHasen a gridding of the
state space and on a discretization of the action spaceg thieilsecond part employs
the state-of-the-art, fitted Q-iteration algorithm withnparametric approximation
(Algorithm 3.4).

Consider a second-order discrete-time model of an eleti€ (direct current)
motor:

Xier1 = (X, U) = A+ Bu
A_ [1 00049 o [0.002] (3.27)
|0 09540° ~ |0.8505

This model was obtained by discretizing a continuous-tinoeleh of the DC mo-
tor, which was developed by first-principles modeling (ekhalil, 2002, Chapter
1) of a real DC motor. The discretization was performed with zero-order-hold
method (Franklin et al., 1998), using a sampling timggo£ 0.005s. Using satura-
tion, the shaft anglg, y = a is bounded td—, 77} rad, the angular velocite = &
to [— 167, 161 rad/s, and the control inpug to [—10,10] V.

The control goal is to stabilize the DC motor in the zero d@ftiiim (x = 0). The
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following quadratic reward function is chosen to express gioal:

T 2
Mer1 = P (X, Uk) = —Xi QrewX — Rrewl

5 0

(3.28)
Qrew = [O 0.01] , Rew=0.01

This reward function leads to a discounted quadratic regulaproblem. A
(near-)optimal policy will drive the state (close) to 0, \ehélso minimizing the mag-
nitude of the states along the trajectory and the controteff he discount factor was
chosen to bey = 0.95, which is sufficiently large to lead to an optimal policyath
produces a good stabilizing control behawor.

Figure 3.5 presents a near-optimal solution to this probiectuding a represen-
tative state-dependent slice through the Q-function {pbthby setting the action
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FIGURE 3.5 A near-optimal solution for the DC motor.

5Note that a distinction is made between the optimality utldechosen reward function and discount
factor, and the actual (albeit subjective) quality of thatcol behavior.
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argumenu to 0), a greedy policy in this Q-function, and a represewgdtiajectory
that is controlled by this policy. To find the near-optimdigmn, the convergent and
consistent fuzzy Q-iteration algorithm (which will be dissed in detail in Chap-
ter 4) was applied. An accurate approximator over the sgaeeswas used, together
with a fine discretization of the action space, which corg@h equidistant actions.

Grid Q-iteration

As an example of approximate value iteration, we apply ae@atton algorithm that
relies on state aggregation and action discretizationpa tf approximator intro-
duced in Example 3.1. The state space is partitionedNhdlisjoint rectangles. De-
note byX; theith rectangle in the state space patrtition. For this probieefollowing
three discrete actions suffice to produce an acceptabliéiztaip control behavior:
up = —10,u = 0,u3 =10 (i.e., applying maximum torque in either direction, and n
torque at all). So, the discrete action spadgqgs= {—10,0,10}. Recall from Exam-
ple 3.1 that the state-action BFs are given by (3.8), repdatee for easy reference:

1 if xe X andu= u;
i = 3.29
@i eu) {0 otherwise (3.29)
whereli, j] =i+ (j — 1)N. To derive the projection mapping, the least-squares

projection (3.14) is used, taking the cross-product of s £, ..., xn} andUy
as state-action samples, whegedenotes the center of théh rectangleX;. These
samples satisfy the conditions to simpli®/to an assignment of the form (3.26),
namely:

[P(Q)]ji,j) = Q(xi,uj) (3.30)
Using a linearly parameterized approximator with the BE2gBand the projection
(3.30) yields the grid Q-iteration algorithm. BecadsandP are nonexpansions, the
algorithm is convergent.

To apply grid Q-iteration to the DC motor problem, two ditet grids over the
state space are used: a coarse grid, with 20 equidistantbiaach axis (leading to
20? = 400 rectangles); and a fine grid, with 400 equidistant binsawh axis (leading
to 40 = 160000 rectangles). The algorithm is considered to havesrged when
the maximum amount by which any parameter changes betwesmrdansecutive
iterations does not exceesd, = 0.001. For the coarse grid, convergence occurred
after 160 iterations, and for the fine grid, after 123. Thigvgh that the number of
iterations required for convergence does not necessadigase with the number of
parameters.

Figure 3.6 shows slices through the resulting Q-functitogether with corre-
sponding policies and representative controlled trajégso The accuracy in repre-
senting the Q-function and policy is better for the fine ghj(res 3.6(b) and 3.6(d))
than for the coarse grid (Figures 3.6(a) and 3.6(c)). Axisrtded policy artifacts ap-
pear for both grid sizes, due to the limitations of the chayge of approximator.
For instance, the piecewise-constant nature of the appairr is clearly visible in
Figure 3.6(a). Compared to the near-optimal trajectoryigéife 3.5(c), the grid Q-
iteration trajectories in Figures 3.6(e) and 3.6(f) do matah the goal state= 0 with
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the same accuracy. With the coarse-grid policy, there isge lateady-state error of
the anglex, while the fine-grid policy leads to chattering of the cohtrction.

The execution time of grid Q-iteration wasl®8 s for the coarse grid, and8D s

o’ [rad/s] -50 a [rad]
(a) Slice through coarse-grid Q-function, foe= 0.
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(e) Trajectory fromy = [—,0]7, controlled by
the coarse-grid policy.
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(f) Trajectory fromxg = [-11,0]", controlled by
the fine-grid policy.

Grid Q-iteration solutions for the DC motor. The resultsaibéed with the coarse grid are
shown on the left-hand side of the figure, and those obtairi#dtiae fine grid on the right-

hand side.
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for the fine grid® The fine grid is significantly more computationally expeesiu
use, because it has a much larger number of parameters teey (@88 000, versus
1200 for the coarse grid).

Fitted Q-iteration

Next, we apply fitted Q-iteration (Algorithm 3.4) to the DC tapproblem, using
ensembles of extremely randomized trees (Geurts et alg)20@pproximate the Q-
function. For a description of this approximator, see Agiei. The same discrete
actions are employed as for grid Q-iteratibly:= {—10,0,10}. A distinct ensemble
of regression trees is used to approximate the Q-functioedoh of these discrete
actions — in analogy to the discrete-action grid approximdthe construction of the
tree ensembles is driven by three meta-parameters:

e Each ensemble contaihl trees. We set this parameter equal to 50.

e To split a nodeKy randomly chosen cut directions are evaluated, and the one
that maximizes a certain score is selected. Wekgezqual to the dimension-
ality 2 of the input to the regression trees (the 2-dimeraligtate variable),
which is its recommended default value (Geurts et al., 2006)

e A node is only split further when it is associated with at tera{,@‘}“ samples.
Otherwise, it remains a leaf node. We st" to its default value of 2, which
means that the trees are fully developed.

Fitted Q-iteration is supplied with a set of samples coirgjstf the cross-product be-
tween a regular grid of 100 100 points in the state space, and the 3 discrete actions.
This ensures the meaningfulness of the comparison withQpiteration, which em-
ployed similarly placed samples. Fitted Q-iteration is fana predefined number

of 100 iterations, and the Q-function found after the 10@¢hation is considered
satisfactory.

Figure 3.7 shows the solution obtained. This is similar ialiqy to the solution
obtained by grid Q-iteration with the fine grid, and betteartiihe solution obtained
with the coarse grid (Figure 3.6).

The execution time of fitted Q-iteration was approximatel$2s, several orders
of magnitude larger than the execution time of grid Q-iterafrecall that the latter
was 006 s for the coarse grid, and8D s for the fine grid). Clearly, finding a more
powerful nonparametric approximator is much more comjatly intensive than
updating the parameters of the simple, grid-based appairim

6All the execution times reported in this chapter were reedravhile running the algorithms in
MATLAB 7 on a PC with an Intel Core 2 Duo T9550 2.66 GHz CPU and with 3 GB/RFor value
iteration and policy iteration, the reported executionetinglo not include the time required to simulate the
system for every state-action sample in order to obtain éx¢ state and reward.
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FIGURE 3.7 Fitted Q-iteration solution for the DC motor.

3.5 Approximate policy iteration

Policy iteration algorithms evaluate policies by condting their value functions,
and use these value functions to find new, improved polidibsy were introduced
in Section 2.4. In large or continuous spaces, policy etalo@annot be solved ex-
actly, and the value function has to be approximatggbroximate policy evaluation
is a difficult problem, because, like approximate valuesitien, it involves finding
an approximate solution to a Bellman equation. Specialirements must be im-
posed to ensure that a meaningful approximate solutionseaisl can be found by
appropriate algorithmsPolicy improvementelies on solving maximization prob-
lems over the action variables, which involve fewer techhdifficulties (although
they may still be hard to solve when the action space is laf@i¢n, an explicit rep-
resentation of the policy can be avoided, by computing imgdactions on demand
from the current value function. Alternatively, the policgn be represented explic-
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itly, in which case policy approximation is generally remal. In this case, solving a
classical supervised learning problem is necessary topenbolicy improvement.

Algorithm 3.5 outlines a general template for approximaibqy iteration with
Q-function policy evaluation. Note that at line 4, when thare multiple maximiz-
ing actions, the expressior="argmay .. .” should be interpreted as “approximately
equal to one of the maximizing actions.”

ALGORITHM 3.5 Approximate policy iteration with Q-functions.

initialize policy ho
2: repeatat every iteratiod =0,1,2,...
3 find (3“6, an approximate Q-functionﬁfq > policy evaluation
4: find hy1 so thath,, 1(x) ~ arg may, Q" (x,u),vx € X > policy improvement
5: until ﬁml is satisfactory

Output: h* =hy1

=

Figure 3.8 (repeated from the relevant part of Figure 3l@gtitates the struc-
ture of our upcoming presentation. We first discuss in détailapproximate policy
evaluation component, starting in Section 3.5.1 with asclafsalgorithms that can
be derived along the same lines as approximate value gerd Section 3.5.2,
model-free policy evaluation algorithms with linearly pareterized approximation
are introduced, which aim to solve a projected form of thdrBah equation. Sec-
tion 3.5.3 briefly reviews policy evaluation with nonpardriceapproximation, and
Section 3.5.4 outlines a model-based, direct simulatigegr@axch for policy evalu-
ation. In Section 3.5.5, we move on to the policy improvenwmponent and the
resulting approximate policy iteration. Theoretical desabout approximate policy
iteration are reviewed in Section 3.5.6, and a numericaigrta is provided in Sec-
tion 3.5.7 (the material of these last two sections is noteggnted in Figure 3.8).

value iteration-like algorithms for
approximate policy evaluation

model-free policy evaluation with
approximate linearly parameterized approximation

policy evaluation policy evaluation with

. nonparametric approximation
approximate

policy iteration . ) i )
model-based approximate policy evaluation with
rollouts

policy improvement

FIGURE 3.8
The organization of the algorithms for approximate poliegleation and policy improvement
presented in the sequel.
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3.5.1 Value iteration-like algorithms for approximate policy evaluation

We start our discussion of approximate policy evaluatioth\ai class of algorithms
that can be derived along entirely similar lines to appratienvalue iteration. These
algorithms can be model-based or model-free, and can uampénic or nonparamet-
ric approximation. We focus here on the parametric cased&uuiss two represen-
tative algorithms, one model-based and the other model-freese two algorithms
are similar to approximate Q-iteration (Section 3.4.1) anmfitted Q-iteration (Sec-
tion 3.4.2), respectively. In order to streamline the pnésion, we will often refer
to these counterparts and to their derivation.

The first algorithm that we develop is based on the modelédhdiszative policy
evaluation for Q-functions (Section 2.3.1). Denote thdqgyalo be evaluated bi.
Recall that policy evaluation for Q-functions starts fromaabitrary Q—functiorQB,
which is updated at each iteratiorusing (2.38), repeated here for easy reference:

Q?Jrl = Th(Q?)

whereT" is the policy evaluation mapping, given by (2.35) in the dwiaistic case
and by (2.36) in the stochastic case. The algorithm asymgptiyt converges to the
Q-functionQ" of the policyh, which is the solution of the Bellman equation (2.39),
also repeated here:
Q"=T"Q" (3.31)

Policy evaluation for Q-functions can be extended to ther@gmate case in
a similar way as approximate Q-iteration (see Section 3.A4 with approximate
Q-iteration, an approximation mappifg: R" — 2 is used to compactly represent
Q-functions using parameter vect@%< R", and a projection mappirg: 2 — R"
is used to find parameter vectors that represent the updateddfons well.

The iterative,approximate policy evaluation for Q-functiossarts with an ar-
bitrary (e.g., identically 0) parameter vectég, and updates this vector at every
iterationT using the composition of mappingsT", andF:

6 = (PoT"oF) (1) (3.32)

The algorithm is stopped once a satisfactory parameteow@éthas been found.
Under conditions similar to those for value iteration ($&tt3.4.4), the composite
mappingP o T"o F is a contraction, and therefore has a fixed p@htto which
the update (3.32) asymptotically converges. This is trug, & bothF andP are
nonexpansions.

As an example, Algorithm 3.6 shows approximate policy ex@tn for Q-
functions in the case of deterministic MDPs, using the lsgsiares projection
(3.14). In this aIgoritthh’fF denotes the intermediate, updated Q-function:

T+1
QM = (ThoF) (8N

Because deterministic MDPs are conside@’hﬁl(xls, ui,) is computed at line 4 us-
ing the policy evaluation mapping (2.35). Note the similadf Algorithm 3.6 with
the approximat&)-iterationfor MDPs (Algorithm 3.1).
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ALGORITHM 3.6 Approximate policy evaluation for Q-functions in deteriistic MDPs.
Input: policy h to be evaluated, dynamids reward functiorp, discount factowy,
approximation mapping, sampleq (x,uy) |ls=1,...,ns}
1: initialize parameter vector, e.g@f < 0
2: repeatat every iteratiorr =0,1,2, ...
3: forls=1,...,nsdo
4: Q1 (4, tg) — PO, Uy) + VIF (B (F (i, Uiy, h(f (4, ui,)))
5: end for 5
6 6P, — 6" whereo"* cargming 3} (Q?fl(xls, u,) — [F(8)](xg, u|5))
7: until 6P, is satisfactory

Output: 8"=8P,,

The second algorithm that we develop is an analogue of fitté@r@tion, so it
will be calledfitted policy evaluation for Q-function#t can also be seen as a model-
free variant of the approximate policy evaluation for Q<dtians developed above.
In this variant, a batch of transition samples is assumee tavhailable:

{ (X, uig, X, i) [Is = 1, ns}

where for everys, the next statxfs and the reward,, have been obtained after taking

actionuy in the state,. At every iteration, samples of the updated Q-functfﬁrjl
are computed with:

QM. = N+ VIF(6r)](X.. h(X,))

In the deterministic case, the quantt@f}fl |, Is identical to the updated Q-value

Q?fl(x|s,u|s) (see, e.g., line 4 of Algorithm 3.6). In the stochastic c@'ﬁfus is
a sampleof the random variable that has the updated Q-value as itscéxjon. A

complete iteration of the algorithm is obtained by compgitim updated parameter
vector with a projection mapping, using the samgleg, uy,), Q?fus).

Algorithm 3.7 presents fitted policy evaluation for Q-fuoets, using the least-
squares projection (3.14). Note that, in the determintstge, fitted policy evaluation
is identical to model-based, approximate policy evalua{®.g., Algorithm 3.6), if
both algorithms use the same approximation and projectappings, together with

the same state-action sampigg, uy, ).

3.5.2 Model-free policy evaluation with linearly parameteized
approximation

A different, dedicated framework for approximate policyakation can be devel-
oped when linearly parameterized approximators are ersgloBy exploiting the
linearity of the approximator in combination with the limég of the policy evalua-
tion mapping (see Section 2.4.1), it is possible to deriveezific approximate form
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ALGORITHM 3.7 Fitted policy evaluation for Q-functions.
Input: policy h to be evaluated, discount factar
approximation mapping, sampleg (x, u|5,x{s, nJdlls=1,...,ns}
1: initialize parameter vector, e.gii(;1 «—0
2: repeatat every iteratiorr =0,1,2, ...
3 forls=1,...,ngdo
% QP — N+ VIF(BD](%,h(x,))
5: end for 5
6 6P, — 6" whereo"* c argminy 3 (Q?fus —[F(0)](x, u|5))

7: until 6P, is satisfactory

Output: 8"=@P,,

of the Bellman equation, called the “projected Bellman eigu’ which is linear in
the parameter vectdiEfficient algorithms can be developed to solve this equation
contrast, in approximate value iteration, the maximum afpereads to nonlinearity
even when the approximator is linearly parameterized.

We next introduce the projected Bellman equation, alony séveral important
model-free algorithms that can be used to solve it.

Projected Bellman equation

Assume for now thakK andU have a finite number of element$,= {x1,...,xg}.

U = {uy,...,uy}. Because the state space is finite, a transition model ofatme f
(2.14) is appropriate, and the policy evaluation mapgifigan be written as a sum
(2.37), repeated here for easy reference:

TQI(x,u) = > f(x,u,x) [A(x,u,X) +YQ(X,h(X))] (3.33)

X

In the linearly parameterized case, an approximate Q-iom&" that has the form
(3.3) is sought:

Q\h(x’ U) = (pT(Xv U) eh

whereg(x,u) = [@(x,u),...,@(x u)]T is the vector of BFs an@" is the parameter
vector. This approximate Q-function satisfies the follogvapproximate version of

7Another important class of policy evaluation approachessab minimize theBellman error(resid-
ual), which is the difference between the two sides of thénBeh equation (Baird, 1995; Antos et al.,
2008b; Farahmand et al., 2009b). For instance, in the catieedBellman equation fo@" (3.31), the
(quadratic) Bellman error gy, (Q"(x,u) — [T"(QM)](x,u))?d(x,u). We choose to focus on projected
policy evaluation instead, as this class of methods willdzpiired later in the book.



76 Chapter 3. DP and RL in large and continuous spaces
the Bellman equation fo®" (3.31), called theorojected Bellman equatich
Q"= (PYoT(Q" (3:34)

where P¥ performs a weighted least-squares projection onto theespfcepre-
sentable (approximate) Q-functions, i.e., the space sghby the BFs:

{@"(x,u)8 |6 €R"}
The projectiorP% is defined by:

[PY(Q)](x,u) = @' (x,u)8*, where

o cargmin T wixu) (¢ (xu)8—Q(x, u))? (3.35)
(x,u)eXxU

in which the weight functiom : X x U — [0,1] controls the distribution of the ap-
proximation error. The weight function is always intergettis a probability distri-
bution over the state-action space, so it must safisfyw(x,u) = 1. For instance,
the distribution given byv will later be used to generate the samples used by some
model-free policy evaluation algorithms. Under apprajeri@nditions, the projected
Bellman mappindg®" o T" is a contraction, and so the solution (fixed po'@f)of the
projected Bellman equation exists and is unique (see Berss@007, Section 6.3)
for a discussion of the conditions in the context of V-fuoaotapproximation).

Figure 3.9 illustrates the projected Bellman equation.

Matrix form of the projected Bellman equation

We will now derive a matrix form of the projected Bellman etjoa, which is given
in terms of the parameter vector. This form will be usefulia sequel, when devel-
oping algorithms to solve the projected Bellman equatianintroduce the matrix
form, it will be convenient to refer to the state and the awtiasing explicit indices,
e.g. X, uj (recall that the states and actions were temporarily asstorize discrete).

As a first step, the policy evaluation mapping (3.33) is eritin matrix form
Th:RWM _, RNM 3s: 3

T"(Q) =p+yfhQ (3.36)

Denote byli, j] the scalar index corresponding it@and j, computed with(i, j] =
i+ (j — 1)N. The vectors and matrices in (3.36) are then defined as fsflow

8A multistep version of this equation can also be given. mxtef the (single-step) policy evaluation
mappingT", this version uses the following multistep mapping, paremized by the scalak € [0,1):

Th —(1-) < )\k Th k+1
A (Q) = ( )k; (TH™HQ

where(TM)k denotes thé-times composition of " with itself, i.e., TP o T"o--. o TN, In this chapter, as
well as in the remainder of the book, we only consider thelsistep case, i.e., the case in which= 0.

9Note that boldface notation is used for vector or matrix @spntations of functions and mappings.
Ordinary vectors and matrices are displayed in normal font.
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space of all Q-functions

I"(é) T”(. Q)
A
6/ P(TQ) &

space of approximate Q-functions

FIGURE 3.9

A conceptual illustration of the projected Bellman equatiépplying T" and thenP" to an
ordinary approximate Q-functio@ leads to a different point in the space of approximate Q-
functions (left). In contrast, applying" and thenP¥ to the fixed poin@h of the projected
Bellman equation leads back to the same point (right).

e Qe RNM s a vector representation @ with Q;; j; = Q(X;, uj).

e pc R"M is a vector representation gd, where the elemenf)“’” is
the expected reward after taking actian in state x;, i.e., f)“’” =

Sir F (%, Uy, %) P (%, uj, Xir).

° fe RNMXN is a matrix representation df, with f_“’”’i, = f_(x;,_uj ,Xi). Here,
f i, denotes the element at rdiyj] and columri’ of matrix f.

o he RN*NM js 3 matrix representation of with hy ; ;; = 1if i’ =i andh(x) =
uj, and 0 otherwise. Note that stochastic policies can easilgpresented, by
makingh; ;i ; equal to the probability of taking; in x;, andhy ; ;; = O for all
i’ #£i.

Consider now the setting of approximate policy evaluatidafine the BF matrix

@ € RNM>N and the diagonal weighting matnis € RNM*NM -
@5 = @, uj)
Wi jj,ji.j) = W(Xi, Uj)
Using @, the approximate Q-vector corresponding to a paranteier
Q=6
The projected Bellman equation (3.34) can now be writterobavs:

P Th@") = Q" (3.37)

wherePY is a matrix representation of the projection operd@@8r which can be
written in a closed form (see, e.g., Lagoudakis and Parr3@D0

P"=g(@'wp) ‘p'w
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By substituting this closed-form expression @Y, the formula (3.36) fo", and
~h
the expressio® = @ 6" for the approximate Q-vector into (3.37), we get:

P(@'wo) to'w(p+yfhpo") = go"

Notice that this is a linear equation in the parameter ve&br After a left-
multiplication with @' w and a rearrangement of the terms, we have:

@'wpo" = yp'wfheo" + @"wp
By introducing the matriceB, A € R™" and the vectoz € R", given by:
r=¢'wp, N=¢@ wfhp, z=¢"wp
the projected Bellman equation can be written in the finalyiméorm:
re"=yneh+z (3.38)

So, instead of the original, high-dimensional Bellman digue(3.31), approximate
policy evaluation only needs to solve the low-dimensiogatem (3.38). A solution
6" of this system can be employed to find an approximate Q-fanctsing (3.3).

It can also be shown that matricEsA and vectorz can be written as sums of
simpler matrices and vectors (e.g., Lagoudakis and PabB&)0

_|
I
Z|

90, uWOs, ) ¢ 06, )

Z|

@i, uj)w(xi, uj) (1‘_(>q,uw)pr(mh(xi')))] (3.39)

i'=1

:‘P(Xiauj)W(Xian)'Z (1‘_(Xi7U17Xi')P(>ﬂ,Ujvxi'))}

i'=1

N
I
Zi

>
I
z ﬂMz‘ [
M= TM = M=

To understand why the summation oveenters the equation fa recall that each
elementf)[L il of the vectorp is theexpectedeward after taking action; in statex;.

Model-free projected policy evaluation

Some of the most powerful algorithms for approximate poéggluation solve the
matrix form (3.38) of the projected Bellman equation in a mledee fashion, by
estimatingl", A, andz from transition samples. Because (3.38) is a linear system
of equations, these algorithms are computationally effici€hey are also sample-
efficient, i.e., they approach their solution quickly as thember of samples they
consider increases, as shown in the context of V-functiggr@pmation by Konda
(2002, Chapter 6) and by Yu and Bertsekas (2006, 2009).

Consider a set of transition samples:

{(X|s7 U|S,X|/S ~ f(X|s’ U, ')a s = ﬁ(X|S, U|S,X|/S)) | ls=1,..., nS}
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This set is constructed by drawing state-action samptas) from a distribution
given by the weight functionv: the probability of each paifx,u) is equal to its
weightw(x,u). Using this set of samples, estimate$ of\, andz can be constructed
as follows:

Nr=0, Nog=0, =0

Mg = Me—1+ O(Xg, U) @7 (Xig, i)
Nig = Nig-1+ 0045, U @' (X, h(X,))
Z, = Zg 1+ @(Xg, Ui
These updates can be derived from (3.39).
The least-squares temporal difference for Q-functions (LSFP{Lagoudakis

et al., 2002; Lagoudakis and Parr, 2003a) is a policy eviainagorithm that pro-
cesses the samples using (3.40) and then solves the equation

(3.40)

1 - 1 o~ 1
0" =y=An 0"+ = 3.41
ns Ns yns Ns +nszns ( )

to find an approximate parameter vectdr Notice thato" appears on both sides of
(3.41), so this equation can be simplified to:

1 1
n_s(rns_y/\ns)e = n_Szns

Although the division byns is not necessary from a formal point of view, it helps to
increase the numerical stability of the algorithm (the edats in thd ™, A, Z,, can
be very large whens is large). LSTD-Q is an extension of an earlier, similar algo
rithm for V-functions, called least-squares temporaleatigihce (Bradtke and Barto,
1996; Boyan, 2002).

Another method, théeast-squares policy evaluation for Q-functions (LSPE-Q)
(e.g., Jung and Polani, 2007a) starts with an arbitrarialrparameter vectofp and
updates it incrementally, with:

B, =061+ a(Gé — 6, 1), where:
1 (3.42)

1 1
Erg@i =Y Nibg-1+ -2

ls Is

in which o is a step size parameter. To ensure the invertibility of tiaérixl™ at the
start of the learning process, when only a few samples hage pecessed, it can
be initialized to a small multiple of the identity matrix. &division byls increases
the numerical stability of the updates. Like LSTD-Q, LSPHSQan extension of
an earlier algorithm for V-functions, called least-sqsapelicy evaluation (LSPE)
(Bertsekas and loffe, 1996).

Algorithms 3.8 and 3.9 present LSTD-Q and LSPE-Q in a procddiorm.
LSTD-Q is a one-shot algorithm, and the parameter vectoonbmutes does not
depend on the order in which the samples are processed. @thérehand, LSPE-Q
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ALGORITHM 3.8 Least-squares temporal difference for Q-functions.
Input: policy h to be evaluated, discount factar

BFs@,...,¢h: X xU — R, sampleg (X, U, X, M) [ls=1,...,ns}
Mg«—0,Ng«—0,z<—0

cforls=1,...,ngdo

Mg — Mig-1+ (X, Ug) @ (g, Ui,)

Nig — Nig-1+ (X5, Ui ) @ (X, h(X.))

Z, — A1+ P(Xg, Ui

: end for R R R

: solven—lsrnseh = yniS/\nSGth niszns for "

Output: 8"

Noarw®NRE

ALGORITHM 3.9 Least-squares policy evaluation for Q-functions.
Input: policy h to be evaluated, discount factar
BFs@,...,¢h: X xU —R, samples{(x|s,u|s,xl’s,r|s) ls=1,...,ns},
step sizex, a small constan- > 0
L To—pBrl,No—0,20<0
2: forls=1,....,ngdo
3 rIs - r|s*1 + (P(XIS, u's)(pT (X|s’ u's)
4 Ng—Nig 14 9, Uy 9T (X, h(X,))
5 Zg e A1+ QX Ui
6: B, — 61+ a(@i —B1), whereéﬂselt = yé/\|59|3,1+ ézls
7: end for
Output: 8" = 6y,

is an incremental algorithm, so the current parameter vé&taepends on the pre-
vious valued, ..., 6,1, and therefore the order in which samples are processed is
important.

In the context of V-function approximation, such least&ms algorithms have
been shown to converge to the fixed point of the projectedhizailequation, namely
by Nedi¢ and Bertsekas (2003) for the V-function analoguesd D-Q, and by Nedic
and Bertsekas (2003); Bertsekas et al. (2004) for the analofj LSPE-Q. These
results also extend to Q-function approximation. To ensorerergence, the weight
(probability of being sampledy(x, u) of each state-action paix, u) should be equal
to the steady-state probability of this pair along an inéilyittong trajectory generated
with the policyh.1?

Note that collecting samples by using onlydaterministicpolicy h is insuffi-

10From a practical point of view, note that LSTD-Q is a one-siigorithm and will produce a solution
whenever | is invertible. This means the experimenter need not worcgssively about divergengeer
se Rather, the theoretical results concern the uniquenessaaning of the solution obtained. LSTD-Q
can, in fact, produce meaningful results for many weightfiamsw, as we illustrate later in Section 3.5.7
and in Chapter 5.
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cient for the following reason. If only state-action paifstie form (x,h(x)) were
collected, no information about paifs, u) with u # h(x) would be available (equiv-
alently, the corresponding weightgx, u) would all be zero). As a result, the ap-
proximate Q-values of such pairs would be poorly estimateticmuld not be relied
upon for policy improvement. To alleviate this probleaxplorationis necessary:
sometimes, actions different fronfx) have to be selected, e.g., in a random fashion.
Given a stationary (time-invariant) exploration proceWwSTD-Q and LSPE-Q are
simply evaluating the new, exploratory policy, and so theaypain convergent.

The following intuitive (albeit informal) line of reasordris useful to understand
the convergence of LSTD-Q and LSPE-Q. Asymptoticallypas- oo, it is true that
n_lsrns T, nisl\nS — A, andn—lszns — z, for the following two reasons. First, as the
numbem; of state-action samples generated grows, their empirisailglition con-
verges tow. Second, as the number of transition samples involving argstate-
action pair(x,u) grows, the empirical distribution of the next staf¢sonverges to
the distributionf (x,u, -), and the empirical average of the rewards converges to its
expected value, givexandu.

Since the estimates of, A, andz asymptotically converge to their true values,
the equation solved by LSTD-Q asymptotically converges&ogrojected Bellman
equation (3.38). Under the assumptions for convergeniseetiuation has a unique
solution 8", so the parameter vector of LSTD-Q asymptotically reachissolu-
tion. For similar reasons, whenever it converges, LSPEyatotically becomes
equivalent to LSTD-Q and the projected Bellman equatioreréfore, if LSPE-Q
converges, it must in fact converge@8. In fact, it can additionally be shown that,
asns grows, the solutions of LSTD-Q and LSPE-Q converge to eabbrdiaster
than they converge to their lim@". This was proven in the context of V-function
approximation by Yu and Bertsekas (2006, 2009).

One possible advantage of LSTD-Q over LSPE-Q may arise wiendassump-
tions are violated, e.g., when the policy to be evaluatedgbaas samples are being
collected. This situation can arise in the important contéoptimistic policy itera-
tion, which will be discussed in Section 3.5.5. Violating thssumptions may intro-
duce instability and possibly divergence in the iterath®PE-Q updates (3.42). In
contrast, because it only computes one-shot solutionsPQ13.41) may be more
resilient to such instabilities. On the other hand, theénoental nature of LSPE-
Q offers some advantages over LSTD-Q. For instance, LSPBr(benefit from a
good initial value of the parameter vector. Additionally,lbwering the step size,
it may be possible to mitigate the destabilizing effectsiofating the assumptions.
Note that an incremental version of LSTD-Q can also be gibeihthe benefits of
this version are unclear.

While for the derivation above it was assumed #andU are finite, the updates
(3.40), together with LSTD-Q and LSPE-Q, can also be appligidout any change
in infinite and uncountable (e.g., continuous) state-actpaces.

From a computational point of view, the linear systems id{3and (3.42) can
be solved in several ways, e.g., by matrix inversion, by Gianselimination, or by
incrementally computing the inverse with the Sherman-hMorr formula. The com-
putational cost is @) for “naive” matrix inversion. More efficient algorithms tha
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matrix inversion can be obtained, e.g., by incrementaliygoting the inverse, but
the cost of solving the linear system will still be largernh@(n?). In an effort to
further reduce the computational costs, variants of thetdsquares temporal differ-
ence have been proposed in which only a few of the parameterspalated at a
given iteration (Geramifard et al., 2006, 2007). Note alsut,twhen the BF vector
@(x,u) is sparse, the computational efficiency of the updates Y&@®be improved
by exploiting this sparsity?

As already outlined, analogous least-squares algorittansbe given to com-
pute approximate V-functions (Bertsekas and loffe, 199@dEe and Barto, 1996;
Boyan, 2002; Bertsekas, 2007, Chapter 6). However, as ieeplan Section 2.2,
policy improvement is more difficult to perform using V-furans. Namely, a model
of the MDP is required, and in the stochastic case, expeastver the transitions
must be estimated.

Gradient-based policy evaluation

Gradient-based algorithms for policy evaluation histaltic precede the least-
squares methods discussed above (Sutton, 1988). Howeder, appropriate condi-
tions, they find, in fact, a solution of the projected Bellmequation (3.34). These
algorithms are called temporal-difference learning inliteeature, and are more pop-
ular in the context of V-function approximation (Sutton 889 Jaakkola et al., 1994;
Tsitsiklis and Van Roy, 1997). Nevertheless, given the $ogithis chapter, we will
present gradient-based policy evaluation for the case ffi@tion approximation.

We use SARSA as a starting point in developing such an algoriRecall that
SARSA (Algorithm 2.7) uses tuplgS, Uk, rc:1, Xkt 1,Uks1) t0 update a Q-function
online (2.40):

Qut1 (X, Uk) = Qu(Xk, Uk) + Ak[rkr1 4 YQK (X1, Uk+-1) — Qu(Xk, Uk )] (3.43)

where ay is the learning rate. Wheuy is chosen according to a fixed poli¢y
SARSA actually performs policy evaluation (see also Secid@.2). We exploit this
property and combine (3.43) with gradient-based updatebtiin the desired policy
evaluation algorithm. As before, linearly parameterizepraximation is considered.
By a derivation similar to that given for gradient-basede@rhing in Section 3.4.2,
the following update rule is obtained:

Bl 1 = O+ Ok [Fis1 + YO (X1, Ukr1) Bk — @7 (X, Uk) 6] 9(Xic, L) (3.44)

where the quantity in square brackets is an approximatitimeotemporal difference.
The resulting algorithm for policy evaluation is calléemporal difference for Q-
functions (TD-Q). Note that TD-Q can be seen as an extension of a corresponding
algorithm for V-functions, which is called temporal difégrce (TD) (Sutton, 1988).

Like the least-squares algorithms presented earlier, TieeQires exploration to

11The BF vector is sparse, e.g., for the discrete-action agipator described in Example 3.1. This is
because the BF vector contains zeros for all the discreenadhat are different from the current discrete
action.
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obtain samplegx,u) with u # h(x). Algorithm 3.10 presents TD-Q with-greedy
exploration. In this algorithm, because the update at ktegolves the actiony ;
at the next step, this action is chosen prior to updating #rarpeter vector.

ALGORITHM 3.10 Temporal difference for Q-functions, witgreedy exploration.
Input: discount factoly, policy h to be evaluated,
BFs@,...,¢h: X xU - R,
exploration schedulég }y_, learning rate schedulg}y_o
1: initialize parameter vector, e.dy < 0
2: measure initial state,
h(xo) with probability 1— &
a uniform random action il with probability &, (explore)
4: for every time stefx=0,1,2,... do
5: applyug, measure next staig,; and rewardy. 1
h(Xkr1) with probability 1— & 1
6: Ugr1 < . . . . -
a uniform random action i with probability &, 1

70 Brr — Ot Ok [Mier + VO (X1, Ukrn) Bk — @7 (X, Uk) O] @(Xc, Uk)
8: end for

3: Ug <

A comprehensive convergence analysis of gradient-basdidy pevaluation
was provided by Tsitsiklis and Van Roy (1997) in the conteixi/dunction ap-
proximation. This analysis extends to Q-function appraation under appropriate
conditions. An important condition is that the stochastitiqy h resulting from the
combination ofh with exploration should be time-invariant, which can beiactd
by simply making the exploration time-invariant, e.g.,lie icase o&-greedy explo-
ration, by making the same for all stegs The main result is that TD-Q asymptoti-
cally converges to the solution of the projected Bellmanatigua for the exploratory
policy h, for a weight function given by the steady-state distributof the state-
action pairs undeh.

Gradient-based algorithms such as TD-Q are less compuédiffodemanding
than least-squares algorithms such as LSTD-Q and LSPE-&tiffile and memory
complexity of TD-Q are both (), since they store and update vectors of lemgth
The memory complexity of LSTD-Q and LSPE-Q is at leagh?) (since they store
matrices of siz@) and their time complexity is %) (when “naive” matrix inversion
is used to solve the linear system). On the other hand, gralesed algorithms
typically require more samples than least-squares alguostto achieve a similar
accuracy (Konda, 2002; Yu and Bertsekas, 2006, 2009), andnare sensitive to
the learning rate (step size) schedule. LSTD-Q has no stepasiall, and LSPE-Q
works for a wide range of constant step sizes, as shown inoifieext of V-functions
by Bertsekas et al. (2004) (this range includes- 1, leading to a nonincremental
variant of LSPE-Q).

Efforts have been made to extend gradient-based policyatiah algorithms to
off-policy learning, i.e., evaluating one policy while ngianother policy to gener-
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ate the samples (Sutton et al., 2009b,a). These extenstofsp gradient descent
on error measures that are different from the measure usttibasic temporal-
difference algorithms such as TD-Q (i.e., different frore #quared value function
error for the current sample).

3.5.3 Policy evaluation with nonparametric approximation

Nonparametric approximators have been combined with a ruoflalgorithms for
approximate policy evaluation. For instance, kernel-taggproximators were com-
bined with LSTD by Xu et al. (2005), with LSTD-Q by Xu et al. @0); Jung and
Polani (2007b); Farahmand et al. (2009b), and with LSPE-Q@ung and Polani
(2007a,b). Rasmussen and Kuss (2004) and Engel et al. (2008) used the re-
lated framework of Gaussian processes to approximate &tifums in policy eval-
uation. Taylor and Parr (2009) showed that, in fact, the rilgms in (Rasmussen
and Kuss, 2004; Engel et al., 2005; Xu et al., 2005) produeséme solution when
they use the same samples and the same kernel functiord pitteey evaluation
(Algorithm 3.7) can be extended to the nonparametric casggathe same lines as
fitted Q-iteration in Section 3.4.3. Such an algorithm wasppsed by Jodogne et al.
(2006), who employed ensembles of extremely randomized teeapproximate the
Q-function.

As explained in Section 3.3.2, a kernel-based approxinaorbe seen as lin-
early parameterized if all the samples are known in advamceertain cases, this
property can be exploited to extend the theoretical guaesrdbout approximate pol-
icy evaluation from the parametric case to the nonparamedse (Xu et al., 2007).
Farahmand et al. (2009b) provided performance guarantedbdir kernel-based
LSTD-Q variant for the case when only a finite number of sas@available.

An important concern in the nonparametric case is contiplthe complexity
of the approximator. Originally, the computational dem&nfimany nonparametric
approximators, including kernel-based methods and Gagsbcesses, grow with
the number of samples considered. Many of the approachdsomed above employ
kernel sparsification techniques to limit the number of dasfhat contribute to the
solution (Xu et al., 2007; Engel et al., 2003, 2005; Jung avldrit, 20074a,b).

3.5.4 Model-based approximate policy evaluation with rotbuts

All the policy evaluation algorithms discussed above abtavalue function by solv-
ing the Bellman equation (3.31) approximately. While tiisiipowerful approach, it
also has its drawbacks. A core problem is that a good valugifumapproximator is
required, which is often difficult to find. Nonparametric apximation alleviates this
problem to some extent. Another problem is that the convergesquirements of the
algorithms, such as the linearity of the approximate Q-fimndn the parameters, can
sometimes be too restrictive.

Another class of policy evaluation approaches sidestepsethifficulties by
avoiding an explicit representation of the value functimstead, the value function
is evaluated on demand, by Monte Carlo simulations. A madaquired to perform
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the simulations, so these approaches are model-basecdtande, to estimate the
Q-valueQ"(x,u) of a given state-action pafk,u), a numbeNyc of trajectories are
simulated, where each trajectory is generated using theypll has lengthK, and
starts from the paifx,u). The estimated Q-value is then the average of the sample
returns obtained along these trajectories:

N 1 Nwc | Ko
Q"(x.u) = Noc S |BOGUXg1) + S VB (Xig ks NXig k) Xig k1) (3.45)
io=1 k=1

whereNyc is the number of trajectories to simulate. For each trajgaty the first
state-action pair is fixed t(x,u) and leads to a next statg 1 ~ f(x,u, ). Thereafter,
actions are chosen using the pollgywhich means that fok > 1:

Xio,k+1 ~ f (Xi07ka h(XiQJ()v )

Such a simulation-based estimation procedure is callealleut (Lagoudakis and
Parr, 2003b; Bertsekas, 2005b; Dimitrakakis and Lagow]&ki08). The lengtk
of the trajectories can be chosen using (2.41) to enspr@ccurate returns, where
&wc > 0. Note that if the MDP is deterministic, a single trajectsnyffices. In the
stochastic case, an appropriate value for the nurNerof trajectories will depend
on the problem.

Rollouts can be computationally expensive, especiallyhim $tochastic case.
Their computational cost is proportional to the number dghimat which the value
function must be evaluated. Therefore, rollouts are mosefigial when this num-
ber is small. If the value function must be evaluated at mamyall) points of the
state(-action) space, then methods that solve the Bellmaati®n approximately
(Sections 3.5.1-3.5.3) may be computationally less cdistlg rollouts.

3.5.5 Policy improvement and approximate policy iteration

Up to this point, approximate policy evaluation has beens@®red. To obtain a
complete algorithm for approximate policy iteration, a huet to perform policy
improvement is also required.

Exact and approximate policy improvement

Consider first policy improvement in the case where the gacnot represented
explicitly. Instead, greedy actions are computed on denframa the value function,

for every state where a control action is required. For mstawhen Q-functions are
employed, an improved action for the statean be found with:

he41(X) = u, whereu € argmaxQ™ (x, 0) (3.46)
u

The policy is thus implicitly defined by the value function.(3.46), it was assumed
that a greedy action can be computed exactly. This is trge vehen the action space
only contains a small, discrete set of actions, and the maaiion in the policy
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improvement step is solved by enumeration. In this sitmatgmlicy improvement
is exact, but if greedy actions cannot be computed exattyn the result of the
maximization is approximate, and the (implicitly definea)ipy thus becomes an
approximation.

Alternatively, the policy can also be represented expyidih which case it gen-
erally must be approximated. The policy can be approximatagl, by a linear
parametrization (3.12):

. N
X = Y 4105 = 9799

whereg;i(x),i =1,...,.4 are the state-dependent BFs ght the policy parameter
vector (see Section 3.3.4 for a discussion of the notatied €& policy approxima-
tion). A scalar action was assumed, but the parametrizatiareasily be extended to
multiple action variables. For this parametrization, @xmate policy improvement
can be performed by solving the linear least-squares pmable

Y
90,1 =39% whered* c arg miny (¢ (%,)8 — uis)2 (3.47)
J =1

to find a parameter vectdt,, 1, where{xy,...,X 4} is a set of state samples to be
used for policy improvement, and, ... ,u 4 are corresponding greedy actions:

Ui, € argmaxd™ (x;., u) (3.48)
u

Note that the previous polid}z is now also an approximation. In (3.48), it was im-
plicitly assumed that greedy actions can be computed egxaifcthis is not the case,
thenu;, will only be approximations of the true greedy actions.

Such a policy improvement s therefore a two-step procediuse greedy actions
Ui are chosen using (3.48), and then these actions are useldedts® least-squares
problem (3.47). The solution depends on the greedy actibnsen, but remains
meaningful for any combination of choices, since for anyhscembination, it ap-
proximates one of the possible greedy policies in the Qtfanc

Alternatively, policy improvement could be performed with

S
9.1 = 9% whered* c arg maxy Q" (xi., &7 (%)) (3.49)
AR = |

which maximizes the approximate Q-values of the actionsehdy the policy in the
state samples. However, (3.49) is generally a difficult maar optimization prob-
lem, whereas (3.47) is (once greedy actions have been drepsenvex optimization
problem, which is easier to solve.

More generally, for any policy representation (e.g., foroalimear parametriza-
tion), a regression problem generalizing either (3.47)349) must be solved to
perform policy improvement.
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Offline approximate policy iteration

Approximate policy iteration algorithms can be obtainedbgnbining a policy eval-
uation algorithm (e.g., one of those described in Sectiobd 3 3.5.3) with a policy
improvementtechnique (e.g., one of those described abgeepgain Algorithm 3.5
for a generic template of approximate policy iteration He offline case, the approx-
imate policy evaluation is run until (near) convergencesrieure the accuracy of the
value function and therefore an accurate policy improvemen

For example, the algorithm resulting from combining LSTOAgorithm 3.8)
with exact policy improvement is callddast-squares policy iteration (LSPLDSPI
was proposed by Lagoudakis et al. (2002) and by Lagoudaki®arr (2003a), and
has been studied often since then (e.g., Mahadevan and dMagg007; Xu et al.,
2007; Farahmand et al., 2009b). Algorithm 3.11 shows L3$R4,simple variant that
uses the same set of transition samples at every policyati@tu In general, different
sets of samples can be used at different iterations. Th&epulicy improvement at
line 4 is included for clarity. In practice, the poliby, 1 does not have to be computed
and stored for every state. Instead, it is computed on derfrandthe current Q-
function, only for those states where an improved actioreisessary. In particular,
LSTD-Q only evaluates the policy at the state samm’lses

ALGORITHM 3.11 Least-squares policy iteration.
Input: discount factowy,
BFs@,..., @ : X xU — R, sampleq (X, u|s,x|’S, Ny lls=1,...,ns}
1: initialize policy hg
2: repeatat every iteratiod = 0,1,2,...
3 evaluateh, using LSTD-Q (Algorithm 3.8), yieldin@, © policy evaluation
4
5

hy1(X) < U, u€ argmax' (x,u)6, for eachx € X © policy improvement
. until hy 4 is satisfactory
Output: h* =hyyq

Policy iteration with rollout policy evaluation (Section534) was studied, e.g.,
by Lagoudakis and Parr (2003b) and by Dimitrakakis and Ldg&is (2008), who
employed nonparametric approximation to represent tHeypdlote that rollout pol-
icy evaluation (which represents value functions imgigishould not be combined
with implicit policy improvement. Such an algorithm would bnpractical, because
neither the value function nor the policy would be represdmxplicitly.

Online, optimistic approximate policy iteration

In online learning, the performance should improve onceyefew transition sam-
ples. This is in contrast to the offline case, in which onlypleeformance at the end
of the learning process is important. One way in which polieyation can take this
requirementinto accountis by performing policy improvetseonce every few tran-
sition samples, before an accurate evaluation of the cuprity can be completed.
Such a variant is sometimes calledtimisticpolicy iteration (Bertsekas and Tsitsik-
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lis, 1996, Section 6.4; Sutton 1988; Tsitsiklis 2002). Ia #xtreme case, the policy
is improved after every transition, and then applied to inkdanew transition sample
that is fed into the policy evaluation algorithm. Then, dm@tpolicy improvement
takes place, and the cycle repeats. This variant is callgddptimistic. In general,
the policy is improved once every several (but not too maranditions; this variant
is partially optimistic. As in any online RL algorithm, exphtion is also necessary
in optimistic policy iteration.

Optimistic policy iteration was already outlined in Seati®.4.2, where it was
also explained that SARSA (Algorithm 2.7) belongs to thassl So, an approximate
version of SARSA will naturally be optimistic, as well. A gliant-based version of
SARSA can be easily obtained from TD-Q (Algorithm 3.10), oaosing actions
with a policy that is greedy in the current Q-function, iresteof with a fixed policy
as in TD-Q. Of course, exploration is required in additiogteedy action selection.
Algorithm 3.12 presents approximate SARSA with &qgreedy exploration proce-
dure. Approximate SARSA has been studied, e.g., by Sut@®g)t Santamaria et al.
(1998); Gordon (2001); Melo et al. (2008).

ALGORITHM 3.12 SARSA with a linear parametrization agegreedy exploration.
Input: discount factowy,
BFs@,...,¢h: X xU =R,
exploration schedulégi},_o, learning rate schedulier },._o
1: initialize parameter vector, e.gdy < 0
2: measure initial statey
u € argmay (@' (xo, U)6p) with probability 1— gy (exploit)
a uniform random action i with probability gy (explore)
4: for every time stefx=0,1,2,... do
5: applyux, measure next staig,; and rewardy, 1
ue argmax (@' (x1,U)6)  with probability 1— &1
a uniform random action i with probability g, 1

7 B1 — Bt Ok Mg+ YO (X1, Uke1) B — @7 (X, Uk) Bk ] 0(X, Uk )
8: end for

3: Ug <

6: U1 <

Other policy evaluation algorithms can also be used in aptimpolicy itera-
tion. For instance, optimistic policy iteration with LSREwas applied by Jung and
Polani (2007a,b), while a V-function based algorithm samib approximate SARSA
was proposed by Jung and Uthmann (2004). In Chapter 5 of ¢lok, lan online, op-
timistic variant of LSPI will be introduced in detail and éwated experimentally.

3.5.6 Theoretical guarantees

Under appropriate assumptiomdfline policy iteration eventually produces policies
with a bounded suboptimality. However, in general it carb®guaranteed to con-
verge to a fixed policy. The theoretical understandingpfimistic policy iteration
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is currently limited, and guarantees can only be providesbime special cases. We
first discuss the properties of policy iteration in the offlgetting, and then continue
to the online, optimistic setting.

Theoretical guarantees for offline approximate policy iteation

As long as the policy evaluation and improvement errors atented, offline ap-
proximate policy iteration eventually produces policiggwva bounded suboptimal-
ity. This result applies to any type of value function or pglapproximator, and can
be formalized as follows.

Consider the general case where both the value functionghengolicies are
approximated. Consider also the case where Q-functionssa®@, and assume that
the error at every policy evaluation step is boundeddy

Héﬂﬂ _ QﬂﬂHoo < ¢, foranyl>0

and that the error at every policy improvement step is bodbge;,, in the following
sense: FO =
[The2(QY) — T(Q)||w < ¢n, foranys >0

whereT"+1 is the policy evaluation mapping for the improved (approie) policy,
andT is the Q-iteration mapping (2.22). Then, approximate pyadtieration eventu-
ally produces policies with performances that lie withinoabded distance from the
optimal performance (e.g., Lagoudakis and Parr, 2003a):

G+ 2yGo
o~ (1-y)?

For an algorithm that performs exact policy improvemenishsas LSPIg, = 0 and
the bound is tightened to:

lim supHéﬁf —Q (3.50)

{—00

: Ahe 2yGQ
limsup||Q™ — Q*[lw < 2
mst pllQ™ — Q| A—yp

(3.51)
whereH@hﬂ —Q||w < Go, for any? > 0. Note that finding;go and (when approximate
policies are used), may be difficult in practice, and the existence of these beund
may require additional assumptions.

These guarantees do not necessarily imply the convergecixed policy. For
instance, both the value function and policy parameteritrignverge to limit cy-
cles, so that every point on the cycle yields a policy thasfas the bound. Conver-
gence to limit cycles can indeed happen, as will be seen ingheming example of
Section 3.5.7. Similarly, when exact policy improvementsased, the value func-
tion parameter may oscillate, implicitly leading to an dating policy. This is a
disadvantage with respect to offline approximate valuaiien, which under appro-
priate assumptions converges monotonically to a uniqud fixént (Section 3.4.4).

Similar results hold when V-functions are used instead dfiditions (Bertsekas
and Tsitsiklis, 1996, Section 6.2).
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Theoretical guarantees for online, optimistic policy itemtion

The performance guarantees given above for offline pol@fion rely on bounded
policy evaluation errors. Because optimistic policy itema improves the policy be-
fore an accurate value function is available, the policylat#on error can be very
large, and the performance guarantees for offline policgtiten are not useful in the
online case.

The behavior of optimistic policy iteration has not beengady understood yet,
and can be very complicated. Optimistic policy iteratiom,ca.g., exhibit a phe-
nomenon called chattering, whereby the value function egges to a stationary
function, while the policy sequence oscillates, becausdirthit of the value function
parameter corresponds to multiple policies (BertsekasTaitgdiklis, 1996, Section
6.4).

Theoretical guarantees can, however, be provided in cestacial cases. Gor-
don (2001) showed that the parameter vector of approxinfaRSA cannot diverge
when the MDP has terminal states and the policy is only imgddr-between trials
(see Section 2.2.1 for the meaning of terminal states aal$)}riMelo et al. (2008)
improved on this result, by showing that approximate SARSAverges with prob-
ability 1 to a fixed point, if the dependence of the policy oe frarameter vector
satisfies a certain Lipschitz continuity condition. Thisid@gion prohibits using fully
greedy policies, because those generally depend on thepties in a discontinuous
fashion.

These theoretical results concern the gradient-based S8Adk$rithm. How-
ever, in practice, least-squares algorithms may be pigfedue to their improved
sample efficiency. While no theoretical guarantees ardablaiwhen using least-
squares algorithms in the optimistic setting, some prargigimpirical results have
been reported (Jung and Polani, 2007a,b); see also Chdiatea® empirical evalu-
ation of optimistic LSPI.

3.5.7 Example: Least-squares policy iteration for a DC moto

In this example, approximate policy iteration is appliedtte DC motor problem
introduced in Section 3.4.5. In a first experiment, the oa$LSPI (Algorithm 3.11)
is applied. This algorithm represents policies implicilpd performs exact pol-
icy improvements. The results of this experiment are coexgbarith the results of
approximate Q-iteration from Section 3.4.5. In a seconcearment, LSPI is modi-
fied to use approximate policies and sample-based, appatipolicy improve-
ments. The resulting solution is compared with the solutdamd with exact policy
improvements.

In both experiments, the policies are evaluated using @dunctions, which are
approximated with a discrete-action parametrization eftyipe described in Exam-
ple 3.1. Recall that such an approximator replicates stependent BFs for every
discrete action, and in order to obtain the state-action BFE®ts to 0 all the BFs
that do not correspond to the current discrete action. lrikgdction 3.4.5, the action
space is discretized into the $&f = {—10,0,10}, so the number of discrete actions
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is M = 3. The state-dependent BFs are axis-aligned, normalized<tan RBFs (see
Example 3.1). The centers of the RBFs are arranged ox @& 8quidistant grid over
the state space, so there Are- 81 RBFs in total. All the RBFs are identical in shape,
and their widthby along each dimensiahis equal tdo{f/z, whereb); is the distance
between adjacent RBFs along that dimension (the grid stépBse RBFs yield a
smooth interpolation of the Q-function over the state sp&=zalling that the do-
mains of the state variables grert, r1] for the angle and—16r, 1671 for the angular
velocity, we obtairb; = &% ~ 0.79 andb), = 32 ~ 1257, which lead tdy ~ 0.31
andb; =~ 78.96. The parameter vectércontainan = NM = 243 parameters.

Least-squares policy iteration with exact policy improvenent

In the first part of the example, the original LSPI algorithsnaipplied to the DC
motor problem. Recall that LSPI combines LSTD-Q policy eeadion with exact
policy improvement.

The same set afs = 7500 samples is used at every LSTD-Q policy evaluation.
The samples are random, uniformly distributed over theeai@gcrete action space
X x Ug. The initial policyhg is identically equal to- 10 throughout the state space. To
illustrate the results of LSTD-Q, Figure 3.10 presents tts¢ ifinproved policy found
by the algorithmhy, and its approximate Q-function, computed with LSTD-Q. &ot
that this Q-function is thsecondfound by LSPI; the first Q-function evaluates the
initial policy hp.

h(a,a’) V] -400
50 10
S -600
5 5
oy S a0
= X/5
-5 %0 Gy
0 &5y 2
s, 0 2 10 -50 -2 0
o [rad] o [rad/s] a [rad]
(a) Policyh;. (b) Slice through the Q-function fom = 0. Note
the difference in vertical scale from the other Q-
functions shown in this chapter.
FIGURE 3.10

An early policy and its approximate Q-function, for LSPI véxact policy improvements.

In this problem, LSPI fully converged in 11 iterations. FiguB8.11 shows the
resulting policy and Q-function, together with a repreaéiné controlled trajectory.
The policy and the Q-function in Figure 3.11 are good appnations of the near-
optimal solution in Figure 3.5.

Compared to the results of grid Q-iteration in Figure 3.6PLB8eeds fewer BFs
(81 rather than 400 or 160000) while still being able to findrailarly accurate
approximation of the policy. This is mainly because the @etion is largely smooth
(see Figure 3.5(a)), and thus can be represented more bgdihe wide RBFs of
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(c) Controlled trajectory fromg = [—71,0]".

FIGURE 3.11 Results of LSPI with exact policy improvements for the DC anot

the approximator employed in LSPI. In contrast, the grid B a discontinuous
approximate Q-function, which is less appropriate for grizblem. Although certain
types of continuous BFs can be used with Q-iteration, usiidg ®BFs such as these
in combination with the least-squares projection (3.14nfrtunately not possible,
because they do not satisfy the assumptions for convergandeindeed lead to
divergence when they are too wide. The controlled trajgciorFigure 3.11(c) is
comparable in quality with the trajectory controlled by fime-grid policy, shown in
Figure 3.6(f); however, it does produce more chattering.

Another observation is that LSPI converged in significafelyer iterations than
grid Q-iteration did in Section 3.4.5 (12 iterations for LUSiAstead of 160 for grid
Q-iteration with the coarse grid, and 123 with the fine gr&))ch a convergence rate
advantage of policy iteration over value iteration is oftdaserved in practice. How-
ever, while LSPI did converge faster, it was actually mon@patationally intensive
than grid Q-iteration: it required approximately 23 s to,rwhereas grid Q-iteration
required only Q06 s for the coarse grid and80 s for the fine grid. Some insight into
this difference can be obtained by examining the asymptatplexity of the two
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algorithms. The complexity of policy evaluation with LSTQs larger than @?)
due to solving a linear system of sime For grid Q-iteration, when binary search
is used to locate the position of a state on the grid, the so&nlog(N)), where

n = NM, N is the number of elements on the grid, addthe number of discrete
actions. On the other hand, while the convergence of grite€@dion to a fixed point
was guaranteed by the theory, this is not the case for LStRbfadh for this problem
LSPI did, in fact, fully converge).

Compared to the results of fitted Q-iteration in Figure 3ng, tSPI solution is
of a similar quality. LSPI introduces some curved artifantthe policy, due to the
limitations of the wide RBFs employed. On the other hand,ekecution time of
2151 s for fitted Q-iteration is much larger than the 23 s foPLS

Least-squares policy iteration with policy approximation

The aim of the second part of the example is to illustrate fleets of approximating
policies. To this end, LSPI is modified to work with approximpolicies and sample-
based, approximate policy improvement.

The policy approximator is linearly parameterized (3.1#) ases the same RBFs
as the Q-function approximator. Such an approximate pgmgducescontinuous
actions, which must be quantized (into discrete actiongrigghg toUg) before per-
forming policy evaluation, because the Q-function apprwator only works for dis-
crete actions. Policy improvement is performed with thedinleast-squares pro-
cedure (3.47), using a numbets = 2500 of random, uniformly distributed state
samples. The same samples are used at every iteration. &z ppblicy evaluation
employsNs = 7500 samples.

In this experiment, both the Q-functions and the poligssillatein the steady
state of the algorithm, with a period of 2 iterations. Theaat®n time until the os-
cillation was detected was 58 s. The differences betweehdistinct policies and
Q-functions on the limit cycle are too small to be noticed ifigaire. Instead, Fig-
ure 3.12 shows the evolution of the policy parameter thabhgha the most in steady
state, for which the oscillation is clearly visible. The appance of oscillations may
be related to the fact that the weaker suboptimality bounsidj3applies when ap-
proximate policies are used, rather than the stronger b@ibd), which applies for
exact policy improvements.

Figure 3.13 presents one of the two policies from the limitley one of the
Q-functions, and a representative controlled traject®he policy and Q-function
have a similar accuracy to those computed with exact, dis@etion policy im-
provements. One advantage of the approximate policy idtthewduces continuous
actions. The beneficial effects of continuous actions orctiwrol performance are
apparent in the trajectory shown in Figure 3.13(c), whicthegy close to the near-
optimal trajectory of Figure 3.5(c).
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FIGURE 3.12
The variation of one of the policy parameters for LSPI wittiggoapproximation on the DC
motor.
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FIGURE 3.13 Results of LSPI with policy approximation for the DC motor.
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|
3.6 Finding value function approximators automatically

Parametric approximators of the value function play an irtgyd role in approximate
value iteration and approximate policy iteration, as seefections 3.4 and 3.5.
Given the functional form of such an approximator, the DP &Rjorithm computes
its parameters. However, there still remains the problefinding a good functional
form, well suited to the problem at hand. For concretenessyill consider linearly

parameterized approximators (3.3), in which case a gooof s has to be found.
This focus is motivated by the fact that many methods to finoldgapproximators
work in such a linear setting.

The most straightforward solution is to design the BFs ineaube, in which case
two approaches are possible. The first is to design the Bfasa tiniform resolution
is obtained over the entire state space (for V-functiong)er the entire state-action
space (for Q-functions). Unfortunately, such an approagfess from the curse of
dimensionality: the complexity of a uniform approximatoogs exponentially with
the number of state variables, and in the case of Q-functadas with the number
of action variables. The second approach is to focus théutgsoon certain parts of
the state (or state-action) space, where the value funlgéisra more complex shape,
or where it is more important to approximate it accurateljoiPknowledge about
the shape of the value function or about the importance daireregions of the state
(or state-action) space is necessary in this case. Unfatelynsuch prior knowledge
is often nonintuitive and very difficult to obtain withouttaally computing the value
function.

A more general alternative is to devise a method to automitifind BFs suited
to the problem at hand, rather than designing them mandally.major categories
of methods to find BFs automatically are BF optimization afdddnstructionBF
optimizationmethods search for the best placement and shape of a (ufixady
number of BFsBF constructiormethods are not constrained by a fixed number of
BFs, but add new or remove old BFs to improve the approximadiccuracy. The
newly added BFs may have different shapes, or they may a# ttev same shape.
Several subcategories of BF construction can be distihgdissome of the most
important of which are defined next.

e BF refinement methods work in a top-down fashion. They staht avfew BFs
(a coarse resolution) and refine them as needed.

e BF selection methods work oppositely, in a bottom-up fash8iarting from a
large number of BFs (a fine resolution), they select a smakestuof BFs that
still ensure a good accuracy.

¢ Bellman error methods for BF construction define new BFsqutiire Bell-
man error of the value function represented with the cu&ist The Bellman
error (or Bellman residual) is the difference between the $ides of the Bell-
man equation, where the current value function has beed fillésee also the
upcoming Section 3.6.1 and, e.g., (3.52)).
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Figure 3.14 summarizes this taxonomy.

BF optimization

methods for automatic

BF discovery BF refinement

BF construction BF selection

Bellman error methods
for BF construction

FIGURE 3.14 A taxonomy of methods for the automatic discovery of BFs.

In the remainder of this section, we first describe BF optation, in Sec-
tion 3.6.1, followed by BF construction in Section 3.6.2ddyy some additional
remarks in Section 3.6.3.

3.6.1 Basis function optimization

BF optimization methods search for the best placement aagesiof a (typi-
cally fixed) number of BFs. Consider, e.g., the linear patamagion (3.3) of the
Q-function. To optimize tha BFs, they are parameterized by a vector of BF param-
etersé that encodes their locations and shapes. The approximataddion is:

Qx,u) = @' (x,u;€)6
where the parameterized BFs have been denoted by:
O (XU E): XxU—R, 1=1,...n

to highlight their dependence @nFor instance, an RBF is characterized by its center
and width, so for an RBF approximator, the vedarontains the centers and widths
of all the RBFs.

The BF optimization algorithm searches for an optimal pat@mvector * that
optimizes a criterion related to the accuracy of the valugcfion approximator.
Many optimization algorithms can be applied to this prohl&or instance, gradient-
based optimization has been used for policy evaluation tethporal difference
(Singh et al., 1995), with LSTD (Menache et al., 2005; Béwseand Yu, 2009),
and with LSPE (Bertsekas and Yu, 2009). Among these workds8eas and Yu
(2009) gave a general framework for gradient-based BF agsition in approximate
policy evaluation, and provided an efficient recursive pdbae to estimate the gra-
dient. The cross-entropy method has been applied to LSThéetee et al., 2005).
In Chapter 4 of this book, we will employ the cross-entropytoe to optimize
approximators for Q-iteration.

The most widely used optimization criterion (score funajits the Bellman er-
ror, also called Bellman residual (Singh et al., 1995; Menatla¢ €2005; Bertsekas
and Yu, 2009). This error measures how much the estimatee ¥ahction violates
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the Bellman equation, which would be precisely satisfiechieyetxact value function.
For instance, in the context of policy evaluation for a pplicthe Bellman error for
an estimat®" of the Q-functiorQ" can be derived from the Bellman equation (3.31)
as:

TM@QMI(x,u) - Q"(x.u) (3.52)

at the state-action paix,u), whereT" is the policy evaluation mapping. This error
was derived from the Bellman equation (3.31). A quadratitirBzn error over the
entire state-action space can therefore be defined as:

[ (M@ - Q) dixw (353)
XxU

In the context of value iteration, the quadratic Bellmarmefor an estimat@ of the
optimal Q-functionQ* can be defined similarly:

[, (T@1xu - Gix ) dixu (359
XxU

whereT is the Q-iteration mapping. In practice, approximationshaf Bellman er-
rors are computed using a finite set of samples. A weight fanaan additionally
be used to adjust the contribution of the errors accordirtheamportance of each
region of the state-action space.

In the context of policy evaluation, the distance betweerapproximate Q-
function (5“ andQ" is related to the infinity norm of the Bellman error as follows
(Williams and Baird, 1994):

~ 1 e ~
1Q"= Qe < 7= IT"Q) = Qs

A similar result holds in the context of value iteration, wié¢he suboptimality of
an approximate Q-functio@ satisfies (Williams and Baird, 1994; Bertsekas and
Tsitsiklis, 1996, Section 6.10):

~ 1 P
Q- Q' < 7=IT(@ ~ Qo

Furthermore, the suboptimality 03 is related to the suboptimality of the resulting
policy by (3.25), hence, in principle, minimizing the Belim error is useful. How-
ever, in practicequadratidBellman errors (3.53), (3.54) are often employed. Because
minimizing such quadratic errors may still lead to laiggnity-normBellman errors,
it is unfortunately unclear whether this procedure leadscturate Q-functions.

Other optimization criteria can, of course, be used. Fdraims, in approximate
value iteration, the return of the policy obtained by the RP/algorithm can be

directly maximized:
Z%W(Xo)Rh(Xo) (3.55)
Xo€

whereh is obtained by running approximate value iteration to (f)eanvergence
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using the current approximatdg is a finite set of representative initial states, and
Xo — (0,) is a weight function. The s&f and the weight functiow determine the
performance of the resulting policy, and an appropriatécghof Xo andw depends
on the problem at hand. The returR&(xo) can be estimated by simulation, as in
approximate policy search, see Section 3.7.2.

In approximate policy evaluation, if accurate Q—vaILQt(x|s,u|s) can be ob-
tained for a set ofis samplegx, u,), then the following error measure can be min-
imized instead of the Bellman error (Menache et al., 2005td&&as and Yu, 2009):

Ns

> (@06 - F0x,u,)”

ls=1

The Q-valueth(x|s,u|S) can be obtained by simulation, as explained in Sec-
tion 3.5.4.

3.6.2 Basis function construction

From the class of BF construction methods, we discuss inB#rmefinement, BF
selection, and Bellman error methods for BF constructiee @gain Figure 3.14).
Additionally, we explain how some nonparametric approxonscan be seen as
techniques to construct BFs automatically.

Basis function refinement

BF refinement is a widely used subclass of BF constructiorhatst Refinement
methods work in a top-down fashion, by starting with a few B&soarse resolution)
and refining them as needed. They can be further classifiedviiat categories:

e Local refinement (splitting) methods evaluate whether thleies function is
represented with a sufficient accuracy in a particular regicthe state space
(corresponding to one or several neighboring BFs), and addBts when the
accuracy is deemed insufficient. Such methods have beewgedpe.g., for
Q-learning (Reynolds, 2000; Ratitch and Precup, 2004; Wédand Carse,
2008), V-iteration (Munos and Moore, 2002), and Q-itenatfMunos, 1997;
Uther and Veloso, 1998).

e Global refinement methods evaluate the global accuracyeofgpresentation
and, if the accuracy is deemed insufficient, they refine the Btng various
techniques. All the BFs may be refined uniformly (Chow andsildis, 1991),
or the algorithm may decide that certain regions of the stptece require
more resolution (Munos and Moore, 2002; Griine, 2004). Rstance, Chow
and Tsitsiklis (1991); Munos and Moore (2002); and Griun@0@® applied
global refinement to V-iteration, while Szepesvari and 81f2004) used it for
Q-learning.

A variety of criteria are used to decide when the BFs shoulddfi@ed. An
overview of typical criteria, and a comparison between thanthe context of
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V-iteration, was given by Munos and Moore (2002). For ins&grocal refinement
in a certain region can be performed:

e when the value function is not (approximately) constanhat tegion (Munos
and Moore, 2002; Waldock and Carse, 2008);

e when the value function is not (approximately) linear intthegion (Munos
and Moore, 2002; Munos, 1997);

e when the Bellman error (see Section 3.6.1) is large in thgiore(Grine,
2004);

e using various other heuristics (Uther and Veloso, 1998itétatand Precup,
2004).

Global refinement can be performed, e.g., until a desireel lefvsolution accu-
racy is met (Chow and Tsitsiklis, 1991). The approach of Muaod Moore (2002)
works for discrete-action problems, and globally iderdifiee regions of the state
space that must be more accurately approximated to find erIpeticy. To this end,
it refines regions that satisfy two conditions: (i) the V-tion is poorly approxi-
mated in these regions, and (i) this poor approximatioedff, in a certain sense,
(other) regions where the actions that are dictated by theypchange.

BF refinement methods increase the memory and computatienznds of the
DP/RL algorithm when they increase the resolution. Thusg caust be taken to
prevent the memory and computation costs from becominglpitde, especially in
the online case. This is an important concern in both appraté DP and approxi-
mate RL. Equally important in approximate RL are the re8tits imposed on BF
refinement by the limited amount of data available. Incregagihe power of the ap-
proximator means that more data will be required to compatacurate solution,
so the resolution cannot be refined to arbitrary levels favargamount of data.

Basis function selection

BF selection methods work in a bottom-up fashion, by stgriom a large number
of BFs (a fine resolution), and then selecting a smaller sufgFs that still provide
a good accuracy. When using this type of methods, care shautdken to ensure
that selecting the BFs and running the DP/RL algorithm withgelected BFs is less
expensive than running the DP/RL algorithm with the origBigs. The cost may be
expressed in terms of computational complexity or in teritk@number of samples
required.

Kolter and Ng (2009) employed regularization to select Bifgpblicy evaluation
with LSTD. Regularization is a technique that penalizesfiomal complexity in the
approximate value function. In practice, the effect of lagmation in the linear case
is to drive some of the value function parameters (close) teHich means that the
corresponding BFs can be ignored. By incrementally selgdtie BFs, Kolter and
Ng (2009) obtained a computational complexity that is Imaahe total number of
BFs, in contrast to the original complexity of LSTD which isl@ast quadratic (see
Section 3.5.2).
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Bellman error basis functions

Another class of BF construction approaches define new Besripfoying the Bell-
man error of the value function represented with the culyexvailable BFs (3.53),
(3.54). For instance, Bertsekas and Castafion (1989) pegimmethod to interleave
automatic state aggregation steps with iterations of a iroased policy evaluation
algorithm. The aggregation steps group together statéssiitilar Bellman errors.
In this work, convergence speed was the main concern, ridtaedimited represen-
tation power, so the value function and the Bellman errocfiom were assumed to
be exactly representable.

More recently, Keller et al. (2006) proposed a method th#lbvics similar
lines, but that explicitly addresses the approximate dageombining LSTD with
Bellman-error based BF construction. At every BF constoucstep, this method
computes a linear projection of the state space onto a spasith points with
similar Bellman errors are close to each other. Several nes/@e defined in this
projected space. Then, the augmented set of BFs is usedé¢oagena new LSTD so-
lution, and the cycle repeats. Parr et al. (2008) showedritalicy evaluation with
linear parametrization, the Bellman error can be decompimge two components: a
transition error component and a reward error componedtpasposed adding new
BFs defined in terms of these error components.

Nonparametric approximators as methods for basis functiorconstruction

As previously explained in Section 3.3, some nonparamapfproximators can be
seen as methods to automatically generate BFs from the Al&yaical example is
kernel-based approximation, which, in its original fornengrates a BF for every
sample considered. An interesting effect of nonparamaproximators is that they
adapt the complexity of the approximator to the amount oflalke data, which is
beneficial in situations where obtaining data is costly.

When techniques to control the complexity of the nonparamapproximator
are applied, they can sometimes be viewed as BF selectiorin§tance, regular-
ization techniques were used in LSTD-Q by Farahmand et @09&2) and in fitted
Q-iteration by Farahmand et al. (2009b). (In both of thesesahowever, the advan-
tage of regularization is a reduced functional complexityhe solution, while the
computational complexity is not reduced.) Kernel spamiftn techniques also fall
in this category (Xu et al., 2007; Engel et al., 2003, 2008yall as sample selection
methods for regression tree approximators (Ernst, 2005).

3.6.3 Remarks

Some of the methods for automatic BF discovery work offling.(éMenache et al.,
2005; Mahadevan and Maggioni, 2007), while others adaHswhile the DP/RL

algorithm is running (e.g., Munos and Moore, 2002; Ratitati Rrecup, 2004). Since
convergence guarantees for approximate value iteratidapproximate policy eval-
uation typically rely on a fixed set of BFs, adapting the BFBnaninvalidates these
guarantees. Convergence guarantees can be recoveredibpgiisat BF adaptation
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is stopped after a finite number of updates; fixed-BF proofistban be applied to
guarantee asymptotic convergence (Ernst et al., 2005).

The presentation above has not been exhaustive, and BFsodredound using
various other methods. For instance, in (Mahadevan, 20@G#ddevan and Mag-
gioni, 2007), a spectral analysis of the MDP transition dgita is performed to
find BFs for use with LSPI. Because the BFs represent the lymaigitopology of
the state transitions, they provide a good accuracy in sgoténg the value func-
tion. Moreover, while we have focused above on the popularagh of finding
linearly parameterized approximators, nonlinearly partamzed approximators can
also be found automatically. For example, Whiteson ande&{aa06) introduced an
approach to optimize the parametargithe structure of neural network approxima-
tors for a tailored variant of Q-learning. This approach kgdan episodic tasks, and
optimizes the total reward accumulated along episodes.

Finally, note that a fully worked-out example of finding arpamximator auto-
matically is beyond the scope of this chapter. Instead, wextiihe interested reader
to Section 4.4, where an approach to optimize the approxinfat a value itera-
tion algorithm is developed in detail, and to Section 4.%Here this approach is
empirically evaluated.

3.7 Approximate policy search

Algorithms for approximate policy search represent thécgapproximately, most
often using a parametric approximator. An optimal parametetor is then sought
using optimization techniques. In some special cases dleygparametrization may
represent an optimal policy exactly. For instance, whertrtdresition dynamics are
linear in the state and action variables and the reward fuméd quadratic, the op-
timal policy is linear in the state variables. So, a linearapaetrization in the state
variables can exactly represent this optimal policy. Hasvew general, optimal poli-
cies can only be represented approximately.

Figure 3.15 (repeated from the relevant part of Figure $a2)vs in a graphical
form how our upcoming presentation of approximate poli@resk is organized. In
Section 3.7.1, gradient-based methods for policy seaedescribed, including the
important category of actor-critic techniques. Then, ict®a 3.7.2, gradient-free
policy optimization methods are discussed.

gradient-based policy search,

approximate actor-critic methods

policy search
gradient-free policy search

FIGURE 3.15
The organization of the algorithms for approximate poliegrgh presented next.
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Having completed our review, we then provide a numericahgda involving
policy search for a DC motor in Section 3.7.3.

3.7.1 Policy gradient and actor-critic algorithms

An important class of methods for approximate policy seaailes on gradient-
based optimization. In sugbolicy gradientmethods, the policy is represented using
a differentiable parametrization, and gradient updatesparformed to find param-
eters that lead to (locally) maximal returns. Some poligdignt methods estimate
the gradient without using a value function (Marbach andsildis, 2003; Munos,
2006; Riedmiller et al., 2007). Other methods compute amagmate value func-
tion of the current policy and use it to form the gradientrestie. These are called
actor-criticmethods, where the actor is the approximate policy and ttie i the
approximate value function. By extension, policy gradiemthods that do not use
value functions are sometimes calladtor-onlymethods (Bertsekas, 2007, Section
6.7).

Actor-critic algorithms were introduced by Barto et al. 889 and have been in-
vestigated often since then (Berenji and Khedkar, 1992p8ut al., 2000; Konda
and Tsitsiklis, 2003; Berenji and Vengerov, 2003; Borkd02, Nakamura et al.,
2007). Many actor-critic algorithms approximate the pplad the value function
using neural networks (Prokhorov and Wunsch, 1997; PBrdze, 2001; Liu et al.,
2008). Actor-critic methods are similar to policy iteratjovhich also improves the
policy on the basis of its value function. The main differeng that in policy iter-
ation, the improved policy is greedy in the value functias,,iit fully maximizes
this value function over the action variables (3.46). Intcast, actor-critic methods
employ gradient rules to update the policy imligectionthat increases the received
returns. The gradient estimate is constructed using theefahction.

Some important results for policy gradient methods have loeeeloped under
the expected average return criterion for optimality. Werdifiore discuss this set-
ting first, in a temporary departure from the main focus of ek, which is the
discounted return. We then return to the discounted settind present an online
actor-critic algorithm for this setting.

Policy gradient and actor-critic methods for average retuns

Policy gradient and actor-critic methods have often beeergin the average return
setting (see also Section 2.2.1). We therefore introduesetmethods in the average-
return case, mainly following the derivation of Bertseka®(7, Section 6.7). We
assume that the MDP has a finite state-action space, but apgeopriate condi-
tions these methods can also be extended to continuousastite spaces (see, e.g.,
Konda and Tsitsiklis, 2003).

Consider a stochastic MDP with a finite state spAce {xi,...,Xy}. a finite
action spac&) = {uy,...,Uy}, a transition functiorf of the form (2.14), and a re-
ward functionp. A stochastic policy of the fornh: X x U — [0,1] is employed,
parameterized by the vectfre R-". This policy takes an actiomin statex with the
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probability:
P(ulx) = ﬁ(x,u;ﬁ)

The functional dependence of the policy on the parametdoretust be designed
in advance, and must be differentiable.
The expected average retuof statexy under the policy parameterized Byis:

1 K
Rﬁ (XO) = |<||an RE ukwﬁ@k,.;ﬁ) { ;p(xk, uk7Xk+l)}
Nera~ f (o) LK

Note that we have directly highlighted the dependence ofeten on the parameter
vectord, rather than on the polidy. A similar notation will be used for other policy-
dependent quantities in this section.

Under certain conditions (see, e.g., Bertsekas, 2007,t€hdjp the average re-
turn is the same for every initial state, i.B% (xg) = #? for all xo € X, and together
with the so-calleddifferential V-function,V? : X — R, satisfies the Bellman equa-
tion: B

N
A7V (6) =7 06)+ 3 17060V () (3.56)
i=1
The differential value of a statecan be interpreted as the expected excess return,
on top of the average return, obtained freifikonda and Tsitsiklis, 2003). The other
guantities appearing in (3.56) are defined as follows:

o 7 XxX— [0,1] gives the state transition probabilities under the policy
considered, from which the influence of the actions has betegriated out?
These probabilities can be computed with:

<

2 06,%0) = S [0, uj59) F O, u5,%0)]
=1

e p? : X — R gives the expected rewards obtained from every state byotieyp
considered, and can be computed with:

Z|

M _
Z Xl7u11 (f(xi7uj7xl )ﬁ(xl,ub ))
=1 |=1

Policy gradient methods aim to find a (locally) optimal pgliwithin the class
of parameterized policies considered. An optimal polickimézes the average re-
turn, which is the same for every initial state. So, a parametctor that (locally)

12For simplicity, a slight abuse of notation is made by usintp denote both the original transition
function and the transition probabilities from which thei@es have been factored out. Similarly, the
expected rewards are denotedyike the original reward function.
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maximizes the average return must be found. To this endgypgliadient methods
perform gradient ascent on the average return:
0%’

99 tao (3.57)

wherea is the step size. When a local optimum has been reached, alléegt is
zero, i.e. 2 03 =0.

The core problem is to estimate the gradi%g. By differentiating the Bellman
equation (3.56) with respect t and after some calculations (see Bertsekas, 2007,
Section 6.7), the following formula for the gradient is dbead:

73 ), S (9T 0ix) 0,
-5 2 [ +izl< pul V(x,))] (3.58)

wherel? (x) is the steady-state probability of encountering the statghen us-
ing the policy given by$. Note that all the gradients in (3.58) ar&-dimensional
vectors.

The right-hand side of (3.58) can be estimated using sinaumaas proposed,
e.g., by Marbach and Tsitsiklis (2003), and the convergearidbe resulting pol-
icy gradient algorithms to a locally optimal parameter vecan be ensured under
mild conditions. An important concern is controlling theieace of the gradient es-
timate, and Marbach and Tsitsiklis (2003) focused on thibfem. Munos (2006)
considered policy gradient methods in the continuous-tettng. Because the usual
methods to estimate the gradient lead to a variance thatsgrevy large as the sam-
pling time decreases, other methods are necessary to keepriance small in the
continuous-time case (Munos, 2006).

Actor-critic methods explicitly approximate the V-funati in (3.58). This ap-
proximate V-function can be found, e.g., by using variarftthe TD, LSTD, and
LSPE techniques adapted to the average return settingsélart, 2007, Section 6.6).

The gradient can also be expressed in terms of a Q-functioicivean be defined
in the average return setting by using the differential Wefion, as follows:

ﬁ,%’

Z|

Q"0 u) = 5 [Fouix0) (B0 uyox) =27 V7 ()

Using the Q-function, the gradient of the average returntmamvritten as (Sutton
et al., 2000; Konda and Tsitsiklis, 2000, 2003):

0%9 le [ (x,uj)Q x| u,)(pg(xi,uj)} (3.59)

wherew? (x;,uj) = {? (x Dh(x, uj;?) is the steady-state probability of encountering
the state-action paii;, u;) when using the policy considered, and:

1 ah(x,uj;9)

9 . N 3
‘X xU R U =
97 XxU = RT, g7 06,up) Roq,u;9) 09

(3.60)
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The functiong? is regarded as a&ector of state-action BE$or reasons that will
become clear shortly. It can be shown that (3.59) is equabtdtdn et al., 2000;
Konda and Tsitsiklis, 2003):

b N M
o= 2,3 [wt P @l )

where the exact Q-function has been substituted by its weigleast-squares pro-
jection (3.35) onto the space spanned by the BEsSo, in order to find thexact
gradient, it is sufficient to compute approximateQ-function — provided that the
BFs¢?, computed with (3.60) from the policy parametrization,ased. In the liter-
ature, such BFs are sometimes called “compatible” with thiey parametrization
(Sutton et al., 2000) or “essential features” (Bertsek@6,/2Section 6.7). Note that
other BFs can be used in addition to these.

Using this property, actor-critic algorithms that lingadpproximate the Q-
function using the BFs (3.60) can be given. These algoritbomyerge to a locally
optimal policy, as shown by Sutton et al. (2000); Konda anitsiktis (2000, 2003).
Konda and Tsitsiklis (2003) additionally extended theialgsis to the case of con-
tinuous state-action spaces. This theoretical framewa& used by Berenji and
Vengerov (2003) to prove the convergence of an actor-caigorithm relying on
fuzzy approximation.

Kakade (2001) proposed an improvement to the gradient agdanula (3.57),
by scaling it with the inverse of the (expected) Fisher infation matrix of the
stochastic policy (Schervish, 1995, Section 2.3.1), amethy obtaining the so-
called natural policy gradient. Peters and Schaal (2008 Bdratnagar et al. (2009)
employed this idea to develop some natural actor-critiortigms. Riedmiller et al.
(2007) provided an experimental comparison of severatpgiadient methods, in-
cluding the natural policy gradient.

An online actor-critic algorithm for discounted returns

We now come back to the discounted return criterion for oglityy and describe
an actor-critic algorithm for this discounted setting lfextthan in the average-return
setting, as above). This algorithm works online, in proksesith continuous states
and actions. Denote lh(x 9) the (deterministic) approximate policy, parameterized
by 9 € R, and byV (x; 8) the approximate V-function, parameterized @y RN.

The algorithm does not distinguish between the value fonetof different policies,
so the value function notation is not superscripted by tHeypdAlthough a deter-
ministic approximate policy is considered, a stochastlcpaould also be used.

At each time step, an actian is chosen by adding a random, exploratory term to
the action recommended by the poIh(y< 3). This term could be drawn, e.qg., from a
zero-mean Gaussian distribution. After the transitiomTsq to X, 1, an approximate
temporal difference is computed with:

Srok = Mr1 + W (Xie1; 6) — V (% 6k)

This temporal difference can be obtained from the Bellmama#qn for the policy
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V-function (2.20). It is analogous to the temporal diffezerfor Q-functions, used,
e.g., in approximate SARSA (Algorithm 3.12). Once the temapdifference is com-
puted, the policy and V-function parameters are updateld thé following gradient
formulas:

o~

dh(xy; 3 ~

Fr1 =+ Gm% [uk — h(X; 9k)] Orp K (3.61)
oV ;

1 = Bt acy e g, (362)

whereaa x andacy are the (possibly time-varying) step sizes for the actortaed
critic, respectively. Note that the action signal is asstitoebe scalar, but the method
can be extended to multiple action variables.

In the actor update (3.61), due to exploration, the actu gy applied at step
k can be different from the action recommended by the polidyeithe exploratory
actionuy leads to a positive temporal difference, the policy is amidisowards this
action. Conversely, whedrp i is negative, the policy is adjusted away frog This
is because the temporal difference is interpreted as aatameof the predicted per-
formance, so that, e.g., if the temporal difference is pasithe obtained perfor-
mance is considered to be better than the predicted onee tiitic update (3.62), the
temporal difference takes the place of the prediction &rieg) — V (x; 6), where
V(x¢) is the exact value afy, given the current policy. Since this exact value is not
available, it is replaced by the estimage; + y\7(xk+1; 6k) suggested by the Bellman
equation (2.20), thus leading to the temporal difference.

This actor-critic method is summarized in Algorithm 3.13jieh generates ex-
ploratory actions using a Gaussian density with a standevéation that can vary
over time.

ALGORITHM 3.13 Actor-critic with Gaussian exploration.
Input: discount factoyy,
policy parametrizatioﬁ, V-function parametrizatioﬁ,
exploration schedulgoi}y_q, step size scheduld®ia kb {dck }r_o
. initialize parameter vectors, e.d@g <« 0,6y «— 0
: measure initial state,
: for every time stefx=0,1,2,... do
Uk < h(Xg; 9x) + U, whereu~ .47(0, i)
applyuy, measure next stai@, 1 and rewardy, 1

A

Orpk = M1+ W (X5 6k) —V (% 6k)

1 = O+ Ak P58 Uy — h(x 9] Srpk

Okr1= 6+ Ofc,k% OtD K
: end for

©®e® N o rwdhR
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3.7.2 Gradient-free policy search

Gradient-based policy optimization is based on the assomghat the locally op-
timal parameters found by the gradient method are good énoligis may be
true when the policy parametrization is simple and wellesliito the problem at
hand. However, in order to design such a parametrizatioor, pnowledge about a
(near-)optimal policy is required.

When prior knowledge about the policy is not available, aheic policy
parametrization must be used. In this case, the optimizatiterion is likely to have
many local optima, and may also be nondifferentiable. Théans that gradient-
based algorithms are unsuitable, and global, gradieetdpimization algorithms
are required. Even when a simple policy parametrizationlmlesigned, global
optimization can help by avoiding local optima.

Consider the DP/RL problem under the expected discountechreriterion. De-
note byh(x;9) the approximate policy, parameterized Byc R-". Policy search

algorithms look for an optimal parameter vector that max@sithe returiR"(:%)(x)

for all x € X. WhenX is large or continuous, computing the return for every ini-
tial state is not possible. A practical procedure to circamtthis difficulty requires
choosing a finite seXy of representative initial states. Returns are estimatdy on
for the states irXp, and the score function (optimization criterion) is the giged
average return over these states:

() = R:9) (3.63)
(9) XoZ%W(Xo) (x0)

wherew : Xo — (0,1] is the weight functiort® The return from each representative
state is estimated by simulation. A numbem\gf: > 1 independent trajectories are
simulated from every representative state, and an estiofdbe expected return is
obtained by averaging the returns obtained along theselsarajectories:

- Nvc K
R (xg) = = 3 ;vkﬁmo.k,h(mo.k;m,xio,m) (3.64)
k=

Nuc i &1

For each trajectorip, the initial statex;, o is equal taxg, and actions are chosen with
the policyh, which means that fdt > 0:

Xio7k+l ~ f (Xio,kv h(xio,k; 7‘9)7 )

If the system is deterministic, a single trajectory suffj¢es,Nyc = 1. In the stochas-
tic case, a good value fodyc will depend on the problem at hand. Note that this
Monte Carlo estimation procedure is similar to a rollout&.

The infinite-horizon return is approximated by truncatiagle simulated trajec-
tory afterK steps. A value oK that guarantees that this truncation introduces an

13More generally, a densitw Gver the initial states can be considered, and the scoréidanis then
Exgit() {R“<'5f*19)(xo)}, i.e., the expected value of the return when- W(-).
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error of at mosgyc > 0 can be chosen using (2.41), repeated here:

K= Pogyww (3.65)

In the stochastic context, Ng and Jordan (2000) assumedvtikalality of a
simulation model that offers access to the random variadhi@éng the stochastic
transitions. They proposed to pregenerate sequencesuels/r these random vari-
ables, and to use the same sequences when evaluating elieyy pois leads to a
deterministic optimization problem.

Representative set of initial states and weight function.The setXy of represen-
tative states, together with the weight functisndetermines the performance of the
resulting policy. Of course, this performance is in generdly approximately op-
timal, since maximizing the returns from states{gcannot guarantee that returns
from other states iiX are maximal. A good choice ofy andw will depend on the
problem at hand. For instance, if the process only needs twobt&olled starting
from a known se,; of initial states, theny should be equal t&,it, or included

in it when Xyt is too large. Initial states that are deemed more important®e as-
signed larger weights. When all initial states are equatigartant, the elements of
Xo should be uniformly spread over the state space and idéwiights equal t%
should be assigned to every elemenkgf

A wide range of gradient-free, global optimization techugq can be employed
in policy search, including evolutionary optimizationdg.genetic algorithms, see
Goldberg, 1989), tabu search (Glover and Laguna, 1997Agmatearch (Torczon,
1997; Lewis and Torczon, 2000), the cross-entropy methaodbifigtein and Kroese,
2004), etc. For instance, evolutionary computation wadiegpo policy search by
Barash (1999); Chin and Jafari (1998); Gomez et al. (20065nQ et al. (2007,
Chapter 3), and cross-entropy optimization was applied lanmor et al. (2003).
Chang et al. (2007, Chapter 4) described an approach to fimdiey oy using the
so-called “model-reference adaptive search,” which isalprelated to the cross-
entropy method. In Chapter 6 of this book, we will employ thess-entropy method
to develop a policy search algorithm. A dedicated algorithat optimizes the pa-
rameters and structure of neural network policy approxargawvas given by White-
son and Stone (2006). General policy modification heusdstiere proposed by
Schmidhuber (2000).

In another class of model-based policy search approackas,aptimal actions
are sought online, by executing at every time step a seamtopen-loop sequences
of actions (Hren and Munos, 2008). The controller selectequence leading to
a maximal estimated return and applies the first action & skijuence. Then, the
entire cycle repeaf$! The total number of open-loop action sequences grows expo-
nentially with the time horizon considered, but by limititige search to promising
sequences only, such an approach can avoid incurring exeessnputational costs.

14This is very similar to how model-predictive control workddciejowski, 2002; Camacho and Bor-
dons, 2004).
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Hren and Munos (2008) studied this method of limiting the patational cost in
a deterministic setting. In a stochastic setting, opem-leegquences are suboptimal.
However, some approaches exist to extend this open-lodpspiphy to the stochas-
tic case. These approaches model the sequences of randwmitidres by scenario
trees (Birge and Louveaux, 1997; Dupacova et al., 2000)agtidnize the actions
attached to the tree nodes (Defourny et al., 2008, 2009).

3.7.3 Example: Gradient-free policy search for a DC motor

In this example, approximate, gradient-free policy sedsdpplied to the DC mo-
tor problem introduced in Section 3.4.5. In a first experimengeneral policy
parametrization is used that does not rely on prior knowdegdnereas in a second
experiment, a tailored policy parametrization is derivemdf prior knowledge. The
results obtained with these two parametrizations are cospa

To compute the score function (3.63), a ¥gtof representative states and a
weight functionw have to be selected. We aim to obtain a uniform performance
across the state space, so a regular grid of representtfes & chosen:

Xo={-m,—-2mn/3,—m/3,...,m} x {—16m,—12m,—8m,...,16m}

and these initial states are weighted uniformiyvixg) = ﬁ, where the number

of states igXp| = 63. A maximum errokgyc = 0.01 is imposed in the estimation of
the return. A bound on the reward function (3.28) for the DGQanproblem can be
computed with:

[Pllo = Sup}_XIQreka - RrewUE|
XU

5 0 T
= ‘—[ann] [o 0.01] {1674 —0.01.102‘
~ 7561

To find the trajectory lengtK required to achieve the precisiafc, the values of
&vc, || P, andy = 0.95 are substituted into (3.65); this yields= 233. Because the
problem is deterministic, simulating multiple trajectsifrom every initial state is
not necessary; instead, a single trajectory from everialrgtate will suffice.

We use the global, gradient-free pattern search algorithaptimize the policy
(Torczon, 1997; Lewis and Torczon, 2000). The algorithnoissidered convergent
when the score variation decreases below the threshgle 0.01 (equal togyc).®

Policy search with a general parametrization

Consider first the case in which no prior knowledge about itemal policy is avail-
able, which means that a general policy parametrizationt tneisised. The linear

15We use the pattern search algorithm from tBenetic Algorithm and Direct Search Toolbakt
MATLAB 7.4.0. The algorithm is configured to use the thresteplland to cache the score values for
the parameter vectors it already evaluated, in order talaesiomputing them. Besides these changes, the
default settings of the algorithm are employed.
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policy parametrization (3.12) is chosen:

R N
h(x) = _;@ (X9 =T ()9

Axis-aligned, normalized RBFs (see Example 3.1) are defingtth their centers
arranged on an equidistant<77 grid in the state space. All the RBFs are identical
in shape, and their widthy along each dimensiod is equal tobgz/z, whereb); is
the distance between adjacent RBFs along that dimensierg(itl step). Namely,
by = 2% ~ 1.05 andb), = 32T ~ 16.76, which lead td; ~ 0.55 andb, ~ 14037.
In total, 49 parameters (forx¥ 7 RBFs) must be optimized.

Pattern search optimization is applied to find an optimaapeater vectoid *,
starting from an identically zero parameter vector. Fighifes6 shows the policy ob-
tained and a representative trajectory that is controliethts policy. The policy is
largely linear in the state variables (within the satumationits), and leads to a good
convergence to the zero state.

h(a,a’) [V] 0

10% 0102 .03 04 05 06 07 08

o’ [rad/s]

0 01, 0.2 03 .04 .05 .06 0.7 0.8

or——o

0 2 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
a [rad] tls]

(a) Policy. (b) Controlled trajectory fromg = [—77,0]".

FIGURE 3.16
Results of policy search with the general policy paramatian for the DC motor.

In this experiment, the pattern search algorithm requi@t7B s to converge.
This execution time is larger than for all other algorithnppléed earlier to the
DC motor (grid Q-iteration and fitted Q-iteration in Secti®d.5, and LSPI in Sec-
tion 3.5.7), illustrating the large computational demawisolicy search with general
parametrizations.

Policy search spends the majority of its execution timevesting the score func-
tion (3.63), which is a computationally expensive operatkor this experiment, the
score of 11440 different parameter vectors had to be cordpurigl convergence.
The computational cost of evaluating each parameter veatobe decreased by tak-
ing a smalleiXg or largereyc andepg, at the expense of a possible decrease in control
performance.
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Policy search with a tailored parametrization

In this second part of the example, we employ a simple polanametrization that
is well suited to the DC motor problem. This parametrizai®werived by using
prior knowledge. Because the system is linear and the refuadion is quadratic,
the optimal policy would be a linear state feedback if thest@ints on the state and
action variables were disregarded (Bertsekas, 2007,d®e812)16 Now taking into
account the constraints on the action, we assume that a gggrd>amation of an
optimal policy is linear in the state variables, within thanstraints on the action:

h(x;9) = sat{d1xq + 92X, —10,10} (3.66)

where “sat” denotes saturation. In fact, an examinatiomefrtear-optimal policy in
Figure 3.5(b) on page 67 reveals that this assumption isliaoprrect: the only non-
linearities appear in the top-left and bottom-right coenafrthe figure; they are prob-
ably due to the constraints on the state variables, whicle wet taken into account
when deriving the parametrization (3.66). We employ thistad parametrization to
perform policy search. Note that only 2 parameters must biengged, significantly
fewer than the 49 parameters required by the general patiaatitn used earlier.
Figure 3.17 shows the policy obtained by pattern searchmizdtion, together
with a representative controlled trajectory. As expediee policy closely resembles
the near-optimal policy of Figure 3.5(b), with the exceptiof the nonlinearities
in the corners of the state space. The trajectory obtainats@s close to the near-
optimal one in Figure 3.5(c). Compared to the general-patdpation solution of
Figure 3.16, the policy varies more quickly in the lineartpor, which results in a
more aggressive control signal. This is because the tdiloaeametrization can lead
to a large slope of the policy, whereas the wide RBFs usedguorEi3.16 lead to a
smoother interpolation. The score obtained by the polidyiglire 3.17 is—229.25,
slightly better than the score 6f230.69 obtained by the RBF policy of Figure 3.16.
The execution time of pattern search with the tailored patamation was ap-
proximately 75s. As expected, the computational cost isimamealler than for the
general parametrization, because only 2 parameters mostiogized, instead of 49.
This illustrates the benefits of using a compact policy p&taization that is appro-
priate for the problem at hand. Unfortunately, deriving aprapriate parametriza-
tion requires prior knowledge, which is not always avaalllhe execution time is
larger than that of grid Q-iteration in Section 3.4.5, whigds 780 s for the fine grid
and Q06 s for the coarse grid. It has the same order of magnitudieeasxecution
time of LSPIin Section 3.5.7, which was 23 s when using exalitpimprovements,
and 58 s with approximate policy improvements; but it is $erahan the execution

18 This optimal linear state feedback is given by:
h(x) = Kx= —y(yBTY B+ Reew) *BTYAX
whereY is the stabilizing solution of the Riccati equation:
Y = AT[WY — Y B(YBTY B+ Reew) BTIA+ Qrew

Substituting A, B, Qrews Rew, @nd y in these equations leads to a state feedback gaiK e
[-1116,—0.67" for the DC motor.
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time 2151 s of fitted Q-iteration. To enable an easy compams$all these execution
times, they are collected in Table 3.
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(a) Policy. (b) Controlled trajectory fronxg = [—71,0]T.
FIGURE 3.17

Results of policy search with the tailored policy paranzettion (3.66) on the DC motor. The
policy parameter i$* = [-16.69, —1]".

TABLE 3.1

Execution time of approximate DP and RL algorithms for therd@or problem.
Algorithm Execution time [s]
grid Q-iteration with a coarse grid .06
grid Q-iteration with a fine grid B0
fitted Q-iteration 2151
LSPI with exact policy improvement 23
LSPI with exact policy approximation 58
policy search with a general parametrization 18173
policy search with a tailored parametrization 75

17Recall that all these execution times were recorded on a BCanilntel Core 2 Duo T9550 2.66 GHz
CPU and with 3 GB RAM.
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3.8 Comparison of approximate value iteration, policy iteation,
and policy search

This section provides a general, qualitative comparisoappiroximate value itera-
tion, approximate policy iteration, and approximate ppbearch. A more specific
comparison would of course depend on the particular alymstconsidered and on
the problem at hand.

Approximate value iteration versus approximate policy iteration

Offline approximate policy iteration often converges in aimumber of iterations,
possibly smaller than the number of iterations taken byraffipproximate value it-
eration. This was illustrated for the DC motor example, iricil. SPI (Section 3.5.7)
converged faster than grid Q-iteration (Section 3.4.5)weleer, this does not mean
that approximate policy iteration is computationally lesnanding than approxi-
mate value iteration, since approximate policy evaluaisoa difficult problem by
itself, which must be solved at every single policy iterati©ne advantage of ap-
proximate value iteration is that it usually guarantees/eogence to a unique solu-
tion, whereas approximate policy iteration is generallly@uaranteed to converge
to a sequence of policies that all provide a guaranteed ¢dyrformance. This was
illustrated in Section 3.5.7, where LSPI with policy apgroation converged to a
limit cycle.

Consider now the approximate policy evaluation step of gyolteration, in
comparison to approximate value iteration. Some approenpalicy evaluation
algorithms closely parallel approximate value iteratiom @onverge under similar
conditions (Section 3.5.1). However, approximate poligglegation can addition-
ally benefit from the linearity of the Bellman equation for@ipy’s value function,
e.g., (2.7), whereas the Bellman optimality equation, Wicicaracterizes the optimal
value function, e.g., (2.8), is highly nonlinear due to thaxmization in the right-
hand side. A class of algorithms for approximate policy eaibn exploit this linear-
ity property by solving a projected form of the Bellman edoa{Section 3.5.2). One
advantage of such algorithms is that they only require tipeagmator to be linearly
parameterized, whereas in approximate value iteratioappeoximator must lead to
contracting updates (Section 3.4.4). Moreover, some detlagorithms, such as
LSTD-Q and LSPE-Q, are highly sample-efficient. Howeveiisadvantage of these
algorithms is that their convergence guarantees typicatiyire a sample distribu-
tion identical with the steady-state distribution under flolicy being evaluated.

Approximate policy search versus approximate value iterabn and policy
iteration

For some problems, deriving a good policy parametrizatsingiprior knowledge
may be easier and more natural than deriving a good valugifumngarametrization.
If a good policy parametrization is available and this pagtiimation is differentiable,
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policy gradient algorithms can be used (Section 3.7.1)hS&lgorithms are backed
by useful convergence guarantees and have moderate cdropataemands. Pol-
icy gradient algorithms have the disadvantage that theyocéyfind local optima
in the class of parameterized policies considered, and rsaysaffer from slow
convergence.

Note that the difficulty of designing a good value functiomgraetrization can be
alleviated either by automatically finding the parametgpmximator (Section 3.6)
or by using nonparametric approximators. Both of theseoogtirequire less tun-
ing than a predefined parametric approximator, but may &s&r¢he computational
demands of the algorithm.

Even when prior knowledge is not available and a good polemametrization
cannot be obtained, approximate policy search can stilldeuliin its gradient-
free forms, which do not employ value functions (Section3.70ne situation in
which value functions are undesirable is when value-fumchiased algorithms fail
to obtain a good solution, or require too restrictive assiong. In such situations, a
general policy parametrization can be defined, and a glgbatlient-free optimiza-
tion technique can be used to search for optimal paramdthese techniques are
usually free from numerical problems — such as divergendefitaity — even when
used with general nonlinear parametrizations, which ighmtase for value and pol-
icy iteration. However, because of its generality, thisrapgh typically incurs large
computational costs.

3.9 Summary and discussion

In this chapter, we have introduced approximate dynamignamming (DP) and ap-
proximate reinforcementlearning (RL) for large or contimg-space problems. After
explaining the need for approximation in such problemsapestric and nonparamet-
ric approximation architectures have been presented., Bpgmoximate versions for
the three main categories of algorithms have been descrfaek iteration, policy
iteration, and policy search. Theoretical results havenipeevided and the behavior
of representative algorithms has been illustrated usingarical examples. Addi-
tionally, techniques to automatically determine valuection approximators have
been reviewed, and the three categories of algorithms heee bompared. Exten-
sive accounts of approximate DP and RL, presented fromrdifteperspectives, can
also be found in the books of Bertsekas and Tsitsiklis (19R6é)vell (2007); Chang
et al. (2007); Cao (2007).

Approximate DP/RL is a young, but active and rapidly expagdfield of re-
search. Important challenges still remain to be overcontieigfield, some of which
are pointed out next.

When the problem considered is high-dimensional and pmawhkedge is not
available, it is very difficult to design a good parametiigatthat does not lead to
excessive computational costs. An additional, relateficdify arises in the model-
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free (RL) setting, when only a limited amount of data is afali. In this case,
if the approximator is too complex, the data may be insuffici® compute its
parameters. One alternative to designing the approximatadvance is to find a
good parametrization automatically, while another opt#oto exploit the powerful
framework of nonparametric approximators, which can aklseibwed as deriving a
parametrization from the data. Adaptive and nonparamafijicoximators are often
studied in the context of value iteration and policy itesat{Sections 3.4.3, 3.5.3, and
3.6). In policy search, finding good approximators autooadif is a comparatively
underexplored but promising idea.

Actions that take continuous values are important in maoplems of practical
interest. For instance, in the context of automatic constabilizing a system around
an unstable equilibrium requires continuous actions tadestoattering, which would
otherwise damage the system in the long run. However, in RFRAR continuous-
action problems are more rarely studied than discretemptioblems. A major diffi-
culty of value iteration and policy iteration in the contous-action case is that they
rely on solving many potentially difficult, nonconcave maidation problems over
the action variables (Section 3.2). Continuous actionseasger to handle in actor-
critic and policy search algorithms, in the sense that ekptiaximization over the
action variables is not necessary.

Theoretical results about approximate value iteratioditi@ally rely on the
requirement of nonexpansive approximation. To satisfg teiquirement, the ap-
proximators are often confined to restricted subclassemeid parameterizations.
Analyzing approximate value iteration without assumingexpansiveness can be
very beneficial, e.g., by allowing powerful nonlinearly gareterized approximators,
which may alleviate the difficulties of designing a good pagtrization in advance.
The work on finite-sample performance guarantees, outlimekection 3.4.4, pro-
vides encouraging results in this direction.

In the context of approximate policy iteration, least-sggdechniques for policy
evaluation are very promising, owing to their sample efficieand ease of tuning.
However, currently available performance guaranteestesé algorithms require
that they process relatively many samples generated usfixgd policy. From a
learning perspective, it would be very useful to analyze tmege techniques behave
in online, optimistic policy iteration, in which the poliég not kept fixed for a long
time, butis improved once every few samples. Promising gogbresults have been
reported using such algorithms, but their theoretical ustdading is still limited (see
Section 3.5.6).

The material in this chapter provides a broad understarafiagproximate value
iteration, policy iteration, and policy search. In orderd®epen and strengthen this
understanding, in each of the upcoming three chapters &eitr@etail a particular
algorithm from one of these three classes. Namely, in Clhdptemodel-based value
iteration algorithm with fuzzy approximation is introdukeheoretically analyzed,
and experimentally evaluated. The theoretical analykistiates how convergence
and consistency guarantees can be developed for apprexibfat In Chapter 5,
least-squares policy iteration is revisited, and sevextdrsions to this algorithm
are introduced and empirically studied. In particular, aniree variant is devel-
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oped, and some important issues that appear in online RLmapha&sized along
the way. In Chapter 6, a policy search approach relying orgthdient-free cross-
entropy method for optimization is described and expertaiBnevaluated. This
approach highlights one possibility for developing tecjugs that scale better to
high-dimensional state spaces, by focusing the computatity on important initial
states.



4

Approximate value iteration with a fuzzy
representation

This chapter introduces fuzzy Q-iteration, an algorithm dpproximate value it-
eration that relies on a fuzzy representation of the Q-fonctThis representation
combines a fuzzy partition defined over the state space witisaetization of the
action space. The convergence and consistency of fuzzegr@tiin are analyzed.
As an alternative to designing the membership functiongterfuzzy partition in
advance, a technique to optimize the membership functisimguhe cross-entropy
method is described. The performance of fuzzy Q-iterasogvaluated in an exten-
sive experimental study.

4.1 Introduction

Value iteration algorithms (introduced in Section 2.3)rsbdor the optimal value
function, and then employ a policy that is greedy in this eafunction to control
the system. In large or continuous spaces, the value funotigst be approximated,
leading to approximate value iteration, which was intraetlim Section 3.4.

In this chapter, we design and study in detail an algorithnafgproximate value
iteration, building on — and at the same time adding depthttee-knowledge gained
in the previous chapters. We exploit the fuzzy approxinrgpiaradigm (Fantuzzi and
Rovatti, 1996) to develofuzzy Q-iterationan algorithm for approximate Q-iteration
that represents Q-functions using a fuzzy partition of theesspace and a discretiza-
tion of the action space. Fuzzy Q-iteration requires a maddlworks for problems
with deterministic dynamics. The fuzzy sets in the pantitiwe described by mem-
bership functions (MFs), and the discrete actions are waldmeforehand from the
(possibly large or continuous) original action space. Thea@@e of a given state-
discrete action pair is computed as a weighted sum of paemethere the weights
are given by the MFs. The fuzzy representation can thereflgebe seen as a lin-
early parameterized approximator, and in this context tikes ldre state-dependent
basis functions.

In addition to the fuzzy approximator, an important new depment in this
chapter is a variant of fuzzy Q-iteration that works asyodously, by employing
the most recently updated values of the parameters at eggloisthe computation.

117
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This variant is calleédisynchronous fuzzy Q-iteratiofihe original algorithm, which
keeps the parameters unchanged while performing the catiqmg of the current
iteration, is calledsynchronous fuzzy Q-iteratioim order to differentiate it from the
asynchronous variant. For the sake of conciseness, the tiapzg Q-iteration” is
used to refer collectively to both of these variants; emunfthe statement “fuzzy
Q-iteration converges,” it should be understood that ble¢hasynchronous and syn-
chronous variants are convergent. Whenever the distmbiétween the two variants
is important, we use the “synchronous” and “asynchronouslifjers.

Two desirable properties of algorithms for approximatesgateration are con-
vergence to a near-optimal value function and consistebogsistency means the
asymptotical convergence to the optimal value functiorhasapproximation accu-
racy increases. By using the theoretical framework of npaagive approximators
developed in Section 3.4.4, and by extending this frameworkandle the asyn-
chronous case, we show that fuzzy Q-iteration asymptdticainverges to a fixed
point. This fixed point corresponds to an approximate Q-ioncthat lies within a
bounded distance from the optimal Q-function; moreoves,dtboptimality of the
Q-function obtained after a finite number of iterations sodbounded. Both of these
Q-functions lead to greedy policies with a bounded subagttyn Additionally, in
a certain sense, the asynchronous algorithm convergeasitds fast as the syn-
chronous one. In a second part of our analysis, we also shaviuhzy Q-iteration
is consistent: under appropriate continuity assumptiorne process dynamics and
on the reward function, the approximate Q-function congsitp the optimal one as
the approximation accuracy increases.

The accuracy of the solution found by fuzzy Q-iteration ¢allg depends on
the MFs. In its original form, fuzzy Q-iteration require®tiFs to be designed be-
forehand. Either prior knowledge about the optimal Q-fiorcts required to design
good MFs, or many MFs must be defined to provide a good covenageesolution
over the entire state space. Neither of these approachaysaorks well. As an
alternative to designing the MFs in advance, we considerthadeo optimize the
location and shape of a fixed number of MFs. This method baléoghe class of
approximator optimization techniques introduced in $et8.6.1. To evaluate each
configuration of the MFs, a policy is computed with fuzzy @rétion using these
MFs, and the performance of this policy is estimated by satioh. Using the cross-
entropy method for optimization, we design an algorithmgtraize triangular MFs.

The theoretical analysis of fuzzy Q-iteration providesfasnce in its results.
We complement this analysis with an extensive numericalexperimental study,
which is organized in four parts, each focusing on diffet@syects relevant to the
practical application of the algorithm. The first examplestrates the convergence
and consistency of fuzzy Q-iteration, using a DC motor peobl The second ex-
ample employs a two-link manipulator to demonstrate thectfof interpolating the
actions, and also to compare fuzzy Q-iteration with fittele@ation (Algorithm 3.4).
In the third example, the real-life control performance wfdy Q-iteration is illus-
trated using an inverted pendulum swing-up problem. Fasehbree examples, the
MFs are designed in advance. In the fourth and final examipdeeffects of opti-
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mizing the MFs are studied in the classical car-on-thebdahchmark (Moore and
Atkeson, 1995; Munos and Moore, 2002; Ernst et al., 2005).

Next, Section 4.2 describes fuzzy Q-iteration. In Secti®) the convergence,
consistency, and computational demands of fuzzy Q-itamagire analyzed, while
Section 4.4 presents our approach to optimize the MFs. @edtb describes the
experimental evaluation outlined above, and Section 46ed the chapter with a
summary and discussion.

4.2 Fuzzy Q-iteration

Fuzzy Q-iteration belongs to the class of value iteratigoathms with parametric
approximation (Section 3.4.1). Similarly to other alglnits in this class, it works
by combining the Q-iteration mapping (2.22) with an appnexiion mapping and
a projection mapping. After introducing the fuzzy approation mapping and the
projection mapping used by fuzzy Q-iteration, the two \amsiof the algorithm are
described, namely synchronous and asynchronous fuzzgr@tidn.

4.2.1 Approximation and projection mappings of fuzzy Q-iteation

Consider a deterministic Markov decision process (MDPg (Section 2.2.1). The
state spac¥ and the action spaté of the MDP may be either continuous or discrete,
but they are assumed to be subsets of Euclidean spaceshatittiet Euclidean norm
of the states and actions is well-defined.

Fuzzy approximation

The proposed approximator relies on a fuzzy partition ofdtate space and on a
discretization of the action space. The fuzzy partitiotxKafontainaN fuzzy setsy;,
each described by a membership function (MF):

Ui : X —[0,1]

wherei =1,...,N. A statex then belongs to each sewith a degree of membership
Hi(x). The following requirement is imposed on the MFs:

Requirement 4.1 Each MF has its maximum at a single point, i.e., for every i¢he
exists a uniquej¥or which i (x;) > pi(X) ¥x# x;. Additionally, the other MFs take
zero values atixi.e., ly(x) =0 Vi’ #i.

This requirement will be useful later on for obtaining a pjon mapping that
helps with the convergence of fuzzy Q-iteration, as wellapfoving consistency.
Because the other MFs take zero values;init can be assumed without loss of
generality thag; (%) = 1, and hence; is normal. The statg is then called theore
of theith MF.
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Example 4.1 Triangular fuzzy partitions. A simple type of fuzzy partition that
satisfies Requirement 4.1 can be obtained as follows. Fdr siate variabley,
whered € {1,...,D} andD = dim(X), a numbeNy of triangular MFs are defined
as follows:
Cd2 —Xd
Xg) = max| 0, 7>
®.1(Xa) ( Caz— Ca1
Xd —Cdj—1 Cdi+1—Xd
Cdj —Cdji-1 Cdi+1— Cd;
Xd — Cd Ng—1 >
Cd,Ng — Cd,Ng—1
wherecy 1,...,Cq N, are the cores along dimensidnand must satisfyg; < --- <
CqNy- These cores fully determine the shape of the MFs. The spaigesshould be
contained in the support of the MFs, i.&4,€ [Cq.1,Cq N, ] ford =1,...,D. Adjacent
single-dimensional MFs always intersect at a level .8f 0he product of each com-
bination of single-dimensional MFs thus gives a pyramidpstD-dimensional MF
in the fuzzy partition ofX. Examples of single-dimensional and two-dimensional
triangular partitions are given in Figure 4.1. O

%,i(xd):max{oymin< )}, fori=2,....Ng—1

iy () = max(o,
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(a) A set of single-dimensional trian- (b) Two-dimensional MFs, obtained by combining
gular MFs, each shown in a different two sets of single-dimensional MFs, each identical to
line style. the set in Figure 4.1(a).

FIGURE 4.1 Examples of triangular MFs.

Other types of MFs that satisfy Requirement 4.1 can be obdaie.g., by using
higher-order B-splines (Brown and Harris, 1994, Ch. 8a(tgular MFs are second-
order B-splines), or Kuhn triangulations combined with ymantric interpolation
(Munos and Moore, 2002; Abonyi et al., 2001). Kuhn triangjolas can lead to a
smaller number of MFs than triangular or B-spline partitipim the latter types of
partitions, the number of MFs grows exponentially with theehsionality of the
state space. Although fuzzy Q-iteration is not limited fanigular MFs, these will
nevertheless be used in the examples, because they arenthleiMFs that satisfy
the requirements for the convergence and consistency afigloeithm.

Requirement 4.1 can be relaxed so that other MFs can takeermralues at
the corex; of a given MFi. If these values are sufficiently small, fuzzy Q-iteration
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can still be proven to converge to a near-optimal solutioextgnding the results of
Tsitsiklis and Van Roy (1996). This relaxation allows othgres of localized MFs,
such as Gaussian MFs. Note that, in practice, fuzzy Q-iteratan indeed diverge
when the other MFs have too large valueg;at

Until now, the approximation over the state space was dészuisTo approximate
over the (continuous or discrete) action spliea discrete subset of actiokly is
chosen:

Ug={ujlujeV,j=1,.... M} (4.1)

The fuzzy approximator stores a parameter ve@taith n= NM elements. Each
parameterd; ;; corresponds to the MF-discrete action p@i, uj), whereli, j] =
i+ (J — 1)N denotes the scalar index corresponding &md j. To compute the Q-
value of the state-action pafk,u), first the actionu is discretized by selecting a
discrete actiom; € Ug that is closest ta:

j € argminfju—uj||2
j/

where|| - || denotes the Euclidean norm of the argument. Then, the ajppate
Q-value is computed as a weighted sum of the paramétgfs. . ., O, jj:

N
Qxu) = > a(X)8;
2 6

where the weightg (x) are the normalized MFs (degrees of fulfillmeht):

_ KX
@x) = SV (4.2)

This entire procedure can be written concisely as the foligvapproximation
mapping

N N
Qxw) =[FO))xu) = Y 098y

wherej € argmin/|u— uj||2
J'/

(4.3)

To ensure thak (9) is a well-defined function, any ties in the minimization fr¢n3)
have to be broken consistently. In the sequel we assumehthaate broken in favor
of the smallest index that satisfies the condition. For a figesdich an approximator
is constant over each subset of actibhsj = 1,...,M, defined by:
ey, i |.|U—.t1j||2 < IIl{/— Uyl2 for all j'# ], and: (4.4)
j < ' foranyj’# j such thatju—uj|[2 = [lu—uj||2

1The MFs are already normal (see the discussion after Reqeite4.1), but they may not yet be
normalized because their sum may be different from 1 for some valugs Tfie sum of normalized MFs
must be 1 for any value of
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where the second condition is due to the manner in which tie®mken. The sets
U; form a partition ofU.

Note that (4.3) describes a linearly parameterized appratdar (3.3). More
specifically, the fuzzy approximator is closely relatedite tiscrete-action, linearly
parameterized approximators introduced in Example 3.é@xtknds these approxi-
mators by introducing an explicit action discretizationgedure. In this context, the
normalized MFs can be seen as state-dependent basis fuswtifeatures (Bertsekas
and Tsitsiklis, 1996).

Interpretation of the approximator as a fuzzy rule base

We next provide an interpretation of the Q-function appnaedor as the output of a
fuzzy rule base (Kruse et al., 1994; Klir and Yuan, 1995; Yad hangari, 1999).
Consider a so-called Takagi-Sugeno fuzzy rule base (Ta&adiSugeno, 1985;
Kruse et al., 1994, Section 4.2.2), which describes thdioalship between inputs
and outputs using if-then rules of the form:

R : if xis x; theny = g;(x) (4.5)

wherei € 1,... N is the index of the rulex € X is the input variable (which for now
does not need to be the state of an MDR),..., xn are the input fuzzy sety,e Y

is the output variable, angh,...,gn : X — Y are the (algebraic) output functions.
The input and output variables can be scalars or vector$ tazy sety; is defined

by an MFp; : X — [0,1] and can be seen as describing a fuzzy region in the input
space, in which the corresponding consequent expresslds.foparticular inpuk
belongs to each fuzzy set (regiog)with membership degreg (x). The output of

the rule base (4.5) is a weighted sum of the output functgpnehere the weights
are the normalized MFgq (see again (4.2)):

N
y= _;fn(X)gi ) (4.6)

In this expression, if is a vector (which means thgi(x) is also a vector), algebraic
operations are understood to be performed element-wise. tNat, more generally
than in (4.5), the consequents can also be propositionseofaitmy is %, where
2, ...,9% are fuzzy sets defined over the output space. The fuzzy rekeresulting
from this change is called a Mamdani rule base (Mamdani, 1Riti&se et al., 1994,
Section 4.2.1).

With this framework in place, we can now interpret the Q-fiimapproximator
as a Takagi-Sugeno fuzzy rule base that takes the st@$einput and produces as
outputs the Q-valuegs, ..., qu of theM discrete actions:

R 1 if Xis xi thendy = 6 1;02 = 6 25;--- 1w = By (4.7)

where theM outputs have been shown separately to enhance readalil@youtput
functions are in this case constant and consist of the paeastg ;. To obtain the
approximate Q-value (4.3), the action is discretized aediltputy; corresponding
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to this discretized action is selected. This output is comguwvith (4.6), thereby
leading to the approximation mapping (4.3).

In classical fuzzy theory, the fuzzy sets are associatel Wmguistic terms de-
scribing the corresponding antecedent regions. For instahx represents a tem-
perature, the fuzzy sets could be associated with linguigtiues such as “cold,”
“warm,” and “hot.” In fuzzy Q-iteration, the rule base is gily used as an approx-
imator, and the fuzzy sets do not necessarily have to be iagsdavith meaningful
linguistic terms. Nevertheless, if prior knowledge is éafalie on the shape of the
optimal Q-function, then fuzzy sets with meaningful lingfic terms can be defined.
However, such knowledge is typically difficult to obtain dtut actually computing
the optimal Q-function.

Projection mapping

The projection mappingf fuzzy Q-iteration is a special case of the least-squares
projection mapping (3.14), repeated here for easy refetenc

P(Q) = 6%, wheref* c arg min% (Q(x,s,u|S) —[F(8)] (%, u|s))2 (4.8)
6 =1

ls=
in which a set of state action samplgs,,u,) |Is=1,...,ns} is used. In fuzzy Q-
iteration,NM samples are used, obtained as the cross-product betwesst thifeMF
cores{xy,...,Xxn} and the set of discrete actioblg. Due to Requirement 4.1, with
these samples the least-squares projection (4.8) redueesassignment of the form
(3.26), specifically:

Bii.j) = [P(Q)]}i.j) = Q(%i, uj) (4.9)

The parameter vect@ given by (4.9) reduces the least-squares error for the sampl
considered to zero:

N M

Q(xi, uj) — [F(8)](xi, uj ~o
3 3 (Qesu) - F(@)0x.up)
i=1j=

4.2.2 Synchronous and asynchronous fuzzy Q-iteration

The synchronous fuzzy Q-iteratioalgorithm is obtained by using the approxima-
tion mapping (4.3) and the projection mapping (4.9) in thpragimate Q-iteration
updates given by (3.15), and also repeated here:

0.1 = (PoToF)(6)) (4.10)

The algorithm starts with an arbitrary initial parametectee 6 € R" and stops
when the difference between two consecutive parameteonsedecreases below a
thresholdey,, i.e., when||6,11 — 6| < &€q. A near-optimal parameter vectét =
6y, 1 is obtained.

Because all the Q-functions considered by fuzzy Q-itenadi® of the forni (6),
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they are constant in every regioi given by (4.4). Therefore, when computing max-
imal Q-values, it suffices to consider only the discretecanstinUq:2

max{F (8)](x,u) = maxF (8)](x, ;)

By exploiting this property, the following discrete-aativersion of the Q-iteration
mapping can be used in practical implementations of fuziteation:

[Ta(Q)](x,u) = p(x,u) + vmjaxQ( f(xu),uj) (4.11)
Each iteration (4.10) can be implemented as:
B 1= (PoTyoF)(6) (4.12)

without changing the sequence of parameter vectors olotaiffee maximization
overU in the original updates has been replaced with an easiemnizedion over
the discrete sdfly, which can be solved by enumeration. Furthermore, the norms
(4.3) no longer have to be computed to implement (4.12).

Synchronous fuzzy Q-iteration using the update (4.12) eawiitten in a proce-
dural form as Algorithm 4.1. To establish the equivalende/ken Algorithm 4.1 and
the form (4.12), notice that the right-hand side of line 4 Ig@ithm 4.1 corresponds
to [Ta(F (6))](xi,uj). Hence, line 4 can be written 88, 1 j; j; < [(PoTao F)(6,)]
and the entirdor loop described by lines 3-5 is equivalent to (4.12).

ALGORITHM 4.1 Synchronous fuzzy Q-iteration.
Input: dynamicsf, reward functiorp, discount factoy,
MFsq@,i=1,...,N, set of discrete actioridy, thresholdgy,
1: initialize parameter vector, e.ddy < 0
2: repeatat every iteratiod = 0,1,2,...
3 fori=1,...,N,j=1,...,Mdo
ZE 6/ 1,ij) — P(%i,uj) +ymaxy SO, @ (f (%, 7)) O v i
5
6

end for
: Until le(g,]_ - 95“00 S gQI
Output: 6* =641

Algorithm 4.1 computes the new parametérs; using the parametes found
at the previous iteration, which remain unchanged througtiee current iteration.
Algorithm 4.2 is a different version of fuzzy Q-iterationathmakes more efficient
use of the updates: at each step of the computation, the lgpested values of

2This property would also hold if, instead of pure discretam, a triangular fuzzy partition would
be defined over the action space, since the maximal Q-valoetdvalways be attained in the cores of
the triangular MFs (recall that triangular MFs lead to nimiéiar interpolation). Such a partition may be
helpful in a model-free context, to extract informationrfr@ction samples that do not fall precisely on
the MF cores. In this chapter, however, we remain within a eibdsed context, where action samples
can be generated at will.
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ALGORITHM 4.2 Asynchronous fuzzy Q-iteration.
Input: dynamicsf, reward functiorp, discount factowy,
MFsq@,i=1,...,N, set of discrete actioridy, thresholdgy,
1: initialize parameter vector, e.ddy < 0
2: repeatat every iteratiod = 0,1,2,...

3: 60— 6

4 fori=1,...,N,j=1,...,Mdo

5: Bi.j) — P (%, uj) +ymaxy S5 @ (f(x,u)) 6
6: end for

7 9[+1<— 6

8: until ||6y+1— /]| < €
Output: 68* = 6,1

the parameters are employed. Since the parameters areedpaan asynchronous
fashion, this version is calledsynchronous fuzzy Q-iteratiom Algorithm 4.2 the
parameters are shown being updated in sequence, but oysiarslll holds even if
they are updated in any order.

Either of the two variants of fuzzy Q-iteration produces apraximately opti-

mal Q-functionF (6*). A greedy policy in this Q-function can then be employed to
control the system, i.e., a policy that satisfies (3.16):

h*(x) € argmaF (8%)](x,u)

Like before, because the Q—functiﬁrﬁé*) is constant in every regidd;, the compu-
tation of the greedy policy can be simplified by only considigthe discrete actions
in Ug:
h*(x) = uj-, wherej* € argmafF (8*)](x,u;) (4.13)
i

The notatiorﬁ* is used to differentiate this policy from a policﬁf that is greedy
in F(6*), where@* is the parameter vector obtained asymptotically, as « (see
Section 4.3.1):

h*(x) = uj-, wherej* € argmaxF (6)](x,u;) (4.14)
i

Itis also possible to obtain a continuous-action policypgshe following heuris-
tic. For any state, an action is computed by interpolatingvben the best local ac-
tions for every MF core, using the MFs as weights:

h(x) = i(g(x)ujr, wherej’ € argjma*F(@*)](xi,uj) (4.15)

The indexj; corresponds to a locally optimal action for the cereFor instance,
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when used with triangular MFs (cf. Example 4.1), the intémpon procedure (4.15)
is well suited to problems where (near-)optimal policies lacally affine with re-
spect to the state. Interpolated policies may, however, peaa choice for other
problems, as illustrated in the example below. Theoretjoakantees about policies
of the form (4.15) are therefore difficult to provide, and #relysis of Section 4.3
only considers discrete-action policies of the form (4.13)

Example 4.2 Interpolated policies may perform poorly. Consider the problem
schematically represented in Figure 4.2(a), in which atafgst avoid an obstacle.

bstacl .
membership

degree n

W H

* robot Xy position x

robot position
(a) An obstacle avoidance problem. (b) Membership functions.
interpolated
action interpolated

action
locally
optimal
action

robot

locally
optimal
action

(c) Locally optimal and interpolated actions, with(d) Chosen action and outcome, with the MFs and
the MFs repeated in gray color. the locally optimal actions repeated in gray color.

robot
position

FIGURE 4.2
An obstacle avoidance problem, where interpolation betvse locally optimal actions leads
to undesirable behavior.

Two MFs are defined for the position variable, and the robloidated at the mid-
point of the distance between the coxeandx, of these two MFs, see Figure 4.2(b).
As shown in Figure 4.2(c), the action of steering left is lhcaptimal for the MF
core to the left of the robot, while the action of steerindntigs locally optimal for
the MF core to the right. These actions are locally optimablse they would take
the robot around the obstacle, if the robot were locatedarréspective cores. How-
ever, interpolating between these two actions at the rslootrent position makes it
(incorrectly) move forward and collide with the obstacle saen in Figure 4.2(d). In
this problem, rather than interpolating, a good policy vdoapply either of the two
locally optimal actions, e.g., by randomly picking one cérttn O
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4.3 Analysis of fuzzy Q-iteration

Next, we analyze the convergence, consistency, and cotignahcomplexity of
(synchronous and asynchronous) fuzzy Q-iteration. Speadifj in Section 4.3.1, we
show that fuzzy Q-iteration is convergent and we charazgéhie suboptimality of its
solution, making use of the theoretical framework devetbgerlier, in Section 3.4.4.

In Section 4.3.2, we prove that fuzzy Q-iteration is comsisti.e., that its solution
asymptotically converges Q* as the approximation accuracy increases. These re-
sults show that fuzzy Q-iteration is a theoretically soulgghathm. In Section 4.3.3,

the computational complexity of fuzzy Q-iteration is bryedixamined.

4.3.1 Convergence

In this section, the following theoretical results about#y Q-iteration are
established:

e Synchronous and asynchronous fuzzy Q-iteration asyngpibticonverge to
a fixed point (parameter vectdd) as the number of iterations grows.

e Asynchronous fuzzy Q-iteration converges faster than lssorous fuzzy Q-
iteration, in a well-defined sense that will be describeerlat

e For any strictly positive convergence threshalg, synchronous and asyn-
chronous fuzzy Q-iteration terminate in a finite number efations.

e The asymptotically obtained parameter vedidryields an approximate Q-
function that is within a bound of the optimal Q-functiongathe correspond-
ing greedy policy has a bounded suboptimality. Similar ttsuhold for the
parameter vecto* obtained in a finite number of iterations.

Theorem 4.1 (Convergence of synchronous fuzzy Q-iteratigrsynchronous fuzzy
Q-iteration (Algorithm 4.1) converges to a unique fixed poin

Proof: To prove convergence, we use the framework of nonexpanspregima-
tors developed in Section 3.4.4. In this framework, the eogence of approximate
Q-iteration is guaranteed by ensuring that the composifgimgPo T o F is a con-
traction in the infinity norm. For synchronous fuzzy Q-itiéwa, this will be done by
showing thaF andP are nonexpansions.

Since the approximation mappirkg (4.3) is a weighted linear combination of
normalized MFs, it is a nonexpansion. Formally:

N

;fﬂ(x)e[i.j] - ifﬂ(x)e

(Wherej € argminy [[u— uy/||2)

@098~ 6|

|[F(8)](x,u) — [F(8")](x,u)| =

HMZ
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N
S

<66l

where the last step is true because the sum of the normaligsdi¥k) is 1. SinceP
consists of a set of assignments (4.9), it is also a noneimans

Additionally, T is a contraction with factoy (see Section 2.3), and therefore
PoToF is also a contraction with factqy, i.e., for any8, 6’

[(PoToF)(8) = (PoToF)(8')]lo < y[6— 60w

So0,PoT oF has a unique fixed poir@*, and synchronous fuzzy Q-iteration con-

verges to this fixed point as— . O
In the sequel, a concise notation of asynchronous fuzzyef@tibn is needed.
Recall thatn = NM, and thati, j] =i+ (j — 1)N, with [i,j] € {1,...,n} fori €

{1,...,N} andj € {1,...,M}. Define for alll =0,...,n, recursively, the mappings
S :R" - R"as:

S(6) =16

PoToF)(S_1(0)))y if I’ =1
5@ = [(PeToP)E-2(O)) i1
[S-1(0)]y if I"e{1,...;n}\{I}

So, § for | > 0 corresponds to updating the filsparameters using approximate
asynchronous Q-iteration, aisd is a complete iteration of the algorithm.

Theorem 4.2 (Convergence of asynchronous fuzzy Q-iterati) ~ Asynchronous
fuzzy Q-iteration (Algorithm 4.2) converges to the samalfp@nt as synchronous
fuzzy Q-iteration.

Proof: We first show tha§, is a contraction with factoy < 1, i.e., that for any, 6':
1S0(8) — Sh(8")[leo < V1|6 — 6'[]o
This is done by induction, element by element. By the definitf §, the first ele-
ment is only updated b$;:
|[S1(0)]1— [Sh(8)]1] = [[S1(8)]1 — [S1(8")]1 ]
=|[(PoToF)(8)]1—[(PoToF)(8)]
<606
The last step in this equation is true becaBsdl o F is a contraction. Furthermore,
S, is a honexpansion:
151(8) — S1(8")]|es = max{ [[(PoT o F)(8)]1 — [(PoT o F) (&)1,
<max{y||6 — 0'||w,[|0 — O'[|co, ..., |0 — O'||o }
<1160~ 0||es
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We now prove thdth step, thus completing the induction. Assume thatlfor
., — 1, the following relationships hold:

|[S0(O)ly — [Sn(8")]1r| =[S ()] — [S/(8")]1| < VIO — 0o
1S/(8) =S/ (8")]loo < 1|6 — 6|

Then, the contraction property for thit element of5, can be proven as follows:

|[S0(0))1 — [Sa(8")]i| = [[Si (&)1 — [Si(8")]1]
=[[(PoToF)(§-1(8))li —[(PoToF)(S-1(8")]|

< VIS-1(6) = S-1(8")|
<y[6— 6

Furthermore, théth intermediate mapping is a nonexpansion:

I1S(8) — Si(8)[leo = max{ |[S1(6)]1 — [S(8)]a] -, [[S-2(8)]i -1 — [S-1(8)]i-1],
[(PoToF)(§-1(8)) — [(PoToF)(S-1(8")li],

81— 04|, |6 — 61|}
<max{y[6—6'[lw,..., V[0 — 6|,
VII6 — 6],
16— 6o, ..., 1|6 — 6|0 }
<[16—6

So, for anyl, |[Si(8)]i — [Sh(8)]i] < v]|@ — 0'||», Wwhich means tha, is a contrac-
tion with factory < 1. Therefore, asynchronous fuzzy Q-iteration has a unicpee fi
point.

The fixed point@* of PoT o F can be shown to be a fixed point §f using a
very similar, element-by-element procedure, which is rie¢ry here. Sincé&, has
a uniquefixed point, this has to b@*. Therefore, asynchronous fuzzy Q-iteration
asymptotically converges #", and the proof is complete. O

This proof is actually more general, showing that approx@é@synchronous Q-
iteration converges for any approximation mappignd projection mapping for
which Po T o F is a contraction. Note that a similar result holds &actasyn-
chronous V-iteration (Bertsekas, 2007, Sec. 1.3.2).

We show next that asynchronous fuzzy Q-iteration conveatlesst as fast as the
synchronous version, i.e., that in a given number of iterej the asynchronous algo-
rithm takes the parameter vector at least as close to thegoietlas the synchronous
one. For that, we first need the following monotonicity lemimathe sequel, vector
and vector function inequalities are understood to befgadiglement-wise.

Lemma 4.1 (Monotonicity) If 8 < €', then(PoToF)(0) < (PoToF)(6') and
$H(6) < \(8).

Proof: To show thatPo T o F is monotonic, we will show in turn that (), (i) T,
and (iii) F are monotonic.
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(i) GivenQ < Q, it follows that for alli, j:
Q(Xi,Uj) < Q’(X@,Uj)

This is equivalent tP(Q)];i j; < [P(Q)]};,jj, SOP is monotonic.
(i) Given Q < Q, it follows that, for any state-action p&ix, u):

maxQ(f (x, u), u') < maxQ'(f(xu), )

By multiplying both sides of the equation lpyand then adding (x,u), we obtain:
PO, U) + ymaxQ(f (x,u),u) < p(x,u) + ymaxQ (f (x,u), @)
u/

which is equivalent tgT (Q)](x,u) < [T(Q)](x,u), soT is monotonic.
(ii) Given 6 < @', it follows that:

N N
Zl(n(x)e[i*” < Zl(n(x)e[’i’”, wherej € argminjju—uj||2
i= i= /

This is equivalent tdF (8)](x,u) < [F(6’)](x,u), soF is monotonic. Because, T,
andF are all monotonic, soiBoToF.

Next, the asynchronous Q-iteration mappiggis shown to be monotonic by
induction, using a derivation similar to that in the proofldfeorem 4.2. For the first
element ofS;:

[Sh(0)]1=[S1(8)]1 = [(PoToF)(6)l1
<[(PoToF)(8)]1=[Su(6)]1=[S(6")lx

where the monotonicity property &o T o F was used. The intermediate mapping
S is monotonic:

S1(8) =[[(PoToF)(6)]1, 62, 6"
<[[(PoToF)(68')]1,65,....61" = Su(6')

We now prove thdth step, thus completing the induction. Assume thatlfoe
1,...,1—1, the mapping§ are monotonic:

S/(6) <S/(9)
Then, the monotonicity property for théh element of5, can be proven as follows:
[Si(0)) =[S (6)li =[(PoToF)(S-1(6))l
<[(PoToF)(S-1(8)))i = [S(8)]i = [S(8")]

where the monotonicity dPo T o F and§ _; was used. Furthermore, thih inter-
mediate mapping is also monotonic:

S (6) [[Sl(e)]l xX) [S—l(e)h—l’ [(POT o F)(S—l(e))h B, en]T
<[[Su8)1--,[S-12(8")]i-1,[(PoToF)(S-1(8))]1, 61, -, 6] = S ()
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Therefore, for any, [Sh(0)]) < [Sy(0")]), i.e.,S, is monotonic, which concludes the
proof. O

Asynchronous fuzzy Q-iteration converges at least as fagha synchronous
algorithm, in the sense thétiterations of the asynchronous algorithm take the pa-
rameter vector at least as close@b as/ iterations of the synchronous algorithm.
This is stated formally as follows.

Theorem 4.3 (Convergence rate)lf a parameter vectorf satisfies6 < (PoT o
F)(0) < 6% then:
(PoToF)“(8) < S(0) (>1

where §(0) denotes the composition of(®) ¢-times with itself, i.e., §6) = (Syo
Sho---0%)(6), and similarly for(Po T o F)!(8).

Proof: The theorem will be proven by induction énFirst, take/ = 1, for which
the following must be proven:

(PoToF)(B8) <S(0) <6
By assumption(Po T o F)(68) < 8*. It remains to be shown that:

$:(6) < 6° (4.16)
(PoToF)(8) <S(0) (4.17)

Equation (4.16) follows by applying, to each side of the inequality < 6, which
is true by assumption. BecauSgis monotonic, we obtain:

Si(6) <S\(67) =6

where the last step is true becauBeis the fixed point ofS,. The inequality (4.17)
can be shown element-wise, in a similar way to the proof ais monotonic
(Lemma 4.1). So, this part of the proof is omitted.

We now prove théth step, thus completing the induction. Assuming that:

(PoToFl}l <Sﬁl_ 6) < 6"

we intend to prove:

(PoToF Sfl <0*
which can be split into three inequalltles:
(PoToF) (0) < 6" (4.18)
(6) <67 (4.19)
(PoToF) (8) < S(6) (4.20)

To obtain (4.18), we applpo T oF to both sides of the equatigRo T o F ) () <
6%, and use the fact th&o T o F is monotonic and has the fixed poifit. The
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inequality (4.19) can be obtained in a similar way, by exjigithe properties o8,.
To derive (4.20), we start from:

(PoToF)"*(6) <& %(6)

and applys, to both sides of this equation, using the fact that it is moniat
S ((POTOF)‘*—l(e)) <S (ﬁ—l(e)) . e,
S ((PoToF)(6)) <S\(6) (4.21)

Notice that(Po T o F)!~1(0) satisfies a relationship similar to that assumedan
the body of the theorem, namely:

(PoToF)"}(6) < (PoToF) ((PoToF)"X(0)) < 6"

So, by replacing with (PoT oF)‘~1(8) in (4.17), the following (valid) relationship
is obtained:

(PoToF) ((PaToF)4(8)) <& ((PoToF)X8)), ie,
(PoToF)(8) <& ((PoToF)%(0))

Combining this inequality with (4.21) leads to the desiresuit (4.20), and the proof
is complete. O

Note that a similar result holds in the context of exact (§yonoous versus asyn-
chronous) V-iteration (Bertsekas, 2007, Sec. 1.3.2). Biselt of Theorem 4.3 will
not be needed for the analysis in the sequel.

In the remainder of this section, in addition to examining éisymptotical prop-
erties of fuzzy Q-iteration, we also consider an implemgéoathat stops when
18741 — B¢l < &1, With a convergence threshodd, > 0 (see Algorithms 4.1 and
4.2). This implementation returns the solutiBh = 6y,,1. Such an implementation
was given in Algorithm 4.1 for synchronous fuzzy Q-iteratiand in Algorithm 4.2
for asynchronous fuzzy Q-iteration.

Theorem 4.4 (Finite termination) For any choice of thresholel, > 0 and any ini-
tial parameter vectofy € R", synchronous and asynchronous fuzzy Q-iteration stop
in a finite number of iterations.

Proof: Consider synchronous fuzzy Q-iteration. Because the magpgpd T o F
is a contraction with factoy < 1 and fixed poinB*, we have:
16042 — 0| = [|(PoToF)(6;) — (PoToF)(6%)llw
< V116 — 67|
By induction, |6, — 8*|lw < y*||60 — 8*||« for any ¢ > 0. By the Banach fixed

point theorem (see, e.g., Istratescu, 2002, Ch83)is bounded. Because the ini-
tial parameter vectof, is also bounded|6p — 6| is bounded. Using the notation
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Bo = ||6o — 8[|, it follows thatBg is bounded and thaft, — 6*||., < y*By for any
¢ > 0. Therefore, we have:

16041 — 6l|co < |61 — 070+ |60 — B0
<Y(y+1)Bg

Using this inequality, for anyg > 0, a number of iterationd,, that guarantees
[|6.+1— 6|l < €x can be chosen as:

Therefore, the algorithm stops in at masiterations. BecausBg is boundedL is
finite.

The proof for asynchronous fuzzy Q-iteration proceedséstime way, because
the asynchronous Q-iteration mappifgis also a contraction with factgr< 1 and
fixed point6*. O

The following bounds on the suboptimality of the resultingpeoximate Q-
function and policy hold.

Theorem 4.5 (Near-optimality) Denote by%r.p C £ the set of fixed points of the
mapping Fo P, and define the minimum distaddeetween @and any fixed point of

FoP: ¢ =mingc g, |Q° — Q. The convergence poifit of asynchronous and
synchronous fuzzy Q-iteration satisfies:

265
1-y

1Q"—F(6")lw < (4.22)

Additionally, the parameter vectdd* obtained by asynchronous or synchronous
fuzzy Q-iteration in a finite number of iterations, with a¢bholdey,, satisfies:

* Nx ZC*+VS
1Q = F(8) o < == (4.23)
-y
Furthermore:
i 4G
QM e < Q! 4.24
1Q-Q" o= 70 (4.24)
2y(2¢3, + Yea)
QN < — - 2L (4.25)
e

where é is the Q-function of a polich* that is greedy in F6*) (4.14) and Q‘ is
the Q-function of a polich* that is greedy in F6*) (4.13)

3For simplicity, we assume that this minimum distance exl§thie minimum does not exist, thegy,
should be taken so thalY' € Frop with [|Q' — Q*[lw < &5
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Proof: The bound (4.22) was given in Section 3.4.4, and only reliethe prop-
erties of the fixed poin®* and mappings$-, P, andT, so it applies both to syn-
chronous and asynchronous fuzzy Q-ite@ﬁon.

In order to obtain (4.23), a bound dj®* — 6*||, is derived first. LetL be the
number of iterations after which the algorithm stops, whecfinite by Theorem 4.4.
Therefore 8* = 6, 1. We have:

6L — 6%[| < [|6L11— OL||eo+ ||6L1— 67|
<& tV[6— 6w

where the last step follows from the convergence condifin 1 — 6. || < &y and
from the contracting nature of the updates (see also thd pfddeorem 4.4). From
the last inequality, it follows that6 — 6*||. < fTQ'y and therefore that:

X X YEqi
— o < — o < ——
61167l < ¥18L 6" < 72

which is equivalent to:

o] * ng'
— 0o < = :
1= 0o < 12 (4.26)
Using this inequality, the suboptimality of the Q-functiémé*) can be bounded
with:
1Q" —F(8)[lo < Q" —F(6") [l + |F(6") —F(6") |0

<Q —F(8) oo+ 16" — 8]leo

thus obtaining (4.23), where the second step is true bedausea nonexpansion
(which was shown in the proof of Theorem 4.1), and the thiegp gbllows from
(4.22) and (4.26). The bound equally applies to synchroandsisynchronous fuzzy
Q-iteration, because its derivation only relies on the that their updates are con-
tractions with a factoy.

The bounds (4.24) and (4.25), which characterize the subafty of the poli-
cies resulting front(6*) andF(6*), follow from the equation (3.25), also given
in Section 3.4.4. Recall that this equation relates the stilpality of an arbitrary
Q-functionQ with the suboptimality of a polich that is greedy in this Q-function:

2
19— Qe < (1—_VV)HQ*—QIIm (4.27)

4The bound was given in Section 3.4.4 without a proof. The bimmot difficult to develop, and
we refer the reader who wishes to understand how this can e wo(Tsitsiklis and Van Roy, 1996,
Appendices), where a proof is given in the context of V-iiera The same remark applies to (4.27).
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To obtain (4.24) and (4.25), this inequality is applied te @-functiond=(6*) and
F(§*), using their suboptimality bounds (4.22) and (4.23). O

Examining (4.23) and (4.25), it can be seen that the subagitinof the solution
computed in a finite number of iterations is given by a sum af tarms. The sec-
ond term depends linearly on the precisgnwith which the solution is computed,
and is easy to control by settirgy, as close to 0 as needed. The first term in the
sum depends linearly ogf,, which is in turn related to the accuracy of the fuzzy ap-
proximator, and is more difficult to control. Tlgg-dependent term also contributes
to the suboptimality of the asymptotic solutions (4.22)24). Ideally, the optimal
Q-functionQ* is a fixed point ofF o P, in which caseg;, = 0 and fuzzy Q-iteration
asymptotically converges tQ*. For instanceQ* is a fixed point ofF o P if it is
exactly representable by the chosen approximator, i.tar dll x, u:

N
Q6w = 3 A(XIQ (x,uy),  where] & argrminu-—uy |
i= i’

Section 4.3.2 provides additional insight into the relasioip between the subopti-
mality of the solution and the accuracy of the approximator.

4.3.2 Consistency

Next, we analyze the consistency of synchronous and asynobs fuzzy Q-
iteration. It is shown that the approximate solutl(@*) asymptotically converges
to the optimal Q-functiorQ*, as the largest distance between the cores of adjacent
fuzzy sets and the largest distance between adjacent@isatons both decrease to
0. An explicit relationship between the suboptimalityFaf6*) and the accuracy of
the approximator is derived.

The state resolution ste is defined as the largest distance between any point
in the state space and the nearest MF core. The action rnesosiepd, is defined
similarly for the discrete actions. Formally:

O =sup min_ ||X—Xi||2 (4.28)
xeXi=1...N

Ay =sup. min_|lu—ujll2 (4.29)
uey i=1...M

wherey; is the core of théth MF, andu; is the jth discrete action. Smaller values of
o« andd, indicate a higher resolution. The goal is to show thag|ing, 5,_.0F (8*) =
Q.

We assume thatt andp are Lipschitz continuous, as formalized next.

Assumption 4.1 (Lipschitz continuity) The dynamics f and the reward functipn
are Lipschitz continuous, i.e., there exist finite constdmnt> 0, L, > 0 so that:

[f0x,u) = f(x u)ll2 < L ([Ix—x]2+ [[u—ul]2)
lp(x,u) —p(XU)| < Lo([[x—X]2+ [[u—ul2)
vx,xe X,u,ue U
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We also require that the MFs are Lipschitz continuous.

Requirement 4.2 Every MF @ is Lipschitz continuous, i.e., for every i there exists a
finite constant | > 0 so that:

[a() —aXll2 <Lglx—=x]2, vxxeX
Finally, the MFs should be local and evenly distributed hia tollowing sense.

Requirement 4.3 Every MF@ has a bounded support, which is contained in a ball
with a radius proportional tad. Formally, there exists a finite > 0 so that:

x| @) > 0} € {x| [x—xll2< v&}, Vi

Furthermore, for every x, only a finite number of MFs are noemzEormally, there
exists a finite > 0 so that:

{ila() >0} <k, vx
where|-| denotes set cardinality.

Lipschitz continuity conditions such as those of Assumptol are typically
needed to prove the consistency of algorithms for approtarbde (e.g., Gonzalez
and Rofman, 1985; Chow and Tsitsiklis, 1991). Moreoverenbat Requirement 4.2
is not restrictive; for instance, triangular MFs (Exampl&)4and B-spline MFs are
Lipschitz continuous.

Requirement 4.3 is satisfied in many cases of interest. Btarice, it is satisfied
by convex fuzzy sets with their cores distributed on an (@igtant or irregular) rect-
angular grid in the state space, such as the triangulatipagiof Example 4.1. In
such cases, every poirffalls inside a hyperbox defined by the two adjacent cores
that are closest tgy on each axigl. Some points will fall on the boundary of several
hyperboxes, in which case we can just pick any of these hypesh Given Require-
ment 4.1 and because the fuzzy sets are convex, only the MRghei cores in the
corners of the hyperbox can take nonzero values in the ctaasah Since the num-
ber of corners is 2, whereD is the dimension oK, we have:

{ila(x) >0} <2°

and a choic& = 2P satisfies the second part of Requirement 4.3. Furthermioreg a
any axis of the state space, a given MF will be nonzero oventemial that spans at
most two hyperboxes. From the definitiond&f the largest diagonal of any hyperbox
is 20y, and therefore:

{xla(x) >0} C {x][jx—xill2 <43}

which means that a choice= 4 satisfies the first part of Requirement 4.3.

The next lemma bounds the approximation error introduceelyy iteration of
the synchronous algorithm. Since we are ultimately inteces characterizing the
convergence poinf*, which is the same for both algorithms, the final consistency
result (Theorem 4.6) applies to the asynchronous algoriasmell.
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Lemma 4.2 (Bounded error) Under Assumption 4.1 and if Requirements 4.2 and
4.3 are satisfied, there exists a constagt> 0, €5 = O(d) + O(dy), so that any
sequence of Q-functior®y, Q1,Qz, ... produced by synchronous fuzzy Q-iteration
satisfies:

1Qrs1—T(Q0)le < &5, foranys >0

Proof: Since any Q-functior@ in a sequence produced by fuzzy Q-iteration is of
the formF (9,) for some parameter vectéy, it suffices to prove that any Q-function
Q of the formF (0) for somef satisfies:

I(FoPoT)(Q) = T(Qllw < &

For any pair(x,u):

[(FePoT)(Q](xu) — TQ](x )

_ (Z‘“ (. uJ>> T@Q)](xu)

(wherej € argminy, [[u—uj|[2)

- <21(g { P (%, Uj +ymaxQ( (><i7Uj)7U')D

— [p()g u)+ yrrLgx(j(f(x, u),u/)} ‘

N
(Z\(H(X)P(Xi,uj)) —p(xu)

N
y (Zfﬂ(x) rnu§1><<3(f(>q,uj)7U’)> —maxQ(f(xu), )

<

(4.30)

Note that ma?g@(x, u) exists, becausé can take at mod¥l distinct values for any
fixed x. This is becausé is of the formF(8) given in (4.3) for somed, and is
therefore constant in each 4, for j = 1,...,M. The first term on the right-hand
side of (4.30) is:

N

N
-Zim(x) [p(xi,uj) —p(x,U)]| < ;fn(X)Lp(IIXi — X2+ [Juj —ull2)

N
<Lp [luj- —u||z+;<n(><>|\>q —X|2]
<Lp(du+Kvdy) (4.31)

where the Lipschitz continuity gb was used, and the last step follows from the
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definition of &, and Requirement 4.3. The second term in the right-hand dide o
(4.30) is:

N

5 a0 [qax6<f<xi,uj>, f) - menQ(f )| ‘

<v§i<n

< V.;(H(X) ﬂ?x‘é(f(muj),uj/) —Q(f(x,u),uj)

y

maxQ (%, Uj), Ujr) — maxQ( f (, u),uj/)'
J/

(4.32)

The first step is true becau@is constant in each sétj, for j =1,...,M. The
second step is true because the difference between the mafitwo functions of
the same variable is at most the maximum of the differenceefunctions. Writing
Q explicitly as in (4.3), we have:

~ ~

Q(f (i, uj), uyjr) = Q(F(x

f(xi,uj)) —@/(f(x,u) 64 j]

N
N_
z f(xi,u)) — @ (f(x,u)| 16 ]

(4.33)

Definel’ = {i' | @ (f(%;,u;j)) # 0 or @ (f(x,u)) # 0}. Using Requirement 4.3,'| <
2k. Denotel, = max Ly, (where Requirement 4.2 is employed). Then, the right-
hand side of (4.33) is equal to:

> | (F06,u)) =@ (Fw)| 189l < 5 Lobe(I% —Xll2+ [luj —ull2) 6]
el i’el’
< 2KLgL s ([1% —X[[24 [luj — u][2) ]| 8]]e
(4.34)

Using (4.33) and (4.34) in (4.32) yields:
N ~ ~
Y3, @09 max| QU (X))~ QU (x0).uy)
N
< v;m(X) mjaszLwaum = X[[2+ lJuj = ull2) 6]

N
< 2yKLyLt]/6][ l|uj - “HZ“L.ZL‘”(’QH’“ —Xlzl
i=

< 2yKLgL1[16](du+ KV ) (4.35)

where the last step follows from the definition &f and Requirement 4.3. Finally,
substituting (4.31) and (4.35) into (4.30) yields:

[(FoPoT)(Q)]0xu) — [T(Q))(x )| < (Lo +2yKLoL[|6]) (& + KV ) (4.36)
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Given a bounded initial parameter veci@y, all the parameter vectors considered
by the algorithm are bounded, which can be shown as followshB Banach fixed
point theorem, the optimal parameter vedir(the unique fixed point dPo T o F)

is finite. Also, we have|6, — 0*||. < V/||6o — 0*||. (see the proof of Theorem 4.4).
Sincel|6y — 8*|| is bounded, all the other distances are bounded, and albittzerp
eter vector®, are bounded. LeBg = max o ||6||», Which is bounded. Therefore,
6]| < Bg in (4.36), and the proof is complete with:

g5 = (Lp +2ykLyLBg)(du+ kVvdx) = O(dx) + O(dy)
g

Theorem 4.6 (Consistency)Under Assumption 4.1 and if Requirements 4.2 and 4.3
are satisfied, synchronous and asynchronous fuzzy Qiiterate consistent:

li F(6*)=Q"

Furthermore, the suboptimality of the approximate Q-fiorcsatisfies:
|[F(8") — Q| = O(&x) +O(du)
Proof: First, it will be shown that|F (6*) — Q*||e < 1%‘5), Consider a sequence of

Q-functions@o,@,@z, ... produced by synchronous fuzzy Q-iteration, and let us
establish by induction a bound di®; — T*(Qo)||» for £ > 1. By Lemma 4.2, we
have:

1Q1—T(Qo)l < &5
Assume that for somé> 1, we have:
1Qr— T (Qo)llew < £5(1+y+---+ ¥ (4.37)
Then, for/ + 1:

1Qe+1— T Qo) leo < 1Qrr1— T(Qe)[loo + T (Qe) — T Qo) e
< &5+ YIIQr — TX(Qo)|es
<es+yes(L+y+-+yY Y
<egs(l+y+--+Y)
where in the second step we used Lemma 4.2 and the contractiparty ofT. The

induction is therefore complete, and (4.37) is true for &ny1.
The inequality (4.37) means that for any p@iru), we have:

[T4Qo)] (% u) — e5(1+y+---+y1) < Q(x.u)
< [TYQo)l(x,u) +&5(1+ y+ -+ Y

We take the limit of this pair of inequalities a&s— o, and use the facts that
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lim;_... T/(Qo) = Q* and limy_.., Q; = F(6*) (recall thatQ; is the /th Q-function
produced by synchronous fuzzy Q-iteration, which convetgé& (6*)) to obtain:
&s

Q (xu) — 2 < F(O)]00u) <@ (ew) +2

for any(x,u), which means thatF (6*) — Q*||» < 1£Tév Note that a related bound for
approximate V-iteration was proven along similar lines rtBekas and Tsitsiklis
(1996, Sec. 6.5.3).

Now, using the explicit formula fogs found in the proof of Lemma 4.2:

. . &
lim  |JF(0")—Q"|w=_ lim ——
&_>o7dj_>o” (69 -Q'l &—0y—01—y
— im (Lp +2ykLyLBg)(du+ K V)
3—0,0,—0 1-vy
=0

and the first result of the theorem is proven. Furthermorieguthe same lemma,
f%y = O(&) + O(dy), which implies||F(6*) — Q*||» = O() + O(dy), thus com-
pleting the proof. O

In addition to guaranteeing consistency, Theorem 4.6 ataies the subopti-
mality of the Q-functionF(6*) to the accuracy of the fuzzy approximator. Using
Theorem 4.5, the accuracy can be further related to the suhalty of the policy
h* greedy inF(6*), and to the suboptimality of the solution (Q-functib(6*) and

corresponding policfn*) obtained after a finite number of iterations.

4.3.3 Computational complexity

In this section, the time and memory complexity of fuzzy €rdttion are examined.

It is easy to see that each iteration of the synchronous amithsonous fuzzy Q-
iteration (Algorithms 4.1 and 4.2) require$X¥M) time to run. HereN is the num-

ber of MFs andM is the number of discrete actions, leading to a parameter vec
tor of lengthNM. The complete algorithms consist bfiterations and thus require
O(LN?M) computation. Fuzzy Q-iteration require$\M) memory. The memory
complexity is not proportional tb because, in practice, ay: for which¢’ < ¢ can

be discarded.

Example 4.3 Comparison with least-squares policy iteratin. As an example, we
compare the complexity of fuzzy Q-iteration with that of presentative algorithm
from the approximate policy iteration class, namely lesgiares policy iteration
(LSPI) (Algorithm 3.11). We focus on the case in which botjosithms comput¢he
same number of parametefd each iteration, LSPI performs policy evaluation (with
the least-squares temporal difference for Q-functiongpAthm 3.8) and policy im-
provement. To approximate the Q-function, LSPI typicaltyptoys discrete-action
approximators (Example 3.1), which consistMfstate-dependent basis functions
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andM discrete actions, and haavl parameters. The time complexity of each policy
evaluation is QN3M?3) if “naive” matrix inversion is used to solve the linear syate
of sizeNM. More efficient algorithms than matrix inversion can be oi#d, e.g.,
by incrementally computing the inverse, but the time comipjewill still be larger
than QN?M?). The memory complexity is °M?). Therefore, the asymptotic up-
per bounds on the time complexity per iteration and on the argroomplexity are
worse (larger) for LSPI than for fuzzy Q-iteration.

This comparison should be considered in light of some ingrtrdifferences be-
tween fuzzy Q-iteration and LSPI. The fact that both aldomis employ the same
number of parameters means they empsawilarly, but not identically powerful
approximators: due to Requirements 4.1, 4.2, and 4.3, s af approximators
considered by fuzzy Q-iteration is smaller, and therefess I[powerful. These re-
guirements also enable fuzzy Q-iteration to perform moramatationally efficient
parameter updates, e.g., because the projection is rettueedupdate (4.9). O

4.4 Optimizing the membership functions

The accuracy of the solution found by fuzzy Q-iteration ¢allg depends on the
quality of the fuzzy approximator, which in turn is determihby the MFs and by
the action discretization. We focus here on the problem tdinlmg good MFs, and
assume the action discretization is fixed. The MFs can beydedibeforehand, in
which case two possibilities arise. If prior knowledge aftbe shape of the optimal
Q-function is available to design the MFs, then a moderatetrar of MFs may be
sufficient to achieve a good approximator. However, sucbrpmowledge is often
difficult to obtain without actually computing the optimakQnction. When prior

knowledge is not available, a large number of MFs must be eéfio provide a good
coverage and resolution over the entire state space, ewgaas that will eventually
be irrelevant to the policy.

In this section, we consider a different method, which da#sequire the MFs to
be designed in advance. In this method, parameters enctidiigcation and shape
of the MFs are optimized, while the number of MFs is kept cantstThe goal is to
obtain a set of MFs that are near optimal for the problem ath&mnce the MFs
can be regarded as basis functions, this approach may beleelges a basis function
optimization technique, such as those introduced in Se&i6.1. MF optimization
is useful when prior knowledge about the shape of the optigxéinction is not
available and the number of MFs is limited.

4.4.1 A general approach to membership function optimizatin

Let the (normalized) MFs be parameterized by a ve€tar=. Typically, the param-
eter vecto includes information about the location and shape of the.NDenote
the MFs byg(-;&) : X — R, i=1,...,N, to highlight their dependence dn(where
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the dot stands for the argumedt The goal is to find a parameter vector that leads to
good MFs. In the suboptimality bounds provided by Theorebn the quality of the
approximator (and thereby the quality of the MFs) is indisecepresented by the
minimum distanceg;, betweenQ* and any fixed point of the mappirfgo P. How-
ever, sinceQ” is not availableg;, cannot be directly computed nor used to evaluate
the MFs.

Instead, we propose an score function (optimization éoitgrthat is directly
related to the performance of the policy obtained. Spediificae aim to find an
optimal parameter vectdr* that maximizes the weighted sum of the returns from a
finite setXp of representative states:

(&) = =4 (4.38)
(&) Xo%%W(Xo) (Xo)

The policyh is computed by running synchronous or asynchronous fuzitgr@tion

to (near-)convergence with the MFs specified by the paras&td he representative
states are weighted by the functian Xy — (0, 1]. This score function was discussed
before in the context of basis function optimization, se8%3in Section 3.6.1.

The infinite-horizon return from each representative staie estimated using a
simulated trajectory of lengtK:

K
R"(x0) = %vkp(xk,mxk)) (4.39)
k=

In this trajectoryxc1 = f (X, h(x)) for k > 0. This simulation procedure is a vari-
ant of (3.64), specialized for the deterministic case atergid in this chapter. By
choosing the lengtK of the trajectory using (3.65), a desired precis@iyp can be
guaranteed for the return estimate.

The setXy, together with the weight functiow, determines the performance of
the resulting policy. A good choice & andw will depend on the problem at hand.
For instance, if the process only needs to be controlletirsgairom a known set of
initial states, therXy should be equal to (or included in) this set. Initial states are
deemed more important can be assigned larger weights.

Because each policy is computed by running fuzzy Q-itematith fixed MF
parameters, this technique does not suffer from the coemermproblems associated
with the adaptation of the approximator while running the/RP algorithm (see
Section 3.6.3).

This technique is not restricted to a particular optimizatalgorithm to search
for £*. However, the score (4.38) can generally be a nondiffeablgifunction of
&, with multiple local optima, so a global, gradient-freeigptation technique is
preferable. In Section 4.4.3, an algorithm will be given fimize the locations
of triangular MFs using the cross-entropy (CE) method fairojation. First, the
necessary background on CE optimization is outlined in the section.
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4.4.2 Cross-entropy optimization

This section provides a brief introduction to the CE methaddptimization (Ru-
binstein and Kroese, 2004). In this introduction, the infation presented and the
notation employed are specialized to the application of @timzation for finding
MFs (to be used in fuzzy Q-iteration). For a detailed, gelndeacription of the CE
method, see Appendix B.

Consider the following optimization problem:

réna;xs(f) (4.40)

wheres: = — R is the score function (optimization criterion) to maximiaad the
parameter€ take values in the domaig. Denote the maximum bg‘. The CE
method maintains a probability density with suppoértAt each iteration, a number
of samples are drawn from this density and the score valuéisesk samples are
computed. A (smaller) number of samples that have the bestsare kept, and the
remaining samples are discarded. The probability densitigeén updated using the
selected samples, such that at the next iteration the pilapabdrawing better sam-
ples is increased. The algorithm stops when the score of thist\selected sample
no longer improves significantly.

Formally, a family of probability densitie§p(-;v)} must be chosen, where the
dot stands for the random varialdeThis family has suppo& and is parameterized
by v. At each iteratiorr of the CE algorithm, a numbeN: of samples are drawn
from the densityp(-;v;_1), their scores are computed, and {ie- pcg) quantile
A of the sample scores is determined, with € (0,1). Then, a so-called associated
stochastic problemis defined, which involves estimatimgpttobability that the score
of a sample drawn from(-;v;_1) is at leastA:

Pep(vr_1)(S(6) = At) = Beply,_p {1(S(8) = An)} (4.41)

wherel is the indicator function, equal to 1 whenever its argumsritue, and 0
otherwise.

The probability (4.41) can be estimated by importance sexgpFor this prob-
lem, an importance sampling density is one that increageprbbability of the in-
teresting evens(&) > A;. An optimal importance sampling density in the family
{p(-;v)}, in the smallest cross-entropy (Kullback—Leibler diverge) sense, is given
by a solution of:

argvma>E5Np<,;vrfl) {I(s(&§) > Ar)Inp(&;v)} (4.42)

An approximate solutiom; of (4.42) is computed using:

Nce

v = Vi, wherev} € arg ma>ﬁ\I z 1(s(&.) > A7) Inp(&i;V) (4.43)

cE =1

5|f the score values of the samples are ordered increasimglynalexed such thag < --- < Snee: then
the (1— pce) quantile isAr = Sy pee)Nee] -
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Only the samples that satis§ya;;) > A; contribute to this formula, since the contri-
butions of the other samples are made to be zero by the pradiicthe indicator
function. In this sense, the updated density parameter defyends on these best
samples, and the other samples are discarded.

CE optimization proceeds with the next iteration using the density parame-
terv; (the probability (4.41) is never actually computed). Thelafjed density aims
at generating good samples with higher probability tharotdedensity, thus bring-
ing A1 closer to the optimuns®. The goal is to eventually converge to a density
that generates samples close to optimal value(§)with very high probability. The
algorithm can be stopped when tlie— pce)-quantile of the sample performance
improves fordce > 1 consecutive iterations, but these improvements do naeskc
&ce; alternatively, the algorithm stops when a maximum numlbé@ecationstmay is
reached. Then, the largest score among the samples gehieratethe iterations is
taken as the approximate solution of the optimization gohland the correspond-
ing sample as an approximate location of the optimum. Nae @t optimization
can also use a so-called smoothing procedure to increrhenfadate the density
parameters, but we do not employ such a procedure in thigeh@ee Appendix B
for details on this procedure).

4.4.3 Fuzzy Q-iteration with cross-entropy optimization ¢ the mem-
bership functions

In this section, a complete algorithm is given for findingiof@ MFs to be used
in fuzzy Q-iteration. This algorithm employs the CE methodptimize the cores
of triangular MFs (Example 4.1). Triangular MFs are choseoause they are the
simplest MFs that ensure the convergence of fuzzy Q-iraCE optimization is
chosen as an illustrative example of a global optimizatimhhique that can be used
for this problem. Many other optimization algorithms coblel applied to optimize
the MFs, e.g., genetic algorithms (Goldberg, 1989), tabucse(Glover and Laguna,
1997), pattern search (Torczon, 1997; Lewis and TorczodQR@tc.

Recall that the state space dimension is denoted.bin this section, it is as-
sumed that the state space is a hyperbox centered on the:origi

X = [—Xmax1, Xmax1] X -+ X [~XmaxD, XmaxD]

whereXmaxd € (0,»), d =1,...,D. Separately for each state variablg a trian-
gular fuzzy partition is defined with core valueg; < --- < cq Ny, Which giveNy
triangular MFs. The product of each combination of singleehsional MFs gives
a pyramid-shapeB-dimensional MF in the fuzzy partition &f. The parameters to
be optimized are the (scalar) free cores on each axis. Thafidgdast core values on
each axis are not free, but are always equal to the limitssofiltmainty 1 = —Xmaxd
andcg n, = Xmaxd,» hence, the number of free cores is oNly = zg:l(Nd —2). The
parameter vectof can be obtained by collecting the free cores:

E = [0112,...,C11N1_1, ...... ,CD72,...,CD7ND_1]T
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and has the domain:

N —2 b—2

== (_Xmaxl,xmaxl) X X (_XmaxDaxmaxD)N

The goal is to find a parameter vectgr that maximizes the score function (4.38).
To apply CE optimization, we choose a family of densitieshwitdependent
(univariate) Gaussian components for each ofNpgarameters.The Gaussian den-

sity for theith parameter is determined by its megnand standard deviatioo;.
Using Gaussian densities has the advantage that (4.43) ¢tlasead-form solution
(Rubinstein and Kroese, 2004), given by the mean and stdwigatation of the best
samples. By exploiting this property, simple update rulas be obtained for the
density parameters, see, e.g., line 13 of the upcoming Algor4.3. Note also that
when the Gaussian family is used, the CE method can actuatiyecge to a pre-
cise optimum locatiod *, by letting each univariate Gaussian density converge to a
degenerate (Dirac) distribution that assigns all the podityamass to the valug;*.

This degenerate distribution is obtained fpr= & andg; — O.

Because the support of the chosen densiRNfs, which is larger thax, samples
that do not belong t& are rejected and generated again. The density parameter vec
v consists of the vector of meansand the vector of standard deviatiomseach of
them containind\; elements. The vectorsando are initialized using:

T
f]o = O, UO - [Xmaxl, SN 7Xma)g]_, ...... ,Xma)gD, N 7XmaxﬂD]

where each bounglhaxg is replicated\y — 2 times, ford = 1,...,D. These values
ensure that the samples cover the state space well in thetdiration of the CE
method.

Algorithm 4.3 summarizes fuzzy Q-iteration with CE optimion of the MFs.
Either the synchronous or the asynchronous variant of fz4teration could be
used at line 7 of this algorithm, but the variant should nothanged during the
CE procedure, since the two variants can produce differ@atisns for the same
MFs and convergence threshold. At line 10 of Algorithm 4h& samples are sorted
in an ascending order of their scores, to simplify the subsetiformulas. At line
13, the closed-form update of the Gaussian density parasristemployed. In these
updates, the mathematical operators (e.g., division byataat, square root) should
be understood as working element-wise, separately for el@chent of the vectors
considered. For a description of the stopping condition paihmeters of the CE
method, see again Section 4.4.2 or, for more details, Apgréhd

4.5 Experimental study

We dedicate the remainder of this chapter to an extensivergmpntal study of fuzzy
Q-iteration. This study is organized in four parts, eactufieg on different aspects
relevant to the practical application of the algorithm. Tingt example illustrates the
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ALGORITHM 4.3 Fuzzy Q-iteration with cross-entropy MF optimization.
Input: dynamicsf, reward functiorp, discount factowy,
set of discrete actiorldy, fuzzy Q-iteration convergence threshalg,
representative state§, weight functionw,
CE parameterpce € (0,1), Neg > 2,dce > 2, Tmax > 2, & > 0
T—0
No < 0, 0o« [Xmax1,--«sXmaxls«----- XmaxD - - - » XmaxD
repeat
T—T+1
generate samplesg, ..., én.e from Gaussians given by;_; ando;_
foris=1,...,Ne do
run fuzzy Q-iteration with MFsg (x; &), actiondJy, and thresholdg,
compute scorsg(&;,) of resulting policyh, using (4.38)
end for
reorder and reindex samples sit< - - < sy
At < S[(1—pce)Nee] the (1 — pce) quantile of the sample scores
it < [(1— pce)Nce|, index of the first of the best samples

. 1 N - 1 N ] 2
13 Nt~ Neemiert Yiss, iy Or — \/m Yici, (&is—ne)
14: until (1 >degand [A;_p —Ar_p_q| < &g for =0,...,dcg— 1) OF T = Trax
Output: best sampl€ *, its score, and corresponding fuzzy Q-iteration solution

]T

© N>R ONR

[
N B o

convergence and consistency of fuzzy Q-iteration, usingCanidtor problem. The
second example employs a two-link manipulator to demotesthe effects of action
interpolation, and also to compare fuzzy Q-iteration wittefl Q-iteration. In the

third example, the real-time control performance of fuzzjté€pation is illustrated

using an inverted pendulum swing-up problem. For theseetbramples, the MFs
are designed in advance. In the fourth and final example ftbetg of optimizing the

MFs (with the CE approach of Section 4.4) are studied in thgsital car-on-the-hill
benchmark.

4.5.1 DC motor: Convergence and consistency study

This section illustrates the practical impact of the cogeerce and consistency prop-
erties of fuzzy Q-iteration, using the DC motor problemaaitnced in Section 3.4.5.
The DC motor system is chosen because its simplicity allowensive simulations
to be performed with reasonable computational costs., Firstconvergence rates of
synchronous and asynchronous fuzzy Q-iteration are ecafiiricompared. Then,
the change in solution quality as the approximation powergases is investigated,
to illustrate how the consistency properties of fuzzy Qaiten influence its behav-
ior in practice. Recall that consistency was proven underctndition of Lipschitz
continuous dynamics and rewards (Assumption 4.1). To exathie impact of vio-
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lating this condition, we introduce discontinuities in tlesvard function, and repeat
the consistency study.

DC motor problem
Consider the second-order discrete-time model of the D@mot

f(x,u) = Ax+Bu

A [1 00049 . [0.002 (4.44)
|0 09540° - |0.850

wherex; = o € [—m,mrad is the shaft angle; = a € [—16m, 16m]rad/s is the
angular velocity, and € [-10,10] V is the control input (voltage). The state variables
are restricted to their domains using saturation. The obgwal is to stabilize the
system around = 0, and is described by the quadratic reward function:

p(x,u) = —XTQrewX— Rrewt?

5 0 (4.45)
Qrew = |:0 0.01:| , Rew=0.01

with discount factoly = 0.95. This reward function is shown in Figure 4.3.

G 55K
5
G555
K
9%

i -2
o’ [rad/s] 50 o [rad]

FIGURE 4.3
A state-dependent slice through the reward function (4#6)u = 0. Reproduced with per-
mission from (Busoniu et al., 2008k 2008 IEEE.

Synchronous and asynchronous convergence

First, we compare the convergence rates of synchronoussyndfaonous fuzzy Q-
iteration. A triangular fuzzy partition wittlN' = 41 equidistant cores for each state
variable is defined, leading td = 412 fuzzy sets in the two-dimensional partition
of X. The action space is discretized into 15 equidistant valeiest, synchronous
fuzzy Q-iteration is run with a very small threshalgl = 108, to obtain an accu-
rate approximatio@* of the optimal parameter vectér. Then, in order to compare
how synchronous and asynchronous fuzzy Q-iteration aghréa, the two algo-
rithms are run until their parameter vectors are closer ffead to 6* in the infinity
norm, i.e., until||6, — 6*|| < 107°. For these experiments, as well as throughout
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the remaining examples of this chapter, the parameter vetfazzy Q-iteration is
initialized to zero.

Figure 4.4 presents the evolution of the distance betwkesnd 6* with the
number of iterationg, for both variants of fuzzy Q-iteration. The asynchrondgsa
rithm approache8* faster than the synchronous one, and gets within& @istance
20 iterations earlier (in 112 iterations, whereas the symubus algorithm requires
132). Because the time complexity of one iteration is netréysame for the two

algorithms, this generally translates into computati@a&ings for the asynchronous
version.
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FIGURE 4.4 Convergence of synchronous and asynchronous fuzzy Qidtera

Figure 4.5 shows a representative fuzzy Q-iteration smiutor the DC motor
(specifically the solution corresponding &). A state-dependent slice through the
approximate Q-function is shown (obtained by setting thtgoaa to 0), together
with a greedy policy resulting from this Q-function and a ttohied trajectory.

For the experiments in the remainder of this chapter, weakilhys employ syn-
chronous fuzzy Q-iteratiofwhile referring to it simply as “fuzzy Q-iteration,” for
the sake of conciseness. Because small convergence tlitesgawill be imposed,
the parameter vectors obtained will always be near optiarad, therefore near to
those that would be obtained by the asynchronous algorittence, the conclusions
of the experiments also apply to asynchronous fuzzy Qtitara

Consistency and the effect of discontinuous rewards

Next, we investigate how the quality of the fuzzy Q-iteratgwlution changes as the
approximation power increases, to illustrate the pratciiopact of the consistency
properties of the algorithm. A triangular fuzzy partitiorthvN’ equidistant cores for
each state variable is defined, leading to a total numbafofN’2 fuzzy sets. The
value of N’ is gradually increased from 3 to 41. Similarly, the actionliscretized

6The reason for this choice is implementation-specific. Ngreach synchronous iteration can be
rewritten as a matrix multiplication, which in our Matlabjiementation is executed using highly efficient
low-level routines. The matrix implementation of synclwas fuzzy Q-iteration therefore runs much
faster than the element-by-element updates of asynchsdoamy Q-iteration. If a specialized library for
linear algebra were not available, the asynchronous digorivould have the same cost per iteration as
the synchronous one, and would be preferable because iboaarge in fewer iterations, as predicted by
the theory.
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FIGURE 4.5 A fuzzy Q-iteration solution for the DC motor.

into M equidistant values, with € {3,5,...,15} (only odd values are used because
the O action is necessary to avoid chattering). The connemgéhreshold is set to
£o = 107° to ensure that the obtained parameter vector is close toxie fioint of
the algorithm.

In a first set of experiments, fuzzy Q-iteration is run forleaombination ofN
andM, with the original reward function (4.45). Recall that thensistency of fuzzy
Q-iteration was proven under Lipschitz continuity assuors on the dynamics and
rewards (Assumption 4.1). Indeed, the transition func(br4) of the DC motor is
Lipschitz continuous with a Lipschitz constdnt < max{||Al|2, ||B]|2} (this bound
for L holds for any system with linear dynamics), and the rewandtion (4.45) is
also Lipschitz continuous, since it is smooth and has bodiisdeport. So, for this
first set of experiments, the consistency of fuzzy Q-iterais guaranteed, and its
solutions are expected to improveMsndM increase.

The aim of a second set of experiments is to study the praeffest of violating
Lipschitz continuity, by adding discontinuities to the s function. Discontinuous
rewards are common practice due to the origins of reinfoergriearning (RL) in
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artificial intelligence, where discrete-valued tasks dteroconsidered. In our exper-
iments, the choice of the discontinuous reward functiomoabe arbitrary. Instead,
to ensure a meaningful comparison between the solutiorsradat with the original
reward function (4.45) and those obtained with the new révianction, the quality
of the policies must be preserved. One way to do this is to atdna of the form
yy(f(x,u))— (x) to each rewarg(x,u), wherey : X — R is an arbitrary bounded
function (Ng et al., 1999):

P/ (%) = p(x,U) + y(f (x ) — Y(x) (4.46)

The quality of the policies is preserved by reward modifaadiof this form, in the
sense that for any policy, Q" — Q= Q) — Q. whereQ, denotes a Q-function
under the reward functiop, andQ,s a Q-function undep’. Indeed, it is easy to
show by replacing’ in the expression (2.2) for the Q-function, that for any ppli
h, including any optimal policy, we have th@g,(x, u) = Q(x,u) — ¢(x) ¥x,u (Ng
etal., 1999). In particular, a policy is optimal fpt if and only if it is optimal forp.

We choose a discontinuous functign which is positive only in a rectangular
region around the origin:

(4.47)

i < <
W) = 10 if |xq < /4 and|xp| < 4m
0 otherwise

With this form of (¢, the newly added term in (4.46) rewards transitions that thk
state inside the rectangular region, and penalizes transithat take it outside. A
representative slice through the resulting reward fumasapresented in Figure 4.6
(compare with Figure 4.3). The additional positive rewanasvisible as crests above
the quadratic surface. The penalties are not visible in thedi, because their corre-
sponding, downward-oriented crests are situated undesuttiace.

o’ [rad/s] o [rad]

FIGURE 4.6
A slice through the modified reward function (4.46), fo= 0. Reproduced with permission
from (Busoniu et al., 2008bj©) 2008 IEEE.

The performance (score) of the policies obtained with fuzyeration is given
in Figure 4.7. Each point in these graphs corresponds toghgrr of the policy
obtained, averaged over the grid of initial states:

Xo = {—m,—5m/6,-4m/6,..., 1} x {—16m, —14m,...,16m} (4.48)
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The returns are evaluated using simulation (4.39), withexipion ofg,c = 0.1.
While the reward functions used for Q-iteration are différ¢he performance eval-
uation is always done with the reward (4.45), to allow anerasomparison. As
already explained, the change in the reward function pvesghe quality of the poli-
cies, so comparing policies in this way is meaningful. Thaligative evolution of the
performance is similar when evaluated with the modified reManction (4.46) with
Y asin (4.47).

Score
Score

(a) Quadratic reward (4.45). (b) Discontinuous reward (4.46); evaluation with
quadratic reward.
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(c) Quadratic reward, detail. (d) Average performance ovaf, for varyingN’.

FIGURE 4.7
The performance of fuzzy Q-iteration as a functio\b&andM, for quadratic and discontin-

uous rewards in the DC motor problem. Reproduced with peiorisfrom (Busoniu et al.,
2008b),(© 2008 IEEE.

When the continuous reward is used, the performance of f@#gration is
already near optimal foN’ = 20 and is relatively smooth faX’ > 20, see Fig-
ures 4.7(a) and 4.7(c). Also, the influence of the numbersifrdie actions is small
for N’ > 4. So, the consistency properties of fuzzy Q-iteration leekear beneficial
effect. However, when the reward is changed to the discoatia function (4.46),
thus violating the assumptions for consistency, the perémce indeed varies signif-
icantly asN’ increases, see Figure 4.7(b). For many valueN’othe influence of
M also becomes significant. Additionally, for many valuedN6the performance is
worse than with the continuous reward function, see Figufédd.

An interesting and somewhat counterintuitive fact is thatperformance is not
monotonic inN’ and M. For a given value of\’, the performance sometimeie-
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creasesasM increases. A similar effect occursisis kept fixed and\’ varies. This
effect is present with both reward functions, but is morenproced in Figure 4.7(b)
than in Figures 4.7(a) and 4.7(c). The magnitude of the obsudgcreases signifi-
cantly asN’ andM become large in Figures 4.7(a) and 4.7(c); this is not the tras
Figure 4.7(b).

The negative effect of reward discontinuities on the cdasisy of the algorithm
can be intuitively explained as follows. The discontinuoesward function (4.46)
leads to discontinuities in the optimal Q-function. As tHagement of the MFs
changes with increasind/, the accuracy with which the fuzzy approximator captures
these discontinuities changes as well. This accuracy digdess on theumberof
MFs, than on theipositions(MFs should be ideally concentrated around the discon-
tinuities). So, it may happen that for a certain, smalleugafN’ the performance
is better than for another, larger value. In contrast, theahrer optimal Q-function
resulting from the continuous reward function (4.45) isiea® approximate using
triangular MFs.

A similar behavior of fuzzy Q-iteration was observed in diddial experiments
with other discontinuous reward functions. In particukdding more discontinu-
ities similar to those in (4.46) does not significantly inflae the evolution of the
performance in Figure 4.7(b). Decreasing the magnitudeefiiscontinuities (e.g.,
replacing the value 10 by 1 in (4.46)) decreases the magnitfithe performance
variations, but they are still present and they do not deered\ andM increase.

4.5.2 Two-link manipulator: Effects of action interpolation, and com-
parison with fitted Q-iteration

In this section, fuzzy Q-iteration is applied to stabilizéns-link manipulator op-

erating in a horizontal plane. Using this problem, the dffeaf employing the
continuous-action, interpolated policy (4.15) are inigeded, and fuzzy Q-iteration
is compared with fitted Q-iteration (Algorithm 3.4 of SectiB.4.3). The two-link

manipulator example also illustrates that fuzzy Q-itemativorks well in problems
having a higher dimensionality than the DC motor of Sectidh¥ the two-link

manipulator has four state variables and two action vagmbl

Two-link manipulator problem

The two-link manipulator, depicted in Figure 4.8, is ddsed by the fourth-order,
continuous-time nonlinear model:

M(a)ad +C(a,a)a =1 (4.49)

wherea = [a1,a,]" contains the angular positions of the two links= [t1, T2]"
contains the torques of the two motoké(a) is the mass matrix, an@d(a, &) is the
Coriolis and centrifugal forces matrix. The state signailtams the angles and angu-
lar velocitiesx = [a1, a1, a2, a2]", and the control signal is= 1. The anglesi;, a,
vary in the interval—m, ) rad, and “wrap around” so that, e.g., a rotation af/3
for the first link corresponds to a valwa = —m/2. The angular velocitieas, s
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FIGURE 4.8 Schematic representation of the two-link manipulator.

are restricted to the interv@ 21, 271 rad/s using saturation, while the torques are
constrained as followsy € [-1.5,1.5|Nm, 1 € [—1,1] Nm. The discrete time step
is set toTs = 0.05 s, and the discrete-time dynamitcsre obtained by numerically
integrating (4.49) between consecutive time steps.

The matriceM(a) andC(a, a) have the following form:

M(ar) = PL+P,+2Pscosa; P+ Pscosa;
o P>+ Pscosa; P (4.50)
Cla.a) = by — Psazsina,  —P3(a1 + @) sinas '
’ - Pgdlsinaz by

The meaning and values of the physical variables in the syate given in Table 4.1.
Using these, the rest of the parameters in (4.50) can be dechps followsP, =
mycE + Mol + 13, Py = mpc3 + 12, andPs = Myl ca.

TABLE 4.1 Parameters of the two-link manipulator.

Symbol Value Units Meaning

I1; 1> 0.4;04 m link lengths

m; mp  1.25;08 kg link masses

[ 12 0.066; Q043 kgnt link inertias

C1; C 0.2;0.2 m center of mass coordinates

b1; by 0.08; 0.02 kg/s  damping in the joints

The control goal is the stabilization of the system aroane a = 0, and is
expressed by the quadratic reward function:

p(X, u) = _XTQreWx, W|th Qrew = d|aq1, 005, 1, 005] (451)

The discount factor is set o= 0.98, which is large enough to allow rewards around
the goal state to influence the values of states early in #jectories, leading to an
optimal policy that successfully stabilizes the manipordat
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Results of fuzzy Q-iteration, and effects of using interpated actions

To apply fuzzy Q-iteration, triangular fuzzy partitionseadefined for every state
variable and then combined, as in Example 4.1. For the anglesre is placed
in the origin, and 6 logarithmically-spaced cores are placa each side of the
origin. For the velocities, a core is placed in the origind &h logarithmically-
spaced cores are used on each side of the origin. This leaal$at@l number of
(2-6+1)-(2-3+1)%> = 8281 MFs. The cores are spaced logarithmically to ensure
a higher accuracy of the solution around the origin, whilagienly a limited number
of MFs. This represents a mild form of prior knowledge abbetimportance of the
state space region close to the origin. Each torque varisidiscretized using 5 val-
ues:t; € {—1.5,—0.36,0,0.36,1.5} andt, € {—1,—-0.24,0,0.24,1}. These values
are logarithmically spaced along the two axes of the acti@ts. The convergence
threshold is set teg, = 107°.

With these values, fuzzy Q-iteration converged after 426ations. Figure 4.9
compares the discrete-action results with the correspgncdntinuous-action re-
sults. In particular, Figure 4.9(a) depicts the discretéea policy given by (4.13),
while Figure 4.9(b) depicts the interpolated, continuaatien policy computed with
(4.15). The continuous-action policy is, of course, smepthan the discrete-action
policy. Figures 4.9(c) and 4.9(d) show two representatgjettories of the two-link
manipulator, controlled by the discrete-action and cartiirs-action policies, respec-
tively. Both policies are able to stabilize the system a#tbout 2 s. However, the
discrete-action policy leads to more chattering of the idriction and to a steady-
state error for the angle of the second link, whereas theiraomiis-action policy
alleviates these problems.

Compared to the DC motor, a larger number of triangular MRk discrete ac-
tions are generally required to represent the Q-functiothfe manipulator problem,
and the computational and memory demands of fuzzy Q-iteraticrease accord-
ingly. In fact, they increase exponentially with the numbgstate-action variables.
For concreteness, assume that for a general problenDnstate variables and ac-
tion variablesN’ triangular MFs are defined along each state dimension, arideea
tion dimension is discretized intd’ actions. ThetN'°M’C parameters are required,
leading to a time complexity per iteration of @?°M’) and to a memory complexity
of O(N'PM’) (see also Section 4.3.3). The DC motor therefore reqNfélsl’ pa-
rameters, ON*M’) computations per iteration, andl®”M’) memory, whereas the
manipulator required’*M’2 parameters (i.eN’2M’ times more than the DC motor),
O(N8M'2) computations per iteration, and @*M’2) memory.

Comparison with fitted Q-iteration

Next, we compare the solution of fuzzy Q-iteration with ausioin obtained by fit-
ted Q-iteration with a nonparametric approximator (Al¢fom 3.4). Even though
fitted Q-iteration is a model-free, sample-based algorjtirran easily be adapted
to the model-based setting considered in this chapter mgubkie model to gener-
ate the samples. In order to make the comparison betweewthalgorithms more
meaningful, fitted Q-iteration is supplied with the samgestaction samples as those
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link 2). The initial state is¢ = [~75,0,—715,0].
FIGURE 4.9

Results of fuzzy Q-iteration for the two-link manipulatdhe discrete-action results are shown
on the left-hand side of the figure, and the continuous-actsults on the right-hand side.
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employed by fuzzy Q-iteration, namely the cross-produ¢hef8281 MF cores and
the 25 discrete actions, leading to a total number of 207 @a%ptes.

To apply fitted Q-iteration, we choose a nonparametric apprator that com-
bines a discretization of the action space with ensemblexiémely randomized
trees (extra-trees) (Geurts et al., 2006) to approximatetirne state space. A distinct
ensemble is used for each of the discrete actions, in an&bate fuzzy approxima-
tor. The discrete actions are the same as for fuzzy Q-iteratbove. Each ensemble
consists of\i; = 50 extremely randomized trees, and the tree constructicanps
ters are set to their default values, as described next. T$igframetery, is the
number of cut directions evaluated when splitting a nodd jeiset equal to 4, which
is the dimensionality of the input to the regression treles 4-dimensional state vari-
able). The second parametef!", is the minimum number of samples that has to be
associated with a node in order to split that node furthed, iarset equal to 2, so
the trees are fully developed. For a more detailed desorigif the ensembles of
extremely randomized trees, see Appendix A. Note that daiiQiHfunction approx-
imator was used in our application of fitted Q-iteration te BC motor, discussed in
Section 3.4.5.

Fitted Q-iteration is run for a predefined number of 400 tierss, and the
Q-function found after the 400th iteration is consideretisfzctory. Figure 4.10
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FIGURE 4.10 Results of fitted Q-iteration for the two-link manipulator.
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presents a greedy policy resulting from this Q-functioggtber with a representative
controlled trajectory. Although it roughly resembles thedy Q-iteration policies of
Figures 4.9(a) and 4.9(b), the fitted Q-iteration policy igfufe 4.10(a) contains spu-
rious (and probably incorrect) actions for many states. gdley obtained by fitted
Q-iteration stabilizes the system more poorly in Figureédfb}, than the solution of
fuzzy Q-iteration in Figures 4.9(c) and 4.9(d). So, in ttase, fuzzy Q-iteration with
triangular MFs outperforms fitted Q-iteration with extrads approximation.

Note that instead of building a distinct ensemble of extes4 for each of the dis-
crete actions, fitted Q-iteration could also work with a #ngnsemble of trees that
take continuous state-continuous action pairs as inptiis. Might lead to a better
performance, as it would allow the algorithm to identifyustiure along the action
dimensions of the Q-functions. However, it would also mdie itesults less com-
parable with those of fuzzy Q-iteration, which always regsiaction discretization,
and for this reason we do not adopt this solution here.

4.5.3 Inverted pendulum: Real-time control

Next, fuzzy Q-iteration is used to swing up and to stabilizesal-life underactu-
ated inverted pendulum. This application illustrates teefggmance of the fuzzy
Q-iteration solutions in real-time control.

Inverted pendulum problem

The inverted pendulum is obtained by placing a mass offerent a disk that rotates
in a vertical plane and is driven by a DC motor (Figure 4.1Note that this DC
motor is the same system which was modeled for use in siroakath Section 4.5.1,
and earlier throughout the examples of Chapter 3. The comitage is limited so
that the motor does not provide enough power to push the pemdup in a single
rotation. Instead, the pendulum needs to be swung back atid(ftestabilized) to
gather energy, prior to being pushed up and stabilized. dreetes a difficult, highly
nonlinear control problem.
The continuous-time dynamics of the inverted pendulum are:

.1 . . K2, K

a= 3 (mglsm(a) ba R o+ Ru) (4.52)
Table 4.2 shows the meanings and values of the parametezarapgpin this equa-
tion. Note that some of these parameters (d.gndm) are rough estimates, and that
the real system exhibits unmodeled dynamics such as statiofi. The state signal
consists of the angle and the angular velocity of the pemdpile.,x = [a,a]T. The
anglea “wraps around” in the intervel- T, ) rad, wherea = —t corresponds to
pointing down andx = 0 corresponds to pointing up. The velocityis restricted to

"This is different from the classical cart-pendulum systémwhich the pendulum is attached to a
cart and is indirectly actuated via the acceleration of #m¢ @.g., Doya, 2000; Riedmiller et al., 2007).
Here, the pendulum is actuated directly, and the system foadytwo state variables, as opposed to the
cart-pendulum, which has four.
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(a) The real inverted pendulum system. (b) A schematic representation.

FIGURE 4.11 The inverted pendulum.

the interval[— 15, 157 rad/s using saturation, and the control action (voltagis)
constrained t¢—3,3] V. The sample timds is chosen to be.005 s, and the discrete-
time dynamics are obtained by numerically integrating (4.52) betweerseantive
time steps.

TABLE 4.2 Parameters of the inverted pendulum.

Symbol Value Units Meaning

m 0.055 kg mass

g 9.81 m/$ gravitational acceleration

I 0.042 m distance from center of disk to mass
J 1.91-10* kgm?  moment of inertia

b 3.10°6 Nms/rad viscous damping

K 0.0536 Nm/A torque constant

R 9.5 Q rotor resistance

The goal is to stabilize the pendulum in the unstable eqilib x = 0 (pointing
up). The following quadratic reward function is chosen tpress this goal:

p(xu) = _XTQrewX— Rrewu2

4.53
QI‘EW: B 091:| » RreW: 1 ( )

The discount factor ig = 0.98. This discount factor is large so that rewards around
the goal state (pointing up) influence the values of statdg iecthe trajectories. This
leads to an optimal policy that successfully swings up aadiktes the pendulum.

Results of fuzzy Q-iteration

Triangular fuzzy partitions with 19 equidistant cores agfirted for both state vari-
ables, and then combined as in Example 4.1. This relatieejyel number of MFs is
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chosen to ensure a good accuracy of the solution. The caattion is discretized
using 5 equidistant values, and the convergence threshelet tog, = 107°.

With these settings, fuzzy Q-iteration converged after i@&@tions. Figure 4.12
shows the solution obtained, together with controllecetagries (swing-ups) of the
simulated and real-life pendulum, starting from the stagjailibriumxg = [—71,0]"
(pointing down). In particular, Figure 4.12(c) is the tretry of the simulation model
(4.52), while Figure 4.12(d) is a trajectory of the real syst For the real system,
only the angle is measured, and the angular velocity is estidusing a discrete dif-
ference, which results in a noisy signal. Even though theathisgimplified and does
not include effects such as measurement noise and statiioifri the policy result-
ing from fuzzy Q-iteration performs well: it stabilizes theal system in aboutis,
around 025s longer than in simulation. This discrepancy is due todifferences
between the model and the real system. Note that, becaugedisntete actions are
available, the control action chatters.
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FIGURE 4.12 Results of fuzzy Q-iteration for the inverted pendulum.
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4.5.4 Car on the hill: Effects of membership function optimeation

In this section, we study empirically the performance ofzju@-iteration with CE

optimization of the MFs (Algorithm 4.3). To this end, we apflizzy Q-iteration

with optimized MFs to the car-on-the-hill problem (Mooredafstkeson, 1995), and
compare the results with those of fuzzy Q-iteration withideptant MFs.

Car-on-the-hill problem

The car on the hill is widely used as a benchmark in approxéd&t/RL. It was first

described by Moore and Atkeson (1995), and was used, e.¢4umps and Moore

(2002) as a primary benchmark for V-iteration with resaatrefinement, and by
Ernst et al. (2005) to validate fitted Q-iteration. In the-oarthe-hill problem, a

point mass (the “car”) must be driven past the top of a fridiéss hill by applying

a horizontal force, see Figure 4.13. For some initial sfdtesmaximum available
force is not sufficient to drive the car directly up the hitistead, it has to be driven
up the opposite slope (left) and gather energy prior to acathg towards the goal
(right). This problem is roughly similar to the inverted pietum of Section 4.5.3;
there, the pendulum had to be swung back and forth to gatleggnwvhich here

corresponds to driving the car left and then right. An impotdifference is that the
pendulum had to be stabilized, whereas the car only has toibendbast the top,

which is easier to do.

0.5

mg

-0.5
-1 -0.5 0 0.5 1

FIGURE 4.13
The car on the hill. The “car” is represented as a black hudied its goal is to drive out of the
figure to the right.

The continuous-time dynamics of the car are (Moore and Atke$995; Ernst
et al., 2005):

1 ) <U— dH(p) _ .de(p) dZH(p)) (4.54)

p=—-—"5
dH d d d?
14 (e p pdp

wherep € [—1,1] m is the horizontal position of the cay,c [—3,3] m/s is its veloc-
ity, u € [-4,4]N is the horizontal force appliegy= 9.81 m/¢ is the gravitational
acceleration, andl denotes the shape of the hill, which is given by:

p2+p ifp<O
HP)=1_2_ ifp>o
Vi P2
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Furthermore, a unity mass of the car is assumed. The distinetestep is set to
Ts=0.1s, and the discrete-time dynamicare obtained by numerically integrating
(4.54) between consecutive time steps.

The state signal consists of the position and velocity ottdrex = [p, p|T, while
the control actiom is the applied force. The state spacXis [—1,1] x [-3,3] plusa
terminal state (see below), and the action spade-is|—4, 4]. Whenever the position
or velocity exceed the bounds, the car reaches the terntatal $rom which it can
no longer escape, and the trial terminates. Throughouetihainder of this example,
the action space is discretized irtg = {—4,4}. These two values are sufficient to
obtain a good solution, given that the car does not have tddi@lized, but only
driven past the top of the hill, which only requires it to bdiyiaccelerated towards
the left and right.

The goal is to drive past the top of the hill to the right withpeed within the
allowed limits. Reaching a terminal state in any other wagdssidered a failure.
The reward function chosen to express this goal is:

-1 if X1 k+1 < —1or ‘Xz,k+1| >3
M1 =PXoU) =41 if X1 >1and|Xpppa| <3 (4.55)
0 otherwise

The discount factor ig = 0.95.

This reward function is represented in Figure 4.14(a).dhissen to be discontin-
uous to provide a challenging problem for the MF optimizatdgorithm, by making
the Q-function difficult to approximate. To illustrate thisficulty, Figure 4.14(b) de-
picts an approximately optimal Q-function. This Q-functivas obtained with fuzzy
Q-iteration using a very fine fuzzy partition, which con®401x 301 MFs. (Even
though the consistency of fuzzy Q-iteration is not guareditgnce the reward is dis-
continuous, this fine partition should at least lead to a hoaygproximation of the
optimal Q-function.) Clearly, the large number of discanities appearing in this
Q-function make it difficult to approximate.
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(a) A slice throughp for u= —4. (b) A slice through an approximately optimal Q-
function, also foru = —4.

FIGURE 4.14
Reward function and an approximately optimal Q-functiontfe car on the hill.
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Results of fuzzy Q-iteration with MF optimization

To apply fuzzy Q-iteration with CE optimization of the MFgangular fuzzy parti-
tions are defined for both state variables and then combiséuBExample 4.1. The
number of MFs is chosen to be the same for each of the two Vesiadind is denoted
by N’. This number is gradually increased from 3 to®A.given value ofN’ cor-
responds to a total number Nf= N2 MFs in the fuzzy partition oK. To compute
the score function (optimization criterion) (4.38), thdldwing equidistant grid of
representative states is chosen:

Xo={-1,-0.75,—05,...,1} x {~3,-2,—1,...,3}

and each point is weighted . Since the representative states are uniformly dis-
tributed and equally weighted, the algorithm is expectddad to a uniformly good
performance across the state space. The parameters of tbhpti@itzation method
are set to typical values, as followS¢e = 5-2- Ng, pce = 0.05, anddce = 5. The
number of sampleBl is set to be 5 times the number of parameters needed to de-
scribe the probability density used in CE optimization. &kthat one mean and one
standard deviation are needed to describe the Gaussiaitydensach of theN; MF
parameters. In turi; = (N’ — 2)2, because there al/ — 2 free cores to optimize
along each of the two axes ¥f Additionally, the maximum number of CE iterations
is set toTmax = 50, and the same value 19is used as admissible errggc in the
return estimation, as fuzzy Q-iteration convergence tiokeks,,, and as CE conver-
gence threshole:e. With these settings, 10 independent runs are performeshich
value ofN'.

Figure 4.15 compares the results obtained usiptynized MFs with those ob-
tained using the same numberagfuidistanMFs. In particular, Figure 4.15(a) shows
the mean score across the 10 independent runs of the MF aption algorithm, to-
gether with 95% confidence intervals on this mean. This figlse includes the
performance with equidistant MFs, and the best possibl®peance that can be
obtained with the two discrete actiohd.he optimized MFs reliably provide a bet-
ter performance than the same number of equidistant MFsNFor 12, they lead
to a nearly optimal performance. As also observed in theistamy study of Sec-
tion 4.5.1, the discontinuous reward function leads to edjmtable variations of the
performance as the number of equidistant MFs is increasptim2ing the MFs
recovers a more predictable performance increase, betai$éFs are adjusted to
better represent the discontinuities of the Q-functiogufé 4.15(b) shows the com-
putational cost of fuzzy Q-iteration with MF optimizationdwith equidistant MFs.

8The experiments stop at 20 MFs to limit the computation tireegxperiment in the order of hours.
To run the experiments, we usedWL.AB 7 on a PC with an Intel T2400 1.83 GHz CPU and 2 GB RAM.

9This optimal performance is obtained using the followingitbrforce procedure. All the possible
sequences of actions of a sufficient len¢thare generated, and the system is controlled in an open-
loop fashion with all these sequences, starting from evite % in Xo. For a given statep, the largest
discounted return obtained in this way is optimal under tbioa discretizationUy. The lengthK is
sufficient if, from any initial state i, an optimal trajectory leads to a terminal state after attrkos
steps.
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The performance gained by optimizing the MFs comes at a lmyggutational cost,
several orders of magnitude higher than the cost incurratidgquidistant MFs.

0.4 10°

0.3

2 —6— optimized MFs, mean execution time
— — — optimized MFs, 95% confidence bounds
——e— equidistant MFs, execution time

— — — optimized MFs, 95% confidence bounds 100
0 optimal score
——o&— equidistant MFs, score

—6— optimized MFs, mean score
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(a) Performance. (b) Execution time.
FIGURE 4.15

Comparison between fuzzy Q-iteration with optimized andidigtant MFs for the car on the
hill.

Figure 4.16 presents a representative set of final, optahiizes. In this figure,
the number of MFs on each axis M = 10. To better understand this placement
of the MFs, see again the approximately optimal Q-functibRigure 4.14(b). It is
impossible to capture all the discontinuities of this Qftion with only 10 MFs on
each axis. Instead, the MF optimization algorithm con@a most of the MFs in
the region of the state space whegre: —0.8. In this region the car, having accu-
mulated sufficient energy, has to stop moving left and acatdetoward the right;
this is a critical control decision. Therefore, this plaesrof MFs illustrates that,
when the number of MFs is insufficient to accurately repreden Q-function over
the entire state space, the optimization algorithm foctisesapproximator on the
regions thatre most important for the performandée MFs on the velocity axip
are concentrated towards large values, possibly in ordepi@sent more accurately
the top-left region of the Q-function, which is most irreguin the neighborhood of
p=-0.8.
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FIGURE 4.16 A representative set of optimized MFs for the car on the hill.
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4.6 Summary and discussion

In this chapter, we have considered fuzzy Q-iteration, gorithm for approximate
value iteration that represents Q-functions using a fuzyifon of the state space
and a discretization of the action space. Fuzzy Q-iteratias shown to be conver-
gent to a near-optimal solution, and consistent under ooityi assumptions on the
dynamics and the reward function. A version of the algorithihere parameters are
updated in an asynchronous fashion was proven to convergasitas fast as the
synchronous variant. As an alternative to designing the MFsdvance, we have
developed a method to optimize the parameters of a constember of MFs. A
detailed experimental study of fuzzy Q-iteration was aledgrmed, which led to
the following important conclusions: discontinuous resvéunctions can harm the
performance of fuzzy Q-iteration; in certain problems zZiy®)-iteration can outper-
form fitted Q-iteration with nonparametric approximati@md MF optimization is
beneficial for performance but computationally intensive.

While fuzzy Q-iteration has been presented in this chapgearaalgorithm for
solving problems with deterministic dynamics, it can alseelitended to the stochas-
tic case. Consider, for instance, asynchronous fuzzy Qtiten, given in Algo-
rithm 4.2. In the stochastic case, the parameter updataatliof this algorithm
would become:

N
8i.i) — Bvmfix.uj.) {f)(xiauj X))+ ij?xz @ (X/)e[i'.j’]}
i'=1

wherex is sampled using the probability density functif)(rxi,uj ,) of the next state
X, givenx; andu;. In general, the expectation in this update cannot be coolpex-
actly, but must be estimated from a finite number of sampfethi$ case, our analy-
sis does not apply directly, but the finite-sample resultiread in Section 3.4.4 may
help to analyze the effect of the finite-sampling errors. &bwer, in some special
cases, e.g., when there is a finite number of possible suarcgases, the expectation
can be computed exactly, in which case the theoretical aisadj this chapter applies
after some minor changes.

Model-free, RL algorithms with fuzzy approximation can kexided similarly to
the RL algorithms of Section 3.4.2. For instance, the fuzgyraximator can easily
be employed in gradient-based Q-learning (Algorithm 3l&ding to a fuzzy Q-
learning algorithm. The theoretical properties of such atdree algorithms can be
investigated using the framework of nonexpansive appratons (Section 3.4.4).
Another possibility is to learn a model of the MDP from thealétansition samples),
and then apply fuzzy Q-iteration to this model. To this endyifices to learn, for
all the discrete actions, the next states reached from thed#s and the resulting
rewards. Since it is unlikely that any transition samplel$ g located precisely at
the MF cores, the algorithm must learn from samples locagedly, which requires
smoothness assumptions on the dynamics and reward furistion as the Lipschitz
continuity already assumed for the consistency analysis).



4.6. Summary and discussion 165

To improve the scalability of the fuzzy approximator to higimensional prob-
lems, MFs that lead to subexponential complexity shoulddszl{e.g., Gaussians),
in combination with techniques to find good MFs automatjcalich as the MF opti-
mization technique of Section 4.4. If the computational dads of MF optimization
become prohibitive, other approaches for finding the MFstihexplored, such as
resolution refinement (Section 3.6.2). Furthermore, aesipace approximators more
powerful than discretization could be studied, e.qg., usifigzzy partition of the ac-
tion space. Such approximators may naturally lead to coatis-action policies.

The extensive analysis and experimentation presentedsrchiapter serve to
strengthen the knowledge about approximate value iteraéweloped in Chapter 3.
Continuing along similar lines, the next two chapters cdesin detail, respectively,
algorithms for approximate policy iteration and for apgmate policy search.

Bibliographical notes

This chapter integrates and extends the authors’ earliek wo fuzzy Q-iteration
(Busoniu et al., 2008c, 2007, 2008b,d). For the theorkticalysis, certain limiting
assumptions made in some of this work were removed, suchasgamally discrete
action space in (Busoniu et al., 2008c, 2007), and a rés&ioound on the Lipschitz
constant of the process dynamics in (Busoniu et al., 2008t MF optimization
approach of Section 4.4 was proposed in (Busoniu et al3@00

Fuzzy approximators have typically been used in model-fRig techniques
such as Q-learning (Horiuchi et al., 1996; Jouffe, 1998 r&iaec, 2000) and actor-
critic algorithms (Berenji and Vengerov, 2003; Lin, 2008).method that shares
important similarities with our MF optimization approachsyproposed by Menache
et al. (2005). They applied the CE method to optimize thetlona and shapes of
a constant number of basis functions for approximate pai@aiuation, using the
Bellman error as an optimization criterion.
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Approximate policy iteration for online
learning and continuous-action control

This chapter considers a model-free, least-squares #digofor approximate pol-
icy iteration. An online variant of this algorithm is devpkd, and some important
issues that appear in online reinforcement learning arehasiped along the way.
Additionally, a procedure to integrate prior knowledge @tbite policy in this on-
line variant is described, and a continuous-action appneior for the offline variant
is introduced. These developments are experimentallyated for several control
problems.

5.1 Introduction

Whereas Chapter 4 focused on an algorithm for approximdtee\iteration, the

present chapter concerns the second major class of teewfiquapproximate DP/
RL: approximate policy iteration (PI). In PI, policies areakiated by constructing
their value functions, which are then used to find new, impdopolicies. Approx-

imate Pl was reviewed in Section 3.5, and this chapter baitds expands on the
foundation given there. In particular, the least-squam@y iteration (LSPI) algo-

rithm (Lagoudakis and Parr, 2003a) is selected, and thresmsions to it are intro-
duced: an online variant, an approach to integrate prionkeage in this variant,

and a continuous-action approximator for (offline) LSPI.

The first topic of this chapter is therefore the developméraroonline variant
of LSPI. In online reinforcement learning (RL), a soluti@léarned from data col-
lected by interacting with the controlled system. A suigabhline algorithm, in the
first place, must quickly provide a good performance, irdifaonly at the end of
the learning process, as is the case in offline RL. Secondist explore novel action
choices, even at the risk of a temporarily reduced perfoo@an order to avoid lo-
cal optima and to eventually achieve a (near-)optimal parémce. LSPI is originally
offline: it improves the policy only after an accurate Q-ftios has been computed
from a large batch of samples. In order to transform it int@adyonline algorithm,
the two requirements above must be satisfied. To quicklyilmbtgood performance,
policy improvements are performed once every few transititoefore an accurate
evaluation of the current policy can be completed. Suchcpadinprovements are

167
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sometimes called “optimistic” (Sutton, 1988; Bertseka®)?). To satisfy the ex-
ploration requirement, online LSPI must sometimes tryamdidifferent from those
given by the current policy. Online LSPI can be combined witany exploration
procedures, and in this chapter, the classical, so-calgetedy exploration (Sutton
and Barto, 1998) is applied: at every step, an exploratanjormly distributed ran-
dom action is applied with probability, and the action given by the current policy
is applied with probability 1- €.

RL is usually envisioned as working in a purely model-frezhfan, without any
prior knowledge about the problem. However, using prionidedlge can be highly
beneficial if it is available. In the second topic of this cteapwe illustrate how prior
knowledge about the policy can be exploited to increaseghming rate of online
LSPI. In particular, policies that are monotonic in the estadriables are considered.
Such policies are suitable for controlling, e.g., (nealilyg¢ar systems, or systems
that are (nearly) linear and have monotonic input nonliiear(such as saturation
or dead-zone nonlinearities). A speedup of the learninggs®is then expected, be-
cause the online LSPI algorithm restricts its focus to the<bf monotonic policies,
and no longer invests valuable learning time in trying gthesuitable policies.

A third important development in this chapter is a continstagtion Q-function
approximator for offline LSPI, which combines state-deparidbasis functions with
orthogonal polynomial approximation over the action sp&mntinuous actions are
useful in many classes of control problems. For instancesnadn system must be
stabilized around an unstable equilibrium, any discretesa policy will lead to un-
desirable chattering of the control action.

These developments are empirically studied in three pnabtbat were also em-
ployed in earlier chapters: the inverted pendulum, the limlomanipulator, and the
DC motor. In particular, online LSPI is evaluated for inesrpendulum swing-up
(for which it is compared with offline LSPI and with anotheriae Pl algorithm,
and real-time learning results are given), as well as forliniko manipulator stabi-
lization. The effects of using prior knowledge in online U%Pe then investigated
for DC motor stabilization. We finally return to the invertpdndulum to examine
the effects of continuous-action, polynomial approxirmati

The remainder of this chapter starts by briefly revisiting®LSn Section 5.2.
Then, online LSPI is developed in Section 5.3, the procetiLirdegrate prior knowl-
edge about the policy is presented in Section 5.4, and théncaus-action, poly-
nomial Q-function approximator is explained in Section.%5&ction 5.6 provides
the empirical evaluation of these three techniques, antid®es. 7 closes the chapter
with a summary and discussion.

5.2 Arecapitulation of least-squares policy iteration

LSPI is an offline algorithm for approximate policy iteratithat evaluates policies
using the least-squares temporal difference for Q-funst{a STD-Q) and performs
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exact policy improvements. LSTD-Q was described in detaibection 3.5.2 and
was presented in a procedural form in Algorithm 3.8, whildPL%as discussed in
Section 3.5.5 and summarized in Algorithm 3.11. Here, wg pnbvide a summary
of these results, and make some additional remarks reggtidépractical imple-
mentation of the algorithm.

In LSPI, Q-functions are approximated using a linear patemnasion:

Q(Xa U) = (pT(X7 u)Q

where@(x,u) = [@(x,u),...,¢n(x,u)]T is a vector ofn basis functions (BFs), and
6 € R" is a parameter vector. To find the approximate Q-functionhef ¢urrent
policy, the parameter vector is computed from a batch ofsitem samples, using
LSTD-Q. Then, an improved, greedy policy in this Q-functisndetermined, the
approximate Q-function of this improved policy is founddaso on.

Algorithm 5.1 presents LSPI integrated with an explicitctg@gion of the LSTD-
Q policy evaluation step. This explicit form makes it eastecompare offline LSPI
with the online variant that will be introduced later.

ALGORITHM 5.1 Offline least-squares policy iteration.
Input: discount factoyy,
BFs@,...,¢h: X xU — R, sampleg (X, U, X, M) [ls=1,...,ns}
1: initialize policy hg
2: repeatat every iteratiof = 0,1,2, ...
3 Mo« 0,Ng«—0,25+0 > start LSTD-Q policy evaluation
4 forls=1,...,nsdo
5: Mg — Mig-1+ @(X, Ug) 9" (X, L)
6: Nig = Nig-1+ 9%, U ) @' (X, (X))
7.
8
9

4 41t (P(le u|s)r|s
end for
solven—lsrnseg = yn—ls/\nseg + nisznS > finalize policy evaluation
10: hy,1(X) <+ uwhereu € argmax@' (x,u)6;, Vx > policy improvement
11: until hyq is satisfactory
Output: h* = hyyq

The paramete6;, obtained by LSTD-Q at line 9 of Algorithm 5.1 leads to an
approximate Q-functio®, (x,u) = ¢ (x,u)8,, which has a precise formal meaning,
as explained next. The linear system at line 9 approximaeptojected Bellman
equation given in matrix form by (3.38), and repeated here#&sy reference:

roM = yng™ 4z (5.1)

The approximation is obtained by replacing the matriced, and the vector with
estimates derived from the samples. The matrix equatids) {®in turn equivalent
to the original projected Bellman equation (3.34):

Qv = (PYoTM(QY)



170 Chapter 5. Online and continuous-action LSPI

where @hff (x,u) = @"(x,u)8", and the mappind®" performs a weighted least-
squares projection onto the space spanned by the BFs. That/fenction is identi-
cal to the distribution of the state-action samples usedhR-Q. The Q-functio),
obtained by LSTD-Q is thus an estimate of the solu@nto the projected Bellman
equation.

Note that, becaus® appears on both sides of the equation at line 9, this equation
can be simplified to:

nis(rns - V/\ns)ef = niszns
and therefore the matricésand/\ do not have to be estimated separately. Instead,
the combined matrik — y/AA can be estimated as a single object, thereby reducing the
memory demands of LSPI.

Atline 10 of Algorithm 5.1, an improved policy is found thatgreedy in the ap-
proximate Q-functior®,. In practice, improved policies do not have to be explicitly
computed and stored. Instead, for any given statmproved (greedy) actions can
be computed on-demand, by using:

he.1(x) =u, whereu e argmaxp’ (x,0)6; (5.2)
u

The maximization in this equation must be solved efficiemmtcause at every policy
evaluation, a greedy action has to be computed for each oktbemples (see line 6
of Algorithm 5.1). Efficient maximization is possible whersaitable approximator
is chosen (i.e., when suitable BFs are defined). For instamitie a discrete-action
approximator of the type introduced in Example 3.1, the mégzation can be solved
by enumeration over the set of discrete actions.

As long as the policy evaluation error is bounded, LSPI avalht produces poli-
cies with a bounded suboptimality (see Section 3.5.6).1ibis however, guaranteed
to converge to a fixed policy — although it often does in practiFor instance, the
value function parameters might converge to limit cyclesttgt every point on the
cycle yields a near-optimal policy.

5.3 Online least-squares policy iteration

LSPI is an offline RL algorithm: it employs data collected idvance to learn a
policy that should perform well at the end of the learninggaess. However, one of
the main goals of RL is to develop algorithms that learn axlioy interacting with
the controlled system. Therefore, in this section we extedidl to online learning.
A good online algorithm must satisfy two requirements. t-ioy exploiting the
data collected by interaction, it must quickly provide a dgerformance, instead
of only at the end of the learning process. Second, it mustalentually achieve a
(near-)optimal performance, without getting stuck in aalogptimum. To this end,
actions different from those indicated by the current pofitust beexplored even
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at the risk of a temporarily reduced performance. Hence,gb¢cond requirement is
partly in conflict with the first, and the combination of theotig traditionally called
the exploration-exploitation trade-off in the RL litera¢u(Thrun, 1992; Kaelbling,
1993; Sutton and Barto, 1998). One way to formalize thisaraff is to use the
notion of regret, which roughly speaking is the cumulatiifledence between the
optimal returns and the returns actually obtained overdbeling process (see, e.g.,
Auer et al., 2002; Audibert et al., 2007; Auer et al., 2009pBck et al., 2009).
Minimizing the regret leads to fast learning and efficienplexation, by requiring
that the performance becomes near optimal (which ensupsration is applied),
and that this happens as soon as possible (which ensurdeahang is fast and is
delayed by exploration only as much as necessary).

To ensure that our online variant of LSPI learns quickly (g satisfying the
first requirement above), policy improvements must be peréal once every few
transitions, before an accurate evaluation of the currehitypcan be completed.
This is a crucial difference with offline LSPI, which imprasthe policy only after
an accurate Q-function has been obtained by running LSTDH@ large batch of
samples. In the extreme case, online LSPI improves theypafifier every transition,
and applies the improved policy to obtain a new transitiom@a. Then, another
policy improvement takes place, and the cycle repeats. 8wehiant of Pl is called
fully optimistic (Sutton, 1988; Bertsekas, 2007). In gerdeonline LSPI improves
the policy once every several (but not too many) transiti¢his variant is called
partially optimistic.

To satisfy the second requirement, online LSPI must explyrérying other ac-
tions than those given by the current policy. Without exatmm, only the actions
dictated by the current policy would be performed in evegtestand samples of
the other actions in that state would not be available. Thisld/lead to a poor es-
timation of the Q-values of these other actions, and theltreguQ-function would
not be reliable for policy improvement. Furthermore, exatmn helps obtain data
from regions of the state space that would not be reached osily the greedy pol-
icy. In this chapter, the classical;greedy exploration (Sutton and Barto, 1998) is
used: at every stey a uniform random exploratory action is applied with probab
ity & € [0,1], and the greedy (maximizing) action with probability- E. Typically,

& decreases over time (&sncreases), so that the algorithm increasingly exploits
the current policy, as this policy (expectedly) approadhesoptimal one. Other ex-
ploration procedures are possible, see, e.g., (Li et ab9Pfdr a comparison in the
context of LSPI with online sample collection.

Algorithm 5.2 presents online LSPI wittrgreedy exploration. The differences
with offline LSPI are clearly visible in a comparison with Algthm 5.1. In partic-
ular, online LSPI collects its own samples by interactinghvthe system (line 6),
during which it employs exploration (line 5). Also, insteafiwaiting until many
samples have been processed to perform policy improvenmamise LSPI solves
for the Q-function parameters and improves the policy attsitervals, using the
currently available values of, A, andz (lines 11-12).

Online LSPI uses two new, essential parameters that arerasémt in offline
LSPI: the number of transitiort§g > 0 between consecutive policy improvements,
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ALGORITHM 5.2 Online least-squares policy iteration witkgreedy exploration.
Input: discount factowy,

BFs@,...,¢h: X xU — R,

policy improvement intervag, exploration schedulés o,

a small constangr > 0

1. £+ 0, initialize policyhg

2: To+ Brlnxn Ao+ 0,290

3: measure initial state,

4: for every time stefx=0,1,2,... do

5. U hy (%) with probability 1— & (exploit)

' K a uniform random action il with probability g (explore)

6: applyux, measure next staig,; and rewardy, 1

7 T < Mot @(X, U @7 (X, Uk)

8 Mig1 e Nt @0 U) @ (X1, N (X 1))

9 Zey1 — Zo+ QX Uk) Tt
10: if k= (¢+ 1)Kg then
11: solve : Me16r = i Me16r+ 21 > finalize policy evaluation
12: hyy1(X) < argmax @' (x,u)8,, Vx > policy improvement
13: l—/(+1

14: end if

15: end for

and the exploration schedulec },_o. WhenKg = 1, the policy is updated after every
sample and online LSPI is fully optimistic. Whégy > 1, the algorithm is partially
optimistic. Note that the numbéfg should not be chosen too large, and a signifi-
cant amount of exploration is recommended, g should not approach 0 too fast.
In this chapter, the exploration probability is initialletsto a valuesy, and decays
exponentially once every second with a decay rate@E (0,1):2

& =& slngSJ (5.3)

whereTs is the sampling time of the controlled system, gnddenotes the largest
integer smaller than or equal to the argument (floor). Lik¢hia offline case, im-
proved policies do not have to be explicitly computed; iadtemproved actions can
be computed on-demand. To ensure its invertibilitig initialized to a small multiple
Br > 0 of the identity matrix.

Offline LSPI rebuildd™, A, andz from scratch before every policy improvement.

1An exponential decay does not asymptotically lead to irdigitploration, which is required by some
online RL algorithms (Section 2.3.2). Nevertheless, foeaperiment having a finite duratiogy can be
chosen large enough to provide any desired amount of exjaora

2The exploration probability, decays once every second, instead of once every time steypl{sg
period), in order to ensure that exploration schedules @amparable even among systems with different
sampling times. Of course, a very similar effect can be abthby decayingy once every time step, with
a largereg whenTs < 1, or a smallegg whenTs > 1.
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Online LSPI cannot do this, because the few samples thaedreifore the next policy
improvement are not sufficient to construct informative mstimates of , A, andz.
Instead, these estimates are continuously updated. Theglyimgy assumption is that
the Q-functions of subsequent policies are similar, whigkans that the previous
values ofl, A, andz are also representative of the improved policy.

An alternative would be to store the samples and use thenbtoldd™, A, andz
before each policy improvement. This would incur larger patational costs, which
would also increase with the number of samples observednégtu therefore make
the algorithm too slow for online real-time learning afteamy samples have been
observed. Such difficulties often appear when batch RL #hguos like LSPI must
be applied in real time, and some general ways to addressahexdiscussed, e.g.,
by Ernst et al. (2006a, Section 5). In Algorithm 5.2, we epdilnat the computa-
tional and memory demands are independent of the numbenqfiea observed, by
exploiting optimistic policy updates and reusing/\, andz.

More specifically, the time complexity per step of online L&PO(n®). The cost
is the largest at time steps where policy improvements ar@imeed, because this
involves solving the linear system at line 11. This cost candauced by using com-
putationally efficient methods to solve the system, but still be larger than Q).
The memory required to stoflg, A, andz is O(n?). Like offline LSPI, the online
algorithm can estimate the combined mafrix yA instead off andA separately,
thereby reducing its memory requirements.

Before closing this section, we discuss the separationedigrning process into
distinct trials. As previously explained in Chapter 2, Igiarise naturally in problems
with terminal states, in which a trial is defined as a trajgcttarting from some ini-
tial state and ending in a terminal state. A terminal stateegeached, can no longer
be exited. So, the system must be reset in some fashion tateah state, thereby
starting a new trial. For instance, many robot manipulatasge safeguards that stop
the robot’s motion if its pose gets outside the operatingeafieaches a terminal
state), after which human intervention is required to réjmrsthe robot (start a new
trial). If the problem does not have terminal states, it isgiiole to learn from a sin-
gle, long trial. However, even in this case, it may still benéfcial for learning to
terminate trials artificially. For instance, when learnmgtabilizing control law, if
the system has been successfully stabilized and exploiatiosufficient to drive the
state away from the equilibrium, there is little more to berfeed from that trial, and
a new trial starting from a new state will be more useful. k& sequel, we denote by
Tiial the duration of such an artificially terminated trial.

5.4 Online LSPI with prior knowledge

RL is typically envisioned as working without any prior kniegge about the con-
trolled system or about the optimal solution. However, iagbice, a certain amount
of prior knowledge is often available, and using this prioowledge can be very
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beneficial. Prior knowledge can refer, e.g., to the polioythie value function, or to
the system dynamics. We focus on using prior knowledge atheudptimal policy,
or more generally about good policies that are not necégsantimal. This focus is
motivated by the fact that it is often easier to obtain knalgkeabout the policy than
about the value function.

A general way of specifying knowledge about the policy is fiming con-
straints. For instance, one might know, and therefore regthiat the policy is (glob-
ally or piecewise) monotonic in the state variables, or uaditly constraints might
be available on the state and action variables. The mairfibeheonstraining poli-
cies is a speedup of the learning process, which is expeeealise the algorithm
restricts its focus to the constrained class of policied,ramlonger invests valuable
learning time in trying other, unsuitable policies. Thigegdup is especially relevant
in online learning, although it may help reduce the compaal demands of offline
learning as well.

The original (online or offline) LSPI does not explicitly mgsent policies, but
computes them on demand by using (5.2). Therefore, theypislimplicitly defined
by the Q-function. In principle, it is possible to use the siaints on the policy in
order to derive corresponding constraints on the Q-functitmwever, this derivation
is very hard to perform in general, due to the complex refestidp between a policy
and its Q-function. A simpler solution is to represent théigyoexplicitly (and, in
general, approximately), and to enforce the constraintaénpolicy improvement
step. This is the solution adopted in the sequel.

In the remainder of this section, we develop an online LSBohm for ex-
plicitly parameterized, globally monotonic policies. &wcpolicy is monotonic with
respect to any state variable, if the other state variableshald constant. Mono-
tonic policies are suitable for controlling important das of systems. For instance,
a monotonic policy is appropriate for a (nearly) linear systor a nonlinear system
in a neighborhood of an equilibrium where it is nearly linélris is because linear
policies, which work well for controlling linear systemsganonotonic. Monotonic
policies also work well for some linear systems with monatamput nonlinearities
(such as saturation or dead-zone nonlinearities). In sasks; the policy may be
strongly nonlinear, but still monotonic. Of course, in gexdgthe global monotonic-
ity requirement is restrictive. It can be made less res$tacie.g., by requiring that
the policy is monotonic only over a subregion of the stateespauch as in a neigh-
borhood of an equilibrium. Multiple monotonicity regionarcalso be considered.

5.4.1 Online LSPI with policy approximation

Policy iteration with explicit policy approximation was st@ibed in Section 3.5.5.
Here, we specialize this discussion for online LSPI. Comisallinearly parameter-
ized policy representation of the form (3.12), repeate@her

h(x) =T (x)9 (5.4)

where¢ (x) = [¢1(X),..., ¢+ (X)]T is a vector containing/” state-dependent BFs,
andd is the policy parameter vector. A scalar action is assumgdhle parametriza-
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tion can easily be extended to multiple action variableseWho prior knowledge
about the policy is available, approximate policy improegrncan be performed by
solving the unconstrained linear least-squares probleT{3which for linearly pa-

rameterized Q-functions and scalar actions becomes:

A
9011 = 9% whered* c arg min’y (T (%s)d — uis)2
s & (5.5)

andu;, € argmaxp’ (xi,u)6;
u

there the parameter vectfy.; leads to an improved policy, arftky, ..., X «} is a
set of samples to be used for policy improvement.

To obtain online LSPI with parameterized policies, the ¢paticy improvement
at line 12 of Algorithm 5.2 is replaced by (5.5). Moreoveg tharameterized policy
(5.4) is used to choose actions at line 5, and in the updat&sabfine 8.

An added benefit of the approximate policy (5.4) is that itdurces continuous
actions. Note however that, if a discrete-action Q-funcéipproximator is employed,
the continuous actions given by the policy must be quantizethg learning into ac-
tions belonging to a discrete dd§. In this case, the policy evaluation step actually
estimates the Q-function ofguantizedversion of the policy. The quantization func-
tiongq : U — Ug is used, given by:

qa(u) = u*, whereu* € argminju— u;| (5.6)

ujelUy
5.4.2 Online LSPI with monotonic policies

Consider a problem with B-dimensional state spa¢eC RP. In this section, it is
assumed thaX is a hyperbox:

X= [Xmin,l,xmaxl] XX [Xmin,DaXmaxD]

whereXmind € R, Xmaxd € R, andXmind < Xmaxd, ford=1,...,D.
We say that a polich is monotonic along thdth dimension of the state space if
and only if, for any paix € X, X € X of states that fulfill:

X4 < Xg
Xy =Xy Vd'#d
the policy satisfies:
5mond : h(X) < 5mond ) h()z) (5.7)

where the scaladmong € {—1,1} specifies the monotonicity direction: &ong is
—1thenhis decreasing along dimensidnwhereas i®mong is 1 thenhis increasing.
We say that a policy is (fully) monotonic if it is monotonicoalg every dimension
of the state space. In this case, the monotonicity direstaye collected in a vector
Omon = [Smon1, - - 5mor\D]T e{-1 1}D-
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In this chapter, policies are approximated using axisnaey normalized radial
basis functions (RBFs) (see Example 3.1) that are dis&rtbon a grid with 47 x
--- X Ap elements. The grid spacing is equidistant along each diierend all the
RBFs have identical widths. Before examining how (5.7) casdtisfied when using
such RBFs, a notation is required to relate Brdimensional position of an RBF on
the grid with its scalar index in the vectgr. Consider the RBF located at indices
ig along every dimensiod = 1,...,D, whereig € {1,...,.44}. The position of this
RBF is therefore described by tlidimensional indeXis,...,ip). We introduce
the notatioris, ..., ip] for the corresponding scalar index of the RBRpinwhich is
computed as follows:

li1,...,ip] =i+ (2= )M+ (3= 1) MA2 4+ - +(ip—1)MA2--- ND 1

This formula can be understood more easily as a generalizaif the two-
dimensional case, for whidjiy,is] = i1+ (i — 1).#1. In this two-dimensional case,
the grid (matrix) of RBFs has#; x .45 elements, and the vectgr is obtained by
first taking the left-most column of the grid (matrix), whicbntains.4; elements,
then appending the second column from the left (also wifrelements), and so on.

Thus, the RBF at positiofis,...,ip) on the grid sits at index= [i1,...,ip]
in the vectorg, and is multiplied by the policy parametér = J;, i) when the
approximate policy (5.4) is computed. Tledimensional center of this RBF is
[cl.il,...ch,iD]T, wherecgy i, denotes theqth grid coordinate along dimensiah
Without any loss of generality, the coordinates are assumétcrease monotoni-
cally along each dimensia

Cd,1<"'<cd7<,4/d

Furthermore, we impose that the first and last grid elemestplaced at the limits
of the domaincy 1 = Xmin g andcq s, = Xmaxd-

With these conditions, and also because the normalized REFexquidistant and
identically shaped, we conjecture that in order to satiSfy)it suffices to properly
order the parameters corresponding to each sequence ofdkBfesall the grid lines,
and in every dimension of the state spadd& example of this ordering relationship,
for a 3x 3 grid of RBFs, is:

dny < Iz < Ipg
> > >

o1y < Ipz < Ipg (5.8)
> > >

I3y < I3z < I3

In this case, the policy is decreasing along the first dinmmef X (vertically in the
equation), and increasing along the second dimensiornz@rally in the equation).

3To our knowledge, this monotonicity property has not yetrbfeemally proven; however, it can be
verified empirically for many RBF configurations.
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For a general grid ilD dimensions, the monotonicity conditions can be written:

Omon1* Liniia,....in] <Omonl* I2isiz,..io] < -+ < Omonl " I 4is,..i0]
for all i2,i3,...,iD,

Omon2 * F[iy Lis,....in] <Omon2° Ffiy 2iia,...ip] < -+ < Omon2 " F[iy, ss,ia.....in)]
foralliy,is,...,ip, (5.9

OmonD * iy ipia,.... 1) <Omond * Dy igis,....2] < -+ < Omond * Fiy ipis,.... 0]
for all il,iz, ey iD_1

The total number of inequalities in this equation is:
D

D
) ((m—n M m)
=1 d'=1, d'#d

The monotonicity of the policy is enforced in online LSPI placing the un-
constrained policy improvement with the constrained ksgstares problem:

N
9.1 =39% whered* €  argmin (7 (%) — uiy)
9 satisfying (5.9)is=1 (5_10)

andu;, € argmaxp’ (xi,u)6;
u

2

and then using the approximate, monotonic poﬁgzyl(x) = ¢ (X)3,1. The prob-
lem (5.10) is solved using quadratic programming (see, Blgcedal and Wright,
2006).

For clarity, Algorithm 5.3 summarizes online LSPI incorgting monotonic poli-
cies, a general linear parametrization of the Q-functionl,&xgreedy exploration. If
a discrete-action Q-function approximator is used in thisdthm, the approximate
action must additionally be quantized with (5.6) at lines8 8.

This framework can easily be generalized to multiple actianables, in which
case a distinct policy parameter vector can be used for eagtign variable, and
the monotonicity constraints can be enforced separatelgash of these parameter
vectors. This also means that different monotonicity diogs can be imposed for
different action variables.

5.5 LSPI with continuous-action, polynomial approximation

Most versions of LSPI from the literature employ discrettars (Lagoudakis et al.,
2002; Lagoudakis and Parr, 2003a; Mahadevan and Maggif0i7)2 Usually, a
numberN of BFs are defined over the state space only, and are reglit@teach
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ALGORITHM 5.3 Online least-squares policy iteration with monotonic piels.
Input: discount factowy,
Q-function BFs@y, ..., @ : X xU — R, policy BFs¢1,...,¢ 4 : X = R
policy improvement intervay, exploration schedulés o,
a small constangr > 0

1. £+ 0, initialize policy paramete$,
2. To<— Brlaxm No+— 0,200
3: measure initial state,
4: for every time stefx=0,1,2,... do
5. U o7 (%) with probability 1— & (exploit)
' K a uniform random action il with probability g (explore)
6: applyux, measure next staig,; and rewardy, 1
7 Tier — Tt 0%, U) @7 (X, U)
8: A1 — N+ 0% U) @ (X1, @ T (Xii1) 8)
9 Zey1 — Zc+ QX Uk) Tt
10: if k= (¢+ 1)Kg then
11: SO|V€W11rk+194 = Wlll\kJr]_e({ + k_,'_LleJr]_
S
12: 19t argmin 3 (T (%) — uis)2 Ui cargmaxp’ (i, u) 6y
9 satisfying (5.9)is=1 u
13: {—(+1
14: end if
15: end for

of theM discrete actions, leading to a total numbhet NM of BFs and parameters.
Such approximators were discussed in Example 3.1. Howthere exist important
classes of control problems in which continuous actionsegeired. For instance,
when a system must be stabilized around an unstable equifibany discrete-action
policy will lead to undesirable chattering of the contraliac and to limit cycles.
Therefore, in this section we introduce a continuous-adfefunction approxi-
mator for LSPI. This approximator works for problems witlalse control actions.
It uses state-dependent BFs and orthogonal polynomiatsdddtion variable, thus
separating approximation over the state space from appaiion over the action
space. Note that because the action that maximizes the €idarfor a given state
is not restricted to discrete values in (5.2), this appr@tom produces continuous-
action policies. A polynomial approximator is chosen beeait allows one to ef-
ficiently solve maximization problems over the action valga(and thus perform
policy improvements), by computing the roots of the polymaimderivative. More-
over, orthogonal polynomials are preferred to plain poiyials, because they lead to
numerically better conditioned regression problems aptiliey improvement step.
Similarly to the case of discrete-action approximator&tagN state-dependent
BFs is defined : X — R, i =1,...,N. Only scalar control actiong are consid-
ered, bounded to an intervdl= [u_,uy]. To approximate over the action dimension
of the state-action space, Chebyshev polynomials of thiekiingl are chosen as an
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illustrative example of orthogonal polynomials, but mailyey types of orthogonal
polynomials can alternatively be used. Chebyshev polyatsaf the first kind are
defined by the recurrence relation:

Yo(u) =1
r(u)y=u
Yja(u) = 20¢5(u) — gj-1(U)

They are orthogonal to each other on the intefvdl, 1] relative to the weight func-

tion 1/v/1— U2, i.e., they satisfy:

1
u wda=0, j=012,...,i=0212.... ) #]
/1\/—%(7%(7 j j I"#1]
In order to take advantage of the orthogonality propertyattion spacel must be
scaled and translated into the interjaall, 1]. This is simply accomplished using the

affine transformation:
u—up

Uy — UL
The approximate Q-values for an orthogonal polynomial apipnator of degree
Mp are computed as follows:

U=-1+2 (5.11)

Axu) zbwj 0) Z(n 6.1 (5.12)

This can be written aQ(x, u) = ¢' (x, )6 for the state-action BF vector:

o(x,0) = (@) Yo(D), ., @ (X) ol ),

(pl(X)LIJl(J)V"v(n\I(X)Lpl(J)a (513)

(PL(X)QUMp(U)a O () Y, (D]

The total number of state-action BFs (and therefore thd tatmber of parame-
ters) isn = N(Mp+1). So, given the same numbkrof state BFs, a polynomial
approximator of degrekl, has the same number of parameters as a discrete-action
approximator wittM = My 4 1 discrete actions.

To find the greedy action (5.2) for a given stajehe approximate Q-function
(5.12) for that value oX is first computed, which yields a polynomialinThen, the
roots of the derivative of this polynomial that lie in thedntal (—1,1) are found,
the approximate Q-values are computed for each root andalsel and 1, and the
action that corresponds to the largest Q-value is chosagathion is then translated
back intoU = [uL,un]:

1+argmayegx @' (x,0)8
2

U(x)={-1,1}U {J €(-1,1) ’ d“(;(g) = 0,wherey(0) = qu(x,G)G}

h(x) =uL + (ug—uy) , Wwhere:

(5.14)
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In this equation,d%m denotes the derivativ%—i;‘fjfj—LD evaluated at/. In some cases,
the polynomial will attain its maximum inside the interyall, 1), but in other cases,
it may not, which is why the boundarigs-1,1} must also be tested. Efficient algo-
rithms can be used to compute the polynomial roots with higlueacy? Therefore,
the proposed parametrization allows the maximization lgrob in the policy im-
provement (5.2) to be solved efficiently and with high accyrand is well-suited to
the use with LSPI.

Polynomial approximation can be used in offline, as well asritine LSPI. In
this chapter, we will evaluate it for the offline case.

5.6 Experimental study

In this section, we experimentally evaluate the extensiotise LSPI algorithm that
were introduced above. First, an extensive empirical stfdgnline LSPI is per-
formed in Sections 5.6.1 and 5.6.2, using respectively gariad pendulum and
a robotic manipulator problem. Then, in Section 5.6.3, thedfits of using prior
knowledge in online LSPI are investigated, for a DC motomeke. Finally, in Sec-
tion 5.6.4, we return to the inverted pendulum problem tongra the effects of
continuous-action polynomial approximation.

5.6.1 Online LSPI for the inverted pendulum

The inverted pendulum swing-up problem is challenging aigtilit nonlinear, but
low-dimensional, which means extensive experiments cgrelfermed with reason-
able computational costs. Using this problem, we study fieets of the exploration
decay rate, of the policy improvement interval, and of thal tength on the per-
formance of online LSPI. Then, we compare the final perforreasf online LSPI

with the performance of offline LSPI; and we compare onlind’L&ith an online

Pl algorithm that uses, instead of LSTD-Q, the least-scpupoéicy evaluation for Q-
functions (LSPE-Q) (Algorithm 3.9). Finally, we providealetime learning results
for the inverted pendulum system.

Inverted pendulum problem

The inverted pendulum problem was introduced in Sectiorm344nd is described
here only briefly. The pendulum consists of a weight attacbedod that is actuated
by a DC motor and rotates in a vertical plane (see Figure /xfiage 158). The goal
is to stabilize the pendulum in the pointing up position. Doghe limited torque

of the DC motor, from certain states (e.g., pointing dow) pendulum cannot be

“4In our implementation, the roots are computed as the eig@wanf the companion matrix of the
polynomial %, using the “roots” function of MTLAB (see, e.g., Edelman and Murakami, 1995).
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pushed up in a single rotation, but must be swung back anld forgather energy
prior to being pushed up and stabilized.

A continuous-time model of the pendulum dynamics is:

b'(—l mglsin(a) — ba K2d+Ku
—3\™ RYTR
whereJ = 1.91- 10 %kgn?, m = 0.055kg,g = 9.81m/¢, | = 0.042m,b = 3-
10 ®Nms/rad,K = 0.0536 Nm/A, R = 9.5Q. The anglea “wraps around” in
the interval[—m, ) rad, so that, e.g., a rotation ofi32 corresponds to a value

a = —m/2. Whena = 0, the pendulum is pointing up. The velocityis restricted
to [—15m, 15m] rad/s, using saturation, and the control actiofs constrained to

[—3,3] V. The state vector ig = [a,d]". The sampling time i35 = 0.005s, and the

discrete-time transitions are obtained by numericallggnating the continuous-time
dynamics. The stabilization goal is expressed by the refarction:

p(x,u) = —XTQreWX— Rrewt?

5 0
QreW: |:O 0.1:|; Rrew:]-

with discount factoy = 0.98. This discount factor is large so that rewards around the
goal state (pointing up) influence the values of states earlie trajectories. This
leads to an optimal policy that successfully swings up aaliktes the pendulum.

A near-optimal solution (Q-function and policy) for thisotmlem is given in Fig-

ure 5.1. This solution was computed with fuzzy Q-iterati@h#épter 4) using a fine
grid of membership functions in the state space, and a fimeadization of the action
space.
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(a) Slice through the Q-function far= 0. (b) Policy.

FIGURE 5.1 A near-optimal solution for the inverted pendulum.
Approximator and performance criteria
To approximate the Q-function, a discrete-action appratamnof the type introduced

in Example 3.1 of Chapter 3 is employed. Recall that for suthpproximatorN
state-dependent BRg, ..., @\ : X — R are defined and replicated for every action
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in a discretized sdily = {u,...,um }. Approximate Q-values can be computed for
any state-discrete action pair with:

~

Qx.uj) = ¢ (x,u;) 8

where, in the state-action BF vecip(x, u; ), the BFs not corresponding to the current
discrete action are taken to be equal to O:

@(x,uj;) =[0,...,0,...,0,@(X),...,&n(X),0,...,0,...,0]" € RNM (5.15)
—— —— ——— ——
up uj Unm

An equidistant 1k 11 grid of normalized Gaussian RBFs (3.6) is used to approx-
imate the Q-function over the state space, and the acticzedpaliscretized into 3
discrete valueddq = {—3,0,3}. This leads to a total number af= 11?3 = 363
state-action BFs. The RBFs are axis-aligned and identiclape, and their widthy
along each dimensiahis equal tobgz/z, whereb; is the distance between adjacent
RBFs along that dimension (the grid step). These RBFs yisld@oth interpolation
of the Q-function over the state space. Recalling that thigeaspans a domain of
size 21 and that the angular velocity spans78@ve obtainb; = % ~ 0.63 and

= % ~ 9.42, which lead tdy; ~ 0.20 andb, ~ 44.41.
We first define a performance measure that evaluates thetyqoflhe policy
computed online for a set of representative initial stafgmnaing the entire state
space. In particulagfter each online LSPI experiment is completed, snapshots of
the current policy at increasing moments of time are evallily estimating, with

precisiongyc = 0.1, their average return (score) over the grid of initialestat
Xo={-m —m/2,0,11/2} x {—10m,—3m,—m,0, 17,311, 1071} (5.16)

During performance evaluation, learning and exploraticntarned off. This pro-
duces a curve recording the control performance of the ypolier time. The return
for each initial state is estimated by simulating only thstf steps of the trajectory,
with K given by (2.41).

The performance measure above is computed in the absenoglofation.
Therefore, when evaluating the effects of exploration, @giteonal measure is re-
quired that does take these effects into account. To olitemteasure, the system is
periodically resetiuringthe learning process to the initial state= [—71,0] (point-
ing down), and the empirical return obtained along a leartiial starting from this
state is recordedyithout turning off exploration and learning. Repeating this evalu
ation multiple times over the learning process gives a curdigating the evolution
of the return obtained while using exploration.

The two performance measures are respectively calledéSemd “return with
exploration” in the sequel. They are not directly compagafitst because they han-
dle exploration differently, and second because the soc@&tes the performance
overXp, whereas the return with exploration only considers thglsistatexg. Nev-
ertheless, if two experiments employ the same exploratbadule, comparing their
score also gives a good idea about how they compare quaditain terms of return
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with exploration. Because of this, and also to preserveistarey with the perfor-
mance criteria used in other chapters of this book, we wiyl o& the score as a pri-
mary performance measure, and we will use the return withoesgion only when
the effect of different exploration schedules must be agskNote that, because the
reward function is negative, both performance measurédwitegative, and smaller
absolute values for these measures correspond to betterrpance.

Effects of the tuning parameters

In this section, we study the effects of varying the tunintppzeters of online LSPI.
In particular, we change the exploration decay rgfethe number of transitions
between consecutive policy improvemelts and the trial lengtfyiz. Each online
experiment is run for 600s, and is divided into trials havihg lengthTyiq . The
decaying exploration schedule (5.3) is used, with thedhékploration probability
& =1, so that a fully random policy is used at first. The paramgteis set to
0.001. Furthermore, 20 independent runs of each experimepieaformed, in order
to obtain statistically significant results.

To study the influence ofeyg, the following values are chosergy =
0.89130.95500.97720.98860.9924, and 0962, so that, becomes A after re-
spectively 20, 50, 100, 200, 300, and 600 s. Larger valueg obrrespond to more
exploration. The policy is improved once evefy = 10 transitions, and the trial
length isTyia = 1.5 s, which is sufficient to swing up and stabilize the invepied-
dulum. The initial state of each trial is drawn from a uniforamndom distribution
over X. Figure 5.2 shows how thscore (average return ovexy) of the policies
learned by online LSPI evolves. In particular, the curveBigure 5.2(a) represent
the mean performance across the 20 runs, while Figure 5a2i@ijionally shows
95% confidence intervals, but only considers the extremegegabfey, in order to
avoid cluttering. The score converges in around 120s of Isited time. The final
score improves with more exploration, and the differendsvben the score with
large and small exploration schedules is statisticallpificant, as illustrated in Fig-
ure 5.2(b). These results are not surprising, since theideragions in Section 5.3
already indicated that online LSPI requires significanti@sgtion.

However, too much exploration may decrease the controbpadnce obtained
during learning. Since exploration is turned off while cartipg the score, this effect
is not visible in Figure 5.2. To examine the effects of exatmm, the experiments
above are repeated, but this time resetting the system toitiaé statexg = [—71,0]
in one out of every 10 trials (i.e., once every 155s), and riogrthe return with
explorationduring every such trial. Figure 5.3 presents the resulsnfwhich it
appears that too large an exploration schedule negatiffdgts the rate of im-
provement of this performance measure. The differencesdast small and large
exploration schedules are statistically significant, lastitated in Figure 5.3(b). This
means that, when selecting the exploration schedule, a-twiidetween the score
of the policy and the return with exploration must be resdlveor this example,
an acceptable compromise between the two performance mesaswbtained for
&9 = 0.9886, corresponding tex = 0.1 after 200 s. We therefore choose this explo-
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FIGURE 5.3
Return with exploration obtained by online LSPI for varyigg in the inverted pendulum
problem.

ration schedule for all the upcoming simulation experirsavith online LSPI for the
inverted pendulum.

To study the influence of the numbié€g of transitions between policy improve-
ments, the following values are uség; = 1,10,100,1000, and 5000. Whelyg =1,
the algorithm is fully optimistic: the policy is improvedtaf every sample. The
trial length isTyig = 1.5s, and the initial state of each trial is drawn from a uni-
form random distribution oveX. As already mentioned, the exploration decay rate
is &g = 0.9886. Figure 5.4 shows how the performance of the policiaskd by
online LSPI evolves. In Figure 5.4(a) all the values dfg lead to a similar per-
formance except the cases in which the policy is updated raegly. For instance,

51n this figure, the performance is measured using the scdriehvis representative because all the ex-
periments use the same exploration schedule. For siméaores, the score is employed as a performance
measure throughout the remainder of this chapter.
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whenKg = 5000, the performance is worse, and the difference with énfopmance
of smallerKy is statistically significant, as illustrated in Figure B (This indicates

that policy improvements should not be performed too rarebnline LSPI.
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FIGURE 5.4
Performance of online LSPI for varyirigy in the inverted pendulum problem.

To study the effects of the trial length, the valigg = 0.75,1.5,3,6, and 12s
are used, corresponding to, respectively, 800, 400, 2@1),ak@@ 50 learning trials in
the 600 s of learning. The initial state of each trial is drdvam a uniform random
distribution overX, the policy is improved once evely = 10 samples, and the
exploration decay rate i = 0.9886. These settings gave a good performance in the
experiments above. Figure 5.5 reports the performancelimfolnSPI. Long trials (6
and 12 s) are detrimental to the learning rate, as well agtfirtal performance. Short
trials are beneficial for the performance because the mecpiént re-initializations
to random states provide more information to the learniggrhm. This difference
between the performance with short and long trials is sieaity significant, see
Figure 5.5(b).

-1400

-1400
1

-1600

Score

—-2000

-2200

-2400

. — &%
fr — ]

1800/ |
-

— Tma|:0.755

—— Tia=150s

T _=3.00s
trial

=6.00s

*— Tiial™

—— T, 712,008

0

100

200 300

t[s]

400 500 600

Score

-1600
-1800
—2000

—2200} / |/

—-2400

—e— T,.,=0.75s, mean

— — — 95% confidence bounds

—=— T,,=12.00s, mean

— — — 95% confidence bounds

100 200 300

t[s]

400 500

600

(a) Mean score for all the experiments. (b) Mean score with 95% confidence intervals,
for the smallest and largest valuesTgfy.

FIGURE 5.5
Performance of online LSPI for varyintyiy in the inverted pendulum problem.
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Figure 5.6 shows the mean execution time for varysagKg, and Ty, taken
across the 20 independent runs of each experifh&he 95% confidence intervals
are too small to be visible at the scale of the figure, so theYedirout. The execution
time is larger for smalleKg, because the most computationally expensive operation
is solving the linear system at line 11 of Algorithm 5.2, whiaiust be done once
everyKy steps. The execution time does not change significantlythvitlexploration
schedule or with the trial length, since choosing randoroastand re-initializing
the state are computationally cheap operations.
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FIGURE 5.6 Mean execution time of online LSPI for the inverted pendulum

Note that for fully optimistic update€(y = 1, the execution time is around
2430s, longer than the length of 600s for the simulated éxygart, and therefore
online LSPI cannot be run in real time for this valuekyf. Some possible ways to
address this problem will be discussed in Section 5.6.2.

Comparison of online LSPI and offline LSPI

In this section, online LSPI is compared with the origindflime LSPI algorithm.
The online experiments described above are reused for tmgparison. To ap-
ply offline LSPI, the same approximator is employed as in thine case. While
the online algorithm generates its own samples during iegra number ohs =

20000 pregenerated random samples are used for offline US#RIrmly distributed
throughout the state-discrete action spaceUq. Offline LSPI is run 20 times with

6All the execution times reported in this chapter were reedravhile running the algorithms in
MATLAB 7 on a PC with an Intel Core 2 Duo E6550 2.33 GHz CPU and with 3 @BIR
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independent sets of samples. Table 5.1 compares the sweradea return ovexg)

of the policies found offline with that of th&nal policies found at the end of the
online experiments, as well as the execution time of offliné anline LSPI. Two
representative online experiments from the studgycdre selected for comparison:
the experiment with the best mean performance, and the iexgetrwith the worst
mean performance. Representative experiments from tloy stfukg and Tyiy are
selected in a similar way.

TABLE 5.1 Comparison of offline and online LSPI (mean; 95% confidenterial).

Experiment Performance (score) Execution timgs]
Offline —14968; [-15036,—-14900] 82.7;[79.6,85.8]

&4 =0.9962 (best) —14790;[-14823,-14757] 3359;[3328,3391
&4 = 0.8913 (worst) —15340; [-15469,—-15211] 3336;[3316,3357

Kg = 1 (best) —14943; [-15015,-14872] 24299; [24262, 24335]
Kg = 5000 (worst) —15978;[—16181,—15774] 1140;[1137,1142]

Twiat = 0.75s (best) —14868;[—14924,—-14812] 346.3;[3451,3475
Twial = 125 (worst) —15985; [-16642,-15328] 346.6;[3455,347.7

The table indicates that the final performance of online LiSBbmparable with
the performance of its offline counterpart. On the other hantine LSPI is more
computationally expensive, because it performs more patiprovements. The of-
fline algorithm employs 20000 samples, whereas online L$&¢gsses the same
number of samples in 100 s of simulated time, and 120000 ssndjpiring the entire
learning process. Nevertheless, as indicated, e.g., ir€&g.2(a), for reasonable pa-
rameter settings, the score of the policy found by onlinelLiSRlready good after
120s, i.e., after processing 24000 samples. ThereformyeohSPI is also compa-
rable with offline LSPI in the number of samples that are sigificto find a good
policy. Note that online LSPI processes samples only onbergas the offline algo-
rithm loops through the samples once at every iteration.

Figure 5.7 presents a representative final solution of erl®PI, computed with
Kg = 10, &g = 0.9886, andTliz = 1.5s, in comparison to a representative solution
of the offline algorithm. The two policies, shown in Figureg(®) and 5.7(b), have a
similar large-scale structure but differ in some regiortge Q-function found online
(Figure 5.7(c)) resembles the near-optimal Q-functionigliFe 5.1(a) more closely
than the Q-function found offline (Figure 5.7(d)), which heas extra peak in the
origin of the state space. The swing-up trajectories, shmmaigures 5.7(e) and
5.7(f), are similar, but the online solution leads to morattdring.

Comparison of online LSPI and online Pl with LSPE-Q

In this section, we consider an online Pl algorithm thateatds policies with LSPE-
Q (Algorithm 3.9), rather than with LSTD-Q, as online LSPkedoRecall that LSPE-
Q updates the matricés A, and the vectoz in the same way as LSTD-Q. However,
unlike LSTD-Q, which finds the parameter vec@ry solving a one-shot linear
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problem, LSPE-Q updates the parameter vector incremeraétr every sample. In
the online context, the update at stepas the form:

Br1 = O+ aLSPE(eli_l - Qk), where:

1 " 1 1 (5.17)
——Tk16;,, =y——A —
K1 k+101, 1 Vk+1 k+16k + k—|—1zk+1
where a,spe iS a step size parameter. The policy is improved optimiijicance
everyKg transitions. Algorithm 5.4 shows online Pl with LSPE-Q, inaiant that
employse-greedy exploration; this variant will be used in the sequel

ALGORITHM 5.4 Online policy iteration with LSPE-Q ang-greedy exploration.
Input: discount factowy,

BFs@,...,¢h: X xU =R,

policy improvement intervag, exploration schedulés, o,

step sizea spe > 0, a small constar@- > 0

1. £+ 0, initialize policyhg, initialize parameter§y

2: g« Bl’lnxnv Ng — 0, 7o <— 0

3: measure initial stat®,

4: for every time stefx=0,1,2,... do

5. U hy (%) with probability 1— g (exploit)
' K a uniform random action il with probability g, (explore)

6: applyux, measure next staig,; and rewardy, 1

7 Tier — Tt 0%, U) @7 (X, k)

8 Awy1 — N+ 0% U) @ (X1, Mo (Xier 1))

9 Zey1 — Zo+ QX Uk) Tt

10: Bk B+ aLSPE(GQ:Jr]_ -6, Whereﬁll rk+19k¢+1 = Vﬁll/\k+19k+ Wllzk+l
11: if k= (¢+1)Kg then

12: hy1(X) < argmax @' (x,U)6y1, VX
13: {—(+4+1

14: end if

15: end for

The fully optimistic variant of online PI with LSPE-Q (fdty = 1) was studied,
e.g., by Jung and Polani (2007a). Bertsekas (2007) and JushdPalani (2007a)
conjectured that LSPE-Q is more promising for online Pl th&TD-Q, due to its
incremental nature.

Next, we apply online Pl with LSPE-Q to the swing-up probléie do not
study the influence of all the parameters, but only focus sarpateiKg, by running
a set of experiments that parallels the studigfor online LSPI. The approximator,
exploration schedule, and trial length are the same asfexp&riment, and the same
Kg values are used. The matfixs initialized to Q001: I« . Online Pl with LSPE-Q
has an additional step size parametggse, which was not present in online LSPI.
In order to choose spe, preliminary experiments were performed for each value
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of Kg, using several values @f spe: 0.001, Q01, 01, and 1. In these experiments,
the following values ofa, spe performed reasonably:. @01, Q01, 0001, Q01, and
0.1, for, respectivelykg = 1,10,100,1000, and 5000. With these valuesmtpg, 20
independent runs are performed for evigy

Figure 5.8 presents the performance of online Pl with LSP&ef@ss these 20
runs; compare with Figure 5.4. A reliably improving perf@mnce is only obtained
for Kg = 1 anda spe = 0.001. In this experiment, due to the very small step size,
learning is slower than for online LSPI in Figure 5.4. Forta# other experiments,
online Pl with LSPE-Q is less reliable than online LSPI: thisra larger variation in
performance across the 20 runs, as illustrated by the 18&gérconfidence intervals
for Kg = 5000 in Figure 5.8(b); the experiments for which confidemtervals are
not shown have a similar character. To explain why this iscte®, recall from Sec-
tion 3.5.2 that in order to guarantee the convergence of LQPIEis required that
state-action samples are generated according to theilysstate probabilities under
the current policy. In online PI, the policy is changed ofterd many exploratory
actions are taken, which severely violates this requirgnuestabilizing the update
(5.17). While online LSPI is also affected by imprecisiorthie values of’, A, and
z, it may be more stable because it only uses them to computstartesolutions,
rather than updating the parameter vector recursively,dikline Pl with LSPE-Q.
Even though a very small step size may recover a stable peafuce improvement
for online PI with LSPE-Q (as illustrated fd€g = 1 with a,spe = 0.001), this is
not guaranteed (as illustrated fidp = 100, which uses the same valuem#tp but
nevertheless remains unstable).
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FIGURE 5.8
Performance of online PI with LSPE-Q for varyikg in the inverted pendulum problem.

Figure 5.9 presents the mean execution time of online Pl W8RE-Q, and re-
peats the execution time of online LSPI from Figure 5.6(t) an easy comparison.
Online Pl with LSPE-Q solves a linear system at every stedps&y > 1, itis more
computationally expensive than online LSPI, which solvéiaear system only be-
fore policy improvements.
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FIGURE 5.9
Execution time of online Pl with LSPE-Q for varyiri{g, compared with the execution time
of online LSPI, in the inverted pendulum problem.

Online LSPI for the real inverted pendulum

Next, online LSPI is used to control the inverted pendulustesy in real time, rather
than in simulation as in the earlier sections. To make thelpro slightly easier for
the learning controller, the sampling time is increaset@te 0.02 s (from 0005 s),
and the maximum available control is increased @\8 (from 3V); even so, the
pendulum must still be swung back and forth to gather eneefiyrb it can be turned
upright. The same approximator is used as in the simulatiper@ments, and online
LSPlis run for 300s, divided into 2 s long trials. Half of thiats start in the stable
equilibrium (pointing down), and half in a random initiab obtained by applying
a sequence of random actions. The initial exploration godihais &g = 1 and de-
cays witheg = 0.9848, which leads to a final exploration probability o®0. Policy
improvements are performed only after each trial, becaoising the linear system
at line 11 of Algorithm 5.2 at arbitrary time steps may takeder than the sampling
time.

Figure 5.10(a) presents a subsequence of learning traisaining 1 out of each
10 trials. All of these trials are among those starting with pendulum pointing
down. These trajectorieclude the effects of exploration. Figure 5.10(b) shows
a swing-up of the pendulum with the final policy and withoupkexation. The con-
troller successfully learns how to swing up and stabilizegbndulum, giving a good
performance roughly 120 s into learning. This is similafte karning rate observed
in the simulation experiments. Figure 5.10(c) shows thd finéicy obtained, indi-
cating also some of the state samples collected duringitegroompare with the
near-optimal policy of Figure 5.1(b). For small velocitigsound the zero coordi-
nate on the vertical axis), the policy found online resemlie near-optimal policy,
but it is incorrect for large velocities. This is becausengshe procedure described
above to re-initialize the state in the beginning of ead,tthe samples are concen-
trated in the low-velocity areas of the state space. Thepadnce would improve if
a (suboptimal) controller were available to re-initialthe state to arbitrary values.
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FIGURE 5.10 Real-time results of online LSPI for the inverted pendulum.

5.6.2 Online LSPI for the two-link manipulator

This section examines the performance of online LSPI forséesy with higher di-
mensionality than that of the inverted pendulum: a two-liokotic manipulator op-

erating in a horizontal plane.

Two-link manipulator problem

Since the two-link manipulator problem was already desdtilm Section 4.5.2, it
is only briefly recapitulated here. The two-link manipulateas 4 state variables, 2
action variables, and the following continuous-time dyicm

M(a)a +C(a,a)a =T1
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wherea = [a1, a2]" contains the angular positions of the two links; [11, 72" con-
tains the torques of the two motokd(a) is the mass matrix, ar@(a, a) is the Cori-
olis and centrifugal forces matrix. For the values of thesdrites, see Section 4.5.2,
page 153; see also the schematic representation of the atatoipin Figure 4.8. The
state signal contains the angles and angular velockiesfa, a1, a2, @], and the
control signal isu = 1. The anglesr1, o, “wrap around” in the interval—r, i) rad,
and the angular velocitiegs,a, are restricted to the interval-2m, 2m rad/s us-
ing saturation. The torques are constrained as follawss [—1.5,1.5|Nm, 1, €
[-1,1] Nm. The discrete time step is set Tgo= 0.05s, and the discrete-time dy-
namicsf are obtained by numerically integrating (4.49) betweenseguntive time
steps.

The goal is to stabilize the system aroumd= & = 0, and is expressed by the
guadratic reward function:

p(X,u) = —X"QrewX, With Qe = diag1,0.05,1,0.05]
The discount factor is set o= 0.98.

Approximator, parameter settings, and performance criterion

Like for the inverted pendulum, the Q-function approxintfatmmbines state-
dependent RBFs with discretized actions. An equidistadt@ir5 x 5 x 5 x 5 iden-
tically shaped axis-aligned RBFs is defined over the fouratisional state space.
The discretized actions afe;, 7,]" € {—1.5,0,1.5} x {—1,0,1}. This leads to a to-
tal number of 8-9 = 5625 state-action BFs. The learning experiment has a durati
of 7200s, and is divided into trials that have a length of 1@isi¢h is sufficient to
stabilize the system) and start from uniformly distributaddom initial states. The
policy is improved once evet§yg = 50 transitions, ang- is set to 0001. The initial
exploration rate i€y = 1 and decays witlsg = 0.999041, leading to an exploration
probability of Q001 at the end of the experiment.

The performance of the policies computed online is evatlating the average
return (score) over a set of initial states containing a legyrid of link angles:

Xo={-m—2mn/3,—m/3,...,m} x {0} x {—m,—2m/3,—m/3,..., 1} x {0}
The returns are estimated with a precisiorggf = 0.1.

Results of online LSPI

Figure 5.11 shows the performance of online LSPI across @i@pendent runs.
The algorithm first reaches a near-final performance aft@0%2 during which
24000 samples are collected; a similar number of samplesegasred for the two-
dimensional inverted pendulum. So, the learning rate aherllSPI scales up well
to the higher-dimensional manipulator problem.

Figure 5.12 presents a policy found by online LSPI, togethién a represen-
tative trajectory that is controlled by this policy; comedhis solution, e.g., with
the fuzzy Q-iteration solution shown in Figure 4.9 on pag8,i8 Chapter 4. The
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FIGURE 5.11 Performance of online LSPI for the robotic manipulator.

large-scale structure of the policy in Figure 5.12(a) rdyghsembles that of the
fuzzy Q-iteration policy, but the details are different dikekly suboptimal. In Fig-
ure 5.12(a), the system is stabilized after 2 s, but thediaijg exhibits chattering of
the control actions and, as a result, oscillation of theestdh comparison, the fuzzy
Q-iteration trajectories of Figure 4.9 do not exhibit as mabattering.
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FIGURE 5.12 Solution found by online LSPI for the two-link manipulator.
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The poorer performance of online LSPI is caused mainly bylithgations of
the chosen approximator. While increasing the number of R&@Fdiscrete actions
would help, it may also lead to excessive computationalscoRecall that online
LSPI has a time complexity of @%) = O(N3M?3) per (policy improvement) step,
whereN = 5% is the number of state-dependent BFs ahe- 9 the number of dis-
crete actions. The actual execution time of online LSPI wasirad 20 hours per
run, longer than the 1200s interval of simulated time, sodkgeriment cannot
be reproduced in real time. This illustrates the difficultyusing generic, uniform-
resolution approximators in high-dimensional problemddiionally, having more
RBFs means that more parameters must be determined, whictnirequires more
data. This can be problematic when data is costly.

A good way to avoid these difficulties is to determine autooadly a small num-
ber of BFs well suited to the problem at hand. While we do nadthis possibility
here, we have reviewed in Section 3.6 some approaches fomatitally finding
BFs to be used in least-squares algorithms for policy etialnaViost of approaches
these work in a batch, offline setting (Menache et al., 2008haievan and Mag-
gioni, 2007; Xu et al., 2007; Kolter and Ng, 2009), and wouded to be modified
to work online. Approaches that work on a sample-by-samadésbare more readily
adaptable to online LSPI (Engel et al., 2005; Jung and Pd¥&i7a). Another pos-
sibility to reduce the computational demands is to employemental updates of the
parameters, rather than solving linear systems of equafGaramifard et al., 2006,
2007), but this approach does not reduce the data demartus algiorithm.

For completeness, we also attempted to apply offline LSPIlcatide PI with
LSPE-Q to the manipulator problem. Offline LSPI failed to wenge even when
provided with 18 samples, while online Pl with LSPE-Q exceeded the memory re-
sources of our machifi@nd therefore could not be run at all. Recall from Section 5.3
that, in practice, online LSPI only needs to store a simgien estimate of” — yA,
whereas online Pl with LSPE-Q must estimBtandA separately.

5.6.3 Online LSPI with prior knowledge for the DC motor

In this section, we investigate the effects of using pricowledge about the policy
in online LSPI. We consider prior knowledge about the moniity of the policy,
as discussed in Section 5.4, and perform an experimenty sta the DC motor
problem, which was introduced in Section 3.4.5 and usechdg&ection 4.5.1.

DC motor problem

The DC motor is described by the discrete-time model:

7By comparison, fuzzy Q-iteration can use a more accurateoappator without incurring excessive
computational costs, because it only needs to store andaipeetors of parameters, whereas LSPI needs
to store matrices and solve linear systems of equations.

80ur machine was equipped with 3 GB of RAM and was configureds@2GB of swap space.
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f(x,u) = Ax+Bu

A_[L 00049 o [0.002
|0 09540° "~ |0.850

wherex; = o € [—m,mrad is the shaft angle; = a € [—16m, 16m]rad/s is the
angular velocity, and € [-10,10] V is the control input (voltage). The state variables
are restricted to their domains using saturation. The gotd stabilize the system
aroundx = 0, and is described by the quadratic reward function:

p(x,u) = —XTQreWX— Rrewt?

5 0
QI‘EW: |:0 0.01:|; RreW:o~01

with discount factoly = 0.95.

Because the dynamics are linear and the reward functioraidrgtic, the optimal
policy would be a linear state feedback if the constraintdhenstate and action
variables were disregarded (Bertsekas, 2007, SectionTh&)ptimal feedback gain
can be computed using an extension of linear quadratic @lotatrthe discounted
case, as explained in Footnote 16 of Section 3.7.3. Thetmagdéedback gain for
the DC motor i§—12.92, —0.68]". By additionally restricting the control input to the
admissible ranggé-10, 10 using saturation, the following policy is obtained:

h(x) = sat{[~12.92,-0.68T-x, 10,10} (5.18)

which is monotonically decreasing along both axes of theestpace. This mono-
tonicity property will be used in the sequel to accelerateléarning rate of online
LSPI. Note that the actual values of the linear state feddgamns are not required
to derive this prior knowledge, but only their sign must bewn. The policy (5.18)

is shown in Figure 5.13(a).

h(a,a’) [V] h(a,a’) [V]

o’ [rad/s]
o [rad/s]

0 0
o [rad] a[rad]

(a) Constrained linear state feedback. (b) Near-optimal policy found by fuzzy Q-
iteration.

FIGURE 5.13 Near-optimal policies for the DC motor.

For comparison, Figure 5.13(b) presents a near-optimatyyatomputed by
fuzzy Q-iteration with an accurate approximator (this pplis repeated from Fig-
ure 3.5(b)). Over a large region of the state space, thicydilinear, and there-
fore monotonic. The only nonlinear, nonmonotonic regiquysear in the top-left and
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bottom-right corners of the figure, and are probably dueeéatinstraints on the state
variables. So, the class of monotonic policies to whichranliSPI1 will be restricted
does indeed contain near-optimal solutions.

Approximator, parameter settings, and performance criterion

To apply online LSPI with monotonic policies to the DC motibre Q-function is
approximated using state-dependent RBFs and discretizixhg, as in the inverted
pendulum and manipulator examples above. The RBFs arafgised, their centers
are arranged on an equidistant 9 grid in the state space, and their widithalong
each dimensiod is equal tob{,z/Z, wherely is the distance between adjacent RBFs
along that dimension. These RBFs lead to a smooth inteipolater the state space.
Since the domains of the state variables [are, ] for the angle and—16r, 1671
for the angular velocity, we obtahj = 927711 ~0.79 andb, = % ~ 1257, leading to
b1 ~ 0.31 andb, ~ 78.96. The discretized action spacéjg= {—10,0,10}, leading
to a total number of 9 3 = 243 state-action BFs.

As explained in Section 5.4, we employ a linear policy paraizegtion (5.4) and
enforce the monotonicity constraints in the policy impnments (5.10). The pol-
icy RBFs are identical to the Q-function RBFs, so the poliag B1 parameters. An
added benefit of this parametrization is that it producesticoaus actions. Neverthe-
less, as explained in Section 5.4.1, these actions mussbeetized during learning,
because the Q-function approximator can only employ disaetions. To perform
the policy improvements (5.10), 1000 uniformly distribditeandom state samples
are generated. Since these samples do not include infanregttout the dynamics or
the rewards, a model is not required to generate them.

The learning experiment has a length of 600 s, and is diviaiedli5 s long trials
with uniformly distributed random initial states. The mylimprovement interval is
Kg = 100, and the exploration schedule starts freyn= 1 and decays with a rate
of &g =0.9886, leading t& = 0.1 att = 200 s. Policies are evaluated by estimating
with precisiongyc = 0.1 their average return (score) over the grid of initial fate

Xo={-m,—m/2,0,1/2, 11} x {—10m, —5m, — 21, — 11,0, 11, 277, 571, 1077}

Results of online LSPI with prior knowledge, and comparisonto online LSPI
without prior knowledge

Figure 5.14 shows the learning performance of online LS wiior knowledge
about the monotonicity of the policy, in comparison to thef@enance of the original
online LSPI algorithm, which does not use prior knowledge=ai values across
40 independent runs are reported, together with 95% cordelenervals on these
means. Using prior knowledge leads to much faster and méable learning: the
score reliably converges in around 50 s of simulation timecdntrast, online LSPI
without prior knowledge requires more than 300 s of simatatime to reach a near-
optimal performance, and has a larger variation in perfoiceacross the 40 runs,
which can be seen in the wide 95% confidence intervals.
The mean execution time of online LSPI with prior knowledgé&©342 s, with
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Score

—e— prior knowledge, mean
— — — 95% confidence bounds
—— no prior knowledge, mean
— — — 95% confidence bounds

0 100 200 300 400 500 600
tls]

FIGURE 5.14
Comparison between online LSPI with prior knowledge anddhginal online LSPI algo-
rithm, in the DC motor problem.

a 95% confidence interval ¢10196,10487]s. For the original online LSPI algo-
rithm, the mean execution time is & with a confidence interval ¢84.0,91.3]s.
The execution time is larger for online LSPI with prior knedbe, because the con-
strained policy improvements (5.10) are more computalipa@manding than the
original policy improvements (5.2). Note that the executione of online LSPI with
prior knowledge is larger than the duration of the simula{®00 s), so the algorithm
cannot be applied in real time.

Figure 5.15 compares a representative solution obtained psior knowledge
with one obtained by the original online LSPI algorithm. aicy obtained without
using prior knowledge (Figure 5.15(b)) violates monotdyiin several areas. In the
controlled trajectory of Figure 5.15(e), the control pemi@ance of the monotonic
policy is better, mainly because it outputs continuousoacti Unfortunately, this
advantage cannot be exploitddringlearning, when the actions must be discretized
to make them suitable for the Q-function approximator. @ealso that the same
action discretization is employed in both the experimerthaut prior knowledge
and in the experiment employing prior knowledge.)

5.6.4 LSPI with continuous-action approximation for the inverted
pendulum

In this fourth and final example, we return to the invertedcagum problem, and
use it to evaluate the continuous-action approximatorsdhiced in Section 5.5. To
this end, offline LSPI with continuous-action approximati®applied to the inverted
pendulum, and the results are compared to those obtaineffling @ SPI with dis-
crete actions.

Approximator, parameter settings, and performance criterion

Both the continuous-action and the discrete-action remtasions of the Q-function
employ a set of state-dependent RBFs. These RBFs are idiotitiose used in the
online LSPI experiments of Section 5.6.1. Namely, they aig-aligned, identically
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(a) Policy found using prior knowledge.
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(b) Policy found without prior knowledge.
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FIGURE 5.15

without prior knowledge.

Representative solutions found using prior knowledget)(lefid without prior knowledge

(right) for the DC motor.
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shaped, and distributed on an equidistank111l grid. This state-space approxima-
tor is held fixed throughout the experiments, while the ac8pace approximator is
changed as described next.

The continuous-actiopproximator combines the RBFs with Chebyshev poly-
nomials of the first kind, as in (5.12) and (5.13). The dedvigeof the polynomi-
als takes values in the s€2,3,4}. The discrete-actiorapproximator combines the
RBFs with discrete actions, as in (5.15). Equidistant ditcactions are used, and
their numbeiM takes two values: 3 and 5. Only odd numbers are used to efeaire t
the zero action belongs to the discrete set. We considenpuoiial approximators
of degreeM,, side by side with discrete-action approximators hawihg= My + 1
actions, since they have the same number of parameterso($Bdi).

The samples for policy evaluation are drawn from a uniforstribution over
the continuous state-action spate U for the polynomial approximators, and over
the state-discrete action spaxXex Uy for the discrete-action approximators. For a
fair comparison, the number of samples provided per Q-fangtarameter is held
constant, by making the total number of sampiggroportional to the number of
parameters. Because the state-space approximator is held fixgid, in fact pro-
portional toM + 1 in the continuous case, andibin the discrete case. We choose
ns = 10000 for the approximators witkl = Mp 4 1 = 3, leading tons = 13334 for
Mp = 3 and tons = 16667 forM = Mp +1=5.

The offline LSPI algorithm is considered to have convergedmie Euclidean
norm of the difference between two consecutive parametdpredoes not exceed
&sp = 0.01, or when limit cycles are detected in the sequence of peteas The
policy resulting from every convergent experiment is eatdd by estimating its av-
erage return over the grid (5.16) of initial states.

Results of LSPI with continuous actions, and comparison wit the discrete ac-
tion results

Figure 5.16 shows the performance and execution time of W&l continuous-
action approximation in comparison with discrete-actiggpraximation. These
graphs report mean values and confidence intervals overdgp@ndent rundand
show experiments with the same number of Q-function pararset the same hor-
izontal coordinate. In Figure 5.16(a), the performanciedihces between polyno-
mial and discrete-action approximation are inconclusiréddw-degree polynomials
(Mp = 2). When the degree increases, the performance of the poighapproxima-
tor becomes worse, probably due to overfitting. Polynonpalraximation leads to
a larger computational cost, which also grows with the degfe¢he polynomial, as
shown in Figure 5.16(b). Among other reasons, this is becthes policy improve-
ments (5.14) with polynomial approximation are more corapiahally demanding
than the discrete-action policy improvements.

Figure 5.17 compares a representative continuous-aatiotian with a repre-
sentative discrete-action solution. A continuous-acsiolution found using second-

9Note that 2 out of the 20 runs of the experiment with thirdrdegpolynomial approximation were
not convergent, and were ignored when computing the meahsanifidence intervals.
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FIGURE 5.16

Comparison between continuous-action and discreteraafiproximation in the inverted pen-
dulum problem.

degree polynomial approximation was chosen, becausdétrsugss from overfitting
(see Figure 5.16(a)). A discrete-action solution viith= 3 was selected for compar-
ison, because it has the same number of parameters. The isiepbave a similar
structure, and the Q-functions are also similar. Contisumttions are in fact useful
to eliminate chattering in Figure 5.17(e), even though dldigantage is not apparent
in the numerical scores shown in Figure 5.16(a). This dismey can be explained
by examining the nature of the swing-up trajectories. Thest part can be well ap-
proximated by a “bang-off-bang” control law (Kirk, 2004,&@en 5.5), which can
be realized using only three discrete actions (maximunoagdti either direction, or
zero action). Any chattering in the final part of the trajegt@lthough undesirable,
will have little influence on the total return, due to the empntial discounting of the
rewards. Because swing-ups are necessary from many stiitas, in this problem
it is difficult to improve upon the returns obtained by thectége actions? If it is
essential to avoid chattering, the problem should be refitated so that the reward
function penalizes chattering more strongly.

5.7 Summary and discussion

This chapter has considered several extensions of LSPIrigimaly offline algo-
rithm that represents Q-functions using a linear paramedidn, and finds the pa-
rameters by LSTD-Q policy evaluation. More specificallycaine variant of LSPI

10Note that the return obtained along the continuous-actigjadtory of Figure 5.17(e) is slightly worse
than for Figure 5.17(f). This is because of the spurious retimal actions in the intervad.5,0.7] s. On
the other hand, even though the continuous-action trajeewhibits a steady-state error, the negative
contribution of this error to the return is less importararitthe negative contribution of the chattering in
the discrete-action trajectory.
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(b) Discrete-action policy.
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Representative solutions found with continuous actidfis=€ 2; left) and with discrete actions
(M = 3; right) for the inverted pendulum.
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has been introduced, together with an approach to integrateknowledge into this
variant, and with a continuous-action approximator for LSP

Online LSPI provided fast learning in simulation and realet experiments with
an inverted pendulum. In the same problem, online LSPI peréd on par with its
offline counterpart, and was more stable than online Pl wBFE-Q, probably be-
cause LSTD-Q is more resilient than LSPE-Q to the frequeht¢yponprovements
necessary in the online setting. Online LSPI also learnetiatioilize a two-link ma-
nipulator, but the solutions found were suboptimal, dud&limitations of the cho-
sen approximator, which only employed equidistant BFs.

In fact, such equidistant approximators were used in akiaenples of this chap-
ter, in order to focus on fairly evaluating the extensions®PI that were introduced,
in isolation from the difficulties of designing the BFs. Neteless, in general the
number of equidistant BFs required to achieve a good acgunay be prohibitive,
and it is better to employ a smaller number of well-chosen BRgs would also help
to reduce the computational demands of the algorithmsynfgtance, some simula-
tion experiments with online LSPI took longer to executenttize interval of time
they simulated, and so they cannot be replicated in rea-:thhile we have not
considered the BF design problem in this chapter, in Se@&i6rwe have reviewed
some approaches to find good BFs automatically in leastreguraethods for policy
evaluation. These approaches could be adapted to work witned_SPI.

The performance guarantees of offline PI rely on boundedyeWaluation er-
rors. Unfortunately, these guarantees cannot be appliftetonline case, because
online LSPI improves the policy optimistically, before astarate policy evaluation
can be completed. A different approach is required to thealéey analyze the per-
formance of online, optimistic LSPI. Such an approach may bk useful to analyze
online Pl with LSPE-Q.

The method presented to integrate prior knowledge intanerliSPI considers
problems in which the policy is known to be monotonic in thatetvariables. For
an example involving the control of a DC motor, the use of thge of prior knowl-
edge led to much faster (in terms of simulated time) and maliahie learning. The
monotonicity requirements can be made less restrictige, By only requiring that
the policy is monotonic in the neighborhood of an equilibritMore general con-
straints on the policy can also be considered, but they maydve difficult to enforce
in the policy improvement step.

The continuous-action Q-function approximator develof@d_SP| combines
state-dependent basis functions with orthogonal polyabapproximation in the
action space. This approach was evaluated in the invertedighen problem, where
a second-degree polynomial approximator helped elimictzéttering of the control
action, although it did not obtain a better numerical perfance (return) than the
discrete-action solution. High-degree polynomials caul l® overfitting, so it would
be useful to develop continuous-action Q-function appr@tors that are more re-
silient to this detrimental effect. However, care must bBestaeto ensure that greedy
actions can be efficiently computed using these approxirsato

At this point in the book, we have considered in detail a métioo approximate
value iteration (Chapter 4), and one for approximate patenation (this chapter). In
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the next and final chapter, we will discuss in depth an algorifrom the third class
of DP/RL methods, approximate policy search.

Bibliographical notes

The use of least-squares methods online was proposedyelgagoudakis and Parr
(2003a) and by Bertsekas (2007), but at the time of this mgjthot much is known
about how they behave in practice. Online, optimistic PhviEPE-Q was used by
Jung and Polani (2007a). Li et al. (2009) evaluated LSPI witlne sample collec-
tion, focusing on the issue of exploration. Their methodsdoet perform optimistic
policy improvements, but instead fully executes LSPI befwveonsecutive sample-
collection episodes. To the best of our knowledge, methodsrtploy prior knowl-
edge about the policy in LSPI have not yet been studied atirthee @f this writing.
Concerning continuous-action results, Pazis and Lagas@2R09) proposed an ap-
proach to use continuous actions in LSPI that relies ontitely refining discrete
actions, rather than using polynomial approximation.
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Approximate policy search with cross-entropy
optimization of basis functions

This chapter describes an algorithm for approximate pdaiegrch in continuous-
state, discrete-action problems. The algorithm looks lierliest policy that can be
represented using a given number of basis functions asedcidth discrete actions.
The locations and shapes of the basis functions, togethietia action assignments,
are optimized using the cross-entropy method, so that th@real return from a
representative set of initial states is maximized. Theltiegucross-entropy policy
search algorithm is evaluated in problems with two to sitestariables.

6.1 Introduction

The previous two chapters have considered value iteratidrpalicy iteration tech-
nigues for continuous-space problems. While these tecksijave many benefits,
they also have limitations that can make them unsuitabledotain problems. A
central difficulty is that representing value functionsw@etely becomes very de-
manding as the dimensionality of the problem increasess iBhéspecially true for
uniform-resolution representations of the value functesseen in Chapters 4 and
5, since the complexity of such a representation grows exmpitedly with the num-
ber of dimensions. Even methods that construct adapts@irgon approximators
are often applied only to relatively low-dimensional predols (Munos and Moore,
2002; Ernst et al., 2005; Mahadevan and Maggioni, 2007).

In this final chapter of the book, we take a different approdghdesigning a
policy search algorithm that does not require a value foncénd thereby avoids
the difficulty discussed above. Instead, this algorithmapw®aterizes the policy and
searches for optimal parameters that lead to maximal re{ge®e also Section 3.7).
We focus on the case where prior knowledge about the policgtigvailable, which
means that a flexible policy parametrization must be emplogénce this flexible
parametrization may lead to a nondifferentiable optimaracriterion with many
local optima, a gradient-free global optimization teclugds required. We thus build
on the framework of gradient-free policy search discussegkiction 3.7.2. Together
with Chapters 4 and 5, this chapter completes the trio of @kasithat, at the end of

205
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Chapter 3, we set out to develop for approximate value itaraapproximate policy
iteration, and approximate policy search.

To obtain a flexible policy parametrization, we exploit iddeom the optimiza-
tion of basis functions (BFs) for value function approxiioat(Section 3.6.2). In
particular, we represent the policies using state-dependentptimized BFs that
are associated with discrete actions in a many-to-onedasli discrete (or dis-
cretized) action space is therefore required. The type of &k their numbers
are specified in advance and determine the complexity anetfiresentation power
of the parametrization, whereas the locations and shapéme dFs, together with
the action assignments, are optimized by the policy seanategdure. The optimiza-
tion criterion is a weighted sum of the returns from a finité serepresentative
initial states, in which each return is computed with Montl€ simulations. The
representative states and the weight function can be udedus the algorithm on
important parts of the state space.

This approach is expected to be efficient in high-dimengistade spaces, be-
cause its computational demands are not inherently retatéioe number of state
variables. Instead, they depend on how many represeniatiied states are chosen
(since simulations must be run from every such state), anidoandifficult it is to
find a policy that obtains near-optimal returns from thegsirstates (since this dic-
tates the complexity of the optimization problem). Notettbach a policy can be
significantly easier to find than a globally optimal one, hesgsit only needs to take
good actions in the state space subregions reached by ptasabtrajectories from
the representative states. In contrast, a globally optoolidy must take good actions
over the entire state space, which can be significantly tdhgm these subregions.

We select the cross-entropy (CE) method to optimize thenpaters of the pol-
icy (Rubinstein and Kroese, 2004). The resulting algoritbnCE policy search with
adaptive BFs is evaluated in three problems, graduallye#msing in dimensionality:
the optimal control of a double integrator, the balancing bfcycle, and the control
of the treatment for infection by the human immunodefficievicus (HIV). The two-
dimensional double-integrator is used to study CE poliegyd®when it looks for a
policy that performs well over the entire state space. Is $kitting, CE policy search
is also compared to value iteration and policy iteratiorhwibiform-resolution ap-
proximation, and to a policy search variant that employsfiemint optimization
algorithm called DIRECT (Jones, 2009). In the four-dimensil bicycle balancing
problem, we study the effects of the set of representataestand of stochastic
transitions. Finally, CE policy search is applied to a @] six-dimensional HIV
infection control problem.

We next provide a recapitulation of CE optimization in Sext6.2. Section 6.3
then describes the policy parametrization and the CE algorio optimize the pa-
rameters, and Section 6.4 reports the results of the nuatexperiments outlined
above. A summary and a discussion are given in Section 6.5.
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6.2 Cross-entropy optimization

In this section, the CE method for optimization (Rubinstaind Kroese, 2004) is
briefly introduced, specializing the discussion to the egnhof this chapter. This in-
troduction is mainly intended for the reader who skippedpi&ia4, where the CE
method was also described; other readers can safely staingefrom only Equa-
tion (6.5) onwards, where the discussion is novel. Also rib&t a more detailed
description of the CE method can be found in Appendix B.

Consider the following optimization problem:

g;aM)(s(a) (6.1)
wheres: &/ — R is the score function (optimization criterion) to maximiaad the
variablea takes values in the domaiw'. Denote the maximum of by s*. The CE
method maintains a denslith supporte7. At each iteration, a number of samples
are drawn from this density and the score values of theselsamape computed.
A smaller number of samples that have the best scores argdtepthe remaining
samples are discarded. The density is then updated usirsgléeted samples, such
that the probability of drawing better samples is increastetie next iteration. The
algorithm stops when the score of the worst selected samplenger improves
significantly.

Formally, a family of probability densitie§p(-;v)} must be chosen. This family
has supporty’ and is parameterized by At each iteratiorr > 1 of the CE algo-
rithm, a numbeilN:e of samples are drawn from the densfif;v;_1), their scores
are computed, and th@ — pce) quantilé A; of the sample scores is determined,
with pce € (0,1). Then, a so-called associated stochastic problem is defiviédh
involves estimating the probability that the score of a sendipawn fromp(-;v;_1)
is at leastA;:

Pap(ve_1) (s(@) > Ar) = Bap(ive_1) {I(s(a) > Ar)} (6.2)

wherel is the indicator function, equal to 1 whenever its argumesrttue, and 0
otherwise.

The probability (6.2) can be estimated by importance sargpkor the associ-
ated stochastic problem, an importance sampling densityésthat increases the
probability of the interesting evers{a) > A;. An optimal importance sampling
density in the family{p(-;v)}, in the sense of the smallest cross-entropy (smallest
Kullback-Leibler divergence), is given by a parameter that solution of:

argmaEa p(.v, ;) {I(s(a) > A¢)Inp(a;v)} (6.3)

1For simplicity, we will abuse the terminology by using thente“density” to refer to probability
density functions (which describe probabilities of contins random variables), as well as to probability
mass functions (which describe probabilities of discratelom variables).

2|f the score values of the samples are ordered increasimglynalexed such thag < --- < Snee: then
the (1— pce) quantile iS:Ar = Sr1_pee)Nee] -
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An approximate solutio; of (6.3) is computed with the so-called stochastic
counterpart:
Nce

V; = Vi, wherev} e arg ma>ﬁ\I z I(s ) Inp(ai; V) (6.4)

CE | &=

Only the samples that satisya;,) > A; contribute to this formula, since the contri-
butions of the other samples are made to be zero by the pradiicthe indicator
function. In this sense, the updated density parameter d@ehends on these best
samples, and the other samples are discarded.

CE optimization proceeds with the next iteration using tee density parameter
v; = V; (note that the probability (6.2) is never actually computé&tie updated den-
sity aims at generating good samples with a higher prothglilan the old density,
thus bringingA;,1 closer to the optimurs®. The goal is to eventually converge to a
density that, with very high probability, generates saraglese to optimal value(s)
of a. The algorithm can be stopped when {ie- pce)-quantile of the sample per-
formance improves fodce > 1 consecutive iterations, but these improvements do
not exceed a small positive constaag; alternatively, the algorithm stops when a
maximum number of iterationgnay is reached. The best score among the samples
generated in all the iterations is taken as the approxinwtgien of the optimiza-
tion problem (6.1), and the corresponding sample as an appate location of an
optimum.

Instead of setting the new density parameter equal to theisol; of (6.4), it
can also be updated incrementally:

Vi = OceVr + (1 — Qce)Vr-1 (6.5)

whereace € (0,1]. This so-called smoothing procedure is useful to preveno@t=
mization from becoming stuck in local optima (Rubinstein &roese, 2004).

Under certain assumptions e# andp(-; V), the stochastic counterpart (6.4) can
be solved analytically. One particularly important caseewlthis happens is when
p(-;v) belongs to the natural exponential family (Morris, 1982)r Fastance, when
{p(-;v)} is the family of Gaussians parameterized by the meamnd the standard
deviationo (so thatv= [, a]T), the solutionv; of (6.4) consists of the mean and the
standard deviation of the best samples, i.e., of the saraplés which s(a;,) > A;.

CE optimization has been shown to perform well in many optation prob-
lems, often better than other randomized algorithms (Raibin and Kroese, 2004),
and has found applications in many areas, among which araduiiwine (Math-
enya et al., 2007), power systems (Ernst et al., 2007), teroating (Chepuri and
de Mello, 2005), vector quantization (Boubezoul et al.,@08and clustering (Rubin-
stein and Kroese, 2004). While the convergence of CE optitioiz has not yet been
proven in general, the algorithm is usually convergent iacfice (Rubinstein and
Kroese, 2004). For combinatorial (discrete-variable)rofgation, the CE method
provably converges with probability 1 to a unit mass densityich always generates
samples equal to a single point. Furthermore, the prolbaltilat this convergence
point is in fact an optimal solution can be made arbitrarilyse to 1 by using a
sufficiently small smoothing parameteg: (Costa et al., 2007).
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6.3 Cross-entropy policy search

In this section, a general approach to policy optimizatisimg the CE method is
described, followed by a version of the general algorithat #mploys radial basis
functions (RBFs) to parameterize the policy.

6.3.1 General approach

Consider a stochastic or deterministic Markov decisiorcess (MDP). In the se-
qguel, we employ the notation for stochastic MDPs, but allrésults can easily be
specialized to the deterministic case. Denotddothe number of state variables of
the MDP (i.e., the dimension of). We assume that the action space of the MDP
is discrete and contairid distinct actionsg = {us,...,uu }. The sely can result
from the discretization of an originally larger (e.g., donbus) action spadd.

The policy parametrization is introduced next, followedlg score function and
by the CE procedure to optimize the parameters.

Policy parametrization

The policy is represented using basis functions (BFs) defined over the state space
and parameterized by a vectbe =:

oi(E):X—=R, i=1,....4

where the dot stands for the state argumeithe parameter vectdrtypically gives
the locations and shapes of the BFs. The BFs are associatiegttete actions by a
many-to-one mapping, which can be represented as a v@atof1,.. ., M}‘” that
associates each Bf; to a discrete action inde¥, or equivalently to a discrete action
ug,. A schematic representation of this parametrization isrgin Figure 6.1.

FIGURE 6.1

A schematic representation of the policy parametrizafidre vectord associates the BFs to
discrete actions. In this example, the BFs are parametebigeheir centers; and widthsb;,

so thaté = [c],bl,...,cT, ,bT,]T. Reproduced with permission from (Busoniu et al., 2009),
(© 2009 IEEE.
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The complete policy parameter vector is tH&S$,97]T, ranging in the seE x
{1,..., M}‘”. For anyx, the policy chooses the action associated to a BF that takes
the largest value at

h(x€,9) = us,, wherei* € arg max; (x; ) (6.6)

Score function

The goal of CE policy search is to find optimal parameters thakimize the
weighted average of the returns obtained from a finiteXgeif representative ini-
tial states. The return from every representative statstisiated using Monte Carlo
simulations. This goal was already discussed in our reviegradient-free policy
search given in Section 3.7.2, and this explanation is iedated here, specialized
to CE policy search.

The score function (optimization criterion) can be writ{8r63):

S(E.9)="Y wxo)REP) (xg) (6.7)
Zo

whereX, is the set of representative states, weightedbyo — (0,1].2 The Monte
Carlo estimate of the return for each stagec Xg is (3.64):

Nvic K

. 1 ~
ﬁh( ’E’g)(xo) = N—MC Z z ykp(xi07ka h(xio7k; Ea"s)axio,k+l)
io=1k=0

wherexj; o = Xo, Xig k+1 ~ f(xio,k,h(mmk;é,ﬁ), -), andNyc is the number of Monte
Carlo simulations to carry out. So, each simulatipmakes use of a system trajec-
tory that isK steps long and generated using the poli¢y&,9). The system tra-
jectories are generated independently, so the score catiguis unbiased. Given a
desired precisiogyc > 0, the lengttK can be chosen using (3.65) to guarantee that
truncating the trajectory introduces an error of at ngystin the estimate of the sum
along the original, infinitely long trajectory.

The setXy of representative initial states, together with the weiginiction w,
determines the performance of the resulting policy. Soroelpms only require the
optimal control of the system from a restricted set of ihstates;Xy should then be
equal to this set, or included in it when the set is too largsoAinitial states that are
deemed more important can be assigned larger weights. Whtre anitial states
are equally important, the elementsXf should be uniformly spread over the state
space and identical weights equalﬁ% should be assigned to every elemenkgf
(recall that|-| denotes set cardinality). We study the influenc&gi Section 6.4.2
for a bicycle balancing problem.

SMore generally, a densitw &ver the initial states can be considered, and the scoréidunis then
Exgait() {R“<'5f*19)(xo)}, i.e., the expected value of the return when- W(-). Such a score function can

be evaluated by Monte Carlo methods. In this chapter, we us#yfinite setXy associated with weighting
functionsw, as in (6.7).
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A general algorithm for cross-entropy policy search

A global, gradient-free, mixed-integer optimization pleri must be solved to find
optimal parameter&*, 9* that maximize the score function (6.7). Several techniques
are available to solve this type of problem; in this chapter select the CE method
as an illustrative example of such a technique. In Sectidnlgwe compare CE
optimization with the DIRECT optimization algorithm (J&&€009) in the context
of policy search.

In order to define the associated stochastic problem (6 Ewmptimization, itis
necessary to choose a family of densities with supper{1,.. ., M}”. In generalz
may not be a discrete set, so it is convenientto use sepamasdigs for the two parts
¢ and? of the parameter vector. Denote the densityédny p; (-; v ), parameterized
by vz and with supporE, and the density foff by ps(-;vy), parameterized byy

and with suppor{1,..., M}‘”. LetNy, denote the number of elements in the vector
Vg, andN,, the number of elements ¥y . Note that densities from which it is easy
to sample (see Press et al., 1986, Chapter 7) are usuallgrcheg., we will later
use Gaussian densities for continuous variables and Blirdeusities for binary
variables.

ALGORITHM 6.1
Cross-entropy policy search. Reproduced with permissiom f(Busoniu et al., 20090
2009 IEEE.
Input: dynamicsf, reward functiorp, discount factow,
representative state®, weight functionw,
density families{ pg (;ve) } ,{ps (-;vs)}, density parameter numbes, , Ny, ,
other parametersy’, pce, Cce, Oce, Oeg, Ecey Emc, Nuc, Tmax

1: initialize density parametess o, Vg o

2: Neg CCE(NV§ +Nyy)

3: 70

4: repeat

5: T—T7+1

6: generate sampleg, . .., Enee from pg (- vs r_1)

7: generate sampled, ..., Inge from pg (- Ve r—1)

8: computes(éj, 9i5) with (6.7),is=1,...,Nce

9: reorder and reindex s < --- < Sy
10: At = S[(1-pee)Nee]
1. Vg V;r' wherev?r € argmay, zi':C:ERl—ch)ch In pg (&is: Ve )
1. Uy Vs, Wherevy  €argmay, ZEiE((l—pCE)ch Inpg (Jis;ve)

13: VEJ — aCEVEJ + (1— GCE)VE’T_l

14: V19.T — UCE\//}).T + (1 — CICE)V,9,T,1

15: until (1 >degand [A;_p —Ar_p_1| < &g for/ =0,...,decg— 1) OF T = Trax
Output: &*,3*, the best sample; argi = s(&*,9*)
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The CE method for policy search is summarized in Algorithfn Bor easy refer-
ence, Table 6.1 collects the meaning of the parameters aizdbies playing a role in
this algorithm. The stochastic counterparts at lines 111ghadf Algorithm 6.1 were
simplified, using the fact that the samples are already dant¢he ascending order
of their scores. The algorithm terminates after the vamatf A is at mostecg for
dce consecutive iterations, or when a maximum numibey of iterations has been
reached. Wher: = 0, the algorithm is stopped only ¥ does not change at all
for dce consecutive iterations. The integdy: > 1 ensures that the decrease of the
performance variation belog¢: is not accidental (e.g., due to random effects).

TABLE 6.1
Parameters and variables of cross-entropy policy seaegirdduced with permis-
sion from (Busoniu et al., 2009)) 2009 IEEE.

Symbol Meaning

N M number of BFs; number of discrete actions

&9 BF parameters; assignment of discrete actions to BFs

Vg; Vo parameters of the density f§r and ford

Nee number of samples used at every CE iteration

Pce proportion of samples used in the CE updates

A (1— pce) quantile of the sample performance

Cce how many times the number of samphs is larger than the
number of density parameters

Qce smoothing parameter

Nuc number of Monte Carlo simulations for each state

Emc precision in estimating the returns

Ece convergence threshold

dee how many iterations the variation afshould be at most.c

to stop the algorithm
T; Tmax iteration index; maximum number of iterations

Often it is convenient to use densities with unbounded stpfgog., Gaus-
sians) when the BF parameters are continuous. Howevergthie must typically
be bounded, e.g., wheh contains centers of RBFs, which must remain inside a
bounded state space. Whenever this situation arises, sawguh be generated from
the density with a larger (unbounded) support, and thos@lesnthat do not belong
to = can be rejected. The procedure continues MNatilvalid samples are generated,
and the rest of the algorithm remains unchanged. The Studaientirely similar for
the discrete action assignmerdts when it is convenient to use a family of densi-
ties py (-;vy) with a support larger thafil,.. .,M}‘”. The theoretical basis of CE
optimization remains valid when sample rejection is emethysince an equivalent
algorithm that uses all the samples can always be given byngé#ke following two
modifications:
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e The score function is extended to assign very large negativees (larger in
magnitude than for any valid sample) to samples fallingidetthe domain.

e At each iteration, the parametdxse and pce are adapted so that a constant
number of valid samples is generated, and a constant nurhbesbsamples
is used for the parameter updates.

The most important parameters in CE policy search are, tikbé general CE
optimization, the number of samplds;e, and the proportion of best samples used
to update the densityce. The parametetce is taken greater than or equal to 2, so
that the number of samples is a multiple of the number of depsirameters. The
parametepce can be taken around@L for large numbers of samples, or it can be
larger, aroundInNce) /Ncg, if the number of samples is smalleéd4: < 100) (Ru-
binstein and Kroese, 2004). The numbéf of BFs determines the representation
power of the policy approximator, and a good value.f6rdepends on the problem
at hand. In Section 6.4, we study the effect of varyingin two example problems.
For deterministic MDPs, it suffices to simulate a singledc&pry for every initial
state inXp, SONyc = 1, whereas in the stochastic case, several trajectoriegdshe
simulated, i.e.Nyc > 1, with a good value oNyc depending on the problem. The
parametegyc > 0 should be chosen smaller than the difference between tinenre
along good trajectories and the return along undesirahjediories, so that the op-
timization algorithm can effectively distinguish betwetbiese types of trajectories.
This choice can be difficult to make and may require some aral error. As a de-
fault initial value,&yc can be taken to be several orders of magnitude smaller than
the bound% on the absolute value of the returns. Since it does not maisede
impose a convergence threshold smaller than the preci$idwe acore functiongce
should be chosen larger than or equadye, and a good default value &g = &yc.

6.3.2 Cross-entropy policy search with radial basis functins

In this section, we describe a version of CE policy searchubes state-dependent,
axis-aligned Gaussian RBFs to represent the policy. GausiBFs are chosen be-
cause they are commonly used to represent approximate MDEoss, see, e.g.,
Chapter 5 of this book and (Tsitsiklis and Van Roy, 1996; Omngiband Sen, 2002;
Lagoudakis and Parr, 2003a; Menache et al., 2005). Many tthes of BFs could
be used instead, including, e.g., splines and polynomials.

We assume that the state space -dimensional hyperbox centered in the ori-
gin: X = {x € RP| |X| < Xmax}, Wherexmax € (0,%)P. In this formula, as well as in
the sequel, mathematical operations and conditions omrsauch as the absolute
value and relational operators, are applied element-wise.hyperbox assumption
is made here for simplicity and can be relaxed. For exampanale relaxation is
to allow hyperbox state spaces that are not centered in ity cas will be done for
the HIV treatment control problem of Section 6.4.3.
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Radial basis functions and their probability density

The Gaussian RBFs are definedby:

D 2
$i(x &) =exp[— ; (X4 —Cia) 1 (6.8)
=1

2
bi,d

whereD is the number of state variables,= [ci71,...,ci,D]T is the D-dimensional
center of the-th RBF, ando; = [bj 1, ..., bi,D]T is its width. Denote the vector of cen-
ters byc = [c],...,cT,]T and the vector of widths by = [b],...,b",]T. So,ci 4 and

bi ¢ are scalars;; andb; are D-dimensional vectors that collect the scalars forCall
dimensions, and andb areD.4"-dimensional vectors that collect tBedimensional
vectors for alL#” RBFs. The RBF parameter vectogis= [c",b"]" and takes values

in = = X" x (0,00)P, since the centers of the RBFs must lie within the bounded
state space; € X", and their widths must be strictly positiviee (0,0)P-"".

To define the associated stochastic problem (6.2) for opitgithe RBF param-
eters, independent Gaussian densities are selected foeksnent of the parameter
vectoré. Note that this concatenation of densities can convergelgganerate dis-
tribution that always generates samples equal to a sindleevauch as a precise
optimum location. The density for each centgy is parameterized by its memﬁd
and its standard deviatian®y, while the density for a width 4 is likewise param-

eterized bynit?d andaP,. Similarly to the centers and widths themselves, we denote
the D4 -dimensional vectors of means and standard deviationebpectivelyn®,

o° for the centers, and hy®, a® for the widths. The parameter of the density for the
RBF parameters gathers all these vectors together:

ve = [(n9)T, (697, (07, (™) e R

Note that the support of the density for the RBF parameték$5s’, which is larger
than the domain of the paramet&s= X" x (0,00)P-", and therefore samples that
do not belong t&& must be rejected and generated again.

The means and the standard deviations are initialized foaalfollows:

X

N =0, Of = Xmax nib = ﬁa O-ib = nib
where “0” denotes a vector & zeros. The initial density parameters for the RBF
centers ensure a good coverage of the state space, whilardmagters for the RBF
widths are initialized heuristically to yield a similar alep between RBFs for dif-
ferent values of#". The Gaussian density belongs to the natural exponentiglfa
so the solutiorvg ; of the stochastic counterpart at line 11 of Algorithm 6.1 ban
computed explicitly, as the element-wise mean and standevdtion of the best
samples (see also Section 6.2). For instance, assuminguiitiss of generality that

“Note that the RBF width parameters in this definition areedéfft from those used in the RBF formula
(3.6) of Chapter 3. This new variant makes it easier to fomathe optimization algorithm, but is of
course entirely equivalent to the original descriptionxaéaaligned RBFs.
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the samples are ordered in the ascending order of theirgadbeedensity parameters
for the RBF centers are updated as follows:

. Nce . 1 Nce )
n=——Yy c, 0f=,| —r— c,— ¢
r’T NCE_|T+1iSZIT Is T NCE_|T+1iSZ|T( s rlT)

wherei; = [(1— pce)Nce| denotes the index of the first of the best samples. Recall
also thatng, of, andc;, are allD.#"-dimensional vectors, and that mathematical
operations are performed element-wise.

Discrete action assignments and their probability density

The vectord containing the assignments of discrete actions to BFs iesepted
in binary code, using#®" = [log, M| bits for each elemerf;. Thus, the complete
binary representation df has.# .4 ™" bits. A binary representation is convenient
because it allows us to work with Bernoulli distributions,described next.

To define the associated stochastic problem (6.2) for opingi3, every bit is
drawn from a Bernoulli distribution parameterized by itsang®" € [0,1] (n°"
gives the probability of selecting 1, while the probabilityselecting 0 is 1- n°").
Because every bit has its own Bernoulli parameter, the tataiber of Bernoulli pa-
rameters/g is .4 .#"". Similarly to the Gaussian densities above, this combomnati
of independent Bernoulli distributions can converge togeterate distribution con-
centrated on a single value, such as an optimum. Note tivisfnot a power of 2,
bit combinations corresponding to invalid indices areatgd and generated again.
For instance, iM = 3, .#P" = 2 is obtained, the binary value 00 points to the first
discrete actiom; (since the binary representation is zero-based), 01 ptmints 10
to us, and 11 is invalid and will be rejected.

The meamP®" for every bit is initialized to (5, which means that the bits 0 and
1 are initially equiprobable. Since the Bernoulli disttilonn belongs to the natural
exponential family, the solutio% ; of the stochastic counterpart at line 12 of Algo-
rithm 6.1 can be computed explicitly, as the element-wisanref the best samples
in their binary representation.

Computational complexity

We now briefly examine the complexity of this version of CEipplsearch. The
number of density parametersNg, = 4D.#" for the RBF centers and widths, and
Ny, = N PN for the action assignments. Therefore, the total numbeanwifpdes
used isNge = Cce(4D.4 4.4 .4P") . Most of the computational load is generated by
the simulations required to estimate the score of each sampkrefore, neglecting
the other computations, the complexity of one CE iteratfon i

tstep/Coe ¥ (4D + A1) - |Xo| - NucK] (6.9)

whereK is the maximum length of each trajectory, &g, is the time needed to
compute the policy for a given state and to simulate the ollatt system for one
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time step. Of course, if some trajectories terminate in felvanK steps, the cost is
reduced.

The complexity (6.9) is linear in the numbjefy| of representative states, which
suggests one way to control the complexity of CE policy deaby limiting the
number of initial states to the minimum necessary. The cerifyl is linear also
in the number of state variablés However, this does not necessarily mean that
the computational cost of CE policy search grows (only)diewith the problem
dimension, since the cost is influenced by the problem alsalier ways, such as
through the numbery” of RBFs required to represent a good policy.

In the upcoming examples, we will use the name “CE policy d®atio refer to
this RBF-based version of the general procedure given iodtlgm 6.1.

6.4 Experimental study

In the sequel, to assess the performance of CE policy seextdnsive numerical
experiments are carried out in three problems with a grgirareasing dimen-

sionality: the optimal control of a double integrator (twiongnsions), the balancing
of a bicycle that rides at a constant speed (four dimensiamg) the control of the
treatment of an HIV infection (six dimensions).

6.4.1 Discrete-time double integrator

In this section, a double integrator optimal control problis used to evaluate the
effectiveness of CE policy search when looking for a pollegttperforms well over

the entire state space. In this setting, CE policy searclnspared with fuzzy Q-

iteration, with least-squares policy iteration, and witlpaicy search variant that
employs a different optimization algorithm called DIREChe double integrator
problem is stated such that (near-)optimal trajectoriesifany state terminate in a
small number of steps, which allows extensive simulatigpegeinents to be run and
an optimal solution to be found without excessive compateti costs.

Double integrator problem

The double integrator is deterministic, has a continuoatestpaceX = [—1,1] x
[-0.5,0.5], a discrete action spatg = {—0.1,0.1}, and the dynamics:

Xier1 = T (X, Ux) = Sat{ [Xek+ Xk, Xok + Uk] T, —Xmax, Xmax] (6.10)

wherexmax = [1,0.5]" and the saturation is employed to bound the state variables t
their domainX. Every state for whichx;| = 1 is terminal, regardless of the value
of xo. (Recall that applying any action in a terminal state britigs process back
to the same state, with a zero reward.) The goal is to drivgptisgionx; to either
boundary of the intervdl-1,1], i.e., to a terminal state, so that whenreaches the
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boundary, the speed is as small as possible in magnitude. This goal is expressed
by the reward function:

Mers = P Uk) = —(1— [Xepea])? = G pr 12X ki1 (6.11)

The product—x%kﬂxik+1 penalizes large values &3, but only wherx, is close to
1, i.e., to a terminal state. The discount fagtas set to 095.

Figure 6.2 presents an optimal solution for this problempérticular, Fig-
ure 6.2(a) shows an accurate representation of an optintial/poonsisting of the
optimal actions for a regular grid of 11101 points covering the state space. These
optimal actions were obtained using the following brutezéoprocedure. All the
possible sequences of actions of a sufficient length werergéed, and the system
was controlled with all these sequences starting from estatg on the grid. For ev-
ery such state, a sequence that produced the best discoetietis by definition
optimal, and the first action in this sequence is an optim@acNote that this brute-
force procedure could only be employed because the protdsriehminal states, and
all the optimal trajectories terminate in a small numberteps. For example, Fig-
ure 6.2(b) shows an optimal trajectory from the initial etag = [0,0]", found by
applying an optimal sequence of actions. A terminal stateashed after 8 steps,
with a zero final velocity.
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(a) Optimal policy. (b) Optimal trajectory fromxy = [0,0]".

FIGURE 6.2
An optimal solution for the double integrator, found by le-fibrce search.

Results of CE policy search

To apply CE policy search, we select representative staggsate distributed across
the entire state space and equally weighted; the algorghhuis required to achieve
a good performance over the entire state space. The setrebmyative states is:

Xo={-1,-09,...,1} x {-0.5,-0.3,—0.1,0,0.1,0.3,0.5}
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and the weight function i/(xg) = 1/ |Xo| for anyxo. This set contains 2% 7 = 147
states, fewer than the grid of Figure 6.2(a). CE policy de&cun while gradually
increasing the numben” of BFs from 4 to 18. The parameters for the algorithm are
set (with little or no tuning) as followstce = 10, pce = 0.01, ace = 0.7, &ce = Euc =
0.001,dce = 5, andtmax = 100. Because the system is deterministic, it is sufficient to
simulate only one trajectory from every initial state,,idyc = 1. For every value of
A, 20 independent runs were performed, in which the algorélways converged
before reaching the maximum number of iterations.

Figure 6.3(a) presents the performance of the policiesimdédaby CE policy
search (mean values across the 20 runs, together with 95ftlence intervals on
this mean). For comparison, this figure also shows the exatanal score forXp,
computed by looking for optimal action sequences with the@dsforce procedure
explained earlier. CE policy search reliably obtains rmarmal performance for
A4 > 10, and sometimes finds good solutions fof as low as 7. Figure 6.3(b)
presents the mean execution time of the algorithm, whichuglhly affine in.4", as
expected from (6.9).The 95% confidence intervals are too small to be visible at the
scale of the figure, so they are omitted.

B e

Score

Execution time [s]

—6— mean score
— — — 95% confidence bounds
optimal score
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4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
Number of RBFs Number of RBFs

(a) Performance. (b) Mean execution time.
FIGURE 6.3 Results of CE policy search for the double integrator.

Figure 6.4 shows a representative solution found by CE pskarch, fory =
10 RBFs (compare with Figure 6.2). The policy found resemtiie optimal policy,
but the edges where the actions change are more curved dbeitaépendence
on the RBFs. The trajectory startingxg = [0,0]" and controlled by this policy is
optimal. More specifically, the state and action trajeet®ere the negatives of those
in Figure 6.2(b), and remain optimal despite this “reflectiabout the horizontal
axis, because the dynamics and the reward function of thielddntegrator are also
symmetric with respect to the origin.

Comparison with value iteration and policy iteration

In this section, CE policy search is compared with represgamt algorithms for ap-
proximate value iteration and policy iteration. From th@@gximate value iteration

5All the computation times reported in this chapter were réed while running the algorithms in
MATLAB 7 on a PC with an Intel Core 2 Duo E6550 2.33 GHz CPU and with 3 @BIR
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(a) Policy. (b) Controlled trajectory fromg = [0,0]T.

FIGURE 6.4
A representative solution found by CE policy search for tbelde integrator.

class, fuzzy Q-iteration is selected, which was discussézhgth in Chapter 4, and
from the policy iteration class, least-squares policyatien (LSPI) is chosen, which
was introduced in Section 3.5.5 and discussed in detail ap@h 5.

Recall that fuzzy Q-iteration relies on a linearly parametdl Q-function
approximator withN state-dependent, normalized membership functions (MFs)
@,..., N X — R, and with a discrete set of actioblg = {u1,...,um}. Approx-
imate Q-values are computed with:

=R N
Q(x,uj) = 'ZW(X)Q[LH (6.12)

where@ ¢ RNM is a vector of parameters, afidj] = i + (j — 1)N denotes the scalar
index corresponding toand j. Fuzzy Q-iteration computes an approximately op-
timal Q-function of the form (6.12), and then outputs a gsepdlicy in this Q-
function. The Q-function and policy obtained have a bourslgzbptimality, as de-
scribed in Theorem 4.5 of Chapter 4. For the double integrtite action space is
already discreteldy = U = {—0.1,0.1} andM = 2), so action discretization is not
necessary. Triangular MFs are defined (see Example 4.t)pdigd on an equidis-
tant grid withN’ points along each dimension of the state space; this leaalotal
of N = N’ state-dependent MFs, corresponding to a totaNsf parameters. Such a
regular placement of MFs provides a uniform resolution therstate space, which is
the best option given that prior knowledge about the opti@édinction is not avail-
able. In these experiments, a fuzzy Q-iteration run is @®reid convergent when
the (infinity-norm) difference between consecutive par@meectors decreases be-
low £o, = 1075,

A similar Q-function approximator is chosen for LSPI, comhp state-
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dependent normalized Gaussian RBFs with the 2 discreteractlfhe RBFs are
axis-aligned, identically shaped, and their centers amequ on an equidistant grid
with N’ points along each dimension ¥t The widthsh; 4 of the RBFs along each
dimensiond were taken identical to the grid spacing along that dimengising the
RBF formula (6.8) from this chapter). This leads to a totaN&fRBFs and RI'? pa-
rameters. At every iteration, LSPI approximates the Q-fienmf the current policy
using a batch of transition samples, and then computes awvag, greedy policy in
this Q-function. Then, the Q-function of the improved pylis estimated, and so on.
The sequence of policies produced in this way eventuallyeaes to a subsequence
along which all of the policies have a bounded suboptimalityvever, it may not
converge to a fixed policy. LSPI is considered convergentthe (two-norm) dif-
ference of consecutive parameter vectors decreases lglgw= 103, or when a
limit cycle is detected in the sequence of parameters.

The numbelN’ of MFs (in fuzzy Q-iteration) or of BFs (in LSPI) for each stat
variable is gradually increased from 4 to 18. Fuzzy Q-iierais a deterministic
algorithm, so running it only once for evelN is sufficient. LSPI requires a set of
random samples, so each LSPI experiment is run 20 times mdpiendent sets of
samples. FoN’ = 4, 1000 samples are used, and for lalgethe number of samples
is increased proportionally with the numbeX’2 of parameters, which means that
1000N"2/4? samples are used for eabl. Some side experiments confirmed that
this number of samples is sufficient, and that increasingéischot lead to a better
performance. Figure 6.5(b) shows the score of the polickesputed by fuzzy Q-
iteration and LSPI, measured by the average return acresetK of representative
states, as in CE policy search (compare with Figure 6.3{#&).execution time of
the algorithms is given in Figure 6.5(b) (compare with Fegér3(b)). Some LSPI
runs forN’ < 8 did not converge within 100 iterations, and are therefaretaken
into account in Figure 6.5.

-0.7 10°
-0.72

—=o— fuzzy QI execution time
—F&— LSPI mean execution time
95% confidence bounds
2
——oe— fuzzy QI score

) W
—F8— LSPI mean score
95% confidence bounds
optimal score M
1072 L L

4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
Number of MFs/BFs on each axis Number of MFs/BFs on each axis

-0.74

Execution time [s]

(a) Performance (values below0.875 are not (b) Execution time.
shown).

FIGURE 6.5 Results of fuzzy Q-iteration and LSPI for the double intégra

Whereas CE policy search reliably obtained near-optimebpmance starting
from .4 = 10 BFsin total, fuzzy Q-iteration and LSPI obtain good performance
starting from aroundN’ = 10 BFsfor each state variabjeéhe total number of MFs
or BFs isN'?, significantly larger. Furthermore, CE policy search pdes a steady
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performance for larger values of’, whereas fuzzy Q-iteration and LSPI often lead
to decreases in performance as the number of MFs or BFs sese@hese differ-
ence are mainly due to the fact that the MFs of fuzzy Q-iteratind the BFs of
LSPI are equidistant and identically shaped, whereas thalG&ithm optimizes
parameters encoding the locations and shapes of the BFsheéOather hand, the
computational cost of the value function based algoritrsrsnaller than the cost of
CE policy search (for fuzzy Q-iteration, by several orddrsnagnitude). This indi-
cates that when the performance over the entire state spatdmoptimized, value
or policy iteration may be computationally preferable to Qiticy search, at least
in low-dimensional problems such as the double integréiosuch problems, CE
policy search can be beneficial when the performance mugttireiaed from only a
smaller number of initial states, or when a policy approxtionaf a fixed complexity
is desired and the computational costs to optimize it aramancern.

Figure 6.6 shows representative solutions found by fuzaie@tion and LSPI
for N’ = 10. While the policies resemble the policy found by the CBetgm (Fig-

h(xl,xz) h(xl,xz)

0.1 0.1

-0.1

-0.5 0 0.5

X X1

(a) Fuzzy Q-iteration, policy. (b) LSPI, policy.

1 2 3 4 5 & 7 8 o 1 2 3 4 5 & 7 8
k k
(c) Fuzzy Q-iteration, controlled trajectory from(d) LSPI, controlled trajectory frorf0, O]T.
[0,07.

FIGURE 6.6
Representative solutions found by fuzzy Q-iteration Jleftd LSPI (right) for the double
integrator.
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ure 6.4(a)) and the optimal policy (Figure 6.2(a)), theec#jries from[0,0]" are
suboptimal. For instance, the trajectory obtained by fu@ayeration (Figure 6.6(c))
reaches the terminal state with a nonzero final velocityr &ftsteps. The subopti-
mality of this trajectory is reflected in the value of its netuwhich is —2.45. In
contrast, the optimal trajectories of Figures 6.2(b) art{l9.reached a zero final
velocity, accumulating a better return-e.43. The LSPI trajectory of Figure 6.6(d)
terminates after 6 steps, with an even larger final velo@gling to a suboptimal
return of —2.48. The reason for which the fuzzy Q-iteration solution ittdrethan
the LSPI solution is not certain; possibly, the trianguldf Blpproximator used by
fuzzy Q-iteration is more appropriate for this problem ttiz@mRBF approximator of
LSPI.

Comparison of CE and DIRECT optimization

In our policy search approach (Section 6.3), a global, mixeéeger, gradient-free
optimization problem must be solved. One algorithm that @ddress this difficult
optimization problemis DIRECT (Jones, 2009), and theefiorthis section, this al-
gorithm is compared with CE optimization in the context ofippsearch® DIRECT
works in hyperbox parameter spaces, by recursively sgifiromising hyperboxes
in three and sampling the center of each resulting hyperbba.hyperbox selec-
tion procedure leads both to a global exploration of the patar space, and to a
local search in the most promising regions discovered sd fae algorithm is espe-
cially suitable for problems in which evaluating the scanedtion is computationally
costly (Jones, 2009), as is the case in policy search.

Note that the original parameter space of the RBF policyasgmtation is not a
finite hyperbox, because each RBF width can be arbitranityeld; € (0,)P. How-
ever, in practice it is not useful to employ RBFs that are witlean the entire state
space, so for the purpose of applying DIRECT, we restrictattith of the RBFs to
be at most the width of the state space, bes 2- Xnax thereby obtaining a hyper-
box parameter space. Another difference with CE policydesrthat, for DIRECT,
there is no reason to use a binary representation for theraatisignments; instead,
they are represented directly as integer variables rargitg ..,M. Therefore, the
number of parameters to optimize.i$” + 2D.4" = 5.4/, consisting of D.4" RBF
parameters and/” integer action assignments.

We used DIRECT to optimize the parameters of the policy (@&t)e gradually
increasing /" from 4 to 18, as for CE optimization above. DIRECT stops when t
score function (6.7) has been evaluated a given number e$tithis stopping param-
eter was set to 200®.4 for every.//, i.e., 2000 times the number of parameters
to optimize. Since DIRECT is a deterministic algorithm, r&xperiment was run
only once. The performance of the policies computed by DIREGgether with the
execution time of the algorithm, are shown in Figure 6.7. &oreasy comparison,
the CE policy search results from Figure 6.3 are repeated.

DIRECT performs worse than CE optimization for most valukstg while re-
quiring more computations for all values of’. Increasing the allowed number of

6We use the DIRECT implementation from theWLAB 7 optimization toolbox for MTLAB .
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Results of DIRECT for the double integrator, compared whthrtiesults of CE policy search.

score evaluations may improve the performance of DIRECTwowld also make it
more computationally expensive, and therefore less cativeetvith CE optimiza-
tion. The poor results of DIRECT may be due to its reliancemitteng the parameter
space into hyperboxes: this approach can perform poorhynwle parameter space
is high-dimensional, as is the case for our policy pararration.

6.4.2 Bicycle balancing

In this section, CE policy search is applied to a more invdlpeoblem than the
double integrator, namely the balancing of a bicycle ridwb@ constant speed on a
horizontal surface. The steering column of the bicycle idizal, which means that
the bicycle is not self-stabilizing, but must be activelgtilized to prevent it from
falling (a regular bicycle is self-stabilizing under céntaonditions, sedstrometal.,
2005). This is a variant of a bicycle balancing and ridinggbeo that is widely used
as a benchmark for reinforcement learning algorithms (Randnd Alstrgm, 1998;
Lagoudakis and Parr, 2003a; Ernst et al., 2005). We use tlyelbibalancing prob-
lem to study how CE policy search is affected by changes isd¢hef representative
states and by noise in the transition dynamics.

Bicycle problem

Figure 6.8 provides a schematic representation of the lgicydhich includes the
state and control variables. The state variables are thamgle w[rad] of the bi-
cycle measured from the vertical axis, the anglgad] of the handlebar, equal to

0 when the handlebar is in its neutral position, and the tsmeangular veloci-
ties w, a [rad/s]. The control variables are the displacem®srt[—0.02,0.02) m of

the bicycle-rider common center of mass perpendicularegothne of the bicycle,
and the torque € [—2,2] Nm applied to the handlebar. The state vector is therefore
[w,w,a,a]", and the action vector is= [8, T]". The displacemend can be affected

by additive noise drawn from a uniform density over the interal0.02,0.02] m.
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FIGURE 6.8
A schematic representation of the bicycle, as seen frormddfeft) and from the top (right).

The continuous-time dynamics of the bicycle are (Ernst.e2805):
JaeVv .

= J_:tl)-c [sin(B)(Mc +M;)gh— cogB) [Ta+

sigr‘(a)vz(gﬂsin(aﬂ +[tan(a)|) + M)H (6.13)

lem
.. 1 .
T (T_Jd_vv‘*’> (6.14)
Jal r
where:
13, 5 )
‘]bC: ?Mch +Mr(h+dCM) ‘JdC: Mdr
3 2 1 2
Jav > ar Jl 5 or
-1/2
0 1 PRV 12 .
B=w+ arctaniZ - [(' C)“+ s @) if a#£0
" fou 0 otherwise

Note that the noise enters the model in (6.13), via the tBrnifo obtain the
discrete-time transition function, as in (Ernst et al., 20Ghe dynamics (6.13)—
(6.14) are numerically integrated using the Euler methatth wisampling time of
Ts = 0.01s (see, e.g., Ascher and Petzold, 1998, Chapter 3). Wigemaignitude
of the roll angle is larger thaé%—g, the bicycle is considered to have fallen, and a
terminal, failure state is reached. Additionally, usingusation, the steering angte
is restricted tg—22", 8% to reflect the physical constraints on the handlebar, and the
angular velocitieso, & are restricted t¢—21t, 211.

Table 6.2 shows the meanings and values of the parametées lridycle model.

In the balancing task, the bicycle must be prevented frotimégli.e., the roll
angle must be kept within the allowed intenfaf2, 1211, The following reward
function is chosen to express this goal:

=12 1211]

M1 = {O s € [ 90 180 (6.15)

—1 otherwise
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TABLE 6.2 Parameters of the bicycle.

Symbol Value Units Meaning

Mc 15 kg mass of the bicycle

Mg 1.7 kg mass of a tire

My 60 kg mass of the rider

g 9.81 m/s’>  gravitational acceleration

v 10/3.6 m/s  velocity of the bicycle

h 0.94 m height from the ground of the common center of mass
(CoM) of the bicycle and the rider

I 1.11 m distance between the front and back tires at the points
where they touch the ground

r 0.34 m wheel radius

dem 0.3 m vertical distance between bicycle CoM and rider CoM

c 0.66 m horizontal distance between the point where the front

wheel touches the ground and the common CoM

Thus, the reward is generally 0, except in the event of reachifailure state, which
is signaled by a (negative) reward-efL.. The discount factor ig = 0.98.

To apply CE policy search, the rider displacement actioniserdtized into
{-0.02,0,0.02}, and the torque on the handlebar ifte2,0,2}, leading to a dis-
crete action space with 9 elements, which is sufficient tarad the bicycle (as will
be seen in the upcoming experiments).

Representative states

We consider the behavior of the bicycle starting from défatinitial rolls and roll ve-
locities, and the initial steering angig and velocityap are always taken to be equal
to zero. Two different sets of representative states ardaymg, in order to study the
influence of the representative states on the performanC&gfolicy search.

The first set of representative states contains a few ewapdged values of the
roll, while the remaining state variables are zero:

Xo1= {80’ 188+ 186} x {0} x {0} x {0}
The roll values considered cover the entire acceptableloniiain[ =27, 127] except
values too close to the boundaries, from which failure ialift to avoid. The second
set is the cross-product of a finer roll grid and a few valuasefoll velocity:

—10m —8 10 —30m —15 30

Xo2= {160 180180} X {160 180+ 180} * {0} x {0}
For both sets, the representative states are uniformlyhtedgi.e. w(xo) = 1/ |Xo|
for anyxg € Xo.
Because a good policy can always prevent the bicycle frolimggdor any state

in Xo.1, the optimal score (6.7) for this set is 0. This is no longeetfor X, »: when
w and @ have the same sign and are too large in magnitude, the bicgaleot be
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prevented from falling by any control policy. So, the optirseore forXg > is strictly
negative. To prevent the inclusion of too many such states(fvhich falling is un-
avoidable) inXg », the initial roll velocities are not taken to be too large iagnitude.

Balancing a deterministic bicycle

For the first set of experiments with the bicycle, the noisdiminated from the sim-
ulations by takingy = 0 at each stek. The CE policy search parameters are the same
as for the double-integrator, i.€ge = 10, pce = 0.01, dcg = 0.7, &ce = &uc = 0.001,

dce = 5, andtmax = 100. Because the system is deterministic, a single trajgtto
simulated from every state Xy, i.e.,Nyc = 1. CE policy search is run while grad-
ually increasing the number/” of RBFs from 3 to 8. For each of the two sets of
representative states and every value/of 10 independent runs were performed,
during which the algorithm always converged before reagttie maximum number

of iterations.

Figure 6.9 presents the performance and execution time op@&@iey search
(mean values across the 10 runs and 95% confidence interialsXg 1, in Fig-
ure 6.9(a), all the experiments with” > 4 reached the optimal score of 0. By,
in Figure 6.9(b), the performance is arounfl.21 and does notimprove a$” grows,
which suggests that it is already near optimal. If so, thenpBEcy search obtains
good results with as few as 3 RBFs, which is remarkable. Thewdion times, shown
in Figure 6.9(c), are of course larger 96> than forXg 1, sinceXp» contains more
initial states tharg 1.’

Figure 6.10 illustrates the quality of two representatigkqies found by CE pol-
icy search with.4” = 7: one forXp ;1 and the other foiXg . The figure shows how
these policiegeneralizeto unseen initial states, i.e., how they perform if applied
when starting from initial states that do not belongdp These new initial states
consist of a grid of values in thigo, w) plane;ap andag are always 0. The policy is
considered successful from a given initial state if it baksithe bicycle for at least
50s. This duration is chosen to verify whether the bicycleaknced robustly for a
long time; it is roughly 10 times longer than the length of tfsgectory used to eval-
uate the score during the optimization procedure, whichm@8 s (corresponding
to K =536, which is the number of steps necessary to achieve thesmgjpaccuracy
of euyc = 0.001 in estimating the return). The policy obtained with theaBer set
Xo,1 achieves a reasonable generalization, since it balanedsdixcle from a set of
initial states larger thag 1. Using the larger seXp » is more beneficial, because it
increases the set of states from which the bicycle is bathriRecall also that the

"The execution times for the bicycle are similar to or lardmmt those for the double integrator, even
though the number of representative states is smaller.igkiige to the different nature of the two prob-
lems. For the double integrator, the goal requires terrmigathe task, so better policies lead to earlier
termination and to shorter trajectories, which in turn igggiless computationally intensive Monte Carlo
simulations as the optimization goes on and the policy ivgsoln contrast, trajectory termination repre-
sents a failure for the bicycle, so better policies lead tgé trajectories, which require more computation
time to simulate. Overall, this results in a larger compatet! cost per initial state over the entire opti-
mization process.
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bicycle cannot be balanced at all wherandw are too large in magnitude and have
the same sign, i.e., in the bottom-left and top-right cosrdthe(w, w) plane.
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FIGURE 6.9 Results of CE policy search for the deterministic bicycle.
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FIGURE 6.10

Generalization of typical policies found by CE policy séafor the deterministic bicycle.
White markers indicate the bicycle fell from that initiaatt, whereas gray markers indicate it
was successfully balanced for 50 s. Black crosses mark gnegentative initial states.



228 Chapter 6. Cross-entropy policy search

Comparison with fuzzy Q-iteration for the deterministic bicycle

For comparison purposes, fuzzy Q-iteration was run with@ndistant grid of tri-
angular MFs and with the same discrete actions as those geatplyy CE policy
search. The numbet’ of MFs on each axis was gradually increased, and the first
value of N’ that gave good performance was 12; the score for this valié af 0

for Xp.1, and—0.2093 forXy ». This leads to a total of T2= 20376equidistanMFs,
vastly more than the number optimizedBFs required by CE policy search. The
execution time of fuzzy Q-iteration fod’ = 12 was 1354 s, similar to the execution
time of CE policy search witlXg ;1 (see Figure 6.9(c)). In contrast, for the double
integrator problem, the execution time of fuzzy Q-iteratisas much smaller than
that of CE policy search. This discrepancy arises becausedmplexity of fuzzy
Q-iteration grows faster than the complexity of CE policgrsd, when moving from
the two-dimensional double integrator to the four-dimenal bicycle problem. In
general, the complexity of fuzzy Q-iteration with trianguMFs grows exponen-
tially with the number of problem dimensions, whereas theglexity (6.9) of CE
policy search is linear in the number of dimensions (whilec@lly depending also
on other quantities, such as the number of representatites$t Therefore, as the di-
mension of the problem increases, CE policy search may bepoaferable to value
iteration techniques from a computational point of view.

Balancing a stochastic bicycle

The second set of experiments includes the effects of nBiseall that the noise

is added to the displacemedtof the bicycle-rider center of mass, and enters the
model in the dynamics ab (6.13), via the tern8. The noisez is drawn at each step

k from a uniform density ovej—0.02,0.02] m. To apply CE policy searchy =7
RBFs are employed, and,c = 10 trajectories are simulated from every initial state
to compute the score (this value fifc is not selected to be too large in order to
prevent excessive computational costs). The rest of thenpeters remain the same
as in the deterministic case. For each of the two sets of septative states, 10
independent runs were performed.

The performance of the resulting policies, together with éxecution time of
the algorithm, are reported in Table 6.3. For easy comparib@ results in thele-
terministiccase with.4#” = 7 are also repeated in this table. All the scoresXgr
are optimal, and the scores 4> are similar to those obtained in the deterministic
case, which illustrates that, in this problem, adding ndises not greatly diminish
the potential to accumulate good returns. The executioediare one order of mag-
nitude larger than for the deterministic bicycle, whichxpected becaudgyc = 10,
rather than 1 as in the deterministic case.

Figure 6.11 illustrates how the performance of represaetpblicies generalizes
to states not belonging t&. Whereas in the deterministic case (Figure 6.10) there
was little difference between the generalization perfaregawith Xg 1 andXp 2, in
the stochastic case this is no longer true. Instead, usagrttaller seKg 1 of initial
states leads to a policy that balances the bicycle for a mongtler portion of the
(w,w) plane than using( . This is because the noise makes the system visit a
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TABLE 6.3
Results of CE policy search for the stochastic bicycle, cameg with the deterministic case
(mean; 95% confidence interval).

Experiment Score Execution time[s]
StochasticXg 1 0;[0,0] 22999;[2171624282
DeterministicXo1 0;[0,0] 2400;[2248 2552
StochasticXg 2 —0.2093;[—0.2098 —0.2089 185205;170663199748

DeterministicXp> —0.2102;/—0.2115-0.2089 17154;/1611918190

larger portion of the state space than in the determiniaiecand some of these new
states may not have been seen along trajectories startipngoxy 1.
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FIGURE 6.11

Generalization of typical policies found by CE policy séafor the stochastic bicycle. White
markers indicate the bicycle was never balanced startomg that initial state; the size of the
gray markers is proportional to the number of times the b&ewas properly balanced out of
10 experiments. Reproduced with permission from (Busenal., 2009)(C) 2009 IEEE.

Figure 6.12 shows how the stochastic bicycle is balanceddnliey found with
Xo2. The bicycle is successfully prevented from falling, businot brought into a
vertical position f = 0), because the reward function (6.15) makes no difference
between zero and nonzero roll angles; it simply indicatasttie bicycle should not
fall. The control actions exhibit chattering, which is geally necessary when only
discrete actions are available to stabilize an unstabtesykke the bicycle.

6.4.3 Structured treatment interruptions for HIV infectio n control

In this section, CE policy search is used in a highly challeggimulation problem,
involving the optimal control of treatment for an HIV inféah. Prevalent HIV treat-
ment strategies involve two types of drugs, called reveesestriptase inhibitors and
protease inhibitors; we will refer to them simply as D1 andiB2he sequel. The
negative side effects of these drugs in the long term metitreg investigation of op-
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A controlled trajectory of the bicycle, starting froan = 757, co = 135, do = @o = 0. The
time axis of the action trajectories is truncated at 1 s tatai readability.

timal strategies for their use. These strategies mighttadest the patient’s immune
control of the disease (Wodarz and Nowak, 1999). One suategly involves struc-
tured treatment interruptions (STI), where the patienyed on and off D1 and D2
therapy (see, e.g., Adams et al., 2004).

HIV infection dynamics and the STI problem

The following six-dimensional, nonlinear model of the HIkféction continuous-
time dynamics is considered (Adams et al., 2004):

Ti=A1—diTi— (1-&)kVTy
To=A—doTo— (1— fe))koV T

T =(1—&)kVTy— 0T —mET,
Ti=(1-fe)kVThL— 0T, —mET
V=(1-&)Nrd(T{+T3) —cV —[(1—&1)pikiTi + (1 — fe1)pokoTo]V
be(Ti+T) _ ce(T{+TY

E—&E
(TI+TH+Kp (T} + T +Kqg %

E=Xe+

This model describes two populations of target cells, datige 1 and type 2. The
state vector ix = [Tp, T2, T{, TS, V, E]T, where:

e T; > 0 andT, > 0 are the counts of healthy type 1 and type 2 target cells
[cells/ml].



6.4. Experimental study 231

. Tlt >0 andTZt > 0 are the counts of infected type 1 and type 2 target cells
[cells/ml].

e V > 0is the number of free virus copies [copies/ml].
e E > 0is the number of immune response cells [cells/ml].

The positivity of the state variables is ensured during $athons by using saturation.
The variableg; € [0,0.7] ande; € [0,0.3] denote the effectiveness of the two drugs
D1 and D2.

The values and meanings of the parameters in this model\ae @i Table 6.4.
For a more detailed description of the model and the ratohahind the parameter
values, we refer the reader to Adams et al. (2004).

TABLE 6.4 Parameters of the HIV infection model.

Symbol Value Units  Meaning

A1; A2 10,000; 3198 %&';y production rates of target cell types 1 and 2

di;d» 0.01;001 diay death rates of target cell types 1 and 2

ki;k, 8-1077;10°% ﬁ'sday infection rates of populations 1 and 2

o 0.7 d_]éy infected cell death date

f 0.34 - treatment effectiveness reduction in population 2

my, M 107°:10°° ﬁ'wy immune-induced clearance rates of populations 1
and 2

Nt 100 %"{l‘s virions produced per infected cell

c 13 d_]éy virus natural death rate

pp2 1,1 YISrE  mean number of virions infecting cell types 1 and 2

A 1 %(Iilgy immune effector production rate

be 0.3 diay maximum birth rate for immune effectors

Kp 100 %'lls saturation constant for immune effector birth

de 0.25 d_:;y maximum death rate for immune effectors

o 0.1 d—gy natural death rate for immune effectors

Kgd 500 %'lls saturation constant for immune effector death

We do not model the relationship between the quantity of attared drugs
and their effectiveness, but we assume insteadghand &, can be directly con-
trolled, which leads to the two-dimensional control vectos [€1,&]". In STI,
drugs are administered either fully (they are “on”) or notalit(they are “off”).

A fully administered D1 drug corresponds &9 = 0.7, while a fully administered
D2 drug corresponds te, = 0.3. A set of 4 possible discrete actions emerges:
Ug = {0,0.7} x {0,0.3}. Because it is not clinically feasible to change the treat-
ment daily, the state is measured and the drugs are switahed aff once every 5
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days (Adams et al., 2004). The system is therefore contralleliscrete time with a
sampling time of 5 days. The discrete-time transitions dtaioed by numerically
integrating the continuous-time dynamics between corisectime steps.

The HIV dynamics have three uncontrolled equilibria. Tirenfectedequilib-
rium x, = [10000003198 0, 0,0, 10]T is unstable: as soon ¥sbecomes nonzero due
to the introduction of virus copies, the patient becomesdtdd and the state drifts
away fromx,. The unhealthyequilibrium x, = [1635735,1194546 63919247
is stable and represents a patient with a very low immune oresy for
whom the infection has reached dangerous levels. Adeathy equilibrium x, =
[967839621, 76,6,415, 353103T is stable and represents a patient whose immune
system controls the infection without the need for drugs.

We consider the problem of using STI from the unhealthyahgtatex, such that
the immune response of the patient is maximized and thatithoar of virus copies
is minimized, while also penalizing the quantity of drugsragistered, to account
for their side effects. This is represented using the reviiandtion (Adams et al.,
2004):

p(X,u) = —QV — Rig? — Rye? + SE (6.16)

whereQ = 0.1,R; = R, = 20000 S= 1000. The ternsErewards the amount of im-
mune response;QV penalizes the amount of virus copies, whilg 2 and—R,£2
penalize drug use.

Results of CE policy search

In order to apply CE policy search, a discount factoyef 0.99 is used. To compute
the score, the number of simulation steps is sé&t te T;/Ts = 800/5 = 160, where
T =800 days is a sufficiently long time horizon for a good poliwgontrol the infec-
tion (see Adams et al., 2004; Ernst et al., 2006b). This fewifnt from the examples
above, in which a precisiogyc in estimating the return was first imposed, and then
the trajectory length was computed accordingly. To limé éffects of the large vari-
ation of the state variables, which span several orders ghihale, a transformed
state vector is used, computed as the base 10 logarithm ofitdjieal state vector.
The policy is represented using” = 8 RBFs, and because we are only interested in
applying STI from the unhealthy initial statg, only this state is used to compute the
scoreXp = {xy}. The other parameters remain unchanged from the earlietgea
(Sections 6.4.1 and 6.4.2);c = 10, pce = 0.01, ace = 0.7, &g = 0.001,dce = 5,
andTax = 100.

Figure 6.13 shows a trajectory of the HIV system controlteafrfx, with a typ-
ical policy obtained by CE policy search. The execution tim@btain this policy
was 137864 s. For comparison, trajectories obtained witheadment and with fully
administered treatment are also shown. The CE solutiorckestthe D2 drug off
after approximately 300 days, but the D1 drug is left on imdtestate, which means
that the healthy equilibriurr, is not reached. Nevertheless, the infection is handled
better than without STI, and the immune respoBse steady state is strong.

Note that because of the high dimensionality of the HIV peaflusing a value-
function technique with equidistant BF approximation i$ ofithe question.



6.5. Summary and discussion 233

10 10"
£ £ MR . £ e —
8 X} 0 mv 2 0 WI
S % 10 3 10° [,
8 8 8
) ~ s
5 = =
10° 107°
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
t [days] t [days]
10° 10"
T — T z
& 5 W rr‘v‘ R AR A o I W W A ST S S T T T %
T 100 pny 5100 (M o
S . g S
—’_N ;‘ w
10° 107° 10°
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
t [days] t [days] t [days]
1 0.4 10
03—qr—- - - —~-*~~—--
T T
.05 o 02
0.1
0 : : : 0 10°

0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
t [days] t [days] t [days]

FIGURE 6.13

Trajectories fromk, for HIV infection control. Black, continuous: policy comiad with CE
policy search. Gray: no treatment. Black, dashed: fully inistered treatment. The states and
rewards are shown on a logarithmic scale, and negative valiune reward are ignored.

6.5 Summary and discussion

In this final chapter of the book, we have considered a cros®4sy policy search al-
gorithm for continuous-state, discrete-action problehhss algorithm uses a flexible
policy parametrization, inspired by the work on BF optintiaa for value function
approximation. The optimization is carried out with the CEthod and evaluates the
policies by their empirical return from a representativec$énitial states. A detailed
numerical study of CE policy search has been performed, tive important results
of which are the following. The algorithm gives a good penfance using only a
small number of BFs to represent the policy. When it mustoize the performance
over the entire state space, CE policy search is more cotgma#ly demanding
than value and policy iteration, at least in problems wittyanfew (e.g., two) di-
mensions. Nevertheless, given a concise selection ofseptative states, CE policy
search can become computationally preferable to value alidyteration as the
dimensionality increases (e.g., six dimensions or more).

Although CE policy search has been convergent in the exgertisrof this chap-
ter, it is an open problem whether it provably converges imegal. Since CE policy
search involves the optimization of both continuous andrdie variables, the CE
convergence results of Rubinstein and Kroese (2004); Gaisgh (2007), which
only concern the discrete case, cannot be applied dirdidily.convergence results
for the related model-reference adaptive search (Charlg 2087) cover more gen-
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eral cases, including stochastic optimization criterialested by Monte Carlo inte-
gration (as in CE policy search), but they require the retbte assumption that the
optimal policy parameter is unique.

In this chapter only discrete-action problems have beesidered, but a natural
extension of the discrete-action policy parametrizatian be developed to handle
continuous actions, by using the BF values to interpolatevéen the actions as-
signed to the BFs. It would also be useful to compare CE andERQIRoptimization
with other techniques able to solve the global, mixed-iategradient-free problem
arising in policy search; such techniques include amongrsthenetic algorithms,
simulated annealing, and tabu search.

Bibliographical notes

This chapter extends the authors’ earlier work on policyceéBusoniu et al., 2009).
Compared to this earlier work, the policy parametrizatias been simplified, the al-
gorithm has been enhanced with a smoothing procedure, arekfrerimental study
has been extended.

Our policy parametrization is inspired by techniques tdrojzte BFs for value
function approximation (e.qg., Singh et al., 1995; Menadta.e2005; Whiteson and
Stone, 2006; Bertsekas and Yu, 2009).

Using the CE method to optimize the policy was first proposeliannor et al.
(2003). Chang et al. (2007, Chapter 4) optimized the polith the model-reference
adaptive search, which is closely related to CE optimizat®oth Mannor et al.
(2003) and Chang et al. (2007, Chapter 4) focused on solunitg fismall MDPs,
although they also proposed solving large MDPs using paeimed policies.
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Extremely randomized trees

This appendix briefly introduces a nonparametric approtomamploying an en-
semble of extremely randomized regression trees (ex@estfor short). This ap-
proximator was proposed by Geurts et al. (2006) and was guedhith the fitted-Q
iteration algorithm by Ernst et al. (2005). Our presentatargely follows from ma-
terial in these two research papers. In this book, fittede@aiton with extra-trees
approximation was first employed in Section 3.4.5, as an elawf approximate
value iteration, and then in Section 4.5.2, as a baseliraiggn with which fuzzy
Q-iteration was compared. Other successful applicatidrexiva-trees approxima-
tion in reinforcement learning can be found in (Ernst et2005, 2006a,b; Jodogne
et al., 2006).

A.1 Structure of the approximator

The extra-trees approximator consists of an ensemble ofssipn trees. Each tree
in the ensemble is built from a set of training samples predith advance, using a
procedure that will be detailed in Section A.2. Each tredifiams the input space
into a number of disjoint regions, and determines a congtaaliction in each region
by averaging the output values of the samples that belorgdadgion.

More formally, assume that a set{ training samples is provided:

S ={(%s,Yis) lis=1,...,Ns}

wherex;, € RP is theisth input sample ang, € R is the corresponding output sam-
ple. A regression problem must be solved, which requiregpg@noximationy(x) of
the underlying relationship between the ingund the outpuy to be inferred from
the samples. This relationship may be deterministic orlgtstic, and in the latter
case, we aim to approximate the expected valuegienx.

Consider the regression tree with indgxn the ensemble, and define a function
pi, (X) that associates each inpuwith the region to which it belongs in the partition
given by the tree. Then, the prediction (approximate oQytx) of the tree is the
average output of the samples from the regirix). We write this as:

Ns
S K(XX)Yis (A1)
is=1

235
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with k (X, Xi) given by:

N | (X|S S pi" (X))
K(X,Xls) E§:l|(xisl € Piy (X))

(A.2)

Here, the indicator functiohis equal to 1 if its argument is true, and 0 otherwise.
The complete, ensemble approximator consists,afees, and averages the pre-
dictions of these trees to obtain a final, aggregate preaticti

1 M

3 5

) =
Nir ir=1

This final prediction can also be described by an equationefdrm (A.1), in which
the functionk (X, ;) is now given by:

i < I(Xis € Piy (X))
Ne i &p 5151040 € iy (X))

K(X,Xis) = (A.3)

The number of tree8l; is an important parameter of the algorithm. Usually, the
more trees, the better the algorithm behaves. Howeverrarajstudies suggest that,
often, choosing a number of trees larger than 50 does nafiseymtly improve the
accuracy of the approximator (Geurts et al., 2006).

The expression (A.1) was chosen to highlight the relatignisatween extra-trees
and kernel-based approximators. The latter are descripech lequation similar to
(A.1), see Section 3.3.2. A single tree can be interpretediasnel-based approxi-
mator with kernel (A.2), whereas for the ensemble of exteag the kernel is given
by (A.3).

A.2 Building and using a tree

Algorithm A.1 presents the recursive procedure to build@frtee trees in the ensem-
ble. Initially, there exists a single root node, which caméahe entire set of samples.
At every step of the algorithm, each leaf node that contaimsaestng"” samples is
split, wherenf™™ > 2 is an integer parameter. Using a method that will be desdrib
shortly, a cut-direction (input dimensiod)is selected, together with a scalar cut-
point x4 (an input value along the selected dimension). The cuttiine and the
cut-point constitute a so-called test. Then, the set of $esny associated with the
current node is split into two disjoint sel#err and . #ignt, respectively containing
the samples to the “left” and “right” of the cut-poird:~

rfﬂleft = {(Xis7yis) €y |Xis,d < X_d }

= (A.4)
Fight = { Xig:Yis) € 7 | Xis.d > Xg }
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ALGORITHM A.1 Construction of an extremely randomized tree.

Input: set of samples”, parametersl, Kg, nffin
Output: .7 = BUILD TREE(.Y)

1: procedure BUILD TREE(.¥)

2 if |.7| < ni" then

3 return aleaf node7 labeled by the valu?j—)‘ Yxyesy

4 else

5: (d,Xq) < SELECTTEST(.¥)

6 split . into et and.“ignt according to(d, Xq); see (A.4)
7 Tieft «—BUILD TREE(Aett), Fright «+—BUILD TREE(Zight)
8 7 «— anode with testd, Xy), left subtreeZer, and right subtreeZign,
9 return 7

10: end if

11: end procedure

12: procedure SELECTTEST(.Y)

13: selectK cut-directions{dy, ..., dk, } uniformly random in{1,...,D}
14: fork=1,...,Ky do

15: Xd min = MiN(xy)c 7 Xde» X max — MAxy) .7 Xy

16: select a cut-pointg, uniformly random in(Xg, min, Xd,,max]

17: end for

18: return a test(dk/,x_dk,) such thak’ € argmaxs(dy, Xq,,-); see (A.5)
19: end procedure

A left child node and a right child node are created for theenirnode, respectively
containing these two sets. The selected test is also stotbeé hode. The procedure
continues recursively, until each leaf node contains fetvann™ samples. Each
such leaf node is labeled with the average output of the sssrgdsociated with it.

To determine the test at a node, the algorithm generatesabmaK;, > 1 cut-
directions and, for each cut-direction, a random cut-pdngcore is computed for
each of thes&; tests, and a test that maximizes the score is chosen. The seed
is the relative variance reduction, which for a t@t) is defined as follows:

var(.#) — el var( Fien) — gl var( gn)
var(.¥)

where.¥ is the set of samples contained by the node considergd) isthe variance
of the outputy across the argument set, apddenotes set cardinality. Note that, if
Ky = 1, the cut-direction and the cut-point are chosen complatelandom.

Geurts et al. (2006) suggest chooslkgto be equal to dimensionaliy of the
input space. As a default value fof'™, it is suggested to choosd" = 2, yielding
fully developed trees, when the underlying input-outplétienship is deterministic;
andnt"r‘in =5 for stochastic problems. It should be stressed that opitigpithese pa-
rameters, together with the number of trégsfor the problem at hand may improve

s(d,xq,.) = (A.5)
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the approximation accuracy. This optimization could foample be carried out by
using a cross-validation technique (see, e.g., Duda €G00).

Algorithm A.2 presents a practical procedure to obtain ajst&®n (approximate
output) from a built tree. To compute this prediction, thgagithm starts from the
root node, and applies the test associated with this nodeei2kng on the result of
the test, the algorithm continues along the left subtredéamgethe right subtree, and
so on, until reaching a leaf node. Then, the algorithm retdine label of this leaf
node, which is equal to the average output of the associateglss.

ALGORITHM A.2 Prediction using an extremely randomized tree.
Input: tree.7, input pointx

1: while .7 is not a leaf nodelo

2 (d,xq) < test associated with root of

3: if X4 < Xqthen J «— Jett, the left subtree o7

4 else7 — Jignt, the right subtree o/

5: end if

6: end while
Output: the label of7

To clarify the link with the formulas in Section A.1, the inpspace partition
that corresponds to the tree (or, equivalently, the fumggpmust be defined. This
partition contains a number of regions identical to the namndf leaf nodes in the
tree, and each region consists of all the point&frfor which Algorithm A.2 reaches
the same leaf node. Equivalently, for axiyp(x) gives the set of points for which
Algorithm A.2 would obtain the same leaf node that it reacliken applied tx.
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The cross-entropy method

This appendix provides an introduction to the cross-ent{@f) method. First, the
CE algorithm for rare-event simulation is given, followeygl the CE algorithm for

optimization. The presentation is based on Sections 243akd 4.2 of the textbook
by Rubinstein and Kroese (2004).

B.1 Rare-event simulation using the cross-entropy method

We consider the problem of estimating the probability of & revent using sam-
pling. Because the event is rare, its probability is smal] straightforward Monte
Carlo sampling is impractical because it would require tamynsamples. Instead,
an importance sampling densityust be chosen that increases the probability of the
interesting event. The CE method for rare-event simulatiaks for the best im-
portance sampling density from a given, parameterized @éslensities, using an
iterative approach. At the first iteration, the algorithnawds a set of samples from
an initial density. Using these samples, an easier probtem the original one is
defined, in which the probability of the rare event is arté#filyi increased in order to
make a good importance sampling density easier to find. Témsity is then used
to obtain better samples in the next iteration, which allbe definition of a more
difficult problem, therefore giving a sampling density @o$o the optimal one, and
so on. When the problems considered at every iteration be@treast as difficult
as the original problem, the current density can be usedripoitance sampling in
the original problem.

We will next formally describe the CE method for rare-evamigation. Leta be
arandom vector taking values in the spagelLet{p(-;v)} be a family of probability
densities one7, parameterized by the vectee RVm and let a nominal parameter
v e RV be given. Given a score functi®: .« — R, the goal is to estimate the
probability thats(a) > A, where the leveh € R is also given ana is drawn from
the densityp(+;v) with the nominal parameter This probability can be written as:

V =Py p.p(s(@) >A) =Equp.y{I(s(a) > A)} (B.1)

1For simplicity, we will abuse the terminology by using thente“density” to refer to probability
density functions (which describe probabilities of contins random variables), as well as to probability
mass functions (which describe probabilities of discratelom variables).

239
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wherel(s(a) > A) is the indicator function, equal to 1 whenewa) > A and 0
otherwise. When the probability (B.1) is very small (@r less), the ever{ts(a) >
A} is called a rare event.

A straightforward way to estimate is to use Monte Carlo simulations. A set of
random sampleay, . .., an.e are drawn fromp(-;v), and the estimated value ofis
computed as:

o1
v=—Y I(s(a) > A) (B.2)
NCE is=1

However, this procedure is computationally inefficient wke(a) > A} is arare
event, since a very large number of sampes must be used for an accurate esti-
mation ofv. A better way to estimate is to draw the samples from an importance
sampling density(-) on <7, instead ofp(-; v). The density(-) is chosen to increase
the probability of the interesting evefé(a) > A }, thereby requiring fewer samples
for an accurate estimation of. The parametev can then be estimated using the
importance sampling estimator:

o1 p(ai; V)
v=— Y I(s(a) > A)————— B.3
NCE i;l ( ( ) ) q(a|s) ( )
From (B.3), it follows that the importance sampling density
N I(s(a) > A)p(av
EEECELEY ©.4

makes the argument of the summation equal,twhen substituted into (B.3). There-
fore, a single sampla for which I (s(a) > A) is nonzero suffices for finding, and
the densityg*(-) is optimal in this sense. It is important to note that thererroce-
dure is driven by the value of the nominal parametédence, among others, q*,
andv all depend orv.

The obvious difficulty is thav is unknown. Moreoverg* can in general have
a complicated shape, which makes it difficult to find. It iseoffnore convenient to
choose an importance sampling density from the family ofsdi&s{p(-;v)}. The
best importance sampling density in this family can be fooychinimizing over the
parameter a measure of the distance betwe#rnv) andg*(-). In the CE method,
this measure is the cross-entropy, also known as Kullbagkier divergence, which
is defined as follows:

2. Pv) = Eav {0

=/q*(a)mq*(a)da—/q*(a)ln p(a;v)da

The first term in this distance does not dependvpand by using (B.4) in the
second term, we obtain a parameter that minimizes the enisepy as:

v* = V¥, wherev* € arg max/ (@) = A)p@Ev) |, p(a;v)da,
v v (B.6)
i.e., V¥ € argmaE,.p.q {1 (S(@) > A)Inp(a;v)}

(B.5)
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Unfortunately, the expectationEy..;{I(s(a) > A)Inp(av)} is difficult to
compute by direct Monte Carlo sampling, because the indlis{s(a) > A) will
still be 0 for a most of the samples. Therefore, this expegtanust also be com-
puted with importance sampling. For an importance sampligsity given by the
parameteg, the maximization problem (B.6) is rewritten as:

Ve =V, wherevieargmafawp y{l(s(a) > A)W(av,z)Inp(av)}  (B.7)

in whichW(a;Vv,2) = p(a;Vv)/p(a;z). An approximate solutio®* is computed by
drawing a set of random samplas, ...,an.. from the importance densitg(-;z)
and solving:

=V, wherev*eargmam NiE (s(ais) > A)W(av,2)Inp(ai;v)  (B.8)

CE | =

The problem (B.8) is called thetochastic counterpaof (B.7).

Under certain assumptions a# and p(-;Vv), the stochastic counterpart can be
solved explicitly. One particularly important case wheis thappens is whep(-;v)
belongs to the natural exponential family (Morris, 1982y iistance, whefip(-;v)}
is the family of Gaussians parameterized by mgaand standard deviatioor (so,
v=[n,0]"), the solution of the stochastic counterpart is the meantiaadtandard
deviation of the best samples:

NCE 1 (S(ai,) > A)ai

n—= B.9
1= S (say) = A) ®9)
Nce . - _A
5o | 2is 11(s(ais) > A)(ai,—N)? (B.10)
ST | (s(ai,) > A)

Choosing directly a good importance sampling parameisrdifficult. If z is
poorly chosen, most of the indicatdrs(a;,) > A) in (B.8) will be 0, and the esti-
mated parameter* will be a poor approximation of the optimal parametér To
alleviate this difficulty, the CE algorithm uses an iteratapproach. Each iteratian
can be viewed as the application of the above methodologyg@smodified leveh;
and the importance density parametef v;_1, where:

e The levelA; is chosen at each iteration such that the probability of even
{s(a) > A¢} under densityp(-;v;_1) is approximatelypce € (0,1), with pce
chosen not too small (e.goee = 0.05).

e The parametev; 3, T > 2, is the solution of the stochastic counterpart at the
previous iterationyyg is initialized atv.”

The valueA; is computed as thél — pce) quantile of the score values of the
random sampl@y, ..., anee, Which are drawn fronp(-;v;_1). If these score values
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are ordered increasingly and indexed such #hat --- < Sy, then the(1— pce)
guantile is:
At = S1(1- pee)Nee | (B.11)
where[-] rounds the argument to the next greater or equal integer aufogiling).
When the inequalit\;+ > A is satisfied for some* > 1, the rare-event proba-
bility is estimated using the densipy-; v+) for importance sampling\; € N*):
1N

V=% 1(s(@) > A)W(aig v vee) (B.12)
Nz is=1

B.2 Cross-entropy optimization
Consider the following optimization problem:

maxs(a) (B.13)

ace/
wheres: .o — R is the score function (optimization criterion) to maximizand
the variablea takes values in the domaiw. Denote the maximum bg*. The CE
method for optimization maintains a density with suppeft At each iteration, a
number of samples are drawn from this density and the sctwewvaf these samples
are computed. A (smaller) number of samples that have thesbeses are kept, and
the remaining samples are discarded. The density is thestegdsing the selected
samples, such that during the next iteration the probgluifitirawing better samples
is increased. The algorithm stops when the score of the wetstted sample no
longer improves significantly.

Formally, a family of densitie$p(-;Vv)} with supportes and parameterized by

must be chosen. Aassociated stochastic probléa(B.13) is the problem of finding
the probability:

V(A) = Pavp(v)(8(8) 2 A) = Eavpiv) {1 (S(a) 2 A)} (B.14)

where the random vecta has the densityp(-;V') for some parameter vectof.
Consider now the problem of estimatimgA ) for a A that is close tcs*. Typically,
{s(a) > A} is a rare event. The CE procedure can therefore be explatsdive
(B.14).

Contrary to the CE method for rare-event simulation, in mj#ation there is
no known nominal\; its place is taken bg*, which is unknown. The CE method
for optimization circumvents this difficulty by redefininhe associated stochastic
problem at every iteratiom, using the density with parametey_;, so thatA; is
expected to converge 85 ast increases. Consequently, the stochastic counterpart at
iterationt of CE optimization:

Nce

V; = Vi, wherev! € arg ma>ﬁ\I z I(s ) Inp(ai;V) (B.15)

CE | =



B.2 Cross-entropy optimization 243

is different from the one used in rare-event simulation {Ba8d corresponds to max-
imizing overv the expectation £ .., ,){I(s(a&s) > Ar)Inp(ais;v)}. This deter-
mines the (approximately) optimal parameter associatéuRyi. .., ,)(s(a) > A7),
rather than with B_..7;(S(@) > Ar) as in rare-event simulation. So, the tétwrfrom
(B.7) and (B.8) does not play a role here. The paramgtehich in rare-event sim-
ulation was the fixed nominal parameter under which the eset probability has
to be estimated, no longer plays a role either. Instead, io@tnization an initial
valuevp of the density parameter is required, which only serves fmeé¢he asso-
ciated stochastic problem at the first iteration, and whigh lse chosen in a fairly
arbitrary way.

Instead of setting the new density parameter equal to theisol; of (B.15), it
can also be updated incrementally:

Vi = OceVr + (1 — dce)Vr—1 (B.16)

whereace € (0,1]. This so-called “smoothing procedure” is useful to prevekt
optimization from becoming stuck in local optima (Rubimstend Kroese, 2004).

The most important parameters in the CE method for optincizatre the number
Nce of samples and the quantitee of best samples used to update the density. The
number of samples should be at least a multiple of the numiqearameters\,, so
Nce = CceNy With ¢cce € N, ¢cce > 2. The parameteuc: can be chosen aroundX for
large numbers of samples, or it can be larger, arqimice) /Ncg, if there are only a
few samplesNce < 100) (Rubinstein and Kroese, 2004). The smoothing paramete
dce is often chosen aroundq

The CE method for optimization is summarized in Algorithni BNote that at
line 8, the stochastic counterpart (B.15) was simplified bing the fact that the
samples are already sorted in the ascending order of traiescWheree = 0, the

ALGORITHM B.1 Cross-entropy optimization.
Input: family {p(-;v)}, score functiors,
parameter®ce, Ncg, dce, Ece, Oce, Tmax

1. T+1

2: initialize density parametexg

3: repeat

4: generate sampl,, ..., an from p(-;vr_1)
compute scores(a;,), is=1,...,Nce
reorder and reindex sg; < --- < Sy
At = S[(1—pee)Nee
¥Ur — Vi, wherevi € argmay zgi?(l*PCE)NCE] In p(aig; v)
Vr < AceVr + (1 — Oce)Ve-1
10: T—T+1
12: until (1 >degand [A;_p —Ar_p_1| < &g, for/ =0,...,decg— 1) OF T = Tmax
Output: a*, the best sample encountered at any iteraticamds* = s(a*)

© o No2a
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algorithm terminates wheh remains constant fai.c consecutive iterations. When
&ce > 0, the algorithm terminates whénimproves fordce consecutive iterations, but
these improvements do not exceg The integedce > 1 accounts for the random
nature of the algorithm, by ensuring that the latest peréorce improvements did
not decrease below.: accidentally (due to random effects), but that instead the
decrease remains steady thg iterations. A maximum number of iteratiomgax is

also chosen, to ensure that the algorithm terminates ir fiimite.

CE optimization has been shown to lead to good performariies outperform-
ing other randomized algorithms (Rubinstein and Kroes@42@nd has found many
applications in recent years, e.g., in biomedicine (Maylaeat al., 2007), power sys-
tems (Ernstetal., 2007), vehicle routing (Chepuri and dédvi2005), vector quanti-
zation (Boubezoul et al., 2008), and clustering (Rubimsaeid Kroese, 2004). While
the convergence of CE optimization has not yet been provgerieral, the algorithm
is usually convergent in practice (Rubinstein and Kroe®842. For combinatorial
(discrete-variable) optimization, the CE method provatagverges with probability
1 to a unit mass density, which always generates sampled &gaasingle point.
Furthermore, the probability that this convergence paiitt fact an optimal solution
can be made arbitrarily close to 1 by using a sufficiently $srabothing parameter
dce (Costa et al., 2007).



Symbols and abbreviations

List of symbols and notations

The most important mathematical symbols and notations insihis book are listed
below, organized by topic.

General notations

absolute value (for numeric arguments); cardinality (fis¥
p-norm of the argument

the largest integer smaller than or equal to the argumentrjflo
the smallest integer larger than or equal to the argumeitin@e
generic functiorg has argument-" and is parameterized b§
Lipschitz constant of generic functian

Probability theory

p
a~p()
P()
E{}
n,o
nbin

probability density

random sampla is drawn from the densitp

probability of the random variable given as argument
expectation of the random variable given as argument

mean of a Gaussian density; standard deviation of a Gaudsieity
parameter (mean, success probability) of a Bernoulli dgnsi

Classical dynamic programming and reinforcement learning

X; X
u; U

D 7
T M

Y < 0 =T
>

=
A

Q
<

state; state space

control action; action space

reward

deterministic transition function; stochastic transitfanction
reward function for deterministic transitions; reward dtion for
stochastic transitions

deterministic control policy; stochastic control policy
return

discount factor

discrete time index; discrete time horizon

sampling time

Q-function; V-function
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Qh. Vh

€o1, Epk, 1C.

Symbols and abbreviations

Q-function of policyh; V-function of policyh

optimal Q-function; optimal V-function

optimal policy

set of all Q-functions

Q-iteration mapping

policy evaluation mapping for policy

primary iteration index; number of primary iterations
secondary iteration index

learning rate (step size)

exploration probability

convergence threshold, always subscripted by #goriype (in these
examplesgy for Q-iteration andeg for policy evaluation)

Approximate dynamic programming and reinforcement learning

SX8 I D2CTTE O
e S O <

X

approximate Q-function; approximate V-function

approximate policy

index of state dimension (variable); number of state spaoemsions
approximation mapping

projection mapping

set of discrete actions

value function parameter vector; basis functions for vdiuection
approximation

policy parameter vector; basis functions for policy apjmzation
state-dependent basis functions for Q-function approtiona

kernel function

number of parameters and of state-action basis functior@-fonction
approximation

number of parameters and of state-dependent basis fuadtopolicy
approximation

number of state-dependent basis functions for Q-funcipna@imation
number of discrete actions

number of state-action samples for Q-function approxiomati
number of state samples for policy approximation

index of Q-function parameter and of state-action basistfan

index of state-dependent basis function, of policy paramer of dis-
crete state

index of discrete action

scalar index corresponding to the two-dimensional indej); usually,
il =i+(-DN

index of state-action sample

index of state sample, as well as generic sample index
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& = parameter vector of basis functions; set of such paramettors
c center of basis function, given as a vector

b; B width of basis function, given as a vector; and given as aimatr
G approximation error

r matrix on the left-hand side of the projected Bellman eaqumti

N matrix on the right-hand side of the projected Bellman eiguat
z vector on the right-hand side of the projected Bellman éqoat
w weight function of approximation errors, of representstates, etc.
S score function

Xo set of representative initial states

Nuc number of Monte Carlo simulations for each representatates
Emc admissible error in the estimation of the return along attajry

Fuzzy Q-iteration

X; U fuzzy set; membership function

Q in this context, normalized membership function (degrefilfifiment)
Xi core of theith fuzzy set

S asynchronous fuzzy Q-iteration mapping

&; Oy state resolution step; action resolution step

Online and continuous-action least-squares policy iterabn

Kg number of transitions between two consecutive policy impments
& decay rate of exploration probability

Tirial trial length

Amon monotonicity direction

1)} polynomial

Mp degree of polynomial approximator

Cross-entropy policy search and cross-entropy optimizatin

v parameter vector of a parameterized probability density

1{} indicator function, equal to 1 when the argumentis true,Gaotherwise

Nee number of samples used at every iteration

Pce proportion of samples used in the cross-entropy updates

A probability level or(1— pce) quantile of the sample performance

Cce how many times the number of samphs is larger than the number of
density parameters

Qce smoothing parameter

& convergence threshold of the cross-entropy algorithm

dce how many iterations the variation afshould be at most. to stop the

algorithm
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Experimental studies

t continuous time variable

a in this context, angle

T in this context, motor torque

Qrew weight matrix for the states, used in the reward function

Rrew weight matrix or scalar for the actions, used in the rewargtfion

Furthermore, the following conventions are adopted thhoug the book:

o All the vectors used are column vectors. The transpose ot®wis denoted
by the superscript T, such that, e.g., the transpogeieB .

e Boldface notation is used for vector or matrix represeatetiof functions and
mappings, e.gQ is a vector representation of a Q-functi@nHowever, ordi-
nary vectors and matrices are displayed in a normal font, @.§ .

e Calligraphic notation is used to differentiate variablglated to policy approx-
imation, from variables related to value function approaiion. For instance,
the policy parameter i8, whereas the value function parametefis

List of abbreviations

The following list collects, in alphabetical order, the adlkations used in this book.

BF basis function

CE cross-entropy

DC direct current

DP dynamic programming

HIV human immunodeficiency virus

LSPE (LSPE-Q) least-squares policy evaluation (for Q-fioms)
LSPI least-squares policy iteration

LSTD (LSTD-Q) least-squares temporal difference (for Qéfions)
MDP Markov decision process

MF membership function

Pl policy iteration

RBF radial basis function

RL reinforcement learning

STI structured treatment interruptions

TD (TD-Q) temporal difference (for Q-functions)
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