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Supporting Information

1. Hyperbolic cooling model

The permittivities and the permittivity products of bulk hBN and WSe2 have been calculated

through density functional perturbation theory, as implemented in the abinit code,1 and the

computational setup of Ref.2 Along the trigonal axis zz, and, in-plane directions xx and yy,

two bands of hyperbolicity can be observed in the low energy limit (energy less than 200

meV) due to hyperbolic optical phonons. The energy bands of hyperbolicity are strongly

reduced in WSe2 as compared to hBN, see Fig. S1b.
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Figure S1: Hyperbolic phonons in hBN and WSe2. a) Calculated dielectric constants
of hBN (blue lines) and WSe2 (red lines) along the in plane directions (xx and yy, solid
lines) and along the c-axis (zz, dashed lines). b) Hyperbolic bands in hBN (blue curves and
areas) and WSe2 (red lines and areas) corresponding to energy ranges of panel a in which the
dielectric constants along the in-plane (εxx) and out-of-plane (εzz) directions have opposite
sign.

The electron cooling time calculated from the dielectric constants dispersion in Fig. S1

using the hyperbolic cooling theory3�5 is reported in Fig. S2. The theory only considers

the near-�eld coupling of the hot charge carriers of graphene with the hyperbolic phonons

of WSe2 as relaxation mechanism. Due to the reduced hyperbolicity, the cooling to hy-
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perbolic phonons, which dominates in high-quality hBN-encapsulated single-layer graphene

(SLG), is much less e�cient in WSe2-encapsulated SLG and the relaxation via emission of

optical phonons eventually becomes the dominant process driving the cooling dynamics, in

close analogy to suspended SLG. The expected cooling time via solely decay into hyper-

bolic phonons far exceeds, indeed, the few picoseconds recovery time measured by transient

transmission in WSe2-encapsulated graphene.
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Figure S2: Cooling time via near-�eld coupling with hyperbolic phonons of WSe2.
Calculated hot electron cooling time considering the transfer of their excess-energy to the
hyperbolic phonons of WSe2 as a function of the initial electron temperature Te, for three
relevant values of the equilibrium chemical potential: 0.1, 0.2, 0.3 eV.

2. Cooling dynamics probed with terahertz pulses

The cooling dynamics of suspended graphene is measured by optical pump-THz probe

(OPTP) ultrafast spectroscopy, to monitor the dynamics of intraband absorption follow-

ing the photo-excitation, as sketched in Fig. S3. The spot size of the OPTP measurements

is ∼ 1 mm. Accordingly, we could use the same sample as used for TA measurements, with

the probe illuminating both suspended and supported graphene, considering that the signal

will be dominated by the suspended graphene.

In Fig. S4 a we show the OPTP dynamics for suspended graphene for a range of �uences.

We note that we see much less of the fast decay component that is rather prominent in the TA
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Figure S3: Schematic illustration of the carrier density as a function of carrier energy com-
pared to the pump and probe photon energies of the three experimental con�gurations that
we used: (a) near-infrared transient absorption (NIR), (b) visible transient absorption (VIS)
and (c) optical-pump terahertz probe (OPTP). In all cases, the pump pulse is absorbed
via interband transitions. For both TA con�gurations, the probe pulse is also associated
with interband transitions, whereas the THz probe pulses are associated with the intraband
conductivity. This is also clear in the accompanying Dirac cones with energy vs. momentum.

measurements. The reason for this is twofold. First of all, the superlinear relation between

TA signal and ∆Te makes the TA signal initially decay faster than the decay of the carrier

temperature. Secondly, the time resolution of the OPTP measurement is ∼300 fs, compared

to ∼100 fs for TA measurements, which broadens the initial fast decay.

With THz probe pulses, the transmission increases (for EF >0.1 eV), as observed and

explained in Refs.7�9 and the change in transmission scales roughly linearly with the carrier

temperature change ∆Te, in contrast with the superlinear relation for TA measurements.

We compare the OPTP relaxation dynamics with the calculations based on the cooling

mechanism involving high-energy (>0.16 eV) electrons cooling to optical phonons, which

in turn cool to acoustic phonons, while the carrier system continuously re-thermalizes. We
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describe these dynamics with the same model as before, using EF = 0.15 eV and an optical

phonon lifetime of 1.2 ps. Here, we have assumed a perfectly linear relation between OPTP

signal and ∆Te. We note that there is some underestimation of the signal magnitude for low

�uences, and some overestimation for higher �uences, which shows that the assumption of

linear scaling between signal and temperature change is a simpli�cation, as it likely weakly

sub-linear. However, the reasonable agreement between calculated and measured dynamics,

con�rms the validity of this intrinsic cooling mechanism. The slightly shorter optical phonon

lifetime we extract by comparing the experimental data with our cooling model, is likely the

result of the assumption of linear scaling between OPTP signal and ∆Te
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Figure S4: Cooling dynamics of suspended graphene using THz pulses. OPTP
dynamics for high-quality suspended graphene with pump photon energy of 1.55 eV (800
nm) and probe photon energy around 4 meV (300 µm) together with the calculated cooling
dynamics for the electron temperature Te (solid lines).

3. Topography of encapsulated graphene

The thickness of the WSe2 encapsulating �akes is determined from the AFM image in Fig.

S5 by analysing a line pro�le cut from the map, which includes the substrate, whose height

is assumed as z= 0, and both the bottom and top WSe2 layers. The bottom and top WSe2

layers have a thickness of 63 nm and 61 nm respectively, as obtained from the total thickness
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of the heterostructure z= 124 nm.
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Figure S5: Topography of WSe2 encapsulated SLG. a) AFM image of encapsulated
SLG corresponding to Fig. 1 of the main text in a di�erent color scale. b) Height pro�le
extracted from the topography in panel a along the blue dashed line assuming the substrate
level as zero.
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4. Electron mobility of WSe2-encapsulated graphene

The mobility of WSe2 encapsulated graphene is determined by transport measurements

reported in Fig. S6. A dual-gate �eld e�ect transistor based on encapsulated graphene

is fabricated to monitor the resistance as a function of the charge carrier density ne. The

transistor channel has length L= 4.5 µm and width W= 4 µm. The top WSe2 is 12 nm thick

while the bottom layer is 34 nm. E�cient gating is achieved by stacking the heterostructure

on top of an additional layer of hBN of thickness 25 nm. The resistance of graphene shows

the typical ambipolar conduction with electron mobility µe ≈ 39,000 cm2V−1s−1, and hole

mobility µh ≈ 36,000 cm2V−1s−1.

Figure S6: Mobility of WSe2 encapsulated graphene. Charge transfer curve (black
dots) for WSe2 encapsulated graphene measured at room temperature applying 1 mV voltage
bias to source-drain contacts of a dual-gate �eld e�ect transistor together with the best �t
function for p-doping corresponding to hole mobility µh= 36,000 cm2V−1s−1 (red solid line),
and, n-doping giving electron mobility µe= 39,000 cm2V−1s−1 (blue solid line). See inset for
AFM image of the device.
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5. Raman characterization of WSe2-encapsulated graphene

The encapsulated SLG exhibits the vibrational �ngerprints of bulk WSe2 in the low frequency

range, see Fig. S7a, corresponding to E1g and E2g modes.10 The encapsulated SLG under

473 nm laser excitation exhibits photoluminescence signal in Fig. S7b with a peak at 776

nm due to the radiative recombination of the A exciton of bulk WSe2 and one more intense

peak at 908 nm attributable to the CaF2 substrate.

Despite the intense luminescence background, the vibrational �ngerprints of graphene

can be identi�ed in the encapsulated graphene. One exemplary spectrum acquired on fully

encapsulated graphene with a 473 nm laser is reported in Fig. S8a, showing the 2D and G

peaks. The 2D peak is �t with pseudoVoigt function centered at ω2D= 2714.5 cm−1 with

width Γ2D= 25.7 cm−1.
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Figure S7: Raman characterization of encapsulated SLG. a) Raman spectroscopy
measurements of the encapsulated SLG revealing the low-energy vibrational �ngerprints of
bulk WSe2.10 b) Photoluminescence (PL) of encapsulated SLG under 473 nm laser photoex-
citation.

The substrate exhibits a Raman peak at around 1550 cm−1, which has maximum ampli-

tude outside the heterostructure. Accordingly, to retrieve the position and the width of the

G peak, we analyse the peak at 1550 cm−1 as the sum of the peak from the substrate and

of the G-peak, both described by pseudoVoigt functions. The retrieved energy position and
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width of the G peak are equal to ωG= 1585.2 cm−1 and ΓG= 24.2 cm−1.
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Figure S8: Raman spectrum of WSe2-encapsulated graphene and WSe2-supported
graphene. a) Raman spectrum of WSe2/Gr/WSe2 acquired with 473 nm laser source (black
dots). The 2D peaks is analysed with PseudoVoigt functions centered at ω2D with width
Γ2D (black solid line). The peak at around 1550 cm−1 is analysed as the sum (magenta
dotted line) of two peaks: one from the substrate, centered at about 1556 cm−1 (blue dashed
line) and the G-peak of graphene (red line). b) Comparison of the 2D peak of encapsulated
(WSe2/Gr/WSe2, full black dots) and uncovered graphene (WSe2/Gr, open black dots)
acquired with 532 nm laser source and analysed with PseudoVoigt functions (blue solid
lines).

6. Fully-encapsulated vs. semi-encapsulated graphene

In Fig. S8b we compare the 2D peak measured with a 532 nm laser source on fully encap-

sulated and uncovered graphene (semi-encapsulated). The 2D peak appears red-shifted and

broader in sample regions where there is only the bottom WSe2 �ake and graphene is un-

covered. In order to present the data in a clearer way, we have normalized the intensities of

the 2D peaks in Fig. S8b. However, we report that the intensity ratio between the 2D peak

on semi-encapsulated and fully-encapsulated region is ∼2.8. The best �t for the 2D peak in

the two cases is obtained with a Pseudo Voigt function centered at ω2D(WSe2/Gr/WSe2)=

2718 ± 1 cm−1 for the fully encapsulated and at ω2D(WSe2/Gr)= 2689 ± 0.2 cm−1 for the

uncovered graphene. The extracted peak widths are Γ2D(WSe2/Gr/WSe2)= 14 ± 2 cm−1
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for the fully-encapsulated and Γ2D(WSe2/Gr)= 24.9 ± 0.4 cm−1 for the uncovered graphene.

A blue-shift of ω2D has been already observed with hBN encapsulation and be ascribed to

the dielectric screening of e-ph interactions.11 Moreover, the sharper 2D peak can indicate a

more homogeneous strain distribution in the fully encapsulated regions that can come along

with improved mobility.
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Figure S9: Cooling dynamics of WSe2-supported graphene. Transient transmission
∆T/T maps of the WSe2-encapsulated graphene at a �xed time delay t = 100 fs between
pump and probe pulses acquired with pump at 0.8 eV (1550 nm) and probe at 0.729 eV
(1700 nm). The black cross indicates the location in the WSe2-supported graphene, where
the ∆T/T dynamics reported in panel b are measured. b) ∆T/T dynamics measured on
uncovered graphene with excitation �uences ranging from 0.4 to 2 µJ cm−2. c) Comparison
of normalized ∆T/T dynamics measured on fully-encapsulated (blue dots) and uncovered
(red dots) graphene using a pump �uence of ∼ 1 µJ cm−2.

7. Di�erential re�ectance of WSe2-encapsulated graphene

The re�ectance of the WSe2 encapsulated graphene in the visible and near-infrared range is

reported in Fig. S10. The absorption dips for photon energy 1.9 and 1.5 eV, are due to the

excitations of bulk excitons of WSe2: A at lower and B at higher energy.

The re�ectance in the near-infrared region, far from the tail of the A-exciton, is completely

attributable to graphene such that no di�erence is observed between the half (WSe2/Gr)

and the full (WSe2/Gr/WSe2) encapsulated sample. The pump and probe photons used in

the transient transmission experiment are tuned at even lower photon energies, where only

graphene is supposed to absorb.
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Figure S10: Static re�ectance of WSe2-encapsulated graphene. The static re�ectance
∆R/R = R−R0

R0
is evaluated by comparing the re�ectance of the substrate R0 with the

re�ectance R of the heterostructure. We compare the response at the WSe2 bottom layer
(black line), with that of fully WSe2-encapsulated graphene (WSe2/Gr/WSe2, red-line) and
with half-encapsulated graphene (Gr/WSe2, magenta line).

8. Cooling due to lateral heat di�usion

The lateral di�usion of the heat transferred by the pump-pulse that is used to photo-excite

graphene, can lead, under focused illumination, to a decay of the hot-electron temperature

Te and of the transient transmission signal. In-plane electronic heat conduction becomes

particularly relevant for experiments using tight focusing over sub-micron spots and for high-

mobility samples, since their large conductivity σ corresponds to large heat conductivity ke,

according to the Wiedemann-Franz law.

In order to estimate the impact of heat di�usion on the transient optical response of the

high-mobility graphenes that we have studied, we model this decay, independent of other

decay mechanisms, considering the spatial evolution of the Gaussian heat spot induced by

the pump pulse, and the in�uence of the Gaussian spatial pro�le of probe beam.

The pump pulse intensity Ipump(x) is modeled by 2D Gaussian spatial pro�le centered at
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x = (x, y) = (0, 0):

Ipump(x) = Apump exp

(
−|x|2

2σ2
pump

)
=: G(Apump, σpump). (1)

where Apump is the pump peak-intensity, and 2
√

2ln(2)σpump is its full-width-half-maximum

(FWHM) that quanti�es the spot size.

Within the pump/probe pulse duration, i.e. within less than 100 fs, an electron tem-

perature pro�le Te(x, t ≈ 0) ∝ Ipump(x) is induced in the photo-excited region of graphene.

We assume it evolves isotropically in 2D with a constant electronic thermal di�usivity D

following the heat equation:12

∂

∂t
Te = D∇2Te. (2)

The spatio-temporal evolution of this temperature pro�le Te(x, t) is found by spatial

convolution of the initial pump pro�le Ipump(x) with the fundamental solution Φ(x, t) of the

heat equation,12

Φ(x, t) =
1

4πDt
exp

(
− |x|

2

4Dt

)
, (3)

leading to the following temperature pro�le decay:

Te(x, t) ∝
∫
R2

Φ(x− y, t)Ipump(y)

=
Apump

1 + 2Dt
σ2
pump

exp

(
−|x|2

2(σ2
pump + 2Dt)

)
.

(4)

In our experiments, the probe is focused onto a point detector, hence the temperature

dynamics, eventually leading to the measured ∆T/T decay, is the result of an integration

over the entire interaction region sampled by the probe.

In order to estimate the in�uence of the spatial pro�le of the probe beam intensity Ipr, we

model it too as a Gaussian centered at x = 0, Ipr(x) = G(Apr, σpr), such that the resulting
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probed temperature dynamics are given by:

Te,probed(t) ∝
∫
R2

Te(x, t) · Ipr(x)

= 2πApumpApr
σ2
pumpσ

2
pr

σ2
pump + σ2

pr + 2Dt
.

(5)

which shows that this decay mechanism becomes faster for decreasing pump and probe

spot sizes(σpump, σpr) and for systems with large D.

We calculate the probed electron temperature dynamics expected in our experimental

conditions for in-plane lateral heat di�usion using Eq. 5.

For graphene, the electronic heat di�usivity D is related to the electron mobility µ, and

the Fermi energy EF via the Einstein relation:13 D = EF
2e
µ, where e is the elementary charge.

For the NIR TA measurements of WSe2-encapsulated graphene (Fig. 2 in the main text),

we assume EF =0.1 eV (which is an upper limit) and µ= 37,500 cm2/Vs, leading to D ≈

1875 cm2/s.

For the VIS TA measurements of suspended graphene (Fig. 4 in the main text), the

Fermi energy EF= 0.18 eV and the mobility µ= 17,000 cm2/Vs (which is an upper limit),

leads to D ≈ 1530 cm2/s.

For both measurements, the following pump and probe spot sizes are extracted by ana-

lyzing the maps of probe transmission T and transient transmission ∆T/T signal, acquired

just before measuring the ∆T/T dynamics, see Fig. S11:

FWHMNIR
pump = (3.01 ± 0.23) µm, FWHMNIR

probe = (2.80 ± 0.15) µm,

FWHMVIS
pump = (1.35 ± 0.45) µm, FWHMVIS

probe = (0.91 ± 0.15) µm.

Figures S12a-b show the calculated decays for the two experiments compared to the

highest �uence (slowest) experimental dynamics. In both the cases, the experimental decay

is faster than what expected for lateral heat di�usion. The relaxation through emission

of optical phonons, which is an intrinsic mechanism, independent on the speci�c size of
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Figure S11: a-b) Line-pro�les extracted from transmission T (red open dots) and tran-
sient transmission ∆T/T (black open dots) maps measured on WSe2/Gr/WSe2 (a) and
suspended graphene (b) corresponding to the cut sketched by the blue lines on the maps.
Data (open dots) are shown together with the best �t functions (black and red solid lines)
de�ned by a Heaviside function, describing the step-like variation of T and ∆T/T , convo-
luted with a Gaussian (dot lines) of full-width half maximum FWHMprobe (for T, red dot
line) or FWHM∆ (for ∆T/T , black dot line) that accounts for the �nite spot size of pump
and probe. The pump spot size FWHMpump is extracted from the relation (FWHMpump)−2=
(FWHM∆)−2−(FWHMprobe)−2, that follows from the linear proportion of ∆T/T to the prod-
uct of pump and probe intensities.

the beam used to monitor the optical properties of graphene, appears faster than in-plane

electronic heat conduction even in the experiment on suspended graphene where the size of

the holes imposed smaller spots.

Furthermore, according to Eq. 5, for increasing pump �uences, we would expect a faster

cooling through heat di�usion, because higher electron temperature leads to a higher dif-

fusivity D.13 The fact that we observe an opposite trend in our experiments (Figure 2 and

4 of the main), indicates that the lateral heat di�usion is not dominating the hot-electron

relaxation.
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Figure S12: Calculated decays due to lateral heat di�usion a-b) Calculated hot-
electron temperature dynamics for lateral heat di�usion according to Eq. 5, compared to
the highest �uence experimental dynamics retrieved on the WSe2/Gr/WSe2 (a) and on
suspended graphene in the VIS (b), using the experimental values of pump and probe spot
sizes from Fig. S11.

9. Cooling via disorder-assisted acoustic phonon scattering

We calculate the cooling time through disorder-assisted scattering with acoustic phonons

following Ref.,14 which was based on Ref.15 For this calculation, we assume that the electrical

mobility is limited by disorder scattering, although there is actually a large contribution from

long-range Coulomb scattering. This type of scattering does not contribute to disorder-

assisted cooling, which means that by assuming a disorder-dominated electrical mobility we

obtain a lower bound for the cooling time. We calculate the cooling time using τSC
cool =

(3A
α
· Tl)

−1, where Tl is the lattice temperature (300 K), and A
α

= 2 λ kB
3 kF ` ~ . Here, kB is

Boltzmann's constant, Fermi momentum kF = EF

~ vF
, with vF the Fermi velocity, and the

mean free path is ` = vF τms, where the momentum scattering time is given by τms = µ EF

e v2F
.

Finally, λ = D2 2 EF

ρ v2s π (~ vF)2
, where ρ is the mass density and vs is the sound velocity. For

the deformation potential D we chose 15 eV. With these equations, we obtain a cooling

time τSC
cool = 22 ps for WSe2-encapsulated graphene with µ ≈50,000 cm2V−1s−1 and EF ≈0.1

eV. For suspended graphene with µ ≈17,000 cm2V−1s−1 and EF ≈0.18 eV, we �nd τSC
cool =

14 ps. Given these timescales, and the fact that they are lower bounds, we conclude that
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disorder-assisted cooling does not play an important role in our samples.

Figure S13: Calculated �supercollision� cooling times

10. Cooling via optical phonons

The cooling of electrons to optical phonons is described by means of the following rate

equations for the electronic and optical-phonon temperatures, Te(t) and Tα(t), respectively:


Ce
(
Te(t)

)
∂tTe(t) = −~

∑
α

ωαRα

(
Te(t), Tα(t)

)
D
(
ωα, Tα(t)

)
∂tTα(t) =

Rα

(
Te(t), Tα(t)

)
Mα

(
Te(t)

) − γα
[
nα
(
Tα(t)

)
− nα(T (0)

α )
] , (6)

where Ce(Te) is the electron heat capacity, the sum is over phonon modes (labelled by α), ωα

is the frequency of mode α, and Rα(Te, Tα) is the rate of α-phonon emission. Its expression

is derived in the following section from a microscopic Boltzmann-equation approach [see

Eq. (20)]. Furthermore, D(ωα, Tα) = ∂nα(Tα)/(∂Tα), where nα(Tα) = [e~ωα/(kBTα) − 1]−1

is the phonon occupation function, while T (0)
α is the equilibrium phonon temperature (in

our calculations, the lattice temperature TL) and γα is a phenomenological damping rate

encoding, e.g., the decay of optical phonons into acoustic ones. In our calculation we consider

phonon modes at the Γ andK/K ′ points of the phonon Brillouin zone, which scatter electrons

in the same valley or between di�erent valleys, respectively. Finally (vF ' 106 m/s is the
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electron Fermi velocity),

Mα(Te) =
Nα

4π

[(
εmax(Te)

~vF

)2

−
(
εmin(Te)

~vF

)2
]
, (7)

is the phonon density of states. Mα(Te) measures the size of the portion (an annulus) of

phonon Brillouin zone that is heated in the electron-cooling process and depends, assuming

the phonon dispersion to be �at, on the maximum momentum that can be exchanged between

electrons and phonons. As such, Mα(Te) depends on the electron temperature. In Eq. (7),

Nα is the phonon degeneracy (Nα = 2 for both Γ- and K-phonons � see below), while

εmin(Te) and εmax(Te) are the minimum and maximum phonon energies, respectively. Their

expressions are derived in the following.

The time-evolution of electronic temperature dynamics is converted into the dynamics of

the di�erential conductance via 16,17

∆T

T
(t) = −4π

c

2

n1 + n2

∆σ
(
ωph, Te(t)

)
, (8)

where n1 and n2 are the refractive indices of the media above and below the graphene sheet,

~ωph is the photon excitation energy, ∆σ(ωph, Te) = σ(ωph, Te)− σ(ωph, TL) and

σ(ωph, Te) =
e2

4~

[
f(
−~ωph/2− µ

kBTe
)− f(

~ωph/2− µ
kBTe

)

]
, (9)

is the electronic optical conductivity. Here, f(x) = (ex+ 1)−1 if the Fermi-Dirac distribution

function, while µ is the time-dependent electron chemical potential (see below).
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Microscopic derivation of the electron-phonon cooling rate

We start from the Boltzmann equation satis�ed by the electron distribution function, fk,λ

(momentum k, band λ = ±), in a homogeneous system and in the absence of forces:

∂tfk,λ =
∑
α

Ik,λ,α . (10)

The right-hand side of this equation is the sum of collision integrals accounting for the

scattering between electrons and given phonon modes:

Ik,λ,α =
∑
k′,λ′

[
fk,λ(1− fk′,λ′)W

(α)
k,λ→k′,λ′ − fk′,λ′(1− fk,λ)W (α)

k′,λ′→k,λ

]
, (11)

where the transition probability, within a Fermi-golden rule approach, is

W
(α)
k,λ→k′,λ′ =

2π

~V
∑
q,ν

∣∣Uλ,λ′,α(k,k′, q)
∣∣2[(nq,α + 1)δ(εk,λ − εk′,λ′ − ~ωq,α)δ(k − k′ − q)

+ nq,αδ(εk,λ − εk′,λ′ + ~ωq,α)δ(k − k′ + q)
]
. (12)

Here εk,λ is the electron band energy, nq,α is the non-equilibrium photon distribution func-

tions and Uλ,λ′,α(k,k′, q) is the electron-phonon interaction. There are two degenerate

optical-phonon modes at the Γ point, longitudinal and transverse, both with energy ~ωΓ =

196 meV, which induce intra-valley electronic transitions. For these,18

∣∣Uλ,λ′,Γ(k,k′, q)
∣∣2 = g2

Γ [1± λλ′ cos (ϕk + ϕk′ − 2ϕq)] , (13)

where the plus (minus) sign applies to longitudinal (transverse) phonons. We will assume

that these modes are equally populated, i.e. their temperatures are equal to TΓ(t). In

what follows, we will add up their contributions to the heat dissipated into a singe function

QΓ(Te, TΓ).

Similarly, the modes at the K and K ′ points of the phonon Brillouin zone are degenerate

19



with energy ~ωK = 161 meV and, under the assumption that they are equally populated at

the temperature TK(t), their contributions will be considered together with a singe function

QK(Te, TK). These phonon induce inter-valley electronic transitions: the K-point phonons

scatter electrons from valley K to K ′, while the K ′-phonons scatter them in the opposite

way. For these phonons,18

∣∣Uλ,λ′,K/K′(k,k′, q)
∣∣2 = g2

K

[
1∓ λλ′ cos(ϕk − ϕk′)

]
. (14)

In these equations,

gα = βα

√
~

2ρmωα
, (15)

where18 the graphene mass density is ρm = 7.6× 10−7 kg/m2. We note that β2
K = 2β2

Γ, and

that the latter can be rewritten as18

βΓ =
3

2

∂t

∂a
, (16)

where t is the nearest-neighbor hopping amplitude and a the carbon-carbon distance. The

parameter βΓ has been calculated by DFT, GW and also estimated experimentally.18 Its

value varies quite substantially depending on the source. To be conservative, we will use

βΓ = 11.4 eV/Å18 as taken from the GW level of ab initio simulations, to be consistent with

the chosen Fermi velocity of vF = 106 m/s. For later use, we de�ne

g̃α = βΓ

√
~

2ρmωα
. (17)

Multiplying Eq. (10) by the energy measured from the chemical potential µ ≡ µ(Te),

εk,λ−µ, integrating it over momentum k and summing over the band λ, we get the equation
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of motion for the electron energy, ∂tE(Te) = −
∑

αQα(Te, Tα), where

Qα(Te, Tα) = ~ωα
4π

~Nf

g̃2
α

[
nα(Tα)− nα(Te)

][
Q̃(µ, ωα)− Q̃(µ+ ωα, ωα)

]
, (18)

is the heat density dissipated in collisions with the phonons of mode α. Note that QΓ(Te, TK)

contains the e�ect of both longitudinal and transverse phonons, while QK(Te, TK) accounts

also for the contribution of modes at K ′. In Eq. (18), Nf = 4 is the spin-valley degeneracy

of graphene, and

Q̃(µ, ω) =

∫ +∞

−∞
dε ν(ε) ν(ε− ω)

[
f

(
ε− µ
kBTe

)
−Θ(−ε)

]
. (19)

In this equation, ν(|ε|) = Nf |ε|/(2π~2v2
F) is the Dirac-fermion density of states. Interestingly,

QΓ and QK have the same functional dependence on the respective phonon frequencies and

temperatures, i.e. all coe�cients in the two de�nitions are the same. This is due to the fact

that, while the phonons at Γ are doubly degenerate, the interaction vertex g2
K is twice g2

Γ.

From Eq. (18), using the fact that all phonons of a given mode α have the same frequency,

it is possible to de�ne the rate of phonon emission

Rα(Te, Tα) =
Qα(Te, Tα)

~ωα
. (20)

Introducing the (density of) electronic heat capacity

Ce(Te) =

∫ ∞
−∞

dε ν(|ε|)(ε− µ)

[
−
∂f
[
(ε− µ)/(kBTe)

]
∂ε

] [
ε− µ
Te

+
∂µ

∂Te

]
, (21)

we �nally get

Ce(Te)∂tTe = −
∑
α

Qα(Te, Tα) , (22)
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from which it is possible to de�ne the instantaneous electron-α-phonon cooling time τα

τα =

[
Qα(Te, Tα)/Ce(Te)

Te − Tα

]−1

. (23)

In all equations, the chemical potential is determined by (numerically) inverting the

equation

n =
NF(kBTe)

2

2π(~vF)2

[
Li2(−e−µ/(kBTe))− Li2(−eµ/(kBTe))

]
, (24)

�xing the electronics density n. Here, Lin(x) is the n-th polylogarithmic function. The

derivative of the chemical potential is readily evaluated, under the assumption of a constant

density, as

∂µ

∂Te
=

µ

Te
− kB

Li2(−e−µ/(kBTe))− Li2(−eµ/(kBTe))
ln(1 + eµ/(kBTe)) + ln(1 + e−µ/(kBTe))

. (25)

We note that the integral in Eq. (21) can be carried out analytically to give

Ce(Te) = kB
NF(kBTe)

2

2π(~vF)2

{ [
3
(
F+,2(x)− F−,2(x)

)
− 4x

(
F+,1(x)− F−,1(x)

)
+ x2

(
F+,0(x)− F−,0(x)

)]
+

∂µ

∂(kBT )

[
2
(
F+,1(x)− F−,1(x)

)
− x
(
F+,0(x)− F−,0(x)

)] }
x=µ/(kBTe)

. (26)

Here we de�ned

F−,n(x) =

∫ 0

−∞
dy yn

[
f (y − x)−Θ(−y)

]
,

F+,n(x) =

∫ +∞

0

dy yn
[
f (y − x)−Θ(−y)

]
. (27)
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These integrals are calculated explicitly for the �rst few values of n to give

F±,0(x) = ± ln(1 + e±x) ,

F±,1(x) = −Li2(−e±x) ,

F±,2(x) = ∓2Li3(−e±x) ,

F±,3(x) = −6Li4(−e±x) . (28)

Similarly, de�ning

F̃n(x,w) =

∫ w

0

dy yn
[
f (y − x)−Θ(−y)

]
. (29)

such that

F̃0(x,w) = ln(1 + ex)− ln(1 + ex−w) ,

F̃1(x,w) = Li2(−ex−w)− Li2(−ex)− w ln(1 + ex−w) ,

F̃2(x,w) = 2Li3(−ex−w)− 2Li3(−ex) + 2wLi2(−ex−w)− w2 ln(1 + ex−w) , (30)

Eq. (19) can be integrated analytically to give

Q̃(µ, ω) =

(
NF

2π(~vF)2

)2

(kBTe)
3
{[
F+,2(x) + F−,2(x)

]
− w

[
F+,1(x) + F+,1(x)

]
− 2

[
F̃2(x,w)− wF̃1(x,w)

]}
x=µ/(kBTe),w=ω/(kBTe )

. (31)
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The phonon density of states

Given the temperatures and densities we are working at, the largest contribution to electron

cooling comes from intraband processes. These must satisfy:

vF|k + q| = vFk − ω ⇒


0 < ω < vFk

q±(θ) = −k cos(θ) +

√
k2 cos2(θ) +

ω2

v2
F

− 2
ω

vF

k
. (32)

The maximum and minimum momenta of the phonon are

qmin = q−(π) = ω/vF ,

qmax = q+(π) = 2k − ω/vF . (33)

The maximum and minimum values of k are determined by considering the di�erence of

Fermi functions:

f

(
εk,+ − µ
kBT

)
− f

(
εk,+ − µ− ~ω

kBT

)
. (34)

The function F(x, y) = f(x− y)− f(x), where x = (εk,+−µ)/(kBT ) and y = ~ω/(kBT ) can

be viewed as a distribution in x. Its mean value is approximately y/2, while its standard

deviation is

σ(y) =

√
4π2 + y2

12
. (35)

Therefore, the di�erence in Fermi functions implies that k is approximately bounded within

µ+
~ω
2
− νkBTσ

(
~ω
kBT

)
. vFk . µ+

~ω
2

+ νkBTσ

(
~ω
kBT

)
, (36)

where ν here is a �tting parameter of order one. Therefore,

ω

vF

. q . 2

[
µ

~vF

+ ν
kBT

~vF

σ

(
~ω
kBT

)]
. (37)
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To obtain this equation we substituted the maximum k of Eq. (36) into qmax of Eq. (33). We

then get 
εmin(Te) = ~ω

εmax(Te) = 2

[
µ+ νkBTσ

(
~ω
kBT

)] . (38)
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