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Abstract

The effective viscosity of nanoparticle dispersions has been investigated experimentally quite
a lot and various behaviours have been observed. Many models have been proposed to predict
the effective viscosity, but these are mainly empirical ones, correlations with a tuning parameter
or based on fastidious molecular interactions simulations. In this work, we propose a new fully
physics-based analytical expression for the effective viscosity implementing theories from
extended thermodynamics, including nano-confinement effects, nanoparticle-fluid interactions,
density effects, size effects and nanoparticle volume fraction. We validate this model against
several different types of nanoparticle dispersions and emulsions and explain the different
behaviours using the same model. It appears that the density ratio of the nanoparticles with
respect to the fluid plays a crucial role affecting the viscosity. The nanoparticle-fluid
interactions become increasingly important for smaller nanoparticle sizes. From these
comparisons, we arrive at a universal simplified expression for the effective viscosity of
nanoparticle dispersions, where it is observed that there is a direct universal relation between
the nanoparticles and fluid densities and the nanodispersion viscosities. The validity of such a
relation has been explicitly demonstrated.
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1. Introduction

Viscosity is a central property in the investigation of mechanical and thermal properties of
nanoparticle dispersions. These nanodispersions, when concerning dispersions of solid particles
in a liquid, are also called nanofluids. For many applications, nanodispersions are used to
enhance heat transfer for solar energy harvesting and storage, provide for smart cooling, or
control the thermal management for electronics [1-6]. Nanoparticle dispersions are also used as
a precursor for the preparation of nanocomposites or self-assembled structures in view of other
applications, e.g. supercapacitors, batteries, electrodes or membranes [7-9]. Liquid-liquid
nanodispersions find particular applications in the medical sector, as means for drug delivery
or pharmaceutics, cosmetics and food [10-12]. The required effects depend heavily on the
presence of the nanoparticles in the fluid, so that it is important that those nanoparticles are well
dispersed. For that, they need to be well stabilized in order to avoid flocculation, settlement or
agglomeration, which is quite a challenge [13]. Some dispersion mechanisms exist, such as
electrostatic, steric, or electro-steric stabilization. These mechanisms rely on inter-particle
repulsive forces (nanoparticle surface treatment by e.g. adsorption of ions, physical adsorption



of charged species, accumulation or depletion of electrons), van der Waals inter-particle
screening by macromolecular barriers attached to the nanoparticle surfaces and a combination
of both, where surfactants or dispersing agents can also play a role [2]. These stabilization
mechanisms suggest that the nanofluids are not really entropically mixed but rather dispersed.
This latter observation is of great importance for the thermophysical properties of
nanodispersions, which should be well defined or at least known for the respective applications.
Particular interest is given here fore the effective viscosity. Many experiments have been
performed in order to characterize the effective viscosity i, as a function of the amount of
nanoparticles, often expressed in the volume fraction. Although the vast majority of the data
show an increasing tendency, the viscosity increments differ considerably from one
nanodispersion to another [14-20]. Fig. 1 shows some examples of the relative effective
viscosity unr /s for some nanodispersions, where piy is the viscosity of the base fluid.
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Figure 1: Experimental relative effective viscosity as a function of the volume fraction of nanoparticle dispersions.
The legend shows the data in the form “size of nanoparticles” “type of nanoparticles” “type of fluid”, where W
stands for water and EG for ethylene glycol with one W/EG mixture given in volumetric contents. The
nanodispersions are: 25 nm Fe;04-W [14], 30 nm SiC-40EG/60W [15], 43 nm ALO;-EG [16], 8 nm ALO3-EG
[16], 8 nm GR-W [17], 25 nm Al,O3-W [18], 10 nm ND-W [19], 9 nm CNT-W [20], where GR stands for graphite,
ND for nanodiamonds and CNT for carbon nanotubes.
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From Fig. 1, we can see that comparing, for instance, the nanodispersions 25 nm Fe304-W and
25 nm Al,O3-W the former has a higher effective viscosity than the latter. The only difference
being the type of nanoparticle, the difference could lie in the density of the nanoparticle and/or
their interaction with the base fluid. From the comparison between the nanodispersions 43 nm
ADLO3-EG and 8 nm ALO3-EG, we can also see that the nanoparticle size can play a role. A
useful tool to understand and predict the mechanisms that result into the behavior of the
effective viscosity of nanodispersions is to propose a model, based on physical and fundamental
principles. The latter aspect causes such a model to be universally applicable for different types



of nanosdispersions. Furthermore, the model should be as less complicated as possible, which
would make it more easily applicable in numerical 2D or 3D models or for industrial use. The
aim can then be resumed to propose a physics-based analytical expression for the effective
viscosity of nanodispersions. Most studies are based on Einstein’s model [21], which has served
as inspiration for most descriptions used today. The subject is of interest as confirmed by the
numerous papers published during the last decade, e.g.[22-28]. However, many of them rest on
ad hoc correlations with the shortcoming of being of limited applicability and generally lack of
physical background. In that respect, the present approach is different and original as it is
grounded on a modern non—equilibrium thermodynamic theory, more specifically Extended
Non-Equilibrium/Irreversible Thermodynamics [29,30], the main idea underlying this
formalism is to elevate the dissipative fluxes, like the heat and matter fluxes and the viscous
stress tensor to the status of independent variables. As such, we propose a physics-based
approach, without adjustment parameters or empirical correlations, and lay out the effect of
other material properties, such as the density of the fluid and nanoparticles.

2. Model
2.1 Evolution equation for the mass flux
The nanofluid is modelled as a two-component mixture consisting of nanoparticles, with

. v, . .
volume fraction ¢ (= %), with n, the number of nanoparticles, V, the volume of one
t

nanoparticle and V; the total volume V; = n,V, + V¢, where V is the fluid volume), dispersed
homogeneously in a Newtonian viscous incompressible fluid of mass density p; moving with
a velocity v¢. The nanoparticles are assumed to be rigid spheres of mass density p, moving at
velocity v,. The diffusion fluxes of the fluid and particles are defined as

Jr = A —@)ps(vs —v), (D

Jp = 0pp(vp —v), 2)
with the subscripts "f" and "p" denoting the base fluid and nanoparticles respectively. Bold
case letters will be used throughout this work to denote vectors. The barycentric velocity v is
given by

pv = (1= @)psvs + pppvp. 3)

wherein the total mass density p is p = (1 — @)ps + @p,. Macroscopically, diffusion can be
described by Fick’s law. However, when we work with nanoparticles, we expect non-local and
relaxational effects of the diffusion flux, so that we can expect that the mass flux is dissipative
of nature and needs an evolution equation to be well described. Furthermore, since the mass
flux is considered to be dissipative, extended non-equilibrium thermodynamics elevates it to an
independent variable at the same level as the mass fraction. The entropy production takes then
another form than the usual one from Gibb’s equation for entropy production (see the appendix)
and becomes

05 =]y (=2 = pal2+ yV¥,) + YV, @], 2 0, 4)

where J; is the dissipative mass flux of component 1, n = n; —n, the chemical potential
difference between the two components 1 and 2 (hereafter called the chemical potential), @ and



y phenomenological coefficients to be determined, T the temperature, t the time and &
standing for the tensorial product. The simplest way guaranteeing the positiveness of relation
(4) is to assume that there exits a linear relation between the flux J; and its conjugated force
represented by the terms between parenthesis and that y is a positive factor. To summarize, one
is led to

1 \Y d
Ji= -(—%’—paﬁ+ VV2]1), y =0, ()

with y a positive phenomenological coefficient in order to meet the condition ¢® > 0. The term
i{—a has unity time and can be defined by the mass flux relaxation time as is the tradition in the

time-evolution of fluxes in EIT, so that i{—a = 7. Furthermore, it should be noted that V?J,

represents the non-local contribution of the mass flux, for which we can observe that % has a

unit of length to the square. Typically, in EIT, this is defined as the square of the mean free path
of the mass flux. When neglecting the non-local contribution and the relaxation effect, Eq. (5)
reduces to Fick’s law. As such, expressing the chemical potential difference 1 in terms of ¢y,
leading to Vn = (dn/dc,)Vc,, we can easily see that we can write

1 0n _
e, = PP ©
Finally, defining the variables with subscript 1 to stand for the nanoparticles (subscript p) and
the variables with subscript 2 for the fluid (subscript f), we obtain that the mass flux obeys the
following time evolution equation expression

122 4], = —pDVe + £2VY), %

where we write, for simplicity, ¢, = ¢ and thus ¢ = 1 — ¢. For later purposes, we find it more
convenient to work with the fluid mass flux, Js. As J5 + J,, = 0, the mass flux evolution can
be written as [29-32]

Tat]f +]f = —pDVCf + €2V2]f = pDVC + fZVZ]f, (8)

wherein 7, d¢, D, c(= @p,/p), and £ are the mass flux relaxation time, partial time derivative,
diffusion coefficient, mass fraction of the fluid and the mean free path of the mass flux,
respectively. Relation (8) generalizes Fick’s law, which is recovered when 7t and ¢ become
negligible with respect to the characteristic time and size of the system, respectively (i.e.
mathematically 79, and £2V? tend to zero). As the fluid velocity remains small, all non-linear
terms in the velocity (as v - VJ) are neglected, which justifies that the material time derivative
is substituted by the partial time derivative. The last term in the right-hand side of (8) stands for
the non-local effects, which are important in presence of nano systems.

Substituting the definition (1) of the mass flux J ¢ in (8) and assuming that the material densities
and volume fractions do not change in time nor in space (closed system and perfectly mixed)
leads to

t(1— @)ps0,(v; —v) = pDVc — (1 — @)ps(vy —v) + €2(1 — @) psV?(vy — v). (9)



We will eliminate the term in v by making use of the global momentum equation which, in
absence of body forces may be written as

pov=-Vp+V-0 (10)
wherein p is the pressure and & the stress tensor given by the following constitutive relation

where the quantity us is the usual fluid kinematic viscosity, while p; designates the extra
viscosity resulting from the mass diffusion flux of the nanoparticles, expressed into a
nanoparticle velocity, different from that of the fluid, caused by friction between the
nanoparticles and the fluid. Such a contribution is new and is justified because resistance to
deformation will be influenced by the presence of particles, which gives raise to strong non-
localities expressed by the tem in V(vf — v,,). Note that this is different from the bulk viscosity,
which is zero as the fluid is assumed to be incompressible.

More information about the new coefficient u; will be given in the forthcoming. Making use
of the following equivalent definition of J; instead of (1)

Jr = o1 = )22 (v — vy), (12)

and filling relation (10) in (9), with o given by (11), one obtains the time evolution equation
for the velocity of the base fluid, namely

patv]c =
—Vp —2VIn(1 - ) +uPvy — 22wy —v) + (ke + 22 E) Vv v (13)

There are two unusual terms in Eq. (13), the penultimate denoting a flux term and the last a
diffusional flux term. The flux term stands for the kinetic force related to the partice-fluid
velocity difference, while the diffusional flux term contains two parts, the first being the
contribution of the presence of the particles to viscous dissipation and the second relating the
same but due to size-effects. At steady state and neglecting diffusion with respect to the fluid
velocity, Eq. (13) becomes

9p op
upVPop — = (vp = vp) + =GV (v —vp) = Vp, (14)

with £3 standing for

T

0% = 2 )
+.Ud(ppp

(15)

2.2 Relaxation time of the mass flux

Before, moving on, we should define first this relaxation time and mean free path of the mass
flux. We start with the relaxation time. Following the definitions of the phenomenological
parameters (see Egs. (5)-(6) and the text between them), we can express the relaxation time as:



_pa _ 9 an\ !
T=—=ap DT(ac) (16)

with T the temperature and n the difference in chemical potential of dispersion between the
. . ] . S
nanoparticles and the fluid. We need to know a and a—z for finding the relaxation time. In

comparison to two other thermodynamic theories (Internal Variable Theory for suspensions
[29,33,34] and the Generic formalism [35]), an expression equivalent to the term « in Eq. (11)
is found. Comparing carefully the different terms for the mass flux in both the works to the ones
in the present one, we come to the conclusion that a is equivalent to

1

g=—t (17)

p2Tc(1-c)

. . . . . d o
The chemical potential for a nanodispersion is obtained by = (d—‘Z) , where the indices stand
T.,p

for a constant temperature and pressure and g is the free energy of dispersion of the
nanoparticles in the fluid. This is not equal to the standard free energy of mixing of blends or
binary liquids, but is newly derived for dispersions and suspensions in [36]:

Bgmia = 22 ((1 =)l - ) = et~ ) ). (18)

The chemical potential is then readily obtained as

_ kgT 1 fo _
=2 (ln ((H)e) +22L (2c 1)), (19)

where 1, is the volume of one nanoparticle, &, = 2 — 1s the nanoparticle-fluid interaction

parameter, with z the coordination number (number of nearest lattice neighbours for both the
solvent and particles), kg Boltzmann’s constant and Aw = &5 — %(epp + & f) the difference

in interaction energy between like and unlike neighbours, with &, ¢, &,, and &, respectively,
the particle-fluid, particle-particle and fluid-fluid interaction energies (more information is
given in [36]). The minus sign in the expression of the ¢, - parameter indicates that for nanofluid
dispersions to be stable, this suggests an exothermic enthalpy of mixing [37]. Taking the mass
fraction derivative of the chemical potential

61] _ kgT 1
E - PpVp ((1 c) fpf) (20)

gives mathematical closure for the relaxation time obtaining

-1
_ D 1 kgT
T‘cu-c)((u = fvf)ppvp> - @)

The diffusion coefficient D corresponds to the one in Eq. (7)-(8) and stands for the self-diffusion
coefficient, the non-local and relaxation effects being taken into account by the time and space
variations of the mass flux variable. Therefore, in case of nanoparticles suspended in a solvent,




we can identify D by the Einstein-Stokes diffusion coefficient for spherical particles D =
kgT

émapuy

, where a,, is the nanoparticle radius and uy the base fluid dynamic viscosity. Knowing

4maj . L
that V, = n:p, we find the final expression for the relaxation time

1

il Gy (22)
where T, is defined as the well-known particle relaxation time (e.g. [38])

_ 2ppaj
i ~

2.3 Interaction energies linked to nanolayer thickness

Values for the interaction energies of nanoparticle dispersions are not often studied as for
polymeric blends. Therefore, an interesting alternative, directly linked to the interchange energy
Aw, could be the thickness of the interfacial nanolayer of dense structured fluid around the
nanoparticles, which are readily available in the literature and, in absence of information, is
often typically of the size 0(1) nm [39,40]. In order to find a link between the interaction
energies &;; and the nanolayer thickness ¢;, we can make some observations. First, for zero
overall interaction energy, i.e. Aw = 0, there should not be any fluid nanolayer around the
nanoparticles and the nanolayer thickness should be zero, i.e. £; = 0. Second, if Aw < 0, than
it should follow that #; > 0. This means that for a negative overall interaction energy (which
implies &, > 0), the particle-fluid interaction energy is smaller than the energies for the like-
interactions (it is more favourable to form links between the particles and the fluid than between
like-components) and a dense fluid structure is formed around the nanoparticle. Third, if Aw >
0, the unlike-energy is larger than the like-ones. If the interchange energy is not too large, the
nanoparticle dispersion can still be stable due to entropic contribution. In such a case, we can
mathematically have that £; < 0. It follows that the first two cases are realistic, whilst the latter
would constitute a meta-stable dispersion, where the particle-fluid repulsion is modelled by a
theoretical negative nanolayer, in reality representable by the well-known concept of a slip
length on the particle surface [41]. Finally, for a too large interchange energy, the stability of
the dispersion is no longer guaranteed.

In order to propose a relation between the interchange energy and the interfacial nanolayer
thickness, let us imagine the formation of such a nanolayer as follows. We assume that the only
types of energies acting during the formation of a nanolayer, recalling that therefore Aw < 0,
are the Brownian surface energy and the net attractive interchange energy. The Brownian

energy of a particle dispersed in a fluid equals %kBT per degree of freedom [42,43]. The

formation of the interfacial nanolayer is a surface phenomenon [40], which suggests two
degrees of freedom. Since, moreover, this phenomenon is related to the fluid molecules

diffusing from the nanoparticle surface, the Brownian surface energy is then given by Ai kgT,
p

with 4, = 47taf, the nanoparticle surface. The interchange energy, in the case Aw < 0, that will

result into the fluid being attracted to the nanoparticle surface is given by zAw. This interchange
energy is responsible for the formation of the interfacial nanolayer, causing a difference in the

surface AA; = A; — Ap, with A; = 47T(ap + {’l-)z. The interchange surface energy is then given
by %. The Brownian motion, responsible for the Brownian surface energy, tends to avoid the

fluid molecules to attach to the nanoparticle surface. On the other hand, the net interchange



surface energy (in the case Aw < 0) tends to cause an attraction of the fluid molecules towards

} . A
the nanoparticle surface. The sum of the surface energies, the net surface energy AEg = % +
l

Ai kgT, will govern the process, depicted in Fig. 2.
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Figure 2: Competition between the Brownian and interchange surface energies governing the thickness of the
interfacial nanolayer: (a) the interchange energy is more important than the Brownian surface energy in a way that
it is favourable for the fluid particles ® to attach to the particle substrate, (b) as the substrate is being covered by
dense fluid layers, the interchange energy weakens, until (c) it is equal to the Brownian surface energy leading to
a stable interfacial nanolayer

At the beginning of the formation of the interfacial nanolayer, AE; < 0. As long as this is the
case, the interfacial nanolayer continues to grow. However, each layer of fluid adding up in this
nanolayer will decrease the attraction between the nanoparticle surface and the fluid molecules
and AE; increases. When the interfacial nanolayer thickness is sufficiently large, the

interchange surface energy will equal the Brownian surface energy, reaching an equilibrium

o A . .
situation, AEg = 0 or AikBT + % = 0. The relation between the interchange energy and the
) .

4

interfacial nanolayer thickness is then given by

Aw = —§<(1 + :;)2 - 1) kT (24)

D

The interaction parameter is then finally given by

Epop =2 ((1 + :;p)z - 1) (25)

The interfacial nanolayer thickness can be obtained in several ways. One of them is in the
experimental way by means of e.g. reflective X-ray, nano-ultrasonics, nuclear magnetic
resonance studies [44-46], or by using molecular dynamics [47-49]. Another way is based on
the electron density profile at the interface applied to a solid-liquid system, where the
expression 8 = V2mo is proposed, with & an average liquid-layer thickness and o a
characteristic length related to the diffuseness of the interfacial boundary, leading to a typical
value that falls in the range 0.4 — 0.6 nm, from which follows that § is of the order of 1 — 1.5
nm [50,51]. As a final option for #¢;, we can take for illustration the values £; = 1 — 1.5 nm.
Such an approximation can be useful when no value for the interfacial nanolayer thickness is at
hand. Both the aforementioned methods will be used in our model for the effective viscosity.

2.4 Relative velocity



In Egs. (10) and (11), two unknowns are still present, the extra viscosity factor u, and the
relative velocity vy — v,. The relation between the nanoparticle and fluid velocities is

established by assuming that the motion of the spherical nanoparticles of mass m,, is essentially

due to the presence of a Stokes force F, in interaction with a buoyancy force Fj, caused by a
pressure gradient. First, we can say that for one nanoparticle, the force balance is given by

dv
m,—L = Fy +F; (26)

where m,, is the mass of one nanoparticle [38,52]. The same type of equation is proposed in
[53] However, the nanoparticles in motion also exerce a force —n,, (F, + F,) on the fluid,

which undergoes a total driving force F 4 due to the pressure gradient as well [38, 53]. The force
balance on the fluid is then given by

my—L=Fq—n,(F, + F) (27)

Here the force of the nanoparticles acting on the fluid is multiplied by n,, to account for all the
nanoparticles. The total driving force [38] is given by

Fy = —V,Vp, (28)
while that on one nanoparticle [38] writes

F, = -V, Vp. (29)
The Stokes drag force on one spherical nanoparticle is well-known [38,52,54,55] and given by
Fy = 6mapus(vy — vp). (30)

Filling (28)-(30) in (27) and rearranging gives the force balance for the fluid in interaction with
the nanoparticles as

mf% = —(Vt — anp)Vp — np6napuf(vf — vp) (31)

Since we operate in the framework of a porous-like configuration, we can assume a /ocal Darcy
law, where the pressure gradient gives rise to

—Vp =L, (32)

wherein K designates the /ocal permeability expressed by [32]

K = Tur(1— @) ’ (33)
PPp



Filling (32)-(33) into (31), rearranging the terms and, to be consistent with (12)-(14), we
evaluate at steady-state fluid flow, which leads finally to

(vr—vp) = (Eprec(1 =) + c)vy (34)

Here we see that the relative velocity depends on the volume fraction, the densities of the
nanoparticles (or nanodroplets in case of a stabilized emulsion) and the fluid-particle
interaction.

2.5 Extra viscosity coefficient
As for pgz, we go back to the viscous stress tensor in Eq. (11). With (34), we can rewrite (11)
into

0 = Vs + g (& pc(1 = ©) + )y, (35)

A similar derivation is performed in a different context in references [56-58], proposing a
viscous stress tensor g z4: these papers deal with particles (in a strongly diluted suspension, i.e.
¢ < 1, with no density effects, i.e. p, = pr and ¢ = ¢, hard spheres without any type of

interactions, 1.e. &, = 0, and no influence of other particles) with a dipole strength that are
shown to give rise to an extra viscous contribution of the form

5
Odd — ,usvf + E(p,usvf (36)

Comparing (36) to (35), this gives

5
Ha =51y (37)

The viscous stress tensor becomes

o= (1 +2(c+ &ppe(1 - c))) vy, (38)

2.6 Mean free path of the mass flux

The mean free path € in Eq. (15) is that of the mass flux, which is an unmeasured quantity. As
we related the mass flux relaxation time to the particle relaxation time, we will do the same for
the mean free path. Brownian kinetics predict the diffusion coefficient of a particle in a fluid

2
(assuming that the particles behave as a gas in this framework) as D « i—p [33]. From Eq. (8),
p

2
one can suggest that D < %. As D is the self-diffusion coefficient, we should make this

evaluation without particle-fluid interaction (i.e. §,r =0) and for p, = pr. With these
conditions and using Eq. (22), we can easily obtain that

=2 (39)
¢

2.7 Final description of the nanofluid dynamics



Having developed expressions for the relaxation time t, the extra viscosity coefficient u,, the
mass flux mean free path £, and the relative velocity, we can rewrite Eqgs. (14) and (15) in the
known terms and one variable vy:

9 2 .5 - 9 -
e (1 +-Knj(c+E)?*+-(c+ :)) Viv, — ,ufﬁrp(c +EB)%v; = Vp, (40)
with
2=2((1+2)?-1c(1-c) (41)
i
3 = p. (42)
Kn, = 2 43)
ap

2.8 Cylindrical-pore approximation

Eq. (40) is a general equation. As we describe the viscous behaviour of the nanoparticle
dispersion as the interaction between the nanoparticles and the fluid flowing in between them,
we need to make some specifications. Imagine now that the base fluid is percolating in between
the nanoparticles, by similarity with a fluid flowing through a porous medium. As such, the
fluid is assumed to move through a cylindrical cross section, with a radius equivalent to the
hydraulic radius R, bounded by a wall, equivalent to a flat lining of the nanoparticles. This
analogy is depicted in Fig. 3.
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Figure 3: Schematic representation of the porous description of fluid flow in stable
nanodispersions and its equivalent developed tube flow with hydraulic radius R.

In such a configuration, the fluid velocity becomes one-dimensional, being described by the x-
component, where x is the coordinate in the flow direction. Flowing in between the
aforementioned walls the fluid velocity is assumed to vary only radially as a function of the r-
coordinate, so that vy = v (7). The pressure is assumed to vary only across the flow direction.
Note that the variables are now all one-dimensional and are no longer written in vector form.
Eq. (40) will then be used to describe the fluid flow through a cylindrical cross section, with a
radius r varying from 0 to R. In presence of porous structures, the hydraulic radius, R =
2V [ Ag, is usually defined [59,60] as the volume Vr open to flow divided by half the total wetted



surface Af. Since the total volume V; is the volume V¢ occupied by the fluid plus the total
volume n,V, of the particles (n, is the number of spherical particles of volume V, each), one
may write

Ve =V +nyl

A% (44)

and, in virtue of the definition of the volume fraction of nanoparticles ¢ = n,V,/V,, it follows
from (12) that

Ve =V, (1— o). (45)

The total wetted surface, As, equals the number of spherical particles, n,, times its surface, 4,
i.e. Af = nyA,, whereas the number of spherical particles equals the volume of all particles,
Vi@ divided by the volume of one particle, V,, i.e. n, = V. /V,. The hydraulic radius may
therefore be given the form

npAp Ap @ 3 @

after use of the expressions for the volume and surface of the spherical nanospheres, a,, standing
for the radius of the particles. Using such a description, Eq. (40) is then written as

2 2 )2 4 2 =y)19 (9% _ 2 =)2 _op

s (1+2Knp(c+u) +2(c+u)>rar(r ar) 'uf2a,2, p(c+ E)*vy = 47)
with a no-slip condition:

ve(r=R)=0. (48)

This boundary condition is justified as the interaction between the nanoparticles and the fluid
is given by the interaction parameter, assuming that the influence of the dense interfacial
nanolayer on the velocity profile is negligible. This assumption is especially justified when one
notices that for volume fractions typical for nanoparticle dispersions R > #;. The second
boundary condition expresses that the velocity is maximum at the centre of the cylinder:

ad
%Imo = 0. (49)

2.9 Adaptation for non-spherical particles

The deduction performed above is under the assumption that the particles are spherical or close
to spherical. For cylindrical particles of which the length is of the order of their radius or for
square-like particles, they can often be approximated as spherical-like particles. However, if
the length L, of the cylindrical particles is much larger than the cylinder-radii a, of those
particles, an adaptation is needed. Three changes are in order here. One in relation with the drag
force, leading to a cylindrical-particle relaxation time T, ., the other in relation with the
interfacial nanolayer and the third in relation with the hydraulic radius. It has been proposed
that for a cylindrical particle the drag force in Eq. (30) should be given by [61]



Fg = 6y, (% a, + gas) (vf —vp). (50)

where a,, is the radius of a sphere whose projection has an equal surface of that of the object
projected normal to the flow direction and a, is the radius of a sphere having the same surface
as that of the object on which friction occurs. For a cylindrical particle of which the axis is in

o 2 L :
the flow direction, these would be a, . = ;Lp and ag, = 7”. For a particle volume of V, =

. ) . . ) 2pp0% (9 T
nagL,, the cylindrical-particle relaxation time becomes 7, , = ——= (——
’ Our \42+m

Eq. (23), this means that for a cylindrical particle the radius a,,, in the expressions depending
on 7, ¢, should be replaced as

9 T
ap = ap,/zma (51)

while for the interfacial nanolayer the interaction parameter ¢, . would rather be given,
following the definitions in section 2.3, by

). Comparing with

i3
fpf,c =2— (52)

ap
and the hydraulic diameter, following the definitions in section 2.8, would be given by

R.=220P_ g

1
yha 2. (53)

p

Some remarks are in place here. It should be noted that the shape of the particle does not
influence the development of the mass flux relaxation time via the chemical potential, since the
difference is incorporated in the particle relaxation time. Together with the interaction
parameter, they are responsible for the influence of the particle size in the velocity equation,
whilst the length of the cylindrical particles does not play a role here. Moreover, it is interesting
to remark that the development for cylindrical particles will lead to a particle radius that equals

ap / %% ~ 1,17a,, which suggests that, as approximation, the model for spherical particles

would be a good estimate.

3. Effective viscosity for nanodispersions

3.1 Full model
Let us, for the sake of compactness, define

Ay =2Kn3(c+E)? +2(c+8), (54)

9 -
A; = Efﬂ(c + )%, (55)

so that relation (47) reads as

a‘l?f

10
(1 + Al);g(r?) — szf = _f_ (56)



Having solved equation (56) coupled to the boundary conditions (48) and (49) for the velocity
profile v¢(r), we can determine its mean value (vy) = # ) OR 2mtrvg(r)dr), which is given by

7, (242”2
() = —— aﬁ(l—g) (57)

0T1(1'4+4A1)

where (F;(n, x) is the 0/1 regularized hypergeometric function with parameters n and x. We
recall that our final goal is to determine an expression of the effective nanofluid viscosity. This
is achieved by comparing the results (37)-(38) with the mean velocity measured in a Poiseuille-
like flow with a viscosity pys. In other words, we assume that the mean fluid velocity is the
same as that of Poiseuille flow in a cylindrical pipe with radius R, with an effective viscosity
Uns that accounts for the presence of nanoparticles. The corresponding mean fluid velocity is
the classical result

R? dp

(vf) - 8Uns 0x (58)
We can then readily seen that the effective viscosity is given by
AR2\\ 1
. Aszuf 0T1(2‘4+24A1)
llnf - 8 1 - A2R2 (59)
0T1(1‘4+4A1>

which is valid for both spherical and cylindrical nanoparticles. The difference lies in the
aforementioned definitions for R, &, and 7,,. Using these definitions in Eq. (59) will finally
result into the effective viscosity of spherical nanoparticle dispersions, given by

(%245,) (1-9)2
—_ P =S 0?1(2,){5)
Hnf = Hr 4¢ (1 0F1(1,Xs)— 0T1(2.X5)) (60)
where
op - )2 2
Zs) (1-¢)
Xs = ( . ) (61)

B (p<2+2(5(%+_5)+ Knp5(<ﬂZp = )2)>
0 —2<<1+ fi)2—1>%(1—%) (62)
s ap,s P P

Kn,s =t (63)

where a, is a spherical radius. For cylindrical nanoparticle dispersions, we obtain the
following effective viscosity

<PPp

(1-9)?
72 -9 (1+ 0F1(2,Xc) ) (64)

g = Ky ( ) 0F1(1,Xc)— 0F1(2,X,)



X, = £ 65
S e ;Kn,(%c)z)) )
o ot PPp (4 9Pp

Eo=2,- p”(1 p’”) (66)
Kn, o = —L 67)

where a,, . is a cylindrical radius. The radii a, s and a, . will be written in the foregoing as a,,
indicating clearly whether it concerns a spherical or cylindrical radius.

3.2 Asymptotic cases
In case V2vy » vy /R?, the mean value for the fluid velocity simplifies as

1 dp R?

(ve) = - iy 0x 1+4; (68)

Comparison between (68) and (58) yields the simplified expression for the effective viscosity
for spherical nanoparticle dispersions to be

lnf = Uy (1 F2(2 o E) + 23 (P2 + HS)Z) (69)

where Eg and Kn,; are given by (62) and (63), respectively. For cylindrical nanoparticle
dispersions, the simplified effective viscosity is then given by

Unf = Uy (1 +2 (“’"’” +8) +2Knl, (“’"” + uc)z) (70)

where E; and Kn,, . are given by (66) and (67), respectively. For engineering applications and
material functions for numerical modelling a simple expression is often needed. By analysing
Egs. (69) and (70), we can mention that often for nanoparticle dispersions in liquids, Kn, ¢ <

1 and Kn, . < 1. This leads to the following simplifications

5( @p 2\ ®p op
tnp =ty | 142 pp+2<<1+a,f,s) —1)7”(1—7”) (71)

5(op 2 op op
,Llnf—,llf<1+ ( p+2apc pp(l—Tp)>> (72)

for spherical and cylindrical nanoparticles, respectively. For nanoparticle with larger sizes or
for weak particle-fluid interaction, both of which lead to ¢; < a,, the effective viscosity is
given by a Einstein-like expression, corrected for density dependency:

ng = 1y (1+2222) (73)



If, furthermore, the densities of the nanoparticles and the fluid are close to one another, i.e.
pPp = py = p, Binstein’s equation for the viscosity of dispersion is found back

Hnf = Uf (1 + ;‘P) (74)

4 Results and discussion

4.1 Material properties

Table 1 reproduces these material properties for several nanofluids. The base fluids considered
in this study are water (W) and ethylene-glycol (EG) respectively. The nanoparticles are
selected as alumina (Al,0O3), magnetite (Fe3O4), silicon-carbide (SiC), carbon nanotube (CNT),
graphite (GR) and nanodiamonds (ND). The values are taken at a reference temperature T,
corresponding to the one at which the experiments were performed. The fluid densities are well-
known standard values, which can be found in chemical handbooks. The mean free path is taken
to be of the order of magnitude of the equivalent diameter of the fluid molecule, around 0.38
nm for water and 0.56 for ethylene glycol. Wherever a value is non-standard, it is mentioned.
The particle densities are assumed to be negligibly dependent on the temperature for the
temperature range used in this work (10 — 60 °C), which is also the typical range of operating
temperatures for nanodispersions. Other parameters are the volume fraction ¢ and the
nanoparticle radius a,,.

Table 1: Material properties of nanodispersions

Nanofluids Trer Pf Pp ?; tp 2a, Ref.
[°C] [kg/m’] | [kg/m®] |[0m] | [nm] | [nm]
Fe304 — water 20 998 5170 095 [0.38 |25 [14]
SiC — 40EG/60W 10 1049 3510 123 1049 |30 [15]
ALO; - EG 10 1123 3950 0.9 0.56 |43 [16]
ALO; - EG 10 1123 3950 0.9 0.56 |8 [16]
GR — water 60 983 2267 0.9 038 |8 [17]
AlLO; — water 25 997 3950 1.2 0.38 |25 [18]
ND - alkalinated water | 40 992 3100 1.5 0.38 |10 [19]
CNT — distilled water 10 & 20 [ 1000 & | 1800 1.2 038 |9 [20]
998

¥Reported value for alkalinated water in [32]

The values for ¢; need some comments. For Al O3 — water nanofluids, nano-ultrasonics [45]
and molecular dynamics [62] studies show that bulk values for the water density and viscosity
are measured at a distance around 1 nm from the AlbO3 surface. Nuclear magnetic resonance-
[46] shows the presence of a thin ordered layer of water molecules of about 1.4 nm. We took
the mean value of 1.2 nm. In [63], it was reported that the thickness of the nanolayer around
alumina nanoparticles in water was somewhat larger than that in ethylene glycol, the latter of
which would be around 1.6 the equivalent diameter, i.e. of the order of 0.9 nm. As for the CNT
— distilled-water nanofluid, molecular dynamics [64] predicts a density attaining the mean
value of that of water outside a layer thickness of 1.2 nm. For a graphene — water nanofluid the
same molecular dynamics study shows a value of 0.9 nm [64], confirmed by potential-energy
profiles [65]. Neglecting the effect of inner graphite layers, we assume that the same layer
thickness would occur for the graphite — water nanodispersion, i.e. 0.9 nm. For the Fe304 — W



and SiC — 40EG/60W nanofluids, we could not find recorded or precise measured layer
thicknesses. As mentioned above and resulting from molecular dynamics calculations, often
values of the order of 1 nm are taken. Due to lack of specific information, we to find it
reasonable to assume a liquid layer of thickness 1 nm for these two nanofluids. The ND particles
form stable nanosuspensions, reported to have a water interfacial layer going from around 1 nm
and up to 4 molecular equivalent diameters, which corresponds to 1.5 nm [66,67]. The ND
particles in [19] have a size of 10 nm, whereas X-ray diffraction indicates a size of 11.4 nm.
This tends to favour the aforementioned value of 1.5 nm as the interfacial layer. Due to lack of
specific information on the nanolayer thickness of a SiC — 40EG/60W nanodispersion,
observing from the above findings from the literature that the nanolayer thickness is often
roughly between 2 and 3 times the equivalent diameter. Therefore, we assume 2.5 times the
equivalent diameter of a 40EG/60W fluid, leading to 1.23 nm. The same is done for the Fe3;O4
— water nanodispersion, leading to a nanolayer thickness of 0.95 nm, being close to the value
for the Al,O3; — water system, which seems to be a realistic value.

4.2 Comparison with other models

The model proposed in the previous section, Egs. (60)-(63) for the spherical nanoparticles and
Egs. (64)-(67) for the cylindrical ones, will be compared to experimental data, referenced in
Table 1. For comparison, we also traced our model in the asymptotic behaviour of a zero-flux,
neglecting thereby the rarity of the base fluid, i.e. Eqgs. (71) and (72) for, respectively, spherical
and cylindrical nanoparticles. Finally, we compared with a mass- and volume-fraction-
dependent Einstein equation, i.e. Eqgs. (73) and (74), respectively. For all these models, the
material properties are taken from Table 1. Fig. 4.1 shows these results for two cases, i.e. 43
and 8 nm diameter Al>O3 nanoparticles dispersed in ethylene glycol.
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Figure 4: Relative effective viscosity of (a) 43 nm Al,O3 nanoparticles and (b) 8 nm AlbO3
nanoparticles, both dispersed in ethylene glycol.

Fig. 4 clearly shows that a smaller nanoparticle diameter results, the only different parameter,
into a considerably higher effective viscosity. From our model, we can see that the size of the
nanoparticles intervenes in two terms, one in relation with €; and the second in relation with
€p. As, generally for liquid basefluids, £, < a,, the second term can be safely neglected.
However, when a,, = 0(¥;) (note that the case a,, < £; leads for liquid base fluids generally to
atomic scales, and therefore is not relevant for the present discussion), the effect of the
nanoparticle size becomes relevant. The nanoparticle-size dependence of the effective viscosity

2; . . . . .
follows a—‘, as our model shows. The observation that a smaller size leads to a higher viscosity,
(4

can here be explained by the strength of the particle-fluid interaction, represented here by #;.



The smaller the nanoparticle is, for a given volume fraction, the higher the particle-fluid
interaction surface is, the higher the contribution of this interaction is for increasing the
effective viscosity. It is then clear that for a diameter of 8 nm, i.e. a,, = 4 nm, and for £; = 0.9
nm, the effective viscosity is higher than for the nanodispersion with 43 nm nanoparticles. Such
a tendency is largely observed in the literature, e.g. in [18,20,28,30,68-70], and our model
explains this via the particle-fluid interaction that finds its source in the chemical potential of
dispersion (Eq. (19), (24), (25) and (52)). Fig. 4.1 also shows that neglecting the effect of the
flux would give a reasonable order of magnitude comparison with respect to the experimental
data, especially at low volume fractions. The mass-fraction-dependent Einstein equation starts
to deviate considerably, whilst the classical one is, as expected, far from the experimental data.
Another interesting comparison that can be made is the comparison between two
nanodispersions of 25 nm nanoparticles dispersed in water, where one nanoparticle is Fe3O4
and the other Al,Os, presented in Fig. 5.
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Figure 5: Relative effective viscosity of (a) 25 nm Fe3O4 nanoparticles and (b) 25 nm AlbO3
nanoparticles, both dispersed in water.

The only difference in Fig. 5 is the material of the nanoparticle. This difference is in our model
represented by two aspects: the density of the material and its interaction with the base fluid.
As the difference of #; for the two nanodispersions is verified to be negligible with respect to
the effect of the density, it can be put forward that the density of a nanoparticle, or rather its
ratio with respect to that of the nanodispersion as the model shows, plays an important role.
This is also responsible for the higher effective viscosity of the magnetite nanodispersion with
respect to the alumina one. Our model suggests that a higher nanoparticle density results into a
higher particle-fluid velocity difference (Eq. (34)), which means a higher drag force between
the particles and the fluid, leading to a higher contribution to the effective viscosity of the
nanodispersion. The effect of the particle density on the effective viscosity of a nanodispersion
is an important observation, which is not explained before by a physics-based model. The effect
of the liquid nanolayer and the density on the effective viscosity is furthermore shown by three
carbon-based nanodispersions in Fig. 6.
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Figure 6: Relative effective viscosity of (a) 9 nm carbon nanotubes, (b) 8 nm graphite
nanoparticles and (c) 10 nm diamond nanoparticles, all dispersed in water.

Before commenting these results, we make two remarks. First, from Fig. 6a we can notice that
our model for spherical particles and for cylindrical particles agree rather well with one another
so that we can keep the model for spherical particles for our discussion. Second, we used
experimental data with approximately the same size for the nanoparticles in order to exclude



the effect of size and focus more on the nanosized layer thickness and on the density. We can
see that, although the nanolayer thickness for the graphite nanodispersion is lower than that for
the CNT nanodispersion, the higher density of the former is enough to result into a considerably
higher effective viscosity. This confirms that, although the effect of the nanolayer thickness is
well-known, the density seems to have a far more important effect. It should be mentioned that
most probably for nanoparticles of a size around 1 nm or less, the effect of the nanolayer
thickness might well become more important, but these are dimensions that are out of the scope
of a continuum model. For the nanodiamond dispersion the effective viscosity is clearly the
hightest, which is not surprising noticing the higher nanolayer thickness and density of the
diamond nanoparticles. This interplay between the interfacial energy (responsible for the
formation of the interfacial nanolayer) and the density influencing viscous dissipation is
represented in Fig. 7.

t;

il j
iz > ti

v

Pp
Figure 7: Schematic representation of viscous dissipation due to the interfacial surface energy
7, and density 7, for a given fluid density py, particle volume fraction ¢ and temperature T.

As a final comparison, Fig. 8 presents a case where the nanoparticle is a mix between inorganic
and carbon material and the base fluid is a mix between water and ethylene glycol. This result
also shows a satisfactory agreement with the experimental data, which reinforces the physical
mechanisms that are incorporated into our model in order to predict the effective viscosity of
nanodispersions.
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Figure 8: Relative effective viscosity of 30 nm SiC nanoparticles dispersed in 40 vol% ethylene-
glycol and 60 vol% water.

4.3 Whether there is a generality in the interfacial nanolayer thickness

In an effort to propose a simplified universal expression, finding a value for the nanolayer
thickness could be quite a difficult task. The most suitable would be to measure it
experimentally as a material property. This is, however, not so straightforward and it might be
argued to be empirical of character, which we would like to avoid in this paper. Alternatively,
the nanolayer thickness could be calculated from molecular dynamics via interaction energies
as discussed before. For many cases, it would, however, be useful to find out whether there is
a general value that could be used if the correct value is unavailable. As mentioned before, the
theoretically proposed nanolayer thickness is around £; = 1 — 1.5 nm [50,51]. It is therefore,
interesting to assess the influence of the nanolayer thickness #; = 1 — 1.5 nm on the effective
viscosity for the studied cases. For interest, the case £; = 0 nm is also considered. Fig. 4.5
shows the relative effective viscosity uy ¢ /s as a function of the volume fraction for the various
nanoparticle dispersions considered in the previous section. Here, for all cases, next to the liquid
layer thickness tabulated in Table 1, also the theoretically proposed nanolayer thicknesses of
£; =0, 1 and 1.5 nm are considered. Egs. (60) and (64) are used and compared to the
experimental data from Figs. 5-6 and 8.
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Figure 9: The relative effective viscosity uy ¢/ as a function of the volume fraction compared
to experimental data: (a) 25 nm Fe3Os4 nanoparticles dispersed in water, (b) 30 nm SiC
nanoparticles dispersed in 40 vol% ethylene-glycol and 60 vol% water, (c) 43 nm AlO3
nanoparticles dispersed in ethylene glycol, (d) 8 nm Al,O3 nanoparticles dispersed in ethylene
glycol, (¢) 8 nm graphite nanoparticles dispersed in water, (f) 25 nm Al,O3; nanoparticles
dispersed in water, (g) 10 nm diamond nanoparticles dispersed in water, (h) 9 nm carbon
nanotubes dispersed in water. The theoretically proposed liquid layer thicknesses of £; = 0, 1

and 1.5 nm are also considered.

From the parametric series €; = 0, 1 and 1.5 nm, it is interesting to notice that for £; = 0(1 —
1.5) nm the model predicted the experimental values well, where it is also shown that the effect
of the nanolayer thickness between values of 1 and 1.5 nm is relatively small. Although the
effect is non-negligible for nanoparticle sizes below 10 nm, it remains reasonable to state that
it is rather correct to follow the theoretical prediction [50,51] of nanolayer thicknesses of the
order ; = O(1 — 1.5) nm. In choosing, for generality purposes, one value, it appeared that a
nanolayer thickness around 1 nm seems to be the most appropriate one.



4.4 Universal expression for the viscosity of nanodispersions

It appears from the results that neglecting the flux effect (neglecting the term v¢ () in (47)) still
underestimates the viscosity of the nanodispersion. In order to take this effect into account, yet
pursuing a universal expression for the viscosity keeping it as simple as possible, we propose

. . . o a( 0
to seek an approximated conversion of the v, term into the double derivative term %— (r ﬁ)

or or
For this purpose, we assume an ideal flow that can be both described by a local Darcy-flow (as
2
discussed earlier) and a Poiseuille flow. The former would lead to vy = — %%Z—Z and the latter
f
12 (p2r) 12 ison i
to—— (r or) T iox Comparison gives that
R%21 0 ( Ovy
v~ = (5 )

Filling this in in Eq. (47), using the definitions of R, neglecting the term (1 — ¢) except there
where it comes as @(1 — ¢), for the spherical and cylindrical particles, leads respectively,
rearranging the terms, to

r

2 2 = )2 5.1pPp Pr = 10 ( 9vr\ _0p
'uf<1+2Knp'5(C+"‘5) +<2+4 p (1+€Pf'5 p)>(C+HS)>r6 (7‘ 6r)_6x’ (76)

2 42+7r r

9 — 5 1 p 1% - 10 v 7]
ur| 1+ Knp (c+E)% + (— +— ?’”(1 + fpf,c?f)> (c+Ep) ;a—(ra—rf) = ﬁ (77)
with &, ¢ ¢ and &5 - are given, respectively, by Egs. (25) and (52). For nanodispersions where
the base fluid is a liquid, we assume that K nlz,,s « 1 so that the corresponding term could be

neglected. Using expressions (25), (52), (62) and (66), the effective viscosities for spherical and
cylindrical nanodispersions are given, respectively, by

lnf = s <1 + (g + 41"7”(1 +Eyps %)) (c+&ppsc1 - c))> (78)

2+m

5 1
toy = s | 1+ <5 +— %”(1 +&ppe %)) (c + &ppec(1— c)) (79)

2
recalling that &, ¢ = 2 ((1 + -4 ) — 1), Epfe =2 a{)i

Pp .
- andc = Tp. The approximate models
p.s

p.c
(78) and (79) are compared with the complete model, using the experimental data from Table
1 and the results are presented in Fig. 10.
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Figure 10: Relative effective viscosity given by the full model (60)-(67) and the approximate
one (78)-(79), compared to the experimental data as in Fig. 9.

Fig. 10 shows that the approximate model represents quite well the experimental data and is
very close to the full model. In order to test the universality of the approximate model, with
respect to the effective viscosity of nanodispersions, it should be compared to other
experimental data with different sets of parameters (density, type of material, size). As is
discussed earlier, we argued that it would be reasonable to take #; = 1.0 nm. As such, the



proposed universal expression of the effective viscosity of nanodispersions is, apart from the
fluid/matrix density, solely dependent on the particle’s size, volume fraction and density.

4.5 Application to solid-liquid and polymeric nanodispersions and emulsions

We use our universal expression to compare with other experimental data concerning ceramic,
carbon and polymer solid-liquid nanodispersions [71-74], polymeric nanodispersions [75,76]
and stabilized liquid-liquid nano/micro dispersions (emulsions) [77-80]. It is important to note
that it concerns here stabilized emulsions, where the nano/micro-droplets can be considered as
hard spheres. The material properties are given in Table 2. Properties that are not standardly
available (from the reference or from standard handbooks, such as [81]), are commented below
the table. In Table 2, W stands for water, EG for ethylene glycol, SWCNT for single-wall
carbon nanotubes, PSL for polystyrene latex, PEG400 and PEO400 for, respectively, poly-
ethylene glycol and poly-ethylene oxide (where 400 stands for the molar mass in g/mol) and
GTO for glyceryl tri-octanoate.

Table 2: Material properties for other nanodispersions and stabilized emulsions

Nanofluids Trer pr [kg/m’] | p, 2a, Ref.
[°C] [keg/m’] | [nm]
CuO - W 25 997 6310 11 [71]
SWCNT - EG 60 1116 1600 45 [72]
CuO — Coconut oil* 55 897° 6310 40 [73]
PSL-W 20 998 1055 40 [74]
Si0> — PEG400 25 1130 1600° 127 [75]
Si0, — PEO400 75 1170¢ 1600° 44 [76]
Silicon oil - W 25 997 971 220 & | [77]
550
White mineral oil — W 25 997 850 14000 | [78]
GTO-W 25 997 956 110 [79]
W — Mineral oil 10 870 1000 30000 | [80]
*Values at shear rates of 3.67, 7.34 and 14.68 s™! [73]
bFrom [82]

“Value deviates from standard one, given by [75,76]
dValue estimated from [83] and corrected for the temperature by extrapolation following the
behaviour of PEG400 [84]
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Figure 11: The relative effective viscosity as a function of the volume fraction from expressions
(78) for spherical fillers and (79) for cylindrical ones. The solid lines represent the model and
the markers the experimental data, which correspond to: (a) 11 nm CuO nanoparticles in water,
(b) 45 nm single-walled carbon nanotubes in ethylene glycol, (c) 40 nm CuO nanoparticles in
coconut oil for three low-shear rates in Newtonian regime, (d) 40 nm polystyrene latex
nanoparticles in water, (¢) 127 nm SiO> nanoparticles in poly-ethylene glycol, (f) 44 nm SiO>
nanoparticles in poly-ethylene oxide, (g) 220 and 550 nm silicon oil nanodroplets in water, (h)
14 um white mineral oil microdroplets in water, (i) 110 nm glyceryl tri-octanoate nanodroplets
in water, (j) 30 um water microdroplets in mineral oil.



Fig. 11 shows that the approximate model agrees well with several experimental data,
suggesting its universality. Furthermore, besides the well-known size and nanolayer effects, it
emphasizes the clear universal relation between the density of the nanoparticles or nano/micro
droplets in emulsion on the effective viscosity. One could then argue that the density not only
plays an important role, but could, in many case, well be the most important one at constant
temperature. The densities alone, could even be sufficient, using Egs. (78)-(79), to predict the
effective viscosity of nanodispersions as a function of their content in nanoparticles or droplet
emulsions.

5. Conclusions

Nanodispersions are considered in this paper to be, from a fluid-flow point of view, a
heterogeneous system, where the stabilized particles are dispersed in a base fluid. The base
fluid considered is a liquid, whereas the particle could be a solid spherical nanoparticle, a
nanotube or even a stabilized liquid droplet, the latter of which constitutes an emulsion. Such
systems find many applications and one of the main properties to control is their rheology.
Especially the viscosity appears to behave differently from one nanodispersion to another and
a universal expression predicting its behaviour is necessary. In striving to attain such a relation,
many mechanisms that come into play should be well represented, retaining altogether a
digestable formulation. This work proposes a framework, based on extended thermodynamics
and fluid dynamics, that incorporates the effects of size, particle kinetics, mass density,
interfacial nanolayer and volume fraction on the effective viscosity of nanodispersions. The
model begins by proposing an evolution equation for the fluid velocity, allowing for a particle-
fluid flux and viscous dissipation due to the presence of nanoparticles and particle kinetics. By
making an anology to a porous system, where the fluid flows in between the stabilized
nanoparticles, solving the evolution equation and comparing to a developed stationary flow
profile lead to resuming all the considered effects in the evoluation equation into one effective
property defined as the effective viscosity. This equation was compared satisfactorily to several
experimental data for nanodispersions with spherical and cylindrical nanodispersions.
Asymptotic models allowed appreciating the importance of the included mechanisms. A much
simpler relation is then proposed, Egs. (78) and (79) and equivalently validated against a great
number of ceramic and polymeric nanodispersions, as well as nano/micro emulsions,
suggesting its universality for stable nanodispersions. It appeared that for small nanoparticles,
the interfacial nanolayer influenced in an enhancing way greatly the effective viscosity. The
nanolayer’s influence is modelled as a competition between the Brownian surface energy and
the net attractive interchange energy. As the nanoparticles size is smaller, for a given volume
fraction, the total interfacial surface becomes larger, leading to a higher contribution to viscous
dissipation. It also appeared that the flux term (kinetic contribution of the particle-fluid
interaction) is not to be neglected and makes clearly part of one of the mechanisms of viscous
flow. Last but certainly not least, the density of the nanoparticles with respect to that of the
dispersion seemed to have the most important influence on the effective viscosity, explained as
viscous dissipation due to a higher drag force caused by a higher particle-fluid velocity for
higher nanoparticle densities.

In contrast with several other papers on the subject [21-28], wherein ad hoc relations involving
adjustable parameters are proposed, we have tried to provide a model with strong theoretical
bases and to back most of the assumptions underlying the study by physically grounded
justifications, without adding any empirical coefficients, but merely using tabulated and



measured material properties. Comparison with experimental data exhibits a good agreement,
attesting of the quality and soundness of the theoretical model. For simplicity, the analysis has
been limited to one-dimensional and linearized situations, whereas temperature effects have
been omitted. There is, of course, room for further extensions of the present model like
considering metastable dispersions of hydrophobic nanoparticles, considering concentration
nanodispersion with inter-particle interaction or introducing rheological properties, such as the
dependence of the material coefficients on imposed shear rates. Nonetheless, the universal
expression, proposed in this work, has shown that there is a universal relation between the
effective viscosity of nanodispersions and their densities.
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Appendix: extended entropy relation

Following the line of thought of EIT, whose main idea is to elevate the dissipative fluxes, like
the heat or/and the mass fluxes to the status of independent variable, J ¢ is an independent state
variable. For pedagogical purpose, let us study the simple problem of matter diffusion in a two-
component mixture of mass fractions c¢; and c,, the temperature T is assumed to be uniform.
The main idea underlying EIT is to elevate the thermodynamic fluxes, here the diffusion fluxes
J1 and J, to the status of independent variables, at the same level as the classical concentration
varaiables. According to the definition of the barycentric velocity, it is directly seen that J; +
J> = 0. Moreover, since ¢; + ¢, = 1, it follows that the set of independent variables is given
by c; and J;. Assuming that the entropy s per unit mass of the system depends on both kinds of
variables, one has s = s(cq,J1) or, in terms of the material time derivative

ds _ 0s dcg ds Jdli . mdeg LdJy
dt  dcy dt ' 8J; dt T dt afy dt”’ (AD)
. . . ds . . .
wherein use has been made of the classical definition gz ~ 5o with 7 designating the
1

difference n; — 1, between the chemical potentials of both constituents and wherein it has been
ds . .. . . . . .
assumed that % is a linear function of J; with @ a phenomenological coefficient to be positive
1

to guarantee that s is maximum at equilibrium (Jou et al 2010). Entropy is also assumed to obey
a time evolution equation of the general form

po=—V-J +0°, with o > 0. (A2)

o* is the rate of entropy production imposed to be positive definite in virtue of the second law
of themodynamics and J*is the entropy flux classically given by

o ==1y. (43)
This result (A3) is easily obtained by setting @ = 0 in (A1) and substituting % by the mass

conservation law

d
P§=—V-h- (A4)



By comparison with the time evolution (A1) of s, it is then directly checked that expression of
J¢ is given by (A3). Filling (A3) and (A1), with the use of (A4) and a = 0, into (A2), we obtain
the classical expression for the entropy production

05=—J;—=0. (A5)

However, in presence of non-localities which are especially relevant in micro and nanosystems,
it is rather natural to admit that J° depends, in addition, on the gradients of the diffusion flux
J1, for example,

J=—=2]1+ v Vi, (A6)

wherein y is a coefficient to be determined later on. The final task consists in deriving the time
evolution equation of the state variables. The one corresponding to the classical mass fraction
variable is given by (A4), while the time evolution equation of the diffusion flux is obtained by
substituting (A1) and (A6) in (A2). The corresponding entropy production is now given by

0 = J1 - (— 2 — pa 2+ yVy) +VV1®V), 2 0, (A7)

with & standing for the tensorial product.
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