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Abstract

This document provides the mathematical formulation of the main equations implemented in
DARTFlo !, version 1.4.0, December 2025. For more detailed information about the original
implementation, please refer to the author’s PhD thesis [1]. Additionally, more details about

the mathematical foundation can be found in the journal article [2].

This theory manual and quick reference guide is organized as follows. Section 1 presents the
formulation of the full potential equation and the mesh morphing laws. Section 2 presents the
formulation of their partial gradients. Section 3 presents the direct and adjoint solution pro-
cedures. Finally, section 4 gives an overview of the available API as well as their configuration

parameters.

Ihttps://gitlab.uliege.be/am-dept/dartflo
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1 Model equations

1 Model equations

This section presents the formulation and the discretization of the full potential model and the

mesh morphing laws.

1.1 Full potential

This section details the formulation of the full potential equation written in residual form and

of the aerodynamic loads.

1.1.1 Residuals

The steady full potential equation is derived form the Navier-Stokes equations by assuming
that the fluid is inviscid, and that the flow is steady and isentropic. As a consequence, the
vorticity is conserved. Since the freestream flow is irrotational, the whole flow is therefore
irrotational and the velocity derives from a potential ¢. Considering a domain Q enclosed by a
surface I' = I; U Ty, as depicted in figure 1.1, the full potential equation can be written in weak

form as

\IpV¢V¢dV—fEV$ﬁ¢dS:Q Vip e Q, (1.1)
Q r

where ¢ is a test function, fi is the unit vector normal to I pointing inwards, and where the

density p is given by the isentropic flow relationship,

1
-1

p=pmﬁ+7;1MiO—W@ﬁr . (1.2)

In Equation 1.2, p,, is the freestream density, y is the heat capacity ratio and M, is the
freestream Mach number. Note that the term |[V¢| in Equation 1.2, which is the magnitude
of the total velocity, has been normalized by the freestream velocity. An important limitation
of the nonlinear potential equation is the isentropicity assumption, which restricts its use to
transonic flows with embedded weak shocks only. A common upper limit for the local normal
Mach number upstream of the shock is M,, < 1.3 [3].
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Domain ()

Wake boundary [},
Body boundary I},

U, = [cosa,sina]

Farfield boundary I}

Figure 1.1: Typical domain used for a finite element computation, illustrated in two dimen-
sions for simplicity.

The boundary surface I' is split into a farfield boundary I}, and a body boundary I, as depicted
in Figure 1.1, onto which Neumann boundary conditions are applied. Such boundary condi-
tions impose a flux through the boundaries of the domain and are naturally recovered in the
second term of the weak formulation of the full potential equation 1.1. Since the derivative of
the potential is the velocity, the weak form of the Neumann boundary condition can be written

as

j pVo- - dS :f PooUso 11 dS, Yy elf,
It I;

1.3
J- m‘ﬁll)dS:j pUpip dS, Vi ely, "
L, L
where U, is the freestream velocity vector given by
cosa cos f3
Uy, = sinf |, (1.4)
sina cos f3

and where «a is the angle of attack and g is the angle of sideslip. The second equation in (1.3) is
a transpiration boundary condition. The compressible blowing velocity pUy, is set to zero in a
purely inviscid case, while it is provided by a boundary layer solver such as BLASTER [4] ? in the
context of viscous-inviscid interaction. Additionally, wake boundary conditions and the Kutta
condition need to be enforced to allow potential flows to produce aerodynamic loads. This is

accomplished by creating a flat wake sheet, denoted I}, extending from the trailing edge of

2https://gitlab.ul1ege,be/am—dept/blaster
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1 Model equations 1.1 Full potential

any lifting body to the farfield boundary located downstream of these bodies, as depicted in
Figure 1.1. The unknown potential value is discontinuous across the wake, and two bound-
ary conditions are applied to restore the continuity in the flow variables. The first condition

prescribes the equality of the mass flux across the wake,

frupw-ﬁnw dS=0,  VpeT,, (1.5)
and the second condition prescribes the equality of the pressure across the wake,
f [IVoIPTwdS =0, VWeTL,,, (1.6)
1—‘W

where W is a stabilized test function, the double square bracket indicates a jump between the
quantities on the upper and lower sides of the wake, and the subscripts u and 1 refer to the
upper and lower sides of the wake, respectively. Similarly, the Kutta condition, prescribing the

equality of the pressure on both sides of the trailing edge, writes

er hl—z|v¢|2\y ds - er %|V¢|2\y dS=0, VWeTlg,, (1.7)
where h is the square root of the surface area of the trailing edge, and where Itp, and Itg)
denote the suction and pressure sides of the trailing edge, respectively. A linearized variant of
the wake boundary and Kutta conditions is also available in DART. In that case, the term [V¢|? is
replaced by U, - V¢, U, = [1,0,0] being an approximation to the freestream velocity. Note that
the transpiration boundary condition (1.3) is also enforced on wake sheets, on top of applying

the wake boundary conditions.

Finally, supersonic regions of the flow need to be stabilized. The physical density is upwinded

and replaced by
p=p—pulp-pu) (1.8)

where py is the density evaluated at an upwind point, and where the switching function is
defined as

Mg M@
”:ycmax 0,1—W,1—W]. (19)
U

The parameters uc, which controls the amplification of the density bias, and M, which con-
trols the extent of the region where the bias is applied, are controlled by the numerical scheme.
They are initialized to 2 and 0.925 in order to produce strong stabilization over a large portion
of the flow. As the solution converges, they are varied to 1 and 0.975. These final values were
chosen from the literature, as they are suitable for most cases. The parameters are updated
each time the relative residual of the full potential equation drops below 1072. This specific
switching function, whereby the Mach number M is replaced by the Mach number evaluated
at an upwind point My whenever the supersonic flow decelerates, is chosen to bring addi-

tional numerical dissipation near shocks, hence improving the robustness of the method, as



1 Model equations 1.1 Full potential

recommended by Habashi and Hafez [5].

The domain () and its boundary I' are discretized using continuous Galerkin finite elements.
An unstructured grid strategy is chosen in order to easily mesh three-dimensional complex

shapes. The potential, test functions and coordinates are expressed as

¢ =N;p;,
=N, (1.10)
Xk = Njx; i

where N; are the shape functions associated to an element, and interpolate the nodal values ¢;
and 9; of the potential and the test functions, as well as the nodal coordinates x; = [x,7,z];, on
that element. Note that subscript k counts the dimensions. The shape functions are expressed
locally on each element as

N; = N;(&) = N; ([&,n,C]), (1.11)

where & is the vector of coordinates attached to the reference frame of an element. The weak
form of the full potential equation (1.1) must hold for any test function ¢. It can then be

discretized and rewritten in residual form,

Ry = ZJ-Q fcVN;p;-VN; dV, ZJ; PV, -hN; dS,
e e e e

=0,

(1.12)

where the subscript e refers to elemental quantities. The associated Neumann boundary con-

ditions (1.3) become

ZJ oV, N, dS, = ZJ PosUoo AN dS,
e rfe e rfe

(1.13)
ZJ oV, AN, dS, = ZJ pUyLeN; dS..
e rbe e rbe
The equality of mass flux across the wake (1.5) is enforced on the lower wake nodes as
ZJ; geVNjcpj-VNidse—ZL fcVN,;-VN; dS, =0, (1.14)
e w,le e w,ue
and the equality of the pressure (1.6) is enforced on the upper wake nodes as
h -
ZL ([wp-vpfj(pj]wu - [v¢-VNj¢j]wll)(Ni +3 m’kax"Ni)wu ds, =0. (1.15)
e We ’

where Uy, = [1,0,0]. Similarly, the equality of the pressure on the trailing edge (1.7) is pre-
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scribed as
Uoo,kakai) dse

e

1
—ZJ; h_2V¢VN]¢](NZTEu+
e

TE le

1
ZL 5V INjo; (NiTEYu +
e (1.16)

SN

Um,kakai) dsS. =0.

If the linearized wake boundary and Kutta conditions are used, the gradient of the potential
V¢ in equations (1.15) and (1.16) is simply replaced by U,,. Note that the contribution of the

blowing velocity (1.13) is also added on wake elements.

1.1.2 Functional

The total aerodynamic load vector is obtained by multiplying the aerodynamic total load coef-

ficient Cg by the freestream dynamic pressure,
1 2
F= Epwumsrefcp. (117)

The resulting aerodynamic load coefficient is computed by integrating the normalized pressure

coefficient on the body surface,

1
Cr = j C,ndS, (1.18)
ref JTj,

where S, is a reference area, and where the pressure coefficient is given by

2
Cp= 2
Mg

(p? - 1). (1.19)

The aerodynamic load coefficients are obtained by projecting Cg on the lift and drag directions,
yielding
CL:CF'eL, CD :CF'CD, (120)

where the directions are defined with respect to the angle of attack a, and the angle of sideslip

B,

—sina cosacos f3
ey = 0 | ep = sinf |- (1.21)
cosa sina cos f3

The pitching moment coefficient Cy, is obtained by taking the cross product of the non-
dimensional lever arm 1 by the resulting aerodynamic load coefficient Cg and retaining the
second component,

Cm,y = LCrx—LCr, (1.22)

where the lever arm is calculated as I = (X —X,ef)/Cref, Xref being the coordinates of the reference

center and c,.f being a reference chord length.
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1.2 Mesh deformation

This section details the formulation of the linear elasticity laws written in residual form, driv-

ing the mesh morphing.

1.2.1 Residuals

An efficient way to deform the grid for the kind of wing deflections considered in practical
aeroelasticity, is to use linear elasticity theory. The grid is assumed to behave like an elas-
tic body, rigid near the deforming boundaries, and flexible elsewhere. Moreover, the linear
elasticity equations can be easily solved by the finite element method, and require little sup-

plementary implementation work.

For an elastic solid, the equilibrium between the internal and external forces can be written in

weak form as

J- Va-ngdV—J‘V_a-ﬁz]de :f fpdv, YyeQ, (1.23)
Q T Q

where the internal stress ¢ can be related to the displacement Ax using Hooke’s constitutive

law for linear isotropic solids,

o= 33 Vb;(vl — zv)tr(V(Ax) +V(Ax)")1+

TieeY (V(ax)+V(Ax)"). (1.24)
The Young modulus E and the Poisson’s ratio v are constitutive parameters. In the present
work, they are set to 1/V and 0, respectively, as suggested by Dwight [6]. As a result, the mesh
behaves as a linear elastic solid, rigid close to the wing where the elements are small, and flexi-
ble in the farfield where the elements are large. Note that, in the context of mesh deformation,
the external forces f are zero, and the deformation is driven by a Dirichlet boundary condition

imposed on the moving boundary.

After discretization, equation (1.23) must hold for any test function ¢, and can therefore be

rewritten as a set of equations,

R, = ;L
0.

Ee Ve

dy NjAx;; + 0. NjAx; ;)| 9. N; AV,
2(1+Ve)(1_2ve) X; 1 xl,z"’ x; 4Vl xl,]) X; 1 e

akalel’kéi]' +

E.
2(1 +ve)(

(1.25)

The Dirichlet boundary condition on the deforming surface are enforced as,
Axi']'h"b = Axbw_. (126)

On the wake, the periodic boundary conditions are discretized as follows. The upper wake

volume element contributions are added to the lower wake equations, and the upper wake
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unknowns are prescribed to match the lower wake unknowns,

E.v
ZJ 1 Y 16_2 )8kalel,k6,-j+z(l—fv)(&xjN,Axlli+8xiNlel,j)] 8xjN,dVe
e e
E eVe Ee
+ZJ 1 +Ve 1 oy )akalel,kéij+m(ﬁxleAxl,i+9xiNlel’j)] axledVe

=0,

Ax;jlr, . —Axijlr,, =0
(1.27)
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2 Partial gradients

This section presents the formulation of the discretized gradients of the full potential and mesh

morphing equations. Note that the summation symbol has been dropped for conciseness.

2.1 Full potential

This section details the formulation of the partial gradients of full potential equation, and of

the aerodynamic loads.

2.1.1 Residuals

The partial gradient of the potential residuals with respect to the potential variables, also

known as the flow Jacobian, is given by,

IRy, .
R JQ (1= ) [-M2p2 7 3y, p9, NjOs, 09, Ni + pods, Ny, N; | V.
] e

2—
+ L P‘[—Mfopu Y0y, pudy Ny, Oy, Iy, N; + pUakajakai] dVe

. (2.1)
2
2uc M2 1 ~1%¢
_J (pe _pU) 3 S + 7/2 3 o axk¢akajaxk¢akai dVe,
Q. M: | Oy, P2a? Va?
Xk
where a. is the speed of sound on an element and is computed as
1 y-1

The Mach number M. and the speed of sound a. can be evaluated on the current element e or
the upwind element U, depending on the switching function. In order to avoid non-physical
large gradients which may appear at the trailing edge of the wingtip, the speed of sound is
limited so that the local Mach number remains below M < 1.7. Similar to the residuals Rq5, the
wake boundary conditions are prescribed in two steps. Firstly, the equality of the mass flux is
enforced by adding the contributions of the upper wake nodes to the lower wake rows, instead

of the upper wake rows, in the flow Jacobian matrix,

IRy ; dRy; IRy,
0 o |w,l <~ 0 0 |w,l + ) 0 |w,ur
b b ]

(2.3)

where the left pointing arrow denotes an assignment operator. Secondly, the following terms

are then assembled on the upper wake rows,

IRy )
aT‘fj’lw,u = 2L (Ni - g oo kO, Ni )w,u ([akaka]-]W,u - [axkqbakaj]w’l) ds.. (2.4)

We
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Finally, the Kutta condition is enforced by assembling the following terms on the upper trailing
edge rows,
Roiy _ 2 A AC Y
T%_|TE,u = 2 NiTE,u +§ 0,k Ni | 9y, P kaj dSe
TE,ue

2 h (2.5)
- -fl" h_2 (NiTE,u + 5 ~00,kakai) axk (]-')akaj dSe'
TE/le

Note that the partial gradients of the linearized wake boundary and Kutta conditions are not

detailed here, as they can be readily obtained from the nonlinear equations.

The partial gradient of the potential residuals with respect to the mesh coordinates is given by

dRy ;
¢,i 2— _
an = J;)e (1 _V)(_Mozope yax,(P(_]e,llkaxj]e,kl)ax,(i))axkqbakai dVe
i 2- _
+ ’/l(_MgopU Vaxl(pr(_]U’llkaxllU,kl) ax,¢U) axk¢akai dVe

e

+ o [(1 - V)Pe + l‘pU] [axld) (_];llkaxj]e,kl)ax,Ni + axlNi (_];llkaxj]e,kl)axlqb] dVe

e

r M2 1 y-1y%9°

+ axz(i)(_]e_,llkax]-]e,kl)ax,¢axk¢akai dVe

(pe _pU) 3
70 M: ,laxk(jﬂa? 2 Va?

r

+ [(1 _I")pe+l"pU]axk¢akai axjdve'

e

(2.6)
The partial gradient of the Jacobian matrix of an element with respect to the mesh coordinates

is computed as

d
axk].,i]' = x%lexl’i, (27)
k

where - refers to a variable evaluated on the current element e or on the upstream element
U. Since Gauss quadrature is used to compute the integrals in the finite elements method,
computing the partial gradient of an elementary volume with respect to the mesh coordinates
amounts to computing the partial gradient of the Jacobian matrix determinant of an element

as
axdee = axk det(]e,ij) = det(]e,ij)tr(];jljaxk]e,ij)' (2.8)

The contributions of the farfield boundary condition are not taken into account since the outer
boundary is fixed. The partial gradient of the transpiration boundary condition on the body

and on the wake surfaces with respect to the mesh coordinates is given by

dRy;

ox;

louw = f PUbleNi 0y, dSe. (2.9)
] rbeurwe

Computing the partial gradient of an elementary surface with respect to the mesh coordinates
amounts to computing the partial gradient of the surface Jacobian matrix determinant of an el-

ement. For a two-dimensional surface in a three-dimensional space, this gradient is expressed
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as

Js,e

axdee = 8;5]- det(]S,e) |] |

(9 85kak><8 kak+85kak><8 9 kak) (2.10)

The partial gradient of the wake boundary conditions with respect to the mesh coordinates are
assembled in a similar way as the flow residuals: the contributions of the upper wake rows are
first added to the lower wake rows, and the upper wake rows are then computed as

dRy.i -
&lw,u - J (axj (g Oo’kanNi)) ([axk¢axk¢]w,u B [axkqbaxkqb]wrl) dse

ox j rwe

+ZJ (Nl-+
L

We

o [

We

+L (Ni+§ ”m,kakai) ([05:695.8],,,, - [002,6],,,) 21 5.

We

Uw,kakai) [axlqb (_]e_;llkaxj]e'kl)axl(‘b]w,u dse
w,u (2.11)

o= N

Uoo,kanNi) [axl(P (_]e_,llkaxj]e'kl ) axl ¢]w,l dSe

Similarly, the partial gradient of the Kutta condition with respect to the mesh coordinates are

computed as

IRy, 2 h -
ax]' |TE,u == . h_38x]-h NiTE,u + 5 oo,kakai axk¢axk¢ dSe
TE,ue

" 1 h
+ ] 59| 5 Uk Ni| 0 b0y, p dS
ITrE 4,
o2 ho .
+ ﬁ NiTEu EU ax1¢( ]e,[kaxj]e,kl)axl(l)dse
ITrg
" 1 h -
+ Joow Nirg,, 5 Uoo k9 Ni | 0 p I f 9, dSe
TE,ue

e ) (2.12)
+ —Sax]h(N + = ~00,k9kaz‘)axk¢axk¢dSe

Jh, ITE,u 2

8 1 h

- hza ookanN axkd)axk(PdS
Ire g,

" 2
- ﬁ (NITE u

Irg g,

" 1
- ﬁ (NlTE u

I,

C

U )8X7¢( ];llkaxjje,kl)axl(l)dse

C

NIE‘ NIE‘

Uco O, i)axk(paxk(p 0y, dSe.

The partial gradient of the stabilization term in equations (2.11) and (2.12) can further be

developed as

=
=

h & —
8x](§ ookaka) 8 E ookaka + = w}[(]b]e’llkaxj]e’klaxll\]i. (2.]3)

N

The angle of attack affects the potential residuals only through the farfield boundary condition.

10
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The partial gradient of the potential residuals with respect to the angle of attack is thus given

! aU
(P;l 00 A
; = _ Lfe poo ; IleNl dSe (2 )

where the gradient of the freestream velocity with respect to the angle of attack is

d

ou —sinacos f
—= = . 2.15
da 0 ( )
cosacos f

The partial gradient of the transpiration boundary condition with respect to the blowing ve-

locity is required when viscous-inviscid interaction is enabled. It is given by

Ry | f 5N dS (2.16)
377 Ibuw — ijkiVk ’ .
IpUpj " UL, ¢

where the Kronecker’s delta 6;jx is one if i = j = k and zero otherwise.

2.1.2 Functional

The partial gradient of the aerodynamic loads with respect to the potential variables is given

by,
JF;

1 2
Fioz 9. Cy o d
99, 2"°°“°°L,e tonled 05

(2.17)
= —Poo”goJ; pgaxk(pakajﬁe,i dse-
b,e

The partial gradient of the aerodynamic loads with respect to the mesh coordinates is given by,

a_xj = Epmumaxj J;b,e Cp, fle,i dSe
f —2PZ axl(i) (_];llkaxj]e,kl) ax,¢ﬁe,i dse
o (2.18)

+ f CpeQXﬁe’i dSe
L, !

,€

+J Cp, e I, dSe |-
1“b,e !

where the partial gradient of an elementary surface is computed as in equation (2.10), and the

1 2
- Epoo”oo[

partial gradient of the unit normal vector is given by

ani

ox;

foay L
=(1ik—ni”k)|—9x-nk (2.19)
j

gl

where the partial gradient of the normal vector to a two-dimensional triangular area in a three-

11
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dimensional space is given by,

on

5 = 9 (X1 =X0) X (X2 = Xo) + (X1 = X) X Iy, (X2 = X). (2.20)
]

The partial gradients of the aerodynamic load coefficients can be readily obtained from equa-

tions (2.17) and (2.18). Additionally, the partial gradients of the aerodynamic coefficients with

respect to the angle of attack is given by,

CL 8eL CD 8eD
da ¥ oa da B oa (221)
where the gradients of the directions are defined as,
P —cosa P —sina cos
€L €D
= ) - . 2.22
da 0 da 0 (2:22)
—sina cosacos f3

The partial gradient of the pitching moment coefficient with respect to the potential variables
is given by
My ] 9, CrnmTudy C 2.23
T%_Z(i)j Fx — x qu F,z» ( )
where the partial gradient of the resulting aerodynamic load coefficient with respect to the
potential variables can be readily obtained from equations (2.17). The partial gradient of the

pitching moment coefficient with respect to the mesh coordinates is given by

Cmy
aX]'

= ax]- l_zCF,x + l_zax]- Crx— 8x]- l_xCF,z - l_xax]- Cr.z (2.24)

where the partial gradient of the resulting aerodynamic load coefficient with respect to the
mesh coordinates can be readily obtained from equations (2.18) and where the partial gradient

of the non-dimensional lever arm with respect to the mesh coordinates is given by

1

I
—=—1 2.25
OXj  Cref ( )

ijr

where I is the identity matrix. Note that the moment coefficient does not explicitly depend on

the angle of attack.
2.2 Mesh deformation
This section details the formulation of the partial gradients of mesh morphing equations.

2.2.1 Residuals

The mesh deformation residuals only depend linearly on the mesh coordinates. The partial

gradients of the mesh deformation residuals with respect to the mesh coordinates, also known

12
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as the mesh Jacobian, is therefore given by,

JdR, ;
x o Jxij

L.

Note that, similar to the residuals Ry, periodic boundary conditions are prescribed on the wake

2.26
E.v, (2.26)

2(1+ve)(1 —2v,)

E
d. NS:: 4+ —<
“l”+m+m(

%M+%Mﬂ%Mdm

by adding the upper wake volume element contributions to the lower wake equations, and by

prescribing the upper wake unknowns to match the lower wake unknowns.

13



3 Solution procedures

3 Solution procedures

This section presents the direct and adjoint solution procedures that are readily available in
DART. If multiphysics computations are to be performed, the interfaces for CUPyDO [7, 8] ® and
MPhys 4, built on top of OpenMDAOQ [9] 3, can be used.

3.1 Direct solution

The full potential equation being nonlinear, it needs to be solved in an iterative fashion. A

Taylor expansion around a solution vector ¢4 allows to write

0=Ry+ L Ag+ O(AP? 3.1
“Ro* T ¢ +O0(Ad?), (3.1)
where A¢ = ¢ — ¢. Neglecting second order terms, and given a known solution estimate ¢,, at

iteration #, a better estimate of the solution, ¢, 1, can be found by solving

JR
T 16,011 =00 = Rylp, (3.2)

The Newton-Raphson method exhibits a second-order convergence rate as it gets closer to the
solution. However, it might be unstable for transonic flow computations where the local Mach
numbers are high. An effective way to stabilize the Newton method is to restrict the change
in the solution using a line search procedure. In such a technique, the new solution vector is

computed as

b1 =Pn+5,(Pri1 — ), (3.3)

where s, is the step length of the line search. The Bank and Rose [10] algorithm has been

implemented to find the optimal step length for a given iteration and is depicted in figure 3.1.

3http://github.com/ulgltas/cupydo
4https://github.com/OpenMDAO/mphys
5https://openmdao,org/

14
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3 Solution procedures 3.2 Adjoint solution

" R = lIf xi)ll
Line search
v
A
_ 1 < K = 10K
K= 10 X1 = X + tAxy
A < K=1

Rir1 = |If Cer) |l

/ — true

A\ 4
2tk +1 — x|l < eqn
\4

Quasi-Newton
scheme converges

Figure 3.1: Bank and Rose line search algorithm wrapped in a quasi-Newton method.

3.2 Adjoint solution

An adjoint method has also been implemented to compute the total gradients of the lift and
the drag with respect to the angle of attack and the surface grid coordinates. These gradients
can then be used in an optimization process. For pure aerodynamic optimization, the problem
can be formulated as follows,
min Fop;(6hx, )
st.Ry=0 (3.4)
R,=0

where ¢ denote the vector of aerodynamic potential variables, a is the angle of attack, R
represents the full potential equation noted in residual form, and Fy; is the functional (lift or
drag) to be minimized. Since a nonlinear aerodynamic model is used, the full potential equa-
tions must be solved in the volume surrounding the geometry, which will deform according

to follow the movement of the surface grid. In such a case, it is also convenient to explicitly

introduce the vector of volume mesh coordinates, x, and the mesh morphing laws residuals,

15
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R, into the optimization formulation.

In order to minimize F,;, the augmented Lagrangian L is first constructed as,

L= Fobj + A"PR‘P + /\XRX (35)
and then differentiated such that,
aFob‘ aRd) QRX _
94’] +A¢W+/\XW =0
aFob’ aR({) 8RX _
x TAeox tAG =0
— aFob' aRqﬁ BRX _
oL=0= 8a1+/\¢w+lx%_ . (3.6)
R(;b = 0
R,=0

In order to obtain the total gradients of F,y;, the nonlinear potential and linear mesh equations,

Ry = 0 and Ry = 0 must first be solved. The coupled set of linear adjoint equations,

T
9¢R¢T 9¢.RxT /\4) __ a¢Fobj (3.7)
R, TR, T [| A axpgbj

must then be solved for the Lagrange multipliers A4 and A,. The total gradient with respect
to the surface mesh coordinates can readily be recovered from A, as they are a subset of this
vector [11]. The total gradient with respect to the angle of attack can finally be obtained by

injecting the solution into
dFeyj  OFoyj ) IR,
da  da da

Ay (3.8)
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4 Quick reference guide

This section lists the various Application Programming Interface (API) available in DART, as
well as the parameters required to configure them. The full documentation is available at:
https://gitlab.uliege.be/am-dept/dartflo/-/wikis/home.

4.1 Available API

The main API used to initialize and access the components making up DART is the so-called
core API ©. Three other API, built on top of the core, are also available: internal, CUPyDO
and MPhys API. The internal 7 API is meant for users wanting to run a standard computational
procedure, such as computing a polar curve, on a classical lifting configuration. The CUPyDO ®

and MPhys ° API are direct interfaces to their respective software.

6htlps://qillab.uliege.be/am—depl/darl[lo/—/wikis/use_api_core
7htlps://gillab.uliege.be/am—depl/darlflo/—/wikis/use_api_inlernal
8https://gitlab.uliege.be/am-dept/dartflo/-/wikis/use_api_cupydo
9https://gitlab.ul1ege,be/am—dept/dartflo/—/wikis/useiapiimphys
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4.2 Usage

The list of parameters used to configure DART is provided below:

I T e

e
B W N = o




49

)

4 Quick reference guide 4.2 Usage

default=200)
‘num_restart’: int, # number of restart, i.e. maximum Krylov subspace size, only for
GMRES (optional, default=50)
“fill_in’: int, # fill —in factor, only for GMRES (optional, default=2)
"drop_tol’: float # dropping tolerance, only for GMRES (optional, default=1le—6)
b

‘rel_tolerance’: float, # relative tolerance (optional, default=1e—6)
"abs_tolerance’: float, # absolute tolerance (optional, default=1e—38)
max_iterations’: int # maximum number of iterations (optional, default=20)
}
}
Note that,

* ‘symmetry’ is only required for 3D cases,
* 'free_edge’ is only required for 3D cases,

» if "kutta_bodies’ is not provided, all the bodies provided in "bound_bodies” will be

used (the Kutta condition will be applied on all attached bodies),

* 'bound_bodies’ can be provided either via a list if the trailing edge of the body "body’
isnamed "bodyTe’, or via a dict that defines the mapping between a body and its trailing

edge explicitly,

* 'dyn_pressure’ is only required for fluid-structure calculations.

The core API can then be initialized using:

from dartflo.dart.api.core import initDart
dart = initDart(cfg, viscous=False)

where viscous is a boolean indicating whether the solver should also be configured for viscous-
inviscid interaction. dart is a python dictionary containing the following objects (named after
their key):

* num_dimensions isthe number of dimensions (2 or 3),

* dyn_pressure isthe freestream dynamic pressure (0 except if at least one body is marked
for FSI),

* mesh is the mesh,
* writer is the utility to write mesh/results on disk,

* morpher is the mesh morpher (None except if at least one body is marked for FSI or opti-

mization),

* problemis the formulation of the problem,
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* bodies is a dictionary pairing the bodies with their tag,
* fsi_tags is a list containing the tags of bodies marked for fluid-structure interaction,
* dsn_tags is a list containing the tags of bodies marked for design,

* blowingis a dictionary pairing the surfaces on which a transpiration boundary condition

has been added with their marker name (None except if viscous=True),
* solver is the direct (Newton) solver,

* adjoint is the adjoint solver (None except if at least one body is marked for optimization).

In order to use the other API, please refer to the main documentation.
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