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Introduction

Known

Support Vector Machines (SVMs) are L-risk consistent and
robust, if Lipschitz continiuous loss function and bounded
kernel are chosen.

Christmann & Van Messem, 2008, Steinwart & Christmann 2008; Christmann & Steinwart, 2007

Problem
Can the assumptions f € Li(Px) and [ |Y|dP be weakened?
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Notation

Assumptions:
@ XCRYYCR X#2,Y 40

e D= ((5’7173/1>7~--7(33’n,yn)), 1<i<n
o (X,,Y;)iid. ~Pe M, P (totally) unknown

Aim:
@ f(x;) = quantity of interest of Py, x,—a,

e.g. conditional median for robust regression

Assumption:
@ Loss function: L:Y X R — [0,00), L(y;, f(z;)), convex
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Kernel methods

@ Kernel: k£ : X x X — R, if 3 Hilbert space H and
® : X — H such that

k(z,2') = (®(z), ®(z")), Vr,2' € X

Reproducing Kernel Hilbert Space (RKHS)

‘H a Hilbert space of functions f : X — R. A reproducing
kernel for H is a kernel k£ with

f@)={f,k(z,))) VfeHVreX.

@ Canonical feature map: ¢(z) = k(z,-), v € X
@ k = RKHS unique

@ Bounded: ||k||o := \/sup,cy k(z,z) < 00

@ Gaussian RBF: k(z,z) = e "le=7l ~ > 0
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Risk

Definition
Risk
Rrp(f) =EpL(Y, f(X))

Regularized risk

R4 \(f) = EpL(Y, f(X)) + A I fII2,

where P € M, H is a RKHS and A > 0.
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Support Vector Machines

Definition
SVM operator

S(P) = frpx = argmin EpL(Y;, f(X2)) + M f15 »
where P € M, H is a RKHS and A > 0.

SVM estimator

P.) = — LY
S(P,) = arglj%gnz o FX))+A NI,

1
where P, i= =370 Ap, 40
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Approaches

Hadamard == GAateaux
Fréchet IF

Bouligand —— BIF

Christmann & Van Messem (2008)
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Bouligand differentiability

Bouligand-derivative

f : X — Z is Bouligand-differentiable at x( € X, if 9 a
positive homogeneous function V2 f(x() : X — Z such that

f(zo+ h) = f(zo) + VP f(0)(h) + o(h)

lim Hf(flfo +h) = f(wo) — VBf(xo)(h)HZ _0
hi0 1Rl x '
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Strong approximation

f X — Z strongly approximates F': X XY — Z in x at
(wo,y0) (notation: f =, F) if Ve > 0 3 neighborhoods N ()
of zg and N (yg) of yo such that Vz, 2’ € N(x), Yy € N (yo)

I(F (2. y) = f(@) = (F(=',9) = f(@)]| ; < e llw =2l

Strong Bouligand-derivative

F: X xY — Z has partial B-derivative VZF (g, yo) w.r.t. x
at (g, v0). Then VP F(x¢,10) is strong if

F(z0,90) + VZF (20, %) (z — 70) = F

at (o, yo).

Robinson (1991)
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The trick

Let L:Y x R — [0,00) be a loss function.

L*:Y xR — R with L*(y,t) := L(y,t) — L(y,0).
Koenker, 2005; Huber, 1967; Bickel et al, 1993

L* can be negative!

@ L (strictly) convex, then L* (strictly) convex.

@ L Lipschitz w.r.t. 2"¢ argument, then L* Lipschitz w.r.t.
2" argument.
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Reason

Reduce conditions for the existence of the risk

For L Lipschitz w.r.t. 2"¢ argument
() ]EpL(Y,f(X)) < oo if f € Ll(PX) and Y € Ll(Py|X).
] ]EPL*(Y,f(X)) < o if f € Ll(Px)
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Properties

@ L Lipschitz then
R p(f)l < |LEEp[f(X)].

R0 ()] < [LhEpy [fO] + A £IZ-
@ L Lipschitz then

1o pallse < /(L1 Epy] fre pa(X)]) /A

o ViL*(y,t) = ViL(y,t) and VYL (y,t) = Vi L(y,1).
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Uniqueness of SVM solution

@ L Lipschitz continuous w.r.t 2"¢ argument,
o f € L1 (Px)

Then Ry p(f) ¢ {—00,+00} and R}7p \(f) # —o0.

@ L convex,
@ H RKHS of a measurable kernel £,

@ Rp«p(f) < oo for some f € H,
@ Rp«p(f) > —o0 forall feH.
Then VA > 0 there exists at most one SVM solution fr«p ).
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Existence of SVM solution

@ L Lipschitz continuous w.r.t 2"¢ argument and convex,
@ H RKHS of a bounded measurable kernel £.

Then VA > 0 there exists an SVM solution fr«p x.
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What if trick not needed
@ Not needed if R, p(0) =EpL(Y,0) < oo.

Riffpalfrpa) = inf Be(L(Y, F(X)) = L(Y,0) + Al

inf [Bp L(Y, f(X)) + | £llz] - EpL(Y. 0).
@ Therefore

Rzig,P,,\(fL*,P,A) - Rflg:,x(fL,p,A) —EpL(Y,0).
® fr-p and frp. exist and unique, thus

frepx = fLpax

Robustness of SVMs
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Robustness

O What if (X;,Y;) i.id. ~ P, P € M; unknown is invalid?
@ What is the impact on S(P) = fr-p.?

S
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Influence Function

Definition (Hampel, '68, Hampel et al. '86)

The influence function of S at P is given by

S((1—-e)P+eA,)—SP
IF(z; S, P) ::lif(r)l (( 2 +€€ ) (),

in those z where this limit exists.

If Gateaux derivative V&(z; S, P) exists:
V& = IF and IF is linear and continuous

Goal: Bounded IF
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Bouligand Influence Function

BIF (C&VM ’08)

The Bouligand influence function (BIF) of a function
S : M; — H for a distribution P in the direction of a
distribution Q # P is the special B-derivative (if it exists)

L 18((1= )P +¢Q) — S(P) — BIF(Q; 5, P

el0 15

If BIF exists and Q = A,: IF exists and BIF = IF (cavm o)
Goal: Bounded BIF
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Result [F

@ H is RKHS with bounded, measurable kernel k&,

@ How do we put f € Li(Px) in the assumptions or is
fL*,p,)\ € 'H sufficient?,

@ L:Y xR —[0,00) convex and Lipschitz continuous
w.r.t. the 2"¢ argument with uniform Lipschitz constant

’Lh ‘= SUPyey ’L(yv >|1 € (07 OO)'
@ Pe Mi(X xY).

Vrije Universiteit Brussel Robustness of SVMs
19

Arnout Van Messem - homepages.vub.ac.be/~avmessem



SVM Bouligand L* Robustness Conclusions References
0000®00000

Theorem IF

Then IF(z; S, P) with S(P) := fr«p . and z := (x,y)
@ exists and
O equals

T (EpVEL (Y, fur pa(X))2(X))
—VEL (. fur p A (@)T10(2),

where 1" : ' H — H with
T =2\idy + EPVQQL*(K o pA(X)NP(X), )n®P(X).
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Sketch of proof

@ Define
G(e, f) = 2)\f + Eqopp+ea. V3 L*(Y, f(X)) 2(X)
@ G(g, f) fulfills the conditions for an implicit function
theorem

reg
8RL* J(1—e)P+eA; A\

Gle. ) = —02

(f) = vﬁ’Rze*g,(lfs)PJraAz,/\(f) ’

e €[0,1]
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Result BIF
[Assumptions

@ X C R% Y C R closed sets,
@ H is RKHS with bounded, measurable kernel £,
@ fr-pr€H,

@ L:Y xR — [0,00) convex and Lipschitz continuous
w.r.t. the 2" argument with uniform Lipschitz constant
|L|1 := supyey |L(y, -)1 € (0,00),

@ L has measurable partial B-derivatives w.r.t. the 2"
argument with x; := supyey HVBL (y,) H (0, 0),

K2 = SUPycy va y, Hoo
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] 51 > 0, (52 > 0,
 Ns,(frop) ={f €H;|f — fr-pally; <01},
® )\ > 2k ||CI>||;’{ (Note: ko =0 for L., L;)

@ P, Q probability measures on (X x Y, B(X x Y)) with
Ep|Y| < 00 and Eg|Y| < 0.

@ Define G : (—0s,02) x Ny, (f(L*,P,\)) — H,
Gle, ) = 2Af + Ea-oprqV5 L' (Y, f(X))®(X),

@ G(0, fr-pr) =0 and VEG(0, fr-p.) is strong.
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Conclusions References

Then BIF(Q; S, P) with S(P) := fr«p.»
© exists,
@ equals

7! (Epng*<Y, oo p A (X)) ®(X)
—EQVEL (Y, fr- pa(X)) (X)),

where 1" : ' H — H with
T =2\idy + ]EPV’;QL*(Y, o pA(X)NP(X), )n®P(X),
and

© is bounded.

Vrije Universiteit Brussel Robustness of SVMs
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Sketch of proof

@ G(e, f): VBL*(Y, f(X)) = VBL(Y, f(X)) hence
G(é, f) = 2/\f + ]E(l—a)P-&-anfL(Y’ f(X))@(X)

— proof identical as in C&VM '08

@ G(e, f) fulfills the conditions of Robinson's (1991)
implicit function theorem on Bouligand-derivatives

IR 0 ppreqn
OH

Gle, f) = () = VIR pacqnf) € €10.1]
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Conclusions

Support Vector Machines based on L* := L — L(-,0) fulfill

@ Weakens assumptions on P: only f € L;(Py) is needed
@ Existence and uniqueness of fr-p )
@ EpL(Y,0) <oco = fr-par= fLpA

@ Existence of IF and BIF

@ Robust: BIF(Q; T, P) bounded for regression if
VB L and k bounded
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Sketch: Proof for I

For the proof of the theorem about the BIF we showed:
i. G0,f)=0< f= frpa.

ii. G continuously F-differentiable.

iii. 22(0, fr-p.) invertible.

iv. Then there exist § > 0, a neighborhood

Ns(fr=pp) ={f € H;[|f — fr-pally, <0} and a
function f*: (—9,0) — Ns(fr-p.,) satisfying

iv.1) f*(0) = fr-p.x.
iv.2) It holds

VEf0) = —(VEG(O, frepn)) " = VBG(O, frep.a).
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Sketch: Proof for BIFF

For the proof of the theorem about the BIF we showed:
i. For some x and each f € Ny (fr-pa), G(-, f)is
Lipschitz continuous on (—ds, d2) with Lipschitz constant
X-
ii. G has partial B-derivatives with respect to ¢ and f at
(0, frep.r)-
iii. V2BG(07 fL*,P,/\) (Nle(fL*,P,A) - fL*,P,/\) is a
neighborhood of 0 € H.
iv. 5(VQBG(O, fL*,p)\), ./\/51 (fL*jp,)\) — fL*7p,)\) = do > 0.
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v. For each & > dy'x there exist 03,04 > 0, a neighborhood
Niy(frepp) ={f € Hi|If — frepally <93}, and a
function f*: (—d4,04) — N, (fr- p ) satisfying
v.l) *(0) = fr«pa.

v.2) f*(-) is Lipschitz continuous on (—d4,d4) with Lipschitz
constant |f*[; = ¢&.

v.3) For each £ € (—d4,04) is f*(¢) the unique solution of
G(&, f) =0in (*54,54).

v.4) It holds V& £*(0)(u) =
(VEG(, fropn) " (=VEG(O, fr-pa)(w).

Robustness of SVMs
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