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In a previous work we have studied the isospin 1=2 lowest positive and negative parity states of the
pentaquark uudcc̄, in a constituent quark model with a linear confinement and an SU(4) flavor-spin
hyperfine interaction and we compared the results with the Pþ

c ð4312Þ, Pþ
c ð4440Þ and Pþ

c ð4457Þ
pentaquarks observed at LHCb in 2019. Here we extend the previous work by calculating ratios of
decay rates of the Pc pentaquarks to J=Ψ and ηc and similarly the ratio of decay rates to ΛcD̄� and ΛcD̄.
Our predictions are based on the SUð4Þ × SUð2Þ structure of compact pentaquarks.
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I. INTRODUCTION

The observation of the narrow structures Pþ
c ð4312Þ,

Pþ
c ð4440Þ and Pþ

c ð4457Þ in the Λ0
b → J=ψK−p decay

made by LHCb in 2019 and its interpretation as a
pentaquark with flavor content uudcc̄ [1] has stimulated
considerable interest in further understanding the structure
of these pentaquarks.
Although observed in the J=ψp channel, the proximity

of the mass of the Pþ
c ð4312Þ to the Σþ

c D̄0 threshold
(4318 MeV) and of the masses of Pþ

c ð4440Þ and
Pþ
c ð4457Þ to the Σþ

c D̄�0 threshold (4460 MeV), favored
their interpretation as molecular S-wave of the Σþ

c þ D̄0

and Σþ
c þ D̄�0 systems respectively [2–15]. In such an

interpretation, the binding arises via meson exchanges
between point particles and in the elastic channel all
resonances acquire a negative parity.
The spectrum of the uudcc̄ pentaquark has also been

analyzed in compact pentaquark models. An advantage with
respect to molecular models is that they allow a classification
of pentaquarks into multiplets [16]. A considerable amount
of studies are based on the color-spin (CS) chromomagnetic
interaction of the one gluon exchange model with quark/
antiquark correlations [17] or without correlations, see, for
example, Refs. [18,19].
In Ref. [20] we have studied the spectrum of the uudcc̄

pentaquark and in Ref. [21] the spectrum of the isoscalar
udscc̄ pentaquark within a model based on the SU(4)
flavor-spin (FS) hyperfine interaction obtained as an

extension of the meson exchange model between quarks
[22,23] to both light and heavy meson exchange. The
flavor-spin model provides a good description of low-lying
nonstrange and strange baryons by correctly reproducing
the order of positive and negative parity states in contrast
to models based on the hyperfine color-spin chromomag-
netic interaction.
The extension to SU(4) has been made in the spirit of

the phenomenological approach of Ref. [24] where, in
addition to Goldstone bosons of the hidden approximate
chiral symmetry of QCD, the flavor exchange interaction
was augmented by an additional exchange of D mesons
between u, d and c quarks and of Ds mesons between s
and c quarks.
The conclusion was that the lowest state of the uudcc̄

pentaquark has negative parity for the CS interaction and
positive parity for the FS interaction. The spin and parity of
the narrow structures Pþ

c ð4312Þ, Pþ
c ð4440Þ and Pþ

c ð4457Þ
are presently unknown experimentally.
The parity of the pentaquark is given by P ¼ ð−Þlþ1,

where l is the orbital angular momentum of the excited
system. For the lowest positive parity states one way is to
introduce an angular momentum l ¼ 1 in the internal
motion of the four-quark subsystem. According to the Pauli
principle, the four-quark subsystem must be in a state of
orbital symmetry ½31�O. Although the kinetic energy of
½31�O is higher than that of the totally symmetric ½4�O state
of negative parity, the flavor-spin interaction overcomes
this excess and generates a lower eigenvalue for the ½31�O
state with an s3p configuration than for ½4�O with an s4

configuration [20].
The present work aims at understanding the role of the

flavor-spin structure of the wave functions of the uudcc̄
pentaquarks studied in Ref. [20] on some of their strong
decay properties. We restrict our considerations to the
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lowest positive and negative parity states JP ¼ 1=2þ and
JP ¼ 1=2−, respectively.
The study of strong decay properties of Pc pentaquarks is

a present challenge. A list of meson-baryon systems into
which the Pc pentaquarks of positive or negative parity can
decay was presented in Ref. [25]. Some strong decay
properties of the 2019 LHCb pentaquarks have been
considered in the framework of the baryon-meson mole-
cules scenario [26,27]. The decay widths of the LHCb
pentaquark Pcð4312Þ has also been analyzed, for example,
in a chiral constituent quark model containing both
chromomagnetic and meson exchange interactions [28].
Our work is similar in spirit to that of Ref. [26] where the

molecular scenario was used to calculate ratios of rates of
decays to various channels. Here we study the role of the
flavor-spin structure of the pentaquark wave functions on
the ratios of decays of the uudcc̄ to J=ψ and to ηc and of the
decays to ΛcD̄ and to ΛcD̄�. This is achieved by calculating
the overlap between the flavor-spin part of the pentaquark
wave function and the flavor-spin part of the decay channel
wave function.
The paper is organized as follows. In the next section we

reproduce the flavor-spin Hamiltonian model generalized
to SU(4) [20,21]. In Sec. III we describe the SU(4)
symmetry structure of the lowest positive and negative
parity states named Pcð1=2þÞ and Pcð1=2−Þ respectively.
In Sec. IV we calculate the overlap between the pentaquark
and the decay channel flavor-spin wave functions from
which we derive the ratio of decay rates in a simple manner.
The last section is devoted to conclusions. Appendix A is a
remainder of the flavor states of baryons into which the
pentaquark can decay. Appendix B describes the flavor
states of the pentaquark obtained in an SU(4) classification
[16]. In Appendix C we derive the spin part of the
pentaquark wave function and in Appendix D we present
some useful details of the flavor-spin wave function of
negative parity states.

II. THE HAMILTONIAN

Here we closely follow the description of the model used
to calculate the spectrum of the uudcc̄ pentaquark in
Ref. [20], extended to strange hidden charm pentaquarks
in Ref. [21]. The Hamiltonian in its general SU(4) form is

H ¼
X
i

mi þ
X
i

p⃗2
i

2mi
−
ðPip⃗iÞ2
2
P

imi
þ
X
i<j

VconfðrijÞ

þ
X
i<j

VχðrijÞ; ð1Þ

with mi and p⃗i denoting the quark masses and momenta
respectively and rij the distance between the interacting
quarks or quark-antiquark i and j. The Hamiltonian
contains the internal kinetic energy and the linear confining
interaction

VconfðrijÞ ¼ −
3

8
λci · λ

c
jCrij: ð2Þ

The hyperfine part VχðrijÞ has a flavor-spin structure
extended to SU(4) in Ref. [20] which has the following form

VχðrijÞ ¼
�X3

F¼1

VπðrijÞλFi λFj þ
X7
F¼4

VKðrijÞλFi λFj

þ VηðrijÞλ8i λ8j þ Vη0 ðrijÞλ0i λ0j

þ
X12
F¼9

VDðrijÞλFi λFj þ
X14
F¼13

VDs
ðrijÞλFi λFj

þ VηcðrijÞλ15i λ15j

�
σ⃗i · σ⃗j; ð3Þ

with the SU(4) generators λFi (F ¼ 1; 2; ...; 15) and
λ0i ¼

ffiffiffiffiffiffiffiffi
2=3

p
1, where 1 is the 4 × 4 unit matrix. After

integration in the flavor space, the two-body matrix elements
containing contributions due to light, strange and charm
quarks are

Vij ¼ σ⃗i · σ⃗j

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Vπ þ 1
3
Vuu
η þ 1

6
Vuu
ηc ; ½2�F; I ¼ 1

2VK − 2
3
Vus
η ; 2Vuc

D − 1
2
Vuc
ηc ½2�F; I ¼ 1

2

2Vsc
Ds

− 1
2
Vsc
ηc ½2�F; I ¼ 0

4
3
Vss
η þ 3

2
Vcc
ηc ½2�F; I ¼ 0

−2Vsc
Ds

− 1
2
Vsc
ηc ½11�F; I ¼ 0

−2VK − 2
3
Vus
η ; −2Vuc

D − 1
2
Vuc
ηc ½11�F; I ¼ 1

2

−3Vπ þ 1
3
Vuu
η þ 1

6
Vuu
ηc ; ½11�F; I ¼ 0

ð4Þ

In Eqs. (4) the pair of quarks ij is either in a symmetric
½2�F or in an antisymmetric ½11�F flavor state and the
isospin I is defined by the quark content. The upper index
of V exhibits the flavor of the two quarks interchanging a
meson specified by the lower index. Obviously, in every
sum/difference of Eq. (4) the upper index is the same for
all terms.
Thus the SU(4) version of the interaction (3) contains

γ ¼ π, K, η,D,Ds, ηc and η0 meson-exchange terms. Every
VγðrijÞ is a sum of two distinct contributions: a Yukawa-
type potential containing the mass of the exchanged meson
and a short-range contribution of opposite sign, the role of
which is crucial in baryon spectroscopy. For a given meson
γ the meson exchange potential is

VγðrÞ ¼
g2γ
4π

1

12mimj

�
θðr − r0Þμ2γ

e−μγr

r

−
4ffiffiffi
π

p α3 expð−α2ðr − r0Þ2Þ
�
: ð5Þ
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In the calculations of the spectrum of uudcc̄ we used
parameters of Ref. [23] to which we added the μD mass and

the coupling constants
g2Dq

4π . The contribution of Vηc can be
neglected. We have

g2πq
4π

¼ g2ηq
4π

¼ g2Dq

4π
¼ 0.67;

g2η0q
4π

¼ 1.206;

r0 ¼ 0.43 fm; α ¼ 2.91 fm−1; C ¼ 0.474 fm−2;

μπ ¼ 139 MeV; μη ¼ 547 MeV;

μη0 ¼ 958 MeV; μD ¼ 1867 MeV:

The meson masses correspond to the experimental values
from the Particle Data Group [29]. The model has pre-
viously been used to study the stability of open flavor
tetraquarks [30] and open flavor pentaquarks [31].
Accordingly, for the quark masses mu;d and mc we take

mu;d ¼ 340 MeV; mc ¼ 1350 MeV: ð6Þ

They were adjusted to satisfactorily reproduce the
average massM ¼ ðM þ 3M�Þ=4 ¼ 2008 MeV of D mes-
ons. Using the above parameters the calculated baryon
masses are mN ¼ 960 MeV, mΛc

¼ 2180 MeV and
mΣc

¼ 2434 MeV [20].

III. THE PENTAQUARK WAVE FUNCTION

The pentaquarks under discussion are denoted by
Pcð1=2þÞ and Pcð1=2−Þ, which are the lowest positive
and negative parity states of the Hamiltonian introduced in
Sec. II. The parity of a pentaquark is P ¼ ð−1Þlþ1. The
pentaquark wave functions showing the symmetry structure
of the four-quark subsystem in terms of the orbital (O),
color (C), flavor (F) and spin (S) degrees of freedom are

Pcð1=2þÞ ¼ ð½31�O½211�C½14�OC; ½22�F½22�S½4�FSÞϕðc̄Þ;
ð7Þ

Pcð1=2−Þ ¼ ð½4�O½211�C½211�OC; ½211�F½22�S½31�FSÞϕðc̄Þ:
ð8Þ

The ϕðc̄Þ is the wave function of the antiquark with the
same degrees of freedom. The antiquark is coupled to
the q4 subsystem in the color, flavor and spin spaces. The
coupling in the flavor space to a definite flavor symmetry of
q4q̄ is described in Appendix B and the coupling to a total
spin S ¼ 1=2 for both Pcð1=2þÞ and Pcð1=2−Þ is presented
in Appendix C. The total angular momentum is J⃗ ¼ L⃗þ S⃗,
so that for l ¼ 1 the pentaquark Pcð1=2þÞ can have
quantum numbers JP ¼ 1=2þ or 3=2þ. The two states
are degenerate so that the latter quantum number can be
omitted in the discussion. The q4q̄ is in a color singlet state.

The orbital parts of Pcð1=2þÞ and Pcð1=2−Þ are described
in detail in Ref. [20]. They are defined in terms of the
internal coordinates of five particles and are translationally
invariant (no center of mass motion). In the following the
expressions of the orbital wave functions are not necessary.
From Eqs. (7) and (8) one can see that the q4 subsystem

in Pcð1=2þÞ is in a symmetric flavor-spin state and that in
Pcð1=2−Þ the subsystem q4 is in an antisymmetric color-
flavor-spin state. Together with the orbital part a totally
antisymmetric state is obtained in both cases.
The pentaquark wave function results from the coupling

of q4 to q̄ in the color, flavor and spin spaces. The
expression of the flavor-spin part of the wave function
of Pcð1=2þÞ is obtained from the Clebsch-Gordan coef-
ficients [32] of the inner product ½22�F ⊗ ½22�S → ½4�FS
because after the coupling the flavor-spin wave function
of q4 remains symmetric under the permutation group S4.
Then the flavor-spin wave function of Pcð1=2þÞ has the
following form

ðϕχÞ5E ¼ 1ffiffiffi
2

p ðϕρ
Eχ

ρ
SM þ ϕλ

Eχ
λ
SMÞ; ð9Þ

in terms of flavor and spin states defined in Appendices B
and C respectively. The upper indices ρ and λ indicate that
the flavor or spin state is antisymmetric and symmetric
respectively under interchange of the particles 1 and 2, like
for the nucleon. Here and below the upper index 5 stands
for five particles, i.e., the pentaquark.
In a similar way, the color-flavor-spin wave function

of Pcð1=2−Þ can be obtained from the Clebsch-Gordan
coefficients of the inner product ½211�C ⊗ ½31�FS → ½14�CFS
inasmuch as the flavor-spin-color wave function of q4

remains antisymmetric under S4. One has

ðϕχCÞ5F1
¼ 1ffiffiffi

3
p ½ðϕF1

χSMÞ1C1 − ðϕF1
χSMÞ2C2

þ ðϕF1
χSMÞ3C3�; ð10Þ

where Ci are the three independent basis vectors of the
irreducible representation ½222�C describing the color
singlet q4q̄ system, which results from the SU(3)-color
direct product decomposition ½211� ⊗ ½11�. These are

ð11Þ

The only one which gives a nonvanishing overlap with the
color wave function of the exit channel is C3. Its explicit
form is not needed in the calculation of OFS. The
corresponding flavor-spin state ðϕF1

χSMÞ3 with S ¼ 1=2
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is written explicitly in Appendix D in terms of flavor
and spin parts.
The exit channel is formed of a baryon B and a mesonM.

For S-waves decays, the corresponding flavor-spin state is
defined by

jBMi ¼ 1ffiffiffi
2

p ½ðϕρ
Bcc̄ÞðχρBχMÞ þ ðϕλ

Bcc̄ÞðχλBχMÞ�; ð12Þ

where ϕρ
B and ϕλ

B are the usual SU(3) octet baryon states of
mixed symmetry ½21�, The corresponding spin states of the
baryon are χρB and χλB and χM is the spin state of the meson.
The baryon and the meson spins are coupled together to a
value equal to that of the pentaquark spin.
In Ref. [20] we have studied the mass spectrum of the

uudcc̄ pentaquark for several states including those here
named Pcð1=2þÞ and Pcð1=2−Þ. The calculated masses are
in the range of the observed narrow structures Pþ

c ð4312Þ,
Pþ
c ð4440Þ and Pþ

c ð4457Þ. The SU(4) flavor-spin model
described in Sec. II gives 4273 MeV for the mass of
Pcð1=2þÞ, see Table I, and it can tentatively be assigned
to Pþ

c ð4312Þ.
The lowest negative parity state Pcð1=2−Þ has a mass

of 4487 MeV, indicated in Table I, close to that of
the Pþ

c ð4440Þ and Pþ
c ð4457Þ resonances. Therefore it

supports the quantum number JP ¼ 1
2
− for one of them.

In discussing the decay widths we shall take into account
these assignments.

IV. DECAY WIDTHS

The decay width of a pentaquark resonance into a
baryonþmeson is proportional to the square of the
transition amplitude matrix element between the initial
and final states (see e.g., Ref. [33]). In the present model we
suppose that the transition amplitude matrix element can be
written as a product of two factors, one containing the
orbital-color degrees of freedom and the other the flavor-
spin degrees of freedom. In a simple estimate each factor is
proportional to the overlap between the initial pentaquark
and the baryonþmeson channel wave functions in the
corresponding degrees of freedom. In the following we
shall denote them by OOC and OFS respectively. In the

fall-apart mode considered here we think thatOFS is a good
approximation to the flavor-spin part of the transition
amplitude matrix element because it contains the basic
quark interchange operator through the antisymmetrization
of the four quark subsystem wave functions, as defined by
Eqs. (7) and (8). The orbital-color part of the transition
amplitude deserves a special discussion. Presently it is not
needed because we are interested in ratios of decay rates of
channels with the same symmetry in the flavor-spin space,
where the orbital-color part simplifies.
Using Eqs. (9) and (12) the flavor-spin overlap of

Pcð1=2þÞ can be written as

OFS ¼ hϕχÞ5EjBMi

¼ 1

2
ðhϕρ

Ejϕρ
Ncc̄ihχρ5jχρNχSMi þ hϕλ

Ejϕλ
Ncc̄ihχλ5jχλNχSMiÞ:

ð13Þ

From Eqs. (B3) and (B4) associated to the pentaquark
uudcc̄ flavor wave functions and the spin wave functions
of Appendix C we have obtained the overlap OFS for the
decay channels where B ¼ p and B ¼ Λc, as indicated in
Table I. One can see that the largest overlap is 0.5303 which
corresponds to Λc þ D̄�.
Neglecting kinematical differences and other common

factors one can easily find that the ratio of the decay rates
for B ¼ p is

ΓðPcð1=2þÞ → ηcpÞ
ΓðPcð1=2þÞ → J=ψpÞ ¼

1

3
; ð14Þ

and for B ¼ Λc the ratio is

ΓðPcð1=2þÞ → ΛcD̄Þ
ΓðPcð1=2þÞ → ΛcD̄�Þ ¼

1

3
: ð15Þ

The above ratios are equal for the following reason. The
flavor part contribution toOFS cancels out in the numerator
and the denominator when the scalar and vector mesons
have the same flavor content. This is obviously the case for
D̄ and D̄�.

TABLE I. Lowest positive and negative parity uudcc̄ pentaquarks of quantum numbers S and JP and symmetry
structure defined in (7) and (8). Column 1 gives the name, column 2 the spin, column 3 the total angular momentum
and parity, column 4 the mass calculated in Ref. [20] and columns 5–8 the value of the overlapOFS for the indicated
decay channel.

Decay channel

Pentaquark S JP Mass (MeV) pþ J=ψ pþ ηc Λc þ D̄� Λc þ D̄

Pcð1=2þÞ 1
2

1
2
þ, 3

2
þ 4273 − ffiffi

3
p
4

1
4

3

4
ffiffi
2

p − 3

4
ffiffi
6

p

Pcð1=2−Þ 1
2

1
2
− 4487 3

4
ffiffi
6

p − 1

4
ffiffi
2

p − 1
8

1

8
ffiffi
3

p
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The quark content of ηc is not known experimentally.
Here we have assumed that it has the same content as J=ψ ,
compatible with an ideal mixing. The value of 1=3
corresponds to the square of the ratio of the mixing
coefficients in the spin wave function of the pentaquark
as given by Eq. (C5).
If Pcð1=2þÞ is identified with the observed Pþ

c ð4312Þ
resonance we can make a comparison with the results of
Ref. [26] based on the molecular scenario. We note that the
ratio (14) is the inverse of the value predicted from the
molecular scenario when considered as a JP ¼ 1=2− ΣcD̄�
molecule.
After integration in the color space, the overlap OFS of

the lowest negative parity pentaquark Pcð1=2−Þ described
by the wave function (10) becomes

OFS ¼ 1ffiffiffi
3

p hðϕF1
χSMÞ3jBMi: ð16Þ

The presence of the factor 1=
ffiffiffi
3

p
is due to the norm of (10)

and as mentioned above only the third term of this wave
function contributes to fall-apart decays. The integration in
the flavor-spin space is made using Appendix D. The
largest overlap is 0.3062 and corresponds to the pþ J=Ψ
channel for the lowest negative parity pentaquark.
From the resulting expression of the overlap we find that

the ratio of the decay rates for B ¼ p is

ΓðPcð1=2−Þ → ηcpÞ
ΓðPcð1=2−Þ → J=ψpÞ ¼

1

3
; ð17Þ

i.e., the same as for Pcð1=2þÞ, for the same reason. In
Ref. [26] the pentaquark Pc1 with JP ¼ 1=2− is assigned to
the observed Pþ

c ð4440Þ resonances. The ratio of decay rates
to ηcp and J=ψp is at variance with our result.

V. CONCLUSIONS

The present study relies on a compact pentaquark picture
of the uudcc̄ pentaquark based on the flavor-spin model
extended to SU(4). An important feature is that the model
introduces an isospin dependence of pentaquarks, neces-
sary to discriminate between decay channels.
The spin part of the pentaquark state is a mixed state of

spin 0 and spin 1 mesons. Thus spin 0 and spin 1 mesons
can be produced in the decay of the pentaquark. The ratio
of the flavor-spin overlap between the pentaquark and the
exit channel states depends on the recoupling coefficient in
the spin part of the pentaquark wave function, Appendix C,
and thus it depends only on the meson spin when the exit
baryon is fixed. The light quark masses used in the model
were adjusted to reproduce the experimental values of the
involved baryons. The charm quark mass reproduces the
average mass of D mesons. Accordingly, the J=ψ and ηc
mesons are degenerate, like in the heavy-quark spin
symmetry limit used in baryon-meson molecular

scenario [26]. When the kinematical difference between
two final channels, for example, ηcp and J=ψp, are
neglected, we obtain for the ratio of the decay rates of
either Pcð1=2þÞ and Pcð1=2−Þ values which are at variance
with those of Ref. [26].
The present work is a first attempt toward estimating

ratios of decay widths in the SU(4) flavor-spin model, based
on the approximation of the flavor-spin part of the transition
matrix element between the initial and final states by the
overlap of the corresponding wave functions. The approxi-
mation is satisfactory for describing ratios of decay rates of
pentaquarks with the same parity. The ratio of decay rates of
pentaquarks of different parities is affected by the orbital-
color part of the transition matrix element between the initial
and final states, not needed in this simple approach. It will be
a challenge to estimate the orbital-color part because a
deeper understanding of the decay mechanism is necessary.
Further experimental information about the parity of penta-
quarks would stimulate more theoretical work.
For positive parity the procedure can be easily extended to

the study of excited pentaquark states with JP values up to
5=2þ, allowed by the symmetry of the wave functions [20].
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APPENDIX A: BARYONS

For convenience here we reproduce the flavor wave
functions of the baryons needed in this study with phase
conventions consistent with the permutation group S3 [32].
For the proton we have

jϕρ
pi ¼ 1ffiffiffi

2
p ðudu − duuÞ;

jϕλ
pi ¼ −

1ffiffiffi
6

p ðuduþ duu − 2uudÞ; ðA1Þ

for Λc they are

jϕρ
Λc
i ¼ 1ffiffiffiffiffi

12
p ð2udc − 2ducþ cdu − cudþ ucd − dcuÞ;

jϕλ
Λc
i ¼ −

1

2
ðcud − cduþ ucd − dcuÞ: ðA2Þ

APPENDIX B: FLAVOR STATES OF uudcc̄
PENTAQUARKS

In the following we reproduce the flavor wave functions
obtained in Ref. [16] for uudcc̄ pentaquarks Pc needed in
this study. They form an octet and have isospin 1=2.
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The flavor states of a pentaquark q4q̄ are basis states of
SU(4) irreducible representations appearing in the decom-
position of the direct product of ½22� or ½211� of q4 states
and the irreducible representation of q̄, namely [111].
Using the notation of Ref. [16] one has

E∶ ½22�q4 ⊗ ½111�q̄ ¼ ½331�q4q̄ ⊕ ½3211�q4q̄ ðB1Þ

and

F1∶ ½211�q4 ⊗ ½111�q̄ ¼ ½322�q4q̄ ⊕ ½3211�q4q̄ ⊕ ½2221�q4q̄:
ðB2Þ

The flavor part of the state (7) is obtained from combina-
tions of basis states of ½331�q4q̄ and ½3211�q4q̄. and the flavor
part of the state (8) is obtained from combinations of basis
states of ½322�q4q̄ and ½3211�q4q̄.
In this way the pentaquark wave functions (7) containing

the symmetry ½22�F of the four-quark subsystem become

jϕρ
Ei ¼ −

1

2
ffiffiffi
2

p ðucudþ uduc − cuud − duuc

− ucdu − udcuþ cuduþ ducuÞc̄; ðB3Þ

jϕλ
Ei ¼ −

1

2
ffiffiffi
6

p ð2uucdþ 2uudc − ucud − uduc − cuud

− duucþ 2cduuþ 2dcuu − ucdu − udcu

− cudu − ducuÞc̄; ðB4Þ

where the subscripts ρ and λ indicate that the quarks 1 and 2
are in an antisymmetric and symmetric state respectively.
Similarly the pentaquark wave functions (8) containing the
symmetry ½211�F of the four-quark subsystem are

jϕρ
F1
i ¼ −

1

4
ffiffiffi
3

p ð2dcuu − 2cduu − udcuþ ducuþ ucdu

− cuduþ 3uduc − 3duuc − 3ucudþ 3cuudÞc̄;
ðB5Þ

jϕλ
F1
i ¼ −

1

4
ð2uudc− uduc− duuc− 2uucdþ ucud

þ cuudþ udcuþ ducu− ucdu− cuduÞc̄; ðB6Þ

jϕη
F1
i ¼ −

1ffiffiffi
6

p ðdcuu − cduu − ducuþ udcu

þ cudu − ucduÞc̄; ðB7Þ

corresponding to the three basis states of ½211�F.

APPENDIX C: THE SPIN PART

Here we write the spin wave functions χSM of q4q̄ in
terms of products of baryon and meson wave functions,
needed in the calculation the flavor-spin overlap OFS. For
S ¼ 1=2 they are the basis vectors of the irreducible
representation ½32� of SU(2). The first step is to couple
the antiquark of spin 1=2 to q4 of spin sq. One has

χSM ¼
X
mq;mq̄

C
sq1=2S

mqmq̄M
χ
½f�
sqmq

χ
½1�
1=2mq̄

; ðC1Þ

where [f] and ½1� stand for the SU(2) irreducible repre-
sentations associated to q4 and q̄ respectively. For the states
(7) and (8) we have [f] = ½22�, thus sq ¼ 0.
The following step is to decouple one quark q from q4

which amounts to write

χ
½f�
sqmq

¼
X

m1;m2

C
s11=2sq
m1m2mq

χ
½f1�
s1m1

χ
½1�
1=2m2

; ðC2Þ

which is a linear combination of q3 and q states described
by ½f1� and ½1� respectively. Then one has to couple q to q̄ to
form a meson of a given spin s ¼ 0 or 1

χ
½1�
1=2m2

χ
½1�
1=2mq̄

¼
X
s;ms

C
1=21=2s

m2mq̄ms
χ
½f0�
sms

; ðC3Þ

where ½f0� ¼ ½11�, s ¼ 0 for scalar and ½f0� ¼ ½2�, s ¼ 1 for
vector mesons respectively. Combining together the cou-
pling and the decoupling one obtains

χSM¼
X
s

½ð2sþ1Þð2sqþ1ÞWðs11=2S;sqsÞ
�
χ½f1�s1m1

χ½f
0�

sms

�½32�
SM

;

ðC4Þ

in terms of the Racah coefficientWðs11=2S; sqsÞ. Note that
the baryon χ½f�s1m1

and the meson χ½f
0�

sms states are coupled
together to a given spin and projection SM. Here we
have ½f1� ¼ ½21� thus octet baryons with s1 ¼ 1=2.
Implementing the Racah coefficient for the two possible
values of the meson state, s ¼ 0 and s ¼ 1 we obtain the
pentaquark spin state as

χ1=2M¼−
1

2

�
χ½21�1=2Mχ

½11�
00

�½32�
1=2M

þ
ffiffiffi
3

p

2

�
χ½21�1=2m1

χ½2�1ms

�½32�
1=2M

;

ðC5Þ

which is a linear combination containing scalar and vector
meson states. There are two independent five-quark spin
states for which the above formula applies. Each is defined
by a Young tableau. Thus the left-hand side of Eq. (C5) can
be associated
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ðC6Þ

corresponding to χλ5 and χρ5 respectively, introduced in Eq. (13).

APPENDIX D: FLAVOR-SPIN WAVE FUNCTION FOR NEGATIVE PARITY STATES

The flavor-spin parts of the negative parity state denoted by ðϕF1
χ1=2MÞi (i ¼ 1; 2; 3) in Eq. (10) can be obtained by

writing the spin-flavor state for the subsystem of four quarks followed by the coupling of the antiquark. Here we present
only the case i ¼ 3, the only one which is needed. The q4 flavor-spin state can be written in terms of its spin and flavor parts
with the help of isoscalar factors of the permutation group S4 [32,34]. After the coupling of the antiquark one obtains

ðD1Þ

where the Young tableaux correspond to spin basis vectors of the pentaquark.
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