Modeling multivariate operational losses via
copula-based distributions with g-and-h marginals

Marco Bee

Department of Economics and Management, University of Trento, Italy

Julien Hambuckers
Department of Finance, HEC Liége, University of Liége, Belgium

September 21, 2021

Abstract. We propose a family of copula-based multivariate distributions with g-and-
h marginals. After studying the properties of the distribution, we develop a two-step
estimation strategy and analyze via simulation the sampling distribution of the estimators.
The methodology is used for the analysis of a 7-dimensional dataset containing 40,871
operational losses. The empirical evidence suggests that a distribution based on a single
copula is not flexible enough, thus we model the dependence structure by means of vine
copulas. We show that the approach based on regular vines improves the fit. Moreover,
even though losses corresponding to different event types are found to be dependent, the
assumption of perfect positive dependence is not supported by our analysis. As a result,
the Value-at-Risk of the total operational loss distribution obtained from the copula-
based technique is substantially smaller at high confidence levels, with respect to the one

obtained using the common practice of summing the univariate Value-at-Risks.
JEL codes. C460; C630.
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Key messages.

e We develop a two-step estimation strategy for copula-based distributions with g-
and-h marginals.

e We fit a 7-dimennsional loss dataset containing 40,871 operational losses.
e We find that the dependence structure should be modeled by means of vine copulas.

e Losses corresponding to different event types are found to be dependent.

1 Introduction

The empirical analysis of financial data suggests that the normal distribution
is often inadequate. In a univariate setup, it cannot be used for asymmet-
ric and/or leptokurtic data, whereas in a multidimensional framework the



dependence structure of the multivariate normal distribution implies tail
independence, an unrealistic assumption (Donnelly and Embrechts, 2010).
Hence, the presence of skewness, excess kurtosis and tail dependence in
the data may lead to non-negligible inaccuracies in the estimation of joint
tail probabilities, with serious consequences in terms of financial stability.
A well-known example is the underestimation of joint default probabilities
caused by the uncritical application of the Li model (Li, 2000) for the pricing
of Credit Default Obligations during the Great Financial Crisis.

Thus, the need for distributions that incorporate skewed and/or heavy-
tailed marginals as well as less standard dependence structures has become
more and more evident over the years. In order to construct models that
take into account these requirements, the statistical community has explored
two directions.

First, new multivariate distributions have been developed; one such ex-
ample is the family of normal mixture distributions, and especially the sub-
class of multivariate generalized hyperbolic distributions (MGHD) intro-
duced by Barndorff-Nielsen and Kendall (1977).

Second, copula-based distributions have become increasingly popular,
because they allow the investigator to separately model and estimate the
marginals and the dependence structure. This feature gives a substantial
modeling flexibility as well as a lighter computational burden. In particular,
estimating sequentially the parameters of each marginal and of the copula
usually simplifies computations with respect to the single large-dimensional
optimization required by classical multivariate estimation procedures.

In this paper we propose a family of copula-based multivariate distribu-
tions with g-and-h marginals that is well suited for operational risk mea-
surement for at least three reasons. First, on the empirical side, univariate
operational losses are often modeled by means of the g-and-h distribution:
see Dutta and Babbel (2002); Moscadelli (2004); Peters and Sisson (2006);
Fischer et al. (2007); Jiménez and Arunachalam (2011); Cruz et al. (2015);
Peters et al. (2016); Bee and Trapin (2016); Bee et al. (2019, 2021). Sec-
ond, Degen et al. (2007) show that the g-and-h converges very slowly to the
Generalized Pareto Distribution (GPD), so that the Peaks-over-Threshold
approach may be inaccurate if the data follow a g-and-h distribution. More-
over, fitting the tail is not enough for the computation of Capital-at-Risk
(CaR), which is defined as the difference between an high quantile and the
expected value. Hence, a GPD-based approach requires a spliced distribu-
tion to compute CaR, whereas the g-and-h is a model of the whole distri-
bution. Third, investigating the dependence structure of operational losses
is an important task that has not received much attention in the literature,
even though some models are available (Bocker and Kliippelberg, 2010; Cruz
et al., 2015, Chapter 12). To the best of our knowledge, only a handful of
studies investigate this problem: Chapelle et al. (2008) use a splicing ap-
proach combined with Fréchet copulas to study the joint distribution of a



four-dimensional dataset. Gourier et al. (2009) investigate the dependence of
operational losses across four business lines of a single bank using Gaussian,
Student and Frank copulas. Aulbach et al. (2012) illustrate the usefulness of
a piece-wise copula approach in the bivariate case. Brechmann et al. (2014)
estimate first the marginal distributions of event type total losses with sim-
ulated compound processes, before fitting seven-dimensional Archimedean
and vine copulas. The use of vine copulas for portfolio management and
VaR estimation has been considered by Low et al. (2013), Low et al. (2016)
and Low (2018).

Until recently, the absence of a closed-form density hindered the use of
g-and-h distributions. However, new estimation methods exploiting indi-
rect inference and numerical maximum likelihood techniques were recently
proposed in Bee et al. (2019) and Bee et al. (2021), making it easy to rely
on g-and-h distributions in applied work. These methods are computa-
tionally affordable and were shown to improve the fit with respect to the
traditional quantile-based estimation procedure proposed in Hoaglin (1985).
The construction of a multivariate version of the g-and-h distribution is still
an open topic, though. The only attempt was made by Field and Genton
(2006). However, they model the dependence structure via linear correlation,
so that nonlinear dependencies in the data are not captured. In addition,
their fitting procedure is based on multivariate quantiles. This raises com-
putational and identification challenges since the estimators depend on the
definition of multivariate quantiles. The copula-based g-and-h distribution
developed in the present paper aims at solving these shortcomings.

In the second part of our article, we conduct an empirical study using the
proposed approach: we estimate the multivariate distribution of operational
losses recorded at Unicredit, one of Italy’s most important banks, between
2005 and 2014. The data, first used in Hambuckers et al. (2018), come from
all the seven event types listed in the Basel II Accord. Therefore we are
able to investigate the joint distribution of event type-specific operational
losses, at a monthly frequency. We find the univariate fit of the marginal
g-and-h distributions to be excellent, whereas models for the dependence
structure across event types based on elliptical copulas do not pass the
goodness-of-fit tests. Hence, we explore a more general approach based on
regular vine (R-vine) copulas. The Value-at-Risk (VaR) of the total loss
distribution is obtained by means of simulations from the Gaussian copula,
the R-vine copula and the perfect dependence approach. The two copula-
based methods produce smaller VaRs, especially at high coverage levels.

This paper makes a twofold contribution. On the theoretical side, we
propose a new multivariate distribution for dependent loss data, which is
both flexible and easy to estimate. On the empirical side, we study the
dependence structure of a large database of operational losses and its relation
to the VaR. We find that event type-specific operational losses are dependent
but not perfectly, and that a precise estimate of the dependence structure has



a non-negligible impact on the estimated VaR for the total loss distribution,
a result consistent with findings in Brechmann et al. (2014).

Finally, our work has also several implications for practitioners and reg-
ulators. For banks willing to quantify their operational risk level and to
derive appropriate capital reserves, our results emphasize the need to ac-
count for both the marginal tail risks and the correlation structure across
event types to obtain economically meaningful measures. In particular, a
flexible parametric density like the g-and-h distribution must be favored for
the marginal distributions, to reflect properly the probability of (marginal)
extreme events and to not underestimate capital reserves. Second, the use
of a flexible copula structure should be favored over a perfect dependence
(resp. independence) approach which could lead to an overestimation (resp.
underestimation) of the required capital for high confidence levels. Simi-
larly, for regulators, our results demonstrate the potential of the g-and-h
distribution to be a valid loss distribution candidate for CaR calculations
(BCBS, 2016). Consequently, the g-and-h distribution could be considered
in future versions of the revised Standardized Approach.

The rest of this work is organized as follows. In Section 2, after a brief
review the g-and-h distribution, we introduce the family of copula-based
multivariate g-and-h distributions, study its properties and develop estima-
tion and simulation procedures. In Section 3 we show the results of some
simulation experiments. In Section 4 we analyze a large operational loss
dataset. Finally, Section 5 concludes and outlines some directions for future
research. Further results are reported in the online supplementary material.

2 A multivariate g-and-h distribution

The g-and-h distribution (Tukey, 1977) is obtained by modifying a standard
normal random variable via the following non-linear transformation:
e9? — 1

hz?
X=a+b ez2, Z~N(0,1), (1)
g

where a € R is a location parameter, b € RT is a scale parameter, g € R
and h € RT are shape parameters. From the perspective of our application,
X refers here to the sum of all operational losses related to a given event
type, over a particular time period. Thanks to the two shape parameters,
its skewness-kurtosis region is larger with respect to other size distributions
(Dutta and Perry, 2006, Figure 3). The support of X is the entire real line,
so that it is important to consider parameter settings that minimize the
probability of negative values (Cruz et al., 2015, p. 311).

The joint distribution studied in this paper has g-and-h marginals and a
dependence structure defined by a copula. Without loss of generality, in the
following we assume that the d marginals are standardized, i.e. (aj,b;) =



(0,1), j = 1,...,d. In practical applications one has n d-dimensional ob-
servations &1, ...,&, stored in a data matrix X = {Z}ij, @ = 1,...,n,
Jj = 1,...,d, where Z;; is the i-th observation from the j-th marginal
)Z'j ~ gh(aj,bj,gj,h;)’. When (a;,b;) # (0,1), the observations ;; must
be standardized in advance by means of the transformation (Z;; — a;)/b;,
where a; and I;j are the Hoaglin (1985) quantile estimators of a; and b;.

The general representation of the joint cumulative distribution function
(cdf) Fx of the proposed distribution is

Fx(x1,...,24;m,0) = Cp(Fi(x1;61),. .., Fy(zq;0a)), (2)

where (7, is the cdf of a d-dimensional copula with parameter n, 68; =
(0,1,g5,h;) and Fj(+;0;) is the cdf of the g-and-h random variable X; ~
gh(0,1,9;,h;), j = 1,...,d. The parameter 7 is specific to the chosen
copula: for example, in the Gaussian and Student-¢ case, it is a correlation
matrix, denoted R later on.

The key issue is that the g-and-h cdf is not known in closed form. Bee
et al. (2021) have proposed an approximation exploiting the quantile func-
tion, explicitly given by

edr — 1 h=

Q(p;0) =a+ bTe >, (3)

where p € (0,1) and z, is the p-quantile of the standard normal distribution.
Assuming that the random variable V' has density fy and h(v) is a
differentiable 1-1 transformation, the density of W = h(V) is equal to

fw(w) = J;L‘j((;])), where v = h™H(w). (4)

From (1) and (4), and setting A(-) equal to the quantile function (3), the
approximation of the density is

¢(p)
r)=—"—, p=F(z;0), 5
where ¢(+) is the standard normal density, F'(z; 6) is the g-and-h distribution
function and @’ (p; 0) is the derivative of (3), explicitly given by (Cruz et al.,
2015, Eq. 9.33):

hp? h  np?

Q'(p;0) = e + gpeT(eg” —1).

Since F(z;0) in (5) is not known explicitly, we evaluate it pointwise by
inverting numerically (3) via a root-finding technique. Here is where the
approximation comes in, but this is a rather easy (yet time-consuming)



numerical problem that can be solved by means of standard optimization
routines; see Bee et al. (2021) for details.

In principle, any copula can be used in (2). For example, Chapelle et al.
(2008) use Fréchet copulas, Gourier et al. (2009) consider Frank copulas
whereas Brechmann et al. (2014) rely on Archimedean and vine copulas.
The decision should be motivated by the dependence structure of the data
at hand, as well as by the computational burden and analytical tractability
of the chosen copula, especially in high dimensions. We will discuss this
issue in Section 4!.

2.1 Properties

Basic properties of copulas imply that the marginal distributions of (2) are
gh(0, 1, gi, h;), regardless of the copula C. Hence, the expected value and
variance of the i-th marginal are given by the formulas derived by Martinez
and Iglewicz (1984); see also Cruz et al. (2015, Proposition 9.3). From (2)
we see that, when using the Gaussian or Student-¢ copula, the correlation
matrix R incorporates all the information about the dependence between
the variables. However, in general it is preferable to describe the depen-
dence structure by means of rank correlations, commonly measured by the
Kendall’s 7 (p;) and Spearman’s p (pg) correlation coefficients; see Mc-
Neil et al. (2015, Sect. 7.2.3). Both measures are direct functionals of the
copula and in various important cases there is a closed form-relationship
between p, and the copula parameter. For example, for the Gaussian(p)
and Student-¢(p) copulas p, = (2/7) arcsin p (Demarta and McNeil, 2005),
for the Gumbel(«) copula p, =1 — 1/« (McNeil et al., 2015, Table 7.5).

Another relevant concept is extremal dependence. The coefficients of
upper and lower tail dependence measure asymptotic dependence in the
upper (lower) tail of the bivariate distribution of (X, X2). Assuming that
X1 and X5 are continuous random variables with cdf F; and F5 respectively,
the coefficients are defined as

C
Mo = lim P(Xp > B ()| X1 > Ff (¢) = lim 229
g1~ g—1- 1—g¢q
Ar = lim P(XQ < F;(q)p{l < Ff(q)) — lim C(QvQ)7
q—0%F B o ¢—=0+t 1—gq

! A natural competitor to the generic equation (2) is the multivariate version of the
g-and-h distribution introduced in Field and Genton (2006), who also propose an estima-
tion method exploiting multivariate quantiles, defined in terms of a norm minimization
problem. The estimators depend on the chosen norm, leading to non-trivial computational
challenges (Field and Genton, 2006, p. 105), and dependence is only modeled via linear
correlation (Field and Genton, 2006, p. 107). For comparison purposes, we have fitted our
model to one of the datasets used in Field and Genton (2006). Full results are reported
in Section ?? of the online supplementary material.



where F< is the generalized inverse of the cdf, C is the copula defining their

joint distribution and C(u,u) L C(u,u) is the so-called survivor

function of C'. Whereas the Gaussian copula has no tail dependence, i.e.
Ay = A¢ = 0 (McNeil et al., 2015, Example 7.38), the Student-t(p) copula
has the same asymptotic tail dependence in both tails (Demarta and McNeil,
2005):

M= e 2 <_ <+1><1—p>> |

1+p

where t, is the cdf of the Student-¢ distribution with v degrees of freedom.
The Gumbel copula has upper tail dependence A, = 2 — 2/ (McNeil et al.,
2015, Example 7.37).

2.2 Copula estimation

Given the multivariate distribution (2), the inference functions for margins
copula estimation method (Joe, 1997, 2005) splits the optimization of the
likelihood in d 4+ 1 separate maximizations. For simplicity, we explain the
method for the distribution defined in (2).

First, the estimators g; and iLj of gj and hj, j =1,...,d, are computed
separately, through solving d independent maximization problems. Then, in
a second step, we build the pseudo-observations

wi = (Fy(2i;0,1,91,h1), - .-, Bp(i50,1,0p, b)), i=1,...,mn, (6)

and use them in a last optimization where we estimate the copula parame-
ters. Given a random sample &1, ..., &, from (2), the details are as follows.

1. For j=1,...,d:

(a) estimate a; and b; by means of the quantile estimation method;
let the estimators be denoted by a; and b;;

(b) compute the standardized observations z;; = (&i; — a;)/b;;
c) estimate g; and h; via numerical maximum likelihood estimation
j j
(MLE) using the standardized observations x;; (i = 1,...,n);

2. For i =1,...,n, compute the pseudo-observations u; defined in (6);

3. Estimate the parameters of the copula via MLE using the pseudo-
observations u; (i =1,...,n).

The numerical MLE at Step 2 uses the approximation of the g-and-h
density described in Section 2. When the copula is Gaussian or Student-t,
the output of step 3 is R, ie. the MLE of the correlation matrix. The
goodness-of-fit of the chosen copula can be measured via the Cramér-von
Mises functional defined in Genest et al. (2009). Both the estimation of the
copula parameters at Step 3 and the computation of the goodness-of-fit test
are performed via the copula R package (Hofert et al., 2018).



2.3 Copula Simulation

Once the parameters have been estimated, we might be interested in simu-
lating from this joint distribution to obtain, e.g. the distribution of the total
loss across event types by means of Monte Carlo simulations. Sampling one
observation from (2) with the Gaussian copula proceeds as follows:

Algorithm 1

1. Sample a random vector x = (x1,...,xq)" from the Ny(O0, R) distribu-
tion;
2. evaluate u; = ®(x;), j =1,...,d, where ® is the standard normal cdf;

~

3. compute y; = Q(uj;0;), where Q is the g-and-h quantile function (3)
and 8; = (0,1,4;,h;), 5 =1,...,d.

If one needs to simulate an unstandardized observation, Step 3 above is
modified as follows:

~
N ~

Sa. compute y; = Q(uy; 0;), where éj = (dj,l;j,gj,hj)’, j=1,....d, and
a and b are the Hoaglin (1985) quantile estimators.

If the Student-t copula is used in place of the Gaussian, it is enough to
replace the multivariate normal with the multivariate Student-¢ distribution
at Step 1 and the univariate standard normal with the Student-¢ cdf at Step
2. The implementation of Algorithm 1 is straightforward in both cases, since
the quantile function of the g-and-h distribution is explicit. Hence, random
number generation is very fast.

Figure 1 shows 5000 observations simulated from the bivariate distribu-
tion with the Gaussian copula (panel A), Student-¢ copula with v = 2 de-
grees of freedom (panel B) and Gumbel copula with parameter v = 3 (panel
C). The marginals are X; ~ gh(0,1,0.1,0.02) and X2 ~ gh(0,1,0.08,0.15)
in all cases. The remaining parameters are p = 0.7071 for the Gaussian and
Student-t copulas, and a = 2 for the Gumbel copula, so that in all graphs
the observations are simulated from a joint distribution with p, = 0.5.

2.4 Vine copulas

When the dimension of the problem is larger than two, classical copulas
such as those mentioned above have a dependence structure with uniform
pairwise dependence. For practical purposes, this is often a limitation. A
major step towards a more general model has been the introduction of pair-
copula constructions (Aas et al., 2009), also called vine copulas because they
can be efficiently described by means of a graphical model called vine.
Vine copulas are flexible and computationally efficient, and have proved
to be quite successful in high-dimensional applications to financial data.



Figure 1: 5000 observations simulated from the Gaussian (panel A), Student-¢ (panel
B) and Gumbel (panel C) copulas with marginals X; ~ gh(0,1,0.1,0.02) and X» ~
gh(0,1,0.08,0.15). The Gaussian and Student-¢ copulas have p ~ .7071, the ¢t copula has
v = 2 degrees of freedom, the Gumbel copula has dependence parameter o = 2.



Their main advantage is that a joint density can be decomposed as a prod-
uct of pair copula densities and marginal densities, represented by a nested
set of trees. This implies that one can use different pair copula densities
for different pairs of marginals, with an increased modeling flexibility. Fur-
thermore, after determining the dependence structure of the data via graph
theory, the parameters can be estimated using sequential maximum like-
lihood of bivariate copulas, thus avoiding large-dimensional optimizations.
The quality of fit can be assessed via the test based on White’s information
matrix equality (White, 1982).

The analysis carried out in this paper is mostly based on Mai and Scherer
(2017) and Czado (2019, Chapter 5), to which the reader is referred for
further details. All the computations are performed using the vinecopula
R package (Nagler et al., 2019).

3 Simulation experiments

The performance of the estimation procedures introduced in Section 2 is
assessed via simulation experiments. We sample 500 observations from the
5-dimensional distribution (2) with the Gaussian copula and parameters

0.05 0.15 1.00 0.25 0.20 0.30 0.80

0.10 0.25 0.25 1.00 0.10 0.65 0.40
g=1015|, h=1005|, R=[020 0.10 1.00 0.75 0.45]. (7)

0.20 0.20 0.30 0.65 0.75 1.00 0.50

0.25 0.10 0.80 0.40 045 0.50 1.00

The bias, standard deviation and relative-RMSE of g and h are shown in
Figure 2. The relative RMSE of an estimator 6 is defined as RMSE(6)/0.
Figure 3 displays the simulated distributions of the estimators of g and h for
the first two marginals; the outcomes for the other marginals are reported
in figures 7?7 and 77 of the online supplementary material.

Figure 4 shows bias, standard deviation and relative-RMSE of the esti-
mators of the elements of the correlation matrix R of the Gaussian copula.
Finally, Figure 5 reports the simulated distributions of the estimators of the
first four entries of the correlation matrix R. The histograms of the re-
maining correlation coefficients are shown in figures 7?7 and 77 in the online
supplementary material. The estimators seem to follow an approximately
normal distribution, with the possible exception of p3 4.

Figures 2 and 4 suggest that all the parameters, and especially the cor-
relations, are estimated accurately.

The same experiment has been performed by simulating from a ¢ copula
with 5 degrees of freedom instead of a Gaussian copula. The outcomes shown
in plots (?7)-(??) in Appendix ??, are quite similar to the Gaussian case.

10
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Figure 2: Bias (panel A), standard deviation (panel B) and relative-RMSE (panel C) of
the estimators of the parameters g and h of the marginal distributions. Estimators are
computed from 500 observations sampled from the 5-dimensional distribution based on
the Gaussian copula. The true values of the parameters are shown in (7).
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Figure 3: Simulated distributions of the estimators of g and h for the first two marginals.
Estimators are the averages of 200 estimates obtained from samples of size 500 from the
5-dimensional distribution with numerical values of the parameters shown in (7). The
dashed vertical lines represent the true values of the parameters g and h.
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the estimators of the distinct elements of the correlation matrix R of the Gaussian copula.
Estimators are the averages of 200 estimates obtained from samples of size 500 from the
5-dimensional distribution with numerical values of the parameters shown in (7).
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3.1 Estimation under a misspecified model

To assess the degree of flexibility of vine copulas, we carry out another
simulation experiment.

1. Sample n = 500 observations from the five-variate Gaussian copula-
based g-and-h distribution with parameters (7);

2. Estimate the marginal distributions (in a univariate setup) and the
parameters of the Gaussian and R-vine copulas;

3. Simulate the loss distribution in the three cases using the estimated
parameters and assuming an equally-weighted portfolio;

4. Compute the VaR in the three setups as well as the VaR of the loss
simulated at Step 1.

The steps above are repeated 200 times, and the simulated distributions of
the four 99.9% VaRs are shown in Fig. 6. Panel A displays the estimated
VaR distribution using the R-Vine approach to approximate the dependence
structure, whereas Panel B displays the estimated distribution obtained with
the true Gaussian model (although with estimated paramaters). Panel C
displays the results for a perfect dependence structure, whereas Panel D
shows the true (finite sample) VaR distribution. The histograms of the VaRs
at different levels are displayed in figures ?7-?7 in the online supplementary
material. The average of the estimated VaRs obtained in the 200 replications
are shown in Table 1.

Table 1: Average of the estimated VaRs (quantiles of the simulated total loss distribution)
at levels 90, 95, 99, 99.5 and 99.9% in the R-vine, Gaussian and perfect positive dependence
cases.

«a 90% 95% 99% 99.5% 99.9%
R-vine 1.27 (0.10) 1.79 (0.16) 2.99 (0.43) 3.58 (0.66) 5.23 (2.28)
Gaussian 1.29 (0.13) 1.78 (0.18) 2.9 (0.45) 3.56 (0.63) 4.87 (1.37)
Perfect dependence 1.61 (0.08) 2.31 (0.15) 4.31 (0.58) 5.40 (0.87) 8.73 (2.06)
True 1.29 (0.09) 177 (0.13) 3.02 (0.42) 3.60 (0.56) 5.05 (1.28)

The R-vine VaR is almost identical to both the true and the Gaussian
VaR in terms of point estimation; the standard errors are also practically
the same, with the exception of the 99.9% case. These results suggest that
the pair copula construction approach works very well even in cases where
the true model is specified by a single copula.

Table 7?7 in Appendix ?? of the online supplementary material shows the
results obtained when sampling the t copula. Because of the tail properties
of the t copula, all the values are higher, especially for large a. However, also
in this case the VaR computed via the vine copula approach is approximately

15
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Figure 6: Simulated distributions of the 99.9% VaRs. The histograms show 200 estimates
obtained from samples of size 500 from the 5-dimensional distribution with numerical
values of the parameters shown in (7).
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as precise as the VaR obtained from the true data-generating process, i.e.
the t copula.

4 Empirical analysis: operational risk

Univariate distributions of operational risk data are typically very skewed
and leptokurtic. Hence, the g-and-h model is a good candidate, and the
extensive empirical investigation of Dutta and Perry (2006) suggests that it
is the best-fitting distribution for operational risk data.

We estimate the joint loss distribution of operational losses recorded in
different event types by means of the model developed in Section 2. To ac-
complish this goal, we exploit a large database containing 40,871 operational
losses recorded at the Italian bank Unicredit between January 2005 and June
2014 for the seven Basel II event types: Internal fraud (IFRAUD), External
fraud (EFRAUD), Employment Practices and Workplace Safety (EPWS),
Clients, Products, and Business Practice (CPBP), Damage to Physical As-
sets (DPA), Business Disruption and Systems Failures (BDSF), Execution,
Delivery, and Process Management (EDPM). See Hambuckers et al. (2018)
for more details about the data.

For estimation purposes we compute monthly total losses for each event
type and use them to fit both the g-and-h marginals and the copula. That is,
for a given month and event type, we sum up all registered losses exhibiting
these characteristics. The final estimated joint distribution is therefore the
joint distribution of the event type-specific total losses. Similar approaches
are proposed by Aulbach et al. (2012) and Eling and Jung (2018); see also
Chapelle et al. (2008) and Brechmann et al. (2014). The resulting sam-
ple size is n = 114. The univariate estimates of the marginal distributions
are displayed in Table 2, along with bootstrap standard errors based on
500 replications. The last column reports the p-value of the Kolmogorov-
Smirnov goodness-of-fit test statistics, which shows that the g-and-h distri-
butional assumption is never rejected. Notice also that the computational
burden is acceptable: the estimation procedure takes approximately 150
seconds using R 3.6.1 on an i7-6700 3.40GHz processor.

From an economic standpoint, these estimated distributions indicate a
significant likelihood of extremely high losses for all event types, especially
for IFRAUD and CPBP. For these two event types, the kurtosis levels are of
magnitude 10?° and 10'°, respectively. On the contrary, an event type like
EFRAUD exhibits a much smaller kurtosis (around 10). These results are
consistent with historical rogue trading events (e.g., J. Kerviel, N. Leeson
and H. Hubler) or legal fines related to business practices (e.g. during the
Great Financial Crisis) belonging to these event types, and found to be the
main contributors to total operational losses (see, e.g. Kley et al., 2020, for
additional examples).
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Table 2: Estimates of the parameters for the marginal distributions, with associated
bootstrap standard errors (in parentheses) and p-value of the KS goodness-of-fit test
statistics.

a b g h KS p-value
342070 733287.7 2.181 0
IFRAUD 75646.7)  (208093.3) (0.587) (0.179) 612
665850 3200462 0552 0
EFRAUD jo7719)  (63303.9) (0.204) (0.257) 0108
ppws 209580 B6T6A4 1428 00138

(42783.2)  (83243.1)  (0.289) (0.137)

3572250 4414807 1.940 0.058
CPBP 5o1081)  (984099.9) (0.444) (0.14) 0265

102205  33550.82  1.098  0.125
DPA (4020.7)  (7426.7)  (0.233) (0.168) 0821

437725 80324.58  1.809 0
BDSE (12009)  (13941.5)  (0.519)  (0.081) 0-111

2262750 2119520  1.498  0.092
EDPM - 398025.7)  (385399.5)  (0.499)  (0.141) 0-318

The bootstrap distribution of the estimated parameters for the EDPM
event type is shown in Fig. 7 along with the normal density with parameters
equal to the mean and standard deviation of the bootstrap distribution.
No normal density is shown in panel D, because the distribution of h has
a lower bound at 0 and therefore cannot be normal. The histograms of
the remaining marginals are in figures ?7-7?7 of the online supplementary
material. Estimates of b and g are approximately normal, whereas a is not.
This may be justified by the fact that a is a quantile estimator, not a MLE.

The empirical evidence provided so far suggests that the g-and-h is an
appropriate model for the marginals. We now turn to the analysis of the
dependence structure via two different copula-based approaches.

4.1 A single-copula approach

We first assume that the joint distribution is defined by (2) with C equal to
the Gaussian or Student-¢ copula. This implies that the dependence struc-
ture is assumed identical for each pair of variables, although with different
strengths, as the correlation parameter p;; can be different across pairs.
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Figure 7: Bootstrap distributions of the estimators of the parameters for the EDPM

event type and estimated normal density.
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The estimated correlation matrix of the Gaussian copula is given by

1 0 0 0 0 0 0

0.241 1 0 0 0 0 0

G 0.409 0.397 1 0 0 0 0

= 10.048 0.042 0.389 1 0 0 0],

0.168 0.233 0.114 0.305 1 0 0

0.322 0.293 0.258 0.025 0.394 1 0

0.255 0.072 0.596 —0.005 0.273 0.241 1

and the corresponding standard errors are

0 0 0 0 0 0 O
0.084 0 0 0 0 0 0
G 0.098 0.104 0 0 0 0 O
se(R")=0.090 0.150 0.104 0 0 0 0
0.087 0.079 0.074 0.092 0 0 O
0.095 0.118 0.089 0.110 0.109 0 O
0.093 0.117 0.097 0.098 0.097 0.123 0

The results for the Student-¢ copula are almost identical and thus not
reported here. In particular, the estimated number of degrees of freedom is
2,584, so that there is essentially no difference between the Gaussian and
the Student-t¢ copula.

The correlation coefficients of the various pairs are substantially larger
than zero, but the estimated dependence structure is very different from
perfect positive dependence. The goodness of fit test statistics is 0.0436,
with p-value equal to 0.0105, for both copulas. Since neither copula is
accepted at the 5% test level, we prefer to carry out a more detailed study
of the dependence structure based on vine copulas.

4.2 A vine copula approach

To get some preliminary information about the empirical features of the
bivariate distribution of each pair, we display in Figure 8 contour plots of
the bivariate copula densities estimated non-parametrically via the kdecop
command of the kdecopula R package (Nagler and Wen, 2018). The plots
suggest that the dependence structure is unlikely to be the same for each
pair. This provides further support for an approach where different pairs
are possibly modeled by different copulas.

In the first step of the analysis we look for the most appropriate de-
pendence structure by selecting R-vine trees via maximum spanning trees
with respect to edge weights given by the absolute value of the Kendall’s 7
coefficient. We consider two different sets of copula families:

1. All copula families considered in the VineCopula R package;
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Figure 8: Contour plots of the bivariate non-parametric estimates of the copula densi-
ties of each pair of variables (below the diagonal) and Kendall’s 7 estimates (above the
diagonal) for the operational risk data.
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Figure 9: Tree plots of the R-vines based on all copula families.

2. the Independence (I), Gaussian (N) and Student-¢ (t) copulas.

In each case, once the structure has been selected, we estimate the parame-
ters via MLE.

The trees describing the conditional distributions are displayed in figures
9 (when all copulas are used) and 10 (when only the Gaussian and Student-¢
are considered). The letter near each edge identifies the pair copula family
linking the two nodes. It is worth noting that the structure is simplified by
allowing for the independence copula, since in both figures almost all trees
use at least once the independence copula for specific pairs.

The fitted contour plots are displayed in figures 11 and 12, whereas
detailed estimation results are given in tables 3 and 4.

Although the two trees in figures 9 and 10 are essentially identical, the
fourth column of tables 3 and 4 reveals that the copulas used to describe
the dependence structure are different. Some tail dependence is implied only
in a few cases: notably, two cases with tail dependence involve the EDPM
event type, in agreement with the contour plots in the last line of Figure
8. Moreover, the first tree suggests that EDPM and CPBP are the most
important nodes in the dependence network described by the estimated R-
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Tree 4 Tree 5 Tree 6

6,3;2,7,4,1

2,5;3,14,7

Figure 10: Tree plots of the R-vines based on the independence, Gaussian and Student-¢
copulas.
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Figure 11: Fitted contour plots of the R-vines based on all copula families.
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Figure 12: Fitted contour plots of the R-vines based on the independence, Gaussian and
Student-t copulas.
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Table 3: Sequential estimates of the parameters for the model based on all copulas
and corresponding Kendall’s 7, upper (utd) and lower (ltd) tail dependence coefficient
estimates.

tree edge family cop par pars T utd Itd
7,5 5 F 1.87 0.00 0.20 - -
1,3 13 SC 0.84 0.00 0.30 0.44 -
1 4,1 5 F 3.42 0.00 0.34 - -
2,6 1 N 0.31 0.00 0.20 - -
7,2 1 N 0.31 0.00 0.20 - -
7,4 5 F 4.84 0.00 0.45 - -

4,5;7 14 SG 1.11 0.00 0.10 - 0.13

4,3;1 3 C 0.24 0.00 0.11 - 0.05
2 7,14 13 SC 0.31 0.00 0.14 0.11 -
7,6;2 13 SC 0.44 0.00 0.18 0.21 -
4,2;7 0 I - - 0.00 - -
1,5;4,7 0 I - - 0.00 - -
3 7,3;4,1 5 F 1.59 0.00 0.17 - -
2,1;74 5 F 1.05 0.00 0.12 - -
4,6;7,2 0 I - - 0.00 - -
3,5;1,4,7 1 N 0.18 0.00 0.12 - -
4 2,3;7,4,1 0 I - - 0.00 - -
6,1;2,7,4 0 I - - 0.00 - -
5 2,5;3,1,4,7 0 - - 0.00 - -
6,3;2,7,4,1 0 - - 0.00 - -
6 6,5;2,3,1,4,7 0 I - - 0.00 - -

logLik: 88.4 AIC: —151 BIC: —115
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vine copula.

From the economic point of view, the central place of CPBP and EDPM
in the dependence structure makes sense since operational events can be
traced back to weak internal control environments (Chernobai et al., 2011).
In particular, CPBP and EDPM event types are mostly driven by “a lack of
controls, and failures to comply with procedures” (Chernobai et al., 2011,
Table 3). Although different internal control weaknesses intervene for the
other event types, lack of controls and failure to comply still play a significant
role in the determination of each loss severity. Consequently, a stronger
(bivariate) dependence should be expected between CPBP and EDPM, and
the other event types.

Table 4: Sequential estimates of the parameters for the model based on the Gaussian
and Student-¢ copulas and corresponding Kendall’s 7, upper (utd) and lower (1td) tail
dependence coefficient estimates.

tree edge family cop par pars T utd Itd
7,5 2 t 0.30 6.24 0.19 0.09 0.09
1,3 2 t 0.45 10.69 0.29 0.06 0.06
1 4,1 2 t 0.47 5.87 0.31 0.16 0.16
2,6 1 N 0.31 0.00 0.20 - -
7,2 1 N 0.31 0.00 0.20 - -
7,4 1 N 0.61 0.00 0.41 - -
4,57 0 I - - 0.00 - -
4,3;1 2 t 0.22 7.07 0.14 0.05 0.05
2 7,14 1 N 0.21 0.00 0.13 - -
7,6;2 1 N 0.19 0.00 0.12 - -
4,2;7 0 I - - 0.00 - -
1,5;4,7 0 I - - 0.00 0.00 0.00
3 7,3;4,1 2 t 0.24 30.00 0.15 0.00 0.00
2,1;7,4 1 N 0.13 0.00 0.08 - -
4,6;7,2 0 I - - 0.00 - -
3,5;1,4,7 1 N 0.18 0.00 0.11 - -
4 2,3;7,4,1 0 I - 0.00 0.00 - -
6,1;2,7,4 0 I - 0.00 0.00 - -
5 2,5;3,1,4,7 0 - - 0.00 - -
6,3;2,7,4,1 0 - - 0.00 - -
6 6,5;2,3,1,4,7 0 I - - 0.00 - -
logLik: 76.6 AIC: —119 BIC: —72.6

Table 4 identifies the same network, but the values of the log-likelihood
and of the information criteria shown at the bottom of tables 3 and 4 allow
us to unambiguously conclude that the model based on all copulas yields a
better fit. Since the Student-t copula is never selected in Table 3, this is not
surprising.
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4.3 Simulation and VaR computation

After finding the joint loss distribution L = (Lq,...,L;)" and estimating
its parameters, we compute the VaR, at different levels, of the total loss
over all event types (i.e. aggregating across event types). The variability of
our estimation is estimated by means of a bootstrap analysis. To take into
account the loss frequency, we define the total loss as

7
Lt = Z w; Ly,
i=1

where w; is equal to the total number of losses for the i-th event type divided
by the total number of losses for all event types. At each replication and for
each of the three models (R-vine copula, Gaussian copula and perfect depen-
dence), we draw a bootstrap sample from our historical sample, re-estimate
the parameters and simulate B seven-dimensional vectors of observations

L = (Liy,...,Li7)".

2

Then, we compute the corresponding value of

7
S _ E S
LT,i — wlLl,]’
j=1

fori =1,..., B, with B = 10°. The VaR at level « is simply the a-quantile
of L} = (LST,I,...,LST,B)’. We repeat the previous steps 500 times, i.e.
s=1,...,500 to obtain the bootstrap distribution of the estimated VaR.

Figure 13 shows, on a logarithmic scale, the simulated distribution of the
99.9% VaR for the total distribution?, obtained from the R-vine approach
(panel A), the Gaussian copula (panel B) and under the assumption of
perfect positive dependence (panel C). We see that the distribution under
the hypothesis of perfect positive dependence is the most skewed one, and
is therefore characterized by the largest VaR at high coverage levels. The
average VaRs are displayed in Table 5 for the three approaches.

Table 5: Estimated VaRs (quantiles of the simulated total loss distribution) at the 90, 95,
99, 99.5 and 99.9% level in the R-vine, Gaussian and perfect positive dependence cases.

o} 90% 95% 99%  99.5%  99.9%
R-vine 443 8.29 31.07 58.86 508.95
Gaussian 426 795 30.75 5847 506.76

Perfect dependence 4.06 8.30 35.96 69.48  548.49

2The histograms of the simulated distributions at level 90, 95, 99 and 99.5% are re-
ported in figures ?7-77 of the online supplementary material.
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Figure 13: Simulated distribution of the 99.9% VaR (on a logarithmic scale) using the
estimated R-vine copula (panel A), the estimated Gaussian copula (panel B), and the
perfect positive dependence approach (panel C).

Table 6: Average and 95% confidence interval of the difference between the estimated
Value-at-Risk obtained with the perfect dependence and the R-vine copula approach at
the 90, 95, 99, 99.5 and 99.9% level.

o 90% 95% 99% 99.5% 99.9%

Average —-0.37 0.02 4.89 10.63 39.54
95% CI  (—1.28,0.17) (—1.67,0.76) (2.23,7.72) (4.30,17.83) (7.84,87.25)
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Despite the rejection of the Gaussian copula by the goodness-of-fit test
in Section 4.1, the VaRs resulting from the two copula-based approaches
are very similar to each other. On the other hand, under the assumption
of perfect positive dependence, the results are quite different. To assess
the significance of the difference, we have computed the average difference
across the 500 replications between the perfect dependence VaR and the
R-vine VaR, as well as the 95% confidence intervals. The results in Table
6 confirm that the former is significantly larger when o > 0.95. Finally,
since the dependence found by both the Gaussian and the R-vine copula
approaches is far from perfect positive dependence, and that the R-vine
copula found in Section 4.2 gives the best fit, we can conclude that the R-
vine copula is the most appropriate model for the data at hand. Therefore,
the corresponding VaR is also the most reliable one. In an application to
market risk data, Low et al. (2013) also find that vine copulas outperform
standard copulas when the dimension of the problem is large.

Three main messages arise from this analysis. First, the VaRs obtained
with the two copula-based approaches are almost identical; second, the esti-
mated dependence is much weaker than perfect positive dependence; third,
accounting for a realistic dependence structure implies a lower total risk
when o > 95%. The last outcome is in line with the discussion of the rela-
tionship between dependence and total capital charge put forth by Chapelle
et al. (2008) and Brechmann et al. (2014).

4.4 Non-parametric estimation of the marginal distributions

Even though the results of the Kolmogorov-Smirnov goodness-of-fit test in
Table 2 strongly support the choice of the g-and-h, we double check this
assumption by means of a model that avoids any parametric assumption
about the univariate marginal distributions. In particular, we repeat the
steps performed in sections 4.1 to 4.3 by estimating the marginal distribu-
tions via the modified empirical cdf proposed by McNeil et al. (2015, p.
270).

Since the results are similar to the previous sections, we only show the
estimated VaRs. Accordingly, Table 7 is identical to Table 5, except for the
fact that the marginals are now estimated non-parametrically.

Table 7: Estimated VaRs (quantiles of the simulated total loss distribution) at the 90, 95,
99, 99.5 and 99.9% level in the R-vine, Gaussian and perfect positive dependence cases,
using the modified empirical cdf to estimate the marginal distributions.

o 90% 95% 99% 99.5%  99.9%
R-vine 4.01 7777 2719  48.06  421.32
Gaussian 3.81 7.17 23.22 46.97 366.50

Perfect dependence 3.94 7.98 33.61 60.12 478.03
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The outcomes suggest that, even though the VaRs are somewhat smaller,
the three approaches behave similarly to the case where the marginals are
modelled via the g-and-h distribution.

5 Conclusion

In this paper we develop a family of copula-based multivariate distributions
with g-and-h marginals. The distribution has a high degree of flexibility,
both because the g-and-h is characterized by a very large skewness-kurtosis
range and because copulas can model a wide range of dependence structures.
Since we have included vine copulas in the analysis, the flexibility is even
bigger.

Our large database of operational losses suggests that the fit of the model
based on regular vine copulas is good, and that the VaR at a high confidence
level, obtained from the best-fitting multivariate distribution, is smaller than
the VaR under the hypothesis of perfect positive dependence. Thus, for
banks willing to quantify their operational risk level and to derive corre-
sponding capital reserves, our results emphasize the need to account for
both the marginal tail risks and the correlation structure across event types
to obtain economically meaningful measures. Similarly, for regulators, our
results demonstrate that the g-and-h distribution is a valid candidate as
loss distribution for CaR calculations (BCBS, 2016) and could be included
in future versions of the revised Standardized Approach.

Overall, our results hint also at a wider applicability of the proposed
methodology for, e.g., portfolio optimization under conditional VaR con-
straints (Low et al., 2013) or risk assessment of credit derivatives (Aas,
2016), when the focus is on extreme quantiles. Under this scenario, the g-
and-h copula-based approach would provide accurate quantification of both
the tail of the marginal distribution, and the multivariate structure of a
portfolio of financial assets. A third promising field of application for our
work consists in the trading of securities related to extreme tail-risk of oper-
ational losses (for hedging purposes), as suggested in Kley et al. (2020) and
already in use in some financial institutions.

Finally, notice that these results are based on aggregated monthly losses,
treated as if they were observed simultaneously in each event type. A more
sophisticated approach would model each marginal distribution as a uni-
variate compound Poisson process and the dependence structure via Lévy
copulas; see Cruz et al. (2015, Chapter 12). This way of proceeding needs
to be studied in future research.
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