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Geometric variability of turbomachinery blades

ULiège, Belgium MECA0010 – Project 10 / 14

! What is “dimension reduction” in stochastic modeling of geometric variability? What is “principal

component analysis?” What is the “Karhunen–Loeve decomposition?” . . .

! Book chapter: O. Le Maître and O. Knio. Springer, 2010. Paper: A. Lange, M. Voigt, and K. Vogeler.

Principal component analysis on 3D scanned compressor blades for probabilistic CFD simulations.

AIAA Structures, Structural Dynamics and Materials Conference, 2012.. . .

! Implement an illustration of the Karhunen–Loeve decomposition in a simple 1D problem. Interview

an expert from the research centre CENAERO who are carrying out a related research project

sponsored by the Walloon Region. Read an additional paper about the use of CFD simulations and

methods from UQ to study the aerodynamic impact of geometrical variability. . . .

Geometrical variability of aerodynamic parts 
of low-pressure compressors

Technical and economic 
performances

[SAB]

Decrease the 
overall cost

Manufacturing tolerances?

Ø Rigorous/robust methodology
Ø Choice of manufacturing process 
Ø Simplify the treatment of poorly 

made parts



Methodology
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Characterization Propagation Qualification

Design 𝜃 ∈ 𝒟

Sample Θ

𝜃!

𝜃"

Θ

CFD 𝑠 𝜃!
Multi-fidelity 1.68 

1.58 

1.48 

1.38 

1.28 

1.18 

1.09 

0.98 

0.89 

0.79 

0.69 

PB�<�> 

(a) Initial mesh 

(b) M1 moved 

Surrogate 𝑠̃ 𝜃

Bypass

3D RANS

Through-flow model

[EMS]

Performance

pdf

s(𝜃)



Outline

ASME Turbo Expo - 06/2021 - A. Budo 4

1

2
3

4

Through-flow model

ASTEC: a viscous 
through-flow model

Application to the CME2 
compressor stage

Application to an axial LP 
compressor
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Through-flow model
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• Navier-stokes based
• Closure implementation
• Validation

𝜃

DtU(r, 𝜃, x, t) = G(U, r, 𝜃, x, t) DtŪ(r, x) = Ḡ(U, r, x)
Unclosed!
Blade forces + stresses

Implicit presence of the blades

𝑟

𝑥

averaging



Adamczyck’s cascade
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High 
cost

Low 
cost

1.3.3 Simulation méridienne 27

et mènent à une représentation fidèle de l’écoulement, au niveau de la génération d’entropie
comme pour la distribution de Mach.

La couche limite au moyeu est également assez bien représentée. Si nous regardons la
distribution du nombre de Mach à la figure 1.13, nous observons que les tensions semblent
revitaliser la couche limite avec pour conséquence son amincissement.

Figure 1.13 – Champ de nombre de Mach dans quatre cas du haut vers le bas : (1) 3D
moyenné, (2) fb, (3) fb+fv and (4) fb+fv+⇢v00v00.

Pour conclure cette section, nous avons vu que l’inclusion des termes additionnels en
tant que tels fournit une qualité de prédiction de l’écoulement analogue à une simulation
d’ordre supérieur, traduisant des phénomènes physiques importants. Les tensions circonfé-
rentielles permettent de reproduire l’influence moyenne des écoulements secondaires comme
le décrochage de coin ou encore le mélange radial, expliqués précédemment. Ainsi, ceci jus-
tifie l’intérêt porté à ces informations d’ordre élevé en simulation méridienne, d’autant plus
que, comme mentionné précédemment, leur importance a tendance à augmenter dans les

r
x

3D DNS 𝒪(months)

3D URANS 𝒪(weeks)

Ensemble
average

Time
average

3D RANS 𝒪(days)

Passage-to-passage 
average

3D steady
periodic RANS
𝒪(hours)

Circumferential
average

2D axisymmetric 
Through-flow 
𝒪(minutes)

Ø Mathematical formulation of source terms
Ø Robust and exhaustive definition of closures

[Simon 2007]

[Cenaero]

[Schauberger]

[Schauberger]

[SAB]

DtŪ(r, x) = Ḡ(U, r, x)

Unclosed!
Blade forces + stresses



Closure definition
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𝑉" [m/s] [Simon 2007]

Relative importance of source terms:

CME2

DtŪ(r, x) = Ḡ(U, r, x)

Unclosed!
Blade forces + stresses

• Reynolds stresses

• Inviscid blade forces 

• Viscous blade forces

• Circumferential stresses

• Deterministic stresses

• Aperiodic stresses
à generally neglected

Major terms

Lower
importance

𝑺!"

𝑺!#

𝑺$%

𝑺$&

𝑺$'

𝑺$(

Blade force

Blade force 
+ circ. stress
+ det. stress

Blade force 
+ circ. stress
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Viscous through-flow model: ASTEC
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Circumferential averaged Navier-Stokes equations:

Consistent formulation for elsA:

Blockage factor terms

Conservative variables
𝑥-fluxes 𝑟-fluxes

Blockage factor

𝑏 = 1 − )(+)
$

𝜃

𝑥
𝑠

𝜀

• Inviscid blade force 
• Viscous blade force
• Reynolds stress
• Axisymmetric source terms



Viscous through-flow model: ASTEC
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Iteration 𝑡
Convergence?

Initialization

No

yes

Outputs

• Python interface
• Computation:

Ø Blade forces
Ø Blockage factor terms

• Compressible, viscous flow
• Conservative variables: 𝜌, 𝜌𝑽, 𝜌𝐸
• Turbulence model
• Axisymmetric source terms

Methodology:

• Time-marching
• Non-intrusive

ASTEC

elsA



ASTEC: Reynolds stress
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• Turbulence model: 𝑘 − 𝑙 Smith

• Endwall boundary layers

• Handled by elsA
132 Chapter 5. Throughflow computations based on 3-D simulations

the unbalance of the momentum and energy equations. Indeed, let us consider a 3-D Euler
simulation from which inviscid blade forces and circumferential stresses are extracted and
injected in a throughflow model. An isentropic flow would be obtained with the throughflow
only if all contributions are introduced in the conservation equations. Removing the stresses
would lead to an unbalance of the equations and to an unphysical evolution of entropy.

(a) fb

(b) fb + fv

(c)�fb+�DJSD��stress

(d)�fb�+�fv� +� DJSD��stress

Figure 5.14: Impact of the blade forces and of the circumferential stresses on the entropy
field

Both the viscous blade force and the circumferential stresses participate to the generation
of entropy. However, it is the circumferential stresses that are responsible for the particular
distribution of the entropy in the corner stall. It is also the circumferential stresses that are
responsible for the increase-decrease of entropy along a streamline across the trailing edges.
As explained in a preceding section, the decrease is due to the uniformisation of the flow
just downstream of the trailing edges.

0.00052
𝒍𝒕 [m]

0Turbulence length scale



ASTEC: Inviscid blade force

ASME Turbo Expo - 06/2021 - A. Budo 13

• Streamtube contraction

• Known (averaged pressure 𝑝 + geometry)

• Added to blockage factor terms

𝑺!"% =

0
-
!
.!
.+

-
!
.!
./
0
0

- 0
!
.!
.+
− 1
!
.!
./

𝑏 = 1 −
𝜀 𝑥
𝑠

𝜃

𝑥

𝐵%

𝐵'

𝑠

𝜀

Blade blockage
Deflection forceContributions: f!



ASTEC: inviscid blade force
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• Flow slips on the mean flow path 
(camber line + deviation angle 𝛿)

• No entropy generation

• Iterative procedure:

(a) Advanced modelling (b) RANS Cenaero (c) URANS Cenaero 

Vx,a 
 

0.8 
0.6 
0.4 
0.2 

0 

W
𝛿

W = 𝑉 − 𝑢

n

Mean flow path

f!

𝜕𝑓!
𝜕𝜏 = −𝐶 𝑊+𝑛+ +𝑊/𝑛/ + 𝑊2 − Ω𝑟 𝑛2

[Simon 2007] u : shaft rotation velocity
V: velocity
W: velocity in the relative frame
Ω : shaft angular velocity

𝑢

Blade blockage
Deflection forceContributions: 

R S

f!



ASTEC: viscous blade force
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• Distributed force 𝑓#

• Entropy 𝑠 generated:

𝑓# = 𝜌𝑇
𝑊3𝜕3𝑠
𝑊

= 𝑓 𝜔
Loss coefficient

[Hirsch 1988]

(a) Advanced modelling (b) RANS Cenaero (c) URANS Cenaero 

Vx,a 
 

0.8 
0.6 
0.4 
0.2 

0 

W
𝛿

W = 𝑉 − 𝑢

n

Mean flow path

f!

f#

R S

density temperature

ü Euler equations

N-S equations~



Deviation angle 𝜹

• From cascade experiments (Lieblein)
• Linear variation with incidence around design 

conditions

• 𝛿 = 𝛿45
6"#76
6"#76$#

Loss coefficient 𝝎

• From cascade experiments (Lieblein)

• Design + off-design parts 

ASTEC: correlations for 𝛿 and 𝜔
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132 Chapter 5. Throughflow computations based on 3-D simulations

the unbalance of the momentum and energy equations. Indeed, let us consider a 3-D Euler
simulation from which inviscid blade forces and circumferential stresses are extracted and
injected in a throughflow model. An isentropic flow would be obtained with the throughflow
only if all contributions are introduced in the conservation equations. Removing the stresses
would lead to an unbalance of the equations and to an unphysical evolution of entropy.

(a) fb

(b) fb + fv

(c)�fb+�DJSD��stress

(d)�fb�+�fv� +� DJSD��stress

Figure 5.14: Impact of the blade forces and of the circumferential stresses on the entropy
field

Both the viscous blade force and the circumferential stresses participate to the generation
of entropy. However, it is the circumferential stresses that are responsible for the particular
distribution of the entropy in the corner stall. It is also the circumferential stresses that are
responsible for the increase-decrease of entropy along a streamline across the trailing edges.
As explained in a preceding section, the decrease is due to the uniformisation of the flow
just downstream of the trailing edges.

0.03
𝝎 [-]

0

132 Chapter 5. Throughflow computations based on 3-D simulations

the unbalance of the momentum and energy equations. Indeed, let us consider a 3-D Euler
simulation from which inviscid blade forces and circumferential stresses are extracted and
injected in a throughflow model. An isentropic flow would be obtained with the throughflow
only if all contributions are introduced in the conservation equations. Removing the stresses
would lead to an unbalance of the equations and to an unphysical evolution of entropy.

(a) fb

(b) fb + fv

(c)�fb+�DJSD��stress

(d)�fb�+�fv� +� DJSD��stress

Figure 5.14: Impact of the blade forces and of the circumferential stresses on the entropy
field

Both the viscous blade force and the circumferential stresses participate to the generation
of entropy. However, it is the circumferential stresses that are responsible for the particular
distribution of the entropy in the corner stall. It is also the circumferential stresses that are
responsible for the increase-decrease of entropy along a streamline across the trailing edges.
As explained in a preceding section, the decrease is due to the uniformisation of the flow
just downstream of the trailing edges.

6
𝜹 [degree]

-6

Profile loss only

• NACA65
• C4
• Double circular arc

• NACA65
• C4
• Double circular arc

R S

R S

Constant over streamline

Blade angle
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CME2: Overview
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• Research compressor designed by Safran Aircraft Engines

• Low speed flow

• NACA65A012 blades

• Correlations calibrated at these conditions132 Chapter 5. Throughflow computations based on 3-D simulations

the unbalance of the momentum and energy equations. Indeed, let us consider a 3-D Euler
simulation from which inviscid blade forces and circumferential stresses are extracted and
injected in a throughflow model. An isentropic flow would be obtained with the throughflow
only if all contributions are introduced in the conservation equations. Removing the stresses
would lead to an unbalance of the equations and to an unphysical evolution of entropy.

(a) fb

(b) fb + fv

(c)�fb+�DJSD��stress

(d)�fb�+�fv� +� DJSD��stress

Figure 5.14: Impact of the blade forces and of the circumferential stresses on the entropy
field

Both the viscous blade force and the circumferential stresses participate to the generation
of entropy. However, it is the circumferential stresses that are responsible for the particular
distribution of the entropy in the corner stall. It is also the circumferential stresses that are
responsible for the increase-decrease of entropy along a streamline across the trailing edges.
As explained in a preceding section, the decrease is due to the uniformisation of the flow
just downstream of the trailing edges.

0.4

0.18

R S

𝐌 [-]

Mach number

[Moreau 2019]
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CME2: results
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• Globally good agreement

• ASTEC maximum peak efficiency close to LES prediction

• Relative difference lower than LES-URANS discrepancy

• Slight shift of mass-flow rate 

𝜂max

URANS

LES
ASTEC Exp

Source: [Gourdain 2015]

Isentropic efficiency
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ASTEC
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Large Incidence

CME2: results
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• Global good agreement

• Relative difference lower than LES-URANS discrepancy

• Discrepancies near stall

Source: [Gourdain 2015]

Total pressure ratio
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Viscous through-flow model: ASTEC
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Assumptions of loss correlations 
not valid beyond diffusion limit 

at large incidence 𝒊

[Cumpsty 1989]

2𝜔min

7 8 9 10 11 12 13

1.08

1.1

1.12

1.14

1.16

1.18

LES
Exp. Data
URANS
ASTEC

Total pressure ratio
Measurements of C4-series cascade (M = 0.4)

𝜔min Diffusion limit

non-linear

abrupt 
increase

Loss coefficient

Deviation angle

Validity range

Validity range
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Modern high-loaded axial LP compressor
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• Highly loaded

• High subsonic Mach number

• 3D modern blades

IGV S1
S2

S3

OGV

R1 R2
R3

[SAB]

(mixing plane method)

ASTEC 3D RANS



(b)

IGV S1 S2
S3

OGV

R1 R2
R3

(b)

IGV S1 S2
S3

OGV

R1 R2 R3

Modern Compressor: deflection force
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W = 𝑉 − 𝑈n
f!

Mean flow path

132 Chapter 5. Throughflow computations based on 3-D simulations

the unbalance of the momentum and energy equations. Indeed, let us consider a 3-D Euler
simulation from which inviscid blade forces and circumferential stresses are extracted and
injected in a throughflow model. An isentropic flow would be obtained with the throughflow
only if all contributions are introduced in the conservation equations. Removing the stresses
would lead to an unbalance of the equations and to an unphysical evolution of entropy.

(a) fb

(b) fb + fv

(c)�fb+�DJSD��stress

(d)�fb�+�fv� +� DJSD��stress

Figure 5.14: Impact of the blade forces and of the circumferential stresses on the entropy
field

Both the viscous blade force and the circumferential stresses participate to the generation
of entropy. However, it is the circumferential stresses that are responsible for the particular
distribution of the entropy in the corner stall. It is also the circumferential stresses that are
responsible for the increase-decrease of entropy along a streamline across the trailing edges.
As explained in a preceding section, the decrease is due to the uniformisation of the flow
just downstream of the trailing edges.

1.07
V% [-]

-0.3

W = 𝑉 − 𝑈

n

f!

Mean flow path

Unphysical behaviour

• Symmetric blade
• Flow direction oscillates during

covergence
• Low decrease of residuals (10-2)

Robust methodology:

• Blade forces directly imposed
perpendicular to mean flow path

• High decrease of residuals (10-8)

1

2



Modern compressor: comparison to RANS
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RANS
ASTEC

5 pt

3.8 %

peak efficiency

nominal conditions

• Low margin at nominal conditions

• More than 400 times faster (not yet optimized for speed)

• Increasing discrepancies near peak efficiency

Correlations not calibrated for

• Optimized 3D blade geometries
• High subsonic Mach number

ASTEC
RANS

Isentropic efficiency
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Modern compressor: comparison to RANS
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M = 0.4
M = 0.8

[Cumpsty 1989]

Impact of Mach number

• Minimum-loss incidence angle shifted     

• Narrow range of validity   

• Increase of 𝜔min

• Inconsistency between loss validity 
range and deviation linear range

Correlations not 
calibrated for these 

flow conditions

Measurements of C4-series cascade

Loss coefficient

Deviation angle

𝜔min

2𝜔min

Validity range
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132 Chapter 5. Throughflow computations based on 3-D simulations

the unbalance of the momentum and energy equations. Indeed, let us consider a 3-D Euler
simulation from which inviscid blade forces and circumferential stresses are extracted and
injected in a throughflow model. An isentropic flow would be obtained with the throughflow
only if all contributions are introduced in the conservation equations. Removing the stresses
would lead to an unbalance of the equations and to an unphysical evolution of entropy.

(a) fb

(b) fb + fv

(c)�fb+�DJSD��stress

(d)�fb�+�fv� +� DJSD��stress

Figure 5.14: Impact of the blade forces and of the circumferential stresses on the entropy
field

Both the viscous blade force and the circumferential stresses participate to the generation
of entropy. However, it is the circumferential stresses that are responsible for the particular
distribution of the entropy in the corner stall. It is also the circumferential stresses that are
responsible for the increase-decrease of entropy along a streamline across the trailing edges.
As explained in a preceding section, the decrease is due to the uniformisation of the flow
just downstream of the trailing edges.

1.35
Vm [-]

0.15

Overestimation of 
averaged velocity

• Correlations not calibrated for such 
optimized 3D blade geometries 

• Loss coefficient under-estimated

à profile loss underestimated
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Large overestimation of the 
deviation angle for rotors

à Underpumping

à Under-estimated 
compression ratio
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ASTEC

Application to 
compressors

• Navier-stokes based through-flow model
• Closures: blade forces + turbulence model
• Correlations:

- deviation angle
- loss coefficient (profile loss)

• Global good agreement for CME2 compressor stage
• Improvement required for modern axial-flow 

compressor at high subsonic Mach
• Promising approach to drastically reduce CPU cost 

compared to 3D RANS 
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• Extend validity range of loss correlations (beyond diffusion limit)

• Include Mach number correction

• Tune correlations for optimized blade geometries through cascade 
simulations

• Include other sources of loss (tip gap model, leakage flow, …)
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