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CrossMark
Abstract

In this work we generalize the spaces 77 introduced by Calderén and Zyg-
mund using pointwise conditions emanating from generalized Besov spaces.
We give conditions binding the functions belonging to these spaces and their
wavelet coefficients. Next, we propose a multifractal formalism based on such
spaces which generalizes the so-called wavelet leaders method and show that it
is satisfied on a prevalent set.
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1. Introduction

The Holder-regularity can be seen as a notion that fills gaps between being ‘n times continu-
ously differentiable’ and ‘n + 1 times continuously differentiable’. More precisely, a function
f from L{;C(R") belongs to the space T7(x¢) (with xo € R?, p € [1,00] and u > 0) if there exist

a polynomial P, of degree strictly less than « and a positive constant C such that

N f = Pollr@egn < G, (1

for r > 0, where B(xo, r) denotes the open ball centered at xo with radius r (see [2]); T,,°(xo)
is called a Holder space (and is usually denoted by A"(x¢) [16]). These spaces are embedded
and the Holder exponent of f at x is defined as

hoo(0) = sup{u > 0 f € T*(x0)} )

The discrete wavelet transform provides a useful tool for studying the Holder spaces, since
the condition on f at x( can be transposed to a condition on some wavelet coefficients near x,
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(for more details, see [11, 15] for example), the so-called wavelet leaders (see definition 3.1
with p = 00). Indeed, if a function belongs to a space 7,°(xo), the wavelet leaders of x satisfy
an inequality somehow similar to (1). Conversely, if this condition on the wavelet leaders is
met, the corresponding function belongs to a space close to 7,°(xp). More precisely, in this
case one has

0, (DN f = Pyl @isgn < C 3)

with 0,(r) = r*|In(r)|. In other words, f belongs to T5°(xo) up to a logarithmic correction. If
such results hold, we will say that we have a quasi-characterization of the space (7,°(xo) in this
case). Such a quasi-characterization provides an exact characterization of the Holder-regularity,
i.e. of the Holder exponent /., (xg).

This notion of regularity can be generalized in several ways. First, one can replace the
expression r~* appearing in (1) with a general function 6,(r) satisfying some requirements,
as in inequality (3). Such ideas go back at least to the eighties where several similar general-
izations of the Besov spaces have been proposed (see e.g. [4, 23]); these are still investigated
nowadays (see [21]). By doing so, one defines spaces that are able to make subtle distinc-
tions between functions associated to the same Holder exponent, giving tools for detecting the
presence of a Brownian motion in the signal. Such spaces have been studied in [18], where a
quasi-characterization is obtained. Another idea consists in replacing the Holder space appear-
ing in (2) with a general 77 space, in order to study non-locally bounded functions (see [13] for
such an application). This approach has been undertaken in [12], where generalized wavelet
leaders, called p-leaders, are introduced. However, this definition is not a direct generalization
of the usual leaders and fails to quasi-characterize the 7% (x() spaces, although they still can be
used to study the corresponding generalized Holder exponent.

The first part of this paper consists in combining these two points of view, by considering
the spaces of functions satisfying the condition

0, (DN f = Puyllraigm < C. “4)

Indeed, we consider an even larger class of spaces called here spaces of generalized point-
wise smoothness (see definition 2.2). Their functional properties have been studied in [20]
(albeit with slightly different definitions, see remark 2.12) and they correspond in some way
to a pointwise version of the generalized Besov spaces introduced in [21]. We obtain a quasi-
characterization of such spaces by introducing a variant definition of the p-leaders that naturally
extends the classical case where p = oo.

The second part of this paper aims at providing a multifractal formalism suited for the spaces
introduced here. A multifractal formalism is an empirical method that allows to estimate the
quantity

dimy {xo € R : hy(xo) = h},

where dimy, denotes the Hausdorff dimension with the convention dimy () = —oo (see [7]
for example) and /1,(xo) is the generalized Holder exponent obtained by replacing 7, (xo) with
TP(xo) in (2). Usually, one requires such a method to be valid for a large class of functions.
Such a multifractal formalism was first presented in [26] in the context of the analysis of fully
developed turbulence velocity data and it can be shown that, from a prevalent point of view
(see section 4.3), almost every function belonging to a given Besov space satisfies this formal-
ism (see [14]). We show here that, from the prevalence point of view, almost every function
belonging to a space of generalized smoothness satisfies a multifractal formalism derived from
the formalism relying on the wavelet leaders. By doing so, we show that the generalized Besov
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spaces (see [21] and definition 4.2) provide a natural framework for supporting this theory,
reinforcing the idea that the spaces of generalized smoothness are a natural pointwise version
of these spaces.

This paper can be seen as a generalization of the ideas and techniques employed in [8, 11,
14, 18].

The notations used here are rather standard. Throughout this paper, we will use Euler’s
notation for the derivatives, i.e. D; f designates the derivative of f following the jth component.

2. Generalized spaces of pointwise smoothness

2.1. Admissible sequences
Let us recall the notion of admissible sequence (see e.g. [17] and references therein).

Definition 2.1. A sequence o = (0/); of real positive numbers is called admissible if there
exists a positive constant C such that

Cilaj <oy < Coy,
for any j € Nj.
If o is such a sequence, we set
Otk

e Otk —
o;= inf I and Oj=sup ———
keNy  Op keNy Ok

and define the lower and upper Boyd indices as follows,

1 4
s(0) = lim ~22%)
J J

1 .
and (o) = lim —22%J,
J

Since (log g )); is a subadditive sequence, such limits always exist. The following relations
about such sequences are well known (see e.g. [17]). If o is an admissible sequence, let £ > 0;
there exists a positive constant C such that

C 1@ « 5 < 9j+k <7 < C6@+e)
Zj o J >
for any j, k € Ny. In this paper, o will always stand for an admissible sequence and, given
u >0, we setu = (2/);. Of course, we have s(u) = 5(u) = u.
2.2. Definition of the generalized spaces of pointwise smoothness
Definition 2.2. Letp,gc[l,0], f € L

b and xo € RY; f belongs to T7, (xo) whenever

id 5(0)]+1
@257 sup [|AT | 00205 € £
k| <2~

where, given r > 0,

By(x0,7) = {x: [x,x + (|5() ] + 1)h] C B(x0,71)}.

Itis easy to check that TZ, , (xo) is the generalized Holder space A (xo) introduced in [18].
These spaces can also be seen as a generalization of the spaces 77(xo) introduced by Calderén
and Zygmund in [2], as corollary 2.11 will show.
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Let us give an alternative definition of TI‘Z q(xo).

Proposition 2.3. Let p,g € [1,00], f € LY , xo € R? and o be an admissible sequence

loc’

such that s(o) > 0. We have f € T} (xo) if and only if there exists a sequence of polynomials
(Pjx,);j of degree less or equal to |5(o)] such that
(02| f - P ol LB 2-iy))j € 1. &)

Proof. The necessity of the condition being a consequence of the Whitney theorem, let us
check the sufficiency. Let j € Np; for any polynomial P of degree less or equal to n:= [5(o) |,
we have, given x, h € R?,

n+1
|A F0)| < JAFT (F(x) — P(x) | < an |f(x + kh) — P(x + kh)|,
k=0

for a constant C,,. Therefore, for |h| < 27/ and x € Bj,(xo,277), we get

HAZ—‘FlfHLP(Bh(xO,Z*/)) < Ci(n+ Z)Hf - PHLP(B(XO,Z*/))’

hence the conclusion. (|

2.3. Independence of the polynomial from the scale

Under some additional assumptions on the admissible sequence o, the sequence of polynomi-
als (P, ), appearing in inequality (5) can be replaced by a unique polynomial P, independent
from the scale j: Py, = Pj,,.
We first need some preliminary results. Let us first state a somehow standard result about

inequalities on polynomials; we sketch a proof for the sake of completeness.

Lemma 2.4. Given xo € R? a radius r > 0, p € (0, 00] and a maximum degree n, there
exist two constants C, C' > 0 only depending on n and p such that, for any polynomial P of
degree lower or equal to n,

1D Pl| oo < Cr | Plleosigrs
for any multi-index o and

sup |P(x)| < C'r P ||P|| opieg -
X€B(xq,r)

Proof. For the first inequality, let us recall that the Markov inequality affirms that, given a
convex bounded set E of RY, there exists a constant C, £p > 0 such that for any n € Ny and
ke {l,...,d}, wehave

IDeP| oy < Crp(n+ 17(|P| oy

for any polynomial P of degree less or equal to n. As a consequence, given r > 0, there exists
a constant C > 0 depending on n and p such that, for any multi-index «, we have

1D Pl raicgrn < Cr|Pl| sy,
That being done, using Sobolev’s inequality, we can now write

sup  [P(0)| < C'r 7|\ Pl sy
xXEB(xq,r)
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for a constant C' > 0 which only depends on z and p. U

Lemma 2.5. Let m € Ny, o be an admissible sequence such that s(c~") > m and & €
with q € [1,00]; there exists a sequence & € {7 such that

Zgjzj 5‘12 gy,

forall J € Ny.

Proof. Let §, &' > 0 be such that —20' > m + 5(o) + 0; given J € Ny, we have, using
Holder’s inequality,

(j=N(m~+5(0)+0) Jm o
Zsjzf 0; < CZE 20~ 2

j=J

0 g / o 1/q
C (Z (61‘2_6/0_1))‘]) (Z Z_q/a/(j_1)> ZJmO'J
=7 =7

where ¢’ is the conjugate exponent of ¢ (with the usual modification if one of the indices is
00). It remains to check that the sequence & defined by

- 1/q
¢&=C Z (270 Dya
k=j
belongs to £, which is easy. ([

In the same way, we can get the following result.

Lemma 2.6. Let m € Ny, o be an admissible sequence such that s(c~") < m and & € 4
with g € [1,00]; there exists a sequence & € {7 such that

Zgjzj 5‘12 gy,

forall J € Ny.

Remark 2.7. Lemma 2.5 generalizes the relation 32,0 < Caj, satisfied whenever
s(o~") > 0, while lemma 2.6 should be compared with Z j:O 0; < < C2'™gy, holding for
(o) < m (m € Ny) (see e.g. [17] for more details).

The main theorem of this section relies on the following lemma.

Lemma 2.8. Lerp,q € (1,00l f € LT , xo € R? and o be an admissible sequence such
that 0 < n:= |5(o)| < s(o). If f belongs to Zq(xo), the sequence of polynomials (P, ,); sat-
isfying (5) is such that, given a multi-index « for which || < n, there exists a sequence € € ¢4
satisfying

2710 )| DUy = Pry)x0)| < &y
whenever j < k.
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In particular, under the same hypothesis, the sequence (D“P . (x¢)); is Cauchy and its limit
does not depend on the chosen sequence of polynomials satisfying (5).

Proof. Lete € /7 be such that
id
;2 /pr - Pjv/‘O”U’(B(Xg,Z*f)) <€)

forany j € Ny. Given a multi-index « satisfying the hypothesis and j € Ny, we know that there
exists a constant C > 0 such that

‘|Da(Pj’X0 - Pj+l,xo)HU?(B(xo,z—(Hl)))
< C2MV|P ) = Pt lliopeg -0+
< Cz‘a‘(Hl)”Pj,xo - f”LP(B(xo,Z*U*U)) + ||f - Pj+1q-¥0HLP(B(.XO,Z*(/'JH)))
< Cz\ﬂ\(j+l)(€j2—jd/lia;1 + €j+12—(j+l)d/pa;:l)’
which implies, from what we have obtained so far,
ID*(Pjay — Pis15)x0)| < C'(ej+ )2 Vo
For j < k, lemma 2.5 then implies
ID*(Pjixy — Prx)(x0)| < £,21"a ",

for the appropriate sequence & € .

It remains to show that the limit 2 f(xo) of the sequence (D*P;,(x¢)); is independent
of the peculiar choice of the sequence (D“P; (x¢));; let (Q;.,); be another sequence of
polynomials satisfying (5). With the same reasoning as before, we get

ID*(Pxy — Qjuxg)x0)| < €21V 1,
for jlarge enough, which is sufficient to assert that

ID"Q;x(x0) — 2 f(x0)|
tends to zero as j tends to infinity. O

We are now able to show the existence of the unique polynomial P, introduced in the
beginning of this section.

Theorem 2.9. Letp,q c [1,00], f € LY , xo € RY and o be an admissible sequence such

loc?
that 0 < n:=|5(0)] < s(o). The following assertions are equivalent:

e [ belongsto T, (xo),
o There exists a unique polynomial P, of degree less or equal to n such that

(@277 f = Pro | g2 € 19 (6)

Proof. We need to prove that the first assertion implies the second one. As f belongs to
T7,(xo), there exists a sequence of polynomials (P} ,), of degree less or equal to n such that

@277\ f = Pjag oo a-in)i € €.
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Given a multi-index « satisfying |a| < n, let us set

D° f(x0) = lijm D°Pj ., (xo)

and define the polynomial

(x — x0)*
!

Py x> D" f(xo)

lo|<n

@)

One directly gets

HPJZXO - PX()”U’(B(X@,Z’U) < Z ‘Dan,xo(XO) - @af(x0)| 27j(‘a‘+d/p)~

lo|<n

That being said, we know from the previous lemma that, given «, there exists a sequence
€9 € ¢9 such that

|DCPj gy (x0) — 27 f(x0)| < &2,
‘We thus have
(0 277|[Pjxy = Pagll oy 2-in)i € €4

which proves the first part of the theorem.

Concerning the uniqueness of the polynomial, the idea of the proof is the same as the one
given in [2] for the spaces T7(x,). Let P and Q be two polynomials satisfying a relation of type
(6); one directly gets P(xo) = Q(xo). That being said, let us define

L= cal- = x0)",
|a|=m
where m is the lowest degree of P — Q, with

_ DU(P — O)(x0)

o la!
If m < sup{l € Z:1 < s(o)}, one can write
L]l 21 Bxgty < C(mejajfl +27),

for a constant C, which means L =0. For m =sup{l € Z:1 < s(o)}, we simply get
1Ll g1y < C27™o; !, which implies L = P — Q = 0. O

Remark 2.10. In the previous result, if o is the usual sequence u with u € Ny, it is easy to
check that the polynomial P, is unique if one requires its degree to be strictly smaller than n.

The link with the spaces of Calderén and Zygmund introduced in [2] is now obvious.

Corollary 2.11. Givenp € [1,00],u > 0and x € RY, we have T,u;,oc(XO) = TP(xp), where as

usual Tl (xo) denotes the class of functions f € LP such that there exists a polynomial P, of
degree strictly less than u with the property that

r )| f = Py llrwgm < CF
for a constant C > 0.
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Remark 2.12. In [20], the spaces 7% have been generalized by replacing the index u with a
Boyd function ¢. If ¢(r) = r*, these spaces are the usual spaces from [2]. Given a Boyd function
¢, j+ ¢(27/) defines an admissible sequence. Conversely, from any admissible sequence o
one can define a Boyd function ¢ such that, for all j € Ng, ¢(27/) = o j (see [17]), so that this
approach is equivalent to the one proposed here. The concept of admissible sequence is more
appropriate for the discrete character of the wavelet leaders method.

3. Spaces of generalized smoothness and wavelets

Various function spaces can be characterized by wavelets. We combine here the approaches
adopted for the classical 77 spaces, the generalized Besov spaces and the generalized pointwise
Holder spaces to obtain a ‘nearly’ characterization of the spaces 7} ,.

3.1. Definitions

Let us briefly recall some definitions and notations about wavelets (for more precisions, see
e.g.[6,22,24]). Under some general assumptions, there exist a function ¢ and 2¢ — 1 functions
(D) <i<2a, called wavelets, such that

{px —k): ke ZY U{PQ2x —k): 1 <i<2LkeZ, je Ny}

form an orthogonal basis of L2. Any function f € L* can be decomposed as follows,

fO=>"CGet—h+ > > 3 @i -k,

kezd jeNy kezd 1<i<2d

where
clh =247 /R ) FY(27x — k) dx
and

G = /]R Fptx ~ Ryd. (®)

Let us remark that we do not choose the L*> normalization for the wavelets, but rather an L
normalization, which is better fitted to the study of the Holderian regularity. For the sake of
simplicity, we will only consider here compactly supported wavelet basis of regularity r >
5o~ such wavelets are considered in [5].

Let )\5’}( denote the dyadic cube

w.__ i Kk Ly

Aip = s + 2 + [0, 2j+1) .
In the sequel, we will often omit any reference to the indices i, j and k for such cubes by writing
A= )\5’}( We will also index the wavelet coefficients of a function f with the dyadic cubes A

so that ¢, will refer to the quantity c(j’}( The notation A; will stand for the set of dyadic cubes

A of RY with side length 27/ and the unique dyadic cube from A containing the point x, € R?
will be denoted A j(x¢). The set of the dyadic cubes is A := U e, A ;. Two dyadic cubes A and
N are adjacent if there exists j € Ny such that A, \" € A; and dist(\, \') = 0. The set of the 3¢
dyadic cubes adjacent to A will be denoted by 3.
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As for the wavelet-based study of the pointwise Holder spaces, we will work with wavelet
leaders [11]. However, as we work here with L” norms, we need to introduce a generalized
version.

Definition 3.1. Givenadyadiccube A € A;atscale j, the p-waveletleader of A (p € [1, cc])
is defined by

1/p
o
d’ = sup 2 : U J)d/P|CX|)P
e
72 \NvehyNex
Given xo € R?, we set

df(xo) = sup df.
)\63)\.,'()(0)

Remark 3.2. The definition of the wavelet leaders given here is different from the one pre-
sented in [19]. The quantities introduced here are easier to work with and naturally generalize
the usual wavelet leaders d (x) introduced in [11], since we have d(xg) = d;?c (x0).

We will need the following definition of the so-called Xu spaces [25] (which are some kind
of local Besov space) to ensure a minimum regularity for the function.

Definition 3.3. Given xy € R, a function f defined on R belongs to the Xu space X* (xo)
(u € R, p,q € [1,0]) if there exists a constant C, > 0 such that

1/p
> @ ey | e
[k—2ixg|<C,2i g
3.2. A wavelet characterization

Let us give a quasi-characterization of the 7}, (xo) spaces using the wavelets defined in the
previous section. In this context, j, is a natural number such that the support of each wavelet
is contained in B(0, 270).

Let us first give a necessary condition for a function to belong to such a space.

Theorem 3.4.  Iffbelongs to the space Ty (xo), then
(O’jd?()«f()))j € /1,

Proof. Let e € (7 and (P)); be a sequence of polynomials of degree less or equal to 5(o)
such that

szjd/pr - Pj||L1’(B(.x0,2*j)) S

for all j € Np. Let us set choose j; € Ny such that 21/d + 2% < 271 and fix n > j,. For /\5’}( C
3)\.(xp), we have

k —n

By setting
Aju={N0) € Aj: [k — 27x| < 2vd27"},
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for A € 3\,(xp), we can write

S e < 3 2 Mk,

NeAjNCA NeAj,

whenever p # oo. In this case, let us set

snji= Y lexl”

N EAj,n
and define

gi= 3 lex” sign(en )by

)\,EAJ'_,,

One easily check the support of g, ; is contained in B(xo, 2717y and

Snj = 2M(f, gnj) = 2M / (f(x) = Py j,(x))gn () dx,

B(xp.2/17™)
so that, if we denote by p’ the conjugate exponent of p,
jd
Snj < 27 If — P, ||u’(3(x0,21'1 -ny) ||gn,jHU>’-

To estimate [|gy, ||, , let us remark that there exists a constant C, € N that does not depend
on A\ nor the scale j such that the cardinal of

{N € A;:supp(tpy) N supp(hy) # 0}

is bounded by C.. Therefore, given j € Ny, we can choose a partition E1, . .., E¢, of A; such
that ', \" € E,, (1 <m < C,) and

supp(1x) N supp(iyr) # ()

implies A" = \". For p # 1, we easily get

lgnjl” < C7 > e |7l |
)\/EAJ',,,

and thus
W < c.oidlr /v oy,
lgnsllor < €295 1 max [0, ©)
If p = 1, one easily checks that one has

gnjllze < €279 max [|th?]|p,
1<i<2d

so that (9) is still satisfied in this case.
That being done, since we have

1 i _
1P < oy 207,
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for a constant C > 0, we get

§ 2(H*J)d‘c)\/|p < 2("*J)dsn,j < Csf;fj] 0;17,
)\’eA.,-,)\’c)\

which is sufficient to conclude in the case p # oo.
Finally, let us consider the case p = co. Indeed, the conclusion is straightforward since,
given A C 3\,(xp), one easily check that, using an analogous reasoning, we can write

|C)\| g Can—jl Una

for a constant C > 0. |
For the sufficient condition, we need the following definition.

Definition 3.5. Let p,g € [1,00], xo € R? and f be a function from L? ; if & is an admissi-

1 loc?
ble sequence such that 274/ paj’l tends to O as j tends to co, we says that f belongs to 777 ., (xo0)

if there exists J € Ny for which

21/rg; (5o~ +1
% g AR ) e
<log2(2‘f’1/1’aj D) \h\gg.fu " o=y -

Theorem 3.6. Let p,q € [1,00], xo € R? and f be a function from LY ; let also o be an

admissible sequence such that Z_jd/”aj’l tendsto0asjtendsto oo and o, > 2~UP. Iffbelongs
to quq(xo)for some n > 0, then

(0d}(x0)); €

implies [ € T}, 154(X0)-

Proof. Let us first suppose that 5(o) > 0 and set n:= |5(o) | - We need to define some quan-
tities. First, choose m € Ny such that k/ 2/ € B(x, r) implies /\5’;( C B(x,2"r), for any x € R?,
ke Z4 jeNyand r > 27/, Let also m' € Ny be such that, for any x € R? and any j € Ny,
B(x,27 ) is included in some dyadic cube of side length 2"'~J and define Jo = Jo+m+m.
Let C, > 0 be such that

p

) 1/p
2 : (271—11/11)Jc/\(i)| ) c
Jok

[k—2/xq| <C27

and choose a number J; € Ny for which we have (1 + 2/%) < C,271. We also need a sequence
€ € (7 satisfying Ujd?(xo) < g, for all j € Ny. Finally, given J > max{Jo, J,}, define

J

Py= Z % Z D" fi(xo) | »

j=1

where

fi,l = :E:: (?kgok and 1;3:: :E:: CAQﬁA,

kezd AEA
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for j > 0. We have

2| f — Pyl o 2

(-
SDIEZLTES D s (1o
j=—1 lof<n
+ 3 27 fll g 2y t
j=J+1

Let us fix y € B(xp,27’) and |a| = n + 1. We will first consider the case p # co. We have
D, (v) # 0 only if k/2/ belongs to B(y, 2/077); for Jo < j < J, we have
.k
)\ﬂ C B(y, 2" 7710) C Ay (x0),

so that we can write, using the same reasoning as in the previous proof,

D ()] < C2PHDN " ey [P[DO ()]

/\GA]'

<O N ey [P[D ()]
)\EA/,)\C}\],JO(X())
JpntHop P
< C2 €100 "

since o is an admissible sequence. Moreover, as the wavelet coefficients are finite and there
exists a constant C; which only depends on d such that

#{k € 7'k € B(y,27)} < Cy, #{k €7 k/2) € B(y,2"0)} < Cy,
we also have
|D“ﬁ(y)\p < Csz(”“rl)o.;p,
forall j € {—1,...,Jo — 1}. As a consequence, we can write, forany j € {—1,...,J},
15— Z C X0 o g 2ty < 02~ HHAIPRHH L
lol<n

for some sequence @ € /7. A similar reasoning gives the same inequality for p = co. Now,
since s(o) < n + 1, (10) is upper bounded by

J
C/z—](n-l—l) Z 9]2](}1—‘,—1)0_]—1 < leja'_l,
=1

for some constant C' > 0, where the sequence £ is given by lemma 2.5.
For the second term, let us fix j > J + 1 and p # oo to define

A= {0 € Ay B(k/27,29 /27) N B(xo,277) # 0}
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By proceeding as before for x € B(xp,277), we get

LA gy 2y S € D 2 Ylenl”, (12)
/\GAjJ

for some constant C, which gives
Jd -1
2 /p‘|ﬁ(x)‘|LP(B(x0,24)) < Ceyjyoy .

Moreover, since the coefficient ¢ O does not vanish in the sum (12) only if the condition |k —
Jik

2ixo| < C.2/ is satisfied, we also have
» S
IECON a2y < 0527

for a sequence d € ¢, as f belongs to the space quq(xo). Let us obtain upper bounds for the
case p = oo; for x € B(xo,277), k/2/ € B(x,2/%7/) implies /\5’}( C Aj—jy(x0), so that we have
le )\(k)‘ < Cej_j,0n. The same reasoning as before leads to

il

[HCO | Lo irg 27y < Cs 27,
Let us now set j, (/) = [[log,(2~"/7g; 1)| /n] and choose 5 small enough in order to insure

that we have 10g2(2d/ Pg)/n > 1. With such a definition, we have j,(J) = j.(J') if and only if
J = J' and we can write

o0
Z 2%/p | | ﬁ ‘ | LP(B(xp,2~7))

j=J+1
Jx(J) o
= > YPlflvweearn+ D 2l
=1 J=ie+1
Jel) 00 ,
<SCY eppoit w2 N 6
j=J+1 J=is(D+1

< Cleg—gy + &) logy, 27 Par Doy,

for J large enough, where the sequence (£}, ()); belongs to £7.
It only remains to consider the situation where s(o) < 0. In this case, let us set P, =0
whenever J > max{Jy, J;}. Once again, there exists a sequence £ € ¢/ such that

O] < &og s
fory € B(xg,27”),anyJ > max{Jy,J;}andany j € {—1,...,J}. As done previously, we get

2102 £ — Pyl toissg 2,
J 0o
<C Z 2Jd/17||ﬁHLP(B(x0,2’J)) + Z 2Jd/pHﬁ||L1’(B(x0,2’]))
= j=I+1

< &)llog,2~Pg Yo,
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with § € ¢9. O

Remark 3.7. 1Itis well known that theorem 3.4 has no converse: the ‘logarithmic correction’
appearing in theorem 3.6 is necessary in the classical case (see e.g. [11]).

Remark 3.8. The regularity condition related to the Xu spaces is less restrictive than the
one involving Besov spaces in [14].

4. A multifractal formalism

We show here that the generalized Besov spaces provide a natural framework for the multi-
fractal formalism based on the 777, spaces.

4.1. Definitions

As the wavelet leaders method (WLM) involves the oscillation spaces OIS;S/ (see [11, 14]), we
will temporarily use them in our general framework.

Definition 4.1. Let p,q,r € [1,00]; a function f belongs to (’);rqq if the sequence (Cy)x
defined by (8) belongs to ¢7 and if

a/r\ Va

oD @y <C,

JjeNg \AeA;

for some positive constant C.

We will show that these spaces are closely related to the generalized Besov spaces,
introduced in the following definition.

Definition 4.2. Let (¢;); be a sequence of functions belonging to the Schwartz class S such
that

e supp(pg) C {x € RY: |x| < 2},
e supp(p;) C {x e R : 2771 x| <2771} (j = 1),

e For any multi-index «, there exists a constant C,, > 0 such that we have sup |[D%p;(x)| <
xeRd

Caz—j\a\,
° ZjENo(pj =1.
Given p, g € [1, oc], the space ng is defined as
1/q
BS, =1 feS D lloF @ FPlli <0y,

J€Ng

where F denotes the Fourier transform.

One can show that these spaces are obtained by replacing the dyadic sequence appearing
in the usual definition with an admissible sequence (see e.g. [21]). We will use the wavelet
characterization of such spaces (see [1]).
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We first need the following definition to introduce a multifractal formalism.
Definition 4.3. Let p,q € [1, 00]; if, given h > —d/p, v is an admissible sequence, the
family of admissible sequences i — v is (p, g)-decreasing if it satisfies s(v) > —d/p,
7 > 2747 forany h > —d/p and if —d/p < h < I implies
')
(x0) C T,y (x0)-

()
Y
]}ﬂ

In the sequel, we will only consider families of admissible sequences 4 that are implicitly
(p, g@)-decreasing. This notion was introduced in [18], where criteria to obtain such families are
presented.

A multifractal formalism is an empirical method that allows to estimate the quantity

dimy {xo € R : h(xo) = h},

where dimy, denotes the Hausdorff dimension with the convention dimy () = —oo (see [7] for
example) and A(xp) is some kind of generalized Holder exponent. Usually, one requires such
a method to be valid for a large class of functions. We aim at providing here a multifractal
formalism for the exponents defined from the 777, spaces (see (13) in the next definition), thus
generalizing the WLM [11, 14].

Definition 4.4. Given p,q € [1,00] and a family of admissible sequences ~, the gen-
eralized (p,g)-Holder exponent associated to f € LI and v at xo € R? is defined by

loc

hpo(x0) = sup{h > —d/p: f € T} (x0)}. (13)

The most natural family of admissible sequences is & — (2/") ;- In this case, A o (x0) is the
usual Holder exponent [11], while £, (xo) is the p-exponent considered in [14].
P

Given p,q € [1,00], a family of admissible sequences v and a function f € LI , we set

D, (h) :==dimy {xo € R : h,,(x0) = h}.

4.2. Preliminary results

In this section, we will implicitly work with indices p, g, r € [1, 0o], a function f that belongs

to L ., a point xo € R, a family of admissible sequences 4" and an admissible sequence o.

Lemma4.5. If
A 2dl (x) € 4,
for some n > 0 such that |s(v") +n| = [5(v")], then hy, ,(x0) > h.
Proof. We know that there exists a sequence of polynomials (P;); of degree at most 5(v")
and a sequence € € ¢7 such that

WPNF = Pilliragaiy < Co 27 logs@7 1A,

for j large enough, which implies f € 77, (xo). 0

Proposition 4.6. If the function f belongs to both B} , for some 1 > 0 and Of, ,, then

prq’

(h)
dimy(xo € R? : hpy(xo) < h} <d 475 (1’) .
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Proof. Lete € (7 be such that ¢; # 0 and
1/r

Z (UjZ’jd/’df)r <egj
)\EAJ'

for all j € No. Let us first consider the case r = oo; if 5(v"” /o) < 0, there exists § > 0 such
that 7;;')2"1'0’/’? (x0) < Cejforany jand h,,(xg) > hforall xo € R Asa consequence, we have

dimy {xo € R? : hy(x0) < h} = —00 = d + 15(v" /o).
On the other hand, if 5(v" /o) > 0,
dimy {xo € R? : hpg(x0) < h} < d < d+r5(v" /o).
Now, suppose r < 00, fix & > —d/p and define, given j € Ny and 6 > 0 sufficiently small,
Elyi={\eA;j:dy >e27% 7"}

and setn = #E";. As f € OF, ,, we have

o2 M@ A PY < eo2 Y @y < 1,

)‘EE?«S
so that
n <24 AP o)

Now, define Aﬁé as the set of the dyadic cubes A € A; such that there exists a neighbor \' €
3 that belongs to E ;. Finally, define

Fl=limsup{xo € R?: \;(xo) € A?,a}*
J

If xy does not belong to F, then there exists J € Ny such that j > J implies A i(x0) ¢ A?«S and,
from what we have obtained for n, there exists a constant C > 0 for which j > J implies

2 dlx0) <
and therefore
{x0 € R : hyy(x0) < h} C FL. (14)
Leta > 0, set j; := inf{j:/d2 ™/ < a} and
Es={NeN;:j>j}
It is easy to check that E; is an a-covering of F (’5'; given s, > 0, we have

> diam(\)’ < Y #Fj(Vd2 ) < €Y 24 /) of

AEE§ jZJo jZJo
/ i(5(™ 5 d—s)j
<C 5 i o) 0+ (d=9)j
J€Ng
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As a consequence, we have

h y®

for any 17 > 0 and we can conclude thanks to (14). (]

Of course, for the classic examples of families of admissible sequences, the application
h + 5(v™) is continuous (see [18]); in such a case, the previous result can be improved.

Remark 4.7. If there exists a sequence & converging to 0T such that

(hte)) ()
(7o) (%)
o g

we have
d ~®
dimy{xo € R : hp4(x0) < h} < d+715 (a’) .

Proposition 4.8. If o is an admissible sequence such that s(o)>0 and
s(o) —d/r > —d/p, we have O;,, , = By,

g

Proof. We obviously have O7, , — By . If f belongs to By, we have

Prg g’
q/r r/p\ 9"
STy | < [ Sy [ ST @y |y . (15)
AEA; AEA; j=j )\’EA/,/\’C/\

for any j € Np.
Let us first suppose that r < p; in this case, (15) is bounded by

q/r
Z(Ujajf/l2(171’)d/p2(j’fj>d/r)r Z (0,277 ey|y
=i NeA,
Let e > 0 be such that s(o) — € — d/r > —d/ p; there exists a constant C. > 0 such that
0j0;" < C.26@ WD),
If g < r, (15) is bounded by

q/r
C Z(2(5(6)+£—d/f—d/")(j—j’))q Z (aj,z—j/d/"‘c)\/p"

P> /\/eAj/
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As f belongs to BY , we can write

rqg’
a/r\ M a/r\ 4
S e rdyy <l Y D @2 enly :
jeNp )\EA] jeNp )\/EAJ-/

which implies f € O, .. If r < g, by denoting s the conjugate exponent of g /r, we can use
Holder’s inequality to bound (15) by

RN
q/(rs
~s(@)+e=d/p=d/r)(/~)
cl> (2 :
=i
q/r
« Z (8@ re=d/p=d/rX] —pya/r) Z (o'j/Z_fd/"|c)\/ b4
JPZi Nen,
q/r
<C Z (2*£(a)+57d/p—d/r)(j’,J))q/(Zr) Z (Jj/z,j/d/r‘c)\/pr ,
=i XEA/
so that f belongs to O}, , as in the previous case.
We still have to consider the case p < r; by Jensen’s inequality, we can bound (15) by
q/r q/r
o L ) ) L
Z (O'jz ]d/))rz Z 20U J)d‘c)\/r < Z(O'j/o-j’)) Z (O.j/z ]d/r|c)\l‘)r i
AEA; J2FNEA N 7= NeA,
so that we can conclude as in the other cases. (]

4.3. The notion of prevalence

In this section, we very briefly introduce the notion of prevalence (see [3, 9, 10] for more
details).

In RY, it is well known that if one can associate a probability measure y to a Borel set
B such that ;(B + x) vanishes for very x € R?, then the Lebesgue measure £(B) of B also
vanishes. For the notion of prevalence, this property is turned into a definition in the context
of infinite-dimensional spaces.

Definition 4.9. Let E be a complete metric vector space; a Borel set B of E is Haar-null if
there exists a compactly-supported probability measure p such that u(B + x) = 0, for every
x € E. A subset of E is Haar-null if it is contained in a Haar-null Borel set; the complement of
a Haar-null set is a prevalent set.

If E is finite-dimensional, B is Haar-null if and only if £(B) = 0; if E is infinite-dimensional,
the compact sets of E are Haar-null. Moreover, it can be shown that a translated of a Haar-null
set is Haar-null and that a prevalent set is dense in E. Finally, the intersection of a countable
collection of prevalent sets is prevalent.

Let us make some remarks about how to show that a set is Haar-null. A common choice for
the measure in definition 4.9 is the Lebesgue measure on the unit ball of a finite-dimensional
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subset E’ of E. For such a choice, one has to show that £(B N (E’ + x)) vanishes for every x. If
E is a function space, one can choose a random process X whose sample paths almost surely
belong to E. In this case, one can show that a property only holds on a Haar-null set by showing
that the sample path X is such that, for any f € E, X, + f almost surely does not satisfy the

property.
If a property holds on a prevalent set, we will say that it holds almost everywhere from the
prevalence point of view.

4.4. A multifractal formalism associated to the generalized Besov spaces

We propose here the following formula to estimate the spectrum D, related to a function
feB:

("
Dp,q(h) = d +rs (o’)

and show that, under natural smooth conditions, this equality is satisfied almost everywhere
from a prevalent point of view.

Definition 4.10. An admissible sequence o and a family of admissible sequences v are
compatible for p, g, r,s € [1,00] with s < g if

e s(0) >0,
e s(o)—d/r> —d/p,
e The function ¢ defined on (—d/p, o) by

()1 ()
o o

is non decreasing, continuous and such that
{h>—d/p:{(h) < —d/r} # 0.
We call ¢ the ratio function. We will also frequently use the quantity
hmin(r) == sup{h > —d/p: ((h) < —d/r}.
The following remark stresses the importance of Ap;y.

Remark 4.11. Suppose that o and 4 are compatible as in the previous definition. If f
belongs to B;q, there exists 17 > 0 such that B;q — B’;,’q. For A € Ajand J' > J, we have
1/p 1/p
Z (2(j*j)d/P|C/\,‘)P < 27/p Z (Jj/zfjd/p|c/\/|)p 0]71
)\/eA/,)\’c)\ )\’EA/
< 2jd/p€j/aj71,

for a sequence € € 4. As a consequence, there exists > 0 and a sequence & € (7 given by
lemma 2.5 such that, for A € A},

&} < CY 2eyo,t < e /A,

izi
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for all 1 > —d/p such that (v /o) < —d/p. Therefore, one has h,4(x0) = hmin(p), for any
Xo € R4,

In the same spirit, for » < p, one has ijq — Bg,q, where 0 is the admissible sequence defined
by 0;:=2W/r=dNig, (j € Ny). As s(a) —d/r > —d/p implies 5(0) > 0, there exists 1 > 0
such that BZ, < B, and hy,,(x0) = hpin(r), for any xo € RY.

That beiﬁg done, if p < r then, for any f € By 7

hp,q(xo) = hr,q(xo) = hyin(7).

Thus, if /' € B, we have [ € B} and hp4(x0) = hmin(r).

From what we have done so far, we get the following corollary.

Corollary 4.12. Letp,q,r,s € [1,00], o be an admissible sequence and v be a family of
admissible sequences such that o and v are compatible. If f belongs to B, then

o {x € R?: hy,(x0) < h} =0 for any h < hwin(r),
o dimy({x € R?: hpg(x0) < h}) < d+ r¢(h) for any h = hyin(r).

To show that, under some general hypothesis, the last upper bound is optimal for a prevalent
set of functions in B, we need the following definition.

rs?

Definition 4.13. Let x; € R? and r > 0; the strict cone of influence above x, of width r is
. 4k r
Cyo(r) = (j,k) € Ng x Z°: ||5 — xoloo < 5[

where ||x — y|| is the Chebyshev distance between x and y (x,y € R9):

o = ¥l = max v, — .

\n\

This definitions is related to the wavelets as follows: in this context, we set
Ko (r):={\}} € Az (j.k) € Cyy (N}
The following result explains why KC,, can be seen as a cone of influence for the wavelets.
Proposition 4.14.  Iff belongs to Ty (xo), then

1/p

o > el )eéq.

)\GA.,'Q}CXO (r) J

Proof. Choose j; € Ny such that \/dr + 20 < 271; for j > j,, if A € A; also belongs to
ICy, (r), then the support of 1, is included in B(xo, 2/1 /). From the proof of theorem 3.4, we
know that there exists a sequence € € 7 such that

1/p

ol > lel| <e

)\GA.,'Q}CXO (r)

for any j > j,. The conclusion then comes from the Archimedean property of the real line. []
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Given a dyadic cube A = A"}, letus denote by k()) and j(A) the numbers such that k() /2/)
is the dyadic irreducible form of k/2/. For o € [1, o0], let us set

(@) =" (i - 51) .

ar r

We have h.(a) = hpin(r) = ho(c0). If ((h) > d/ar — d/r, choose gy > 0 such that ((h) —
g0 > d/ar —d/rand let my € Ny be such that

d— (d _d_ C(h) + 50> 24mo e, < 0. (16)

ar r

Letus spliteach cube A € A;into 29 cubes at the scale j + mg and foreachn € {1,...,29m},

choose the unique subcube A™ of A such that n # n’ implies A® % A\®"). From this, we can
consider a function g™ such that its wavelet coefficients c), satisfy the following conditions:

e = j 02N gL X e Ay N[0, 114,
with ag:=1+ 1/r+ 1/sand ¢, := 0 if X is not of the form A™ for some n.

Proposition 4.15. Foralln € {1,...,29™}, ¢ belongs to B,.
Proof. For j > 1, we have

1/r
> @em2 I ey
)\EAJ'+,,10
1/r
o DD I e A
=0 xeajniond
=1
and
1/r j 1/r
> @2 ey | < (Z <5m02“+’"°”’/’f“°>’>
)\eAH_mO 1=0
< Cj—ao-‘rl/r.
Asag > 1/r+1/s, we get
s/r 1/s 1/s
S X et ar] | ce(Tren) cs
jz1 )‘EA_H»mO jz1
which is sufficient to conclude the assertion. O

Definition 4.16. Leto > 1;apointxy € [0, 1]¢is a-approximable by dyadics if there exists
two sequences k and j of natural numbers with k, < 2/ for any n € Ny such that
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for any n € Nj.

Let us denote the set of points of [0, 1]¢ which are a-approximable by dyadics by E* and
define

2]”30 ~ 2(1]

A k 1
E = {xo €10,117: 3k € {0,...,2/ — 1}*suchthat || xg — =0 < —},

so that E“ = lim sup; EY. We also define

o k l
Bi= {1011 o - e < 515},

fork € {0,...,2/ — 1}¢, in order to have

Ef= ] E%
1{0,...,27—1}d

Finally, set E* = N, E“; this set in not empty since it contains the dyadic numbers.

Proposition 4.17. Given C > 0, j € Ny and k € {0,...,2/ — 1}, the set
F3S(hy={f € Bl,: Gx € E}, :¥n € NoV A € A, NIC,(2™T), [er] < €/}
is closed in BY .

Proof. Let (f;), be a sequence of functions of F ;f,’(c such that f, — f in B} and denote by
c&[) (resp. cy) the wavelet coefficients of f, (resp. f). Since

B B, B

for any v > 0 and as the application which associates to a function its wavelet coefficients is
continuous in the Besov spaces, we have c(Al) —cy forall A € A.

For! € Ny, letx; € E, be such that, foralln € Noand A € A,NK,,(2"0*1), we have |c{| <
C/yM. As EY} is compact, we can suppose that the sequence (x;); converges to a point xo of £,
Now, let us fix N € Ny and § > 0; if / is sufficiently large, we have K, (2™ ") C K, (2"™T)
and, for n < N, we have, for A € A,NK,, (2"0F1), \c&l) —cxn| <6/ as c(Al) converges to c).
Also, we have |c\| < C/4® for X € A,NK,,(2"F"). As a consequence, A € A,NK,, (2"t
implies

lea| < (C+ 8)/4P,

for all n < N. Taking the limit for N — oo and § — 0T leads to f € F}f,’(c(h). |
Let us set
a,C . a,C
Fimy=|J Fym
ke{0,...,27—1}4

and F*C(h) :=lim sup i F ?’C(h). All these sets are obviously Borel sets.

Proposition 4.18. The set F*C(h) is a Haar-null Borel set.
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Proof. Set m;:=2"" and let us fix j € Ng and k € {0,...,2/ — 1}; for f € BZ,, suppose
that there exist two points of R, a® = (a!", .. ,aﬁ,ll)) and a(z) =@?,..., af,%l)), such that

mi
fr=1+) a)e™
m=1

belongs to F;f,’{c(h) (L € {1,2}).Forl € {1,2}, let us also denote by ¢ the wavelet coefficient
of f, associated to the dyadic cube A € A and let x; be a point of E; such that A € A, N

K., (270 implies || < € /7[’;),» ;

For X € Ay m, satisfying X' C \?

ol W€ have

(1)| / (h)

e Lacil+mo

/()

As a consequence, we get, by denoting ¢\ the wavelet coefficient of g associated to A,

0 _ a(2)‘ —
m

. ) — @ 1/1em ] < 2¢/6",

/(m)
ze 1/ 1€ 3 omy D,

+m0| Am)
forany m € {1,...,m;}. On the other hand, for j > j(\), we have

|C;(?;>)‘ = |aj] —applajld/an— J(A)d/qaL e > C'|aj] —applajld/an— L(VJJIJ/(M/UL—IJJ

so that there exists a constant C” > 0 for which
Ha(l) _ a(2)Hoo <’ laj] —aozij(d/wq—d/q) /’YL(V]J (17)

That being done, for f € B?,, we have

r,s?

{aeR™: f+age F )} C| J{a e R™ : f +ag € Fy(h)}

Y
cly U {aeR™:f+ageF;ml,
j2Jkef0,..2i—1}d
for any J € Ny. Thus, from (17), we get
L{a e R™ : f+ag € F*“()}) < Y 29" |aj|w2leld/oadlag, /’VEZ)H)M
Y

< C’”Z | avj|@om 9 id=mya(((h—d/ag—d/q—20)
j=J

Letting J going to oo, (16) implies
LEaeR™: f+agec F*“(H)}) =0
hence the conclusion. |

Theorem 4.19. Let p,q,r,s € [1,00] with s < g, & be an admissible sequence and v be
a family of admissible sequences compatible with o. From the prevalence point of view, for
almost every f € B}, D, is defined on I = [C_l(—d/r), C_I(O)] and

Dy y(h) = d + r((h),
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forany h € L
Moreover, for almost every xo € R?, we have hpq(x0) = ¢ ~0).

Proof. We know that
Lo (o3 U(h) [0}
{f €BL:@x0 € E: f €T, (xo)} C [ JF*(h),
lGNO

log

so that, for any a > 1 and any & > h,(«), for almost every f € By, we have h,,,(xo) < h for
every xo € E“. By countable intersection, we thus get that for almost every f € B? , we have

r,s?
hpq(x0) < h(a) for every xo € E“. Let f € B be such that the preceding assertion holds.

First, letus fix o € (1, 00); if c is an increasing sequence of rational numbers converging to
«, the sequence (E“"), is decreasing and E* C U,E“". If x( belongs to £, we have h, ,(xo) <
h.(cy,) and thus i, ,(xo) < h.(o), for every xo € E®. Let i, be a measure such that

e supp(y,) C E°,
* 1,(E") >0,
e 1, (F) = 0 whenever dimy(F) < d/«,

let us define
F* = {x € [0, 1] : hpy(x0) < hu(a)}
and, for n € Ny,
F®:={xo €[0,1]: hpq(x0) < hi(a) — 1/n}.

For n large enough, we have h(a) — 1/n > —d/p and thus dimy(F9) < d/a. Since F®
is included in a countable union of yu,-measurable null sets, we have p, (F*) =0. As a
consequence, we have

Ha(E“\F?®) = d + r((h.(cv)).
Since

E*\F” C {xo € [0, 11" : 4 (x0) = h.()},
we get

D(h.(a)) = d + r¢(h.(a)).

If o = o0, we know that xo € E* implies h,,(xo) < h.(c,) for any n € Ng and thus
hpg(x0) < hmin(r). As a consequence, the set

{x0 € [0, 119 : hpy(x0) = humin(r)}

is not empty.

It remains to consider the case o = 1. In this case, E' = [0, 1]¢ and 4, can be chosen to
be the Lebesgue measure restricted on [0, 1]9. For xo € E', h,,,(x0) < h.(1) and by the same
argument as in the first case, we get

p({xo € 10,1172 hpy(x0) < hu(1)}) = 0,
so that E' is equal to E'\ F! almost everywhere.
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As the proof can be easily adapted to any translated of [0, 1], the conclusion follows by
countable intersection. O

Theorem 4.20. Letp,q,r,s € [1,00] withs < g, o be an admissible sequence and v be a
family of admissible sequences compatible with . Let xy be a point of R?; from the prevalence
point of view, for almost every f € By, we have hy, ,(xo) = Cil(—d/r).

r,s’

Proof. Given n € Ny, let us define the admissible sequence 8™ by

gm — 1 1
7o ,yjﬁfl(*d/r%H/n) (]"’ 1)l+l/s’

j € No. We can now define the function g which is a function whose wavelet coefficients are
o 0 if A€ A; and A= \j(xo)
V= .
0 if )\EAj and )\75)\]‘()(0)
Since, for n € Ny, there exists C,, > 0 such that
1/r

S @) | < GG D
)\GAJ'

g™ belongs to BY,.
Let us fix ny € Ny and define

Foy={f € B :Vj €Ny V X € A;N K, (D). |ea] < nob”/j}-

As shown before, F,, is a Borel set. For f € B, and a,a’ € R satisfying f + ag™ € F,, and
f+dg™ e F,, we get

la —d| < 2n0/j,

so that the Lebesgue measure of {a € R : f + ag™ € F,,} vanishes, implying that F,, is Haar-
null. As we have

{reBs,:fers o} c |JF.

1eNy

foralmostevery f € BY,, we have i, 4(x) < ¢ ~!(—d/r) + 1/n, which leads to the conclusion.
O
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