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Chapter 4

COMPUTING HYPERINCURSIVE DISCRETE
RELATIVISTIC QUANTUM MAJORANA
AND DIRAC EQUATIONS
AND QUANTUM COMPUTATION

Daniel M. Dubois”
Centre for Hyperincursion and Anticipation in Ordered Systems
(CHAOS), Institute of Mathematics,
University of Liege, Liége, Belgium

ABSTRACT

Nobody understands quantum mechanics, said Richard Feynman. So,
this paper will begins by a step by step presentation of the second order
hyperincursive discrete harmonic oscillator that bifurcates to two incursive
discrete oscillators with the conservation of a constant of motion. Then, we
extend this formalism to the hyperincursive discrete Klein-Gordon
equation bifurcates to the Majorana real 4-spinors and to the Dirac complex
4-spinors. Naturally, the hyperincursive discrete equations defines the
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104 Daniel M. Dubois

relativistic quantum mechanics. When the time and space intervals of the
discrete systems tend to zero, all these systems tend to 4 first order
differential equations, representing spinors. In the Dirac generic equation,
one discovers the Pauli spin matrices. The Pauli matrices X, Y, Z, are used
as quantum gates for which the square are equal to the unit matrix 1. The
Pauli X-gate acts on a single qubit and is the quantum equivalent of the
NOT gate for the classical computer. The square root of NOT defines also
a quantum gate. More interesting is the Hadamard matrix that is the
normalized sum of the X and Z Pauli matrices. Indeed, with the addition of
the Hadamard gate to the classical computations the full quantum
computation power is obtained.

Keywords: quantum computing, Majorana real spinors, Dirac complex
spinors, hyperincursive discrete equations, incursive discrete equations

1. INTRODUCTION

This chapter deals with the continuous and discrete equations of the
Harmonic Oscillator, and the Relativistic Quantum Majorana and Dirac
equations.

We begin in section 2 with the presentation step by step of the two
incursive discrete harmonic oscillator following my fundamental paper
(Dubois, 1995) up-dated in my recent paper (Dubois, 2019f). | define a
generalized forward-backward discrete derivative, depending on a weight
with 3 values, applied to the time-dependent position and velocity of the
harmonic oscillator. | deduce the first and the second incursive discrete
harmonic oscillators, and the hyperincursive harmonic oscillator. Then |
obtain what I called “the second order hyperincursive discrete harmonic
oscillator” depending only on the time-dependent position.

The section 3 introduces the two dimensionless incursive discrete
harmonic oscillators. Then | present the analytical synchronous solutions of
these incursive discrete harmonic oscillators that are related to their
constants of motion (Dubois, 2019f).

The section 4 deals with a rotation on the position and velocity of the
incursive discrete harmonic oscillators, which gives rise to recursive discrete

Complimentary Contributor Copy



Computing Hyperincursive Discrete ... 105

harmonic oscillators (Dubois, 2019c¢). This rotation matrix, with an angle of
7 /4, defines the second order Hadamard matrix, which is a fundamental gate
in quantum computer. The two recursive discrete harmonic oscillators are
then transformed to differential equations for small value of the interval of
time. In defining a complex vector, we obtain the complex harmonic
oscillator, with the Pauli matrix o;,, which corresponds to the second Pauli
guantum gate in quantum computer. Finally, we develop the chiral
representation of this complex harmonic oscillator. With the unitary matrix
U, the 2 recursive discrete harmonic oscillators are transformed to a complex
recursive discrete harmonic oscillator. The same development was applied
to the quantum Majorana equation (Dubois, 2019d).

The hyperincursive discrete equations were applied to various quantum
systems (Dubois, 2016, 2018).

The section 5 deals with the bifurcation of the hyperincursive second
order discrete Klein-Gordon equation to the discrete Majorana quantum
relativistic equations and the real 4-spinors Majorana differential equations
are obtained when the spacetime intervals tend to zero (Dubois, 2019a).
Then we demonstrate, with an original method based on real 2-spinors
matrices that the Majorana real 4-spinors equations bifurcate simply to the
Dirac real 8-spinors equations, which are transformed to the original Dirac
complex 4-spinors equations (Dubois, 2019b). We present the 4 complex
hyperincursive discrete Dirac equations. Let us notice that the real 2-spinors
matrices are related to the three Pauli gates defined in technology of
guantum computer.

The section 6 shows that the natural number of discrete wave functions
of the hyperincursive second order discrete Klein-Gordon equation is equal
to 16 discrete spacetime wave functions, instead of the classical 4 functions
of Majorana and Dirac equations. My hyperincursive second order discrete
Klein-Gordon equations are in agreement with the 16 wave functions of
Dirac by Proca (Dubois, 2019b). Proca (1932) classified the 16 equations in
4 groups of 4 functions. There are 4 fundamental equations and the other
3x4 equations are similar to these 4 equations. But formally, only a theory
with 16 solutions is the correct one, confirming the power of my
hyperincursive second order discrete equations formalism.
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106 Daniel M. Dubois

Then the section 7 deals with the chiral representation of the Majorana
equations in 2 components (Dubois, 2019d) with the same Hadamard matrix
and Unitary matrix U used for the harmonic oscillator (Dubois, 2019c).

Next the section 8 gives the solutions of the non-relativistic chiral
Majorana equation compared to the solution of the non-relativistic quantum
Dirac equation (Dubois, 2019d).

Section 9 deals with the 2 coupled Majorana equations in one spatial
dimension (1D), with the 3 Pauli matrices (Dubois, 2019e).

Then, the section 10 gives a remarkable relation between the Majorana
and the Dirac equations in 1D (the y component), with just the inversion of
the Dirac matrices a,, and 8, based on the Pauli matrices a,, and a.

Next, the section 11 deals with the relation between the solutions of the
non-relativistic Majorana and Dirac equations, which is given by a
transformation relation given, surprisingly, by an invariant function
(Dubois, 2019e) depending on the Pauli matrix c,.

Finally, the section 12 deals with a survey of the reversible gates used
in quantum computation. The quantum Pauli gates X, Y, Z, that operate on
one-qubit, are given by

X=Gx=((1) (1)),=cy=(? Bi),andZ=Gz=((1) _01)

More interesting is the rotation matrix

_ (sin(B) cos(0)
R.(8) = (cos(ﬁ) —sin(e))’

that generates the Pauli X, Z gates and the Hadamard H, gate:

Ry(0) =X, Ry (3) =2, and R, ) = \/—15(11 fi) = H,

with the addition of the reversible logic Toffoli gate to the Hadamard gate,
the full quantum computation power of a quantum computer is obtained.
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2. PRESENTATION STEP BY STEP OF THE TWO INCURSIVE
DiISCRETE HARMONIC OSCILLATORS

The harmonic oscillator can be represented by the two ordinary
differential equations:

dx(t)/dt = v(t) and dv(t)/dt = — w? x(¢t) (2.1-a-b)

where x(t) is the position and v(t) the velocity as functions of the time ¢,
and the pulsation w is related to the spring constant k and the mass m by
w? = k/m. The solution is given by

x(t) = x(0)cos(wt) + (v(0)/w) sin(wt),
v(t) = — wx(0) sin(wt) + v(0) cos(wt) (2.1-c-d)

with the initial conditions x(0) and v(0). The period of oscillations is given
by T = 2m/w. The energy e(t) of the harmonic oscillator is constant and is
given by

e(t) = kx?(t)/2+ mv?(t) /2 = kx?(0)/2 + mv?(0) /2 =
e(0) = ¢ (2.1-e)

In the discrete form, there are the discrete current time t and the interval
of time At=h. The discrete time is defined as ty =ty +kh k=
0,1,2, ... where t, is the initial value of the time and k is the counter of the
number of intervals of time h. The discrete position and velocity variables
are defined as x(k) = x(ty) and v(k) = v(ty).

In my paper (Dubois, 1995), up-dated in my recent paper (Dubois,
2019f), I defined a generalized forward-backward discrete derivative

DW =w Df + (1 - W) Db (22)
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where w is a weight taking the values between 0 and 1, and where the
discrete forward and backward derivatives on a function f are defined by

De(f) = A™f/ At = (fk+1) — f(k)) /h,
Dp() = A7f/ At = (f(k) - f(k=1)) /h

The generalized incursive discrete harmonic oscillator is given by
(Dubois, 1995) as:

AI-w)yxtk+1)+2w—-1)x(k) —wx(k—1) = hv(k)

wvk+ 1D+ @ -2w)vk)+ (w—1)v(k—1) = — h w?x(k)
(2.3-a-b)

When w = 0, D, = Dy, this gives the first incursive equations:

x(k+ 1) —x(k) = hv(k)

v(k) —v(k — 1) = — h w2x(K) (2.4-a-b)
Whenw = 1, D; = Dy, this gives the second incursive equations:

x(k) —x(k—1) = hv(k)

v(k+ 1) = v(k) = — h w?x(k) (2.5-a-b)

When w =1/2, Dy, =Ds=[Df + Dp]/2, this gives the
hyperincursive equations:

x(k+1) —x(k—1) =+ 2h v(k)
v(k+ 1) —v(k—1) = — 2h w?x(k) (2.6-a-b)
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where Dg(f) =Dy /p(f) = [f(k+1) — f(k—1)]/2h defines a time-
symmetric derivative, Ds.
In putting the velocity, v(k), of the first equation (2.6-a),

v(k) = [x(k + 1) — x(k— 1)]/2h,
to the second equation (2.6-b), one obtains
x(k + 2) — 2x(k) + x(k — 2) = — 4h?w?x(k) (2.7-a)

what I called “the second order hyperincursive discrete harmonic oscillator”
(Dubois, 2019f), corresponding to the second order differential equation of
the harmonic oscillator, from equations (2.1-a-b), given by:

d2x(t)/dt? = —w?x(t) (2.7-b)

3. THE TwoO DIMENSIONLESS INCURSIVE DISCRETE
HARMONIC OSCILLATORS

A series of papers were published on the incursive and hyperincursive
discrete harmonic oscillator (Antippa and Dubois, 2004, 2006a, 2006b,
2007, 2008a, 2008b, 2010a, 2010b, 2010c).

For the discrete harmonic oscillator, let us use the dimensionless
variables, X and V, for the variables, x and v, as follows (Antippa and
Dubois, 2010c) : X(k) = (k/2)/? x(k), V(k) = (m/2)Y? v(Kk),
with the dimensionless time, T = wt, where the pulsation is given by w =
(k/m)*/? and with the dimensionless interval of time given by At = w At =
wh =H.

So, the equations (2.4-a-b) and (2.5-a-b) of the two incursive discrete
harmonic oscillators are given respectively by the following two
dimensionless incursive discrete equations
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X, (k+ 1) = X, (k) + HV; (K) (3.1-a)
Vi(k+ 1) = Vy (k) — HX; (k + 1) (3.1-b)
Vy(k + 1) = V, (k) — HX, (k) (3.2-a)
Xp(k+1) = X,(K) + HV,(k + 1) (3.2-b)

and the equations (2.6-a-b) of the hyperincursive discrete harmonic
oscillator are given by the following dimensionless hyperincursive discrete
equation
X(k+1) = X(k—1) + 2HV(k) (3.3-3)
V(k+1) =V(k—1) — 2HX(k) (3.3-b)
Let us recall that this hyperincursive discrete harmonic oscillator is a
recursive computing system that is separable into the two incursive discrete

harmonic oscillators (Dubois, 2019f).
It was demonstrated (Dubois, 2019f) that the following expression

K1 (k) = X; (10X (k+ 1) + Vi () V; () = XK + VE (k) +
HX; (K)V; (k) (3.4)

is a constant of motion of the first incursive equations (3.1-a-b), and that the
following expression

Ko (k) = Xo (K)X2(K) + Vo (k + DV, (k) = X3(K) + VZ(K) -
HX, (K)V2 (K) (3.5)

is a constant of motion of the second incursive equations (3.2-a-b).
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These constants of motion differ with the inversion of the sign of the discrete
time interval, H. The analytical synchronous solutions of the equations (3.1-
a-b) and (3.2-a-b) are given by

X1(k) = cos(2kn/N) and V; (k) = —sin((2k + 1)n/N)  (3.6-a-b)
X, (k) = cos((2k+ 1)n/N) and V,(k) = —sin(2kn/N)  (3.6-c-d)
where N is the number of iterations for a cycle of the oscillator, with the

index of iterations k = 0,1, 2, 3, ... , for which the interval of discrete time
H depends of N, H = 2 sin(mt/N).

4. ROTATION OF THE INCURSIVE DISCRETE OSCILLATORS
TO RECURSIVE DISCRETE OSCILLATORS

In the recent paper (Dubois, 2019c), it was demonstrated that rotations
on the position and velocity variables give rise to a pure quadratic expression
of the constants of motion (3.4, 3.5), similarly to the constant of energy of
the classical continuous harmonic oscillator.

The constant of motion (3.4) is an expression of a quadratic curve

Ax?+Bxy+Cy? +Dx+Ey+F=0 (4.1)

withA=1,B=HC=1D=0,E=0,F=—K;,x = X,(k),y = V;(K)

The discriminant, A = B? — 4AC= INV, is an invariant under rotations.
The discriminant of the constant of motion (3.4):

A=B?—-4AC=H*-4<0,

defines an ellipse.

Complimentary Contributor Copy



112 Daniel M. Dubois

This inequality gives the maximum value of the discrete interval of time,
H = w At < 2,withH = 2 sin(mt/N).
The equations for the rotation are given by
X1 (k) = cos(8) uy (k) — sin(0) v, (k) (4.2-3)
V; (k) = sin(0) uy (k) + cos(0) v, (k) (4.2-b)

or, in matrix form, the rotation matrix R, (0) is given by

() =m® (109) = () o) (ied) @

withA = C, 0 = m/4, 50 cos(m/4) = 2712 = p, sin(n/4) = 2712 = p.
So the equations (4.2-a-b) of the rotation are transformed to

X1 (k) = (u1(k) - V1(k))/\/7 and V; (k) = (u1 (k) +vq (k))/\/i
(4.2-c-d)

or, in matrix form, the rotation matrix R, (r/4) = H,, is given by

(R = () = £ (00 s0)

with the 2 x 2 Hadamard matrix H,, for which, H,H, = I,

_1/(+1 +1
HZ_TE(+1 —1)'
mi =5 (5 T D=0 TD=r=

where I, is the 2-ldentity matrix.
So, with equations (4.2-a-b), the constant of motion (3.4) becomes a
pure quadratic form
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uf(k) + vi (k) + Hui (k) — vi(k))/2 = Ky (k) = K, (4.4-3)

where u; (k) and v; (k) are defined by adding and subtracting the equations
(4.2-c-d)
up () = (X1 () + V(1) /V2 and vy (k) = (V1 (k) — X4 (K))/V2,

or, in matrix form,

(o) - () =201 Do) @0

Now let us make the rotation to the first incursive oscillator (3.1-a-b)

(uyk+ 1) —vy(k+ 1)) = (u(K) — v (K) + H(uy (K) + v4 (k)
(u1(k +1) +vi(k+ 1)) = (u1(k) + V1(k)) — H(uy (k) — vy (k) —
H? (uy (K) + v (K))

In adding and subtracting these two equations, the first incursive discrete
oscillator becomes:

u(k+1) =u;(k) + Hvy (k) — H2(uy (k) + v, (k))/2 (4.5-9)
vi(k+1) =v;(k) — Huy (k) — H2(u; (k) + v4(k))/2 (4.5-b)

defining the first recursive discrete oscillator. For the second incursion, the
constant of motion (3.5) is obtained by inversion the sign of H:

u3(k) + v (k) — Hui (k) — v3(K))/2 = K, (k) = K, (4.4-b)
that is also a pure quadratic function. Indeed, with a similar rotation
X, (k) = sin(0) u, (k) + cos(0) v, (k) (4.6-a)

V,(K) = cos(0) uy (k) — sin(0) v, (k) (4.6-b)
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or, in matrix form, the rotation matrix R, (0) is given by

(0) = ()= (10 D)) e

For 6 = /4, s0 cos(n/4) = 2712 = pand sin(r/4) =272 =p

X, (k) = (Uz (k) + v, (k))\/Z and V, (k) = (uz k) —v; (k))/\/f

(4.6-c-d)
or, in matrix form the rotation R, (/4) = H, is given by
Xo(K)Y L, (ua(®)) 1 +1 41 (uz(k)
(Vj(k)) =H (vj(k)) B Ti(+1 —1) (é(k)) (4.7-b)

with the Hadamard matrix. So, by adding and subtracting the equations (4.6-
c-d), we obtain

uz () = X2 (k) + V2 (K)/VZ and v, (K) = (Xo(K) — V2 (K)VZ,

or, in matrix form

(20 =ma (00) =5 (1 D) W

Now let us make the rotation to the second incursive oscillator (3.2-a-b)

(up(k+1) = vak + 1)) = (up(k) — v, (k) — H(uz (k) + v, (k)
(uz(k+ 1) + vk + 1)) = (up(k) + vo (k) + H(uz (k) — v, (k) —
Hz(uz(k) + Vz(k))

and the sum and the difference of which give the second recursive discrete
oscillator
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uy(k+ 1) = uy (k) — Hvy(k) — H2(uy(k) + vy (k))/2 (4.8-a)

Vz (k + 1) = V2 (k) + H u2 (k) - HZ(UZ (k) + V2 (k))/z (48'b)

These equations are the same as the equations of the first oscillator by
inversion of the sign of H.

The discrete equations (4.5-a-b, 4.8-a-b) can be transformed to
differential equations for small value of the interval of time

atuZ (t) = _(,L)Vz (t) al’ld atVZ (t) = +(DuZ (t) (410‘a'b)
where d.u(t) = du(t)/ dt is the time derivative.

And the conversion to the original variables, with the equations (4.3-c)

and (4.7-c), are given by

9:(X1 (D) + V1(1) = 0(V1 (D) — X1 (D)),
(V1 () — X1 (D) = —0 (X1 (D) + V1 (D)

9:(X2 (D) + V5(D) = —w(X,(t) — V,(1),
9: (X2 (1) — V5(D) = w(X,(t) + V,(D)

then, the sum and the difference of these equations give
0:V1(t) = —wX;(t) and 0:X1 (1)) = +wV;(t) (4.11-a-b)
0:X, (1) = +wV,(t) and 9.V, (t) = —wX, (t) (4.12-a-b)
In defining the complex variables

u(t) = (ug (0 — iux (1) /vV2 and v(t) = (v (D) + iv; (1) /V2
(4.13-a-h)
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the 4 real equations are reduced to 2 complex equations

d¢(uy (t) —iuy (1) = w(vy (t) +iv,(t)) and

0:(va(t) +ivy (1)) = w(uy(t) —iug (b)), or

du(t) = +iwv*(t) and 9v(t) = —iwu*(t) (4.14-a-b)
where the star sign corresponds to the complex conjugate

w () = (uy (0 + iuy(£)/V2Z and v () = (v, (1) — v, (£)/V2

We then obtain the second time derivative of the complex harmonic
oscillator

02u(t) = —w?u(t) and 92v(t) = —w?v(t) (4.15-a-b)
In defining
w(t) = (3%8) (4.16)

we obtain, with the Pauli matrix

Oy = (-I(-)i ?)i)’

the two equations
dw(t) = —woy,w*(t) and dw*(t) = +woyw(t) (4.17-a-b)

and the second time derivative is given by
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02w(t) = —w?w(t) (4.17-c)
the solution of which being
w(t) = cos(wt) w(0) — sin(wt) g, w*(0) (4.17-d)
In defining a unitary matrix U= Ui +iU;, we can write the

transformations of the position and velocity of the discrete harmonic
oscillator as follows

Vi +1 0 0 +1\ /4 +X; +V;
U | Xe =3<0 +1 -1 0) X\ _ 1 [+X% -V, | _
rly, |72l 0 -1 41 o J{w |77 X, +V,
X, +1 0 o +1/\x +X, +V,
+uy
- tg; = W, (4.18-a)
+uy
Vi 0 -1 -1 0\ /"1 —X; =V,
U Xol_z1[+1 0 0 —1|(Xz|_2(—X+tVi]_
Nv, |T2{+1 0o o -1/lv | =X, +V,
X, 0 +1 +1 0/ \x, +Xy +V,
—u,
+v
% +V1 =w, (4.18-b)
+u2

The chiral representation is related to the unitary matrix U

B . _1f 0o toy —i(op — oy)
U= UR + IUI =3 <i(0'0 _ 0_y) S0 + O'y (419)

with the property UU* = U*U = 1.
So, we obtain the complex chiral representation
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Vi +1 —-i =i +1\ /V1 +u; —iup +u
U o1+ +1 =1 —i|(Xe|_af+ve—ivi|_[ +4v|_ w
V, 2\ + -1 +1 =i |V, Vz\ —vy —ivy -v*
X4 +1 4+ 4+ +1/ \Xy +u; +iu, +u”
(4.18-c)

where we define the general function W separated in the left wy, and right
wg chiral functions

i (:VVIL{) = (L ;’yv w?) (4.20-a)
Wy, =W = (13) and wg = —igy,w* = (;Z:) (4.20-b-c)

The analytical solutions of the first incursive discrete equations are
given by

X1(k) = cos(2kn/N) and V; (k) = —sin((2k + 1)n/N) (4.21-a-b)
so, with the relations

ug (k) = (X1 (k) + vy () /vZ and vy (k) = (Vs () — X, (K))/V2

(4.22-a-b)
the functions u, (k) and v, (k) become
u; (k) = [+cos(2kn/N) — sin((2k + 1)=/N)]/V2
= ++/2 cos(nt/4 + /2N) sin(n/4 — 2kn/N — 1/2N) (4.23-a)

v1(K) = [=sin((2k + 1)n/N) — cos(2kn/N)]/v2
= —v2sin (/4 + ©/2N) cos(mt/4 — 2kn/N — 1t/2N) (4.23-b)

and the analytical solutions of the second incursive discrete equations are
given by
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X5(k) = cos((2k + 1)n/N) and V,(k) = — sin(2kn/N) (4.21-c-d)
so, with the relations

U, (K) = (X, (k) + Vo (K) /2 and v, (K) = (X, (k) — Vo (K)/V2

(4.22-c-d)
the functions u, (k) and v, (k) become

uy (k) = [cos((2k + 1) n/N) — sin(2kn/N)| /V2
= ++v2 cos(nt/4 — /2N)sin(rr/4 — 2kn/N — 1t/2N) (4.23-C)
v,(K) = [cos((2k 4+ 1)/N) + sin(2kn/N)]/v2
= ++/2sin(mt/4 — /2N) cos(n/4 — 2kn/N — 1/2N) (4.23-d)
Finally, with
u(k) = uy (k) — iuy (k) and v(k) = v, (k) + ivy (k) (4.24-a-b)

the discrete recursive harmonic oscillators are written as follows
u(k+1)—iuy(k+1) =
uy (k) = iup (k) + H (vi(K) +i v, (k) — H?(uy (k) — iup (k) +

vi (k) —iv,(k))/2 (4.25-3)
vo(k+ 1) +ivy(k+1) =
va(K) +ivy (K) + H (uz (k) — iug (k) — H? (up (k) + iug (k) +

vy (k) +ivy(k))/2 (4.25-b)

So we obtain the complex discrete recursive harmonic oscillator
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u(k + 1) = u(k) + iHv*(k) + iH2(iu(k) + v(k))/2 (4.26-a)
v(k + 1) = v(k) — iHu*(k) — H?(iu(k) + v(k))/2 (4.26-b)

In conclusion, we have demonstrated the transformation, by rotation
with the Hadamard and unitary matrices, of the incursive discrete harmonic
oscillators to recursive discrete harmonic oscillators. The same rotation will
be applied to the Majorana equation (Dubois, 2019d).

5. THE HYPERINCURSIVE DISCRETE KLEIN-GORDON
EQUATION BIFURCATES TO THE MAJORANA AND DIRAC
RELATIVISTIC QUANTUM EQUATIONS

The Klein-Gordon equation (Oskar Klein, 1926, Walter Gordon, 1926)
of the function ¢ = ¢(r,t) in three spatial dimensions r = (x,y, z) and time
tis given by

—h2d2¢p(r,t) = —h2c?V2p(r,t) + m2cto(r,t) (5.1)
where 9, = d¢/du, or, in the explicit form of the nabla operator V,

—h%0¢p(r,t) = —h?c? 0Z¢(r,t) — h?c? d50(r,t) —
h? c? 02¢(r,t) + micto (5.2)

where 9f¢ = 0%p/0u?, h is the constant of Plank, c is the speed of light,
and m the mass. From the Klein-Gordon equation, the relativistic quantum

Dirac and Majorana equations can be deduced (Dirac, 1928, Majorana,
1937).

As we will consider the discrete Klein-Gordon equation, we make the
following usual change of variables
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q(r,t) = o(r,t) (53)

a=w=mc?/h (5.4)
where o is a frequency, so the Klein-Gordon equation (5.2) becomes

d%q(r,t)/ 9t? = +c?9%q(r,t)/ 0x* + c? d%q(r,t)/ 0y? +
c29%q(r,t)/ 9z* — a%q(r,b) (5.5)

From the Klein-Gordon equation (5.5), the second order hyperincursive
discrete Klein-Gordon equation (32, 35) is given by

qix,y, z,t + 2At) — 2q(x,y,z,t) + q(x,y,z, t — 2At) =
+B2[q(x + 2Ax,y,7,t) — 2q(%,y, 2 t) + q(x — 2A%,y,z,t)]
+C2[q(x,y + 2Ay,7,t) — 2q(x,y,7t) + q(x, y — 24y,7,1)]
+D?[q(x,y,z + 2Az,t) — 2q(x,y,7t) + q(x,y,z — 2Az,t)] —
A%q(x,y,7t) (5.6)

where the following parameters A, B, C, and, D,

A = a (2A0),B = ¢ (2At)/(24x), C = ¢ (2At)/(24y),
D = ¢ (2At)/(2Az) (5.7)

depend on the discrete interval of time At, and the discrete intervals of space,
Ax, Ay, Az, respectively.

As usually made in computer science, let us now introduce the discrete
time ty, and the discrete spaces x;, y zn, as follows

tyk =to + kAt k=0,1,2,.., (5.8)
where k is the integer time increment, and x; = Xy +1Ax,1=0,1,2, ..., y, =

Yo + mAy,m = 0,1,2, ..., z, = 75 + nAz,n = 0,1,2, ... (5.9
where I, m, n, are the integer space increments.
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So, with these time and space increments, the second order
hyperincursive discrete Klein-Gordon equation (5.6) becomes

q(,m,n,k+ 2) — 2q(l, m,n, k) + q(I, m,n, k — 2) =
+B2[q(1+ 2,m,n,k) — 2q(1, m,n, k) + q(1 — 2,m,n, k)]
+C%[q(l, m + 2,n,k) — 2q(1, m,n,k) + q(I, m — 2,n,k)]
+D?[q(,m,n + 2,k) — 2q(l, m,n,k) + q(I, m,n — 2,k)] —
A%q(l, m, n, k) (5.10)

This equation without spatial components, corresponding to a particle at
rest, is similar to the harmonic oscillator.

As presented in my recent paper (Dubois, 2019a), where the functions

4j = qjxy,zt) = §;(,L,m,nk),j = 1,234,
define discrete Majorana functions, the 4 discrete hyperincursive equations
of the functions g;,j = 1,2,3,4, are obtained as

G, mnk+1)=§,(mnk—1)+ B[g,d+1,mnk) — g, —
1,m,n,k)] — C[d;(,m+ 1,n,k) —§, (I, m — 1,n,k)] + D[G5(, m,n +
1,k) — g3 (1, m,n — 1,k)] — Ag,(I, m, n, k)

d,(,m,nk+1)=g,(,mnk—1) +B[Gs1+1,mnk) — ;1 —
1,m,n,k)] — C[d,(L,m+ 1,n,k) —§,(1,m — 1,n,k)] — D[,(I, m,n +
1,k) — §,(,m,n — 1,k)] + Ag3 (1, m,n, k)

43, mnk+1) =d;(0,mnk—1)+ B[g, 1+ 1,mnk) —g,(1—
1,m,n,k)] + C[Gs(,m+1,n,k) —§s(,m—1,n,k)] + D[d;(l, m,n +
1,k) — §;(,m,n — 1,k)] — Ag, (1, m,n, k)

4.0 mnk+1)=§,0,mnk—1)+ B[, 1+ 1,mnk) —g,(1-
1,m,n,k)] +C[g,0,m+1,nk) —§,(,m—1,nk)] —

D[G,(I, mn + 1,k) — §,(, m,n — 1,k)] + Ad; (1, m,n,k)
(5-11-a-b-c-d)

with
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A = A = a(2At), B = B = c At/Ax, (5-12-a-b)
C=C=cAt/Ay,D =D = cAt/Az (5-12-c-d)

where At and Ax,Ay,Az are the discrete intervals of time and space
respectively.

From the discrete equations, when the spacetime intervals tend to zero,
we obtained the following 4 first order partial differential equations (Dubois,

2019a)
+ 09, /0t = +c 9P, /0x — c 9P, /0y + c9P;/0z — (mc?/h)P,
+ 09, /0t = +c0P;/0x — c 0P, /dy — c 09, /0z + (mc?/h) P,
+09P;/0t = +c09,/0x + c 0P;/dy + c 0P, /9z — (mc?/h)P,

+ 09, /0t = +c 0P, /0x + c 9P, /0y — c dP,/0z + (mc?/h) P,
(5.13-a-b-c-d)

which are identical to the original Majorana equations (Majorana, 1937),
e.g., equations (4-a-b-c-d) in Pessa (Pessa, 2006).

Recently, we demonstrated that Majorana 4-spinors equations bifurcate
simply to the Dirac real 8-spinors equations (Dubois, 2019Db).

First, let us consider the inverse parity space, in inversing the sign of the
space variables in the Majorana equations (5.13-a-b-c-d),

+ 09, /0t = —c 9P, /0x + c 9P, /0y — c 0P;/0z — (mc?/h)P,

+ 09, /0t = —c0W;/0x + c 0P, /0y + c 0P, /0z + (mc?/h) P,

+ 0P, /0t = —c 0P, /0x — c 0P, /0y — c 0P, /0z — (mc?/h) P,

+09,/0t = —c 0P, /0x — c 0P, /0y + c 0P, /0z + (mc?/h) P,
(5.14-a-b-c-d)
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In defining the 2-spinors real functions,

Qy = (?1>,(pb = (?3> (5-15-a-b)

the two equations (5.14-a-b) and (5.14-c-d) are transformed to the two 2-
spinors real equations

+0¢,/0t=—coy0¢p/0x + coy 0@, /0y — co30¢@y,/0z +
(mc?/h)c, @y

+ 0@y, /0t = —coy 0¢,/0x — coy 0L /0y — co309,/0z +
(mc?/h)o, @, (5.16-a-b)

where the real 2-spinors matrices o4, 65, 63, are defined by

o, = (2 é) c, = ((1) _01) O3 = (é _01) (5.17-a-b-c)
and 2-Identity o, = (é (1’) =1, (5.17-d)

With the inversion between o, and o, in introducing the tensor product
by —o, the functions &,

g,
G 1 ,
P = (‘Pj,z>’ j=1234, (5.18)

bifurcate to two functions

Y. _ . +.
_ . ity _ (0 1 i\ i2\ .
o ¥ = —o, (Lp.,2> - (1 0 ) (l.p_'2> = (_Lp_1> ,J =1,2,3,4

]
(5.19)
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So the Majorana real 4-spinors equation bifurcates into the Dirac real 8-
spinors equations

+ 0¥, /0t = —c0Wy1/0x —c 0¥, ,/0y —cO0W34/0z +
(mcz/h)lPLz

+0W¥,,/0t = —c0W¥3,/0x + c0W3,/0y + c0W¥,,/0z +
(mcz/h)qu,z

+ aLP&l/at = —C an2,1/6x —C alpz’z/ay —C alpl’l/az -
(mcz/h)Lps,z

+ aq{hl/at = —C alpl'l/ax +c alplrz/ay +c al'pzll/az -
(mc? /M)Wy,
(5.20-a-b-c-d)

+ aq)]_’z/at = —C alp4'2/ax +c 0‘1’4,1/6}1 —C alp3’2/az -
(mcz/h)l{Jm

+ al'pz'z/at = —C al‘p3’2/ax —C alp3’1/ay +c a‘}’4’2/az -
(mcz/h)l{’m

+ 6W3’2/6t = —C alpz'z/ax +c 6‘[’211/6}/ —C alpllz/az +
(mc?/h)W; 4

+ 51{’4'2/615 = —C al‘pllz/ax —C alpl’l/ay +c alpz’z/az +
(mcz/h)l{’m
(5.21-a-b-c-d)

These 2 x 4 = 8 real first order partial differential equations represent
real 8-spinors equations that are similar to the Dirac complex 4-spinors
equations (Dirac, 1964).

In defining the wave function
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Yi(x,y,2,t) =W =¥, +i¥,,j = 1,234, (5.22)

with the imaginary number i, we obtain the original Dirac equations (Dirac,
1928):

+ 0¥, /0t = —c 0¥, /0x + ic 0¥, /0y — c 0¥W;/0z — i(mc?/h)¥,
+0W,/0t = —c 0W;/0x — ic 0W5/dy + c 0¥, /0z — i(mc? /h)¥,
+ 0W;/0t = —c 0W¥,/0x + ic W, /0y — c 0¥, /0z + i(mc?/h)¥;

+ 0¥, /0t = —c 0W¥;/0x — ic W, /3y + c 0¥, /0z + i(mc? /h)¥,
(5.23-a-b-c-d)

Let us define the discrete Dirac wave function
Q(Lmnk) =Q;=Qj; +iQj2,j =1234, (5.24)

corresponding to the Dirac wave function (5.22).
The 4 hyperincursive discrete Dirac equations of the discrete wave function
are then given by

Q,mnk+1) =

Q;(I,mnk—1)—B[Qs(+ 1, m,n,Kk) —Qu(1—1,m,n,Kk)]
+iC[Qs(I,m+1,n,K) — Qs(I, m — 1,n,k)]

—D[Q3;(I, m,n+ 1,k) — Q3(I, m,n — 1,k)] — i AQ; (I, m, n, k)

Q,(Lmnk+1) =

Q,(I,m,n,k—1) —B[Q3(1+ 1,m,n,k) — Q3(1 — 1,m, n,Kk)]
—i1C[Q3(,m+ 1,n,k) — Q3(,m — 1,n,k)]

+D[Q,(,m,n+ 1,k) — Q,(I, m,n — 1,k)] — i AQ, (1, m,n, k)

Q;(L,mnk+1) =

Qs;(,mn,k—1) —B[Q,(I1+ 1,m,nk) —Q,(I1—1,m,n,Kk)]
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+iC[Q,(I,m + 1,n,k) — Q,(l,m — 1,n,k)]
—D[Q;(I,m,n+1,k) — Q;(I, m,n — 1,k)] +iAQ3(l, m,n, k)

Q,(,mnk+1)=

Qs(I,mn,k—1)— B[Q;(I1+1,m,nk) —Q;(1—1,m,n,Kk)]

—iC[Q;(I,m+1,n,k) — Q;(I,m — 1,n,Kk)]

+D[q,(I, m,n+ 1,k) — Q,(I, m,n — 1,k)] +iAQ,(l, m,n, k)
(5.25-a-b-c-d)

with
A = 2wAt, B = c At/Ax, C = cAt/Ay,D = c At/Az (5.26)

where At and Ax,Ay,Az are the discrete intervals of time and space
respectively.

6. THE HYPERINCURSIVE DISCRETE KLEIN-GORDON
EQUATION BIFURCATES TO THE 16 PROCA EQUATIONS

Let us show that there are 16 complex functions associated to this second
order hyperincursive discrete Klein-Gordon equation. This equation without
spatial components, corresponding to a particle at rest, is similar to the
harmonic oscillator. For a particle at rest, the Klein-Gordon equation (5.10),
with the function q(t) depending only on the time variable, is given by

9%q(V)/ ot* = —a*q(t) (6.1)

with the frequency, a = w = mc?/h, given by the equation (5.4).

This equation (6.1) is formally similar to the equation of the harmonic
oscillator for which q(t) would represent the position x(t), and dq(t)/ot
would represent the velocity v(t) = dx(t)/adt.
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So, with only the temporal component, the second order hyperincursive
discrete Klein-Gordon equation (5.10) becomes

q(k +2) — 2q(k) + qk — 2) = —A%q(k) (6.2)

that is similar to the second order hyperincursive discrete equation of the
harmonic oscillator, as shown in section 2. This hyperincursive equation
(6.2) is separable into a first discrete incursive oscillator depending on two
functions defined by q;(k),q,(k), and a second incursive oscillator
depending on two other functions defined by q3(k), q4(k), given by first
order discrete equations.

So the first incursive equations are given by:

q1(2k) = q1(2k — 2) + Aq,(2k— 1)
q2(2k+ 1) = q,(2k— 1) — Aq;(2k) (6.3-a-b)
where q,(2k) is defined of the even steps of the time, and q,(2k + 1) is

defined on the odd steps of the time.
And the second incursive equations are given by:

q3(2k) = q3(2k — 2) — Aqs(2k— 1)

442k + 1) = q4(2k — 1) + Aq5(2k) (6.4-a-b)
where q3(2Kk) is defined of the even steps of the time, and q,(2k + 1) is
defined on the odd steps of the time.

The second incursive system is the time reverse of the first incursive system
in making the discrete time inversion T

T: At » — At (6.5)

which gives an oscillator and its anti-oscillator.
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In defining the following 2 complex functions, where i is the imaginary
number,

q13(2k) = q1(2k) +1iq3(2k)
G242k +1) =q,2k+1) —iq,(2k+ 1) (6.6-a-b)

the 4 real incursive equations (6.3-a-b) and (6.4-a-b) are transformed to 2
complex incursive equations

q13(2k) = q13(2k — 2) + Aq4,(2k— 1)
G242k +1) = q24(2k — 1) — Aqy3(2K) (6.7-a-b)

So the hyperincursive equation for a particle at rest shows a temporal
bifurcation into an oscillatory equation and an anti-oscillatory equation.

For a moving particle, the 3 discrete space-symmetric terms in equation
(5.10)

q(1+ 2,m,n,k) — 2q(l, m,n,k) + q(1 — 2, m,n, k)
q(,m + 2,n,k) — 2q(l, m,n, k) + q(I, m — 2,n,k)
q(,m,n + 2,k) — 2q(l, m,n, k) + q(I, m,n — 2,k)

are similar to the discrete time-symmetric term
q(, m,n,k+ 2) — 2q(l, m,n,k) + q(I, m,n, k — 2)

The two complex functions bifurcate for even and odd steps of space X,
giving 4 complex functions depending on 4 discrete incursive equations.
These 4 complex functions bifurcate for even and odd steps of space v,
giving 8 complex functions depending on 8 discrete incursive equations.
Finally, these 8 complex functions bifurcate for even and odd steps of space
z, giving 16 complex functions depending on 16 incursive discrete
equations.
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But if we consider the space variable as a set of the 3 space variables

r=(xy,2) (6.8)

the two complex functions bifurcate for even and odd steps of the space
variable r = (x, y, z), giving 4 complex functions depending on 4 discrete
incursive equations, which correspond to a discrete parity inversion P

P: Ar - —Ar (6.9)

In conclusion, with the discrete time inversion and the parity, we define
a group of 4 incursive discrete equations with 4 functions. This is in
agreement with the thesis of Proca. Indeed, as demonstrated by Proca (Proca,
1930, 1932) in 1930 and 1932, the Klein-Gordon equation admits in the
general case a total of 16 functions. Classically, for the well-known Dirac
equation, there are 4 complex wave functions.

Proca demonstrated that there are 4 fundamental equations of 4 wave
functions for the Dirac equation

@rs forr=1234,ands =1 (6.10)

and the other 3 x 4 other equations are similar to these 4 equations.
Proca classified the 16 equations in 4 groups of 4 functions:

4 equations of the 4 functions ¢, s forr = 1,2,3,4,and s = 1
4 equations of the 4 functions ¢, ¢ forr = 1,2,3,4,and s = 2
4 equations of the 4 functions ¢, ¢ forr = 1,2,3,4,and s = 3
4 equations of the 4 functions ¢, for r = 1,2,3,4,and s = 4

> w e

In each group, the 4 equations depend on 4 functions which are not separable
except in particular cases.

In this chapter we restricted our analysis to the first group of 4 functions
in studying the case of the Majorana and Dirac equations.
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7. CHIRAL REPRESENTATION OF THE MAJORANA
EQUATIONS IN 2 COMPONENTS

In the preceding section 4, we have presented the rotation of the
incursive discrete harmonic oscillators by the Hadamard matrix and unitary
matrix U. The incursive discrete equations are transformed to recursive
discrete equations, what is a remarkable result (Dubois, 2019c).

The rotation of the relativistic quantum Majorana equations with the
same Hadamard matrix and unitary matrix U, gives rise to the transformation
of the Majorana equations in 2 components (Dubois, 2019d).

Indeed, we will give the Chiral representation of Majorana equations
from the unitary matrix, U = Ug + iUy,

1

op+oy, —i(op— Gy)>
T2

i(op — oy) o + oy

which can be defined with the Pauli matrix o, and with the unit matrix,
oo = I, = 1, with the property UU* = U*U = 1. An excellent introduction
to the properties of the unitary matrix is given by Palash (Palash, 2011).

So the real and imaginary parts of this unitary matrix are applied to the
Majorana real 4-spinors as follows

+1 0 0 +1
5 1[0 +1 -1 0
URlp—z(o —1 +1 0)

+1 0 0 +1
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So the application of the unitary matrix to the Majorana real 4-spinors
is given by

+1 +i +i +1

w1 min (B (PP (B
g =i 1+ =1 i sz _ +‘fz1+il\1j22 _ L\I/Jz -
2\ +i -1 +1 —i P, -9,, +i9,, P,

The general function ¥ can be separated in the top left chiral function,
|, and in the bottom right chiral function, ¥y chiral function,

g P = ¥1) and Pp = ¥ (7.4-a-b-c)
Wr ¥, W,

and the bottom right function can be deduced directly from the top left
function as follows

. _ —P;
Pg = —ig, P} = <+1Tﬁ) (7.5)
1

with the rotation 2x2 Hadamard matrix, H,,

_1/+1 +1
=501 5) (76)
let us transform the Majorana 2-spinors, as follow
qjll qjl 1 qjl + f'pzl_
- = HZ ~ = —=| ~ ~
P,, ¥,) V2\¥ -7,
o)y (Te) oL (Tt Vs (7.7-a-b)
1{121 LP3 2 LIJ2 - L[J3
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and let us apply these rotations to the Majorana equations as follow

+09,,/0t = +c0P,,/0x — c0W,, /0y — c0P,,/0z +
(mcz/h)t\pzz

+09,,/0t = +c0P,,/0x — c 0V, /0y + c 0P,,/0z —
(mcz/h)t\pu

+09,,/0t = —c 09,,/0x — c0¥,,/0y — c0P,,/0z +
(mc?/h)¥;,

+0P,,/0t = —c 0P,,/0x — c 0W,,/0y + c 0P,,/0z —
(mc?/h)Py, (7.8-a-b-c-d)

Again with the Hadamard matrix, let us transform the 2-spinors (7.7-a-b) as
follows

tp4, _ l\pll _ 1 +l\p11 + itplz
v = Hls =%\ e _w )

Wo) _ gy, (W) 2 o (2 + 1% (7.9-a-b)
W3 W VZ\-9,, +1P,,
which are the same transformations as in the unitary matrix (7.2-c).

Let us give the partial differential equations of the 2 left chiral functions ¥,
and ¥, as

+ 09, /0t = +c 0P, /0x +icdP,/dy — c0P,/0z + i (mc?/h)P;
+ 09, /0t = —c0P,/0x —icdP, /0y — c 0P, /dz — i (mc?/h)P;
(7.10-a-h)

Let us write the chiral left Majorana equation with the left chiral
function, ¥, (7.4-b):

0,9y, = +c0,0,¥, — c5,,0, P, — c0,0,F, — (mc?/h)o, Py (7.10-c)
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The chiral right Majorana equation with the right chiral function, ¥
(7.4-c), is easy to write. For a particle at rest, the left non-relativistic
Majorana equation is given by

0, P, = —(mc?/h)o, Pf (7.12)

In conclusion, in this section, we have considered the chiral
representation of the Majorana equations.

8. SOLUTIONS OF THE NON-RELATIVISTIC QUANTUM
MAJORANA AND DIRAC EQUATIONS

This section is written following our recent paper (Dubois, 2019d).

In the non-relativistic limit p < mc, the particles are at rest, with a
momentum p = 0.

In this limit, the Majorana equations (7.10-a-b) are given by

+ 09, /0t = +i (mc?/h)P;

+09,/0t = —i (mc?/h)P; (8.1-a-b)
o= (P )
With P(t) = (‘T’Z (t)) (8.2-a)

these equations (8.1-a-b) become
9, P = —(mc?/h)c, P (8.3-a)

where 9, = 9/dt, and 5, = i((l) _01

The complex conjugate of equation (8.3-a) is given by

), is a Pauli matrix.
0, 9" = +(mc2/h)csy¢’ (8.3-b)
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With the two equations (8.3-a-b), one obtains a second order equation
2P (t) = —(mc?/h)?P(t) (8.4)

that is the temporal Klein-Gordon equation.
The solution of equation (8.4) is given by

P(t) = cos(me?t/h)P(0) — sin(mc2t/h) 5, P*(0) (8.5)
or in explicit form

P, (t) = cos(mc2t/h)F, (0) + i sin(mc?t/h)F; (0) (8.6-)

T, (t) = cos(mc?t/h)F,(0) — i sin(mc2t/h)F; (0) (8.6-b)

Now let us consider the following Dirac 2-spinors

70 = (uyo) ©7)

for which the temporal non-relativistic Dirac equation is given by

0, P(t) = —i(mc?/h)c,P(t) (8.8)
where 0, = d/dt,and o, = ((1) _01) is a the Pauli matrix.

The analytical solution of the non-relativistic Dirac equation (8.8) is
given by

P(t) = cos(mc?t/h)P(0) — isin(mc?t/h) 5,P(0) (8.9)
or in explicit form

Y, (t) = cos(mc?t/h)W¥;(0) — isin(mc?t/h)¥, (0) (8.10-a)
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W, (t) = cos(mc?t/h)W,(0) + isin(mc?t/h)¥,(0) (8.10-b)

In conclusion, in this section, we have considered the solutions of the
non-relativistic chiral Majorana equation and the Dirac equation.

9. THE GENERIC MAJORANA 4-SPINORS EQUATION

With the Majorana wave functions, ¥; = ¥(x,y,z,1),j = 1,2,3,4, we
have given the 4 Majorana partial differential equations (5.13-a-b-c-d).
Let us define the two Majorana bi-spinors wave functions

(P @ _ (% N
- (1) - (%) c1et

The Majorana equations (5.13a-b-c-d), for the bi-spinors, become:
0;P, = +¢0,0, P, — c50, ¥, + ¢5,0,P, — i(mc?/h)o, P,

0;Pp = +¢6,0, ¥, + cc00, Py, + c6,0,P, — i(mc?/h)c, P,
(9.2-a-h)

where 9, = d/du and, o, , G, , G4, are the Pauli 2x2 matrices
(0 1 (0 —i (/1 0 (1 0\ _
G"_(l 0)’Gy_(i 0)’02_(0 —1)’60_(0 1)_12
(9.3-a-b-c-d)
and where oy, is the 2x2 unit matrix I, .

Let us define the Majorana 4-spinors wave function from the two bi-spinors
(9.1-a-b):
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— (P,
Y= <qu> (9.1-¢)

The Majorana equations (9.2-a-b) for the 4-spinors become the following
generic Majorana equation:

0:P = ca, 0, P — cB9, P + ca,0,¥ — i(mc?/h)a, P (9.4-c)

where the 4x4 matrices, a,, a,, a,, are defined with the Pauli matrices by

(0 o (0 o (0 o,
ocx—(cx 0),ay_(6y 0),02_(62 0) (9.5-a-b-c)

and f is defined with the unit matrix by

B = (‘B" 0 ) (9.5-d)

-0y

In the next section we will give the generic Dirac 4-spinors equation and
its relation to the Majorana equation.

10. THE GENERIC DIRAC 4-SPINORS EQUATION
In defining the Dirac wave function by ¥; = ¥; (x,y,2,1),j = 1,2,3,4,

we have given the 4 Dirac partial differential equations (5.23-a-b-c-d).
Let us define the Dirac bi-spinors wave functions

¥, = (3,2) Wy, = ($j) (10.1-a-b)

The Dirac equations (5.23a-b-c-d), for the bi-spinors, become:

Complimentary Contributor Copy



138 Daniel M. Dubois
0;¥a = =0, 0, ¥y — €0, 0, ¥}, — c5,0,%}, — i(mc?/h)o, W,

0:¥y, = —€0,0, ¥, — €0, 0, ¥, — c5,0,¥, + i(mc?/h)c, ¥}
(10.2-a-b)
where 0, =0d/0u and o, , Oy , 0y, are the Pauli 2x2 matrices (9.3-a-b-c),
and where oy, is the 2x2 unit matrix I, (9.3-d).
Let us define the Dirac 4-spinors from the two bi-spinors (10.1-a-b):

Wy = (:}’D (10.3)

The Dirac equations (10.2-a-b) for the 4-spinors become the following
generic Dirac equation:

0;¥Y = —ca, 0, ¥ — ca,, 0, ¥ — ca,0,¥ — i(mc?/h) Y (10.4)

where the 4x4 matrices, oy, «,, a,, were defined in equations (9.5-a-b-c),
and 8 was defined in equation (9.5-d).

In comparing the Dirac equation (10.4-c) with the Majorana equation
(9.4-c), we see that there is an inversion of the two matrices, §, and, a,,, with
an inversion of signs of the space variables, x, and, z.

This is in agreement with my demonstration, given in the preceding
section 5, of the bifurcation of the Majorana real equation to the Dirac
complex equations (Dubois, 2019b).

Let us remark that the Pauli matrices represent logical quantum gates in
quantum compution.

Let us first recall the properties of the Pauli 2x2 matrices, o, , 6, ,G,:

1 0
of=0f=0f=1I,= (0 1) (10.5)

The square of the Pauli gates are equal to the 2x2 unit gate.
The square of the unit gate is equal to itself:
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o'g = IZ = 0y (106)

The Pauli gates do not commute, and show the following properties:

0y0, — 0, 0y = L0y

0,0x — Oy 05 = 10y,

050y — Oy Oy = 0, (10.7-a-b-c)

With the Kronecker product, ®, it is possible to create the 4x4 matrices
y, Ay, A, and, B, with the product of two Pauli 2x2 matrices, as follows:

000 1 00 0 —i
0010 00 i 0

a=0® =g 1 g o)W =By ={g _; o ¢
100 0 i 0 0 0
00 1 0

a, = 0,Q0, = 10 8 00 _01 (10.8-a-b-c)
0 -1 0 0
10 00

B = 0,80, = 8 é _2 00 (10.8-d)
00 0 -1

The square of the matrices, ay, a,, a,, B, are equal to the unit matrix, I,:

(10.9)

S OO -
S O O
S RO O
oo O

The matrices, a,, a,, a,, B, show the following important properties:

aya, +a;a, =0
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azo,toa,a, =0

Ay + aya, =0 (10.10-a-b-c)
ayf + Ba, =0
a,f+ Ba, =0
a.f+Ba, =0 (10.11-a-b-c)

The next section deals with a fundamental invariant related to the Pauli
matrix, o,.

11. A NEW INVARIANT OF THE NON-RELATIVISTIC
QUANTUM MAJORANA AND DIRAC WAVE FUNCTIONS

This section gives the comparison of the solutions of the non-relativistic
guantum Majorana and Dirac equations after (Dubois, 2019e).

In the limit, p « mc, the particles are at rest, with a momentum p = 0.
In the preceding section, we have given the following 2-components chiral
Majorana equations (7.10-a-b);

+ 09, /0t = +c 0P, /0x +icdP,/dy — c0P,/0z + i (mc?/h)P;

+ 09, /0t = —c 0P, /0x —icdP,/dy — c 0P, /0z — i (mc?/h)P;
(11.1-a-h)

In the non-relativistic limit, these 2-components Majorana equations are
given by

+0W, /ot = +i (mc? /)P (11.1-c)

+0W, /0t = — i (mc?/h)¥; (11.1-d)
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with

P(o) = (?1(0), (11.2)

Y20

these Majorana equations become

9,9 = —(mc?/h)c, P* (11.3-a)
where 9, = 9/at, with the Pauli matrix, o, = 1((1) _01)

The complex conjugate of equation (11.3-a) is given by

9,9 = +(mc?/h)c, P (11.3-b)

These 2 equations (11.3-a-b) transform to the following second order
equation

02P(t) = —(mc?/h)?P(t) (11.4)
which is identical to the second order derivative of the Klein-Gordon
equation for a particle at rest, with a 2-spinors complex Majorana function
P(t).

The analytical solution of the equation (11.4) is given by

P(t) = cos(me?t/h)P(0) —sin(mc?t/h) 5, P*(0) (11.5)
or, in explicit form

P, (t) = cos(mc?t/h)P,(0) + isin(mc?t/h)P;(0) (11.6-a)

P, (t) = cos(mc?t/h)P,(0) — isin(mc?t/h)P; (0) (11.6-b)
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Now let us consider the following Dirac 2-spinors

D) = (&Eg) (11.7)

The non-relativistic Dirac equation is given by

3, P(t) = —i(mc?/h)c,P(t) (11.8)
where 9, = d/dt, and with the Pauli matrix, 6, = ((1) _01)

The analytical solution of the Dirac equation (11.8) is given by

P(t) = cos(mc?t/h)P(0) — isin(mc?t/h) 5,P(0) (11.9)
or, in explicit form

Y, (t) = cos(mc?t/h)W¥;(0) — isin(mc?t/h)¥; (0) (11.10-a)

W, (t) = cos(mc?t/h)W,(0) + isin(mc?t/h)¥,(0) (11.10-b)

Now, we will show the relation between the solutions of the Dirac
equations from the solutions of the Majorana equations with the method of
Lamata et al. (Lamata et al., 2012). So, let us consider the sum of the forward
and backward solutions (11.9) of the Dirac equation

[P(+0) + P(-1)]/2 = cos(mc?t/h) P(0)

and the difference of the forward and backward solutions

[P*(+t) — P*(—1)]/2 = isin(mc?t/h) o, P*(0)
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0 1

1 0), the relation becomes

In multiplying by the Pauli matrix, o, = (

isin(mc?t/h)o, o, P*(0) = sin(mc?t/h)c, P*(0)

so we obtain the following relation between the solution of the Dirac
equation and the solution of the Majorana equation

B) = [P(+0) + P(—0)]/2 — 0, [P*(+) — P*(-1)]/2 (11.11)
that is equal to the solution (11.5) of the Majorana equation.

We obtain the same result as Lamata et al, but they have not given the
inverse equation for obtaining the Majorana solution from the Dirac
solution.

Let us now make the inverse in giving the Dirac solution as a function
of the Majorana solution, after (Dubois, 2019e). So, let us start from the

solution (11.5) of the Majorana equation. Let us consider the sum of the
forward and backward solutions (11.5)

[P(0) + P(-1)]/2 = cos(mc?t/h)P(0)

and the difference of the forward and backward solutions
[P () — P*(—1)]/2 = sin(mc?t/h) 5, P(0)
Let us multiply this relation by the Pauli matrix, o,
sin(mc?t/h) 6,0, P(0) = isin(mc?t/h) 5, %(0)

So we obtain the relation between the solution of the Majorana equation
and the solution of the Dirac equation (11.9) as follows

P) =[P +P(—0)]/2 — oy [P () — P*(-1)]/2 (11.12)
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Surprisingly, the transformation relation is invariant, the relation
(11.12), which gives the Dirac wave function from the Majorana wave
function, is identical to the relation (11.11), which gives the Majorana wave
function from the Dirac wave function. At our knowledge, this is a new
invariant of the non-relativistic quantum Majorana and Dirac equations. This
invariant is based on the Pauli matrix o, that is the quantum gate X, which
is the “spin flip” or the NOT gate, a reversible gate in quantum computation.

12. QUANTUM COMPUTATION WITH
REVERSIBLE GATES

In this chapter, we have used some reversible quantum gates as defined
for developing quantum computers. The quantum Pauli gates X, Y, Z, that
operate on one-qubit, are based on Pauli matrices:

X=o, = ((1) (1)) (12.1)

which is a “spin flip” or NOT gate,

v=o,=(0 ) (12.2)
Z=c,= (é _01) (12.3)

that is a phase shift gate with ¢ = .
Only the X and Z are necessary, because the Y can be deduced from
them:

Y = iXZ = (9 _i) (12.4)

The square of each Pauli gate is the identity matrix I
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12=X?2=Y2=72=—-iXYZ=1 (12.5)

The quantum Hadamard gate H, is defined by

=51 o

which is a rotation gate, that gives a basis change.
The Hadamard gate can be deduced from the X and the Z gates:
_ 1 _1/+1 +1
o=+ =%(T; 7)) (12.7)
In the section 4, the Hadamard matrix was deduced from the rotation
matrix

_ (sin(B) cos(0)
R,(6) = (cos(e) —sin(G)) (12.8)

for the angle 6 = /4, as

sin(m/4) cos(m/4) ) _i("'l +1

Rl(“/4):<cos(n/4) —sin(m/4)) ~ V2 \+1 —1):H2 (12.9)

V2

In this section 4, we have demonstrated a remarkable result: by the
rotation of the position and velocity of the two incursive discrete equations
of the harmonic oscillator, with the Hadamard matrix gate, we have
transformed the incursive discrete equations to recursive discrete equations
of the harmonic oscillator.

Let us remark that the X ans Z gates can be deduced from this rotation
matrix for the angles 6 = 0 and 6 = /2 respectively

_ (sin(0) cos(0)\ _ (0 1\ _
Rl(0)_<cos(0) —sin(O))_(l 0)_X (12.10)
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sin(m/2) cos(m/2) )

1 0
Ri(m/2) = (Cos(n/Z) —sin(m/2) - ( ) =1 (12.11)

0 -1

In the technology of quantum computers, many quantum gates are also
defined, for example, the phase gate, the square root of the NOT gate, the
CNOT gate and the CCNOT gate.

The phase gate is given by

S= ((1) ?) (12.12)

This phase gate can also be deduced from the Z gate,

s=3Z=(; ) (12.13)

indeed, it is the square root of Z,

s=2=( 00 D=6 %) 219

The square root of the NOT gate is written as

25 _ 2 _ 1141 1-i
ﬂ—m_zh—i 1+i) (12.15)

The XOR (exclusive OR) gate, the Controlled NOT gate CNOT, is a
two-qubit operation defined by

CNOT = (12.16)

S OO K
oS O O
oo O
O RO O

And finally, the reversible Toffoli gate, the Controlled-Controlled NOT
gate CCNOT, is a three-qubit operation defined by
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CCNOT =

SO OO -

(12.17)

(=N eNoioleNoN )
[=NeNoNolel e N
[=NeNoNel e NN
[=NeNel e No NN
(=Nl ool NoNe)
R OO OoOOC OO O
oOrRrO OO OO O
S~

0
0
0

The Hadamard and Toffoli gates are quantum universal gates
(Aharonov, 2003).
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