
1 INTRODUCTION 

Owing to the need to optimise steel lattice towers, the research on angle section members has 
been very active in the last fifteen years. Interesting contributions on different questions are pro-
vided for example in references (Vayas et al. 2009), (Spiliopoulos et al. 2017), (Moze et al. 2014) 
and (Kettler & Unterweger 2017). Nonetheless, there exists still a lack concerning the theoretical 
background on member buckling and more specifically concerning the torsional-flexural buckling 
mode. In fact, generally, it is considered that angle section members subjected to a compression 
force may fail due to instability by flexural buckling about their weak axis v (see Figure 1) or by 
torsional-flexural buckling combining displacements and torsional twist. Usually, the sensitivity 
to one or the other failure mode is evaluated based on the critical axial forces Ncr,v (minor axis 
flexural buckling) and Ncr,TF (torsional-flexural buckling). The expressions for Ncr,v and Ncr,TF are 
given in Equations (1) and (2). 
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ABSTRACT: In the framework of the ongoing revision of EN 1993-3-1, the RCFS funded re-
search project ANGELHY is currently performing experimental, numerical and theoretical stud-
ies on angle sections and lattice towers. This paper presents a particular aspect of the ANGELHY 
project and focusses on a theoretical study concerning the behaviour of angle section members. 
First, the elastic second order equation of such members subjected to axial compression is estab-
lished. Then, this differential equation is solved based on different assumptions concerning geo-
metric imperfections to determine second order displacements, rotations and internal forces and 
moments. The analytical second order solution is validated through comparisons to a numerical 
elastic second order analysis. Based on the validated analytical solution, it is then shown, that 
even if torsional/torsional-flexural buckling of angle section members was relevant according to 
the elastic critical loads, the member rather fails by flexural buckling only. The reason for this 
unexpected conclusion may be directly derived from the second order internal forces and mo-
ments as shown in the last part of this paper. 



where: E = Young’s modulus; Iv = second moment of area about the minor axis; L = member 
length; ip = polar radius of inertia; ys = distance between the shear centre and the centroid; G = 
shear modulus, IT = torsion constant;  

 
Figure 1 shows the definition of axes. It should be noted that an axial compression force is con-
sidered as positive. Also, the major axis bending moment Mu is considered positive if it leads to 
compression of fibres with positive coordinate v and the minor axis bending moment Mv is con-
sidered positive if it leads to compression of fibres with positive coordinate u. 

 
 
 
 
 
 
 
 

Figure 1. Definition of axes 
 
In order to evaluate in which range torsional-flexural buckling may potentially be more critical 

than minor axis flexural buckling, it is interesting to compare the differences between Ncr,TF and 
Ncr,v for a given example. Figure 2 shows a comparison of the critical axial forces depending on 
the minor axis relative slenderness of a 150.150.10 angle section member made of steel S355. 
This comparison suggests that torsional-flexural buckling may be a relevant failure mode up to a 
relative minor axis buckling slenderness of 1.0 (L = 2250 mm). In particular, for legs of lattice 
towers, this value of the slenderness is in the practical range. Consequently, it is of importance to 
fill the lack of background on the torsional-flexural buckling of angle sections. Therefore, the 
following paragraphs will highlight, on a theoretical basis and analytical second order analyses, 
the behaviour of angle section members under compression.  

 
 
 
 
 
 
 
 
 
 
 

Figure 2. Critical axial forces for a given minor axis relative slenderness 

2 SECOND ORDER INTERNAL FORCES AND MOMENTS 

2.1 Flexural buckling about the minor axis – Second order internal forces and moments 

First, it is recalled that the second order displacement v and the second order bending moment 
Mv may be determined with equations (4) and (5). Both equations indicate that the second order 
quantities depend on the applied axial force N and the amplitude of the chose imperfection v0. In 
the framework of this study, an imperfection affine to a half sine wave has been chosen. 
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Based on a realistic assumption of the amplitude of the equivalent imperfection v0 (derived 
from physical tests and numerical simulations), the second order bending moment can be calcu-
lated and finally it is possible to apply a first yield criterion in order to obtain the member re-
sistance: 
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where: max = maximum stress in the cross-section; Wel,v = elastic section modulus; fy = yield 
stress 

 
Equation (6) can be used to derive the European buckling curves as has been done by (Ron-

dal et al. 1979). This derivation is omitted here. 

2.2 Torsional-flexural buckling 

In this section, the second order internal forces and moments are derived for the case of torsional-
flexural buckling. For this buckling mode, major axis flexural buckling is coupled with the tor-
sional buckling. Consequently, the two coupled differential equations (7) and (8) have to be used 
to determine the second order quantities. 
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where: 𝜑 = torsional twist, w0 = the displacement component of the imperfection, 𝜑0= the 
torsional twist component of the imperfection. 

 
At this point, it should be highlighted that the equivalent imperfection is composed of two 

components here: φ0 and w0. It may be possible to choose values for both components inde-
pendently. Nonetheless, if the imperfection is chosen affine to the eigen mode, a fixed ratio exists 
between the values of w0 and φ0:  
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Based on Equation (9), one may express the second order displacement components w and φ 
by: 
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The second order internal forces and moments result from Equations (12) and (13): 
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It is important to note that the maximum second order major axis bending moment is located 
at mid span. Inversely, the Saint Venant’s torsional moment is distributed according to a cosine 
half wave. Consequently, its maximum value, given in Equation (13), is located at the supports. 
Additionally, it should be recalled that the Saint Venant’s torsional moment only generates shear 
stresses over the cross-section. Therefore, it is not possible to use a simple linear stress interaction 
as in Equation (6). Rather the maximum von Mises stress vMises resulting from a combination of 
N, Mu and Mx,St.V should be checked along the member. The elastic resistance criterion conse-
quently reads: 



𝜎𝑣𝑀𝑖𝑠𝑒𝑠 = √𝜎𝑥
2(𝑁, 𝑀𝑢) + 3𝜏2 (𝑀𝑥,𝑆𝑡.𝑉) ≤ 𝑓𝑦 (14) 

where: x(N,Mu) = axial stress due to axial force and major axis bending; (Mx,St.V) = shear 
stress due to Saint Venant’s torsional moment. 

 
In principle, it would be possible to derive a buckling curve for torsional-flexural buckling. 

However, even if this is not done here, it is clear from Equation (14) that this buckling curve 
cannot have the same format as the flexural buckling curves derived by (Rondal & Maquoi 1979). 

In the following section, the resistance criteria of Equations (6) and (14) will be applied to 
selected examples and compared to numerical simulations. 

3 COMPARISON TO NUMERICAL SIMULATIONS 

First, the second order results obtained in the previous paragraph will be validated by comparing 
the analytical solutions to elastic second order calculations. These elastic second order calcula-
tions are performed with the free software FE-STAB (Kindmann et al. 2013). This software al-
lows the user to perform elastic 1st and 2nd order analyses including a geometric imperfection. 

The second order results are compared based on an equivalent imperfection equal to L/250 
corresponding to buckling curve b according to EN 1993-1-1 (CEN 2005). The following calcu-
lations are performed for an angle section L150.150.10 and values of the relative slenderness v 
in the range of 0.5 to 1.25. Table 1 presents the results. It should be noted that the geometric 
imperfection has been determined so that, for the torsional-flexural buckling mode, the combina-
tion of w0 and φ0 leads to a geometric imperfection of L/250 for one tip of the legs.  

Table 1 provides the results for different member lengths. In order to obtain a significant sec-

ond order amplification, the results are determined for a ratio Ncr,TF/N equal to 3.0. Table 1 clearly 

indicates that the analytical solutions fit perfectly the numerically calculated displacement and 

torsional rotation. 
 

Table 1. Second order displacements for the torsional-flexural buckling mode. 

Member 

length L 

(mm) 
v Ncr,TF/N 

Geometric imperfection 
 

Analytical solutions 
 Numerical solu-

tions 

w0 φ0  wII φII  wII φII 

 (mm) (rad)   (mm)  (rad)  (mm) (rad) 

570 0.25 3 1.55×10-3 1.52×10-3  ≈0 0.00076  ≈0 0.00076 

1150 0.50 3 0.0133 0.0306  0.0066 0.0153  0.0066 0.01531 

1700 0.75 3 0.0451 0.0451  0.0225 0.0225  0.0225 0.0225 

2250 1.00 3 0.1120 0.0591  0.0560 0.0295  0.0560 0.0295 

2850* 1.25 3 0.2460 0.0730  0.1230 0.0365  0.1230 0.0365 

*For L = 2850 mm: Ncr,u < Ncr,TF 
 

Next, Figure 3 shows the obtained results for equal leg angle sections 150.16, 150.14, 150.12, 
150.10 and 150.8 (b.t). The last angle section does not exist in classical cross-section catalogues 
but it is included here in order to enlarge the parameter field in terms of ratio b/t. It should be 
noted that the amplitude of the geometric imperfection applied in the analytical approach has been 
back calculated from buckling curve b, applicable for the buckling design of angle section mem-
bers according to EN 1993-1-1 (CEN 2005). It is also recalled that the amplitude applied for the 
torsional-flexural buckling mode refers to the pre-deformation of the tip of one leg. 

As the imperfection amplitude has been back calculated from the buckling curve, the analyti-
cally determined solution for minor axis flexural buckling (noted L150.16 – B-V) perfectly over-
laps European buckling curve b. As the minor axis buckling solutions are identical for all cross-
sections, only the result for section L150.16 is represented. The analytical reduction curves deter-
mined for torsional-flexural buckling (based on Equation (14)), are divided into two parts:  

 the continuous line indicates the slenderness range for which torsional-flexural buck-
ling is relevant according to the critical axial forces (Ncr,TF < Ncr,v); 



 the dotted part of the curve indicates that minor axis flexural buckling is relevant 
(Ncr,v < Ncr,TF). 

One may observe that, according to the analytical approach, only for section L150.8, the tor-
sional-flexural buckling mode leads to a lower resistance than the minor axis flexural buckling 
mode. In fact, for the shortest members, the most loaded cross-section in case of torsional-flexural 
buckling is not the section at mid-span, but the section at the member ends. This section is subject 
to an interaction between shear stresses, resulting from Saint Venant’s torsion, and axial stresses, 
resulting from the axial force. The major axis bending moment obviously vanishes at the member 
ends. When the member becomes longer, the section relevant for design in case of torsional-
flexural buckling shifts from the member ends to mid-span. For the longest members, the inter-
action between the axial force and the major axis bending moment becomes therefore relevant. 
Yet for these member lengths, minor axis flexural buckling is always much more critical. Observ-
ing Figure 3 again, one may remark the huge difference between section L150.8 and all other 
studied angle sections. The important strength reduction for this cross-section results from its low 
torsional constant It. Two effects explain this observation: 1) the critical axial force for torsional-
flexural buckling reduces highly and 2) the (elastic) resistance to Saint Venant’s torsion also re-
duces highly. In order to represent this explanation, Figures 4 shows the evolution of the shear 
stresses and the von Mises stresses over the length of two members: 

 Section L150.10 with a relative slenderness of 0.34 (L = 750 mm); 
 Section L150.8 with a relative slenderness of 0.34 (L = 750 mm) 

The stresses are represented as ratios with respect to the yield stress fy. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Analytical reduction curves for flexural and torsional-flexural buckling 
 
For section L150.10, Figure 4 a) shows that the shear stresses only represent approximatively 

22% of the von Mises stresses. The main contribution to the von Mises stresses is resulting from 
the axial force. One may note that the maximum stress resulting from the second order major axis 
bending moment is only equal to 10 MPa at mid-span. 

  

a) b) 
Figure 4. Evolution of shear stresses and von Mises stresses – a) section L150.10 with 

L = 750 mm; b) section L150.8 with L = 750 mm 
 
In contrast, the shear stresses resulting from the Saint Venant’s torsional moment highly con-

tribute to the von Mises stresses in case of section L150.8. Owing to the high value of these shear 



stresses, the resistance, in terms of maximum axial force, of the section L150.8 with a length of 
750 mm is much less than for section L150.10 with the same length. 

4 CONCLUSIONS 

This paper has presented an analytical approach to assess the torsional-flexural buckling be-
haviour of angle section members. It has been recalled that, based on the critical axial force, tor-
sional-flexural buckling may be a relevant failure mode in the practical slenderness range of such 
members. However, the analytical derivation of a design criterion, conducted through rigorous 
second order theory has highlighted that the Eurocode 3 Part 1-1 design approach for torsional-
flexural buckling is not suited for this failure mode. In fact, the Eurocode 3 buckling reduction 
curves have been determined based on the assumption that only axial stresses interact and lead to 
failure at mid height of a column. Yet, as angle sections possess only a negligible warping stiff-
ness the second order torsional twist, developing in case of torsional-flexural buckling, does not 
lead to axial stresses but to shear stresses resulting from the Saint Venant’s torsional moment. 
The maximum second order elastic stresses consequently result from an interaction between shear 
stresses and axial stresses near the member ends. This interaction appears to be much more fa-
vourable than the interaction between axial force and second order bending in case of flexural 
buckling. The Eurocode 3 provisions should therefore be amended. Nonetheless, it is recalled that 
the presented results possess certain limitations as they have been obtained following elastic sec-
ond order theory based on certain assumptions. In particular: 

 The amplitude of the equivalent geometric imperfection has been chosen equal for 
flexural buckling and torsional-flexural buckling. 

 The resistance criterion for torsional-flexural buckling used here is purely elastic. A 
more refined plastic interaction could potentially lead to even higher resistance for 
torsional-flexural buckling. 

 The effect of local buckling is not accounted for. 
Finally, it is recalled that this research is part of the RFCS project ANGELHY. In the frame-

work of this project, the mentioned limitations of this analytical approach are currently eliminated 
owing to an extensive laboratory testing campaign and numerical studies considering imperfec-
tions and material non linearity (GMNIA). 

 
The present work has been realised in the framework of the research project ANGLEHY par-

tially funded by the Research Fund for Coal and Steel (RFCS) under the grant agreement number 
753993. 
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