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In their comment [1], J. Bok and J. Bouvier 
mentioned the lack of validity of work starting with 
the specific heat formula Eq. (1) in our paper [2]. 
They discussed two other points i.e. the variation of 
the physical parameters as well as the electronic 
band structure. Even though their points are well 
taken, we show that our conclusions are still valid 
from a qualitative point of view. 

In thermodynamics, the specific heat can be con- 
sidered as the first derivative of the entropy, the first 
derivative of the internal energy or the second 
derivative of the free energy [3]. In Ref. [4], G. 
Rickayzen starts from the entropy S in order to 
compute the electronic specific heat 

co= ~ ) v =  E ek-~, (1) 

where fk  is the Fermi-Dirac distribution function 
and E k is the quasiparticle spectrum: EkE = ( e ( k )  -- 
I~F )2 -{- A 2. 

We computed the electronic specific heat C e from 

C ~ =  ~ v - -~  Ek fk  ' (2) 
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with U the internal energy. It is claimed in Eq. (1) 
that the last equality in Eq. (2) is invalid. In fact, the 
quasiparticle spectrum is defined by 

E k = (OU/Ofk),,~.~. ~, (3) 

where u k and v k are the coefficients of the linear 
combination of creation and destruction operators of 
quasiparticles [5]. Therefore, after taking the temper- 
ature derivative of U in Eq. (3), Eq. (1) is found 
again. The difference between Eq. (2) and the r.h.s 
of Eq. (1) is Ek(OEk /OT ) f k .  This term becomes the 
most important one close to T~ when the gap varies 
strongly. 

Using Eq. (1), a few modifications to our previ- 
ous results occur but the main qualitative conclu- 
sions are exactly obtained. 

In Fig. 1, we compare the electronic specific heat 
calculated with Eq. (2) and Eq. (1) for the same set 
of physical parameters A(0) = 20 meV and m* = 8 
m 0. At low temperature, both results are quite simi- 
lar. A linear contribution is observed. As expected, 
the deviation is more important when the tempera- 
ture lies close to T~. 

The specific heat singularity at T¢ observed in 
many systems, though quantitatively different from 
each other, can still be explained with a quasiparticle 
spectrum containing a d-wave gap parameter for 
reasonable values of the physical parameters i.e. 
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F i g .  1. C o m p a r i s o n  o f  t h e  c a l c u l a t i o n  o f  t h e  e l e c t r o n i c  s p e c i f i c  

h e a t  f r o m  E q .  ( 1 )  ( s o l i d  l i n e )  a n d  f r o m  E q .  ( 2 )  ( d a s h e d  l i n e ) .  

A(0)~ 30 meV and m * =  8m 0 when Van Hove 
singularities are present in the band structure. 

The temperature at which Ce, s = Ce, . lies between 
0.6 and 0.8 T/T~ in the s-wave case and between 0.4 
and 0.6 T/T~ in the d-wave case, respectively. Those 
results are thus quite similar to those in Ref. [2]. 

It is relevant to know how the value of the 
normalized jump ACe. n varies with physical parame- 
ters such as the effective mass m* or the ratio 
A(O)/kBT ¢ since the BCS theory gives [1] 

ACe., 2 (4) 

When the gap parameter zl(0) is changed without 
changing the critical temperature, we can point out 
how the electronic specific heat depends on the ratio 
A(O)/kBT ~. We find numerically that the normalized 
jump in the s-wave case including Van Hove singu- 
larities in the band structure behaves like 

ACe. n = 1.1419(A(0)/kBT~) '9685. (5) 

Eq. (5) is similar to the BCS equation mentioned by 
Bok and Bouvier [1]. The phenomenological expres- 
sion describing the normalized jump in the d-wave 
case is however quite different, namely 

ACe. n = 0.21139( A ( O ) / k a T c ) '  .6724 ,  (6) 

where the exponent is markedely different and equals 

about 5 /3 .  It will be an interesting check of the Bok 
and Bouvier comment [1] with respect to our work 
[2] whether the exponent is equal to 2 or 5 /3 .  

Finally, we agree that the real electronic band 
structure is indeed quite complicated. Nevertheless 
the Hubbard model [6] gives a realistic band struc- 
ture, namely 

e ( k ) = - 2 t ( c o s  k , + c o s  ky) + 4 t '  cos k x cos ky, 

(7) 

where t and t' are the hopping integrals between 
nearest neighbours and between next-nearest neigh- 
bours respectively. This band structure is character- 
ized by four saddle points at ( 0 , _  ¢r/b) and 
(+_ ~r/a, 0). Before considering such a complicated 
band structure, we wanted to isolate the effect of 
saddle points taking place in the same directions as 
in the Hubbard band. Therefore we considered only 
the following band structure: 

e( k)  - e F = ( h 2 / 2 m  * ) k . k y .  (8) 

This latter energy spectrum presents an extended 
saddle point along the k x = 0 a n d  ky = 0 directions. 
Moreover, such a band was used in Ref. [7] and 
reproduces the band structure measurements of the 
ARPES experiment [8]. It is of course entirely true 
that ~F, m* and A(0) are functions of t, t ' , . . .  
Typically for the fit used in Ref. [2], the physical 
parameters should be t = 0.40 eV, hence indepen- 
dent of t' [9] as can be easily checked. 

In conclusion, the comments by Bok and Bouvier 
about the validity of the starting specific heat for- 
mula are founded. However, our qualitative conclu- 
sions are correct namely the only quasiparticle spec- 
trum reproducing the experimental behaviour is a 
spectrum containing a d-wave gap parameter in order 
to explain the low temperature behaviour. Besides, 
the Van Hove singularities in the band structure 
allow us to reproduce the jump at the critical temper- 
ature. An experimental check of Refs. [1] or [2] is 
proposed here. The study of the influence of the 
doping rate and the effects of a magnetic field is 
more interesting work in our opinion than to use the 
best band structure with two transfer integrals, as 
opposed to employing phenomenological parameters 
as we did. 
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