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Summary

Because of the rapid progress of computer and information technology, large amounts of data
are nowadays available in almost any field of application. Automatic learning aims at produc-
ing synthetic high-level information, or models, from data. Learning algorithms are generally
evaluated according to three different criteria: interpretability (how well the model helps to
understand the data), predictive accuracy (how well the model can predict unseen situations),
and computational efficiency (how fast the algorithm is and how well it scales to very large
databases). Data mining refers to the application of automatic learning and visualization tech-
niques in order to help a human expert to extract knowledge from large volumes of raw data.
Unlike in other applications of automatic learning, in the context of data mining usually only a
small fraction of the available data is actually relevant, and also, there is seldom reliable domain
knowledge to help extracting relevant features or models. Actually, the precise objective of data
mining is to help creating such knowledge from the available data.

Decision tree induction is a supervised learning algorithm, which focuses on the modeling
of input/output relationships if the form of if-then rules. It has been claimed that among the
various classes of learning methods, decision trees come closest to meeting the requirements for
serving as an off-the-shelf procedure for data mining. Indeed, they are quite fast, produce rela-
tively interpretable models, are immune to outliers, resistant to irrelevant variables, insensitive
to variable rescaling, and can be easily extended to cope with a large variety of data types
(numerical, symbolic, time series. ..). However, in terms of accuracy they seldom are competi-
tive with other automatic learning algorithms, such as neural networks and nearest neighbors.
It is commonly admitted that this suboptimality is mostly due to the excessive variance of
this method. The variance of an automatic learning method measures the dependence of the
models it produces on the random nature of the data set used (sampling and noise). In the
context of decision trees, this variance affects all the parameters of the extracted rules and is
detrimental in terms of both accuracy and interpretability. Furthermore, this variance tends to
increase very strongly in applications such as time series classification where the input variables
correspond to a large number of low level and, sometimes, very noisy features.

Within this overall context, this thesis explores two complementary issues: the reduction of
variance of decision tree based models and the problem of learning interpretable and accurate
classification rules from time series data. All our developments and analyses are extensively
validated in an empirical fashion through the estimation of variance, bias and average accuracy,
on the basis of a diversified set of databases.

We start our investigations by an empirical study which shows quantitatively how important
decision tree variance is, i.e. how strongly they depend on the random nature of the database
used to infer them. These experiments confirm that the rules induced for a given problem
are indeed highly variable from one learning sample to another, and thus that variance is
detrimental not only for accuracy but also from the point of view of interpretability. With the
goal of improving both interpretability and accuracy, we then investigate three complementary
variance reduction techniques. First, we propose several methods to stabilize the parameters
chosen during tree induction. While these methods succeed in reducing the variability of the
parameters, they produce only a slight improvement of accuracy. Next, we consider perturb and
combine algorithms, which aggregate predictions of several models obtained by randomizing in
some way the learning process. Among the existing such methods, the most popular ones,
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namely Bagging and Boosting, strongly improve tree accuracy but jeopardize interpretability
and computational efficiency. Thus, inspired by the high variance of tree parameters, we propose
a new algorithm based on extremely randomized trees (EXTRA-trees). This method aggregates
the predictions of many large trees, each one obtained by choosing most of its parameters fully
at random. These EXTRA-trees compare very favorably with both bagging and boosting, in
terms of variance reduction, accuracy and computational efficiency. They are thus largely more
accurate than standard trees, while remaining competitive with them in terms of computational
efficiency. In order to also recover interpretability, we then propose a “dual” perturb and
combine algorithm which randomizes input attributes at the prediction stage while using one
single model. In combination with decision trees, this method actually yields soft decisions
and eventually bridges the gap between single trees and the ensembles of trees produced by
the perturb and combine methods. Of the first, it saves most of the interpretability, and with
perturb and combine algorithms, it shares part of the accuracy improvement.

The last part of our work concerns a first attempt to design general algorithms solving the
specific, but very multifaceted problem of time series classification. The most direct way to solve
this problem is to apply existing learning algorithms on low-level variables which correspond to
the values of a time series at several time points. Experiments with the tree-based algorithms
studied in the first part of the thesis show that this approach has its limitations. We thus design
a variance reduction technique specifically for this kind of data, which consists in aggregating
the predictions given by a classification model based on small subsequences of the original
time series. This method is very successful in terms of accuracy but does not provide fully
interpretable models. We therefore propose a second method which extends decision tree tests
by allowing them to detect local shift invariant properties, or patterns, in time series. This
method, although limited in scope, offers the possibility to extract interpretable and accurate
rules from time series.



Aknowledgement






Contents

Summary

Aknowledgement

1

3

Introduction

1.1 Context and motivations . . . . . . . . . ... L L L
1.1.1  Automatic learning . . . . . . . .. ... L oL
1.1.2  Supervised learning . . . . . . .. ... oL L
1.1.3 The Bias/variance tradeoff in supervised learning . . . . . . ... ... ..
1.1.4 Decision tree induction. . . . . .. . ... oL Lo
1.1.5 Temporaldata . . . .. . ... . o

1.2 Objective of the thesis and our way to solutions . . . . . . ... ... ... ....
1.2.1 Improvements of decision tree induction . . . . . . .. ... ...
1.2.2 Treatment of temporaldata . . . . . . .. ... .. ... ... ... ...

1.3 Organization of the thesis . . . . . . . .. .. .. . .. oL

1.4 Contributions and originality . . . . . . . . . ... ... oL o oo

Bias and variance in automatic learning

Supervised automatic learning

2.1 Definitions and notation . . . . . . .. ... Lo o Lo oL
2.1.1 Universe, objects, attributes . . . . . . . . ... ... o000,
2.1.2 Learning sample . . . . . . ... L. oL
2.1.3 Supervised learning problem . . . . ... ... .0 o000,
2.1.4 Bayes model and residual error . . . . . . ... ... oo,

2.2 Learning algorithms . . . . . . . ... L L o
2.2.1 Hypothesisspace . . . . . . . . .. Lo e
2.2.2  Empirical risk minimization . . . . . ... ... 0o o000,
2.2.3 Problem specific background knowledge . . . . .. ... ... ... .. ..

2.3 Main classes of supervised learning algorithms . . . . . . .. ... ... ... ...
23.1 Linearmodels. . . . . . . .. L L
2.3.2 Artificial neural networks . . . ... ..o oo oL
2.3.3 K-Nearest Neighbors . . . . . . .. ... ... ... ... .. ... ...
2.3.4 Decision and regression trees . . . . . ... ... Lo oo
2.3.5 Naive Bayes and Bayesian networks . . . . .. .. ... ... ... ...

2.4 Evaluation of learning algorithms . . . . . . . . .. ... ... ... ..

2.5 Evaluation of accuracy of models . . . . . . ... .. ... L0000,

Bias and variance in supervised learning

3.1 Why more general is not necessarily better . . . . . . ... ... 000,

3.2 Bias and variance decompositions . . . . . . ... oo 0oL o .
3.2.1 Regression error . . . . ... ..o e

vii

ii

11

15
15
15
16
16
17
18
18
19
19
20
20
21
22
22
23
25
26



11

3.2.2 Classification error . . . . . . . ... oL L
3.2.3 Variance of probability estimates . . . . . . . ... ... oL L.
3.2.4 Bias and variance estimation (bootstrap method) . . . . . . ... ... ..
3.3 Empirical study of bias and variance . . . . . . . ... ... ...
3.3.1 Hypothesis spacesize . . . . . . . . . . . . e
3.3.2 The learning problem: Bayes model and noise . . . . . . .. ... ... ..
3.3.3 Learning samplesize . . . . . . . ... .. L o oo
3.3.4 Learning algorithm . . . . . .. . ... oL oL oL o oL
3.4 Two other kinds of variances . . . . . . . .. ... ... L L
3.4.1 Error variance . . . . . . ... Lo e e e e e e e e
3.4.2 Parameter variance . . . . . . . . ... oL o Lo s e e
3.5 Analytical results related to bias and variance . . . . . . . ... ... ...
3.5.1 Linearmodels . . . . . . . . . . .. e
3.5.2 K-NN . .. e
3.5.3 Single hidden layer perceptrons . . . . . . . . . .. .. ...
3.5.4 Statistical learning theory . . . . . . . ... oL oL oL oL
3.6 Discussion . . . . . . ... e e
Variance reduction techniques
4.1 Imtroduction . . . . . . . . . oL e
4.2  Controlling the bias-variance tradeoff of a method . . . .. ... ... ... ...
4.2.1 General framework . . . . ... oL
4.2.2 Examples in the context of different learning algorithms . . . . . . . . ..
4.2.3 Related approaches for model selection . . . . . . . ... ... ...
4.3 Aggregation techniques . . . . . ... ... oL L
4.3.1 Bootstrap aggregating (Bagging) . . . . . .. ... ... L.
4.3.2 Randomized algorithms . . . . .. ... ... Lo oL
4.3.3 General perturb and combine algorithm . . . . .. ... ... ... .. ..
4.3.4 Examples of P&C algorithms . . . . . ... .. ... ... . ...
4.3.5 Other aggregation techniques . . . . . . . ... .. ...
4.4 Conclusion . . . . . . . . e

Bias and variance in decision tree induction

Variance in decision tree induction

5.1 Imtroduction . . . . . . . . . . . L e e e e e e e e e

5.2  Description of the algorithm . . . . . . ... ... .. o o o
5.2.1 General principles of decision tree growing . . . . . . . . ... ... ...
5.2.2 Particular implementation . . . . . . .. ..o o oo,
5.2.3 Alternative score measures . . . . . . . . . . .. e i e e e

5.3 Experimental protocol . . . . . . . ... L oL

5.4 Prediction variance . . . . . . . . . . ..o e e e e e e e
5.4.1 DPercentage of error due to variance . . . . . ... ...,
5.4.2 Variance as a function of learning set size . . . . . ... ... ... ....
5.4.3 Variance as a function of tree complexity . . .. ... ... ... ...
5.4.4 DISCUSSION . . v v v v v it e e e e e e e e e e e e e e e e e e e

5.5 Variance sources in decision tree induction . . . . . . . .. ... ...

5.6 Parameter variance: node splitting . . . . . ... ... oL oL
5.6.1 Discretization threshold . . . . . . . . . ... ... ... ... .......
5.6.2 Attribute choice . . . . . . . . .. ...

5.6.3 Global effect of the score measure on decision trees . . . . . . . .. .. ..
5.7 Conclusion . . . . . . L e e e e s

51
51
52
52
53
55
59
60
61
64
67
69
72

73



6 Reducing the variance of decision trees

6.1 Introduction
6.2 Pruning . .

6.2.1 Description of pruning algorithms . . . . .. ... ... ... ... ....
6.2.2 Validation of pruning . . . . . . ... oL oL L
6.2.3 DISCUSSION . . . . . . . . i e e e e e e e e e e
6.3 Discretization threshold stabilization . . . . . . . ... .. ... ... .......
6.3.1 Stabilization methods . . . . . .. . ... ... ... ...
6.3.2 Validation on threshold variance . . . . . ... .. ... ... .......
6.3.3 Validation on global accuracy . . . . . . . . ... ... L.
6.3.4 Attribute selection . . . . . . . ... Lo
6.3.5 DISCUSSION . . . . . v . i i e e e e e e e e e e e e e e

6.4 Conclusion

7 Perturbing and
7.1 Introduction
7.2 DBagging . .

combining decision trees

7.2.1 Experiments . . . . .. . .. Lo e e e e
7.2.2 Bias/variance interpretation . . . . . ... ... Lo Lo
7.2.3 Geometrical interpretation. . . . . . ... ..o Lo oL
7.3 Specific P&C methods for decision tree induction . . . . . ... ... ... ....

7.4 Extra-trees :

extremely randomized trees . . . . . .. .. ..o

7.4.1 The algorithm . . . . .. ... . Lo
7.4.2 Empirical validation . . . . .. .. .. Lo oo oo
743 DISCuSsion . . . . . . .ttt i e e e e e e e e e
7.5 The question of bias reduction with P&C algorithms . . . . . . .. .. ... ...

7.6 Conclusion

8 Dual perturb and combine or soft decision trees

8.1 Introduction

8.2 Proposed algorithm . . . . . . . . .. Lo L
8.2.1 Generic dual P&C algorithm . . . . . ... ... o000,
8.2.2 Closed-form dual P&C of decision trees . . . . . . ... ... ... ....
8.2.3 Impact of the noise level on bias and variance . . . . . . . .. ... .. ..

8.3 Empirical study . . . . . . . ...

8.4 Relationship with other methods . . . . . . ... ... .. ... ... .......
8.4.1 Connection with model averaging techniques . . . ... ... ... .. ..
8.4.2 Combination of dual P&C and bagging . . . ... ... ... .......
8.4.3 Other soft treemodels . . . . . .. ... .. oL

8.5 Conclusion

9 Closure of Part

II

9.1 On the classes of methods investigated . . . . . . .. ... ... ... ... ...,
9.2 On the criteria and their evaluation methodology . . . . . ... ... ... ....
9.3 On the relative ranking of methods . . . . . . . . ... .. ... Lo L.

9.3.1 From
9.3.2 From

the viewpoint of bias, variance and average accuracy . ... .. ..
the viewpoint of computational efficiency . . .. ... ... ... ..

9.4 About complementary investigations . . . . . . . ... ..o

IIT Knowledge extraction from time series

10 Supervised learning with temporal data

10.1 Motivation

99

99

99
100
103
103
103
104
106
109
113
114
114

117
117
118
118
119
119
120
121
122
123
124
125
126

129
129
129
129
130
132
133
135
135
138
139
140

141
141
141
142
142
143
144

147

149



10.2 Problem statement . . . . . . . . . ... oL e
10.2.1 General framework for temporal supervised learning . . . . . . .. .. ..
10.2.2 Classification of temporal supervised learning problems . . . .. ... ..
10.2.3 Time series classification . . . . . . . . ... oL oo

10.3 Peculiarities of time series classification problems . . . . . ... ... ... ...

10.4 Test problems . . . . . . . . L e

10.5 Existing approaches for time series classification. . . . . . .. . ... ... ...

10.6 Conclusion . . . . . . . . . . . e e e e e e e

11 Time series classification with low-level attributes

11.1 Introduction . . . . . . . . L oL e e e
11.2 Simple sampling approaches . . . . . . . . . ..o Lo
11.2.1 Bias/variance study . . . . . . ... ... ... ...
11.2.2 Further experiments . . . . . . . . . . . ... Lo oo
11.2.3 Discussion . . . . .« v v v vt i e e e e e e e e
11.3 Segment and combine approach . . . . . . . . ..o
11.3.1 Algorithm . . . . . . . . .o e
11.3.2 Bias/variance study . . . . . ... . ... ... L.
11.3.3 Further experiments . . . . . . . . . . . ... L oo
11.3.4 Interpretability . . . . . . . . . . . ..o Lo
11.3.5 Related work . . . . . . . . .. .o
11.3.6 Discussion . . . . . . . . . . L e e

11.4 Conclusion . . . . . . . . . . e e e

12 Time series classification by pattern extraction

12.1 Inmtroduction . . . . . . . . . L oL
12.2 Proposed algorithm . . . . . . . . . ... oL
12.2.1 Intuitive presentation . . . . . . . . . . . . .. .. ... ...
12.2.2 Elementary and complex patterns and detection tests . . . . . .. .. ..
12.2.3 Piecewise constant modeling with regression trees. . . . . . . . .. .. ..
12.2.4 Search strategy for candidate tests . . . . . .. ... .. ...
12.2.5 Computational complexity . . . . . . . . .. .. Lo
12.2.6 Discussion . . . . . . v o o it e e e e e e e e e
12.3 Validation of the method . . . . . . . . .. ... oo o oL
12.3.1 Accuracy . . . . . . oL e e e e e
12.3.2 Computing times . . . . . . . . .. oL oL e
12.3.3 Interpretability . . . . . . . . . .. .o L
12.4 Related work . . . . . . .. oL
12.5 Conclusions and future research directions . . . . . . . .. ... ... ... ...

13 Conclusion and future work

13.1 Conclusion . . . . . . . o e
13.2 Future work directions . . . . . . . .. ..o
13.2.1 Short term investigations . . . .. . ... ... ...
13.2.2 Long termresearch . . . . . . . . . .. ..o

A Bias/variance decompositions of zero-one loss functions

A.1 Bias/Variance decompositions . . . . . ... ... Lo Lo Lo
A.1.1 Tibshirani [Tib96] and James and Hastie [JH96] . . . . ... ... .. ..
A.12 Breimanin [Bre96a] . . . ... ... ... .. ... L Lo L.
A13 Breimanin [Bre0O] . . . . ... ... ... Lo
A.1.4 Kong and Dietterich [DK95]. . . . . ... ... ... ... ... ...
A.1.5 Domingos [Dom00a, Dom00Ob] . . . . .. ... ... . ... .........
A.1.6 Kohavi and Wolpert [KW96] . . .. ... ... .. ... ..........

163
163
163
164
166
167
168
168
170
171
172
173
174
175

177
177
177
178
179
182
185
188
189
190
190
193
193
195
197

199
199
200
201
201



A.1.7 Heskes [Hes98] . .. ...
A2 Discussion . . . .. ... .. ...

B Datasets
B.1 C(lassification problems . . . . . .
B.2 Temporal classification problems
B.2.1 CBF problem . . ... ..
B.2.2 Cbftr .. ... ... ...
B.23 Twowpat ... .. .. ...
B24 CC........... ..

C Experimental results of part I
C.1 Results of Chapter 5 . . . . . ..
C.2 Results of Chapter 6 . . . . ...
C.3 Results of Chapter 7 . . . . . ..
C.4 Results of Chapter 8 . . . . . ..

D Pattern detection algorithm
D.1 Problem statement . . . .. ...
D.2 Optimal matching algorithm . . .
D.2.1 Backwards recursion . . .

D.2.2 Forward sequential algorithm . . . . . ... .. .. ... ...

D.2.3 Computational complexity
Bibliography

Author Index

209
209
211
211
211
211
212

213
213
220
228
229

231
231
232
233
233
235

236

246



Chapter 1

Introduction

The research presented in this thesis concerns two different domains related to supervised au-
tomatic learning, namely decision tree induction and the treatment of temporal data. Both
problems are approached using the bias/variance tradeoff paradigm. Both topics are defined and
motivated in Section 1.1. Then, we define in Section 1.2 the general objectives of our research
in this context and the way we have tackled these objectives. The organization of the thesis is
given in Section 1.3. Eventually, we close this introduction with an enumeration of the main
contributions of this thesis.

1.1 Context and motivations

1.1.1 Awutomatic learning

Automatic learning denotes methods which aim at extracting a model of a system from the
sole observation (or the simulation) of this system in some situations. By model, we mean
some relationships between the variables used to describe the system. The goal of this model
may be to predict the behavior of this system in some unencountered situations or to help
understanding its behavior.

The interest of automatic learning is obvious when it is impossible to analytically model a
system as it is often easy to gather data from its direct observation. For example, a handwriting
recognition system is very difficult to put into equation, notably because of the high variability
of handwriting. However, it is easy to ask several people to write some letters or words and
hence constitute a database for applying automatic learning techniques. Even in situations
where a physical (analytical or numerical) model based on first principles is available, the
application of automatic learning can be useful, for various reasons. First, from a practical
point of view, automatic learning may provide simpler models which may be exploited more
efficiently in practice than the existing ones. In addition, these models constructed by automatic
learning may be customized so as to express the relationship among any desired subset of
system variables. Second, if automatic learning produces models which are comprehensible
(interpretable), it can help to understand the physical behavior of the system. Third, automatic
learning may take into account uncertainties about some variables which can not be modeled
in a deterministic or accurate way (for example, the external environment with which the
system interacts, and in particular human operators or users of the system). In all these
cases, observations may be gathered from numerical simulations based on the physical model,
completed, if necessary, by randomized inputs from the environment in the form of randomized
system parameters or disturbances. For example, electrical power systems are very complex
systems which can nevertheless be modeled by (approximate) analytical models. However, the
practical use of these models is very computationally demanding and they can not be used in
real-time to predict the future behavior of the system. In this case, the power system can be
simulated offline under different conditions and the particular relationship we want to observe
is extracted from data by automatic learning (see [Weh98]).

1
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Figure 1.1: Left, a sample corresponding to a simple classification problem in a two-dimensional
space. Right, the optimal classification boundary for this problem

Since its beginning, automatic learning has drawn interest from several communities: from
the artificial intelligence community where it can solve several shortcomings of expert systems
(by providing rules in an automatic way from observations), from the statistical community
but also from the system theory community (where it is related to system identification). Each
of these communities has brought different ways to state the problem and a large variety of
techniques. Recent interest in this field has also grown because of the rapid progress of computer
technology and also because of the rapid growth and high accessibility of the available data.
The field has thus evolved into a broader field which is called KDD (knowledge discovery in
databases). KDD is defined in [FPSS96] as “The non-trivial process of identifying valid, novel,
potentially useful, and ultimately understandable patterns in data”. The emergence of this field
has also emphasized several needs in automatic learning techniques such as the scalability of
the algorithms, the possibility of using them in an adaptative way (in order to not repeat the
knowledge extraction from scratch when data grows), and interpretability or understandability
of the knowledge extracted.

1.1.2 Supervised learning

Supervised learning is the part of automatic learning which focuses on modeling input/output
relationships. More precisely, the goal of supervised learning is to identify a mapping from
some input variables to some output variables on the sole basis of a sample of observations
of the values of these variables. The variables are often called (input or output) attributes,
observations are called objects and the sample of object is the learning sample. For example,
consider the bi-dimensional problem of Figure 1.1 and assume that the goal of learning is to
find a function which reproduces at best the classification between red and green points. For
example, each point of this space may represent a patient which is described by two variables
which are the result of two medical tests. Patients marked by a red point are suffering from one
disease while patients marked by a green point are healthy. The goal of supervised learning is
to provide a rule that may help a doctor to predict the state of a new patient on which the test
results are known. Usually, of course, each point of the learning sample is described by more
than one or two attributes and these attributes may have other values than a number (discrete
values for example).

This kind of problem is solved by a (supervised) learning algorithm. Loosely speaking, a
learning algorithm receives a learning sample (like the one represented in Figure 1.1) and returns
a function A (an hypothesis) which is chosen in a set of candidate models (the hypothesis space).
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Figure 1.2: Left, a too simple model, right, a too complex one

For example, a potential candidate function returned by a learning algorithm is the one given
in Figure 1.1. Even though this function make several mistakes on the learning sample, it
seems that these mistakes are due to noise in the data (which may be due either to error
in measurements or variables which have not been observed) and the function is a plausible
explanation for the function which has served to generate the data.

The main criterion used to assess learning algorithms is their prediction accuracy, i.e. the
way the model they produce generalizes to unseen data. Another important criterion, especially
in the context of KDD, is the interpretability of this model. For example, in our medical
application, it would be interesting to know if one of the results of the two tests is not correlated
to the disease. Computational efficiency and scalability are also of great concern, especially
when it comes to apply learning algorithms on very large dataset.

1.1.3 The Bias/variance tradeoff in supervised learning

To explain why the supervised learning problem is not trivial, it is useful to give some feeling
about the bias/variance tradeoff in this context. Let us assume that we want to separate the
two classes in Figure 1.1 with a linear decision boundary. The left part of Figure 1.2 shows
one such model. With a linear model, it is impossible to separate perfectly the two classes.
Patently, this model is not satisfactory to solve this task (it is very far from the optimal model
of Figure 1.1). The chosen family of functions is not flexible enough to model our classification
problem. This phenomenon responsible for the error in this case is called the bias.

Let us assume now that we use a more complex family of functions among which there exists
one or several hypotheses which realize a perfect separation between classes in our sample. Then,
from this family, the learning algorithm may output the decision boundary given in the right
part of Figure 1.2. This time, the classification boundary perfectly separates elements of the
different classes. Like the linear model however, this model is still not appropriate. This time,
actually, the model is too complex and hence it learns “too much” information from our data.
In this case, we say that the learning algorithm overfits the data. If we draw another learning
sample for the same problem (by repeating the experiment on another group of patients), then,
it is very likely that the model found by the same learning algorithm will be very different from
this one. In this case, we say that the learning algorithm suffers from variance. The hypothesis
which it returns is very variable from one learning sample to another.

When it comes to apply the model on new objects, both bias and variance are sources
of error and hence they should be minimized. As they are functions reacting in an opposite
direction to a variation of the flexibility of the hypothesis space, there is a tradeoff between



these two effects which must be taken into account when designing learning algorithms.

Because of its central role in automatic learning, this tradeoff has received a lot of attention
in the supervised learning literature. There are mainly two ways to handle this tradeoff. The
first one is to introduce in the learning algorithm some means to control the complexity of the
hypothesis space and then adapt this complexity to the problem under consideration. This
approach is necessary but it is not plainly satisfying since it supposes to sacrifice some bias to
reduce the variance. Recently, a series of methods have been proposed which reduce the variance
without increasing the bias. The idea behind these methods is to aggregate the predictions
given by several models to reduce the dependence on the random nature of the learning sample
and hence the variance. In classification, this approach consists in building several models
for the same sample which all overfit the data (to some extent, like the right one in Figure
1.2). To classify a new object, we make a count of the number of times each class is given
by one model and then finally output the class which receives the majority of vote among all
models. Intuitively, it is clear that such vote should stabilize the classification with respect to
the individual classification given by every models (just like the majority vote among several
people in a population is generally more stable than the vote of a random person taken from
this population). These methods are called averaging techniques or ensemble methods. Among
the most popular ensemble methods, there are bagging [Bre96b] and boosting [FS96]. Because
of the very impressive results obtained by these methods, a lot of research has been carried out
recently in this domain ([Die00b]).

1.1.4 Decision tree induction

Among learning algorithms, one of the most popular one is decision tree induction ([BFOS84]).
In its simple form, a decision tree combines several binary tests in a tree structure. For example,
Figure 1.3 plots a decision tree and the resulting decision boundary for our bi-dimensional
example problem. Each interior node of the tree is labeled with a test (here which compares
the attribute value to a threshold) and each terminal node is labeled with a class. To produce
a classification for a new object which attribute values are known, we simply propagate it into
the tree from the top node according to the test answers. When a terminal node is reached, its
classification is attributed to the object. By using such tests, the tree progressively partitions
the input space into hyper-rectangular regions so as to yield regions where the classification
is constant. In the representation of the decision tree in Figure 1.3, the areas of different
colors at a node represent the proportions of patients of each class which go through this node,
highlighting how the tests progressively gather information about the output class.

The popularity of this learning algorithm is related to the fact that it combines several nice
characteristics:

e Interpretability. Because of its structure, the way attributes interact to give a prediction
is very readable. For example, the tree of Figure 1.3 tells to the doctor that if the result
of the A2 test is lower than 0.35 then the patient suffers from the disease and there is no
need to carry out the Al test.

e Efficiency. The induction of such trees is done by a top-down algorithm which (in its
most simple version) recursively splits terminal nodes of the current tree until they all
contain elements of only one class. The resulting algorithm is very fast and can be used
on very large datasets (e.g. of millions of objects and thousands of variables).

e Flexibility. This method is very open-minded. It does not make any hypothesis about
the problem under consideration. It can handle both continuous and discrete attributes
(by adapting the test choices). Predictions at leaf nodes may be symbolic (like in our
example) or numerical (in which case, trees are called regression trees). Furthermore, the
tree induction method can be easily extended by improving tests at tree nodes (introducing
for example linear combinations of attributes) or providing a prediction at terminal node
by means of another model.
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Figure 1.3: Left, a decision tree, right, the corresponding decision boundary

It is one of the only methods in machine learning which present so many advantages at the
same time (see [HTFO01] for a comparison with other learning algorithms).

However, decision trees still suffer one drawback: their accuracy is often not competitive
with other learning algorithms (like e.g. neural networks). This lack of accuracy is mainly due
to their variance. Indeed, during induction, the decision tree can be extended as far as needed
to perfectly separate objects from the learning sample. So, their bias is low. However, because
of this high adaptivity to the learning sample, a small perturbation of the learning sample may
result in very different decision trees. So, their variance is high. In addition to the negative
effect on accuracy, this instability reduces also their interpretability: we can not really trust
the choices of tests since they are changing from one learning sample to another.

There are several existing approaches to improve accuracy of decision trees by reducing
their variance. First, pruning consists in simplifying the tree by closing some of its test nodes
so as to find the best compromise between bias and variance. Although pruning may reduce
substantially the complexity of the tree by removing useless parts of it, its effect on accuracy
is often limited ([Min89a]). A more efficient way to improve the accuracy of decision trees is to
aggregate the predictions given by several of them for the same problem. Several techniques have
been proposed in the literature to generate different decision trees from the same learning sample
for aggregation and they often give very impressive improvement of accuracy. Nevertheless, they
also destroy some of the main advantages of decision trees, namely computational efficiency
and interpretability. Indeed, the computation time needed to build a model is multiplied by
the number of trees which have to be constructed. Also, since the prediction is given by
majority vote among several trees, the way attributes intervene to make up the final prediction
is somewhat blurred by the process.

1.1.5 Temporal data

Classical machine learning algorithms like decision tree induction assume that objects of the
learning sample are described by attributes which take simple values, essentially numerical or



symbolic. However, because of the success of automatic learning in a lot of domains and because
of the few hypotheses underlying such methods (they only need to gather data), automatic
learning is applied to a lot of domains which need to handle more complex types of data, like
image, text, or biological sequences. Among all these types of data, we focus here on temporal
data. Restricting ourself to the supervised classification problem, objects of the learning sample
correspond in this case to trajectories of a dynamic system which are described by several
temporal attributes and the goal of learning is to discriminate among the trajectories according
to a given classification. Many practical problems satisfy this definition. For example, in speech
recognition, each object corresponds to the utterance of a word and is described by the evolution
of the acoustic speech signal over time. The goal of learning is to recognize the word which has
been pronounced. Other application domains concern for example, computer system intrusion
detection, gestures recognition, and ECG signal classification.

With the introduction of the temporal dimension, each object is in fact described by a large
number of low-level values, each one corresponding to the value of an attribute at a given time
point. Often, every such low-level value alone is useless for classification. Only the way they are
related in time is useful for classification. The difficulties of this domain are manifold and related
to this high dimensionality. First, automatic learning algorithms will suffer from a high variance.
Indeed, because of the high number of low-level attributes, it is easy to perfectly separate a
learning sample and the “chances” for overfitting are increased. So, variance deserves special
attention in such domains. Also, temporal problems often correspond to very large datasets and
application of automatic learning is often very demanding in terms of computation times and
computer resources. Another difficulty is to produce interpretable rules. Indeed, interpretable
methods applied on low-level attributes without taking into account the temporal dimension
will likely produce very complex models which are very difficult to understand.

Several algorithms have been developed for handling temporal data in specific domains.
Practically, the difficulties mentioned earlier are overcome in these systems by introducing a
lot of a priori information about the problem. For example, many systems exist to solve the
speech recognition problem. These systems usually use specific information about the language
structure to simplify the learning phase. If these problem specific approaches often give very
good results in terms of accuracy, they are not widely applicable. Furthermore, they fail in
providing interpretable models since on the contrary they assume a prior understanding of the
problem to solve. In this context, what is missing is thus general approaches which produce
accurate and/or interpretable models.

1.2 Objective of the thesis and our way to solutions

The research presented in this thesis concerns the two domains motivated in the previous
section, namely improvement of decision tree induction and treatment of temporal data. In our
search for a solution to both these problems, the bias/variance tradeoff will be used to guide
most of our choices. One of the side objectives of this thesis is to show how such a theoretical
tool may help either to improve existing methods or to design algorithms to handle new types
of problems.

1.2.1 Improvements of decision tree induction

In the context of decision tree induction, the main objective of this thesis is to analyze the
sources and consequences of the high variance of decision trees and to investigate means to
reduce this variance without jeopardizing efficiency and interpretability of this method.

The resolution of this question in this thesis is a four step process. First, this variance is
studied in detail by several experiments. The main goals of these experiments are to highlight
quantitatively the high variance of decision trees and to find out the main sources of this
variance. One of the main conclusions of these experiments is that decision tree variance is



(indeed) high and it results in a high variance of the parameters that are used to define the
tree, mainly the discretization thresholds for numerical attributes.

The second step consists in trying to find methods which reduce the variance of the decision
tree induction algorithm. In this goal, we evaluate classical pruning algorithms that adapt the
complexity of decision trees and propose several means to reduce the discretization threshold
variance. Although both techniques certainly improve the interpretability of decision trees (by
reducing the complexity and stabilizing the parameters), we show that they have however little
effect on decision tree accuracy. This experiment shows the limitation of what can be done in
terms of accuracy by using a single decision tree. One conclusion of this second step is thus
that it is necessary to extend the hypothesis space of decision trees if we want to obtain further
improvement in terms of accuracy.

The next step is thus to consider ensemble techniques in the context of decision trees which
use more complex hypothesis spaces. In the context of decision trees, several ensemble methods
have been proposed which somewhat randomize the induction algorithm to produce different
models from the same learning sample. Since our experiments highlight the high variance
of test parameters, we introduce extremely randomized trees (Extra-trees) where tests are
chosen almost randomly (i.e. without taking into account the learning sample). When several
extra-trees are aggregated, the improvement in terms of accuracy by variance reduction is very
impressive. Because of the extreme randomization, the result is also a computationally very
efficient method which is competitive with single decision tree induction in spite of the fact
that it needs to build several trees. However, although very accurate and efficient, the resulting
method is intrinsically not interpretable since it uses several models to produce a prediction
and furthermore these models are random.

In the last step, we propose a new algorithm which tries to reproduce the prediction of an
ensemble of models with only one model. This general algorithm generates several predictions
by perturbing the attribute vector corresponding to an object and using a single model to
produce a prediction for each of these perturbed vectors. We call this algorithm “dual perturb
and combine”. In the context of decision trees, a closed form approximation of this algorithm
is developed which essentially replaces crisp thresholds at the test nodes of a tree by soft ones.
Actually, this method bridges the gap between decision trees and ensembles of decision trees.
Of the first, it saves the interpretability (by using only one model), and with ensemble methods,
it shares some of the accuracy (by reducing the variance).

1.2.2 Treatment of temporal data

The main objective of this part of the thesis is to design general approaches to solve the problem
of supervised classification with temporal attributes. We make the additional assumption that
temporal signals in the dataset are represented in discrete time. Discrete time temporal signals
are often called time-series in the literature. In this domain, our ambition is not to give a final
solution to the problem but rather to give some preliminary steps in the goal of giving accurate
and interpretable methods. This objective is realized in three steps.

First, we explore the use of low-level features with classical learning algorithms, with the
aim of highlighting the limitations of such approaches. On several problems, provided that
we use strong variance reduction techniques (like extra-trees), this approach gives not so bad
results. However, on problems which present typical behavior of the temporal domain, variance
reduction techniques do not succeed in improving accuracy in an acceptable way.

Second, we propose a new approach which also use classical methods on low-level features
but which nevertheless exploits the temporal ordering of values. A time series is divided into
all its subsequences of a given length and a model is constructed to classify these subsequences
on the basis of low-level features. This algorithm is called “segment and combine” and its
validation shows that it gives significant improvement especially on typical temporal problems.

Even if algorithms working with low-level features give acceptable results in terms of ac-
curacy, they do not provide interpretable models even if the classical algorithm behind it was



interpretable. So, the third step of this work is to propose a new algorithm which provides in-
terpretable models. To this end, decision tree tests are extended to take into account local shift
invariant properties in time-series. Such patterns are extracted during tree induction from the
time-series appearing in the learning sample. To reduce the search space for candidate patterns
and improve interpretability, time-series are compressed by using piecewise constant models.
Although they were introduced mainly to improve the interpretability of decision trees, such
tests actually allow to improve also accuracy in problems which are characterized by local shift
invariant properties (mainly because of a low bias). On other problems however, it deteriorates
accuracy with respect to the best use of low-level features, mainly because of an increase of
variance.

1.3 Organization of the thesis

The thesis is organized into three parts. The first part aims at introducing the supervised learn-
ing problem and the bias/variance tradeoff. The second part is devoted to the improvements
of decision tree induction while the treatment of temporal data is studied in the third part. In
order to improve readability, we have collected some technical discussions as well as the detailed
presentation of empirical results in appendices. Finally, the conclusions chapter gives a general
synthesis of the research developed in this thesis and discusses some ideas for future work. The
three parts of the body of the thesis are structured as follows.

Part I: Supervised learning and the bias/variance tradeoff

In chapter 2, we define the supervised learning problem using a probabilistic framework. Several
classical learning algorithms are described and discussed in terms of the practical criteria used
to compare learning algorithms, namely accuracy, computational efficiency, and interpretability.
Eventually, we conclude this chapter with a description of usual methods used to estimate the
accuracy of models.

Chapter 3 is devoted to the bias/variance tradeoff in automatic learning. After an informal
illustration of this tradeoff on a simple synthetic problem, we give the well-known decomposition
of the mean square error into the two positive terms that reflect bias and variance. The
problem of the decomposition of mean error rate in classification is then tackled. While the
decomposition of square error is well agreed upon, several (actually, quite many) decompositions
have been proposed in classification. One of them is selected which will be used throughout
our experiments. Other decompositions are nevertheless given and related in Appendix A. In
this chapter as well, several experiments are carried out which aim at providing some insight
about the way bias and variance evolve according to the parameters of learning algorithms and
the studied problem. Eventually, the chapter is concluded with some analytical results found
in the literature related to the bias/variance tradeoff.

To conclude this part, we review in Chapter 4 classical variance reduction techniques. Two
types of techniques are considered: techniques that control the bias/variance tradeoff in the
context of a given learning algorithm and ensemble methods which consists in aggregating sev-
eral models. In this latter case, we propose a unifying framework based on random algorithms
to describe ensemble methods which, like in [Bre96al, are termed “perturb and combine” al-
gorithms. An analysis of the bias/variance decomposition of these algorithms identifies the
conditions under which such algorithms should improve accuracy. In this chapter, we give also
an introduction of the general dual perturb and combine algorithm which is studied in chapter
8 in combination with decision trees. Related techniques like Bayesian approaches and boosting
type of algorithms are also discussed here.

The reader already familiar with supervised learning and the bias/variance tradeoff may
skip most of the first part or refer to it only when necessary.



Part II: Bias and variance in decision tree induction

The second part of the thesis is devoted to the analysis and the improvement of the decision
tree induction algorithm. This part is decomposed into five chapters.

Chapter 5 contains several experiments that aim at showing and analyzing the high variance
of decision trees. This variance is analyzed from both the point of view of accuracy (measuring
its effect on error rates) and interpretability (measuring the variance of the parameters that
define the decision tree, i.e. the discretization thresholds and the attribute which is chosen at
a test node). Among other things, we study the effect on variance of the score measure which
is used to assess candidate tests during tree induction.

Chapter 6 is devoted to the reduction of decision tree variance. First, some experiments
are carried with a pruning algorithm. Then, we propose several techniques to reduce the
variance of the discretization thresholds of numerical attributes. The effect of these techniques
on prediction accuracy is also assessed.

In chapter 7, we approach the problem of decision tree variance reduction by perturb and
combine algorithms. After some experiments with the popular bagging algorithm, we give a
short review of the perturb and combine algorithms specifically designed for decision trees.
Then, we introduce our perturb and combine algorithm which builds extremely randomized
trees. This algorithm is evaluated and compared with bagging and boosting algorithms. Even-
tually, we discuss the promising capabilities of this algorithm in terms of scalability and for
bias reduction.

Chapter 8 is devoted to the application of the dual perturb and combine approach to decision
trees. A closed-form implementation of this algorithm is developed which shows that it actually
transforms a classical decision tree into a soft tree model. The method is validated and compared
with bagging. Its behavior is related to the one of other perturb and combine algorithms and
its combination with bagging is assessed. We conclude this chapter by discussing related work
on other approaches to build soft tree models.

Eventually, chapter 9 concludes this part of the thesis by a synthetic comparison of all
decision tree variants which have been studied and analysed throughout this part of the thesis.

All experiments of this part of the thesis are carried out on 7 classification problems which
are described in Appendix B. While only synthetic results appear in the core of the text,
Appendix C collects detailed results on all problems for experiments of all chapters of this part
of the thesis.

Part ITII: Knowledge extraction from time series

The third part of the thesis is devoted to the temporal domain. It is divided into three chapters.

In Chapter 10, we give the motivations and the challenge in considering temporal data (and
more generally complex data) with learning algorithms. We then extend the supervised learning
framework of Chapter 2 to handle temporal attributes. Several classifications of the temporal
problems are given and peculiarities of the time-series classification problem are discussed.
Eventually, literature on time-series classification is briefly reviewed and the 6 test problems
we used throughout our experiments are introduced. The details concerning the generation of
these problems are reported to Appendix B.

Chapter 11 investigates the two approaches based on low-level features. First, classical
algorithms are used with non temporal attributes extracted from time-series by two simple
sampling approaches. Then, the segment and combine algorithm is described and validated.
The limitation of this approach is discussed in the conclusion of this chapter.

Chapter 12 studies our extension of decision trees to handle time-series data. Decision tree
tests are extended to detect local shift invariant properties or patterns in time series. A large
part of this chapter is devoted to the description of the proposed algorithm. Some algorithmic
details are reported in Appendix D. Several experiments are carried out to validate the method
in terms of accuracy and interpretability. This chapter is concluded by a section on related
work and a discussion of possible improvements of the method.



1.4 Contributions and originality

The aim of this section is to highlight the main contributions of this thesis. Each item is related
to a small number of selected references in order to allow one to appraise our own contributions.
A more extended discussion of related works in all domains is of course given in the body of
the thesis. Contributions which have already been published in the machine learning literature
are also mentioned.

So, we believe that the principal contributions of this thesis are (in order of appearance in
the main text):

e The quantitative analysis of decision tree variance in Chapter 5. Although we can find
several references in the literature to the fact that decision trees are highly variable and
also that the variance of the discretization thresholds is large (see for example [DK95]
or [HTF01]), we have no knowledge of previous publications that analyse and estimate
quantitatively how important this variance is. The experiments of this thesis have been
motivated by [Weh97]. A summary has been published in [GWO00].

e The stabilization techniques for discretization thresholds introduced in Chapter 6. This
work is orthogonal to previous works on discretization which focus exclusively on improve-
ments of global characteristics of trees (complexity, predictive accuracy, or computational
efficiency). These methods have been motivated by the work in [Weh97] and some of the
results have been published in [GW00].

e Extra-tree algorithm of Chapter 7. Random decision trees are not new (see [Bre(l]
or [Ho95]). With respect to existing algorithms, our method goes one step further by
randomizing both attributes and discretization thresholds. This algorithm originates from
our analysis of decision tree variance. The idea of randomizing the attribute at tree nodes
already appears in [Geu00].

e The general dual perturb and combine algorithm and its closed-form implementation in
the context of decision tree induction presented in Chapter 6. This method has already
been published in [GeuOla] and is described in a broader extent in [GeuOlc]. The idea of
generating several predictions at the prediction stage has also appeared independently of
our work in [DKNO1] under the name “virtual test sample” approach. In the context of
decision trees, this method is also related to soft tree models which have been extensively
studied in automatic learning under different names.

e The derivation, from the perspective of the bias/variance tradeoff, of the segment and
combine algorithm for time-series classification in Chapter 11. A similar scheme for image
classification has been proposed in [FH00a].

e Pattern extraction techniques for decision tree induction in Chapter 12. The approach
is substantially different from existing algorithms for time-series classification. A slightly
less advanced version of this method has been published in [GeuO1b].

All methods, except for the classical decision tree induction algorithm, have been imple-
mented by the author of the thesis in Common Lisp as add-ons to the ATDIDT software which
is an extensible data mining package developed at the University of Liege. Validation of im-
provements or new algorithms rely heavily on empirical studies. For information, the results
of the second part of the thesis (gathered in Appendix C) have required the construction of
about 100,000 decision trees. Notice that, while computational efficiency of automatic learning
algorithms is very important, even in research, our focus has been more on the intrinsic fea-
tures of the methods (such as algorithm complexity and scalability, and more importantly bias,
variance, and accuracy) than on the efficient implementation of the algorithms. Therefore, we
report only on few occasions CPU times, and we do this with the sole objective of providing
some feeling about relative performances.
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Frequently used notation

We collect below the most important and most frequently used notation. All symbols and nota-
tions are defined precisely in the first place where they are introduced in the main text.

o: an object (a variable denoting the outcome of a random experiment)
U: the universe (the set of all possible objects within a given automatic learning problem)
X: a subset of objects from the universe (or an event)

P(X): the probability that an object belongs to X’ (or of the event to happen)

A(.), Y(.), C(.): attributes (i.e. functions defined on /). Y (.) denotes the output variable.

(

P(0): the probability of a singleton (the same as P({o}))

(-
C(.) denotes a classification output variable

A, C,Y,...: the codomain of the corresponding attributes

AY . C,...: general (not necessarily real-valued) random variables induced by the at-
tribute functions on their respective codomain

a,Y,C,. . . . attribute values or equivalently values of random variables

LS (and LSY): random learning sample (of size N), i.e. an random variable induced by
a sampling scheme over (A x V)V

Is (and IsV): a particular learning sample, i.e. a realization of LS (of size N)

A, A, a: the vector of input attributes (random variables), the codomain of this vector,
and a value of this vector

P(A) : probability distribution induced by A(.) on A

P(a), P(A(0) = a), P(A = a) : probability that the random variable A takes the value a
Ex{f(X)}: expectation of a (real-valued) function of a random variable

varx{f(X)}: variance of a function (i.e. Ex{(f(X) — Ex{f(z)})?})

‘H: the hypothesis space of a learning algorithm (a set of functions mapping A into ))
h(.), f(.) (or h, f): a particular hypothesis

fB(.): Bayes model, i.e. a function produced by an ideal learning algorithm

f1s(.): a particular hypothesis returned by a learning algorithm in response to a particular
learning sample Is

f1s(a): the prediction of this hypothesis at point a

frs(.): the random variable induced on H by a learning algorithm and sampling scheme
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frs(a): random variable of predictions at point g, induced on ) by a learning algorithm
and sampling scheme (the source of randomness is the sampling scheme)

f1s(A): random variable of predictions, induced on Y by a learning algorithm fed with a
particular sample /s (the source of randomness is the input variable A)

frs(A): random variable of predictions, induced on Y by a learning algorithm fed with a
random learning sample (the two sources of randomness are combined)

P(yla): the conditional probability of {o € U|Y (0) = y} given that A(o) = a
P(c|a): similar, stressing the fact that the output is a classification
Prs(yla): the probability distribution of frs(a)

PLS(.): a random variable used to estimate a probability, provided by some estimation
scheme using the learning sample

Prs(cla): a random variable used to estimate the conditional probability P(c|a), deter-
mined by a classification algorithm in response to a random learning sample LS

1(.): indicator function which equals 1 when its argument is true, 0 otherwise.

frs(.): the average model defined at point a by Ers{frs(a)}, when the output is real-
valued

%AJ(.): the majority vote classifier defined at point a by arg max, Ers{1(frs(a) = ¢)},
when the output is a classification



Chapter 2

Supervised automatic learning

In this chapter, the supervised learning problem is formally defined. In the first section, the
different notions and notations are introduced. Section 2.2 explains the way learning algorithms
proceed. Some classical methods are described in section 2.3 and the way algorithms and models
are evaluated are discussed in Section 2.4 and 2.5.

2.1 Definitions and notation

Loosely speaking, automatic learning aims at modeling and/or understanding relationships
among a set of variables used to describe objects (or situations) encountered in some particular
context, on the sole basis of some available observations of the values of these variables on a
sample of already encountered objects. By modeling, we mean being able to predict the values
of some of the variables (called output variables) in terms of the values of some other variables
(the input variables). By understanding, we mean for example sorting out those input variables
which influence (or are correlated with) some of the outputs, determining the type of influences,
or constructing logical rules which allow to infer information about outputs given information
about inputs.

In this thesis we will consider a restrictive version of this type of problem, using the so-called
“object-attribute-value” representation and where objects are viewed as outcomes of a random
experiment modeled using probability theory.

2.1.1 Universe, objects, attributes

Under these restrictions, the formal definition of a supervised learning problem starts by the
definition of the universe U of all possible objects o. In a given context, each object o has
a, generally unknown, probability P(o) of being observed . In practice, we do not have full
information about the objects but only have access to a description of them by their attributes
(which are measurable properties of objects, or which can be computed as a function of such
properties). An attribute A is a function defined on the universe:

A() U — A,

where A is the codomain of the function A(.). Equivalently, an attribute A is a random variable
whose values are supposed to belong to the set A 2. The probability distribution on the universe

! Although most of the theory that we present can be extended to infinite and non-countable universes, for
the sake of mathematical and notational convenience, we assume in this chapter that the universe is a finite (but
generally very large) set of objects, and use the notation P(o) instead of P({o}) when considering the probability
of an atomic event; under these conditions we can further assume that P(o) > 0,Vo € U. In the context of
our research, we found that the distinction between continuous and discrete probability spaces was not really
fundamental. Although we will in some occasions use continuous random variables and densities, mainly in the
context of illustrative examples, we will use the discrete notations in most cases.

2We use upper case letters to denote random variables and lower case letters to denote values of random
variables. Occasionally, we use the notation A(.) to denote the corresponding function defined on /. Finally, we
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induces a probability distribution on A in the following way:

PA=a)= Y Plo). (2.1)

o€U|A(0)=a

In the literature, attributes are also called features or variables. Usually two types of
attributes are considered according to the structure of their codomains:

e Symbolic attributes: the codomain is a finite® and unstructured set of values, i.e.
.A = {(11,&2, e ,am}.

¢ Numerical attributes: the codomain is a subset of the real axis IR.

These two general types are sufficient to handle most problems. Symbolic attributes in fact
denote all discrete non ordered types of attributes, while the numerical attributes regroup
ordered ones (discrete or not, like integer for example). Of course, many other types of attributes
are possible. For example, in the third part of this dissertation, we will consider attribute values
in the form of time-series or temporal signals.

2.1.2 Learning sample

Supervised learning aims at modeling the relationship between some a priori selected input
and output attributes. In this dissertation, we reduce this problem to the modeling of a single
output variable which is denoted by Y. Besides, the vector of input attributes is denoted by
A= (A1,...,A,). This random vector takes its values in

A= {(A1(0), ..., An(0))|0 €U} T A1 X ... %X An,

where A; is the codomain of the attribute A;. The joint probability distribution of input and
output attributes is denoted by P(A,Y") and is determined like (2.1). The relationship between
input and output attributes is in principle fully characterized by the conditional probability
distribution P(Y|A) = P(A4,Y)/P(A) (if P(4) #0).

A learning sample? of size N, LSY, is an N-tuple of objects randomly and independently
drawn from I/, each one described by its input and output attribute values®:

LSY = ((A(e1),Y (01)),-- -, (A(on), Y (on)) = (a1, 91), - - (an, yw)) -

LSY is thus equivalently a random variable distributed according to P (4,Y). In the sequel
we will most often drop the superscript %V from our notation, unless it is necessary to explicitly
stress the dependencies on the sample size.

2.1.3 Supervised learning problem

The general problem of supervised learning is formally stated as follows:

For any value of N and a learning set Is"V (a realization of LSY) and without
any a priori knowledge of the functions P(.), Y (.), or, A(.), find a function f(.)

use calligraphic upper case letter to denote subsets of objects or of values of random variables.

3Obviously, when I/ is finite all attributes have also a finite codomain.

4In the literature, the term “learning set” is often improperly used to denote the learning sample. Histori-
cally, this terminology originates from the AI community where learning algorithms were first introduced in a
deterministic setting and thus duplicates in the learning sample were meaningless. Propagating this bad habit,
we will sometimes improperly use the term “set” to denote a sample.

SIn practice, some of the attribute values may be unknown for some objects. We exclude this possibility
from our discussion and suppose that missing values have been replaced in some ad hoc way before the learning
problem is formulated.



defined on A which minimizes the expected prediction error defined by®:

Brr(f) = Eay{L(Y, f(4))}, (2.2)

where L(.,.) is a loss function which measures the discrepancy between its two
arguments.

In other words, the goal of learning is to find a function of the input attributes which predicts
at best the outcome of the output attribute. The goodness of the fit is evaluated according to
a predefined loss function. In practice, this loss function depends on the type of values of the
output attribute:

e Classification problem: Y is a symbolic variable taking its values in Y = {c1,...,¢n}-
The most common loss function is the 0-1 loss function L(Y, f(A)) = 1(Y # f(4)). The
error becomes the probability of mis-classification:

Err(f) = Eay{1(Y # f(4))} = P(Y # f(4)) (2.3)

e Regression problem: Y is a real-valued variable, ) C IR. The most commonly used
loss function is the square loss L(Y, f(A)) = (Y — f(A4))? and the corresponding error is
the mean square error:

Err(f) = Bay{(Y — f(4))*}, (2.4)

To distinguish a classification problem from a regression one and following the machine learning
literature, we will often denote a discrete output attribute by C while Y will be reserved to a
regression output or a general output attribute whatever its type.

2.1.4 Bayes model and residual error

For a given problem and loss function the best possible model, i.e. the target of a learning
algorithm, can be derived in the following way (assuming complete knowledge of the conditional
probability distribution P(Y'|A4)).

Since :

Err(f) = Bay{L(Y, f(4))} = Ea{Ey|a{L(Y, f(A)}}, (2.5)

the function fp which minimizes Err(fp) is obtained by minimizing the inner expectation at
each point A of the input space, i.e. taking:

J5(a) = argmin By, {L(Y, y')}- (2.6)

This function is called the Bayes model in the statistical pattern recognition literature. For the
0-1 loss function, it becomes the Bayes classifier :

fela) = argmcinECm{l(C’ #c)} (2.7)
= arg mcinP(C’ # cla) (2.8)
= argmax P(C = c|a). (2.9)

The Bayes classifier thus predicts the most probable class at each point of the input space. For
the square loss, a derivation of the inner expectation of 2.5 gives the following minimizer:

fB(a) = By {Y}. (2.10)

SEx{f(X)} denotes the expectation of a function f(.) with respect to the distribution of a random variable
X; it is defined by

Ex{f(X)} =) P(X =2)f(x) =Y _ P(0)f(X(0)),
TzEX ocU
where X is some random variable.



The best prediction at the point g of the input space is thus the conditional expectation of Y
given a.

In both cases, the minimal error vanishes if and only if there exists a functional relationship
g between Y and A, i.e. P(Y = y|A = a) = 1(y = g(a)). In this case, g and fp coincide. In
general, however, there exists some random deviation (or noise) around the Bayes model which
translates into a non deterministic probability distribution P(Y|A) and thus there exists a non
null minimal attainable error, Err(fp), which is independent of the learning algorithm. This
minimal achievable error is also called the residual error in supervised learning.

2.2 Learning algorithms

A learning algorithm is a (computable) function which takes as sole input a learning sample and
outputs a (computable) classification or regression model. From the previous consideration, it
appears that to solve the supervised learning problem, it would be sufficient to estimate, from
the learning sample, the distribution P(C|A) in classification or P(Y|A) in regression and then
define a model based on this estimate (e.g. by formula (2.9) or (2.10)). In the context of finite
universes, a trivial solution would be to use frequency counts to estimate these probabilities.
In practice, however, an accurate estimation of this distribution would require a very large
learning sample which indeed needs to contain a lot of samples at each point of the input space.
Actually, as the number of input variables grows the number of observations required by this
trivial approach would grow in an exponential way.

Thus, to work with reasonable sample sizes and in large dimensional input spaces, learning
algorithms must make some “smoothness” hypothesis of the function f(.) over the input space
and use neighbor points to make a prediction at a point a. One classical way to do this is to
restrict candidate models to a specified form and do optimization in this family of models in
order to minimize the error.

2.2.1 Hypothesis space

The design of a learning algorithm thus begins by the definition of a hypothesis space H which
contains potential candidate models & among which this algorithm will select one on the basis
of the learning sample [s. In the sequel, we will provide several examples of hypothesis spaces,
e.g. linear models, neural networks, or decision trees.

Note that for a particular learning problem, the best possible model belonging to a par-
ticular hypothesis space may or may not be close to the Bayes model of this problem. The
approzimation error of a hypothesis space for a given learning problem can be defined by:

min Ba{L(h(A), f5(4))}. (211)

Thus, in practice it is often necessary to iterate in order to adjust the hypothesis space a
posteriori to the problem specifics, so as to reduce this approximation error.

Of course, the larger the hypothesis space, the smaller the approximation error, and, in
particular, if the hypothesis space contains models which are arbitrarily “close” to any function
within a given class, then the hypothesis space is said to have the universal approzimation ca-
pability in this class. Unfortunately, as was already suggested above in the context of the trivial
frequency counting method, the larger the hypothesis space the more difficult it is to identify
the optimal hypothesis from a finite sample, and the larger the so-called estimation error. This
latter phenomenon is also called overfitting, or bias/variance tradeoff in the automatic learning
literature. The design of good hypothesis spaces through the study of the tradeoff between
approximation error and estimation error in the context of finite sample size is one of the main
themes of modern automatic learning theory. It is also one of the main themes of this thesis,
and is further elaborated in chapter 3 where the notions of bias and wvariance will be defined
more precisely. For sake of the present discussion, however, we assume that the hypothesis
space is already fixed.



2.2.2 Empirical risk minimization

As the only available data is a finite sample of the universe U, the value of the error Err(h)
for a hypothesis A can not be computed exactly. This error is thus first approximated by a
summation over the objects of the learning set:

R 1 Y
Err(h,ls) = N ZL(yi,h(gi)), (2.12)

i=1

which is also called the empirical risk in the automatic learning literature.

Then, learning could consist in selecting a function in A minimizing this estimation of error,
which is the so-called empirical risk minimization principle. A learning algorithm is thus fully
characterized by its hypothesis space and by the way it optimizes the learning set error. The
optimization can be deterministic (i.e. output always the same function of the hypothesis space
in response to a fixed learning set) or random (i.e. may output different hypotheses for the
same learning set).

In regression, the mean square error (2.4) is smooth with respect to variations of the output
of the model being evaluated. Hence, if the hypothesis space is a parametric family and if
the output of a hypothesis is smooth with respect to variations of the parameters, traditional
optimization techniques (for example, gradient descent) can be used to find the model which
minimizes the learning set error. In classification, the output of the model is discrete and direct
optimization of the error is often difficult. So, many algorithms first compute an estimate
P(C|a) of the conditional class probability distribution P(C|a) and then use this estimate to
make a prediction at each point according to:

f(a) = arg max P(C|a). (2.13)

There are several ways to find an estimate of P(C|a). Some methods find a region R(a) around a
point g and then estimate probabilities by relative frequency counts of objects from the learning
set appearing in these regions. As we will see below, decision trees and the K-nearest neighbors
work that way. Another solution is to use a regression algorithm and the square error loss to
find a model for a new series of numerical outputs derived from the classification output by:

Yi=1C=¢)i=1,...,m. (2.14)

Indeed, We have seen that, under square loss, a regression method tries to find an estimation
of By, {Y}. With Y;® as output, this amounts to estimating:

Eyiu{Ye} = P(Ye = 1la) = P(C = cila), (2.15)

which yields an estimation of conditional class probabilities. This is a possible way to learn
classification models with linear regression and neural networks.

2.2.3 Problem specific background knowledge

In our formalization of the supervised learning problem, the sole problem specific information
which is used by the algorithm is the learning sample. There is presently research in auto-
matic learning about methods able to exploit other problem specific information in the form
of some constraints about the relation among attributes and/or output variable. For example,
inductive logic programming (ILP) does this in a logical setting in the form of first order logic
statements. Bayesian networks incorporate this information in a probabilistic setting, in the
form of conditional independence assumptions. We will not consider these aspects in this thesis
as we are focusing on methods which are not exploiting such side information explicitly.



2.3 Main classes of supervised learning algorithms

In this section, we briefly describe five well-known learning algorithms which will be used later
in this dissertation. Although there exist of course much more than five learning algorithms,
they cover a large spectrum of basic automatic learning algorithms. Linear models and neural
networks are representative of parametric techniques. Parametric techniques make assump-
tions on the hypothesis spaces by means of a fixed number of parameters and optimize these
parameters from the learning set. On the other hand, decision trees and k-NN are termed non
parametric techniques since they do not make any assumption on the form of the Bayes model
and can adapt the shape of the model they produce on the basis of the learning set. Decision
trees are also the main representative of the family of symbolic machine learning techniques.
The initial motivation behind this method is the induction of logical rules and while all other
methods are statistical in nature, decision tree induction has been largely studied within the
symbolic artificial intelligence community. Finally, Naive Bayes is a very simple instance of
probabilistic models used for classification of which Bayesian networks are a generalization.
The main characteristic of these latter probabilistic models with respect to other algorithms is
that they provide full descriptive models (as opposed to predictive models) which induction is
not directed by constraints of good performance in prediction.

Besides these basic automatic learning algorithms, most of the recent advances in machine
learning are devoted to meta-machine learning or wrapper techniques. These are general tech-
niques which are applied on the top of existing learning algorithms so as to improve their
accuracy. For example, the variance reduction techniques discussed in subsequent chapters of
this dissertation belong to this family of wrapper techniques. As they will be tackled latter,
they will not be discussed here.

2.3.1 Linear models

‘H contains all linear combinations of input attributes:

n
h(a) = wo + Zwi - a;. (2.16)
i=1
This model can be extended to give a linear discriminant model for two-class problems in the
following way:

(2.17)

h(a) = ¢ if wy —1—.2?:1 w; +a; >0
¢y otherwise

Several alternatives are possible to combine such binary linear discriminant functions to handle
the multi-category case.

Learning consists in searching for the value of the vector of parameters w = (wg, w1, ..., wy)
which minimizes E}‘r(h, LS). Although the optimal solution can be computed analytically in
the regression case, there exist numerous gradient descent procedures which iteratively modify
the vector of parameters in a direction which optimizes the error criterion. These algorithms
differ in the loss function and in the way they correct w at each iteration steps (see [DHS00]
for a good review of linear models).

The expressiveness of linear models can be simply improved by the introduction of new
attributes which are non-linear functions of existing attributes:

d
ha) =Y w;- fi(a), (2.18)
i=1

where d is the number of such attributes and f; can be arbitrary functions. These models are
called generalized linear models. For example, quadratic models can be represented by using
functions f; which are products of pairs of attributes. Since model (2.18) is still linear in the
transformed input space, optimization of parameters w;, ¢ = 1,...,d, is done similarly as the
optimization of non generalized linear models.



Figure 2.1: Left, a perceptron, right, a three layer neural network with one output

2.3.2 Artificial neural networks

Artificial neural networks are a generalization of linear models inspired by analogies with the
biological brain. A perceptron is a simple unit which computes the following function:

a) = Jwo+ Y i),

where the activation function f is a non linear function of its argument. Examples are the sign
function:

1 ifz>0
f(z) = sen(@) = { ~1 ifz <0’
or the sigmoid function:
1

Note that the first one gives a classification rule similar to (2.17). A single perceptron is thus
essentially equivalent to a linear model.

The idea of neural networks is to combine such simple units in order to improve expressive-
ness. In feed-forward multilayer architectures, the neural networks are organized into successive
layers of perceptrons where the outputs of a layer are only connected to the inputs of the next
layers. A perceptron and an example of a three-layer neural networks is depicted in Figure 2.1.
The first layer is the input layer which transmits the input attribute values to the second layer.
The last layer is the output layer which computes the output value. Layers between the input
and output layers are called hidden layers (since their outputs do not correspond to observed
variables). A neural network with a single hidden layer like the one of Figure 2.1 represents the
following parametric family of functions:

L n
h(a) = f1(Bo + Zﬂib(ai,o +) i ai), (2.19)

=1 j=1

where L is the number of units in the hidden layer, f; and fy are respectively the activation
functions of the output and hidden layers (which do not need to be identical), and «; j, 5; are
the parameters. It has been shown that a neural network with sufficient number of hidden
layers and units is able to represent any function with arbitrary accuracy (this is called the
universal approximation property, see e.g. [Bar94]).

Learning in neural networks is also an optimization in a parameters space. When the
activation and the error functions are smooth, there exists an efficient algorithm to compute the



gradient of the error with respect to the vector of parameters (the back-propagation algorithm).
This gradient is then used to iteratively modify the parameters in the direction of a minimization
of error:

w" = w — 5.V, Err(h, LS), (2.20)

where 7 is called the learning rate, and w denotes the vector of parameters. The learning algo-
rithm starts with random initial weights and then iteratively improves them using (2.20) until a
local minimum of the error is reached. Several variants of this algorithm have been introduced
to accelerate convergence (by introduction of second derivatives in (2.20) for example). In gen-
eral, (2.20) may have several local minima and thus the hypothesis returned by the learning
algorithm may depend to some extent on the (randomized) initial conditions.

As mentioned previously, classification problems are handled with neural networks by the
introduction of the numerical class indicator variables Y, defined by (2.14).

2.3.3 K-Nearest Neighbors

For fixed k and fixed learning sample, the hypothesis produced by this method predicts at each

point an aggregation of the outputs of its k nearest neighbors in the learning set according to

some a priori defined distance measure. When attributes are numerical, the distance is often

a weighted Euclidian distance where weights are usually chosen as the inverse variance of the
corresponding attribute so as to give every attribute equal importance:

"1

dla,d) =) —

K3

=1

pu (a’i - 0’2)27

where o; is the standard deviation of attribute A; (estimated from the learning set). The usual
aggregated predictions are the average output for regression:

h(@) = - Z Y,

(a,y)ENN(a,LS,k)

and the majority class for classification:

h(a) = arg max Wy = ¢),
“ : ey (g,y)EN;(g,LS,k) v )
where the set NN (a, LS, k) contains the k nearest neighbors of @ in LS.

In practice the optimal value of k will depend on the learning sample size N and on the
problem specifics (dimensionality of the input space and smoothness of the Bayes model). Note
that when N tends towards infinity and k is appropriately adjusted to N, the hypothesis
produced by this method converges to the Bayes model under fairly unrestrictive assumptions
[DHS00].

2.3.4 Decision and regression trees

As this method will be studied in detail in the sequel of the thesis, the tree induction algorithm
that we have been using in our experiments will be explained precisely in later chapters. We
therefore restrict the following presentation to a very brief introduction of the general principles
of the so-called TDIDT family of algorithms (for Top Down Induction of Decision Trees).

The hypothesis space of decision/regression trees is the set of piecewise constant functions
h(.) defined on the input space by:

hi ifQ€R1

ha)={ " HacR (2.21)

hr ifa € Ry
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Figure 2.2: A decision tree in a two-dimensional input space, the corresponding rule and the
resulting partition of the input space

where Ry, ..., Rp is a recursive partition of the input space into L regions and h; is the constant
prediction associated to each region R; (a class or a number).

In order to represent the structure of the recursive partition and how it is defined in terms
of the input attributes, a decision tree structure is used. Each interior node of such a tree
is labeled with a test defined as a function of the attribute values and each terminal node
defines a region R;. To find the region associated to a point g, it is sufficient to propagate it
into the tree according to test issues until it reaches a terminal node. Each region R; is thus
described by a sequence of tests and the whole tree simply translates into a set of “If ... then ...”
rules. In the classical method, tests are binary and involve only one attribute at the time: for
numerical attributes they compare the attribute value to a threshold, resulting in a partition
of the input space into hyper-rectangular regions. Figure 2.2 shows an example tree and the
resulting partition of the input space.

As it is often practically infeasible to compute the best tree of a given complexity for a
given problem (finding a tree of fixed complexity minimizing (2.12) is NP-complete), decision
tree induction uses a hill-climbing algorithm composed of two stages, namely tree growing and
tree pruning. The growing algorithm starts with a one node tree and tries to split this node
by selecting a test among a set of candidate tests. The algorithm then proceeds recursively to
split the left and right successors of this node. Predictions h; at leaves are estimated from the
subset of learning samples which belong to the corresponding region R;, by conditional class
frequency counts and majority vote in classification and by averaging the output values of these
objects in regression. Typically, tree growing proceeds until the terminal nodes correspond to
sub-samples in which the output variable is (almost) constant. In order to reduce overfitting it
is followed by a pruning stage which aims at determining the correct complexity of the tree by
replacing subtrees of the fully grown tree by terminal nodes. The pruning procedure operates
in a bottom up fashion.

The decision tree induction method used in our experiments is described in full detail in
Section 5.2 (growing) and Section 6.2 (pruning).

2.3.5 Naive Bayes and Bayesian networks

The previously described family of algorithms seeks for a direct approximation of P(C|A) or
Ey 41Y } and so are termed discriminative or predictive approaches. Another class of automatic
learning methods proceed by first modeling the joint distribution P(A,Y) and then inferring
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Figure 2.3: The Bayesian network for the Naive Bayes method. Each node represents a random
variable and is independent of its non descendants given its parents in the graph.

the conditional distribution P(Y|A) from the former according to the Bayes rule, i.e.

PYIA) = 5

in order to eventually make predictions according to (2.9) or (2.10). In order to make the
learning of P(A,Y) easier, some assumptions about its structure must be made. Since the
early eighties a large body of work has been carried out on the appropriate modeling of mod-
ularity in the context of probabilistic reasoning, which has led to various classes of modular
probabilistic models. In this context, modularity essentially corresponds to conditional inde-
pendence assumptions among sets of random variables, and this modularity is expressed by the
factorization of the joint distribution of all variables into a product of functions involving each
one only a small number of variables [CDLS99]. The most well-known type of graphical models
are the so-called Bayesian networks, where the factorization is graphically represented by a
directed acyclic graph (DAG) each node of which corresponds to one of the variables involved
in the modeled joint distribution, and where the component functions correspond to conditional
probability distributions of each variable given the parents of this variable in the DAG [Pea88].

The naive Bayes method in classification corresponds to a very simple type of Bayesian
network which assumes that:

P(A,C) = P(C) - P(A1|C) --- P(4,]|C), (2.22)

which translates the conditional independence of the attributes given the output variable. In
terms of graphical structure, this factorization is represented in Figure 2.3 by a shallow directed
graph the top-node of which corresponds to variable C and where the nodes corresponding to
the input attributes A; have this node as single parent.

Once this independence hypothesis is assumed, the automatic learning problem reduces
to the estimation of P(C) and of the P(A4;|C) for each input attribute on the basis of the
learning sample. Thus, in the standard Naive Bayes method the prior class probabilities P(C =
¢;) are estimated by counting the frequency of occurrence of class ¢; in the learning set (i.e.
the maximum likelihood estimates). For a symbolic attribute,, P(A4;|C = ¢;) usually is also
estimated by direct counting. For numerical attributes, several parametric and non parametric
techniques are possible. For example, the distribution p(4;|c;) can be assumed to be Gaussian
and the parameters of this distribution, the mean and standard deviation, can be estimated from
the learning sample. Among non parametric techniques, the most simple one is the histogram.
Histogram consists in dividing the range of the attribute A; into subregions (or bins) and
counting the relative number of examples (of a fixed class) falling into each subregion.

Of course, the hypothesis of conditional independence of the attributes given the class is too
strong in many problems. Actually, in the special case where distributions P(4;|C;) are assumed
to be Gaussian, the naive Bayes model is nothing but a quadratic discriminant. More general
Bayesian network structure have been also used for classification (see [FGG97] for example).



2.4 Evaluation of learning algorithms

Three main criteria are used to compare learning algorithms:
e Accuracy: the way it succeeds in reducing the error.

e Computational efficiency: the time needed to learn a model but also the time to apply
this model to new cases.

e Interpretability: if it gives comprehensible models or not.

Large experiments comparing the accuracy of several learning algorithms (see for example
[MS94] or more recently [LLS00]) show that the exact ranking among algorithms depends on
the problem and how well the basic hypotheses of the learning algorithm (for example, linearity)
are satisfied by this problem. However, neural networks and nearest neighbors are often among
the most accurate methods. Although competitive in some problems (for example, when there
are redundant or useless attributes), tree based models are often not as accurate as these two
methods. Of course, the strong assumptions behind linear models and the Naive Bayes prevent
them to reach high accuracy in many problems. Nevertheless, in some cases, these methods are
competitive with other more complex algorithms such as decision trees (see for example [DP97]
for the Naive Bayes). In the next chapter, we will show that this apparent inconsistency can
be explained by analyzing the variance of these methods.

The precise ranking of learning algorithms in terms of computational efficiency would be
possible only in the context of specific implementations (the general methods that we have de-
scribed can be implemented in different ways, with quite significant impacts on their efficiency).
Also, the problem size in the context of automatic learning is determined by two parameters
characterizing the database size, namely the number of objects N and number of attributes
n, which may have a different impact on computational efficiency. Nevertheless, for medium
problem sizes (say a few thousand objects and a few hundred attributes) a crude ranking of
these methods can be done. For example, because of their simplicity, the learning step of linear
models and Naive Bayes are very fast. Although slower, decision tree induction remains very
efficient even for large sample sizes and large numbers of variables. The basic K-NN method
does not require any learning phase (except for the optimization of K). At the very end of this
ranking are neural networks. Indeed, especially complex neural networks can take substantial
time to be optimized. On the other hand, new predictions are computed very quickly with
all models except for K-NN which requires to compute the distances to each element of the
learning set.

Interpretability is highly subjective and also problem dependent. However, it is generally
accepted that neural networks are black-box type of models and that on the other side, decision
trees are very comprehensible. Linear model and Naive bayes because of their simplicity are
also termed interpretable. Nearest neighbors techniques, although they do not provide any
synthetic model, can still give useful information by retrieving similar cases in a data set.

In general, there is a tradeoff between these three criteria. An accurate method is likely
to be resource demanding or induces non comprehensible models, while interpretable models
are often not very accurate. Also, the relative importance assigned to each criterion is highly
application-dependent. Sometimes, it will be acceptable to sacrifice some accuracy in order to
gain interpretability or computational efficiency. In other cases, accuracy has to be optimized
as far as possible, whatever the price to pay in terms of interpretability or computation times.
This makes existing algorithms complementary and none of them can be claimed to be globally
superior to all other ones.

In this thesis, new improvements or algorithms will be discussed having in mind these three
criteria.



2.5 Evaluation of accuracy of models

The evaluation of a model is important first in order to predict its future performance on new
data but also in order to provide the learning algorithm with a criterion to choose a model in
its hypothesis space. Suppose we want to evaluate the true error (see eqn. (2.2)) of a model f,
induced from a learning set /s by a given learning algorithm and let us denote an error estimate
for this model by Err(fi).

The resubstitution estimate (which is equivalent to the empirical risk) directly evaluates the
accuracy on the learning set used to induce the model:

Err(fis) = Err(fis,1s), (2.23)

where Err(fis,ls) is given by (2.12). While the resubstitution estimate is useful to guide
learning algorithms, the error estimation it gives for the induced model is likely to be very
optimistic since most of the learning algorithms explicitly try to reduce this estimate.

A more reliable estimate would be obtained from a data set independent of the sample of
data used during induction. For example, a hold-out estimate consists in partitioning /s into two
disjoint subsets vs and ls \ vs. A new model is induced from /s \ vs and the error is estimated
by: ) X

Err(fls) = Err(fls\vsa ’US), (2'24)

If vs is too small, this estimate is not stable and if vs is too large, the estimate will be pessimistic
as the truly assessed model, fis, is induced from a larger learning set. A common practice is to
save one third of the data for validation.

In cases where the learning sample is very small, even one third of the data will yield an
unstable estimate of the error. Cross-validation is a way to stabilize error estimates with small
validation set vs. In k-fold cross-validation, we divide the learning set into k£ disjoint subsets
of the same size, [s = ls; Ulsa U...Ulsg. A model is built from every set Is\ Is;,i = 1,...,k
and the error is estimated either by:

N
E:’”r(fls) = % Z L(yi’ fls\lsk(,-) (Qi))v (2'25)
i=1

where k(i) is the index of the subset ls; of Is that includes the instance (g;,y;), or by:

1 k
ETT fls = E Z fls\ls ,lsz) (2'26)
i=1

When the number of objects is an exact multiple of the number of folds, equations (2.25) and
(2.26) are in fact equivalent. When this is not the case, the first one should be preferred,
especially in the case of small samples, as it gives identical weights to each instance. When £ is
equal to the number of samples in the learning set, this method is called leave-one-out. Except
for some learning algorithms like K-NN, small values of k& (between 10 and 20) are preferred
for computational efficiency reasons. Stratified cross-validation is a variant of cross-validation
where the class proportions in the learning set are kept into each fold.

When comparing different learning algorithms or variants of the same algorithm, it is not
crucial to use the whole data set to build models and so the fact that hold-out estimates give
pessimistic estimates of the error of a model induced from the whole dataset is not important as
long as it gives a reliable estimate of the error of the model induced from the reduced learning
set. So in what follows, when comparing algorithms, we will first divide the available data into
two disjoint subsets: one subset devoted to the induction of models and the other set devoted
to their validation. Occasionally, when the available data set will be too small to allow reliable
estimates from hold-out estimate, 10-fold cross-validation will be preferred.

At this point, it is important to note that the methods explained here do not give an
idea of the general accuracy of a learning algorithm, but only of a model induced from a



particular learning set in the context of one particular problem. If learning algorithms have to
be compared, other criteria have to be taken into account. For example, the next chapter will
give some guide to study the general behavior of a learning algorithm when it is faced with
different learning sets. Another criterion is its behavior on a large spectrum of problems. To
this end, there exist several repositories of data sets which are used as benchmarks by many
researchers to compare algorithms (for example [BM98]).






Chapter 3

Bias and variance in supervised
learning

In this chapter, the important concepts of bias and variance are introduced. After an intu-
itive introduction to the bias/variance compromise, we discuss in Section 3.2 the bias/variance
decompositions of the mean square error (in the context of regression problems) and of the clas-
sification error (in the context of classification problems). Section 3.3 provides an empirical
study through various experiments which aim at providing some insight about how the parame-
ters of the learning problem and of the learning algorithm influence bias and variance. Section
3.4 discusses the differences between two notions of variance: error variance and parameter
variance. The last section of this chapter provides some analytical characterizations of bias and
variance obtained in the context of statistical learning theory, in particular quantitative error
bounds obtained in the context of neural networks.

3.1 Why more general is not necessarily better

As introduced in the previous chapter, the problem of supervised learning appears to be very
straightforward and could be reduced to a simple optimization problem. Indeed, at first sight,
it is “sufficient” to find a model in the family H which realizes the minimal error on the learning
set. Further, if no good enough model is found in this family, it should be sufficient to extend
the family or to exchange it for a more powerful one in terms of model flexibility. Thus, to
avoid too many trials and errors before getting acceptable accuracy, it would be quite natural
to directly use the largest available hypothesis space (e.g. one having the so-called universal
approximation property). Unfortunately, in practice, good results on the learning set do not
necessarily imply good generalization performance on the universe U (which is the actual goal
of supervised learning), especially if the “size” of the hypothesis space is large in comparison
to the sample size.

To explain intuitively why larger hypothesis spaces do not necessarily lead to better models,
we use the simple unidimensional regression problem described in the top of Figure 3.1. In this
synthetic problem, learning outputs are generated according to

Y:fB(A) +e,

where ¢ is distributed according to N(0,0). With squared error loss, the best possible model
is thus fp and its average (and also local) squared error is 2. Let us consider two extreme

situations of a bad model structure choice.

e A too simple model structure: using a linear model Y = w- A+ b and minimizing squared
error on the learning set, we obtain the estimations given in the left part of Figure 3.1

!Notice that in this example both A and Y are continuous real valued variables. For the sake of uniformity
of notation, we nevertheless proceed by using upper case letters to denote the probability distribution of the
variables.
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Figure 3.1: Top, our illustrative problem. Left, a linear model fitted to two learning samples.
Right, a neural network with two hidden layers of 10 neurons fitted to the same samples

for two different learning set choices. These models are not very good, neither on their
learning sets, nor in generalization. Whatever the learning set, there will always remain
an error due to the fact that the model is too simple with respect to the complexity of

B

e A too complex model: by using a very complex model like a neural network with two
hidden layers of ten neurons each, we get the functions at the right part of Figure 3.1
for the same learning sets. This time, models receive an almost perfect score on the
learning set. However, their generalization errors are still not very good because of two
phenomena. First, the learning algorithm is able to match perfectly the learning set and
hence also the noise term. We say in this case that the learning algorithm “overfits” the
data. Second, even if there is no noise, there will still remain some errors due to the high
complexity of the model. Indeed, the learning algorithm has many different models at
its disposal and if the learning set size is relatively small, several of them will realize a
perfect match of the learning set. As at most one of them is a perfect image of the Bayes
model, any other choice by the learning algorithm will result in suboptimality.

The main source of error is very different in both cases. In the first case, the error is
essentially independent of the particular learning set and must be attributed to the lack of
complexity of the model. This source of error is called bias. In the second case, on the other
hand, the error may be attributed to the variability of the model from one learning set to
another (which is due on one hand to overfitting and on the other hand to the sparse nature
of the learning set with respect to the complexity of the model). This source of error is called
variance. Note that in the first case there is also a dependence of the model on the learning set
and thus some variability of the predictions. However the resulting variance is negligible with
respect to bias. In general, bias and variance both depend on the complexity of the model but
in opposite direction and thus there must exist an optimal tradeoff between these two sources
of error. As a matter of fact (see subsequent discussions), this optimal tradeoff depends also
on the smoothness of the Bayes model and on the sample size. An important consequence of
this is that automatic learning as empirical risk minimization in a fizred hypothesis space, as
formulated in the previous chapter, is not suitable for most practical problems. Indeed, because
of variance, we should always take care of not increasing too much the complexity of the model
structure with respect to the complexity of the problem and the size of the learning sample.
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Figure 3.2: distributions of outputs and model predictions at a point a, left in regression, right
in classification

In the next section, we give a formal additive decomposition of the mean (over all learning
set choices) squared error into two terms which represent the bias and the variance effect. Some
propositions of similar decompositions in the context of 0-1 loss-functions are also discussed.
They show some fundamental differences between the two types of problems although bias and
variance concepts are always useful.

3.2 Bias and variance decompositions

A learning algorithm produces a model frs from a learning sample LS of size N2. For a fixed
sample size N, LS is a random variable. Hence, the model frs and its prediction frs(a) at a
are also random. In what follows, we will denote by Prs(y|a) the probability distribution of
this output, i.e. the probability that a model (produced by a given learning algorithm, from
samples of size N corresponding to a given learning problem) outputs y at the point a:

Prs(yla) £ P(frs(a) = y) = 3 P(LS = 1s). (3.1)
Ise(AV)N | fis(a)=y

The error of these models Err(frs) is again a random variable and we are interested in
studying the expected value of this error (over the set of all learning sets of a given size N)
Ers{Err(frs)}. The expectations may be inverted to give:

Ers{Err(frs)} = Ers{Eay{L(Y,frs(4))} (3.2)
= Ea{Ers{Ev|a{L(Y, fLs(4))}}} (3.3)
= Ea{Ers{Err(frs(4)}}

where Err(frs(A)) is the local error at point A. Note here the symmetry (interchangeability)
between the two random variables Y and frs(A) in (3.3). The first one is distributed at
a according to P(yla) (= P(Y = y|A = a)) while the second one is distributed according
to Prs(yla). These distributions are illustrated in Figure 3.2, left in the case of a regression
problem (density), right in the case of a three-class classification problem (discrete probability).
The bias/variance decompositions will be expressed in terms of the parameters of these two
distributions.

3.2.1 Regression error

In the case of a regression problem and if we use the square error criterion as a loss measure,
we know that the best possible model is the function fg(a) which associates to each input a
the expectation of Y according to the conditional probability distribution p(Y'|a). Introducing
this model in Eps{Err(frs(a))}, we get:

2For simplicity reasons, the dependence on the learning set size N and on the learning algorithm will be
forgotten in the notations throughout this chapter.



Ers{Err(frs(a)} = Ers{Byv.{(Y — f1s(a))*}
= Ers{By, {(Y - (@) + fB(a) — frs(a))®}
= Ers{By {(Y ~ f5(2)*} + Ers{Ey{(f5(a) — fs(a))?} +
Ers{Eyo{2- (Y — fB(a)) - (fB(a) — fLs(a))} (3.7)
= By {(Y - f5(0))*} + Ers{(f5(a) - frs(a))*}, 3.8
since:
By {(Y — fB(a))} = Eyo{Y} - fB(a) =0 (3.9)

by definition of the Bayes model. Symmetrically to the Bayes model, we can define the average
model, f;g, which outputs the average prediction among all learning sets:

frs(a) = Brs{frs(a)}- (3.10)

Introducing this model in the second term of (3.8), we obtain:

Ers{(fs(a) — frs(a))’} Ers{(fs(a) - 7 s(a) + frs(a) — frs(a))®}

= BErs{(f8(a) — frs(@))*} + Ers{(frs(a) — frs(a))*} +
ELs{Q-(fB(_)—fLs(_))-(7Ls( ) — fLs(Q)) (3.12)

= (fB(a) — f1s(0))* + Ers{(frs(a) — frs(a))?} (3.13)

(3.11)

since:

Ers{frs(a) — frs(@)} = frs(a) — Ers{frs(a)} =0 (3.14)

by definition of f;¢(a). In summary, we have the following well-known decomposition of the
square error at point a:

Ers{Err(fis(a))} = ok(a) + biask(a) + varg(a), (3.15)
by defining:
or(@) = Byp{(Y - fz(a)}, (3.16)
biasy(a) = (fp(a) — frs(a))?, (3.17)
varp(a) = Ers{(fis(a) - frs(a))?}- (3.18)

This error decomposition is well-known in estimation theory and has been introduced in the
automatic learning community by Geman et al. [GBD92].

The residual square error, a%(g), is the error obtained by the Bayes model and it provides a
theoretical lower bound which is independent of the learning algorithm. Thus the sub-optimality
of a particular learning algorithm (its error with respect to the Bayes model, i.e. the second
term of (3.8)) is composed of two terms:

e The (squared) bias, bias%(a), measuring the discrepancy between the Bayes model and
the average model.

e The variance, varg(a), measuring the variability of the predictions with respect to the
learning set randomness.

These three terms are illustrated in Figure 3.3. Residual error and variance are measures of
the spread of the two densities and the bias is simply the distance between their means.

To explain why these two terms are effectively the consequence of the two phenomena
discussed in the introduction of this chapter, we will come back to our simple regression problem.
The average model is depicted in the top of Figure 3.4 for the two cases of bad model choice.
Residual error, bias and variance for each position a are also drawn in the center part of the
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same figure. An illustration of the distributions of true and learned outputs are reproduced
at the bottom of the figure. The residual error is entirely specified by the problem and loss
criterion and hence independent of the algorithm and learning set used. When the model is
too simple, we see on Figure 3.4 that the average model is far from the Bayes model almost
everywhere and thus bias is high. The learning algorithm is not powerful enough to represent
the Bayes model. On the other hand, the variance is low as the model does not match very
strongly the learning set and thus the prediction at each point does not vary too much from
one learning set to another. Bias is thus the dominant term of error. When the model is
too complex, the distribution of predictions matches very strongly the distribution of outputs
at each point. The average prediction is thus close to the Bayes model and the bias is low.
However, because of the noise and the small learning set size, predictions are highly variable at
each point. In this case, variance is the dominant term of error.

3.2.2 Classification error

The local mean error in classification is the probability of misclassification at point a:

Eps{Err(frs(a))} = Ers{Ec {1(C # frs(a))}} (3.19)
= P(C # frs(a)la) (3-20)
= 1-> P(cla) Prs(cla). (3.21)

The Bayes model in classification associates to each input g the most likely class according to
the conditional class probability distribution, i.e. fp(a) = argmax. P(c|la). The residual or
irreducible error at point a, noted® o¢(a), becomes:

oc(a) =1 - P(fp(a)la). (3.22)

To keep symmetry with the Bayes model and by analogy with the regression problem, the
equivalent in classification of the average model of regression is the majority vote classifier
defined by:

f1§" (@) = arg max Prs(cla), (3.23)

which outputs at each point the class receiving the majority of votes among the distribution of
classifiers induced from the distribution of learning sets (of size N). The bias in regression is
the error of the average model with respect to the Bayes model. This definition yields here:

biasc(a) = 1(f5(a) # /15" (). (3.24)

So, biased points are those for which the majority vote classifier disagrees with the Bayes
classifier. On the other hand, variance can be defined as:

varc(a) = 1 — Prs(f26" (a)la). (3.25)
Indeed, this definition is certainly a measure of the variability of the predictions at a point a:

e when varg(a) = 0, every model outputs the same class whatever the learning set from
which it is induced;

e varc(a) is maximal when the probability of the class given by the majority vote classifier
is equal to % (with m the number of classes), which indeed corresponds to the most
uncertain distribution of classifiers.

3In our error decompositions for classification, we made the arbitrary choice of not using the “square” nota-
tions. Hence, we will use o¢ instead of o& and biasc instead of bias.
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Figure 3.5: left, a classification problem; center and right, two different learning algorithms

Unfortunately, defined in this way by analogy with the regression case, residual error, bias
and variance do not sum up to give the local classification error. In other words:

Ers{Err(frs(a))} # oc(a) + biasc(a) + varc(a). (3.26)

Indeed, let us illustrate on a simple example how increased variance may decrease the average
classification error in some situations. Figure 3.5 represents (at a certain point g of the input
space) three probability distributions: the leftmost histogram represents the true conditional
class probability distribution P(c|a), showing also that the Bayes classifier would decide class ¢;
at this point; the two other histograms represent the sampling distributions of the class decided
by models produced by two different learning algorithims.

From Figure 3.5 we observe that both algorithms produce models which most probably will
decide class ¢y (respectively with probability 0.8 and 0.5). Thus the two methods are biased
(biasg (a) = biasZ(a) = 1) since their majority vote classifiers would choose class c2 instead of
the most likely class (c1). On the other hand, the variances of the two methods are obtained
in the following way:

varg(a) = 1—0.8=0.2
vark(a) = 1-—0.5=0.5,

and their average classification error rates are found to be

Ers{Err(fig(a))} = 1-0.7-0.1-0.2-0.8—0.1-0.1 =0.76
Ers{Err(fig(a))} = 1-0.7-04-0.2-0.5—-0.1-0.1 = 0.61.

Thus among these two methods with identical bias, it is the one having the largest variance
which has the smallest average error rate.

It is easy to see that this happens here because of the existence of a bias. Indeed, in
classification an algorithm which has small variance and high bias is an algorithm?* which
systematically (i.e. whatever the learning sample) produces a wrong® answer, whereas an
algorithm which has a high bias but also a high variance is only wrong for a majority of
learning samples, but not necessarily systematically. In other words, in classification, much
variance can be beneficial because it can lead the system closer to the Bayes classification.

As a result of this counter-intuitive interaction between bias and variance terms in classifica-
tion, a number of alternative measures of classification bias and variance have been proposed in
the machine learning literature none of which is really satisfactory (a detailed discussion of the
most representative decompositions found in the literature is given in Appendix A). In order
to study experimentally classification algorithms, we have selected among these latter a small
subset of measures which seemed the most sensible to us. These measures are discussed below.
One of the goals of our experiments in subsequent chapters is to show that such measures are
still useful to analyze classification learning algorithms, although not plainly satisfactory from
a theoretical point of view.

“in our example, this corresponds to algorithm 1
%a class different from the one chosen by the Bayes classifier



Decomposition proposed by Tibshirani

This decomposition was proposed first by Tibshirani [Tib96] and later on by James and Hastie
[JH96]. They define the bias at point a as the difference between the (local) error probability
of the majority vote classifier and that of the Bayes classifier:

biasr(a) = (1 = P(f15" (a)la) — (1 - P(f5(a)la))- (3.27)

This quantity is necessarily non-negative and combined with the residual error gives the clas-
sification error of the majority vote classifier:

oc(a) +biasp(a) = 1— P(fp(a)la) + P(fp(a)la) — P(f15* (a)la) (3.28)
= 1-P(f1§"(a)la) (3.29)
= Err(fMA (a)). (3.30)

In order to obtain an additive decomposition, Tibshirani then logically defines “variance” as the
difference between the expected classification error of the models produced by the algorithm
and the error of the majority vote classifier:

varp(a) = Eps{Err(frs(a))} — Err(fMA7 (a)). (3.31)

Because this quantity can be negative, Tibshirani names it aggregation effect instead of variance.

Thus the bias term in this decomposition corresponds to the additional error with respect
to the residual error which would remain if we could drive variance to zero without affecting the
majority vote classifier. Variance can thus be interpreted as the modification of error resulting
from a complete reduction of the prediction variability. As it has been illustrated above that
an increase of prediction variability may increase the error in classification, it is not surprising
to note that varr is not strictly positive. For example, for the second classifier of Figure 3.5,
Ers{Err(frs(a))} is 0.61 and Err(fMA7(a)) is 0.8, yielding an aggregation effect of —0.19.
If the variance term is negative, a reduction of the prediction variability which does not affect
the bias is likely to increase the error rate. On the contrary, if the variance term is positive,
a reduction of the prediction variability results in a decrease of error. Notice that in many
situations, the majority of points in the input space will be unbiased because most of them are
located far from the optimal decision boundary, and for such points it is generally quite easy to
identify the most probable class. Thus, only the points lying in regions where classes overlap
may possibly be biased and hence present a negative variance. Thus, if we focus on the global
expected error rate of these methods (averaged over the complete input space distribution) it
is normally the case that the variance term is positive and that its reduction leads to accuracy
improvement®.

Variance measure proposed by Kohavi and Wolpert

While vary is a measure of the effect on error of a modification of the prediction variability, it
does not really measure the stability of the prediction according to the learning set randomness.
Therefore we will use in our analysis of the bias/variance profile of classification algorithms
another, more adequate measure of this variability, namely the variance term introduced by
Kohavi and Wolpert (see [KW96] and the appendix A):

varKW 1 - Z Prs C| (3.32)

This measure is actually equivalent to an entropy measure’ for the categorical variable frs(a).
It is non—negatlve and equal to zero if and only if Prs(f}"7(a)la) = 1, and maximal when
Prs(cla) = m, where m is the number of classes. However, contrary to varry, a decrease of the
value of this measure, for fixed majority vote classifier, should not be interpreted as a decrease
of the average error rate.

6 Actually, in none of our experiments, we have found a negative global variance term.
" Actually, it is proportional to the so-called Gini index (or quadratic entropy) of the discrete random variable
frs(a) (see for example [Weh96] for a discussion of entropy measures)
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Figure 3.6: distribution of Prs(fa(a)la), left when Ers{Prs(f5(a)|a)} is lower than 0.5, right
when Ers{Prs(fp(a)|a)} is greater than 0.5

3.2.3 Variance of probability estimates

Many classification algorithms work by first computing an estimate PLs(c|g) of the conditional
class probability distribution at ¢ and then deriving a classification model by:

frs(a) = arg max Prs(cla)- (3.33)

Obviously, if these probability estimates have a small variance and bias the corresponding clas-
sifier is stable with respect to random variations of the learning set and close to the Bayes
classifier. Thus, a complementary approach to study bias and variance of a classification algo-
rithm is to connect, in a quantitative way, this probability estimate variance, i.e.

varps{Prs(cla)} = Ers{(Prs(cla) — Ers{Prs(cla)})*}, (3.34)

to the classification error of the resulting classification rule (3.33).

We reproduce here the derivations carried out by Friedman [Fri97], in the particular case of
a two-class problem. Let us denote by fp(a) the most probable class at a (i.e. the class chosen
by the Bayes classifier) and by f_p(a) the other class. The mean classification error at a may
then be written (with some elementary manipulations) as:

Ers{Err(fs(a))} = 1—PLs(fB( )la) - P(fp(a)la) — Prs(f-B(a)la) - P(f-B(a)le)
= 1-P(fs(a)la) + (1 — Prs(fB(a)la)) - (2P(fB(a)la) —1). (3.35)

Notice that in (3.35) Prs(fB(a)|a) denotes the probability that a model induced from a random
learning set outputs the class fz(a), and, according to (3.33), this is the case when Ppg(fz(a)|a)
is greater than 0.5.

In order to relate this quantity to the probability estimate variance let us have a look at
the graphs of Figure 3.6 which represent two hypothetical distributions of Prs(fs(a)|a). Note
that on these figures the probability Prs(fp(a)|a) is represented by the area at the right of
the decision threshold 0.5. Hence, 1 — Prg(fp(a)|a) is the area to the left of 0.5. Assuming a
Gaussian distribution® for Pps(fp(a)|a), this area is computed by:

® Ers{Prs(f(a)la)} — 0.5
varps{Prs(fB(a)la)}
where ®(z) is the upper tail of the standard normal distribution (see Figure 3.7).

So the local error Err(frs(a)) is linked to the regression variance of Prs(fp(a)|a) by the
following expression:

1—Prs(fp(a)la) = ) (3.36)

Ers{Prs(f5(a)la)} —
varrs{Prs(fz(a)la )}

8This Gaussian assumption is certainly not satisfied in all cases (e.g. Prs(c|a) estimated by a tree with only
pure terminal nodes will take only two values, 0 or 1), but the main conclusions drawn upon this assumption
still remain valid.

Ers{Err(frs(a))} = 1-P(fp(a)|a)+d( 2).(2.P(fa(a )|a)—1). (3-38)
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Figure 3.7: Upper tail area of the standard normal distribution

Their interaction is easy to understand from Figure 3.6 and the form of ®(z):

e when the average probability estimate of the majority class (i.e. Ers{Prs(fs(a)la)})
is lower than 0.5, an increase of variance will increase Prs(fp(a)|a) (at the left part of
Figure 3.6) and hence yield a decrease of the classification error;

e on the other hand, when Ers{Prs(fp(a)|a)} is greater than 0.5, an increase of variance
will increase 1 — Prs(fp(a)|a) (at the right part Figure 3.6) and hence yield an increase
of the classification error.

Actually, Ers{Prs(fp(a)|a)} greater than 0.5 corresponds to the case f{4A7(a) = f(a),

ie. biasc(a) = 0 and Ers{Prs(fp(a)|a)} lower than 0.5 to the case fMA7(a) # fg(a), ie.
biasc(a) = 1. The conclusions are thus similar to what we found in our illustrative problem
above: in classification, variance is beneficial for biased points and detrimental for unbiased
ones.

Another conclusion can be drawn from (3.38): whatever the regression bias on the approxi-
mation of Prs(fp(a)|a), the classification error can be driven to its minimum value by reducing
solely the variance, under the assumption that ELS{PLS( fe(a)|a)} is greater than 0.5. This
means that perfect classification rules can be induced from very bad (rather biased, but of small
variance) probability estimators.

In experiments of subsequent chapters, we will often complete our analysis of bias/variance
profile of classification algorithms by the regression decomposition of these probability esti-
mates.

3.2.4 Bias and variance estimation (bootstrap method)

Bias and variance definitions make intensive use of the knowledge of the distribution of learning
samples, P(A,Y). In the machine learning problem definition however, the only knowledge we
have about this distribution is a data set of randomly drawn samples. So, in practice, true values
of bias/variance terms have to be exchanged for some estimates. To this end, and assuming we
have enough data, the available dataset is divided into two disjoint parts, PS (P for “pool”)
and T'S (T for “test”), used in the following way:

e As we do not have access to an infinite source of learning sets, P.S is used to approximate
the learning set generation mechanism. A good candidate for this is to replace sampling
from P(A,Y) by sampling with replacement from PS. This is called “bootstrap” sampling
in the statistical literature [ET93] and the idea behind it is to use the empirical distribution
of the finite sample as an approximation of the true distribution. The bigger is P.S with
respect to the learning set size, the better will be the approximation. Thus, starting from
a set PS = {(ag,v1),---, (QMp,yMp)}, the estimation procedure for the expectation of



a function ¢g(LS) is the following: Draw T learning sets of size N (with N < M,)with
replacement from PS, {ls1,...,lsT}, compute g(ls;) for i =1,...,T and average:

T

Ers{g(L8)} = 7Y glise). (3.39)

i=1

For example, to estimate the average regression model, build a model fj;, from each
learning set [s; and compute:

T
T ;1 flsl (340)

Similarly, the probability Prg(c|a) that a model induced from a random learning set gives
the class ¢ at point @ is estimated by:

Prs(cla) Z 1(fis;(a) = ¢) (3.41)

which yields the majority vote classifier:

T

fHAY (g) ~ arg méixz 1(f1s,(a) = ¢). (3.42)
i=1

e The set T'S, which is independent of PSS, is used as a test sample to estimate errors and
bias and variance terms. Denoting by {(a;,¥1),...,(ay,,ym,)} this set, the expectation
of a function g(a,y) is approximated by:

Eay{g(A,Y)} —Zg i, Yi)- (3.43)

For example, the mean error of a model f is estimated by:
Err(f) = Eay{L(f(4) — Z L(f (3.44)

However, some of the previously defined terms are difficult to estimate without any knowl-
edge of the problem other than a dataset T'S. Indeed, the estimation of the Bayes model fp(a)
(or more generally of the distribution P(Y|A4)) from data is nothing but the goal of supervised
learning and if we had a way to estimate it from data, we would not need to bother about
estimating bias and variance to study machine learning algorithms. So, the bias and variance
terms which make explicit use of these latter will be mostly impossible to estimate for real
datasets (from which we do not have any knowledge of the underlying distribution). For ex-
ample, the regression noise and bias terms (3.16 - 3.17) depend on the Bayes model and thus
are impossible to estimate separately only from data. The solution adopted by most authors
to circumvent this problem is to assume that there is no noise, i.e. fp(a;) =y;,i =1,...,M,,
and to estimate the bias term from T'S by:?

Ey{biasy(A)} = Ea{(fB(A) — frs(4 —Z )7, (3.45)

using in this last expression the estimation of the average model given by (3.40). If it happens
that actually there is noise, the last expression is an estimation of the error of the average model

“Note that obviously only average values (over the input space) and not local values of bias or variance terms
may be estimated as a finite sample can not cover the whole input space.



and hence, this amounts at estimating the sum of the residual error and bias terms. The fact
that we can not distinguish errors which are due to noise or bias is not very dramatic, since in
our experiments we will be mainly interested in studying relative variations of bias and variance
more than their absolute values and the part of 3.45 which is due to residual error is constant.
The regression variance may then be estimated by the following expression:

M, T
Bafvarn(d)} = 3 3 7 S (fle) — Fusla)) (3.46)

or equivalently by the difference between the mean error and the sum of noise and bias as
estimated by (3.45).

In classification, the estimate of the classification bias given by Tibshirani can also be
obtained by assuming no noise (i.e. if P(c|a) = 1(c = fp(a))) by:

M,
Bafbiasr(4)) = 3 3 10 # £ (0) (347

where the majority vote classifier is estimated according to (3.42). Again, if there is noise,
expression (3.47) is actually an estimation of the mean error of the majority vote classifier
which is also the additive combination of residual error o¢ and Tibshirani’s bias term biasy.
According to its definition, Tibshirani’s variance is estimated by the difference between the
mean error and expression (3.47).

The preceding procedure may yield very unstable estimators (suffering of high variance)
especially if the available amount of data is not sufficiently large. Several techniques are possible
to stabilize the estimations. For example, a simple method is to use several random divisions
of the datasets into P.S and T'S and to average the estimates found for each separation. More
complex estimates may be constructed to further reduce the variance of the estimation (see for
example [Tib96, Wol97, Web00]). However in our study, we will try to choose sufficiently large
data set so that avoidance of such complex estimation techniques would not be too damaging.

3.3 Empirical study of bias and variance

Bias and variance both contribute to the error and we have explained in the beginning of this
chapter that they are affected in an opposite direction by variations in the complexity of the
model. In addition to the model complexity, it is interesting to find out and demonstrate
how the parameters of the learning problem and algorithm influence bias and variance. To
evaluate these influences, some experiments are carried out in this section on a regression and a
classification problem. Both are derived from an artificial problem introduced in [Fri91] which
has 10 input attributes (A1, ..., A1) all independently and uniformly distributed in [0, 1]. The
regression output variable Y is obtained as follows:

Y = fB(4) +e, (3.48)

with
fB(A) = 10sin(m Ay As) + 20(Az — 0.5)% + 1044 + 54s, (3.49)

and ¢ is a noise term independent of A and distributed according to a Gaussian distribution of
zero mean and unit variance. Thus, Y is actually independent of the last five input variables
which are included to make the problem more representative of real situations where in general
some variables are irrelevant. A classification problem is defined from this regression problem
by defining the following binary classification output:

o { o ifY <14.0 (3.50)

ce ifY >14.0
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Figure 3.8: Evolution of regression (left) and classification (right) bias and variance with respect
to the number of perceptrons in the hidden layer of a neural network

The threshold on Y has been chosen in order to balance the two classes. Bias and variance
decompositions are estimated using the protocol given in the previous section. 8000 cases are
forming the pool sample and the test sample contains 2000 cases. When not stated otherwise,
the learning sample size N is equal to 300 and 50 of them are drawn from PS to estimate
expectations according to LS.

3.3.1 Hypothesis space size

Bias mainly depends on the model complexity (the size of the hypothesis space) but also on the
amount of optimization carried out by the machine learning method (search procedure): the
larger the number of candidate models implicitly visited during the search, the smaller bias.
On the other hand, the more search the learning algorithm carries out, the more dependent is
the model on the learning sample and hence the higher will be variance.

Single hidden layer perceptrons

Figure 3.8 corresponds to a sequence of simulations carried out on the above described regression
and classification problems with a neural network package using the Levenberg-Marquardt
optimization method [Mun96]. Notice that this algorithm starts from initial weights which
values are chosen according to a random number generator, thus introducing some randomness
in the algorithm in addition to the variance related to the learning sample randomness itself.
The maximum number of iterations and stopping criteria where chosen in these simulations so
as to ensure good convergence to the local minimum of the empirical risk.

The horizontal axis in these figures corresponds to the number of neurons in the hidden
layer, i.e. the parameter which controls here the size of the hypothesis space. Notice that the
number of adjustable parameters of these neural networks varies between about 10 (a single
hidden neuron) and 100 (ten hidden neurons).

The left graph shows the results corresponding to the regression problem and the right one
corresponds to classification (in the latter case, the neural network has two neurons in the output
layer, trained on the indicator variables of the two classes; the corresponding classification rule
consist of choosing the class corresponding to the largest output layer activation). The yellow
curves correspond to the residual error which, obviously, does not depend on the number of
neurons in the hidden layer. The three other curves show the variation of bias, variance and
average error (the latter curve is obtained as the sum of the three other ones).

In the regression case, the curves clearly show the expected evolution of bias, which de-
creases with increasing complexity, of variance, which increases, and, of the mean square error
which first decreases and then increases. The curves thus are consistent with the theory of the
bias/variance compromise, which in this particular problem corresponds to 4 hidden neurons.
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Figure 3.9: Evolution of regression (left) and classification (right) bias and variance with respect
to the number of tests in a decision/regression tree

Considering the curves corresponding to the classification case, where Tibshirani’s bias
and variance terms are used, similar behavior can be observed, with the only difference that
in this case the optimal complexity corresponds to one single hidden neuron (which actually
corresponds to a linear decision boundary).

Decision/regression trees

Figure 3.9 shows similar curves, where the complexity parameter corresponds to the number
of terminal nodes of the tree!?. The same protocol and learning samples than in the preceding
simulation have been used to yield these graphics. Again, as predicted by the theory, variance
increases monotonically with complexity while bias decreases, yield in terms of average error
and optimal complexity, which is slightly large for regression than for classification.
Comparing the average error rates of Figs. 3.9 and 3.8 we notice, in passing, that the neural
networks significantly outperform decision and regression trees on this particular problem.

3.3.2 The learning problem: Bayes model and noise

Bias and variance are also related to the complexity of the Bayes model fp(a). At fixed
complexity of the model, the bias increases with the complexity of fg, because the absolute
value of the bias depends on the way the complexity of the model matches the complexity of
the function. The variance on the other hand remains mainly unaffected by the complexity
of the Bayes model'!. The best tradeoff between bias and variance with respect to the model
complexity is thus - unfortunately, but not surprisingly - problem dependent. Note that the
selection of the optimal value of complexity, in a problem dependent way, is discussed in the
next chapter in the context of several learning algorithms.

Another problem dependent parameter that influences the tradeoff is the noise. In regres-
sion, bias which depends essentially only on the Bayes model and the average model should
be unaffected by random additive noise. Variance however increases with the noise. This is
confirmed by the results shown in Figure 3.10, corresponding to simulations with our synthetic
problem where the noise level has been artificially increased progressively. The curves show the
bias/variance profile for increasing value of the standard deviation of the noise € in equation
(3.48). The residual error is of course increasing. And indeed, while bias remains almost con-
stant, variance is monotonically increasing. Note that, the fact that variance decreases with

10The trees have been built according to the best first procedure which is described in chapter 5.
" This statement may appear here as unjustified, but it is essentially supported by various theoretical consid-
erations, in particular those provided in section 3.5.
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Figure 3.11: Influence of the learning set size at fixed complexity. Left, with linear regression,
right, with regression trees of 7 terminal nodes

decreasing noise level must not be interpreted as “no noise = no variance”!?. Besides, the
variance of regression trees with zero noise remains quite important in Figure 3.10.

3.3.3 Learning sample size

Whatever the learning algorithm, we expect the variance to decrease when the learning sample
size increases, since the more samples are gathered, the more stable should be the induced
model.

On the other hand, the evolution of bias with respect to the sample size is algorithm depen-
dent. When the complexity of the model is fixed, bias is typically independent of the learning
sample size. The left part of Figure 3.11 shows that this is indeed the case with linear regres-
sion for example. However, the right part of the same figure obtained with regression trees of
fixed number of terminal nodes (7 here) shows that in this case, bias is a slightly increasing
function of the learning sample size although the complexity is fixed. This counterintuitive
result can nevertheless be explained. In the case of regression trees, the average model f; g is
impossible to represent with a tree of fixed complexity (the hypothesis space of fixed complexity
trees is not closed with respect to the aggregation operator used). Indeed, the average model
corresponding to a finite number of trees of small complexity can be represented only by a tree

2Which is a statement found in various forms in the literature on automatic learning, e.g. in the form
“Overfitting is due to noise...”.

3Note that the “whatever” in this sentence, should be understood as “whatever reasonable”, because it is of
course possible to imagine learning algorithms which variance would increase with sample size.
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Figure 3.12: Influence of the learning set size at adjustable complexity. Left, with regression
trees, right, with decision trees

of much larger complexity. And, in the limit, the average of an infinite number of trees can
actually represent a smooth function, which is not at all representable by a finite tree, which
can only represent piecewise constant functions. Thus, when the learning sample size is small,
the variance is high and trees induced from different learning sets are very diverse. On the other
hand, when the learning sample size increases, trees becomes closer and closer to each other
and the average model is less and less flexible, hence bias increases (slightly in Figure 3.11).
Notice however that, because variance decreases much more significantly than bias increases
this figure suggests that for increasing learning sample size the optimal complexity will also
increase, which is indeed the case (see chapter 5).

In several algorithms however, the model complexity or the search algorithm depends indi-
rectly'* on the size of the learning set and hence the bias should decrease in these cases with the
learning sample size. For example, the size of fully grown decision/regression trees (i.e. which
are build so as to minimize the empirical risk) is automatically adapted to the learning sample
size and hence their bias is actually a decreasing function of the learning set size. Figure 3.12
shows us that under these conditions bias and variance indeed decrease as the sample size goes
up, left with regression trees, right with decision trees.

3.3.4 Learning algorithm

The bias/variance tradeoff is also different from one learning algorithm to another. Some
algorithms intrinsically present high variance but low bias and other algorithms present high bias
but low variance. For example, linear models and Naive Bayes method because of their strong
hypothesis often suffer from a high bias. On the other hand, because of their small number of
parameters, their variance is small and, on some problems, they may therefore be competitive
with more complex algorithms, even if their underlying hypothesis is clearly violated. While
the bias of the nearest neighbor method (1-NN), neural networks and regression/decision trees
generally are smaller, the increase in flexibility of their model is paid by an increase of the
variance.

The variance of decision trees will be studied in detail later but it is partly due to the
discretization of numerical attributes and to the hierarchical nature of their induction.

The variance of 1-NN rule (which bias is negligible, for large sample sizes) is easier to
understand. Since, the decision at a point of the input space depends on the closest sample in
the learning set, a small perturbation of this sample may lead to a large change in this prediction.
In the case of complex neural networks, there are generally several (possibly an infinite number

' Actually, those algorithms which aim at optimizing the bias/variance tradeoff by adjusting the model com-
plexity to the problem specifics.



Table 3.1: Bias/variance decompositions of several algorithms in regression

Method Square error | 0% | biasy, | varg
Linear regression 7.0 10| 5.8 0.2
k-NN (k=1) 15.4 1.0 | 4.0 104
k-NN (k=10) 8.5 1.0| 6.2 1.3
MLP (10) 2.0 1.0| 0.2 0.8
MLP (10-10) 4.6 1.0| 04 3.2
Regression tree 10.2 1.0 25 6.7

of) possible parameterizations of the networks which allow to realize very small values of the
empirical risk on the learning sample. So, according to the initial choice of parameters and
the particular learning sample, the optimization procedure will be trapped into different local
optima and hence the induced model will also be highly variable.

To illustrate this discussion, we have carried out a number of simulations on the regression
problem in order to compare different variants of four basic learning algorithms. Table 3.1
provides results obtained with learning samples of size 500, the numbers being obtained by the
same protocol as before (50 random learning samples of size 500 used to estimate expected
values with respect to the LS variable, and a validation sample composed of 2000 objects, in
order to compute averages over the input space). The table confirms the following general
trends

e Linear regression: variance is negligible, which is mainly due here to the fact the
number of parameters of this method (11) is very small with respect to the number of
objects in the learning sample. The error of the linear regression is mainly due to its
bias, which is a consequence of the non-linearity of the Bayes model corresponding to this
regression problem.

e k-Nearest-Neighbor: in our experiments we have used the Euclidean distance in the
space of 10 attributes scaled to make their variance equal to 1. Note that among the
10 input attributes their are actually 5 which are irrelevant, and this is known to be
detrimental to the performance of k-NN. The table shows a very high variance when
k = 1 and also a rather high bias. Increasing the value of k to 10 allows to reduce
variance significantly, but at the price of increasing the bias by 50%. All in all the k-NN
method is less accurate than linear regression in spite of the fact that it may in principle
handle the non-linearity. Note that the rather high bias displayed here by the k-NN
method is due to the fact that the average distance to the nearest neighbors is too high
compared to the speed of variation of the Bayes model. This distance is a result of the
combined effect of high dimensionality in the input space and small sample size.

e Multilayer perceptrons: this method provides overall the best results in this problem,
having both negligible bias and small variance. The two simulations correspond respec-
tively to one single hidden layer with ten neurons (denoted (10) in the table) and two
hidden layers with ten neurons each (noted (10-10) in the table). The variance of the
more complex structure is significantly more important.

¢ Regression trees: in this table the trees are fully grown. Their bias is small but
not negligible, and variance is so high that in the end the method is less accurate than
linear regression and the 10-NN method. Note that the bias is due here to the fact
that the smooth function fp is difficult to approximate with a simple staircase model,
whose complexity is moreover limited by the sample size (to about 20 terminal nodes, on
average).



3.4 Two other kinds of variances

The variance expressed in our decompositions and studied in the preceding experiments:

Eq{varps{frs(4)}} (3.51)

is the variance of the predictions given by the model, averaged over the whole input space.
It translates the effect of the variability of the model on the mean square error or on the
classification error. Nevertheless, the variability of the prediction comes with (and is correlated
to) two other types of variances: the variance of the error realized by a model and the variance
of the parameters of this model.

3.4.1 Error variance

The variance of the error of a model is expressed by:

Va.I“Ls{E’r‘T(fLs)}. (3.52)

If this variance is high, the accuracy of a model produced from a learning set is very variable
from one learning set to another. At the time of writing this thesis, and to our best knowledge,
no detailed study of the link between this variance and the variance of the predictions has been
carried out. In what follows we will merely provide a very short discussion of it.

Intuitively, if error variance is high at a point a, then the variance of the predictions at this
point must also be high. In other words, small prediction variance implies small error variance.
On the other hand, the opposite is not necessarily true: a high prediction variance does not
necessarily translate into a high error variance. This is due to the fact that errors at different
points in the input space can be correlated in different ways, and it is possible that the increase
of error in one region is cancelled by a decrease in another region. Thus errors may be rather
stable in spite of a significant prediction variance.

In this dissertation, we will focus on the reduction of prediction variance, which will as a
by-product also reduce error variance, should it be high.

3.4.2 Parameter variance

If a model is parameterized by a parameter « (e.g. a weight in a neural network or a dis-
cretization threshold in a decision tree), the learned value of this parameter ars depends on
the learning set and hence is also a random variable. We can thus compute its variance with
respect to the learning set randomness:

varrs{ars} (3.53)

If this variance is high, the value of the parameter is highly unstable from one learning set to
another. When the model is intrinsically interpretable, its practical interpretability is limited if
the parameter variance is high and so this variance should be reduced as well. Again, there is not
a bi-directional quantitative relationship between parameter variance and prediction variance.
Indeed, high prediction variance should come with a high parameter variance but the opposite is
not true: even if the prediction variance is not high, the parameter variance may be important.
It depends on the way these parameters intervene to make up the final prediction.

We will see in subsequent chapters that the variance of the parameters of decision trees
(discretization thresholds and attribute choice at interior nodes of the tree) turns out to be
very high, which makes their interpretation questionable. Thus, we will study in detail this
variance in Chapter 5 and investigate several techniques liable to reduce it in order to improve
interpretability.



3.5 Analytical results related to bias and variance

Bias/variance decompositions split the error into two terms whose interpretation gives some
feeling about the way error evolves with respect to various parameters. The empirical study of
the previous section gives some clues about the qualitative behavior of bias and variance with
respect to these parameters but what we can quantitatively expect is still an open question. We
should add that, although the main trends that have been illustrated hold in a large number of
situations, there are also a number of exceptions!.

In some simple cases, it is possible to express analytically bias or variance.

3.5.1 Linear models

Let us assume a regression problem where Y = fg(A) + ¢ with E.{e} = 0 and var.{e} = o2.
Let us further assume that fg(A) is a linear function of the attributes and that we use a

least squares multiple linear regression method to approximate this function from a learning

sample. Then one can show (see [HTFO01]) that the following two conditions are satisfied:

E4{biask(A)} =0, (3.54)

and n
Ea{varg(4)} = 0%, (3.55)

where n is the number of attributes and N the sample size.

Thus variance is proportional to the dimensionality of the input space and inversely propor-
tional to the sample size. More generally, even if the Bayes model is not linear, the variance of
linear models is increasing with the number of attributes (and hence of weights) and a decreasing
function of the learning sample size (as confirmed by Figure 3.11 p. 43).

Notice also the fact that under “no noise” conditions variance vanishes, which led some
people to extrapolate that variance is due to noise in general (which is not true). Indeed, even
for linear regression, variance may be observed under no-noise conditions if the Bayes model is
not linear.

3.5.2 K-NN

If we further assume input attribute values of the learning cases are fixed and only their out-
put values are changing from one learning set to another, the variance of the k-NN may be
approximated by (see also [HTF01]):

0.2

Ea{varr(4)} = —, (3.56)
showing that variance is a decreasing function of the number of neighbors. Again, variance is
increasing with the noise level.

3.5.3 Single hidden layer perceptrons

Derivation of analytical formulas for bias and variance is possible only in very simple cases,
such as those just discussed. For example, in more general situations, like in the case of neural
networks or decision trees, no such formulas have been (and possibly could be) derived.

Nevertheless, sometimes it is possible to give at least analytical bounds on error. Barron
[Bar94], for example, gives bounds on the mean square error for single hidden layer neural
networks. Assuming there is no noise (0% = 0), these bounds are:

Chay 4 oL
Ers{Brr(fis)} < O(—%) + O(7 log N), (3.57)

5¢.g. it is possible to find situations where the increase of the number of parameters of a model leads actually
to a decrease of variance, rather than an increase.
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Figure 3.13: a configuration of four points that can not be shattered by a single line

where L is the number of units in the hidden layer and Cy, is a measure of the complexity
of the Bayes model based on its Fourier representation. This decomposition is similar to a
bias/variance decomposition. Actually, the first contribution is a bound on the error of the
best neural network of this complexity, denoted by f;, with respect to the Bayes model:

Ea{(fB(4) - f1(4)*}. (3.58)

This latter error is called approzimation error by Barron.
The second term in (3.57) is actually a bound on the average error of a learned neural
network with respect to f;:

Ersa{(frs(4) — f1(4))*}. (3.59)

This term is called estimation error by Barron and the bound is obtained under the assumption
that the neural network optimization method is indeed able to find the set of parameters
minimizing the empirical risk.

Although this decomposition does not correspond exactly to the usual decomposition, these
two terms may be assimilated respectively to a bias and a variance term. An interpretation
of these bounds confirms our intuitive and empirical analyses. Indeed, the bound on bias is
an increasing function of the Bayes model complexity and decreases with the complexity of
the model, L. On the other hand, the bound on variance increases with the model complexity
and the number of input attributes, while it decreases with the learning sample size. So, these
bounds give an analytical justification of the form of the curves obtained in the previous section.

3.5.4 Statistical learning theory

When the complexity of the model increases, the learning algorithm is able to realize lower and
lower errors on the learning sample (empirical risk) even if the Bayes model is very complex, and
simultaneously approximation error and bias are decreasing. On the other hand, the estimation
error of the learned model and the variance of the method will increase. Thus, the empirical risk
is correlated with bias and approximation error, and the difference between the generalization
error Err(f;s) and the empirical risk E}r( f1s,18) is a quantity related to variance.

While several authors have given bounds on this difference, the statistical learning theory of
Vapnik [Vap95] certainly gives rise to the most general bounds. In classification, these bounds
are based on a general measure of the representation capacity of a set of functions which is called
the VC-dimension. The VC-dimension of a hypothesis space H of binary-valued functions is
the largest number of points such that there exists a configuration of this number of points that
can be shattered by members of 7. A set of points is said to be shattered by H if whatever the
binary class assigned to each point, there exists a function in A that perfectly reproduces this
classification. For example, in a bi-dimensional space, the VC-dimension of linear discriminant
functions is three since it is impossible to find four points in the two-dimensional space which
can be shattered by the set of linear discriminants (see Figure 3.13, for an example of 4 points
which classification can not be obtained by a linear discriminant), while it is possible to shatter



three points in general position. Notice that if the VC-dimension is infinite, then there exist
samples of any size for which the empirical risk can be driven to zero within the hypothesis space
whatever the chosen labels. The main contribution of Vapnik in automatic learning theory was
to show that the empirical risk minimization principle in automatic learning is justifiable only
if the VC-dimension of the hypothesis space is finite.®

The other main contribution of Vapnik was to provide errors bounds in the case of finite
samples, based on the VC-dimension. For example, he proves the following result for binary
classification problems with misclassification error: for any function h € H, we have with
probability at least 1 — a:

Err(h) < Err(h,ls) + ¢, (3.60)
with p oN )
(6

where d is the VC-dimension of the set of functions 7. This bound shows again that the
difference between generalization error and empirical risk increases with the model complexity
(by means of the VC-dimension) and decreases with the learning set size. Vapnik provides
similar bounds for the regression case (see [Vap95]).

Because of their generality (the results are distribution independent), these bounds are
often too loose to be of practical use from the quantitative point of view. Another drawback of
this approach is the difficulty to compute the exact VC-dimension of many hypothesis spaces
used in automatic learning. However, qualitatively, these theoretical results are very useful to
understand and design learning algorithms. A practical application of these bounds will be
described in the next chapter.

3.6 Discussion

In automatic learning, bias and variance both contribute to prediction error, whatever the
learning problem, algorithm, and sample size. The error decomposition allows us to better
understand the way an automatic learning algorithm will respond to changing conditions. It
allows us also to compare different methods in terms of their weaknesses. This understanding
can then be exploited in order to select methods in practice, to study their performances in
research, and to guide us in order to find appropriate ways to improve automatic learning
methods.

The empirical simulations provided in Section 3.3 aimed at providing a quantitative com-
parison of methods and of various effects. As far as this thesis is concerned, one of the main
outcomes is the very high variance of decision and regression tree induction, which significantly
decreases the attractiveness of this method in spite of its other intrinsic qualities (interpretabil-
ity, flexibility, computational efficiency). It suggests that, in order to improve these methods
it is necessary to find a way to reduce its variance, ideally without jeopardizing its other nice
features. We believe that these observations justify our focus on variance in decision tree in-
duction in this thesis, and our research for general methods able to reduce this variance in an
effective way. This is the topic of the second part of this thesis, while in the third part we will
concentrate on practical applications in the context of time-series classification, where variance
is even more important than in non-temporal problems. Before we switch to these consider-
ations, the next chapter is dedicated to classical variance reduction techniques in supervised
learning.

18Tnfinite VC-dimension means that the hypothesis space is so large that it becomes too “easy” to find appar-
ently excellent hypotheses, for most learning problems and any sample size, so that the empirical risk minimization
principle looses its discrimination power between hypotheses.






Chapter 4

Variance reduction techniques

Bias and variance are two sources of error reacting in opposite way to the model complexity.
There thus exists a tradeoff between these two sources of error. After a short introduction,
we review in Section 4.2 the “classical” way this tradeoff is handled in the context of different
learning algorithms. Section 4.3 then considers a class of variance reduction techniques based on
the aggregation of several models (also called “ensemble techniques”) which have been proposed in
the recent years, and which are potentially able to reduce variance without increasing bias. The
last section provides examples of such techniques and, in particular, introduces our “dual perturb
and combine” algorithm which we further develop in the context of decision tree induction in
chapter 8.

Note that in this chapter we provide mo empirical comparisons of the variance reduction
techniques, our aim being essentially to provide a broad and synthetic view of the methods.
Many of these methods will be studied more in detail later on in the context of decision tree
induction.

4.1 Introduction

Automatic learning methods like decision/regression trees or neural networks have the nice
property of providing a very flexible hypothesis space. They have the universal approximation
property which means that they are able to model with arbitrary accuracy any practically
relevant input/output function, however complex, provided that sufficiently complex tree or
neural network structures are used. The main problem of these automatic learning methods is
thus not bias (which, in fact, can be made arbitrarily small) but variance which arises when
such complex models are needed and must be chosen on the basis of finite samples. The
increase in interest in variance reduction has been recently strengthened by two things. First,
the success of automatic learning techniques makes people want to apply them in more and
more complex domains, e.g. in bioinformatics, cryptography, or, for temporal data modeling.
Even if traditional algorithms are in principle applicable in these domains, they are not really
adapted to these new kinds of data (see the third part of this thesis for time series data) and
even more complex model spaces have to be designed. Second, at the same time, the very fast
increase in computer power makes it possible to search larger and larger hypothesis spaces.
These new improvements in representational power of the learning algorithms will be useless if
they are not combined with some variance reduction techniques.
Variance reduction techniques can be classified into two main families:

e techniques that control the bias/variance tradeoff in the context of one particular learning
algorithm. These methods do not change the bias/variance configuration of the learning
algorithm but rather adapt the optimization part of the algorithm in order to find the
best tradeoff between bias and variance.

e techniques that change the bias/variance configuration of a learning algorithm. These are
general techniques which can be applied to any learning algorithm; all of them work by
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Figure 4.1: Bias and variance with respect to the learning set fitting (neglecting residual error).

averaging several (unstable) predictions.

The next two sections will describe both classes of techniques. The fourth section will dis-
cuss among other things Bayesian learning paradigms and relate them to variance reduction
techniques.

4.2 Controlling the bias-variance tradeoff of a method

4.2.1 General framework

In every method which uses a learning set to select one model, there is a need to control the
bias/variance tradeoff to avoid overfitting. The more you give means to an algorithm to fit the
learning set, the more it will suffer from variance. Figure 4.1 shows the typical evolution of the
bias and variance of a machine learning algorithm with respect to a parameter s measuring the
means given to the learning algorithm to fit the learning set (e.g. number of decision tree nodes,
number of weights for neural networks). Bias generally is a monotonic decreasing function of
s and variance on the other hand is a monotonic increasing function of the same parameter.
The error thus reaches a minimum for some given value s* of s. Since, as we commented above,
variance decreases with sample size and bias is often not at all dependent of sample size, the
best value of s should be an increasing function of the sample size. Also since bias is always
dependent on the problem (by means of the Bayes model), the best value s* is also problem
dependent.
In practice, there are three ways of controlling a parameter like s to avoid overfitting:

1. First, a reasonable value of s can be fixed according to some prior knowledge (a thumb
rule) and the best model selected on the learning set taking into account this value. For
example, in the neural network literature one can read rules like “the number of weights
of a neural network should not exceed 10% of the learning sample size N”.

Note that, even if this procedure is fast as it needs only one optimization, the best value
of the parameter is most of the time unknown a priori and intrinsically dependent on the
problem. Thus, in practice, this approach turns out to be suboptimal.

2. The second approach aims at identifying the optimal value of s on the basis of the available
sample of objects. It works as follows :

for increasing values of s:

e use the learning set to find a model taking into account the current value of s;
e evaluate the generalization error of this model and stop the iteration when this error

is not decreasing anymore.

As bias and variance are difficult to estimate from one learning set, a generalization error
estimate is used to select the best model. To evaluate the generalization error, we can use



either cross-validation or an independent validation set (see section 2.5). Apart from the
increase in computational burden, the main drawback of this technique is that it can be
trapped in a local minimum of the generalization error. This leads to the third algorithm.

3. For increasing values of s < Spaz:

e use the learning set to find a model taking into account the current value of s;

e evaluate the generalization error of this model,;

Among the resulting sequence of models, select the one which yields the best generalization
error. When there is no natural maximum value s,,,;, iterations can be stopped either
when the learning set error vanishes or at least when this error stops decreasing. The
problem of local minimum is thus avoided (or at least mitigated) but at the price of higher
computation times.

Note that the computation of the optimal model on the learning set for increasing values of s
can be very complex in some cases. However, sometimes, it is possible to compute efficiently the
optimal model for one value of s from the previous model in the sequence. If this is impossible,
one solution is to design heuristics that compute an approximation of this model from the
previous one.

4.2.2 Examples in the context of different learning algorithms

In the context of a particular machine learning algorithm there are often many possible param-
eters s, each one regulating a different bias/variance tradeoff. One general way to control the
goodness of fit to the learning set is to control the size of the hypothesis spaces. The parameter
s thus defines a sequence of nested hypothesis spaces H1 C Ha C ... C Hs C ... which are all
included in the original space H. For a fixed value of s, learning consists in searching #, for
the best model on the learning set. Almost all parameter choices discussed below comply with
this framework of nested hypothesis spaces. Usually, to limit the size of the hypothesis space,
a complexity measure C'(h) of models is defined and the subspace H; is restricted to models
whose complexity is less than a threshold s, i.e. Hy = {h € H|C(h) < s}. From the theory
of Lagrange multipliers, the sequence of models obtained by minimizing the error E}r(h, [s) in
‘Hs for increasing values of s is equivalent to the sequence of models obtained by minimizing
Err(h,1s)+\-C(h) for decreasing values of X. This second formulation often makes the problem
easier to solve.

Variance controlling techniques are reviewed here in the context of the five learning algo-
rithms described in the first chapter.

Linear regression

Even if this algorithm generally does not suffer from very high variance, the first variance
reduction techniques were devoted to it. Ridge regression, for example, consists in bounding
the norm of the weight vector or equivalently in adding a penalty term to the learning set
error which is proportional to the norm of this vector. More precisely, the full hypothesis space
‘H contains all linear models and the hypothesis subspace H; for some s contains only those
functions which satisfy

n n
h(a) = wo + Zwi - a; with wa <s. (4.1)
i=1 i=0
Note that, as we have argued above, minimizing the empirical risk
Err(h,ls), (4.2)

in Hg, is equivalent to minimizing in # the criterion

n

Err(h,ls) + A(s) - > w?, (4.3)
=0



for some suitably chosen decreasing function A(s). Once A is fixed, the minimization of (4.3)
can be carried out solving a set of linear equations derived by slightly modifying the normal
equations of linear least squares.

Irrespectively of variance reduction, another advantage of ridge regression is that even small
values of \ stabilize the analytical solution of equation (4.3) when the solution for A = 0 may be
ill-conditioned (e.g. in the case of singularities resulting from quasi-linear relationships between
attributes).

Neural networks

There exist many parameters controlling the bias/variance tradeoff in neural networks. First,
the complexity of the neural networks (in terms of the number of neurons and hidden layers)
is certainly a valid choice for s. This is a typical case where heuristics have to be designed
to select the right complexity. Indeed, as optimization of neural networks can be very time
consuming, exhaustive search on structure is essentially intractable. Growing (starting with a
simple network and iteratively adding new units to it) and pruning strategies (starting from
complex networks and gradually removing connections or units) both have been explored.

Another obvious parameter is the number of iterations of the optimization algorithm. If
we let this algorithm drive the resubstitution error to zero, the model will certainly overfit the
data and hence suffer high variance. So, stopping the optimization earlier could reduce the
generalization error (the combination of this parameter and one of the two ways of finding the
optimal value of s is called early stopping in the neural network community).

The equivalent of ridge regression for neural networks is called “weight decay” in the neural
network literature. Like (4.3), weight decay consists in adding to the error function a term which
penalizes large weights. The parameter s is the inverse of the constant multiplying the norm of
the weights and is called the decay constant. Weight decay is based on the idea that very large
weights in a neural network can cause the output function to be very irregular and thus to fit the
noise in the data. Techniques penalizing irregular output functions in favor of smoother ones
are called regularization techniques and weight decay is only one of them. Another alternative
is to use a penalty term involving various derivatives of the output function.

Decision/regression trees

The obvious parameter regulating the bias/variance tradeoff is the complexity of the tree mea-
sured for example by its number of terminal nodes. In practice, to control the complexity, a
quality measure Q(7, LS) for a tree T is defined by:

Q(T,LS) = R(T, LS) — %.C(T), (4.4)

where R(T, LS) is some measure of the reliability of the tree on the learning set (resubstitution
error and information quantity have been proposed in the literature). Small values of s favor
simple trees while large values of s favor more complex ones. Fixing a priori the value of s and
optimizing the quality is called stop splitting (or pre-pruning). Optimization of s following the
third procedure of subsection 4.2.1 is called pruning (or post-pruning). Note that these ideas
will be explained in detail in Chapter 6 of the second part of this thesis, focusing on variance
reduction in decision tree induction.

K-Nearest Neighbors

The only parameter in K-nearest neighbors is precisely K the number of neighbors which are
taken into account when doing a prediction. A parameter s satisfying the conditions is N — K
where N is the size of the learning set. When s = 0, the bias is maximum and the variance
minimum. Indeed, the prediction is constant allover the input space but may still change from
one learning set to another. On the other hand, variance is maximum and bias is minimum when



K is equal to 1. Note that in the context of K-NN, leave-one-out is an obvious candidate for
estimation of the generalization error during optimization of K. Indeed, the learning phase is
very efficient and one leave-one-out test for some value of K can take into account the distances
between objects which have already been computed for testing previous values of K.

Naive Bayes

In the Naive Bayes method, a bias/variance tradeoff appears when it comes to learn a model
for probability distributions P(A;|C). If the model for this distribution is too complex, it will
not generalize. On the other hand, if the model is too simple, bias will be high. For example, if
we use histograms to model such a distribution, the number of cells of the histogram (bins) is a
parameter which controls a bias/variance tradeoff. If this number is too large, some subregions
will be empty of any cases from the learning set and thus the histogram will not generalize. On
the other hand, too few subregions will hide some information contained in the learning set.

General techniques

There exist also some general model independent techniques to regulate some bias/variance
tradeoff. For example, attribute selection is a way to reduce the variance. Indeed, if there
are some useless or redundant attributes, they will give some further means to the learning
algorithm to overfit the data. The number of attributes is thus a valid choice of parameter s and
a lot of work has been done in this field (see for example [KJ97] for a model-independent wrapper
technique). Note that tree based methods intrinsically are doing some attribute selection and
actually can be used as an attribute selection method for other learning algorithms.

Another general variance reduction technique is jitter ([HK92, Bis95]). Jitter consists in
generating new pseudo-samples cases obtained by adding a small amount of random variations
(noise) to copies of the input attribute vectors of existing learning cases while leaving the
output attribute unchanged. Assuming the goal functions are mostly smooth and injecting a
small amount of noise, expanding the learning set in such a way will not change very strongly the
goal function (and hence bias) but will certainly force the learning algorithm to build smoother
models (and hence decrease variance). In the context of linear regression, it can be shown that
jitter with white Gaussian noise is strictly equivalent to ridge regression. In the context of
neural networks, although not strictly equivalent, jitter and weight decay have been shown to
produce very similar results.

4.2.3 Related approaches for model selection

Several general frameworks have been proposed in the machine learning literature in order to
formalize the compromise between complexity of model structure and empirical risk, which are
more or less strongly related to the approaches discussed above. Below, we briefly discuss three
of them, namely the Bayesian approach to model selection, the Minimum Description Length
(MDL) principle, and the structural risk minimization approach. Rather than providing a
detailed theoretical development of these approaches, our aim is to give an intuitive description
of how they work and how they are related to the other techniques presented in this chapter.

Bayesian model selection

We have seen that the classical approach to machine learning (inherited from classical statistics)
can be summarized as follows: define an error measure and a set of candidate models, then apply
the empirical risk minimization principle in order to select one model on the basis of the learning
sample. Note that under some additional hypotheses on the underlying data generation process,
most of the approaches following this principle can be viewed as a mazimum likelihood approach.
In other words, the model they select is the model (within the set of candidate models) which
maximizes the likelihood of the learning sample. Under some restrictive conditions on the
hypothesis space (essentially, finite VC-dimesion) one can show that this approach is optimal



asymptotically, i.e. when the sample size tends towards infinity. On the other hand, as we have
argued in the preceding sections, when sample size is small or moderate compared to the size
of the hypothesis space, this approach is essentially suboptimal.

In the Bayesian approach, rather than considering the model as a deterministic object
which has to be identified from the data, we consider the model as a random variable and the
observable samples as random variables which have a conditional distribution given the model.
Then, the prior distribution over the hypothesis space represents our prior beliefs about the
possible explanations of a sample, and these beliefs can be updated once a learning sample has
been observed, yielding a posterior distribution. In practice, to apply the approach we thus
need to specify two distributions:

e a prior distribution, P(H), defined on the hypothesis space H which measures how plau-
sible are a priori the models of the hypothesis space (without any knowledge of the data);

¢ a conditional distribution P(LS|H) which measures the likelihood (also called the evi-
dence) of a learning sample under the assumption that it is generated according to the
model H.

From these two distributions, Bayes theorem allows us to compute the posterior distribution of
the model given the data:

Pss) — PSP 05
« P(LS|H)P(H), (4.6)

where P(LS) = Yy P(LS|H)P(H) is the probability of observing a particular sample, and can
be viewed here as a normalization constant which ensures that the distribution P(H|LS) over
‘H sums to 1.

From a technical point of view, the Bayesian approach to machine learning essentially con-
sists in computing the posterior distribution P(H|ls) from the priors and from the observed
learning sample [s. The output of the approach is thus a distribution over H, rather than a par-
ticular model H(ls). Thus, unlike classical techniques, the Bayesian approach gives information
about the uncertainty which remains about the model when the data is known. The posterior
probability distribution gives us a ranking of the plausible models of the hypothesis space for
our data and may be used for several inference tasks: parameter estimation, prediction, and
model selection.

As concerns the use of P(H|LS) for model selection, this approach thus constitutes an
alternative to the other automatic learning methods described earlier. The most direct way to
select a model from data is to select the most probable one according to the posterior probability
distribution:

frs = argmax P(H = h|LS) = argmax P(LS|H = h)P(H = h). (4.7)

This formulation of model selection allows to take into account the bias/variance compromise
in two ways.

First, it is possible to choose the prior distribution of models in order to penalize too complex
models. For example, under some hypotheses, it is possible to give a Bayesian interpretation
of the weigth decay approach for learning neural networks (see [CM98]). Indeed, let us assume
that the hypothesis space is composed of all possible parameterizations of a neural network of
a given complexity and the goal of learning is to find the most probable choice of parameters
given the learning sample. A model is then defined by the vector of parameters W and the
Bayesian approach aims at computing P(W|LS). In the previous section, we have seen that
large weights imply irregular functions and hence should be avoided. A way to penalize large
weights is to assume that small values of the weights are a priori more probable, e.g. taking:

d
PY) = - exp(=5 Y W), (1.9
i=1



where d is the number of parameters of the neural network, § is some parameter of the distri-
bution, and Z3 is a normalization constant. On the other hand, the likelihood of the learning
sample s (of size N) for some value of the parameter w is given by:

N
PLS=Is\W =w) = [[P(A=a,Y = ylW = ) (49)
=1
N N
= [[PY =vild =a;,W =w) [[ P(4 = &), (4.10)
=1 =1

since parameters W does not predict input values. Assuming that the output values are gener-
ated according to
Y = f4w,) +e,

where f(A;wy) is the prediction of our neural network with some parameters w, and ¢ is a
Gaussian random variable, we have:

PY =ylA=q;, W =w) = ZL exp(—%(yi — fla;;w))?), (4.11)

where a depends on the variance of € and Z,, is some normalization constant. The most probable
choice of parameters is the one which maximizes P(W|LS) o P(LS|W)P (W) and hence which
minimizes —log(P(W|LS)). Using equations (4.8), (4.10), and (4.11), one can show that:

N d
—log(P(W = w|LS = Is)) = % > (i — fla W))* + g > Wi+C, (4.12)
=1 i=1

where C is some constant which does not depend on the parameters w. Hence, minimizing
P(W = w|LS = Is) according to w is equivalent to minimizing an expression like (4.3) and so,
the weight decay approach of the previous section has been given a Bayesian interpretation.
In the context of decision tree induction, the “growing+pruning”’ strategy can be viewed as
the selection of the a posteriori most probable model in a Bayesian framework. Indeed, the
quality measure (4.4) using information quantity may be derived from a posterior distribution
of decision trees where prior distribution penalizes large trees, see [Weh93].

Even without adopting a specific choice of prior distribution to penalize complex models, the
Bayesian approach also encompasses some built-in prior preference for simpler models and hence
implicitly penalizes complex models (see [Mac92]). More precisely, let us consider a hypothesis
space of models which are defined by two sets of variables: a structure S (for example, for the
hypothesis space of single hidden layer neural networks, the structure would denote the number
of nodes in the hidden layer) and the parameters characterizing a model of this structure W
(the exact value of the weights of the neural network). Note that the prior distribution over
the hypothesis space can thus be written in the form

P(H) = P(5,W) = P(S)P(W]5),

and the Bayesian approach may be used in order to determine the most probable structure
given the observed data by computing:

P(S|LS) « P(LS|S)P(S). (4.13)

Depending on the assumptions made on the prior distribution P(H) this criterion will favor
more or less complex models. Note that one can argue that a natural assumption is to consider
that P(S) is a uniform distribution (so called uninformative prior distribution) over the range
of structures covered by #H. As concerns P(W|S) a similar argument would then also lead to
a uniform distribution. However, since the dimensionality of W is an increasing function of
the complexity of the structure, P(W|S), as well as P(S, W), will necessarily be a decreasing



function of the model complexity. On the other hand, the assumption that all the structures
are a priori equiprobable, implies that the a posteriori most probable structure is the one which
maximizes the evidence P(LS|S) which may be written:

P(LS|S) = / P(LS|S, W)dP(W|S), (4.14)

where the integration is over all possible parameterizations of the model. The question is
whether this criterion will favor simple models or complex ones. Actually, while the maximum
likelihood approach (or the empirical risk minimization approach) which selects structures max-
imizing

argm&xP(LﬂS,E),

will systematically select the most complex models of the hypothesis space, the criterion (4.14)
is not systematically biased towards the more complex structures. This is essentially due to
the assumption of uniform conditional distribution P(W|S) which implies an exponentially
fast decrease of P(W|S) with increasing complexity. This effect is generally strong enough to
overcompensate (for complex enough models) the increase of arg maxy P(LS|S, W). We refer
the interested reader to [Sch78] and [Mac92] for a more in depth discussion of this natural
complexity penalization property.

Minimum description length (MDL) principle

The MDL principle, and its cousin, the minimum message length principle, are based on a data
compression argument. Let us assume that we want to send output values corresponding to
the learning cases to a receiver which already knows the input values. Then we have several
alternatives, e.g. we could send an explicit description of the output values of each object,
or we could determine and send to the receiver a model able to recompute the output values
from the inputs, or we could send a model computing approximations of the output values
together with error corrections. The MDL principle ([Ris78]) states that the best model for the
learning sample is the one which minimizes the length of the message which has to be sent to
the receiver:

L(is, h) = L(ls|h) + L(h) (4.15)

where L(h) is the minimal number of bits necessary to describe the model to the receiver and
L(ls|h) is the minimal number of bits necessary to describe the errors made by this model on
the learning sample. Intuitively, the lower is the empirical risk of the model, the lower will
be the length L(Ils|h); in the limit if the model perfectly fits the Is this term vanishes. On
the other hand, the number of bits used to code a model is certainly an increasing function of
the number of parameters used to represent this model and hence of its complexity. Thus the
two terms making up the description length are essentially representing a tradeoff between the
empirical risk and the model complexity. The MDL principle thus embodies a preference for
simpler models and is of the form Err(f) + A.C(h) which was proposed in Section 4.2.2.

Notice that in eqn. (4.15) the two terms defining L(ls,h) are in theory defined as the
Kolmogorov complexities of the corresponding objects. These quantities are essentially non
computable [CT91] and hence various approximations have been proposed in the literature,
leading to various practical versions of the MDL and MML principles.

On the other hand, the link which exists between the Bayesian approach and these principles
can be made on the basis of Shannon’s information theory [CT91]. Indeed, Shannon’s first
theorem says that the optimal encoding of long sequences of a random variable X amounts
to taking codeword lengths [; = —logs(P(X = x;)) for the i*1 value of this variable. So, by
taking the length L(ls|h) = —logy P(LS = Is|H = h) and L(h) = —logy P(H = h) in (4.15),
we get minus the logarithm of (4.6) and hence minimizing (4.15) is equivalent to maximizing
(4.6). We refer the interested reader to [ZRF99] for a more detailed discussion of the MDL and
MML principles and their relationship with Bayesian model selection, in the specific context of
decision tree induction.



Structural risk minimization

The main benefits of the Bayesian and MDL principle is that they provide a language (using
either a probabilistic interpretation or a encoding scheme) which facilitates the design of opti-
mization criteria which take into account the tradeoff between error and complexity. However,
we do not have assurance that minimizing the posterior probability or the number of bits to
encode data and model will give low generalization error (which is the final goal of learning).
Actually, it is easy to find a very bad choice of prior probability distribution or encoding scheme
which will lead to inappropriate models for many problems. Furthermore, both approaches will
often rely on some parameters (like a and 3 in (4.12)) which would require to use one of the
techniques presented in Section 4.2.1 to be fixed automatically.

Structural risk minimization on the other hand is based on the bounds on generalization
error given by Vapnik (see Section 3.5.4 or [Vap95]). This bound is the sum of the empirical
risk and an increasing function of the VC-dimension, denoted h (which is some measure of the
expressiveness of the hypothesis space). Hence, when the VC-dimension increases, empirical
risk is decreasing like the bias in Figure 4.1 and the bound on the difference is increasing like
the variance. All in all, the generalization error is bounded by a function which follows a
trajectory similar to the one of the mean error in the same figure. Vapnik proposes structural
risk minimization to minimize the error bounds. It works as follows:

e Structure the hypothesis space into nested subsets H; such that H; C Ho C ... C H; C ...
and the VC-dimension h; of each #; is finite. Hence, we have h; < hy <...< h; <....

e Find the function f; which minimizes the empirical risk in each subspace #;.

e Among these functions, choose the one which together with its subspace minimize the
error bound.

Structural risk minimization is thus strictly equivalent to our approach where the parameter
s is the VC-dimension. However, this method uses the derived bound on the generalization
error to select the optimal value of complexity and hence does not require an estimate of the
generalization error. The practical application of structural risk minimization is however limited
by the fact that often the VC-dimension is very difficult to compute.

4.3 Aggregation techniques

The techniques discussed in the previous section are dependent on the intrinsic bias/variance
curves of the learning algorithms they are applied to. For a given value of the parameter s,
bias and variance are determined by the learning algorithm and the optimization of s is tied
to respect these values. The techniques described in the present section, on the contrary, try
to attack the intrinsic bias/variance tradeoff of a learning algorithm essentially by shifting
its variance curve towards zero without changing too much its bias curve. To this end, the
common idea of all these techniques is to generate by some means a set of predictions using the
original (unstable) learning algorithm, and then to aggregate these predictions using a voting
or an averaging scheme, in order to yield a more stable final prediction. These aggregation
techniques essentially differ in the way they operate on the original algorithm in order to build
a set of predictions, but the usual way is to build an ensemble! of models whose predictions are
aggregated.

This section is organized as follows : we start by presenting “Bagging”, one of the most
popular aggregation technique; we then proceed by analyzing the effect of averaging? techniques
applied to randomized algorithms; we conclude by proposing a general framework encompassing

The term “ensemble methods” is used in the literature to denote techniques which combine different models
produced by one or several different automatic learning algorithms ([Die00b]).

2Although in the strict sense “averaging” is a particular case of “aggregation” we will use the two terms
interchangeably.



all these averaging techniques and show how bagging can be viewed as a particular case of this
general framework.

4.3.1 Bootstrap aggregating (Bagging)
Underlying idea

By definition, the average model f; ¢(a) corresponding to a learning algorithm has zero variance
and it has the same bias as the original algorithm. So if we could find an algorithm producing
on the basis of the learning sample an good approximation of this average model, this would
reduce variance without too much altering bias. Let us study this idea in the case of regression
and in an ideal situation, i.e. assuming that we can draw as many learning sets as we want
from the distribution P(LS) = PY(A,Y). An approximation of f;¢ is then simply built by
drawing several learning sets ls;, ¢ = 1,..., T, from P(LS), inducing a model fj;, from each of
the [s; and then computing the average predictor by :

1 T
fisr(a) = 7 > fisi(), (4.16)
i=1

for some value of T'. This expression defines a new model whose predictions are also random.
Since the [s; are independently drawn from the same distribution P(LS), the average model
corresponding to the new learning algorithm, which generates f;gr(a), is nothing but the
average model of the original algorithm :

T
Busr{fusr(@} = 7 3 Busi{fus, (@)} = Trsla). (417)

On the other hand, its variance is given by:

T T
varpsr {frso(@)} = varso {7 Y frsi(@)} = o - varrs, (o, (@) = var(a)  (4.18)
i=1 i=1

since the fi;, are independent and have the same variance as the original learning algorithm.
Thus, averaging over T learning sets divides the variance by a factor 7. All in all, the average
prediction is less variable than each individual one and its bias remains unchanged. The result
is obviously a decrease of the mean squared error at point a. In this ideal case, it is possible to
compute the value of T' which leads to a value of error satisfying some initial requirements.
Equivalently, in classification, a set of models can be induced from random learning sets [s;
and the aggregated prediction at each point is the majority class among the set of predictions :

T
figr(@) = argmax 3" 1(fis, (@) = o). (4.19)
=1

Numbers of interest in this case are the probabilities that this model outputs one particular
class c. Let us denote by Ppgr(c|a) this probability for one class c. Assuming a sufficiently
large value of T', we know from the central limit theorem that the proportion :

T
Pa(a) 2 537 1(fugla) =€), (420)

of instances of class ¢ appearing in the set of predictions is distributed according to a Gaussian
distribution with mean :

Epgr{Pe(a)} = Prs(cla), (4.21)

and variance:
varpgr{P.(a)} = FPrs(de) (lT_ PLS(Clg)). (4.22)




In a two class case, the probability P;gr(c|a) is the probability of P.(a) being greater than 0.5,
which yields :

0.5 — Prs(cla)
Prs(cla) - (1 — Prs(cla))

where @ is the upper tail of the standard normal distribution (see Figure 3.7, pp. 38). From the
definition of @, it thus appears that this probability tends towards 1 with increasing values of T
if ¢ is the majority class at a, f%AJ (a), and towards 0 otherwise. So, the classifier f7 converges
to the majority vote classifier. Asymptotically, the error of f;¢r is thus equal to Tibishirani’s
bias and its variance vanishes. Contrary to the regression case, however, as mentioned in the
previous chapter, this majority vote classifier is not always better than individual predictions
for biased points (in the mean). However, assuming that most of the learning algorithms are
mainly unbiased (at least the ones which need such techniques because of their high variance),
aggregation is beneficial most of the times. Actually, in the two class case, it can be shown
that we have Ppgr(cla) > Prs(cla) if Prg(c|la) > 0.5, whatever the value of T' > 2 (see [ZCO01]).
Hence, if the learning algorithm is unbiased at this point, aggregated models f; gr(a) are always
better than single ones.

Prgr(cla) = ®( -T), (4.23)

The bootstrap approximation

In practice, of course, we do not have access to the true distribution P(LS) but only to a single
learning set [s. The most direct idea to find an approximation of P(LS) is to use bootstrap
sampling to generate several learning sets from the original one. This is the key idea underlying
bagging (for bootstrap aggregating, [Bre96b]). Bagging proceeds as follows:

1. From [s (of size N), derive different bootstrap samples bs; (i = 1,...,T) of size N by
random resampling with replacement.

2. From each bs; produce a model fp;, using the learning algorithm.

3. Produce a single model, fba,g’ by aggregating the 7" models fp,;:
fbag (Q) = aggr{fbsl (Q)a fb52 (Q)a ceey fbsT (Q)} (4-24)

The aggregation operator in the context of regression models is of course averaging.

For classification problems, we have the choice between computing the majority class among
the T predictions (like (4.19)) or, if the learning algorithm provides class probability estimates,
we can average these conditional class probability estimates of individual models and then
select the class corresponding to the largest aggregated probability estimate. Note that several
authors have carried out experiments with these two bagging variants in classification (e.g.
[BK99]) and even if aggregating class-probability estimates appears to be slightly better, there
is no clear evidence that this improvement is significant.

4.3.2 Randomized algorithms

Let us assume that we dispose of a randomized learning algorithm which on different runs
with a fixed learning sample may output different models. For example, typical neural network
learning algorithms behave in this way since they start iterations from random initial conditions
which are re-drawn on every run of the algorithm. Similarly, automatic learning methods using
genetic algorithms in the optimization part typically will produce randomized results. Also, as
we will see, many existing deterministic automatic learning algorithms may easily be modified
in order to randomize them. Our aim in this section is to show that the variance introduced by
such randomizations should be reduced by using the idea of averaging described in the preceding
section in order to improve performance.



Bias/variance decomposition

Let us assume that the randomness of our algorithm can be fully captured by a random vector
of parameters which we will denote by ¢ (e.g. the final model given by neural network learning
is a function of the random initial weights). The model produced by this algorithm is thus a
function of the two random variables LS and ¢ and will be denoted by frs.. The true mean
error of this algorithm at a point a is given by Ers . {Err(frsc(a))}. Taking into account the
additional expectation according to ¢, the regression bias/variance decomposition of the mean
error becomes (see (3.15)):

ErsAErr(frse)} = ok(a) + (f(a) — frs.(a)® +varps{frs:(a)}, (4.25)

where:
frse(@) = Erse{frsc(a)} (4.26)
varps{frse(@)} = Ers{(frsela) — frse(a)’}. (4.27)

From the total variance theorem, the variance term may be further decomposed into two terms:

varpse{frse(a)} = varps{E. ps{frsc(a)}} + Ers{var. ps{frse(a)}} (4.28)

The first term in (4.28) is the variance with respect to the learning set randomness of the
average prediction according to € while the second term is the expectation over all learning sets
of the variance of the prediction with respect to ¢.

Averaging out the effect of ¢

Let us suppose that instead of building one single model f;, . for a given learning set with our
original random algorithm, we consider a hypothetical algorithm which would produce for the
given learning set Is, the expected model F,|;,{fis:(a)}-

The bias of this method would actually be identical to the bias of the original random
algorithm, since we have:

frse(@) = Erse{frse(a)} = ELs{E.rs{frse(a)}}- (4.29)

On the other hand, the variance of this algorithm would be equal to the first term of eqn.
(4.28).

In practice however, it may be that E, ;s{frsc(a)} is difficult to compute exactly. This
suggests the following approximation algorithm: Given a learning set /s, draw several values
€, 1 = 1,...,T from the distribution P(e|ls), build a model f; ., according to the learning
algorithm for each value ¢; and compute the average model:

1 T
flS,ET (Q) = T Z fls,ei (Q) (430)
i=1

Transposing the development of the previous section, it is easy to show that the bias of this
model is equal to the bias of the original learning algorithm and that its variance is given by:

Eps{var,rs{frse(a)}}
T

varps r{frser(a)} = varps{E; rs{frs:(a)}} + (4.31)

So averaging over T values of ¢ reduces the second part of the variance by a factor T and leaves
the remaining parts of the mean error unchanged. The global reduction of error by averaging
is thus proportional to the term Ers{var. ps{frsc(a)}}:

Erser{Err(frser(a))} = ELse{Err(frse(a)} — (1 — %) - Eps{varcps{frse(a)}. (4.32)

The more variable are the predictions with respect to e, the more useful it is to use averaging.



Ambiguity decomposition

While equation (4.32) describes the mean impact of averaging, it is possible to relate the error
of an average model to the individual errors of its components. Indeed, this latter term is given
by:

m ZETT -flb‘ 61 ZEYM{ Y fls ez( )) }7 (4.33)

which may be decomposed into:

T
=3 Brr(fin(@) = By{(Y — fiy (@)%} + zflm fee@? (439)
T <~

Inverting the decomposition, we obtain:

T
Err(fls eT ZETT fis 61 Z fis el fls eT( )) : (4'35)
=1

So, the error of the average model is the difference between the mean error of individual models
minus the variance of their predictions. This decomposition is due to Krogh and Vedelsby
[KV95] and is called the ambiguity decomposition. The last term of equation (4.35) is called
the ambiguity:
1T
Ar(@) = 7 D _(fisei(@) = fis,er (@), (4.36)

=1

As ambiguity is always positive, the main conclusion is that the average model is always better
than the individual models in the mean. How much better depends on the ambiguity: the
more individual predictions disagree with each other, the better will be the improvement by
consensus. Taking the expectation of both sides of (4.35) according to the learning set and 7,
we retrieve equation (4.32) and by identifying the different terms, we get:

1

T
(1 - ) Brsfvor, 1 frs(@) = Fusor (Y (f1sala) — fsa(@)’} (437

which shows that the reduction of mean error is equivalently the mean (over all learning sets and
parameters choice) variance of the prediction inside the ensemble produced for each learning
sample.

The case of classification problems

While the effect of model averaging according to ¢ is very simple to study in the context of
regression, the problem is much more complex in classification. Assuming a random learning
algorithm, Tibishirani’s bias/variance decomposition of the mean error rate can be written:

ErsAErr(frse(a))} = Err(majrs {frse(a)}) + varr(a) (4.38)

where majr ¢ {frs.e(a)} = arg max. Pps(cla) computes the majority class over all values of LS
and ¢ and the term vary(a) is defined such that this additive decomposition holds. The relation-
ship between the mean error of frs. and the one of the aggregated classifier maj, pg{frs.(a)}
is difficult to characterize. First, contrary to the regression case, the bias is not necessarily
conserved by aggregation. Indeed, in general, we have:

majLS,s{fLS,s (a)} # majLs{maje|Ls{fLS,e(Q)}} (4.39)

and hence,
Err(majpg {frse:(a)}) # Err(majpg{maj. ps{frse(a)}})- (4.40)



Second, even if the bias is unchanged, as variance can be negative, it is also possible for
the error to increase by averaging. The only thing which is certain in classification is that
E, 1s{1(fLse(a) = c)} are better estimates than 1(fLsc(a) = c) for class probabilities P(c|a)
in the sense of least square since their bias terms are the same and the variance of the latter is
reduced by averaging. However, there is no guarantee that this will yield lower misclassification
error.

Focusing on non average results, it is also difficult to rely the error of the majority vote
classifier to the mean error of its individual constituents. For example, trying to transpose
the ambiguity decomposition from the regression case, we get the following definition for the
ambiguity in classification:

T
Ac(g) = Err(majizl...T{fls,éi (Q)}) - % ZETT(fls,q (Q)) (4-4-1)

which positiveness is unfortunately not ensured.

4.3.3 General perturb and combine algorithm
Generic algorithm

If we average different models built from several runs of a random algorithm, we know from the
previous section that we obtain a more stable algorithm. This idea can not be applied directly to
a deterministic algorithm which always returns the same model in response to a fixed learning
set. However, a deterministic algorithm can be made random by the introduction of some
perturbations in the learning procedure. This gives the idea of the following generic algorithm:

e From a learning set Is, for ¢ going from 1 to T

— perturb the learning procedure (e.g. by perturbing its data or settings of its param-
eters) with a set of random parameters ¢; drawn independently from a distribution
P(e|ls) and apply the perturbed versions to get the models fis.;

e Build the aggregated predictor f;; .r defined by:

fls,eT (Q) — a‘ggr{fls,fl (Q)a fl8,62 (Q)a ey fls,eT (Q)}a (442)

where, like for bagging, “aggr” stands for average in regression and majority vote or
average of probability estimates in classification.

Following Breiman [Bre96a], we will call an averaging technique following this strategy a perturb
and combine (P&C) algorithm. For example, bagging is a perturb and combine algorithm. The
random vector ¢ is in this case a vector of N (the learning set size) integers randomly and
uniformly drawn in [1, N], where each component of € indexes one element of the learning set
selected in the particular random bootstrap sample of size N.

When does it work ?

For the sake of the present discussion let use the following terminology

e ‘“original algorithm” denotes any given automatic learning algorithm (we assume, without
any limitation, throughout the discussion that this algorithm is deterministic, say like the
standard decision tree induction method);

e “perturbed algorithm” denotes the randomized version of the original algorithm, accord-
ing to some perturbation technique (say a decision tree method selecting tests in a random
fashion);
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Figure 4.2: Expected evolution of bias and variance by perturbation and combination

e “combined algorithm” denotes the algorithm producing models built by aggregating T
different models obtained with the perturbed algorithm.

Our discussion aims at giving conditions under which the combined algorithm would perform
better (in the usual sense of average error) than the original algorithm. Given the formal
difficulties that we have already encountered in the context of classification methods when
discussing the effect of aggregation, we will focus here on regression.

Figure 4.2 shows the expected evolution of bias and variance during one perturb and combine
procedure and is explained below. The perturbed algorithm provides a model frs. which
depends on the original algorithm and on the way the perturbation € interacts with the induction
process of this latter. In regression, the variance of this new algorithm can be decomposed into
the two terms given in (4.28):

varps{frse(a)} = varps{E. ps{frsc(a)}} + Ers{varps{frse(a)}}- (4.43)

At the same time, the square bias of the perturbed algorithm becomes:

(fB(a) = frs.e(a)”. (4.44)

Using the average operator to aggregate T regression models produced in this fashion, we
obtain the combined algorithm which, as we already know, produces a model f;g.r with the
same bias and lower variance than the perturbed algorithm. As T increases, the variance of the
perturbed algorithm converges towards

varps{E. rs{frse(a)}}-

Thus, asymptotically with respect to T', the whole process of perturbation and aggregation
decreases the variance with respect to our original algorithm if:

varps{E rs{frse(a)}} <varrs{frs(a)}, (4.45)

i.e. if the perturbation artificially introduced in the learning procedure captures some part
of the intrinsic variance of the initial learning algorithm, given that this artificial variance is
canceled by the averaging process.

However, in order to assess the average error of the perturbed algorithm and compare it
with that of the initial algorithm, we need also to take into account the effect on bias. Indeed,
in general,

Erse{frse(a)} # Ers{fLs(a)} (4.46)

and hence bias could possibly be increased by the perturb and combine process. Actually,
when the original learning algorithm explicitly tries to minimize empirical risk (like decision
tree induction without pruning which builds trees of minimal learning set error), it is likely that
the perturbed version will disturb the algorithm in this goal. Consequently, both the perturbed
and the combined algorithms are likely to have higher bias than the original algorithm. All in
all, a perturb and combine approach will be effective if the increase in bias is not larger than
the reduction of variance.



It is possible to draw similar conclusions from the ambiguity decomposition (4.35). From
this decomposition, Krogh and Vedelsby have emphasized the need for small mean errors of
models frs. and high ambiguity between them for averaging to be efficient. Small mean errors
mean small values of Erg . {Err(frs:(a))} and high ambiguity means a large variance term
Ers{var, ps{frse(a)}}. From the decomposition (4.25) which combines these two terms via
(4.28), these two requirements can only be satisfied at the same time if the bias of frs. is kept
small and the variance term varps{E, ps{frs(a)}} is also small. So the randomization of the
original algorithm should be carried out in order to meet these requirements.

In practice this discussion implies that for the perturb and combine method to be effective
in reducing errors, the randomization part of it should essentially produce a highly diverse set
of models of small empirical risk. These models will be likely to have small bias, and at the
same time have a reduced dependence on the learning sample.

Randomization in classification

Of course, the discussion about classification problems at the end of the previous section can
be transposed here. Very little can be said in theory about the effect of perturb and combine
algorithms in classification. Nevertheless, several authors have searched for a relationship in
classification between the diversity of ensemble members and the improvement obtained by
averaging. For example, Ali [AP95] and Dietterich [Die00Oc] separately define a measure of the
diversity of the classification obtained by the models frg . (a) for random ¢ and empirically show
a correlation between their diversity measure and the improvement obtained by aggregation.
Ho in [Ho98| defines a measure of disagreement between a set of classification models and also
attributes better performance of various perturb and combine algorithms to the increase of
disagreement they yield in the context of decision trees. Amit and Geman [AD97, ABO01], as
well as Breiman [Bre01], give an upper bound on the error Eo{Err(E,1s{frsc(4))} which
is a decreasing function of the “strength” of the individual models (which is some measure of
their accuracy) and an increasing function of the “correlation” between them (which is some
measure of the dependence between their predictions). They also show empirically that strong
uncorrelated models give the best improvement when aggregated.

Bias/variance tradeoff

From the preceding discussion as well as from experimental studies® it appears that in the P&C
algorithms there is a bias/variance tradeoff regulated by the amount of perturbation injected
in the learning procedure:

o the stronger the effect of randomization, the lesser the dependence of the perturbed models
on the learning sample and the lesser the variance of the combined models;

e the stronger the effect of randomization, the lesser the dependence of output predictions
on the input attributes and the higher bias.

Hence, suppose that we can measure the strength of the random effect of the perturbation by
a parameter s, then the general techniques described in the previous section to fix s can be
transposed here to fix the right level of perturbation.

Note that the increase of variance resulting from the second term of (4.43) does not influence
the tradeoff since this term is the one which is canceled by averaging. Nevertheless, larger values
of this term will imply slower convergence with respect to the number T of ensemble terms,
and thus lead to higher computational requirements in practice.

Discussion

Note that the preceding analysis does not give a practical way to design valid perturb and
combine algorithms. In practice, it is difficult to assess otherwise than empirically the effect

3See, for instance chapters 7 and 8 for detailed results in the context of decision tree induction.
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Figure 4.3: Three places where to introduce noise in the learning protocol. Left, with traditional
perturb and combine algorithms. Right, the dual perturb and combine approach

of the introduction of a perturbation in a learning algorithm. However, by interpreting the
effect of this perturbation in terms of bias and variance, it is somewhat possible to predict
its behavior. For example, bagging which perturbs the algorithm by building a model from a
bootstrap sample of the actual learning set is likely not to increase very much bias and, at the
same time, should capture by this perturbation some of the variance of the initial algorithm.
This kind of reasoning will allow us to design at Chapter 7 an extreme perturb and combine
algorithm in the context of decision tree induction.

4.3.4 Examples of P&C algorithms

Several algorithms have been proposed in the literature which satisfy the description given in
the preceding section. They all introduce some noise in the learning process so as to generate
several models. Algorithms differ in the place where the random noise is injected during the
learning process. The left part of Figure 4.3 shows two places where perturbations are usually
introduced: the learning sample or the learning algorithm. The first type of techniques generate
several models by feeding the original learning algorithm with modified versions of the learning
sample and hence may be potentially applied to any learning algorithms. The second type of
techniques directly perturb the learning algorithm to generate the set of models with the same
learning sample. We review below some algorithms which have been proposed in these two
categories.

Eventually, we introduce a new idea of perturb and combine method which contrasts with
other methods by the fact that perturbations are introduced at the prediction stage. The right
part of Figure 4.3 illustrates this idea. In order to generate a set of perturbed predictions,
the attribute vector of the tested object is randomized and each of the resulting vectors is
propagated in the same model, giving a set of predictions which are then aggregated. In this
category, we briefly discuss our “Dual Perturb and Combine” algorithm which will be presented
in more detail in Chapter 8.

Perturbing the learning set : bagging and its variants

The most direct idea to emulate the variance coming from the learning set randomness is to
perturb the learning set itself. The most direct idea to do this is then to use bootstrap sampling
to generate several learning sets from the original one. Starting with a learning set [s of size
N, this yields the following general procedure:

1. From [s, derive different “bootstrap” samples ls;, 1 = 1,...,T, of size M by random
resampling with or without replacement.

2. From each [s;, produce a model fs; using the learning algorithm.

3. Produce a single model by aggregating the T' predictions of the models fi,,



Bagging is a particular instance of this algorithm with M = N and resampling with replacement.
Its generalization has been studied for example by Sollich and Krogh [SK96] for linear models
and by Friedman and Hall [FHOOb] in the nonlinear case. Although better results are possible
with smaller values of M and/or without replacement sampling, bagging has proven to be very
efficient in many applications, and although its efficiency varies from one application to another
it almost never decreases accuracy.

Wagging [BK99] is a variant of bagging which requires that the learning algorithm can handle
weights associated to learning cases. These weights give differing relative importance to learning
cases. All the algorithms presented here can deal with such weights. For example, in neural
networks, weights are introduced naturally in the error criterion which becomes a weighted sum
of the square difference between the output and model. In decision trees, frequency counts at
nodes also can easily take into account such weights. While original learning algorithm uses
unit weights for each instance of the learning set, wagging (for weight aggregating) perturbs
the learning set by assigning random weights to the learning set cases. For example, in the
original formulation of wagging, Bauer and Kohavi [BK99] generate random weights from a
Gaussian distribution of mean zero and a fixed standard deviation. Webb’s version [Web00] of
wagging draws weights from a continuous Poisson distribution. In both variants, wagging has
been shown to give very similar results to classical bagging.

Another way to perturb the learning set is to perturb the attribute vector describing each
instance. Along this idea, Breiman proposed an approach he calls output smearing [Bre00],
in which only the output attribute values are perturbed when the auxiliary learning sets are
generated. In the case of regression, an instance (a,y) € LS thus becomes (a,y+0oy,-¢) where ¢ is
the realization of a Gaussian random variable of mean zero and unit standard deviation and oy
is the standard deviation of the output Y estimated in the learning set. Classification problems
can be handled in this framework, either by transforming them into a regression problem (the
output variables of which will correspond to class-indicator variables), or by flipping output
classes. This latter option consists in changing the output class of an instance for another one
according to a probability distribution. The probability p(j|k) of flipping class k to class j is
given in his implementation by:

= 4 el W2 (a7

where w is a parameter and c(k) is the proportion of element of class & in the learning set. The
experiments detailed in [Bre00] shows that randomizing output (output smearing or output
flipping) actually gives consistently better results than bagging.

Another way to perturb the attribute vector is to randomly hide some attributes to the
learning algorithm. This approach is adopted for example in [CCO00] in combination with K-NN
or in [Ho98] in combination with decision trees.

Perturbing the learning algorithm

If the learning algorithm is random, i.e. may output different models in different runs on
the same learning set, we have seen that some part of the variance can be reduced simply by
running the algorithm several times on the same learning set and aggregate the predictions. For
example, in neural networks, a large part of variance is due to the fact that initial weights are
random. A good way to get rid of this variance is to build several models with different random
initial weights and aggregate the results. This procedure has been called “simple” in [Han00]
and shows improvements comparable to bagging or boosting on several problems. These results
are confirmed by experiments in [OM99].

If the learning algorithm is deterministic (or not), several predictions can still be produced
by injecting perturbations during learning. In the context of neural networks for example,
several models can be produced by using different sets of learning parameters [Alp93], or by
considering different architectures [Has97]. To be efficient in terms of variance reduction, these



perturbations should be consistent with natural perturbations which comes from the learning
set randomness. For example, in decision tree induction, at each node, a test is selected among
a set of candidates. In the next chapter, it is shown that the choice of a particular test is
highly variable from one learning set to another. This variability can be artificially expressed
by randomly selecting one test among the best ones in the set of candidates. This approach
is adopted by Dietterich in [Die0Oc] to build random trees, by selecting at each node a test at
random among the twenty best candidate tests. A set of trees is built from the learning set
using this random algorithm and their predictions are aggregated. The experiments reported
in [Die00c] show that this type of randomization compares favorably to bagging. Several other
ways to perturb decision tree induction proposed in the literature will be discussed in more
details in chapter 6.

Dual perturb and combine

The two previous algorithms precompute a set of models by injecting perturbations at the
learning stage; for prediction these models are used one by one on a new object so as to
yield a corresponding number of output values which are then aggregated. In contrast to this
“perturbation at the learning stage”, one can imagine to build one single model with the initial
learning algorithm and learning sample and then perturb the predictions made by this model by
introducing at the prediction stage some random variations. For example, in the “dual perturb
and combine method” proposed in [Geu0la], perturbations of the predictions of a model f;; at
a point g are obtained by

fls,g(@) = fl.s(@ + E), (448)

where € is a noise vector of same dimensionality than the input space, generated according to
some appropriately chosen distribution, and where the + operator denotes in a generic way the
combination of two attribute vectors.

Based on this idea, we propose a new averaging technique which proceeds as follows: A
certain number of perturbed versions of the attribute vector a of a test instance are produced.
The model (induced traditionally from the original learning set) is applied to these vectors
resulting in a set of predictions which are aggregated to obtain the final prediction. Considering
numerical attributes only, a natural choice to perturb the attribute vector is to add a zero-mean
Gaussian noise to it. Thus, dual perturb and combine makes a prediction at ¢ with a model f,
according to the following formula:

fEPC(a) = aggr{fis(a + &), fis(a+ &), .., fis(a + er)}, (4.49)

where the vectors ¢; are obtained from a simple diagonal Gaussian distribution normalized
according to the variance of each input variable. In other words, for each input attribute A4; a
noise term is generated according to a normal distribution of zero-mean and standard deviation
equal to Ao;, where o; is the standard deviation of the attribute A; in the learning set and A is
a constant which magnitude reflects the intensity of perturbation.

If the model is smooth, the value of fP2FC(a) will be close to the prediction fis(a) for
small values of A. On the other hand, if the model is rough, dual perturb and combine makes it
smoother. The amount of noise on attributes, measured by A, thus regulates some bias/variance
tradeoff and the best value can be determined by cross-validation for example.

Although less efficient than bagging, we will see in Chapter 8 that this technique reduces
very strongly the variance of decision trees. Furthermore, one of its main advantages with
respect to other averaging techniques is that it does not require to learn several models and
hence intrinsically saves the interpretability and efficiency of the learning algorithm to which it

is applied.

4.3.5 Other aggregation techniques

We have described a general framework encompassing perturb and combine algorithms like
bagging. Several other techniques have been proposed in the machine learning literature which



also rely on the combination of the output of several models. We describe some of them in
this section and relate them to the perturb and combine approach. We first review Bayesian
model averaging, then boosting, and eventually, several approaches where the combination of
the outputs is learned from the data in contrast with perturb and combine algorithms which
give equal importance to all models in the ensemble.

Bayesian model averaging

The full Bayesian approach does not advice to select one model from the posterior probabil-
ity distribution (for example the maximum a posteriori) but rather to compute the average
predictions at a point g according to the posterior distribution, i.e.:

fisla) = /% h(a)dP(H = h|LS), (4.50)

In practice, this integration over all possible models is only tractable in specific cases and,
usually, it is replaced by approximate subsampling from the posterior distribution P(H|LS)
(for example by Monte-Carlo methods [Nea96]).

With respect to the classical selection of one model, this approach takes into account the
uncertainty about the model which remains when we have seen the data. From this point of
view, Bayesian model averaging draws similarities with bagging and other perturb and com-
bine approaches. The ultimate goal of perturb and combine algorithms (as discussed in this
section) is to capture and eliminate the uncertainty about the model which are caused by the
uncertainty about the learning sample. To this end, this uncertainty is approximated by some
probability distribution on models Ppgc(H|LS) = P(H|e, LS).P(¢|LS) where P(Hle, LS) is
often deterministic. This distribution is then sampled to build the models which are finally ag-
gregated. We have seen that in our approach, randomization should not decrease too much the
bias which means that the error of the model should remain low on the learning sample. So, the
posterior probability distribution with P&C would ideally be centered around the best models
on the learning sample. On the other hand, the posterior distribution P(H|LS) with uniform
priors is proportional to P(LS|H) and hence should also be centered on very good models
(from the empirical risk viewpoint). So, intuitively, perturb and combine may be considered
as an approximation of the full Bayesian approach. However, whether or not this relation-
ship gives some explanation of the good behavior of either perturb and combine algorithms or
Bayesian approaches is a difficult question. Some discussions about the links between Bagging
and Bayesian model averaging may be found in [Dom97b] and [HTFO01] for example.

Boosting

Boosting is still another approach which combines the predictions of several classification mod-
els. Originally, it has been proposed by Schapire [Sch90] as a way to “boost” the performance
on the learning sample of a “weak” learning algorithm, i.e. a learning algorithm which is only
slightly (but certainly) better than chance. After several improvements, this algorithm has
evolved into the now popular AdaBoost algorithm (for “adaptive boosting”, see [FS95]). The
“M1” version of this algorithm introduced in [FS96] is given in Table 4.1.

Contrary to perturb and combine algorithms, Boosting builds models sequentially. It as-
sumes that the weak learning algorithm can handle weighted objects in the learning sample (this
is the case of all algorithms discussed in this thesis) and sequentially applies this algorithm to
the original learning sample with modified weights. Starting with uniform weights, the algo-
rithm sequentially changes them by increasing the weights of the misclassified instances by the
previous model in the sequence. So, the learning cases which are difficult to classify by the type
of model under consideration are receiving higher and higher weights as the iteration proceeds
and the subsequent models are thus forced to focus on these “difficult” instances. Eventually,
predictions are carried out by a weighted majority vote among the models according to weights
a; which depend on the accuracy of the corresponding model on the learning sample.



Table 4.1: Boosting algorithm (“AdaBoost.M1”)

AdaBoost.M1(ls, LA):
(Build a boosted ensemble of models from a learning sample /s using a learning algorithm LA)

e set wy=1/NVk=1,...,N
e Fore=1toT

— Build a model, fi;(.), with LA from the learning sample /s using weights wy.

— Compute
1 N
Err; = — Z ’U)k-l(ck # fls,i(Qk'))v
N k=1

and o = 1/2 log((l — ET”/‘i)/ET’)"Z’).

— Set wy, = wy.exp(ai.1(cky # fisi(ag))), & = 1,..., N, and normalize these weights
such that > wg = 1.

e Return the model .

fBoost (Q) = arg mcax Z ail(fls,i (Q) = C)
i=1

The efficiency of boosting at improving classification learning algorithms has been high-
lighted in many empirical studies, mainly in combination with decision trees (e.g. [DC96],
[BK99]). Actually, boosting with trees has been termed by Breiman [Bre98| as the “best off-
the-shelf classifier of the world”. Several variants of this original algorithm have been proposed,
for classification problem [Bre98] but also for regression problems [FHT00].

Although boosting and perturb and combine algorithms have been compared in many em-
pirical studies (e.g. [Qui%96, BK99, Die00Oc|), the two algorithms are very different. Indeed,
boosting is a deterministic algorithm while bagging and perturb and combine algorithms are
random. While the main goal of perturb and combine approaches is to reduce the variance of
a learning algorithm, the goal of boosting is to reduce the bias as well by focusing on misclas-
sified instances in the learning sample. From our discussion about bias and variance, it is clear
that such an algorithm which focuses more and more on misclassified instances in the learning
sample should suffer at some point from overfitting. Although it is possible to find situations
where the error of boosting starts increasing when further models are added to the ensemble
(see [FHTO0]), boosting seems nevertheless very resistant to overfitting in practice. Because
of its success, many researchers have come with some theory to explain the good behavior of
boosting algorithms ([SFBL97, Bre99, FHT00]) but there still remain several open questions to
be solved before we can really explain the good behavior of boosting algorithms.

As this algorithm has become a state of the art algorithm especially in combination with
decision trees, in subsequent chapters, we will sometimes analyze our results with respect to
those obtained by boosting decision trees (using the AdaBoost.M1 version of Table 4.1).

Mixture of models, stacking

In our formulation of perturb and combine, models are averaged using uniform weights. In
boosting, even if the weights are changing from one model to another, they are not learned
globally to improve the accuracy of the ensemble of models. There exist however several tech-
niques in machine learning which aim at learning the way to combine several models to improve
the accuracy of the ensemble. For example, in a mixture of experts [JINH91], the predictions



of several models (the experts) are aggregated by using weights which are function of the points
of the input space at which we want to make a prediction. The idea is that some experts may
be better than others to predict the output variable at some point of the input space and hence
they should receive more importance at this point. The input space is divided by a model which
is related to soft decision trees (see Section 8.4.3 of Chapter 8). Another method to learn the
combination step is stacking [Wol92]. Stacking consists in using a learning algorithm to build
a model which combines the predictions given by several other models (which may be built
all with the same algorithm or with different ones). If the combining algorithm learns linear
models, then we come up with the weighted predictions of several models where the weights
are learned from the data.

With respect to the perturb and combine algorithms, the idea underlying such algorithins is
somewhat different. It is argued that the models are complementary and hence that accuracy
will be improved by combining their prediction taking into account their complementarity. The
idea behind perturb and combine algorithms is that several models are equally good (or bad)
given the available learning sample and we have no argument to prefer one over the others. So,
learning the weights of the aggregation from the learning sample should reduce the bias but
also increase the variance with respect to the uniform aggregation of the same models.

4.4 Conclusion

In this chapter, we have introduced several means to control the variance of a learning algorithm.
The first class of methods are means to control the complexity of the hypothesis space so as to
find the best tradeoff between bias and variance. The second class of methods, termed perturb
and combine algorithms, consist in aggregating the predictions provided by several models built
from the same learning sample. The dual perturb and combine algorithm contrasts from other
perturb and combine algorithms by the fact that it generates its perturbed predictions at the
prediction stage with only one model.

We will exploit these techniques in the subsequent parts of this thesis. In the context of
decision tree induction, the first kind of method will be described and validated in Chapter
6. Chapters 7 and 8 are respectively devoted to perturb and combine algorithms and the dual
perturb and combine approach. Many of the ideas developed here will also be used in the third
part of this thesis in the specific context of learning from temporal data.
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Chapter 5

Variance in decision tree induction

In this chapter, we provide a thorough empirical evaluation of decision tree variance. The ezxact
impact of variance on mean error is first studied with respect to several parameters. Then, the
possible sources of this variance are enumerated and an experimental evaluation is carried out
in order to appraise the relative importance of these sources and their contribution to the total
prediction variance. Fventually, we demonstrate through simulations the high variance of the
parameters which define tests at the internal nodes of a decision tree (attribute and discretization
threshold).

We focus on decision trees, not on regression trees. The main justification of this choice is
that tree based methods are used much more in classification than in regression.

5.1 Introduction

The fact that decision (or regression) tree induction is among the automatic learning methods
of highest variance has been repeatedly claimed by many researchers (e.g. [DK95] or [Bre96b]).
The experiments of chapter 3 have confirmed this on one example where it was found that
this variance is actually the main cause of high prediction errors of regression trees. It is thus
sensible to develop specific techniques which aim at reducing this variance, but before trying to
do so we need first to evaluate more systematically the importance of tree variance, understand
where it comes from and how it translates into instability of the different parts of a decision tree.
In this chapter, a thorough empirical study is carried out to study this variance in detail. The
main goal of this study is, first, to convince the reader that variance is indeed a major drawback
in decision tree induction, and, second, to highlight the main sources and consequences of this
variance and thus pinpoint the parts of the algorithm which could be improved to reduce this
variance. The variance reduction methods presented in the subsequent three chapters have
been designed on the basis of the conclusions drawn from these experiments.

As discussed in Chapter 3, variance has two main consequences on a learning algorithm.
First, by means of the bias/variance decomposition, we know that it reduces the mean accu-
racy of the learning algorithm. Second, in the case of high variance, the parameters of the
models produced by the learning algorithm are very different from one learning set to another.
While the effect on accuracy is undesirable for any learning algorithm, the parameter variance
is especially undesirable in the context of decision tree induction which pretends to produce
interpretable models.! These two types of effect of variance will be appraised in this chapter.

The study is carried out in three steps. First, Section 5.4 focuses on the prediction variance
of decision trees. Experiments are carried out to show that variance is an important source
of error in decision tree growing. We will study how this variance evolves with respect to the
learning sample size and the complexity of the trees.

After having shown the high variance of decision trees, the next step is of course to pinpoint

'Instability of tree parameters (choices of tests, number and labels of terminal nodes) translates into instability
of the meaning of the decision rules extracted from a tree, and hence makes interpretation uneasy.
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the possible sources of variance during tree growing. This is the goal of Section 5.5. From an
analysis of the growing algorithm, three main sources are emerging. An empirical study will
try to evaluate the importance of each one of these on prediction variance. From this study, it
appears that the most important source of variance is related to the discretization of numerical
attributes, i.e. the choice of thresholds in the tests on numerical attributes.

The last section is devoted to a study of parameters variance. The parameters we will
consider are the attributes which are installed at test nodes and the discretization thresholds
for numerical attributes. Among other things, the variance of these two parameters will be
evaluated with respect to the score measure which is used to choose the tests during tree
induction.

These experiments are preceded by a description of our particular implementation of decision
tree induction algorithm in Section 5.2 and by general considerations about the experimental
protocol in Section 5.3. Generally, decision tree induction is conducted in two separate steps:
growing which aims at selecting the tree structure and then pruning which selects the right
complexity. In this chapter, we focus only on the variance of the growing part of the algorithm.
Since pruning is a variance reduction technique, it will be discussed in subsequent chapters.
Also, we will concentrate on numerical attributes only. This choice is not too limitative since
numerical attributes are dominant in most of nowadays applications of automatic learning
techniques.

5.2 Description of the algorithm

The paternity of tree based methods is often attributed to the seminal work of Hunt and its
concept Learning System [Hun62]. Nevertheless, the method was really popularized by the
book of Breiman, Friedman, Olshen and Stone on Classification And Regression Trees (CART,
[BFOS84]). Quinlan has also significantly contributed to the field with his ID3 algorithm and its
successor C4.5 [Qui86]. Several variants of tree induction algorithms have been proposed which
differ from the point of view of the candidate tests and specific aspects of the tree development
algorithm. We are not going to discuss in detail here the different peculiarities of each method
but mainly concentrate on our particular implementation (for a good review of tree and graph
induction techniques, see [ZR00]). The method we are using in our experiment is the one
proposed by Wehenkel (see for example [Weh98] for a description of the method).
Tree induction is generally composed of two separate steps:

e tree growing, which aims at selecting the tree structure, tests and predictions at leaf
nodes.

e tree pruning, which aims at selecting afterwards the right complexity to avoid overfitting.

In this chapter, we focus on the growing part of the algorithm. The description of the pruning
step which is a variance reduction technique will be given in the next chapter. We first give a
brief overview of the general principles of decision tree growing algorithms. Then we describe
the particular choice underlying our implementation. Finally, we discuss the different score
measures which will be compared in our experiments (e.g. in Sections 5.6.1 and 5.6.3).

5.2.1 General principles of decision tree growing

The main goal of decision tree growing is to produce a partition of the input space into regions
where the output variable is best estimated by a constant, i.e. into regions where the Bayes
model is quasi-constant. Depending on the complexity of the Bayes model and on the level of
precision required, this may be possible with a simple tree structure (with a small number of
regions), or may require a very large number of regions. Decision tree induction aims at finding
such a partition on the sole basis of a learning sample, and uses also the learning sample in
order to determine the constant output prediction attached to each region (the labels attached



to the terminal nodes of the tree). If we apply the empirical risk minimization principle to this
problem, then decision tree induction would aim at finding a tree minimizing the resubstitution
error on the learning sample. In other words it would aim at finding a partition of the learning
set into subsets of objects which present the same output value, thus yielding an empirical risk
equal to zero.

Unfortunately, the straightforward application of the empirical risk minimization principle
does not make sense in this particular context?, because for most problems there is an infinite
number of decision trees which classify perfectly any learning sample of finite size, even for
very large samples. One way to (at least partially) circumvent this difficulty would consist of
restating the objective of decision tree induction as “finding the - or a - least complex tree
of minimal resubstitution error”. Another way out would be to search for a tree of minimal
resubstitution error, of an a priori fixed complexity. Actually these two approaches are included
in the following one: define a tree quality measure as a tradeoff between complexity and empirical
risk, and determine the tree of maximal quality. Unfortunately, in all but trivial cases these
alternative formulations lead to intractable problems (NP-completeness [HR76]).

Thus, in practice, since it is neither practical nor effective to consider every possible partition
of the learning sample by a decision tree, decision tree growing is usually carried out in a top-
down greedy fashion, using a hill-climbing algorithm. This algorithm starts with a single node
tree corresponding to the complete learning sample and tries to split this node by selecting a test
among a set of candidate tests. The algorithm then proceeds recursively to split the successors
of this node. The whole process results in a partition of the learning set into smaller and smaller
subsets. The development of a branch is stopped when some stop-splitting criterion applies.
Eventually, each terminal node of the tree is labeled with a prediction which is computed on the
basis of the local subsets of objects which reach this node. The different parts of this algorithm
are briefly discussed below.

Score measure

To split a node, a score measure is defined and the test among the - yet to be defined - set
of candidate tests which realizes the best score is selected. For the sake of simplicity of the
resulting trees, score measures should favor tests which produce successors as pure as possible
in terms of the output variable. To this end, the score usually evaluates the ability of the test to
reduce the impurity of the output variable within the local learning subset. Thus, the problem
is restated as “a score or purity maximization problem”, and the choice of the particular score
measure to use appears to be the fundamental question. Many different partition score measures
have been proposed in the literature, most of which are derived from a set impurity measure; the
most popular ones are those based on Shannon’s entropy. In section 5.2.3 we will provide the
precise definitions of the score measures used within our experiments, and in our experiments
we will be able to appraise the effect of changing the score measure on the performances of
decision tree induction.

Candidate tests

The set of candidate tests used in the score maximization procedure defines the actual hypoth-
esis space and the representation power of decision trees of given complexity. Of course, the
larger the set of candidate tests the easier it would be to induce simple trees with low empirical
risk. On the other hand, in order to keep the score maximization tractable, the set of candidate
tests should not be too “large”, or at least structured in such a way that the score maximization
can be efficiently® carried out. A straightforward way to yield scalable score maximization al-

*From the viewpoint of statistical learning theory, because the VC-dimension of the set of decision trees of
arbitrary complexity is infinite.

3Without formalizing this notion, let us say that in automatic learning an algorithm is efficient (or scalable)
if its complexity is bounded by a low order polynomial (e.g. linear) function of the database size (product of the
number of objects and number of attributes).



gorithms is to restrict the number of candidate tests to be bounded by a low order polynomial
function of the number of input attributes and of the size of the learning sample. Another
possible approach is to choose the set of candidate tests and score measure in such way that
there exists an efficient optimization technique.

In the standard decision tree induction method considered in this thesis, candidate tests
involve only one attribute at a time and for each candidate attribute the number of candi-
date tests is bounded by the number of learning objects*. The main reason is computational
efficiency, but another reason to use tests involving one single attribute is interpretability. In-
deed, decision trees with such elementary tests are generally easier to interprete whereas trees
involving complex tests are more black box like. Note that this simplification has important
consequences in terms of application scope of the standard method. In particular this method is
not well suited for problems where the information is shared among a large number of attributes
(e.g. some of the time-series classification problems considered in the third part of this thesis).

In the standard method, node splitting is thus carried out in two stages: the first stage selects
for each input attribute an optimal test and the second stage selects the optimal attribute. The
type of candidate tests considered depends on the type of the attribute:

e Symbolic attributes: when the attribute takes its values in a finite set A = {a1, a2, ...,ax},
tests consist in partitioning A into a fixed number, p, of subsets and creating a succes-
sor node for each of these subsets. In the literature, generally partitions into singletons
(p = k) or into two subset have been considered. The first approach proposes a single test
for each discrete attribute while the second approach considers binary tests of the form
[A € V7] where V is a subset of A. We thus need some way to determine the subset V
which realizes the optimal score. As the number of subsets V is 2¥, exhaustive search is
only possible for small values of k.> But when the discrete set of values is ordered, the
set of candidate tests can be reduced by taking into account this ordering: the natural
candidate subsets V' are the subsets {a1,...,a;}(¢ = 1,...,n—1) which correspond to the
tests [A < a;41](i = 1,...,n — 1) compatible with the predefined ordering of A;

¢ Numerical attributes: in the standard method, tests on numerical attributes at decision
tree nodes are also of the form, [A < ay, 7], where ay, is a discretization threshold for
the attribute A. Although it is possible to pre-discretize numerical attributes and handle
them as ordered symbolic attributes, the most common approach is to incorporate the
discretization process in the node splitting subroutine. To locally determine the optimal
threshold value, normally an exhaustive search procedure is used so as to maximize the
score measure. This algorithm is described below in the context of our implementation.

Stop splitting criterion

There are several possible stop-splitting criteria. First, it is certainly adequate to stop the
development of a branch when the output variable is constant in the local subset or when all
input attributes are constant (in which case impurity can not be further reduced). Another
possibility is to compute the impurity of the output variable in the subset and stop splitting if
this value is lower than a given threshold. It is also possible to stop induction when the number
of instances in the current subset is too small. Since complex decision trees will suffer from
variance, more elaborate stop-splitting criterion have been designed in order avoid overfitting.
They will be discussed in the next chapter together with tree pruning methods.

Node labeling

In the context of classification, the subsample of objects which reach a terminal node gives some
information about the distribution of the classification output variable in the corresponding

“Hence, the number of candidate tests actually varies from one test node to another.
®Heuristics have been proposed in the literature to cope with this problem (see [BFOS84] for example)



Table 5.1: Tree growing algorithm

Treegrow(LS):
(Build a tree from the set LS.)

e Create a node A and set LS(N) to LS;
e Set L = {N}, the list of open nodes.
e While L is not empty:

— Select and remove a node N from L;
— If stopsplitting(LS(N)) is true then

+ Compute the vector of conditional class probability estimates P(C|A) from
LS(N) and attach it to the node N;

— Else
* Select the attribute A;- and threshold aj, which maximize
Score(LS(N), [Ai < a}y]);
* Compute the subsamples LS; = {(a,y) € LS(N)|a;* < a};} and LS, = {(a,y) €
LS(N)ai= > ap, };
* Create two nodes N; and N, and set LS(N;) = LS; and LS(N;) = LS,;
* Insert Aj and N, in L.

region of the input space. From this subsample, it is first possible to compute an estimation
of the conditional class probabilities in this region. A maximum likelihood approach suggests
to use class frequency counts to estimate these probabilities but more sophisticated estimation
techniques are possible. From these probability estimates, it is possible to give a condensed
prediction on the form of a class. The prediction which minimizes the resubstitution error
rate is the class which maximizes the conditional class probability in this node, i.e., using the
maximum likelihood estimates, the majority class in the local subsample.

5.2.2 Particular implementation

We give now the detail of the implementation of the decision growing algorithm we have used
in our experiments. As already mentioned, we do not consider the case of symbolic attributes,
so this part of the algorithm will be skipped in our description.

Structure of the algorithm

The particular form of the algorithm we used to build a decision tree from a learning sample
LS is given in Table 5.1. This algorithm follows the top-down hill-climbing strategy described
earlier. It works with a list L of open nodes which initially contains a single node: the top-node
of the tree corresponding to the complete learning set. As long as the list of open nodes L
is not empty, an open node is picked in L at each iteration step and a numerical attribute
and a threshold are selected according to the score measure to split the local subset of objects
reaching the node into consideration. The two successor nodes are created and they are inserted
in L (together with the corresponding sub-samples of objects). The development of a node is
stopped when a stop-splitting criterion applies. In this case, the (leaf) node is labeled with
conditional class probability estimates computed by frequency counts in LS(N).

We still need to precise the score measure, candidate test definition, and the stop-splitting
criterion.



Score measure

The reference score measure we used in our experiments is based on a normalization of Shannon
information (see [Weh98]). For a sample S and a test T', this measure is given by:

_ 2.1%(S)
Scorew (S,T) = 77 (S) i Ho©) (5.1)

where Hc(S) is the entropy of the classification in S, Hr(S) is the test entropy and I} (S) the
mutual information of the test and the classification. How these terms are computed from a
sample will be explained more precisely in Section 5.2.3.

Discretization of numerical attributes

For a given attribute A, the determination of the threshold a;, which maximizes the score
is determined by an exhaustive search. If we denote by A(LS(N)) = {a1,as,...,a,}, the
set of different values of the attribute A which appear in the local subset LS(N') sorted by
increasing order, each threshold ay, between two consecutive values in A(LS(N)) induces the
same division of LS(N') and thus obtains the same score. So, our discretization technique
considers only thresholds of the form L;“rl(z = 1,...,n —1). The local learning sample is
first sorted by increasing values of the attribute, and the scores corresponding to these n — 1
thresholds are evaluated each one in turn, and the best threshold value is retained.

This procedure is repeated for each input attribute and the best pair attribute-threshold is
selected to split the node.

Stop splitting and development strategy

Two variants in terms of the stop-splitting criterion will be used in our experiments:

e Fully grown trees: These trees are obtained by the minimal stop-splitting criterion
which stops the induction only when the output variable is constant in the local subset
corresponding to the node, or when all input attributes are constant. In this case, because
the stop-splitting criterion is local, the order by which nodes in L are processed is not
important. Our implementation uses a depth first strategy, i.e. the first node in L is
removed for splitting and new nodes are placed at the top of the list (L is thus managed
like a stack).

e Trees of limited complexity: Sometimes, it is interesting to study the properties of
trees of a priori fixed complexity. To generate such trees, we stop the development of any
new node as soon as the number of terminal nodes has reached the desired complexity.
The depth first approach which first develops at full a branch is not adapted to this global
stop-splitting criterion. To give a more balanced sequence of trees, in this case, we need
to fix the exact order in which the open nodes in L are considered. In our experiments,
we use an approximate® best first strategy which consists in developing at each step the
node which presents the highest impurity. This impurity is computed by the entropy of
the classification variable in the learning sample times the size of the local learning set
(|LS(N)| x Ho(LS(N))). So, at the beginning of each iteration step of the algorithm of
Table 5.1, the node of highest impurity is selected for splitting from the list L of current
open nodes.

In our experiments, we will sometimes consider minimal trees composed of only one test. Such
trees are built by the best first strategy by limiting the complexity to two terminal nodes. These
simple trees are called “decision stumps” in the machine learning literature (see [IL92]).

A true best first strategy would select the node and test which together yield the largest increase in quality.



5.2.3 Alternative score measures

The score measure is responsible for most of the choices during the induction of the trees. Since
we are studying in what follows the variance of decision trees, it is justified to wonder how far
the choice of a score measure influences this variance. So, we review here several score measures
which have been proposed in the context of decision tree induction. Three are derived from
Shannon’s entropy (including our reference measure), one is based on the Kolmogorov distance
and the last one is based on the misclassification error.

Entropy based measures

The most used impurity measure is certainly Shannon’s entropy. Entropy measures the uncer-
tainty associated to a discrete variable. For example, the entropy of the classification variable,
C, in the set S is given by:
m
N, N,
Ho(S)=—> —logy — 5.2

c=1

where N is the size of the sample S and N, is the number of objects of class ¢ in S. The
uncertainty about the class variable, Hc(S), is maximum when J¢ = L for all ¢ and is minimum
when only one class appears in S. In this context, the mean reduction of impurity of a test T',
that partitions the subset S into p subsets denoted by S;,7 = 1,...,p, is denoted by Ig (S) and

computed by:

T EN;
I6(S) = He(S) - Z FHC(Si) (5.3)
i—1
= Hc(S) — Her(9), (5.4)

where N; is the size of S; and HC|T(S) is the mean conditional entropy of the classification
given the test. I%(S) is the mutual information between C' and T. It reaches its maximal
value Hc(S) when the uncertainty about the class is null in every subset S; and is null when
Hc(S;) = He(S),Vi. In this latter case, the test does not provide any information about
the classification. The first score measure we will consider in our experiments is the mutual
information:

Score;,,(S, T) = 1%(9). (5.5)

Different variants of this score measure are obtained by normalizing it in different ways. In our
tests, we consider two different normalizations. The first one has been proposed by Quinlan:

Scoreg(S,T) = %, (5.6)
where Hp(S) is the entropy of the test outcome in S:
PN N
Hr(S) = — Z:ZI FZ log, FZ (5.7)

The score (5.6) is called the “gain ratio” and the test entropy is called “split information” by
Quinlan. The second normalization is proposed by Wehenkel [Weh98] and gives a symmetric

score:

B 2.1%L(S)
Scorew (S,T) = (9 i— Ho®) (5.8)

This latter score measure is the reference measure that we use in our experiments unless other-
wise stated. For a discussion of entropy based score measures and normalizations, the interested
reader can refer to [DM91] and [Weh96].
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Figure 5.1: Class conditional cumulative distributions of an attribute and the Kolmogorov
distance between these distributions

Kolmogorov-Smirnoff distance

For the discretization of numerical attributes, Friedman [Fri77] has proposed very early a quite
different criterion which is based on the Kolmogorov-Smirnoff distance. Let us denote by
FA|Ci(a,S) the empirical class conditional cumulative distribution of the attribute A in S.
F A|c¢(a, S) is the proportion of instances of class ¢; in S which correspond to a value for the
attribute A lower than a:

=

Fpie;(a, 8) = > 1(A(o) <a). (5.9)

v oeS|C(o)=c;

2

The Kolmogorov distance between two distributions Fy ., (a, S) and Fape, (a, S), for two classes
¢; and cj, is defined by:

Dgs(ci,cj, S) = max |F (d', S) — F,;(d', S)|. (5.10)
al

This distance is illustrated in Figure 5.1. In the two-class case, Friedman proposes to choose the
threshold which realizes the Kolmogorov-Smirnoff distance and to choose the attribute which
maximizes this distance. This amounts at using a score measure defined in the two-class case
by:

Scoregs(S,[A < a']) = |Fuje, (', S) — Fuje,(d, )], (5.11)

for a test T' which compares the attribute A to a threshold a’. The standard extension to non-
binary classes consists in using instead the maximal Kolmogorov-Smirnoff distance between one
class against the group formed by all other classes. This yields the following score measures:

Scores(S,[A < d']) = max |Fajc(a’,8) — Fap-c(d', 9)|, (5.12)

where Fy_.(a’, ) is the cumulative empirical distribution of A for instance of class other than
cin S. This is the variant we will use in our experiments.

Empirical misclassification error

Since the goal of decision tree growing is to induce accurate rules in terms of error rates, an
a priori logical choice for the score measure is the reduction of (resubstitution) error produced
by the splitting of the current subset S using the test 7

N, z N; N
(S, T) = 1— — -y —(1- : 1
Scoreg, (S, T) max — ; N( max N, ) (5.13)
N. 1 &
= l-max—=—(1-% ;mngcvi), (5.14)

where N.; denotes the number of objects of class ¢ in the subset i. The quantity N X
Scoreg,(S,T) is equal to the difference between two empirical errors :



Table 5.2: Data set summaries
Data set ~ Nb. attributes Nb. classes oc(%) #PS #LS #VS #TS

Gaussian 2 2 11.85 14000 100 2000 4000

Waveform 21 3 14.0 3000 300 1000 1000
two-norm 20 2 2.3 7000 300 1000 2000
Omib 6 2 0.0 14000 500 2000 4000
Satellite 36 6 - 3435 500 1000 2000
Pendigits 16 10 - 5494 500 2000 3498
Digd4 16 10 - 9000 500 2000 4000

e N — max. N, which is the number of misclassified states in the local subset if all the
states are classified into the majority class of the current node.

e N — Y%  max,N,;, which the number of errors if the set is first split by the test 7" and
then classified using the majority rule in each subset.

Even though this is intuitively the most evident score measure, it is well-known that this
measure is pathological. Indeed, it is not sensitive to variations in the repartition of objects
among subsets S;, only to the total number of misclassified objects in S before and after the
split”. Hence, other measures are generally preferred to this one. We nevertheless include this
measure in our study, essentially because it behaves very differently with respect to the other
ones.

5.3 Experimental protocol

Experiments of this chapter and the following ones are carried out on seven classification prob-
lems which are fully described in Appendix B. The parameters of each problem are summarized
in Table 5.2. These datasets have been essentially chosen for their large size which allows reliable
estimation of bias and variance terms. All attributes are numerical. In Table 5.2, o, denotes
the minimal attainable error rate (the error rate of the Bayes classifier) for those datasets where
this value is known; the last four columns show the number of objects of different subsamples
derived from the dataset, which are used for different purposes as described below.

The bias/variance profile of a learning algorithm will be analyzed using Tibshirani’s bias
and variance terms, denoted biasr and vary, and Kohavi and Wolpert’s variance term, denoted
by vargw (see Chapter 3 for the formulas). As decision trees give conditional class probability
estimates, we will often complete our analysis by the bias/variance decomposition of the square
error on these estimates. As we do not know the distribution P(C|A), we will define the error
on these probability estimates by:

1™ . N
Errp = — > Earsc{(Ye - Prs(cilA)})?}, (5.15)
i=1

where we sum over the classes. This error is equal to the true square error on probability
estimates only when there is no noise. However, this error shares its variance term with the
true square error on probability estimates. This latter variance is given by:

varp = % fj Ears{(Prs(ci|A) — Ers{Prs(ci|A)})?}. (5.16)
=1

All bias and variance terms are estimated using the bootstrap method described in Section
3.2.4. The size of the pool (PS) and test (TS) sample in each problem are given in Table 5.2.

"From a mathematical point of view, this is due to the fact that the error rate is not a strictly convex function
of class probabilities [BFOS84].



Table 5.3: Average percentage of error due to variance
varr vargw var p ac
Full DT || 54% 61% 61% | > 17%

For each dataset, a reference learning sample size is defined in the sixth column of the same
table which is the sample size used during all experiments unless otherwise stated. In all cases,
50 learning samples are drawn to estimate expectations over the learning sample. As we do
not know the Bayes model for all problems, bias values reported in tables and figures actually
include the residual error (as discussed in Section 3.2.4). Nevertheless, the fourth column of
Table 5.2 gives an idea of the residual error in classification for the problems where it is known.

5.4 Prediction variance

Note. Within the following presentation we will provide systematic studies over the seven
datasets just described. For the sake of clarity, the detailed simulation results on each database
are not provided within the main text. They are collected in the form of tables in Appendiz C
where the reader can look at them if desired. The results provided here are either average results
over all seven problems, or some specific results for one or two datasets (generally in the form
of graphics) selected in order to serve our purpose.

5.4.1 DPercentage of error due to variance

Experiments of chapter 3 show that decision tree induction is one of the methods which suffers
the most from variance while at the same time its bias is small. To appraise the exact impact
of variance on the accuracy of decision trees, we estimated on all data sets bias, variances and
error rates for a given size of learning sets (relatively small with respect to the pool set size,
see Table 5.2). Table 5.3 summarizes these results in terms of average percentage of error due
to variance for the three decompositions (for fully grown trees): Tibshirani’s vary, Kohavi and
Wolpert’s vargy and variance of probability estimates, vars. The last column gives a lower
bound on the part of the error rates which is due to the residual error. As already mentioned in
previous chapter, this error is difficult to estimate in real problems. Nevertheless, taking into
account residual error values when they are known (see Table 5.2) and assuming no noise when
they are actually unknown, the percentage of error due to residual error in this case is already
about 17%.

Thus, on these problems, more than 50% of the error can be attributed to variance, whatever
the adopted decomposition. At the same time, taking into account the residual error, less than
30% of the error can be attributed to bias. Variance is thus the main source of error on these
problems. Two factors that influence the bias/variance compromise are the learning sample
size and the complexity of the tree. It is interesting to see how the relative effect of variance
on error evolve with respect to these two parameters.

5.4.2 Variance as a function of learning set size

Figures 5.2 show, for two problems, the evolution of the different bias and variance terms for
increasing learning set sizes and fully grown trees. As expected, when the learning set size
increases, both bias and variance terms decrease leading to a reduction of error. However, the
decrease is quite slow and variance always remains the most important source of error whatever
the learning set size. We can observe that for the larger sample sizes the variance term really
predominates with respect to bias.

To check the consistency of this analysis on other problems, Table 5.4 shows the mean
effect on all seven datasets of using increasing learning set size (N denotes the reference size
for LS given in Table 5.2). The first number in each cell of the table is again the percentage
of the total error which is due to variance; the number between parentheses is the average
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Figure 5.2: Evolution of different bias and variance terms with the learning set size. Top on
the omib problem, bottom on the two-norm problem. Trees are fully grown.

Table 5.4: Percentage of error due to variance
LS size || varr(%) | vargw (%) | varp(%) | oc(%)
N |54 (100) | 61 (100) | 61 (100) | > 17
2.N | 54(90) | 60(88) | 60(88) | >18
4-N | 51(75) | 59(78) | 59 (78) | >19

percentage of absolute variance which remains with respect to the reference size N. We can
see that multiplying by 2 (resp. 4) the learning sample size reduces the variance by about 10%
(resp. 25%). Thus, when the sample size increases variance decreases, but rather slowly, and its
contribution to the error rate does not decrease significantly. On the other hand, bias decreases
so that for larger sample sizes the error rate tends to be shared mostly between variance and
residual error (which effect increases due to the reduction of bias). Asymptotically, we would
expect both variance and bias to vanish, so that the residual error would contribute 100% to
the error rate.

5.4.3 Variance as a function of tree complexity

It could also be argued that variance comes from the fact that trees are fully grown and that
the variance of small decision trees is certainly much smaller. Figure 5.3 plots bias and variance
curves for increasing tree complexity (the number of test nodes), again on the omib and two-
norm problem. Here, the trees of a priori fixed complexity are grown using the best-first strategy
described earlier. In all cases, bias is a decreasing function of complexity. We observe that on
the omib problem, varr is increasing with the complexity and reaches its maximum value very
early in the sequence (around ten test nodes) although the bias is still decreasing. Kohavi
and Wolpert’s variance first increases for low complexity values and - surprisingly - decreases
when the complexity further increases. On the other hand, bias and variance of probability
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Figure 5.3: Evolution of different bias and variance terms with the tree complexity. Top on the
omib problem, bottom on the two-norm problem

estimates follow the expected trajectories described in the previous chapter. On the two-
norm problem, classification variance decreases monotonically with increasing complexity right
from the beginning. Although counter-intuitive, this decrease of classification variance with
increasing tree complexity can be explained as follows. When the complexity is low, terminal
nodes of the tree are not pure and hence probability estimates are far from extreme values (zero
or one). In these cases, even small variance of the estimates can make the majority class at a
node flip from one class to another; the distribution Prs(C|A) is close to a uniform distribution
which maximizes classification variance. This phenomenon is stronger when tests at shallow
nodes are not able to reduce impurity very significantly. For example, in the two-norm problem,
all 20 attributes influence the classification frontier in the same way. Thus, a test on a single
attribute can reduce impurity only very marginally, and for this reason, impurity remains high
within the first few levels of the tree. Hence classification variance remains also high in spite
of the fact that the variance of probability estimates is low.

Again, to check the consistency of these results on other problems, Table 5.5 gives average
results over the seven datasets obtained for 4 different levels of tree complexity. The first line of
the Table corresponds to decision stumps, i.e. trees with one single test node (root split). The
second and third lines correspond to the case where the complexity is fixed for each problem
to respectively 25% and 50% of the average fully grown tree size.® The last line of Table 5.5
reports the result with fully grown trees already given in Table 5.4 (first line). The first number
in each cell provides the average percentage of error due to variance and the number between
parentheses provides the percentage of variance with respect to the variance of fully grown
trees.

The analysis depends on the chosen variance measure. For Tibshirani’s variance, simple
decision stumps (with one node) already capture 40% of the variance of full trees (which in

C(T) was determined for each problem by building 50 fully grown trees using the 50 randomly selected
learning samples used in our bootstrap estimates.
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Table 5.5: Percentage of error due to variance
Nb tests varr (%) | vargw (%) | varp(%) | oc(%)
1 (stump) 15 (40) | 40 (145) 11 (21) | > 14

0.25-C(T) || 40 (83) | 54 (101) | 37(54) | >18

05-C(T) || 49 (93) | 58(98) | 49 (70) | >18
Full 54 (100) | 61 (100) | 61 (100) | > 17

average and in the mean over the seven datasets contain 44 test nodes), even if variance in
this case is responsible for only 15% of the error. This number raises to respectively 83% and
93% for 25% and 50% complexity. This shows that variance appears very quickly during tree
growing and is not restricted to terminal nodes. The effect is similar although less important
on varps. With vargyy, we also get in average the counter-intuitive result that variance actually
increases when trees are smaller even if its global effect on error is slightly reduced.

5.4.4 Discussion

The conclusion of these experiments is that prediction variance in decision trees is high and
it is high even when trees are small and even if learning sets are large. Another important
conclusion is that, contrary to regression problem, variance may decrease when trees are more
developed. This observation highlights the very different interaction between bias and variance
in classification and in regression. In the next section, we will try to separate different variance
sources and assess their impact on global variance.

5.5 Variance sources in decision tree induction

Variance appears in a learning algorithm, when it comes to estimating some values or to take
some decisions from the learning set. In decision trees, such decisions are numerous:

e During node splitting:

— The choice of the attribute used to split a node is dependent on the learning set.

— If this attribute is numerical, we have also to induce a discretization threshold from
the local learning set. The choice of this threshold is certainly subject to variance.

The variability of the chosen test at a tree node is expected to increase at deeper nodes
of the tree. Indeed, because of the recursive partitioning, the learning set size inevitably
decreases when going down into the tree. Also, the variability at a node causes some
variability of the subsets of objects which are propagated to the left and right successors
of this node. Hence, the variance at shallow nodes of the tree can be further amplified at
deeper nodes.

e The exact structure of the tree (the number of nodes and the depth of the branches) is
determined from the learning set by means of the stop splitting criterion. Some variability
may thus result from different learning set choices.

e Probability estimates at leaf nodes are based on frequency counts in the local learning
set. Since learning sets at terminal nodes are often small, the probability estimates
corresponding to a particular location in the input space are also certainly subject to
high variance (specially, when the terminal sets are pure by construction).

Empirical evaluation

The effect on accuracy of each potential variance source is very difficult to evaluate since there
is a strong interaction between them and this interaction is quite complex. However to give an
idea of the relative importance of each source, we propose to carry out the following experiment:



Table 5.6: Source of variance in decision tree induction (omib problem, fully grown trees)

Variant Mean error | compl | biasy varr var g w varp
Normal 0.1194 74 0.0480 | 0.0714(100) | 0.0772(100) | 0.0772(100)
Att. fixed 0.1071 88 0.0445 | 0.0626(88) | 0.0688(89) | 0.0688(89)
All fixed 0.0932 137 | 0.0768 | 0.0165(23) | 0.0380(49) | 0.0304(39)

Table 5.7: Source of variance in decision tree induction (omib problem, 10 test node trees)

Variant Mean error | compl | biasy varr var g w varp
Normal 0.1508 21 0.0763 | 0.0746(100) | 0.0909(100) | 0.0489(100)
Att. fixed 0.1469 21 0.0822 | 0.0646(87) | 0.0871(96) | 0.0464(95)
All fixed 0.1330 21 0.1268 | 0.0063(8) 0.0302(33) 0.0032(7)

¢ First, we compute the overall variance of the growing algorithm using learning sets of size
N.

e Then, we repeat the same experiment but this time by fixing the attribute choice at each
node of the tree. To this end, we build a tree from a very large sample of size M >> N
(for example, from all the available data) and we modify the growing algorithm so as to
use at each node the attribute detected during the induction of this big tree. Note that, as
N is much smaller than M, the trees generated for the estimation of variance will be much
smaller than the big reference tree, and thus the attribute choice is well defined in any
case. In this simulation, learning essentially amounts at finding discretization thresholds
and estimating conditional class probabilities at terminal nodes. Hence, the resulting
variance will be imputed to these two parts of the learning algorithm.

e The last variant consists in fixing both attribute choice and discretization threshold. To
this end, again, a big tree is built and all its internal choices are used to guide the growing
procedure. The learning set is only used to choose when to stop the induction of the tree
and to estimate class probabilities at the leaves. The variance estimates emerging from
this experiment are then inputed to the class-probability estimation part of the algorithm.

Table 5.6 shows the results obtained on the omib problem following this experimental pro-
tocol with N = 500 and M = 16000. Results are reported in terms of mean error rate, mean
complexity of the tree, biasr, varr, vargw, and variance of class probability estimates, varp.
The number in parenthesis beside each variance level is the variance expressed as the percent-
age of variance with respect to that of the standard algorithm. So for example, by fixing the
attribute choice, Tibshirani’s variance is reduced by 12%. If thresholds are furthermore fixed,
there only remains 23% of the initial variance. So Tibshirani’s variance can be roughly de-
composed into three parts: 23% which comes from probability estimates and stop splitting,
65% which comes from discretization of numerical attributes and 12% which comes from at-
tribute selection at test nodes. This decomposition becomes 49%, 40% and 11% for vargy and
39%,50%, and 11% for varp. Clearly, the largest part of the variance (more than 55%) comes
from the discretization procedure.

However, by fixing successively the attribute choices and the discretization thresholds, we
build more and more complex trees (see the third column of Table 5.6) and this lack of balance
in terms of complexity between the three variants could possibly hide some variability. So, it
seems more fair to compare the three variants while controlling the complexity separately. To
this end, the same experiment was repeated, while fixing the complexity of the trees to ten test
nodes (using the best first strategy). Results on the omib problem are reported in Table 5.7.
This time, the variance which remains when everything is fixed is much lower in each case (8%
of vary for example) and thus even more variance has to be attributed to discretization.

Appendices report the detailed results obtained from similar experiments carried out on the
other problems. Overall, these results are very consistent with those observed here on the omib
problem. They are summarized in Table 5.8 in terms of the decomposition of each variance



Table 5.8: Summary of variance sources in several problems

| varr(%) | vargew (%) | varp(%)
Full trees
Attribute choice 21 12 12
Discretization 58 45 60
Proba estimate 21 43 28
Fixed complexity (10 test nodes)
Attribute choice 34 18 27
Discretization 56 51 64
Proba estimate 10 31 9

term into the three sources. From this table, it appears that in the mean over all problems more
than half of the variance is due to discretization, whatever the particular measure of variance
and whatever the complexity of the trees. The decomposition of the remaining variance is
however strongly dependent on the used variance measure. When the trees are fully developed,
the variance due to probability estimates dominates that due to attribute selection in vary and
var . However, when the complexity is limited, the variance due to attribute choice is greater
than that of probability estimates. In vargy on the other hand, the variance due to probability
estimates is always the greatest.

Although limited, our experiments in this section definitely show that the greatest part
of decision tree variance comes from the node splitting algorithm (attribute selection and dis-
cretization of numerical attributes) while the remaining part is due to recursive partitioning
and probability estimates at leaf nodes. Because the variance of node splitting is especially
large, we will study it in further detail and from a complementary point of view in the next
section.

5.6 Parameter variance: node splitting

Choices during node splitting are thus responsible for most of the variance in decision tree
induction. An interesting question is how the prediction variance relates to the variance of the
parameters of the decision tree which is induced. Does high prediction variance mean high
parameter variance 7 Several authors (e.g. [DK95] or [Fri96]) have claimed that the parameters
chosen during tree induction are very unstable. What we propose here is to study quantitatively
how large this variance is. This issue is important since one of the main advantage of decision
trees is their interpretability which will be put into question if the variance of the parameters
appears to be also high. As they are responsible for most of the prediction variance, we will
focus here on the parameters that define tests: discretization thresholds for numerical attributes
and the attributes which are selected to split the nodes.

5.6.1 Discretization threshold

A large amount of prediction variance has been imputed from our experiments to the discretiza-
tion of numerical attributes. In this section, we propose to study how variable are the thresholds
on numerical attributes which are selected at decision tree nodes. Several experiments aim at
showing and analyzing this variance in depth.

Score curves

According to the algorithm of Table 5.1, the threshold which is locally selected is the one
which realizes the maximum score. Figure 5.4 represents the relationship between Scorep
and the discretization threshold for one particular attribute of the Omib problem. Each curve
corresponds to a different learning sample, left for learning sets of size 100 and right for larger
learning sets of size 1000. The histograms beneath the curves correspond to the sampling
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distribution of the global maxima of these curves (i.e. the threshold selected by the classical
discretization method). The very chaotic nature of these curves (especially for small learning
set sizes) is responsible for the flatness of the histograms. One observes that even for large
sample sizes (right hand curves), the variance of the “optimal” threshold determined by the
classical method remains rather high (in comparison with the range of variation of the variable
itself).

Influence of the learning sample size

To evaluate quantitatively this variance with respect to the learning set size, the following
experiment is carried out. 100 sets lsq,...,Ils1g99 of size N are drawn from the Gaussian dataset
for sample sizes growing from N = 50 (typical for deep nodes) to N = 2500 (shallow nodes).
For each [s;, the threshold maximizing Scoreys is computed. The graph of Figure 5.5 plots
the averages (+ standard deviation) of these 100 numbers as a function of N. The horizontal
line is the value of the optimal threshold determined from the whole dataset which is used as
a reference. This graph clearly highlights how slowly threshold variance decreases with sample
size.

The first line of Table 5.9 shows, on the omib problem and for the attribute which yields the
best score on the pool sample, the numerical value of the standard deviation of the threshold
for three learning set sizes as well as the average difference between this threshold and the



Table 5.9: Discretization variance for the Omib problem, AfY = 1060, 04 = 170

score N =50 N =500 N = 2000
orn (%) Thres. bias orn (%) Thres. bias orn (%) Thres. bias
Scorew || 96.5026(56) |  6.2134 || 47.3234(28) | -7.0138 | 35.8138(21) | -3.7539
Score o || 416863(24) | -52.6901 | 12.9687(8) | -60.6760 | 6.9955(4) | -60.3774

Table 5.10: Mean relative standard deviation of discretization threshold (in %)

Score N =50|N =500|N = 2000
Scorey 49,71 24,57 14,14
Scoreyaq || 20,86 6,43 2,86

asymptotic threshold, A%, determined from the whole dataset (the threshold bias). The number
in parenthesis beside the standard deviation is the relative standard deviation (in percent) with
respect to the standard deviation of the discretized attribute in the dataset. For comparison,
the second line of the same table reports the results obtained by discretizing at the median
of the attribute value in the local learning sample. This amounts at using a score, Scorey.q,
which attributes the maximal score to the median in the local subset, independently of the
class distribution. With our score, the standard deviation of the threshold for small sample
sizes is more than half of the standard deviation of the attribute in the dataset and even for the
largest sample size, it is still about 20% of the attribute standard deviation. With the median
on the other hand, the threshold variance is very small and vanishes almost completely when
the learning set size increases. The high bias with respect to the classical information theoretic
score translates the fact that they search for different thresholds.

Table 5.10 reports average results on all datasets for the same sample sizes. For each
problem, the considered attribute is the one which realizes the best score on the whole pool set.
Tabulated values are the mean relative standard deviation of the threshold (in percent, with
respect to the standard deviation of the attribute). One can observed that average results over
our 7 problems are again similar to those obtained on the omib problem: for small sample size,
almost half of the standard deviation of the attribute appears on the discretization threshold
and even for large sample size, the remaining variance is not negligible; on the other hand,
selecting the discretization threshold in an unsupervised fashion by the sample median gives
much more stable results.

Influence of the depth in the tree

In the previous section, it has been claimed that threshold variance should be amplified when
going down into the tree. The following experiment tries to verify this statement. To concentrate
on discretization variance only, a big tree is built using Scoreyy which fixes all attribute choices
during the induction. Then, thresholds of this tree are determined from 50 different learning
sets. The mean standard deviation of the discretization threshold normalized by the standard
deviation of the corresponding attribute is averaged among all test nodes at a given level of the
tree. These average values are plotted as a function of the tree level in Figure 5.6 with Scorey,
and with the median discretization. Only test nodes which have been developed in more than
5 trees among the 50 ones are taken into account for building this curve. With Scoreyy, the
standard deviation first increases and reaches at the third level a very important value of 70%
of the standard deviation of the attribute. However, after the third level, it starts decreasing
and stabilizes at about 50% of the global standard deviation. On the other hand, the median
is monotonically increasing for deeper and deeper levels. The decrease of variance observed
with Scorey, although at first sight surprising, can be explained as follows: in local subsets
attached to deep nodes in the tree, the ranges of variation of the attributes which have already
been chosen at higher nodes may become narrower and hence, the standard deviation of the
discretization threshold may also decrease. Note that, qualitative behaviors are similar on other
datasets.
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Figure 5.6: Relative standard deviation versus tree depth on the omib problem

Table 5.11: Impact of score measure on discretization variance (learning sample size of 500).

OMIB PENDIGITS
SCORE A% =1060,04 =170 A =24.5,04 =358
orn (%) | Thres. bias orn (%) | Thres. bias
Scorey || 47.3234(28) | -7.0138 || 5.4438(15) | -1.2950
Scoreygy || 43.1451(25) | -18.7450 || 4.5207(13) | -2.2250
Scoreq || 93.8516(55) | 78.9720 | 14.6218(41) | 23.2850
Score,oq || 12.9687(8) | -60.6760 | 1.9878(6) | -15.5350
Scorexs | 26.3415(15) | -16.1272 || 20.9179(58) | 15.6000
Scorep,, || 27.4454(16) | 56.1267 | 11.3076(32) | -12.5350

Influence of the score measure

In section 5.2.3, we have reviewed several score measures proposed in the literature to eval-
uate candidate thresholds. To see how far the particular score measure used in a method is
responsible for the variance of the threshold, we have carried out the same experiments with
the four additional score measures introduced in section 5.2.3: Scorer, o, Scoreg, Scorek s, and,
Scoreg,,. The impact of each score measure on threshold variance is different from one data
set to another. Table 5.11 compares all score measures left on the omib problem and right
on the pendigits problem, for a fixed learning sample size of 500 in both cases. The column
labeled oy, provides the standard deviation of the threshold and its relative value with respect
to the standard deviation of the attribute (in percent) and threshold bias is the average differ-
ence between the learned threshold and the asymptotic threshold determined by the classical
method with Scorey,. On both problems, it is clear that all measures are not equal in terms of
threshold variance. The high bias of every score with respect to Wehenkel’s score also confirms
that they search for different thresholds. On the omib problem, Scorex s and Scoreg,, are very
close to each other and better than entropy based measures. Among these latter, Quinlan’s
normalization is the worst and Wehenkel’s score is slightly inferior to the raw information gain.
On the pendigits problem, Scorex s appears to be inferior to other score measures in terms of
threshold variance. Also, while Scoreg,., is competitive with other scores on the omib problem,
its variance is higher on this new problem especially for larger sample sizes. Among entropy
criteria, Quinlan’s normalization gain is by far the worst. It is nice to see that among the
entropy based measures, information quantity which from a purely theoretical point of view
is probably the most founded choice, also has the best behavior in terms of variance. Note
that the normalized measures have some advantages (not relevant in the present context) in
the context of induction of decision trees of variable branching factors (see e.g. [Weh96], for a
discussion of these considerations).

To check the consistency of these conclusions with the tree depth, variance versus level
curves like the one of Figure 5.6 are plotted for the different score measures in Figure 5.7, left
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Figure 5.7: Relative standard deviation versus tree depth on the omib (left) and pendigits
(right) problems with all score measures

Table 5.12: Influence of the number of classes on score performance
score Al (m<3{m>3
Scorey, | 24,57| 30,75 | 16,33
Scorej g, |1 21,29 | 25,5 | 15,67

Scoreg 69 | 67,25 | 71,33
Scorey g || 6,43 | 6,5 6,33
Scorexs | 22,86 15,5 | 32,67
Scoreg,. |21,14| 16,5 | 27,33

on the omib problem and right on the two-norm problem. The guiding structure is the same for
all score measures and is determined with Scoreyy. These curves partially confirm the results
of table 5.11. On the omib problem, Kolmogorov-Smirnoff distance gives the lowest threshold
variance at each level and Scoreg is the worst. However, Scoreg,, which is good at the top
level of the tree increases the variance at deeper levels. On the pendigits problem, Scorey and
Score;, f, give more stable threshold than other score measures.

A more in depth analysis shows that, among our seven datasets, the behavior on the omib
problem is observed in all problems where the number of classes is no more than 3 and the
behavior of pendigits is observed when the number of classes is greater than 3. This dependence
on the number of classes is highlighted in Table 5.12 which compares average relative standard
deviations for N = 500, left on all the seven problems, center, on the four problems corre-
sponding to no more than 3 classes and right, on the third remaining problems with more than
3 classes. In average over the seven problems, all score measures are very close to each other
except for Quinlan’s score which is significantly worse and median, which somewhat trivially is
the most stable one. On the other hand, for values of m < 3 (first 4 problems of Table 5.2),
the Kolmogorov-Smirnoff distance outperforms the entropy based measures by about a factor
2. On the contrary, for large numbers of classes (m > 3), Scorexg yields an increase in the
relative standard deviation by a factor 2 with respect to entropy based measures.

To give a finer analysis, several score curves are plotted in Figures 5.8 and 5.9 respectively
on the omib (m = 2) and dig44 (m = 10) problems, left for Scoreg and right for Scorexs. These
curves should be compared to the left one of Figure 5.4. First, the normalization introduced by
Quinlan increases the score at the boundaries of the attribute range and reduces it in the middle
of the interval. This actually flattens the top of the curve and hence the position of the global
maximum is more instable. On the other hand, Kolmogorov-Smirnoff distance gives smoother
curves than the two other scores and hence this explains the reduction of variance on the omib
problem. Nevertheless, even if smoother, the same score curve for the digd4 problem actually
presents several local maxima which may be selected according to the particular learning sets
and thus increases the variance. The presence of the two local maxima comes from the non
natural handling of several classes by the Kolmogorov-Smirnof score. All possible divisions of
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one class against the other are considered and are responsible each one for a different maximum.

Discussion

In conclusion, irrespectively of particular score measure used, the discretization procedure pro-
duces thresholds with a very high variance, even for large learning sample sizes. This variance
increases at deeper levels in the tree and is responsible of more than 50% of the high prediction
variance of decision trees. Clearly, the high discretization variance leads also to a reduction of
interpretability of decision trees, since these thresholds form part of the knowledge that can be
extracted from a database by decision tree induction.

Although all the score measures which have been studied here produce high variance, they
are not equal according to this criterion. This conclusion contrasts strongly with previous
studies published in the decision tree literature about the impact of score measures. These
studies concluded generally that the choice of a particular measure is not important, because
these studies merely focused on overall impact on accuracy. This latter statement will be
confirmed on our problems in Section 5.6.3 but the present investigation shows however that in
terms of variance of the thresholds, some measures are much better or much worse than others.
In particular, the gain-ratio proposed by Quinlan (normalization of entropy-based measure
by the split-entropy) is not a good idea since we have seen that it increases the variance of
the model. On the other hand, in problems with few classes, it seems interesting to prefer KS
distance to other score measures. If we want a robust measure in all cases, Shannon information
seems to be the best average choice, which we are pleased to say !



5.6.2 Attribute choice

The uncertainty about the attribute which is selected at a particular tree node is responsible for
about 35% of the variance. To evaluate this uncertainty at a node, one interesting measure is
the entropy of the choice. If the attribute A;(i = 1,...,n) is selected by the score maximization
procedure with the relative frequency f; at a node N, then this entropy is given by:

HAN) = filog, (£, (5.17)

=1

which is null when the same attribute is selected whatever the learning set and (because of log,,
equals to one when all the attributes appear at this node with the same frequency, i.e. f; = %
To evaluate this uncertainty at different levels of decision trees, we carried out the following
experiment: from 50 learning sets randomly drawn from the pool set, we build 50 decision trees
according to the usual growing algorithm. Then, we compute at each position of the tree, the
frequency f; estimated from these 50 trees. If some trees are not developed until this position,
they simply do not participate in the counting. Only test nodes which appear in at least 5 trees
are taken into account. Entropy values at the same level are averaged to give a single value for
each depth. Left graphs of Figure 5.10 show three different behaviors respectively on the omib,
two-norm, and pendigits problems for the different score measures. Ideally, the curve should
be a horizontal line at 0.

Like for discretization threshold standard deviation, we do not observe a monotonic behav-
ior with increasing depth level. On the omib problem, the attribute tested at the top node
(depth 0) is always the same whatever the score measure (entropy is close to 0). Then, the en-
tropy increases and becomes maximum at the second level before it starts decreasing. pendigits
presents similar curves. On the other hand, on the two-norm problem, the entropy is already
high at shallow nodes and, except for Quinlan’s score, it also decreases at lower levels. The non
monotone behavior may be explained by two phenomena. First, when it is necessary to combine
several attributes to provide satisfying classification and when the impact of these attributes in-
dividually on classification are equivalent, the particular order in which these attributes appear
in a branch is very dependent on the learning set and hence entropy is high. Such a variance
is thus caused by the hill-climbing algorithm which is not adapted to this kind of problems.
Second, when some attributes have been intensively used at top levels, they are not likely to
bring new information at deeper levels (their values are more or less constant in local subsets).
So, their f; will be close to 0 and the sum (5.17) is lower even if the choice among remaining
attributes is very uncertain. This may explain the reduction of the entropy at deeper levels.

One problem of the measure we have defined so far is that the entropy at a node is not
conditional to the choice at the previous node and hence even if the total number of structures
considered by the growing algorithm is very small, the entropy of the choice at a node indepen-
dently of its parents and successors can be high. Another way to measure this variance consists
in computing the most frequent structure, i.e. the structure which appears most often (as it)
in the trees induced from the learning set. This structure is defined recursively from a set of
trees by the following procedure which starts at the top node:

o if the set of trees contains only one tree, then stop;

e else, search for the attribute A; which appears the most frequently at the current location
(Ties are broken arbitrarily). Build a new node, attach the attribute A; and its frequency
of appearance f; to this node.

e remove from the set of trees, the trees which do not use the most frequent attribute at
the current location.

e proceeds recursively to build the left and right successors of this node from the new set
of trees.
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Table 5.13: Global effect of score measure (average on all datasets)

Mean error | compl | biasy vary | varxw | varp
Scorew 0,2141 87 0,0935 | 0,1206 | 0,1316 | 0,0767
Scorejp fo 0,2126 85 0,0973 | 0,1152 | 0,1301 | 0,0750
Scoreg 0,2206 109 0,1056 | 0,1150 | 0,1329 | 0,0764
Scorepaq 0,2315 178 0,1056 | 0,1259 | 0,1417 | 0,0769
Scorek g 0,2218 98 0,0968 | 0,1250 | 0,1368 | 0,0759
Scoreg,, 0,2415 276 0,1080 | 0,1335 | 0,1476 | 0,0860

Right graphs of Figure 5.10 plot the average frequencies for all nodes at the same level in the
structure induced in this way. For example, a value of 0.4 for level 4 means that in average over
all paths to the nodes of the fourth level, 40% of the trees choose the same attributes until one
node of the fourth level in the tree. The ideal case corresponds to a horizontal line at 1 (all
trees share the same structure). On Omib and Pendigits, the proportion of trees which share
the top level test is quite large but this proportion decreases very quickly. Less than 50% of
the trees share a second level test whatever the score measure. On the two-norm problem, even
the first most frequent test is only present in 20% of the trees.

From the point of view of the score measures, there is not a marked trend like for the
discretization threshold. On the omib and two-norm problems, all measures are more or less
equivalent, except for quinlan’s score which produces the most unstable choices. On Pendigits
however, Scorexs and especially Scoreg,, show worse behaviors than other score measure.

In conclusion, the attribute which is selected to split a tree node is very uncertain whatever
the score measure used. However, this uncertainty is very dependent on the way the attribute
intervene in the Bayes model and thus is very problem dependent.

5.6.3 Global effect of the score measure on decision trees

In this section, we have analyzed the impact of the score measure on the stability of the model.
One conclusion of this study is that, depending on the problem, all measures are not equivalent
according to this criterion. Large experimental studies in the literature however have shown
that the particular choice of a score measure rarely seems to affect the final accuracy of the
trees ([Min89b, MS94]). To be complete, we thus computed for each score measure mean error
rate, complexity and various bias and variance terms for fully grown trees. We have included in
this comparison the median discretization. In this variant, the attribute which is chosen to split
the node is the one which maximizes, together with the median, Scoreyy. Table 5.13 reports
average results on all datasets.

These results do not invalidate previous statements in the literature. Indeed, mean error
rates are very close to each other. Surprisingly, even discretizing at the median gives competitive
results with other score measures, even though the threshold is not related to the classification.
Concerning bias and variance terms, it is difficult to draw any conclusions from Table 5.13,
all values being very close. While we would expect that the median discretization gives the
smallest variance (and highest bias), actually this method presents comparable variance and
bias with respect to other scores. Nevertheless, this variance can be explained by the increase of
complexity which counterbalances the effect of the stabilization of thresholds at shallow nodes.
In terms of complexity of the resulting trees, Scorey and Score;, ¢, are better than other score
measures. Scoreg,., because of its pathology, produces the most complex trees.

Tables 5.14 and 5.15 further provide average results for the two different cases underlined
previously, which corresponds to small and large numbers of classes. Kolmogorov-Smirnoft’s
distance and median discretization which are slightly better than other score measure when the
number of classes is low are significantly worse when the number of classes is greater. Entropy
based scores seem to be more robust with respect to the number of classes.



Table 5.14: Global effect of score measure (m < 3)

Mean error | compl | biasy vary | varxw | varp

Scorew 0,2026 57 0,0867 | 0,1159 | 0,1235 | 0,1089

Scorejy fo 0,1992 54 0,0919 | 0,1073 | 0,1201 | 0,1059
Scoreg 0,2068 78 0,1033 | 0,1034 | 0,1230 | 0,1079

Scorepad 0,2058 121 0,0988 | 0,1070 | 0,1222 | 0,1051
Scorek g 0,1987 59 0,0926 | 0,1061 | 0,1192 | 0,1047
Scoreg,, 0,2322 329 0,1076 | 0,1246 | 0,1380 | 0,1222

Table 5.15: Global effect of score measure (m > 3)

Mean error | compl | biast varr | vargw | varp
Scorew 0,2295 130 0,1027 | 0,1268 | 0,1425 | 0,0337
Scoreyp 0,2304 127 | 0,1045 | 0,1259 | 0,1434 | 0,0339
Scoreg 0,2391 151 0,1087 | 0,1304 | 0,1462 | 0,0345
Score e 0,2657 254 0,1146 | 0,1510 | 0,1676 | 0,0393
Scorek s 0,2526 152 0,1024 | 0,1501 | 0,1603 | 0,0376
Scoreg,r 0,2539 204 0,1086 | 0,1454 | 0,1604 | 0,0378

5.7 Conclusion

The main conclusion of the experiments of this chapter is that decision tree variance is high,
and this is true whatever the method we adopt to effectively evaluate this variance.

First, prediction variance is high. It is responsible for more than 50% of the error on our
problems. Variance appears very quickly during the development of the tree and remains the
dominant source of error even when the learning set size increases. This variance is mainly due
to the fact that the algorithm must choose discretization thresholds for numerical attributes.

A second expression of variance is that the parameters which define the tests are very
unstable. The discretization threshold which is chosen during node splitting presents a high
variance. The attribute which is selected is also very unstable. This instability is probably due
to the hill-climbing algorithm which is not fully adapted to problems where several attributes
have to be combined to give a reliable classification rule.

Although we could have pursued our study in several directions (e.g. to study the variance
of probability estimates or of the tree complexity), we do not believe this would change our
conclusions.

The consequence of this high variance are two-fold. First, decision trees are suboptimal.
Their accuracy could be further improved if we could reduce their variance. Second, their inter-
pretability is questionable. We can not really trust the choice of the attributes and thresholds.
Therefore, three complementary directions of improvements will be explored in the following
chapters. First, chapter 6 is dedicated to techniques that try to improve the interpretability
of decision trees. From the experiments of this chapter, the main part of the algorithm which
needs improvement in this prospect is the local discretization algorithm. Several techniques
will thus be proposed and validated that stabilize discretization thresholds. On the other hand,
Chapters 7 and 8 will be devoted to techniques that mainly try to improve the accuracy of
decision trees by reducing their prediction variance. The high variance of discretization thresh-
olds will inspire us two different variance reduction techniques. The first one simulates the
discretization variance by really selecting a threshold at random and then reduces this variance
by averaging several decision trees grown in this random fashion. The second method handles
the problem of discretization variance with one model by softly propagating an object along the
different branches of a decision tree, and by weighting the resulting predictions corresponding
to the different terminal nodes according to some probability distribution, recursively computed
by the propagation scheme.



Chapter 6

Reducing the variance
of decision trees

In this chapter, we consider two variance reduction techniques which do not improve or change
the representation bias of decision trees. The first set of experiments concerns the classical way
of optimizing the bias/variance tradeoff through the post-pruning algorithm which operates on
the tree complexity to reduce the variance while increasing bias. The second group of exrperi-
ments concern several new methods which we propose in order to reduce the high variance of
discretization thresholds during tree growing. The limitations of such techniques are discussed
in our conclusions.

6.1 Introduction

In the previous chapter, several experiments highlighted the high variance of the decision tree
growing algorithm. In this chapter and in the next two, we will experiment with several algo-
rithms which aim at decreasing this variance. Variance reduction methods can be divided into
two categories: methods which do not change the representation bias (or hypothesis space) of
decision trees and method which do, i.e. which produce models which can not be represented
by simple standard decision trees. This chapter is devoted to methods of the first kind. To save
the hypothesis space of decision tree is especially interesting since it saves the interpretability of
the models which are induced. However, since the possibility to represent a model by a simple
decision tree is a very strong constraint, we expect the methods of the first kind to produce less
improvement in terms of accuracy than methods of the second kind, which have the freedom
to change this representation bias.

Two approaches will be considered in this chapter: first a classical approach, namely pruning
which operates only on the tree complexity to reduce the variance; second, a more original
approach which considers test stabilization techniques, especially by reducing the variance of
discretization thresholds, but also by acting on the attribute selection.

6.2 Pruning

From previous experiments, we already know that bias is a decreasing function of the model
complexity and variance (at least the variance of probability estimates) on the other hand is
an increasing function of complexity. There thus exists a tradeoff between these two sources of
error. In the context of decision trees, this tradeoff is regulated by the number of terminal nodes.
The more the tree is developed, the lower is the bias but the higher is the variance. Therefore,
letting the tree grow until all terminal nodes are pure, as we did in some of the experiments
of the preceding chapter, is often suboptimal. On the other hand, fixing the complexity a
priori would be even worse, since the optimal complexity is actually problem and sample size
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dependent, and it is impossible to guess this value a priori. Pruning aims at adjusting the
complexity in some optimal fashion (to be defined) in a problem and sample dependent way.

In this section, we briefly study pruning algorithms which have been proposed to control the
complexity of decision trees. These algorithms are important for two reasons. First, they may
improve accuracy by reducing prediction variance and second, they improve the readability of
the trees by reducing their complexity, and by removing those parts which are meaningless. We
start by describing the particular pruning algorithm(s) we use (taken from [Weh98, Weh93])
and then carry out experiments on our seven classification problems with this method.

6.2.1 Description of pruning algorithms

There are two alternative ways to control the complexity during decision tree induction:

o Pre-pruning or stop-splitting: which is based on a sensible stop-splitting criterion designed
so as to measure the relevance of a test and to stop developing a branch as soon as the
best test found to develop the branch is not good enough according to this criterion.

e Post-pruning: which consists in first developing a fully grown tree, then generating from
this tree a sequence of nested trees of decreasing complexity and finally selecting one of
these trees so as to minimize the error, on the basis of an unbiased error estimator (e.g.
holdout or cross-validation error estimate).

The description below provides the details of the two methods which have been used in our
experiments and shows also how these approaches are related.

Pre-pruning or stop-splitting

A first way to implicitly prune a tree is to stop splitting a node if it is impossible to find a test
which is considered significant enough to split the current node. Mainly two approaches have
been investigated to test the significance of a test: hypothesis testing and detection of a local
maximum of a tree quality measure.

If we have information about the sampling distribution of the score when the attribute is
actually independent of the classification in the given subset, then a simple hypothesis testing
approach gives a procedure to check the significance of a test:

e search for the test which realizes the best score,

e determine from the local sample the probability of getting a value of the score greater
than this best score (under the hypothesis of independence between test outcome and
output class),

e accept the independence hypothesis if this probability is larger than an a priori fixed
threshold «, consider the score as “not significant” and let the node become a leaf.

In this approach, a choice of @ = 1.0 corresponds to fully developed trees and to a = 0.0
correspond only trivial trees (with one single node). Intermediate values would lead to more or
less strongly pre-pruned decision trees.

Let us consider two examples of this approach, related to the two main score measures
considered in the preceding chapter (information quantity and Kolmogorov-Smirnoff distance).

The empirical distribution of the Kolmogorov-Smirnoff distance is well-known in statistics
and has been used for hypothesis testing during tree induction by Rounds [Rou80]. As concerns
information quantity, assuming the independence of the test with respect to the classification
in the learning sample, Kvalseth ([Kva87]) has shown that the following quantity :

G2 2 2N. 1 2.7%(S), (6.1)



follows a x-square distribution with (m — 1)(p — 1) degrees of freedom, where m is the number
of classes and p is the number of test issues. Thus, on this basis, we would choose not to
split a node if the probability of G? being greater than the observed value is larger than a.
Stop-splitting based on the G2 criterion has been proposed in [WVCRP89].

A second approach to evaluate the significance of a test is to define a global quality measure
of a tree and to reject the addition of a new test if it results in a decrease of global quality. For
example, in [Weh98], decision tree quality is defined by:

Qs(T,LS) = NIL(LS) — BC(T), (6.2)

where I (LS) is the information provided by the tree 7 about the classification estimated from
the learning sample and C(7) is the tree complexity which is defined as the number of terminal
nodes of the tree minus one. An interesting property of this quality measure is its additivity in
terms of the subtrees of a given tree. Indeed, the increase of quality resulting from the addition
of a test T to a terminal node A is given by:

AQs(N,T) = NN IE(LS(N)) — Blp — 1), (6.3)

where p is the number of outcomes of the test and Ny is the size of the subset LS(N). The
variation of quality is also the quality of the subtree with root node N and only one test T
Using this measure, the development of a branch is stopped at a node N if the best test T*
is such that AQg(N,T*) < 0. In this case, the level of development depends on the value of
the parameter 3: to 8 = 0 correspond fully developed trees, and to 8 = 400 correspond trivial
trees.

If the number of test outcomes is constant throughout the whole tree growing (for example
if we consider only binary tests), this approach as well as the approach based on the G? statistic
amount to comparing at each node the product Ny IZ (LS(N)) to a threshold. Indeed, for
each value of «, there exists a value of § which yields exactly the same tree. Although both
approaches are equivalent, fixing a priori the value of « is easier because of its statistical
interpretation (typical values used in practice are in the range of [0.0001 —0.01], and correspond
in the 2-class case to values of 3 € [5 — 20].)

Post-pruning

A potential drawback of stop-splitting is that it may be trapped in a local maximum of the
quality of the tree. Indeed, even if the current test is not significant, it it possible that subsequent
tests at deeper nodes actually improve the quality sufficiently to compensate the reduction of
quality of the present test. Another drawback of the stop-splitting approach is to require the
user to fix a priori the value of a meta-parameter (« or 3, in the preceding discussion) which
value may strongly affect the resulting tree complexity. These two problems are addressed by
the post-pruning approach. In post-pruning, a tree 7 is first fully grown (i.e. without activating
any special stop splitting criterion) and a posteriori some of its test nodes are pruned to become
the leaves of a new tree. The following text provides an explanation of the principle behind
the pruning method used in our experiments. Overall, the method is similar to so-called “cost-
complexity pruning” given in the well-known reference on CART [BFOS84]. The reader not
interested in these details may proceed directly to the validation in Section 6.2.2.

The pruning algorithm used in our experiments is based on the tree quality measure defined
in eqn. (6.2). The algorithm has two levels of optimization: at the inner level it extracts for a
given value of 3 a tree of optimal quality; at the outer level, it selects the optimal value of § in
order to minimize the generalization error of the resulting tree.

Let us first explain how, for a given value of 3, the inner level of the pruning algorithm
computes a pruned version of the full tree 7 which has maximal quality (we call this a f—optimal
pruning of 7). Let us denote by 7 (N') the subtree of the full tree with root node A and by
LS(N) the local subset of learning samples reaching this node. Let us further denote by



T — T(N) the tree obtained from 7 by contracting the node A (replacing it by a terminal
node). Then, due to the additivity of the quality measure we have (for any value of 3)

Qp(T,LS) = Qs(T —TWN),LS) + Qs(T(N),LS(N)). (6.4)

In other words, the quality of a tree is the sum of the qualities of its component trees with
respect to the samples belonging to the root nodes of these component trees. Note also that
the quality of a trivial tree (composed of a single node) is equal to zero, for any value of £.
So, denoting by Pg(7T, LS) the f—optimal pruning of 7 on the learning sample LS, one of the
following two statements must be true:

e P3(T,LS) is trivial (reduces to the root node), in which case Qg(Pg(7,LS), LS) = 0.

e P3(T,LS) is non-trivial, but all its subtrees are optimally pruned (w.r.t their subsample)
versions of the corresponding subtrees of T in this case Qz(Ps(7T, LS), LS) > 0.

It may be the case that for some particular value of 3 there exist more than one optimally
pruned versions of 5. In such a case, we would prefer the version of minimal complexity, so as
to ensure continuity on the right with respect to 4. Putting all these considerations together,
it is easy to check that the following recursive algorithm computes Pg(7, LS):

o If T is trivial, then Pg(7,LS) =T.

e Otherwise, first call the pruning algorithm recursively on every successor of the root of
T, and let 7' denote the result of this operation.

— If Qp(T',LS) <0, then Pg(7T,LS) =T — T (the trivial tree).
— Otherwise, P3(T,LS) =T".

This recursive algorithm is efficient and the optimally pruned trees have several nice properties
(see [Weh93] for a detailed derivation of these properties). The most important property is
that for increasing values of 8 the algorithm generates a nested sequence of trees starting with
Py(T,LS) =T (provided that information quantities are strictly positive for any subtree of T,
which is normally the case), and ending with Po(7,LS) =7 — T (the trivial tree). Because
the trees are nested, the total number of different non-trivial trees in such a pruning sequence
is at most equal to the number of test nodes of the original tree. These nested trees correspond
to a sequence of increasing critical values of 3, which can be determined for a given tree and
learning sample in an efficient recursive way (not explained here).

Thus, in order to determine the optimal value of 8 the outer level of the pruning algorithm
can be implemented along the general scheme already discussed in Chapter 4:

1. consider the growing sequence [y(= 0), 1, B2, - . . of critical values of 3 determined for the
tree T on the basis of the learning-sample L.S;

2. then generate the sequence 7o = 7,71 = Ps,(T,LS), T2 = P3,(T,LS),... of (nested)
[—optimally pruned trees;

3. for each 7; estimate its error in some unbiased way (in our experiment we use an inde-
pendent sample called the pruning cross-validation sample, to this end).

4. select the tree 7, of minimal error estimate as the overall optimally pruned tree.

Note that we skip here some implementation details which allow us to carry out the whole
procedure in very efficient way, in particular using incremental updating formulas to derive
one tree in the sequence from its predecessor without restarting from scratch. With these
sophistications, the resulting algorithm becomes linear in the number of test nodes of 7 and in
the number of objects contained in the pruning cross-validation sample.
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Figure 6.1: Effect of pruning on error rates. Left, without pruning, right with pruning

Table 6.1: Average effect of pruning

Mean error |compl | biasy | varr |vargw | varp
Full tree 0.2161 90 |0.0966(0.1195| 0.1326 [0.0771

Pruned tree|| 0.2065 56 |0.1020(0.1046| 0.1201 | 0.0576

6.2.2 Validation of pruning

To assess the effect of pruning on bias and variance, we applied the post-pruning algorithm
described in section 6.2.1 on our seven problems. In each dataset, a quite large validation set is
reserved to estimate generalization error of the trees of the sequence (its size is given in Table
5.2 pp. 83 under the name V'S) and hence to select an optimal value for 8. Notice that in
practice, such a validation set is often unavailable and either the growing set must be split
or k-fold cross-validation used. However, in this section, the focus being more on what can
be gained by reducing the complexity of tree, we venture to use such validation set. Figure
6.1 shows Tibshirani’s bias/variance decomposition for all datasets without and with pruning.
Table 6.1 reports average results in terms of percentage of error rates, complexity, bias, and
variances with respect to fully grown trees.

Although the reduction of complexity is important (from 90 to 56 terminal nodes in average),
we observe a rather small reduction of variance and a (smaller) increase in bias. The global
effect is thus only a slight reduction of error rates. Looking at individual results, the only very
important decrease of error rates appears on the Gaussian problems where pruning reduces
variance by a factor 2.5 while leaving bias mostly unchanged.

6.2.3 Discussion

These results are not surprising with respect to our analysis of decision tree variance. First,
we have seen that variance already appears in the top nodes of the trees and even that the
classification variance may be higher for small decision trees. As pruning does not make any
change to the node splitting algorithm, it is tributary upon the variance of the growing algo-
rithm. So the effect of pruning on decision tree accuracy is very limited. Although our study is
carried out with a particular implementation of pruning, it does not give contradictory results
with respect to large study about pruning algorithms (see for example [Min89a]). Nevertheless,
the significant reduction of complexity fully justifies the need for such techniques at least for
interpretability and simplicity reasons.

6.3 Discretization threshold stabilization

In the previous chapter, we have observed the high variance of the parameters that define
decision trees and claimed that this variance may jeopardize the interpretability of the model.



We have also shown that a large part of this variance is due to the discretization of numerical
attributes.

Therefore, if we want to further reduce the variance of decision trees, it is necessary to act on
this part of the algorithm. The goal of this section is to improve the node splitting subroutine
in order to stabilize the choice of the discretization threshold. In this chapter, as we do not
want to destroy interpretability, we do not put into question the choice of a single attribute
and threshold to split the node. We will propose in Chapter 8 a technique that amounts to
selecting several discretization thresholds instead of one.

In Section 6.3.1, five variants of the local discretization algorithm are considered in order
to determine thresholds with reduced variance. In Section 6.3.2, we evaluate empirically the
effect of these techniques on the variance of discretization thresholds. The resulting effect on
global decision tree accuracy is then assessed in Section 6.3.3. Anticipating on these results,
let us say that we will find that the effect is more pronounced on small trees while it is almost
canceled by recursive partitioning when trees are fully grown. We show also that the effect on
global accuracy is blurred by the variance on the attribute choice. Hence, two techniques are
proposed and evaluated in Section 6.3.4 which try to reduce this variance as well. We end with
some discussion in Section 6.3.5.

6.3.1 Stabilization methods

The algorithm which produces a discretization threshold from a local learning sample LS at
each test node of the tree can be considered as a regression learning algorithm which tries
to estimate the asymptotic optimal threshold, i.e. the threshold which realizes the best score
on the universe. The classical algorithm described in Chapter 5 does this by maximizing the
estimation of the score computed from the local sample (just like a learning algorithm which
minimizes the resubstitution error). Denoting by agy the asymptotic threshold and by a,(LS)
the threshold determined by some algorithm from a random learning set LS, the bias/variance
decomposition of the mean square error of this algorithm is written:

Ers{(am(LS) — af)*} = (Ers{am(LS)} — ai3)? + Ers{(awm(LS) — Ers{am(LS)})*}. (6.5)

For example, for learning sample of size 500 on the omib problem, the (squared) bias of the
classical algorithm is 169 and its variance is 3169 (cf. Table 6.2 p.107). As it was already shown
in Chapter 5, the variance of the classical algorithm is very important.

The goal of the stabilization methods proposed below is to improve the classical discretiza-
tion algorithm by reducing the variance term of this decomposition without increasing too much
its bias. Five variants are proposed.

e Smoothing. We have seen in the previous chapter that the very unstable nature of score
curves is responsible for the high variance of the threshold. The smoothing approach
consists in applying a moving-average filter (of fixed window size) to the score curve before
selecting its maximum. If [a1, a2, a3, ..., an,,] is the ordered list of candidate thresholds,
then the smoothed score value for each candidate is given by:

-1

LS % weoi Score([A < aiy], GS) if “5°L < i < Ny, — 2571

or % j: ; 2w 1
Scoreys([4A < a;],GS) = W‘Jﬁ E;ilT Score([A < a;],GS) if i < w51
2
1 N . .
N T Ly wse Score([4 < aj], GS) if i > Ny, — 5=

(6.6)
where ws is the window size (which is supposed to be odd). To make ws dependent on
the number of thresholds, we take it as the lowest odd integer greater than A, s. Ny, where
Aws 18 some user defined parameter in [0,1]. A score curve on the omib problem and its
smoothed version with A,s; = 0.2 are reproduced in Figure 6.2. We expect the variance
to be a decreasing function of the parameter )\, while bias should increase with A;.
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Figure 6.2: A score curve and its smoothed technique
version, on the omib problem with N = 500
and Ays = 0.2

o Aggregation. We aggregate the n, best thresholds according to the score measure using
an arithmetic average'. Denoting by {a},a3,...,a% } the n, best thresholds, this yields
the following discretization threshold:

* 1 e *
ar, = Z a; (6.7)
=1

Ng *

(6.8)

Again, to make n, dependent on the number of thresholds which are considered during
node splitting, we take it as A, ./Ny, where Ny, is the number of different thresholds and
An, 18 some user-defined parameter in [0, 1]. The more thresholds are averaged, the smaller
will be the variance. In the extreme case where )\,, = 1, the threshold a}, corresponds
to the average value of the attribute in the local learning sample.

e Averaging. This method has been proposed by Wehenkel in [Weh97]. The idea here
is similar to the so-called “one-standard error rule” used in decision tree pruning (not
explained in our thesis). More precisely, the idea is to estimate the standard deviation
of the sample estimates of the score at the best threshold and use this information in
order to avoid overfitting the sample while selecting the discretization threshold. In
this context, the main advantage of the score measure Scoreyp is the existence of an
analytical formula for estimating its standard deviation [Weh97]. Thus “averaging” works
according to the following procedure: (i) the score curve and the optimal threshold are first
computed, yielding test T*, the score estimate Scorey (T, GS) and its standard deviation
estimate 67~; (ii) a second pass through the score curve determines the smallest and largest
threshold values ay;, and @y, yielding a score larger than Scorey (T, GS) — Agvg &7+, Where
Aavg 18 @ tunable parameter; (iii) finally the discretization threshold is computed as :

x 4 + Gth
G = =y (6.9)

The method is illustrated in Figure 6.3. When A is small, the chosen threshold is close to
the best score threshold. On the other hand, when X increases, it becomes closer to the
center of the subsample and hence its variance should decrease and its bias increase.

'Tn other experiments not described here, we have also used a weighted by the score average but this does
not show significant difference with a simple arithmetic average.



e Local bootstrap. This technique is inspired by bagging. The procedure is as follows : (i)
draw by bootstrap? (i.e. with replacement) n; learning sets from the original local learning
subset; (ii) use the classical procedure on each subsample to determine n; threshold values;
(iii) determine discretization threshold as the average of these latter.

o Global bootstrap. The previous techniques are local in the sense that they improve the
local node splitting algorithm only. With bootstrap, we could imagine a global technique
which tries to stabilize all thresholds at once. To this end, a tree is build in the traditional
way from the growing set. Then, n; bootstrap samples of the complete sample are used
to determine n; trees which follow the choice of attribute of the first tree. Threshold
values found this way are averaged to give a more stable tree and the whole growing set is
propagated through this new tree in order to re-estimate conditional class probabilities at
leaf nodes. While the stabilization of the top node threshold is similar to the one obtained
by local bootstrap, we expect global bootstrap to reduce the variance of deeper test nodes
better than the previous local techniques. Indeed, since the choices of thresholds in each
bootstrap are conditional to the choice of their parent thresholds, averaging also takes
into account the variability which results from the recursive partitioning of decision trees.

In the context of the first three techniques, it is clear that the parameter A\ regulates some
bias/variance tradeoff. So, the impact of such parameters will be studied in our experiments.
Bootstrapping with finite np, on the other hand, computes a sample estimate of the average
value of the threshold over all bootstrap samples and we know from statistical theory that
such estimates are unbiased. So, the number n; of bootstrap samples is not regulating any
bias/variance tradeoff. The larger it is, the lower is the error on the threshold. For this reason,
the value of n; will be fixed to 50 throughout our experiments.

While we restrict our evaluation to the score measure Scorey (see equation 5.8), all these
procedures could in principle be applied to other measures. Note however that the averaging
needs an estimate of the score standard deviation®. Note also that further sophistications of
these methods could be considered, but we will see that the above techniques provide already
very interesting results. Finally, let us stress the fact that these methods, except for the
bootstrap, generate only a very small extra computational cost with respect to the basic classical
method.

The validation of these methods is carried out in two steps. We analyze first their effect
locally on discretization threshold variance and then, their global effect on error rates, bias and
variance of decision trees.

6.3.2 Validation on threshold variance

As the first goal of the proposed methods is to reduce the variance term of the decomposition
(6.5), we carry out here experiments to verify how well each method succeeds in this goal. To
estimate the different terms of the decomposition, we draw several samples (here, 100) of a
given size from the pool, and run the particular version of the discretization algorithm on each
of them. The asymptotic threshold is estimated by the threshold which is determined by the
classical algorithm on the whole pool set. In all experiments, the attribute which is discretized
is selected as the one which maximizes the score on the pool sample.

In smoothing, aggregation, and averaging, a parameter regulates some bias/variance trade-
off. Before comparing all methods, let us first see on one problem the evolution of bias/variance
with respect to these parameters. Figure 6.4 shows the evolution of bias, variance and the square
error on the threshold with the three methods for increasing values of the parameter. These
curves are obtained on the omib problem and with learning samples of size 500. As expected, in

2We use here a stratified by class bootstrap in order to avoid pure samples (in term of class) which do not
give a threshold value.

3If no analytical formula is available, a bootstrap technique can be used which is however computationally
more demanding.
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Figure 6.4: Evolution of error, bias and variance of the threshold with smoothing, aggregation
and averaging (on the Omib problem with sample of size 500).

Table 6.2: Discretization variance for the Omib problem (o4 = 171.1327, AgY = 1060.695)

method N =50 N =500 N = 2000
VErr. bias | orp VErr. bias | o7y VErr. | bias | orp
Classic 108.2 23.1 | 105.7 57.8 -13.0 | 56.3 35.8 1.6 | 35.7

Smoothing (Aws) | 108.2 (0.0) | 23.1 | 105.7 || 35.6 (0.5) | -23.6 | 26.7 || 17.8 (0.3) | -7.3 | 16.2
Aggregation (\n,) || 43.5(0.6) | -23.4 | 36.7 || 32.4 (0.5) | -22.8 | 23.0 || 17.2 (0.3) | -6.2 | 16.0
Averaging (Aqwg) || 56.1 (2.5) | -44.3 | 34.4 || 33.4(2.3) | -23.3 | 24.0 || 17.2 (2.0) | -7.3 | 15.6

Bootstrap 63.5 29.2 | 56.3 40.0 6.7 | 39.4 23.3 0.7 | 23.3

each case, the variance decreases and the bias increases leading to a minimum in the square er-
ror for some value of the parameter. With smoothing, the reduction of error is not as important
as with the two other techniques. On this problem, aggregation seems to work best.

The bias/variance profiles corresponding to the error minimum of each method are reported
in Table 6.2 with the results of the classical discretization algorithm and the bootstrap method
for increasing learning sample sizes. For each sample size, the bias/variance decomposition
is provided in terms of the square root of the error, the bias (not the squared bias), and
the standard deviation of the threshold. The best values for A,, and \,s were searched in
{0.0,0.1,0.2,...,1.0} and the best value for \,,, was searched in {1.0,1.5,2.0,2.5,3.0,3.5}%.
The values of the parameters leading to the minimum error in these subsets are reported in
parenthesis near the error. On this problem, aggregation is the best method. It reduces the
threshold standard deviation by more than a factor 2. Averaging is very close. Smoothing is
also very good for the larger sizes but is useless on learning set of size 50. With respect to other
techniques, bootstrap does not decrease so much the standard deviation but on the other hand,
it keeps the bias low.

Table 6.3 summarizes the average results obtained on all datasets using the same experi-
mental conditions. Before computing the average, all values are normalized by the standard
deviation of the discretized attribute in the dataset. The average value of the parameter for
smoothing, aggregation and averaging is reported in parenthesis near the average error. Aggre-
gation is the best method with a reduction of average relative standard deviation by more than
50% for each size of learning sets. Averaging is always very close to aggregation. Smoothing
does not work well on the smallest learning set size. It only reduces the standard deviation by
13%. For the two other sizes, however, it is competitive with aggregation and averaging. The
effect of bootstrap is more limited but still remains interesting (more than a 30% reduction of
standard deviation for each size). The average optimal value of \,, is decreasing with the size
of the learning set, while the value of \,,4 is less dependent. As the standard deviation of the
score is also a decreasing function of the size of the learning set, this shows that more averaging
is allowed for smaller sample sizes.

4 . . .
These values were selected as the most sensible ones for each parameter from previous experiments not
reported here.



Table 6.3: Average results on discretization with all techniques (in %)

method N =50 N =500 N = 2000
VErr. |bias|ors VErr. |bias|orn | VErr. |bias|ors
Classic 51.5 9.3 [50.4 25.4 5.8 124.6 16.3 4.8 [15.2
Smoothing (Aws) ||46.2 (0.23)|12.2144.0(/16.0 (0.39)| 8.0 |13.5(8.5 (0.31)] 5.3 | 6.2
Aggregation ()‘na) 24.3 (0.69) 14.018.8 ||12.7 (0.54) 8118583 (0.33) 4.7 1 6.1
Averaging ()\avg) 29.5 (2.36) 11.9(25.5(14.2 (2.71) 8.5 111.0(/9.2 (2.07) 54|70
Bootstrap 33.0 12.1]30.1 17.9 5.5 |16.8 11.7 53198
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Figure 6.5: Relative standard deviation of the threshold versus tree depth on the omib problem

Influence of the tree depth

It is interesting to check the effect of variance reduction at deeper and deeper levels in the tree.
To this end, we use the same experimental setup as in the previous chapter when studying score
measures. A maximal tree is built from the pool sample and is used to guide the induction from
smaller learning sets. The mean standard deviation of the discretization threshold (normalized
by the standard deviation of the attribute) is averaged among all test nodes at a given level of
the tree and these average values are plotted for increasing level values in Figure 6.5 (again on
the omib problem with the reference learning sample, 300). For each method, different values of
the parameter are considered. If smoothing can reduce the variance at shallow nodes, the effect
on variance at deeper node is however very chaotic. Aggregation on the other hand, is very
efficient. The more we increase ), , the more the variance decreases at each level of the tree.
Averaging is also efficient at each level although its variance reduction seems to saturate faster
than aggregation. Although very efficient at all levels, bootstrap can not go as far as averaging
or aggregation in terms of the variance reduction. Now, the difference appears between the
local and the global approaches. Although both approaches are similar at shallow nodes, as
expected, the global one emphasizes the variance reduction at deeper nodes. Notice that the
behavior of all algorithms is consistent from one data set to another.
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Figure 6.6: Aggregation and averaging with fixed attribute choice and fully grown trees on the
omib problem

6.3.3 Validation on global accuracy

Except for smoothing, these simple techniques can reduce significantly the variance of the
threshold which is chosen at decision tree nodes and they do it at each level of the tree.
However, the impact of these techniques on decision tree accuracy has still to be evaluated.
For the methods which depend on a parameter, the same value will be used at each node of
the same tree. To determine the best value for this parameter, the only available criterion
(without a priori knowledge of the thresholds) is the accuracy of the resulting trees which can
be estimated either by cross-validation or from a separate validation set. However, the focus of
the experiments of this section is more on the impact of these parameters on bias and variance
and no algorithm will be validated that determines automatically the optimal value of the
parameter. At the end of this section, we will nevertheless give some advice about a practical
use of threshold stabilization techniques.

In our experiments, we will show that two factors influence the impact of threshold stabi-
lization methods on the accuracy of decision trees: the variance on the choice of the attribute
and the complexity of the trees. To separate the different effects and facilitate the analysis, we
carry out experiments in several steps. First, the choice of attributes is fixed by a maximal tree
and small trees (of limited complexity) are compared to fully grown trees. Second, the choice
of attributes is freed and this time, small trees are compared to pruned trees.

The discussion is illustrated by the results obtained on the omib problem but they are
similar on the other problems. As smoothing is not satisfactory at reducing threshold variance
and also for the sake of brevity, we will exclude this method from the discussions of this section.
Nevertheless, the interested reader may take a look at the tables of Appendix C for the results
of smoothing and on other datasets.

Fixed attribute choice and fully grown trees

To focus on discretization threshold only, the techniques are first experimented in a fixed at-
tribute choice setting. As usual, to fix the attribute choice, we build a maximal tree from the
pool sample and used it to guide the induction with smaller learning samples. When building
fully grown trees, the effect of increasing values of A with aggregation and averaging is described
on the omib problem in Figure 6.6 in terms of classification bias and variance and mean error
rates. In both cases, the more X is increased, the more variance decreases and bias increases.
The bias/variance decompositions corresponding to the error minimum with respect to A\ are
compared to other methods in the top part of Table 6.4. In the case of aggregation and aver-
aging the optimal value of X is reported in parenthesis in the first column. With aggregation,
the reduction of variance at the minimum of mean error (corresponding to \,, = 0.6) is quite
important but the bias increases and so the result is only a slight reduction of error. With av-



Table 6.4: Global accuracy of all techniques with fixed attribute choice and fully grown trees
| Mean error | compl | biasy | varr | vargw | varp

OMIB
Classic 0.1089 78 0.0398 | 0.0692 | 0.0709 | 0.0657
Aggr. (A, =0.6) 0.1013 153 | 0.0535 | 0.0478 | 0.0593 | 0.0503
Avg. (Mg = 1.0) 0.1039 107 | 0.0365 | 0.0674 | 0.0673 | 0.0609
Local boot. 0.1109 144 | 0.0473 | 0.0637 | 0.0701 | 0.0634
Global boot. 0.1183 61 0.0670 | 0.0513 | 0.0686 | 0.0397
Average results on all datasets

Classic 0.1996 105 | 0.1184 | 0.0812 | 0.1114 | 0.0550
Aggr. (\,, = 0.3) 0.1987 146 | 0.1238 | 0.0749 | 0.1078 | 0.0522
Avg. (Aqwg = 1.29) 0.1988 132 | 0.1167 | 0.0820 | 0.1103 | 0.0532
Local boot. 0.2012 154 | 0.1242 | 0.0770 | 0.1100 | 0.0557
Global boot. 0.1978 86 0.1396 | 0.0582 | 0.0973 | 0.0311

eraging, the mean error rate goes through a minimum for a value of A = 1.0 which corresponds
only to a very small reduction of variance with respect to the classical algorithm. Nevertheless,
from Figure 6.6, we see that the error rate is mainly unaffected by the reduction of threshold
variance even for larger values of A\. Local and global bootstrap both reduce the variance but
at the same time increases the bias and hence the error rate slightly goes up.

Average results on all datasets are reported in the bottom part of Table 6.4 with the best
choice of parameters on each problem (the average value of the parameter is reported in the
first column). With every method, variance decreases and bias increases and this leads to no
significant improvement or deterioration of average error rates. Only global bagging reduces
average variance by 28%. Nevertheless, this reduction of variance is emphasized by the fact
that this method produces smaller trees than other methods (since thresholds are reestimated
globally from bootstrap sample which are smaller than the original learning sample) and thus
can not be fully attributed to the method itself.

Fixed attribute choice and limited complexity

The reduction of global prediction variance is thus not very important. Experiments with
small trees may help to understand the reasons why this is so. To this end, we further limited
the complexity of the trees to a given dataset dependent value® using the best first strategy
discussed in the previous chapter. Effect of increasing values of \,, and \,,4 are drawn in
Figure 6.7. With respect to the experiments with fully grown trees, the variance decreases
much more strongly but the bias is increasing to the same extent. The top part of Table 6.5
describes the results obtained with all methods on the omib problem. With respect to the
experiment with full trees, the variance decreases more strongly with all methods but again
the effect is an increase of the bias and hence a rather slight improvement of the mean error
rate. Average results are summarized in the lower part of Table 6.5. This time, the minimum
of error rate with averaging and aggregation corresponds to a significant reduction of average
variance (respectively by 40% and by 50% for vary). Local and global bootstrap are very close
to each other and also decreases the variance significantly (by about 40%).

So, it appears that, with fixed attribute choice, threshold variance reduction indeed stabilizes
the prediction of small trees but at the same time increases their prediction bias, yielding
nevertheless a slight reduction of error rates. However, all the effort at reducing the variance at
shallow nodes of the tree is more or less canceled when trees are fully developed. In this case,
error rates, bias and variance are mainly unaffected by threshold variance reduction techniques
whatever their intensity. The occurrence of variance in the tree is thus only delayed to the
deeper levels but will appear nevertheless.

5This value is fixed at 50% of the average complexity of pruned trees on the same dataset
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Figure 6.7: Aggregation and averaging with fixed attribute choice and limited complexity on
the omib problem

Table 6.5: Global accuracy of all techniques with fixed attribute choice and limited complexity
[ Mean error |compl | biasy | vary [vargw | varp

0.1

0.08

Error

0.04

0.02

006 7—

OMIB
Classic 0.1455 25 10.0765(0.0690| 0.0843 |0.0463
Aggr. (A, =0.5) 0.1339 26 |0.1080]0.0259] 0.0558 | 0.0206
Avg. (Mg = 2.5) 0.1351 25 10.1128(0.0224| 0.0532 |0.0188
Local boot. 0.1342 29 10.0940(0.0402| 0.0669 |0.0307
Global boot. 0.1359 25 [0.0877(0.0481|0.0701 |0.0305
Average results on all datasets
ng§k: 0.2399 27 10.1812(0.0587| 0.1059 | 0.0280
Aggr. (A, = 0.33) 0.2309 28 10.2014(0.0295| 0.0820 |0.0152
Avg. (Agwg = 1.79) 0.2316 28 10.1965|0.0351| 0.0845 0.0171
Local boot. 0.2304 29 10.1965(0.0339| 0.0882 0.0192
Global boot. 0.2301 27 10.1907(0.0395| 0.0893 | 0.0190
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Figure 6.8: Aggregation and averaging with free attribute choice and limited complexity on the
omib problem



Table 6.6: Global accuracy of all techniques with free attribute choice and limited complexity
[ Mean error [ compl | biasy | vary |vargw | varp

OMIB
Classic 0.1371 29 10.0635]0.0736| 0.0852 | 0.0546
Aggr. (\,, =0.5) 0.1295 29 10.0747]0.0547| 0.0728 {0.0351
Avg. (Aawg = 2.0) 0.1302 29 10.0720]0.0582| 0.0740 | 0.0367

Local boot. 0.1408 29 10.0798|0.0610| 0.0827 |0.0415

Global boot. 0.1385 28 |0.0803|0.0582| 0.0797 |0.0364
Average results on all datasets

Classic 0.2284 29 10.1220|0.1064| 0.1288 |0.0472

Aggr. (\, = 0.40)|| 02252 | 29 [0.1278|0.0974|0.1238 |0.0376
Avg. (Mawg = 1.71)|| 02256 | 29 [0.1237|0.1020|0.1249 [0.0409
Local boot. 02271 | 29 [0.1287|0.0985|0.1252 [0.0406
Global boot. 02288 | 29 [0.1311]0.0977|0.1251 |0.0365

Table 6.7: Global accuracy of all techniques with free attribute choice and pruned tree
[ Mean error | compl | biasr | varr |vargw | varp

Classic 0.1189 57 10.0485|0.0704| 0.0763 | 0.0691
Aggr. (An, =0.7) 0.1089 89 10.0558(0.0532| 0.0662 | 0.0569
Avg. (Aawg = 1.5) 0.1107 80 ]0.04280.0680| 0.0710 | 0.0654

Local boot. 0.1234 77 10.055310.0682| 0.0781 |0.0675

Global boot. 0.1291 44 10.0727]|0.0564 | 0.0768 | 0.0426
Average results on all datasets

Classic 0.2066 56 [0.1046|0.1020| 0.1205 | 0.0576

Aggr. (\n, =0,47) 0.2012 68 (0.0996|0.1016| 0.1176 |0.0558
Avg. (Aawg = 2,07) 0.2015 73 10.1052{0.0963| 0.1161 | 0.0523
Local boot. 0.2061 63 [0.1065|0.0997| 0.1192 |0.0552
Global boot. 0.2121 54 10.1136|0.0985| 0.1204 | 0.0420

Free attribute choice and limited complexity

In practice, of course, test attributes are selected from the local subsample. Hence, let us see
how evolve the bias/variance terms of trees of limited complexity when we let the algorithm
choose the attributes (i.e. with the classical growing algorithm). Figure 6.8 shows in this case
the effect of aggregation and averaging. With respect to Figure 6.7 in the case of fixed attribute
choice, the effect of threshold variance reduction is more mitigated. Table 6.6 reports results
with all methods on the omib problem and in average. Threshold variance reduction techniques
still reduce the classification variance but the result is much less pronounced than with fixed
attribute choice. When the reduction of varr by aggregation (the best method here) was by
about 60% on the omib problem and 50% in average on all problems with fixed attribute choice,
it is only by 25% and 10% respectively in this case. So, it seems that the additional variance
coming from the attribute choice somehow cancels the impact of threshold variance reduction
on prediction variance.

Free attribute choice and pruned trees

As we have seen that the impact of discretization depend on the complexity of the tree, the
obvious candidate method to adapt the complexity is pruning. Table 6.7 gives the result of all
methods with pruned trees, top on omib and bottom in average on all datasets. The pruning
algorithm is the post-pruning algorithm described in the previous section. On each problem,
the large validation set was used.

In terms of error rate, bias and variance, there is not a very marked trend. If the mean
error does not really increase (except with local bootstrap), it does not decreases significantly.
The fact that bias and variance are also mainly unaffected by threshold variance reduction
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Figure 6.9: Attribute choice variance with increasing depth on the omib problem

Table 6.8: Global accuracy of attribute choice stabilization techniques with full trees

Mean error | compl | biasr | varr |vargw | varp

Classic 0.2154 90 (0.0969|0.1185( 0.1320 |0.0765
Local boot. 0.2256 136 |0.1047|0.1209|0.1379|0.0794
Global boot. 0.2274 58 [0.1227]0.1047| 0.1286 |0.0394

techniques can be explained by the effect of pruning which gives more complex trees in these
cases than in the classical algorithm. Nevertheless, the average optimal value of the parameters
An, and Agyg (determined from the test set) are quite high and thus from the analysis on
the discretization threshold variance, they should correspond to an important reduction of the
variance of the thresholds used to define the trees.

6.3.4 Attribute selection

In Chapter 5, we have shown that the choice of the attribute at a tree node is rather unstable
and the preceding experiments about discretization threshold stabilization show that, from the
point of view of global accuracy, the attribute selection variance actually cancels the reduction
of threshold variance which could be obtained by the techniques just discussed. It is therefore
worth trying to reduce the attribute selection variance as well.

The bootstrap approach to the stabilization of the threshold can be also applied to the
stabilization of the attribute choice. Like for the threshold, we evaluated a global and a local
approach:

e Local bootstrap At each node, draw by bootstrap n; learning sets from the original local
learning subset. Use the classical procedure on each subsample to determine an attribute
and a threshold for this attribute. Among the n; pairs, select the most frequently chosen
attribute.

e Global bootstrap Again, draw n; bootstrap samples from the growing set, build a
tree from each of these samples according to the classical tree growing algorithm. Then,
compute the most probable structure from this set of trees (according to the procedure
given in Section 5.6.2) and relearn discretization thresholds from the growing set following
this structure.

In both cases, the threshold is determined using the equivalent bootstrap approach described
in the previous subsection.

Both of these algorithms are tested in the same conditions as in Section 5.6.2. Left part of
Figure 6.9 shows the entropy of the attribute choice for increasing level in the tree obtained
with both approaches on the omib problem. The right part of this figure shows the frequency
of appearance of the most probable structure as defined in Section 5.6.2. The improvement



on attribute choice entropy is very slight but still greater with the global approach. However,
there is almost no change on the frequency curve. Average results with full trees in Table 6.8
reflects the small change on these curves. There is no significant difference in terms of variance
if we compare these results with those obtained in the preceding experiments considering the
threshold variance reduction alone. However, the bias increases slightly and hence globally the
accuracy is even slightly deteriorated.

6.3.5 Discussion

From the point of view of accuracy, the results of our threshold stabilization techniques are
not very encouraging. Although some further refinements are possible (for example, we could
adapt the parameters to the size of the local subset), in the light of our experiments, we do
not believe they will succeed in reducing errors in an impressive way. Indeed, the accuracy of
decision tree is tied by two phenomena:

e First, if we let the tree grow in order to reach optimal accuracy on the learning set and
hence low bias, then the variability still appears at deep nodes and our techniques have
almost no effect on global accuracy.

e Second, if we limit the size of the tree, then model stabilization techniques can arbitrarily
reduce the prediction variance but the price to pay is an increase of the bias. So, at best,
the effect on accuracy is only a very slight improvement of the error.

In spite of this somewhat negative conclusion, the techniques introduced in this section are
still able to reduce significantly the variance of the threshold which is chosen to split a decision
tree node. The reduction of the variance appears at all levels of the tree and is obtained, for
some of the methods, at low computational cost with respect to the classical algorithm. Thus,
these techniques indeed improve the interpretability of decision trees without deteriorating their
accuracy.

Among the five techniques, the most interesting ones are certainly aggregation and aver-
aging. Smoothing does not really work and bootstrap is not as good at reducing threshold
variance and furthermore it increases significantly computation times. On the other hand,
aggregation and averaging both succeed in reducing threshold variance and their impact on
computation times is almost null (in the case of averaging, provided that an estimation for the
standard deviation of the score is available at negligible computational cost). Practically, the
choice of the parameters for these two methods can be done by cross-validation. However, from
our experiments, a rule of thumb could be to take A,, = 0.4 and A4y = 2.0.

Although we have focused here on local (node by node) discretization philosophies, it is
clear from our results that global discretization must show similar variance problems (since this
variance is present even for large sample sizes) and that some of the ideas and methodology
discussed here might be fruitfully applied to global discretization as well. More broadly, all
machine learning methods which need to discretize continuous attributes in some way could
take advantage of improvements.

The work on discretization presented in this section is complementary to most previous work
on discretization which has been devoted exclusively to the improvement of global characteristics
of trees (complexity, predictive accuracy, and computational efficiency). With this goal, one
part of the publications in this domain investigates the global vs local discretization question
(e.g. [FW99]) and another part focuses on the choice of a good measure (e.g. [DKS95]), or on
the search problem (e.g. [ZRF99]). Except for [Weh97], we have no knowledge of previous work
on stabilization of decision tree models.

6.4 Conclusion

The very conclusion we draw from the investigations reported in this chapter is that pruning and
threshold stabilization essentially only improve interpretability of decision trees, on one hand,



by simplifying them and, on the other hand, by stabilizing their tests. However, their effect on
prediction accuracy is small. Although the stability of the induction algorithm can certainly still
be improved (for example, by stabilizing the node labeling), we believe that our investigations
clearly show the limitations of what can be done in terms of accuracy improvement by further
refining decision tree induction without relaxing its intrinsic representation bias.

These intrinsic limitations of decision trees may be illustrated by an example. With small
trees built from learning sets of 500 objects on the omib problem, we get a mean error rate of
13.7% which is decomposed into a bias of 6.35% and a variance of 7.35% (see the first line of
Table 6.6 pp. 112). On the other hand, a small tree built from the 16000 objects of the pool
set yields an error rate of 12.15%, thus an improvement of only 1.55%. With learning sets 32
times smaller than this learning set, it is very unlikely to get a model as accurate as this model
whatever the variance reduction technique. So, if we could reduce the variance by more than
1.55%, it must increase the bias in some way. For example, with averaging and A = 3.5, we
get a decrease of variance by 2.35%, but in the mean time, the bias increases by 1.875%. So, it
is wrong to believe that it is possible to reach a mean error rate close to the bias of 6.35% by
solely reducing the variance and keeping the representation bias of decision trees unchanged.

A further significant step would need a relaxation of this representation bias. This step
is made by the averaging techniques studied in the next chapters. As we will see, because of
the implicit extension of the hypothesis space provided by these approaches, a reduction of
prediction variance is this time possible without increasing too much the bias.






Chapter 7

Perturbing and combining
decision trees

In this chapter, perturb and combine algorithms are discussed in the context of decision tree
induction. We start our presentation with the description of Breiman’s now classical bagging
method and provide some experimental results to show its value in the context of the test prob-
lems used in the preceding chapters. We then briefly discuss some other approaches along the
same idea which have been proposed in the literature, and end up with a new proposal which
goes one step further than existing P& C techniques. This is an extreme random algorithm which
builds trees randomized on purpose which, when averaged, yield significantly better results than
bagging. Although this algorithm is still in its infancy, we will provide a certain number of indi-
cations about the possible extensions of this idea which would allow one to cope efficiently with
very large datasets and we argue that this technique can be viewed as a bias reduction algorithm.

7.1 Introduction

Experiments of the previous chapter have shown that the accuracy of a single decision tree is
regulated by a very constraining tradeoff between bias and variance. Reducing the variance
of the decision tree induction algorithm inevitably results in an increase of the bias and hence
yields only slight improvement of accuracy. On the other hand, we have seen in Chapter 4 that
perturb and combine algorithms allow to go beyond this intrinsic tradeoff in the context of a
learning algorithm by averaging the predictions given by several models (and hence extending
the hypothesis space of the method). Actually, most of the general perturb and combine
(P&C) techniques described in chapter 4 have been introduced to improve decision trees. The
application of P&C techniques in combination with decision trees is appealing for two reasons.
First, since decision tree variance is high, averaging often gives impressive improvements with
respect to the classical induction algorithm. Second, tree growing is fast and thus building
several models is not too costly. This chapter is devoted to a study of P&C algorithms in the
context of decision tree induction.

To give a first idea of what can be gained with P&C algorithms applied to decision trees, we
first experiment with the popular bagging algorithm on our seven classification problems. Note
that while bagging is a general purpose wrapper technique which can in principle be combined
with any automatic learning method, we focus here on its use in the context of decision tree
induction. Then, we discuss several P&C techniques specifically dedicated to decision trees
which have been proposed in the literature and explain their success in the light of the analysis
of our previous chapters. From this discussion and our results on decision tree variance, we
propose a new algorithm which goes one step further than existing algorithms by building trees
almost fully randomly. We show that this technique gives better results than bagging and
boosting. Eventually, we conclude with a discussion about interesting future work directions in
the context of P&C algorithms, notably in the direction of a reduction of the bias.

117
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Figure 7.1: Evolution of bias/variance with the number of bootstrap samples with bagging on

the omib problem. Left, with error rate, right with square error of probability estimates.

Table 7.1: Effect of bagging (average over 7 problems)

Mean error | compl| biast | varr |vargw | Errp bias?», varp
Single tree 0.2161 90 (0.0966]0.1195|0.1326 {0.1257]0.0486|0.0771
Bagging (25 trees) 0.1402 1631 |0.0969|0.0434| 0.0689 [0.0624 |0.0502|0.0121

7.2 Bagging

Bagging was one of the first ensemble methods proposed in the literature and its first validation
was made on tree based algorithms [Bre96b]. In classification, bagging explicitly tries to find
an approximation of the majority vote classifier by simulating sampling from the universe by
sampling with replacement from the learning set. If the approximation is good, it should result
in a decrease of variance while leaving the bias unchanged.

We kindly refer the reader to section 4.3.1 for the description of this method. We merely
note here that since bagging is a (pure) variance reduction technique, it is generally applied to
unpruned decision trees (which have a smaller bias than pruned ones). Let us note however,
that bagging, especially with a finite number of bootstrap samples, will not reduce the variance
to zero. Hence, it is often possible to obtain slightly better results by post-pruning the ensemble
of trees in an ad hoc way. We refer the interested reader to reference [GW00] which reports
some of our work in this context.

7.2.1 Experiments

The left part of Figure 7.1 shows the evolution of the mean error rate with respect to the
number of bootstrap samples on the omib problem (with fully grown trees and the reference
learning sample size). Predictions are made according to average of conditional class probability
estimates at leaf nodes. The right part of the same figure draws the evolution of the square
error of these probability estimates. As expected, the bias of probability estimates is essen-
tially constant whatever the number of trees which are averaged and the regression variance
is monotonically decreasing. While Tibshirani’s bias is slightly decreasing®, the main effect on
error rates is also a reduction of variance.

Mean results on all datasets are reported in Table 7.1. They are obtained by averaging
probability estimates of 25 fully grown trees. On each problem, the reference learning sample
size was used (see Table 5.2 pp. 83). The reduction of variance is very impressive (almost a
factor 3 for vary and a factor 6 for regression variance). In the mean time, biases only very
slightly increase. Average error rate thus goes from 21,6% to 14%, a relative reduction of 35%.

'The short increase in bias with two trees appears because many ties occur in this case and, in our imple-
mentation, they are always broken in favor of the same class.



Table 7.2: Bagging on the omib problem
Mean error | compl | biasy | varr |vargw | Errp bias?», varp
Single tree 0.1213 75 10.0420(0.0793| 0.0789 [0.1213]0.0424|0.0789
One bootstrap 0.1371 56 [0.0492]0.0878| 0.0887 [0.1371|0.0483|0.0887
Bagging (25 trees) 0.0842 1386 [0.0475]0.0367| 0.0483 [0.0611|0.0466 | 0.0144

7.2.2 Bias/variance interpretation

In chapter 4, bias/variance analysis shows that good perturb and combine techniques should
introduce some noise € in the algorithm catching some of the variance coming from the learning
set randomness but at the same time should not introduce too much bias. From the previous
chapter, it also appears that both discretization variance and attribute selection variance was
particularly high. So, bagging is a good idea to introduce such a noise in the context of decision
tree induction. Indeed, inducing a tree from a bootstrap sample of the learning set is not going
to increase very much the bias since it contains in average more than 60%?2 of the points of the
learning set. In the mean time, as decision tree variance is high, even such a small perturbation
of the learning set causes very variable models. For example, Table 7.2 compares, on the omib
problem, single trees from the whole learning sample, single trees from bootstrap replicates of
the learning sample, and, bagging of 25 trees. Building trees from random bootstrap samples
slightly increases both regression and classification bias and variance with respect to the (non
random) classical algorithm. When averaging such trees, the part of the regression variance
which is captured by randomizing the learning set is here given by:

varps{frs(a)} — varLs{E;rs{frs:(a)}} = 0.0789 —0.0144 (7.1)
0.0645 (7.2)

i.e. 82% of the initial decision tree variance. The effect on the decomposition of the mean error
rate is also a strong reduction of vary (by 64% in the mean) and a slight increase of biasy.

7.2.3 Geometrical interpretation

Besides the classical bias/variance interpretation of bagging, the good behavior of bagging can
also be interpreted in a geometrical way.

An ensemble of several decision trees can always be represented by a much more complex
tree, as it also cuts the input space into hyper-rectangular regions where the prediction is
constant. For example, the left part of Figure 7.2 shows the partitioning of a bi-dimensional
input space done by a single tree trying to separate empty circles from full circles and the right
part of the same figure shows the partitioning done by bagging of ten such trees. From this
experiment, the finer cutting of bagging is obvious and this also shows clearly the high variance
of decision trees (if all trees were identical, the two figures would also be identical). On Figure
7.3, we can also see the regions on which depend the classification of three points (marked by
a cross) of the same input space: left with a single tree, right with bagging. In this latter
case, each rectangular region corresponds to the terminal node of one of the ten trees averaged
by bagging which is reached by the point. The classification regions with bagging are more
extended than those obtained by a single tree and also overlap between each other even if the
points are far from each other. This implies that the prediction at a particular point in the
input space depends on a much larger number of learning objects on the one hand, and on the
other hand, that the influence of a learning object on the prediction at a particular point tends
to decrease progressively as the distance between the two attribute vectors increases. We are
thus far from the recursive partitioning induced by a single tree.

2An instance of the learning sample has probability 1 — (1 — 1/N)" of being selected at least once in a
bootstrap sample. For large NN, this value converges to 1 —1/e = 0.632 and hence a bootstrap sample contains
about 63.2% of unique instances of the learning sample [BK99].
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Figure 7.2: Partition of a bi-dimensional input space by a single tree (left) and ten bagged trees
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Figure 7.3: Classification regions at three points, single tree (left) and ten bagged trees (right)

Also, while the prediction of a single tree is very irregular, the prediction given by bagging
is, for the same reason, much “smoother” (although still piecewise constant). Indeed, because
of averaging, when we make a small move in the input space, only a small proportion of the
terminal nodes reached by our test point changes and thus the perturbation of the aggregated
prediction is reduced with respect to the perturbations of individual predictions. Decision tree
bagging is thus closer in its behavior to the k-nearest-neighbor method than decision trees. The
main advantages with respect to k-NN are the adaptation of the number of neighbors to the
position in the input space (the size of the regions) and the implicit automatic induction of
a distance measure which takes into account as much as possible only relevant attributes for
classification.

Note that, although illustrated in the case of bagging, this analysis remains valid for other
perturb and combine techniques in the context of decision trees.

7.3 Specific P&C methods for decision tree induction

Bagging is not the only P&C technique available in the context of decision tree induction.
Besides the general P&C techniques presented in Chapter 4 (most of which have been validated
exclusively with decision trees), there exist several algorithms specifically designed for tree-
based models.

One of the first averaging algorithm is the option trees introduced by Buntine [Bun92] in
a Bayesian framework (see section 4.3.5). The goal of option trees is to represent in the same
structure several decision trees which posterior probability is high. For example instead of
considering only one test at the first level, the most significant tests are all selected and used
to build a tree. The process is repeated at all pairs of successor nodes resulting from the
different splits. This yields a complex structure which grows exponentially with the depth of
the tree. The prediction at a node is obtained by averaging the predictions of all trees starting
from this node weighted by the posterior probability of each tree. Although this method was



mainly designed to approximate a full Bayesian approach (by keeping only a finite set of highly
probable trees), the final result is very similar to a bagged set of decision trees. The initial idea
of Buntine was later studied and extended by others (e.g. [OD95] or [KK97]).

Several people have proposed to randomize the induction algorithm of decision trees to
obtain a set of different models. For example, Kwok and Carter [KC90] propose to randomize
the top node split of a decision tree and their algorithm shows improvement with respect to
classical trees on two problems. Along the same idea, Ali and Pazzani [AP95, AP96] propose
to select a test at random among the best tests. If S* is the score of the optimal test, the
set of tests is defined as the tests which have a score greater than S* — 3.5, where 3 is some
constant between 0 and 1. The probability of selecting a test among best ones is proportional
to its score. A comparison of this algorithm with bagging and other averaging techniques shows
that it gives similar improvement as bagging. Dietterich [Die00Oc] uses a very similar approach
to build random trees: during node splitting, a test is simply selected at random among the 20
best splits. He compares his method with bagging and boosting on several datasets. While not
as robust as bagging to noise, his random trees give occasionally better results than bagging.

A number of authors have proposed to randomize decision trees by randomizing the set of
candidate attributes. For example, Ho [Ho95, Ho98] builds decision trees from randomly se-
lected subsets of attributes. In a second stage, random trees are obtained by locally (instead of
globally) perturbing the subset of attributes used to split a node. In a character recognition ap-
plication [AD97], Amit and Geman define a very large set of candidate attributes corresponding
to different geometrical features computed from images and handle such a large set by selecting
random subsets of it at decision tree nodes. In a more recent publication [Bre0l], Breiman
builds random trees in two ways: first like Ho and Amit and Geman by locally selecting a ran-
dom subset of attributes, second by constructing locally a set of random linear combinations of
attributes and searching among them for the best split. These two variants are then shown to
compare favorably with boosting® techniques on several classification and regression problems.

7.4 Extra-trees : extremely randomized trees

The good behavior in practice of the randomization techniques described in the previous sec-
tion is not surprising in the light of our analysis of decision tree variance. All decisions taken
during tree induction are significantly random, especially the choice of tested attributes and
discretization thresholds. We have seen how small perturbations of the learning set translate
into strong perturbations of the tests which are chosen at tree nodes. All the perturbation tech-
niques discussed in the previous sections are essentially trying to simulate such perturbations.
For example, if several tests have close scores, then it is likely that they will be selected in turn
depending on the particular learning set choice. This variability can be simulated by selecting
one of them at random during induction. However, even in this case, the choice of the best
tests still depends on the learning set and hence some (possibly reducible) variance remains.

One interesting question we would like to answer in this section is: how much randomness
can be introduced in the tree growing algorithm without decreasing accuracy of the aggregated
model, and even more ambitiously, how much randomness should be introduced so as to maxi-
mize this accuracy ? From the development of section 4.3, the condition for preserving accuracy
is simply not to increase too much the bias when perturbing the learning algorithm. One con-
dition to ensure low bias is to keep the resubstitution error low. So, while previous authors
have been quite timid, we propose to go one step further and randomize both discretization
thresholds and attribute choices. The algorithm we propose is first described and then com-
pared empirically to bagging on our seven test problems. Eventually, we discuss the potential
of such a random algorithm to handle very large datasets.

3Boosting is often better than bagging.



Table 7.3: Extra-tree growing

EXTRAtreegrow(LS):
(Build an extremely random tree from the set LS.)

e Create a node N and set LS(N) to LS;
e Set L = {N}, the list of open nodes.
e While L is not empty:

— Select and remove a node N in L;
— If stopsplitting(LS(N)) is true then
+ Compute conditional class probability estimates P(C|A) from LS(N) and at-
tach it to the node N/;
— Else

* Select an attribute A; at random from the set of candidate attributes

* Compute the empirical mean, 4;(LS(N)), and standard deviation, o 4,(LS(N)),
of this attribute in LS.

* Draw a threshold, a4 at random according to the distribution

N(A{(LSN)),04,(LS(N)))

* If Scorey (LS(N),[A; < ag]) < sy, return at the first step and select another
attribute

* Compute the subsamples LS; = {(a,y) € LS(N)|a; < as,} and LS, = {(a,y) €
LS(N)lai > arm};

* Create two nodes N; and N, and set LS(N;) = LS; and LS(N;) = LS,;

* Insert AV, and N, in L.

7.4.1 The algorithm

Our modified tree growing algorithm is described in Table 7.3 (see Table 5.1 pp. 79 for a
reminder of the non random algorithm). The splitting attribute is first selected at random,
then a threshold is drawn from a Gaussian distribution with mean and standard deviation
given by the corresponding empirical values in the local subset. To avoid very bad tests, the
attribute choice is rejected if the score of the test is lower than a given threshold (the value of
s¢, was fixed at 0.1 in the experiments below, which is 10% of the maximal possible value of the
score) and another attribute is selected. The development of a branch is stopped only when the
node is pure in terms of the classification output or when all attributes have constant values in
the local subset. One important characteristic of this algorithm is that it still produces perfect
trees on the learning set (at least to the same extent than the classical algorithm), although
much more complex than trees induced classically, and thus it should preserve low bias.

Of course, whether this randomized method is “extreme” in the sense questioned above is an
open question. It is however not far from a totally random algorithm, which would build a tree
structure without even looking at the learning sample, and use this sample only to determine
which nodes are terminal and what labels to attach to them.

With respect to existing random algorithms discussed above, the main originality of our
extra-trees is the combination of the randomization of attribute and discretization threshold
and the fact that the discretization threshold is really selected at random, i.e. not on the basis
of any score (except for the filtering of very bad tests).



Table 7.4: Extra-trees on the omib problem
Mean error | compl | biasy | varr |varxw | Errp bias?s var p
Single tree 0.1213 75 10.0420|0.0793|0.0789 {0.1213|0.0424|0.0789
Single extra-tree 0.1299 221 |0.0415|0.0884|0.0854 [0.1299|0.0445|0.0853
Extra-tree averaging (25 trees) 0.0676 5450 |0.0370|0.0306 | 0.0381 | 0.0525|0.0434|0.0090

Table 7.5: Decision stump averaging on the waveform problem
Mean error |compl | biasy | varr |vargw | Errp biasj, var p
1 Decision stump 0.4492 3 10.3910]0.0582| 0.1805 | 0.1882|0.16400.0242
bagging with stump (25) 0.3589 75 10.3250(0.0339| 0.1328 [ 0.1657|0.1592 | 0.0065
Random stump averaging (25) 0.2903 75 10.2510(0.0393|0.1219 |0.1780{0.1766 | 0.0014

7.4.2 Empirical validation

Table 7.4 compares on the omib problem classical single trees with single extra-trees and the
aggregation of 25 extra-trees (by averaging of probability estimates) built from the same learning
sample. As expected, randomization increases the variance of probability estimates but at the
same time keeps their bias low. However, the increase in variance with respect to classical
trees is surprisingly very small on this problem. It announces that the variance artificially
introduced by our algorithm is very close to the original variance of decision trees and further
that aggregating such trees will give good results. Indeed, we observe from the last line of
the table that averaging of these random trees yields a very impressive reduction of variance
and no significant change in bias. The part of the regression variance which is captured by
randomization is thus here 0.0789 — 0.0090 = 0.0699(88%) which is greater than the reduction
obtained by bagging on the same problem.

In terms of classification bias, we get the astonishing result that Tibshirani’s bias actually
decreases slightly, but this can be explained by a similar argument than the one we used in
Section 3.3 to explain the decrease of bias with the small learning sets. Indeed, randomization
allows to take into account more combinations of tests and hence increase the representation
power of a set of decision trees. This phenomenon is more pronounced and easier to explain
in the case of decision stumps. With a decision stump, only one attribute can be taken into
account. If the choice of the top node attribute is relatively stable with respect to the learning
set randomness, then the majority vote classifier will depend merely on this attribute. On the
other hand, the random algorithm of Table 7.3 allows every attribute to appear during induction
and hence the majority vote classifier can be more flexible. To illustrate this, Table 7.5 shows
on the waveform problem the bias/variance profile of a single (non random) decision stump, of
the average of 25 stumps obtained by bagging, and of the average of 25 random stumps. Both
bagging and random stumps are reducing the bias but the reduction of bias is significantly
more important with random test choices than with bagging. Although both methods reduce
the variance, the reduction of error is in this experiment is mostly due to the reduction of bias.
Since, the size of the learning set limits the size of the trees, similar arguments apply when
dealing with fully grown trees: randomization may induce more flexible majority vote classifiers
and hence may reduce bias with respect to bagging.

Figure 7.4 further shows the evolution of the different bias and variance terms as the number
of averaged extra-trees increases, again on the omib problem. The behavior of this method is
very similar to the one of bagging in Figure 7.1, but with a more important reduction of variance.
The bias of probability estimates is essentially constant whatever the number of extra-trees.
After some fluctuations for small numbers of terms, Tibshirani’s bias also remains constant
when the number of extra-trees increases and the reduction of error rates is mainly due to a
reduction of variance.

Classical decision trees, bagging, and, aggregated extra-trees are then compared on all
datasets in Figure 7.5, top in terms of the square error of probability estimates, bottom in
terms of the mean error rates. Average results are summarized in Table 7.6 for the same
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Figure 7.4: Evolution of bias/variance with the number of averaged extra-trees on the omib

problem. Left, with error rate, right with square error of probability estimates.

Table 7.6: Bagging and aggregated extra-trees on average on all datasets

Mean error |compl | biasy | varr |vargw | Errp biasf», varp

Single tree 0.2161 89 10.0966(0.1195| 0.1326 | 0.1257|0.0486|0.0771

Bagging (25 trees) 0.1402 1630 [0.0969|0.0434| 0.0689 | 0.0624|0.0502|0.0121
Single extra-tree 0.2672 311 |0.0925|0.1748|0.1712 {0.1401|0.0520{0.0881
Extra-tree averaging (25 trees) 0.1184 7776 |0.0845]0.0339 | 0.0555 | 0.0592|0.0505|0.0087

three methods as well as single extra-trees. They confirm the results obtained on the omib
problem. Extra-tree averaging strongly reduces the regression variance (by 88% in the mean)
and slightly increases the regression bias. On the other hand, it reduces both classification
variance (by 70% in average) and bias (by 12%) on all datasets. The improvement with respect
to bagging is significant and is attributed to both the bias and the variance reductions. Another
interesting result is the surprisingly not so bad results of the extra-tree growing algorithm
without averaging. In average on all datasets, it only increases the error rates by 5% with respect
to the classical decision tree algorithm. On two-norm, it even yields a slight improvement; this
further highlights the high variance of decision trees.

7.4.3 Discussion

Even if this algorithm produces better results than bagging (at least on our problems), it suffers
one drawback. As thresholds and attributes are not selected on the basis of their discriminative
power, induced trees are much more complex than classical trees and ensembles can be very big.
In average, the complexity of ensembles of extra-trees is 5 times greater than the complexity of
bagged ensembles (from 1630 nodes to 7776 nodes in average).

Hopefully, this increase of complexity still comes with a strong decrease of the computation
times because of the strong simplification of the node splitting subroutine. Indeed, local learning
sets do not have anymore to be sorted according to all attribute values and only one test has
to be evaluated at each test node. To give an idea of what can be gained, we built and tested
several models on the two-norm problem on a learning sample of size 5000 and a test sample
of size 5000. Results are reported in Table 7.7 in terms of complexity, computation times*
for growing and testing (in second) and error rates. The construction of an extra-tree which
is nevertheless 3 times more complex requires 10 times less seconds than the construction of
a tree with the classical algorithm. Building an ensemble of 25 extra-trees is 6 times faster
than bagging of 25 trees while the complexity is 5 times higher. Despite the increase in tree
complexity, the testing time is also slightly smaller with extra-trees than with bagged ones.

“The system is implemented in Common Lisp and runs on a AMD athlon 1GHz microprocessor with 256 Mo
of main memory. Computation times does not include the time spent in the garbage collector.
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Figure 7.5: Comparison of single trees (left), bagging (center), and, extra-tree averaging (right)
on all datasets. Top, in terms of error rates, bottom in terms of the square error of probability
estimates.

Table 7.7: Computation times of several variants on the two-norm problem, LS size 5000 and

TS size 5000
Model compl | Growing (s) | Testing (s) | Error(%)
Classical tree 671 194 0.4 15.84
Extra-tree 2217 1.7 0.3 16.18
Bagging (25 trees) 11809 290.4 5.5 4.3
Extra-tree averaging (25 trees) || 54997 43.5 4.7 4.08

We explain this by the fact that the extra-trees tend to be more balanced than classical trees
(because the threshold is always chosen around the mean in the local subset) and hence paths
from the root node to terminal nodes are shorter in average.

Taking into account the fact that this algorithm may be easily parallelized (since models are
induced independently of each others), this makes such a method a good candidate for tackling
very large data sets. In this prospect, it would be interesting to consider further simplifications
of the node splitting subroutine to realize good compromise between computation times and
accuracy. For example, the computation of the mean (and hence one pass over the data) could
be avoided by selecting the threshold value at random among attribute values appearing in
the learning sample. Note that on our (non optimized) implementation of extra-trees, it is
still less time consuming to build ten random trees than one single classical tree. Hence, while
random tree averaging is certainly more efficient than bagging, it also constitutes an interesting
alternative to single tree induction, more efficient and more accurate at the same time.

7.5 The question of bias reduction with P&C algorithms

Given the excellent results of tree averaging in terms of variance reduction, bias is now the
dominant source of error of this algorithm. So, if we want to further improve accuracy of
decision trees, it is necessary to develop approaches able to fight against bias as well as reducing



the variance. Although the random tree algorithm does slightly reduce bias, this is only a side-
effect of the increase of flexibility provided by randomization. One of the main sources of bias
in decision trees is the limitation of the number of attributes which can be taken into account
along a branch. Indeed, because of the recursive partitioning, the number of tests is dependent
on the size of the learning set. If many® attributes contribute to the classification frontier,
decision trees will suffer from high bias. There exist extensions of decision trees which improve
the representation power of the candidate tests, for example by taking into account several
attributes in one single test. The main drawbacks of these approaches are to deteriorate the
computational efficiency of the tree growing algorithm and also to increase variance. From our
experiments with random tree averaging algorithm, the solution is obvious: further increase
the flexibility of decision trees by building a very large set of functional candidate attributes
and search among only a small random subset of them for the best one to split each tree
node. The questions of the increase of variance will (hopefully) be solved by aggregation and
the question of computational efficiency will be (partially) solved by randomization. We have
already cited some literature [AD97, Bre0l] proposing methods along these lines. Now the
success of these approaches is easy to understand from the preceding analysis. In the third part
of this dissertation, we will suggest an application of this idea for time-series classification.

Clearly, the very impressive results obtained on our test problems would encourage further
research in the context of random tree building. For example, from the theoretical point of
view, we would suggest to study the relationship with support vector machines (see [Bur98]
for an introduction). Indeed, we see the following analogy between the two approaches: in
support vector machines, the problem of bias is solved by applying a transformation from the
initial input space into a new potentially very large (often infinite) functional input space where
classes are linearly separable. The problem of computational efficiency is solved by considering
only destination input space where similarity between objects are in fact easy to compute and
expressing the separating hyperplane in the new input space as a function of this similarity
measure. On the other hand, the problem of overfitting is solved by keeping the classification
margin as large as possible. With respect to this approach, the advantage of random tree
growing would be that it does not include the delicate a priori choice of a transformation.

Another well known approach to bias reduction is the boosting algorithm. For comparison,
we have applied decision tree boosting® on the omib dataset. Figure 7.6 plots the evolution
of bias, variance and error rate with respect to the number of iterations. These curves should
be compared with the same curves obtained with bagging (on Figure 7.1) and with extra-trees
(on Figure 7.4). Contrary to these latter methods, we see that boosting indeed reduces both
classification bias and variance. On the other hand, it increases the bias of probability estimates.
Average results on all datasets are reported in Table 7.8. We observe that the reduction of bias
is more important than the reduction of bias by random tree averaging. However, the reduction
of variance is also less important and in average, there is no significant difference between the
two algorithms in terms of error rate. On the other hand, in terms of computational efficiency
the random tree averaging method has the same advantages over boosting than it has over
bagging.

Let us however mention that there exist several variants of boosting (see [Bre96a, HTF01])
which could possibly give an even stronger reduction of bias, and also that randomization could
be combined with boosting so as to further reduce variance.

7.6 Conclusion

We have clearly seen that with perturb and combine algorithms, it is possible to reduce very
strongly the prediction variance of decision trees. Bagging is not the optimal solution in this
goal and it is possible to randomize much more the tree induction algorithm to further improve

%i.e. many more than average tree depth for the given learning sample size

SContrary to bagging which can cope with fully grown trees, the boosting algorithm works only with pruned
trees. In our trials, we have used the stop-splitting criterion based on the G statistic with o = 0.005.
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Figure 7.6: Evolution of bias/variance with the number of boosting iterations on the omib
problem. Left, with error rate, right with square error of probability estimates.

Table 7.8: Boosting vs bagging and extra-tree ensembles (average over all datasets)

Mean error |compl | biasy | varr |vargw | Errp biasfg, varp

Bagging (25 trees) 0.1402 1630 [0.0969|0.0434| 0.0689 | 0.0624(0.0502|0.0121
Extra-tree averaging (25 trees) 0.1184 7776 |0.0845]0.0339 | 0.0555 | 0.0592|0.0505|0.0087
Boosting (25 trees) 0.1217 1065 [0.0815]0.0403|0.0615 | 0.0639|0.0546|0.0093

the accuracy by averaging. Our experiments show that, if accuracy is the only criterion, we
can almost fully randomize the tree structure, provided that the tree is sufficiently developed
so that its terminal nodes correspond to class pure learning sub-samples (which ensures that
the empirical error of these trees is as low as possible). Nevertheless, if our experiments show
that very much randomness may be introduced in the decision tree induction algorithm and
still improves accuracy, they do not answer to the question of how much randomness should
be introduced to optimize accuracy. For example, we have not yet shown that our algorithm is
better in this prospect than existing (less) random approaches discussed in Section 7.3. Also,
many other perturbation techniques could be imagined that would maybe improve upon our
algorithm. For example, we could experiment with different means to randomize the attribute
choice or the discretization thresholds, and also study the impact of the threshold s;, which
determines the strength of randomization. In the context of bagging different variants can also
be imagined for example by using smaller learning set sizes for bootstrap sampling and/or using
sampling without replacement (like in [GW00] or [FHOOb] for example). A further possibility
would be to combine bootstrap sampling with randomization (like in [Bre01]).

Despite the very impressive improvement of accuracy, perturb and combine techniques still
suffer two drawbacks: they do not preserve the efficiency and the interpretability of decision
trees. The increase of computation times depends on the particular technique considered (e.g.
in the case of extra-trees, the fact that a certain number of trees must be built is nicely
counterbalanced by the fact that growing a single extra-tree is much faster than growing a
classical tree), and it is also important to realize that the parallelization of bagging and random
tree growing is almost trivial. To circumvent the problem of interpretability, some authors
have tried to build a tree which does the same job as a set of trees ([Dom97a]). Others
[Bre01, HTFO01] have proposed some means to extract interpretable information (such as a
ranking of the attributes according to their relevance for classification) from such a set. But,
intrinsically, a decision tree ensemble is not interpretable. This is the case especially with our
extra-tree algorithm where test choices are not really related to the classification.

At this stage of this dissertation, we have thus developed, on one hand, a way to improve
the interpretability of decision trees by stabilizing its parameters but which does not improve
their accuracy, and, on the other hand, a way to improve their accuracy by averaging several
perturbed models but which deteriorates interpretability and efficiency (to some extent). In the



next chapter, we will show that the dual perturb and combine algorithm actually bridges the
gap between these two extrema, i.e. improves the accuracy of decision trees but at same time
saves interpretability and efficiency by doing a prediction with only one model. This approach
will thus lead to a compromise between the two approaches already considered.



Chapter 8

Dual perturb and combine
or soft decision trees

Dual perturb and combine is a new algorithm which, rather than generating several perturbed
models at the learning stage, consists in producing the perturbed predictions at the prediction
stage using only one single model derived from the learning sample. In this chapter, we develop
and validate a closed form implementation of this algorithm in the context of decision trees,
which yields soft decision trees. Some connections are drawn between dual P&C and other P&(C
algorithm like bagging. Then, the combination of these soft trees with bagging is assessed. We
conclude this chapter by discussing related work on other approaches to build soft tree models.

8.1 Introduction

The generic dual perturb and combine algorithm presented in chapter 4 consists in generating
perturbed predictions by perturbing the attribute vector corresponding to a test point and using
a single model to produce a prediction for each of these perturbed vectors. It was introduced
in Chapter 4 as an efficient alternative to bagging which needs only one model. In the present
chapter, we analyze this method in the context of decision trees. We will see that with respect
to other P&C techniques, dual P&C has the further advantage of preserving the interpretability
of decision tree by making a prediction with only one model.

In Section 8.2.2, we show that the general dual P&C algorithm recalled in Section 8.2.1 is,
in the case of decision trees, equivalent to a method that softens the decisions at test nodes.
Instead of taking the “hard” (or crisp) decision of propagating an object to the right or to the left
successor of a test node, this object is propagated with dual P&C in both directions with some
probability. This vision allows to compute efficiently the asymptotic prediction corresponding
to an infinite number of perturbations of an attribute vector. Depending on the value chosen
for the noise level (the meta-parameter of the dual P&C algorithm), the sharpness of these soft
decisions may be adjusted. The automatic choice of the noise level is thus discussed in Section
8.2.3 and the resulting method is validated in Section 8.3. The soft tree vision also allows to
draw connections between dual P&C and traditional perturb an combine techniques. However,
despite these connections, our experimental results show that dual P&C and bagging have also
some complementary behavior and hence their combination may be a further interesting step;
this idea is validated in Section 8.4.1. The last section of this chapter provides a discussion of
other soft decision tree methods found in the literature.

8.2 Proposed algorithm

8.2.1 Generic dual P&C algorithm

The idea behind dual P&C is very simple: a certain number of perturbed versions of the
attribute vector a of a test instance are produced. The model (induced in the standard way
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from the original learning sample) is applied to these vectors resulting in a set of predictions
which are aggregated to obtain the final prediction. Considering numerical attributes only, a
natural choice to perturb the attribute vector is to add a zero-mean Gaussian noise to it. Thus,
from a model fi,, the prediction of dual perturb and combine at a point g is given by:

forc(a) = ageri_; fis(a + €'), (8.1)

where aggr is one of the aggregation operators also used in the context of other P&C methods
(averaging or majority vote) and ¢ are realizations of a random vector £ = (e1,€2,...,6m),
where ¢; are independent random variables distributed according to a Gaussian law g; ~
N (0, \;.0;), with o; the standard deviation of the attribute A; in the learning set and \; the
noise level on this attribute. In our experiments, we have simplified this by using the same
level of noise, \; = A, for all the attributes, which has the advantage of minimizing the number
of meta-parameters of the algorithm. Although many other perturbation schemes could be
imagined, this is the only one considered in this dissertation.
In regression, this procedure with finite 7" actually computes an approximation of:

fopc(a) = E{ fis(a+€)} (8.2)

In classification, the majority class for T' growing to infinity is given by:
forc(a) = argmax Ec{1(fis(a +¢) = ¢)}, (8.3)

and, when the aggregation operator consists in averaging conditional class probability estimates
Prs(cla), the asymptotic value of 8.1 is:

fppc(a) = arg max E{Prs(cla+¢)} (8.4)

In the next section, we will present a closed-form implementation of this algorithm in the
context of decision tree induction which computes exact expectations according to £ under
some simplifying hypothesis.

8.2.2 Closed-form dual P& C of decision trees

The general form of dual P&C can be particularized when models f;; are decision trees. Denot-
ingby £; (j =1,...,L) the leaves of a tree and by g;, (j = 1,..., L) some numerical predictions
associated to these leaves, the prediction given by this tree at a point g can be written as:

g(a) =) 1a— L)) gj, (8.5)
j

where 1(a — £;) is the characteristic function of the region of the attribute space covered by
L;. On the other hand, the asymptotic prediction given by dual perturb and combine is:

gprc(a) = Ef{gla+e)}
= 2 B{lla+te~ L))} g (8.7)
J
= Y Plate— L) g (8.8)
j

where P,(a + ¢ — L;) is thus the probability that a perturbation of a reaches the leaf L;.
Denoting by T1,75,...,Tn; the tests along the path connecting the root node to the leaf £;, the
probability that a perturbed case a reaches this leaf is the probability that all tests are verified:

P.a+e— Lj) =P(Ti(a+e) ANTa(a+e) A... AN Tn;(a+¢)). (8.9)
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Figure 8.1: Example leaves distribution computation

But tests are based on only one attribute and attribute values are perturbed independently (g;
are independent random variables). So, assuming there is no more than one test using the same
attribute along each branch of the tree, equation (8.9) can be factorized into:

Pa+e— L) = P(Ti(a+¢g))  P(Tx(a+¢g)) - Pe(Tn;(a+¢))- (8.10)

Furthermore, each test T is of the form [A; < (>)as,] where A; is some attribute and hence the
probability of the test being true for a perturbation of the vector a is computed by:

Qthp — Gy

P.(T(a+¢)) = Pai +& < (>)awm) = P(Z < (Z)T),

(8.11)
where Z is a N(0,1) random variable.

For each test node, the probability expressed in (8.11) can be obtained by elementary table
look-up. On the other hand, the computation of E.{g(a + €)} can be done efficiently using a
forward-backward propagation scheme (see Figure 8.1) : in the forward pass information about
the attributes of an object is sent from the root node to the leaves in the form of probabilities of
belonging to the traversed nodes, starting with a probability of 1.0 at the root and multiplying
this probability by the probabilities associated to the arcs which are traversed; in the backward
pass information about the predicted output variable is sent back towards the root with test-
nodes aggregating information received from their successors. The complexity of this algorithm
(which recursively factorizes equation (8.8)) is thus proportional to the tree complexity.

Substituting g; for the appropriate predictions in (8.6), this algorithm allows to compute
efficiently the values of (8.2), (8.3), or (8.4). For example, in the next section, we will make pre-
dictions according to the average of conditional class probability estimates. So the probability
of class ¢ for a case g will be estimated by:

Pppo(cla) = Ee{Py(cla +€)} = Y- Pela+e — £;).P(dlL;), (8.12)
J

where P(c|£j) is the class ¢ probability estimate at the leaf £;.

This closed-form implementation has several advantages over the general dual perturb and
combine algorithm which consists in averaging a finite number T of predictions obtained from a
set of perturbed attribute vectors. First, it makes dual perturb and combine deterministic while
the general form is dependent on the random choice of perturbed attribute vectors. Since the
general dual P&C algorithm computes a sample estimate of the expectation which is computed
by the closed-form algorithm, the prediction given by the general algorithm for finite T will
suffer from a larger variance than the closed-form algorithm and hence its average accuracy
should be lower, especially if T is small. In terms of computational efficiency, the computation
of (8.12) (which is proportional to the tree complexity) requires more time than the computation
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Figure 8.3: Evolution of error, bias and variance with the noise level on the two-norm problem.
Left, with error rate, right with square error.

of one prediction with a classical tree (which is proportional to the tree depth). For small T', the
general approach could be more efficient while the second one is better when large values of T’
are considered. Although it would be interesting to study this tradeoff between computational
efficiency and accuracy with respect to T', we will nevertheless focus in our experiments on the
closed-form implementation which is more appealing in terms of accuracy.

8.2.3 Impact of the noise level on bias and variance

Before discussing the way to choose an appropriate noise level, let us see on a simple example
what is the effect of dual P&C with different values of the noise level. Suppose we want to
separate empty circles from full circles on Figure 8.2. This figure shows the partitioning done
by a single tree and what this partitioning becomes when using dual P&C of the same tree
with an optimal noise level of A = 0.28 and with a higher noise level of A = 1.5. The smoothing
ability of dual P&C is pretty clear from this figure and also the over-smoothing when increasing
too much A.

The effect of the noise level may also be approached by a study of bias and variance. Figure
8.3 shows the effect of the noise level A on the two-norm problem, left on Tibshirani’s bias and
variance terms and right on regression bias and variance of probability estimates. These graphs
are representative of other problems as well. In terms of regression, the bias is monotonically



increasing with the value of A\ while the variance is monotonically decreasing and this happens
whatever the datasets. Indeed, the more we extend the region over which the predictions are
averaged, the less flexible is the regression function which can be represented and hence bias
increases and variance decreases (at some point, it starts slightly increasing). This compromise
is very similar to the compromise which appears in k-NN with the number & of neighbors.

The evolution of Tibshirani’s bias and variance terms is more difficult to explain. First,
small values of A reduce both variance and bias, thus resulting in an overall decrease of error
rates. When ) further increases, both bias and variance reach a minimum, and start increasing
again. Then, while bias is monotonically increasing, the variance goes through a maximum
and then starts decreasing. This apparently strange behavior can nevertheless be explained.
As trees are unpruned, class probability estimates, PDPC(C |a), given by dual P&C with no
noise are either 0 or 1 (tree leaves are mostly pure). When the noise increases, probability
estimates move away from these extreme values. For points of the input space which are well
classified by the original tree, the regression bias inevitably increases while the classification
bias remains unchanged as long as the estimates do not go on the other side of the decision
boundaries (corresponding to 0.5 in the two class case). On the other hand, some biased points
become unbiased and both their regression and classification bias decrease. As bias is rather
small and thus the number of biased points is much smaller than the number of unbiased points,
the overall effect is an increase of the regression bias. On the other hand, at the beginning,
the classification bias decreases until the number of newly biased points exactly balances the
number of newly unbiased points. When the probability estimates get near 0.5, even small
regression variance of the probability estimates can make the classification change from one
tree to another and hence the classification variance increases. When we further increase A,
probabilities P;(a + & — £;) and hence PDPC(C |a) becomes more and more independent of
the object. Indeed, asymptotically, we have P.(a + ¢ — £;) = (0.5)"i, where N; is the depth
of the leaf £;. Hence, Pppc(Cla) becomes an average of the classification over all the leaves
and the value of the majority class is highly dependent on the exact tree but is constant allover
the input space. Thus, there is a high number of biased points and hence bias is dominating
the error. On the other hand, as the “variance” of biased points is in fact negative, the overall
effect is a decrease of variance with large value of \.

All in all, this study shows that there exists an optimal value of the noise level. Many
experiments on several datasets (not reported here for the sake of brevity) show that the optimal
value of )\ is highly dependent of the induced model and learning task and also not related to
the learning set size. So, one possible way to determine its value is to devote a validation set to
this task. As the curve of error rate is typically convex with only one minimum (like in Figure
8.3), a simple minimization method will be appropriate to determine the optimal value of A. In
our experiments, we use a simple optimization by dichotomy.

8.3 Empirical study

The next step is of course to carry out experiments with dual P&C on our seven classification
problems. To this end, we use the closed-form implementation of dual P&C described in
section 8.2.2 and average of conditional class probabilities (equation 8.4). In these experiments,
the trees are not pruned, so as to minimize bias, and the optimal value of A is determined
individually for each tree from a separate validation set which size is given in Table B.1. Again,
even if the assumption of availability of a validation set is not realistic in practice, the goal of
these experiments is mainly to study the effect of dual P&C on decision trees in an optimal
setting. Figure 8.4 compares dual P&C with bagging and single trees on all datasets. Table 8.1
shows average results.

Dual perturb and combine decreases significantly mean error rates. This decrease of error
rates comes from a decrease of variance (by about 33%) and a very slight decrease of the
classification bias. In average, bagging does better than dual perturb and combine in reducing
the variance. Dual P&C decreases the variance of probability estimates almost as well as
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Figure 8.4: Comparison of single trees (left), bagging (center), and, dual P&C (right) on all
datasets. Top, in terms of error rates, bottom in terms of the square error of probability
estimates.

Table 8.1: Average effect of dual P&C

Mean error |compl | biasy | vary |vargw | Errp bias?», varp
Single tree 0.2161 90 {0.0966(0.1195| 0.1326 |0.1257|0.0486 |0.0771
Dual P&C 0.1726 90 {0.0931(0.0796| 0.0989 |0.0816|0.0686 |0.0130

Bagging (25 trees) 0.1402 1631 |{0.0969|0.0434 | 0.0689 |0.0624|0.0502|0.0121




Table 8.2: Computation times of several variants on the two-norm problem, LS size 5000 and
TS size 5000

compl | Growing (s) | Testing (s) | Error(%)
Classical (full) tree 671 19.4 04 15.84
Bagging (25 trees) || 11809 290.4 5.5 4.3
Dual P&C 671 49.4 13.3 6.72

bagging but at the same time, it increases very strongly the regression bias and thus yields
also less accurate estimates of conditional class probabilities than bagging. On two problems
however (Gaussian and Omib), dual P&C gives lower error rates than bagging mainly because
of a stronger reduction of variance. In the next section, we will try to explain in which situations
dual perturb and combine may be superior to bagging.

The average optimal value of A determined from the validation set and its standard deviation
are given beside the name of the dataset in Figure 8.4. Mean values are very different from one
dataset to another and on some problems, the standard deviation is quite large, showing that
the optimal value is also very dependent on the particular decision trees. Actually, the optimal
A, just like decision tree, suffers from a high variance in some cases.

In terms of computational efficiency, there is an overhead during learning to determine the
optimal value of A. The determination of this value requires several tests of the tree (with
different values of \) using the forward-backward algorithm of Section 8.2.2. The computation
of a prediction according to this latter algorithm takes also more time than the traditional
propagation of an object in a decision tree (corresponding to A = 0). Indeed, the former is
generally proportional to the tree complexity while the latter is proportional to the average
tree depth. To give an indication of the computation times, Table 8.2 compares dual P&C
with a single tree and a set of 25 bagged trees in terms of growing and testing times. Like in
the previous chapter, the model is built on the two-norm problem from a learning sample of
5000 cases and tested on a test sample of the same size. In the case of dual P&C, the time for
growing includes the construction of the decision tree (which, according to the first line, takes
19.4s) and the determination of the noise level on an independent sample of size 1000 (which,
in this particular case, requires 10 tests of the tree). This Table shows that testing a tree with
dual P&C is much slower than testing a classical tree. On this problem, the determination of
the value of ) is actually the dominant part of the induction stage. Nevertheless, the resulting
method is still much faster than bagging and in this particular case, it decreases error rates
substantially with respect to a single tree. Furthermore, even if the determination of A is
slow, it is not very demanding in terms of computer resources since objects can be considered
sequentially.

8.4 Relationship with other methods

In this section, we discuss the relationships which exist on one hand between dual P&C and
other P&C algorithms and, on the other hand, between dual P&C and other soft tree models.
The first connection gives some explanation of the good behavior of the dual perturb and
combine algorithm (which works like a model averaging technique) and the second one gives a
possible explanation of the good behavior of soft tree models (which, like dual P&C, have lower
variance than decision trees).

8.4.1 Connection with model averaging techniques

As tree tests on numerical attributes are of the form [A < a4,], adding Gaussian noise to the
attribute vector before propagating a test case in the tree is more or less equivalent to adding
Gaussian noise to the discretization thresholds and leaving the test case unchanged. Actually,
this is strictly equivalent if there is no more than one test on the same attribute along each
branch of the tree (otherwise, thresholds on the same attribute should be perturbed in the
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Figure 8.5: Discretization threshold distributions on the omib problem (attribute PU)

same way for the two approaches to be equivalent). Hence for decision trees, dual P&C is very
similar to a traditional perturb and combine algorithm restricted to randomizing discretization
thresholds.

On the other hand, focusing on discretization thresholds, bagging amounts to generate
different decision trees, using the different samples generated by the bootstrap technique, which
differ mainly in the precise value of the thresholds. Thus, the bootstrap sampling distribution
induces a discretization threshold sampling distribution at each test-node. Consequently, when
averaging the predictions of the set of trees created in this way, we essentially average predictions
according to the joint sampling distribution of the thresholds at the different test-nodes of the
tree.

To illustrate this idea, let us consider the case of a decision stump in a system with only one
input attribute A. Neglecting the variance of probability estimates in this example amounts to
assume that all the predictions attached to the left nodes (resp. right nodes) are independent
of the particular instance of the bootstrap sample (and hence identical to those obtained with
the full sample LS). Denoting by ¢; and g,, these (assumed) common values, the aggregated
prediction of the bagged stump is given by:

T
gpac(a) = %Z[l(a < am(s?)).g + 1(a > am(1s?)).g,], (8.13)
i=1

where [s? denotes the ;th bootstrap sample from Is and ag,(1s?) is the threshold induced from
this sample. So, as T' grows to infinity, this expression converges to:

gBac(a) = Prgs(a < ath(LSb)).gl + Prgv(a > ath(LSb).gr, (8.14)

where P; ¢ denotes the probability according to a bootstrap sample. This equation has to be
compared to the prediction of dual perturb and combine particularized to this simple case (from
equation (8.8) and (8.11)):

gDpc(Q) = P;(a < a + g).gl + Pg(a > ayp + §).g7-. (8.15)

So at a first (rough) approximation, both bagging and dual perturb and combine appear to
replace a crisp decision tree by a soft one. In the case of bagging, the thresholds are softened
according to their sampling distribution estimated by bootstrap. In the case of dual perturb and
combine, thresholds are softened according to a Gaussian distribution. For illustration, Figure
8.5 draws three distributions on the omib problem: Ppq(a < a4 (LSP)) given by bagging,
P.(a < ay, + €) given by dual P&C, and also Prg(a < a(LS)), i.e. the true threshold



Table 8.3: Comparison of structure fixed bagging and dual P&C

Mean error | compl | biasy | varr |vargw | Errp bias?», varp
Dual P&C 0.1726 90 [0.0931(0.0796| 0.0989 [0.0816|0.0686 (0.0130
Bagging (25 trees) 0.1402 1631 [0.0969(0.0434 | 0.0689 |0.0624 |0.0502|0.0121
Str. fixed Bag. 0.1861 2168 |0.0970|0.0883| 0.1084 |0.0766|0.0496|0.0270
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Figure 8.6: Dual P&C versus bagging with respect the the LS size. Left, on two-norm, right,
on waveform

distribution (estimated from a high number of learning sets drawn from the pool). Note that
both the distribution obtained with bagging and the one obtained by dual P&C are quite far
from the true distribution. While the closed-form of dual P&C gives a perfectly continuous
distribution, the one induced by bagging remains discontinuous even for a large number T' of
bootstrap samples since the number of candidate thresholds is limited by the size of the learning
set.

Bagging and dual P&C thus work the same way if the tree structure is fixed and probability
estimates are not changed. Of course, this is a rough approximation and, in the case of bagging
predictions at leaf nodes may change from one bootstrap sample to another and the structure of
the trees is also highly variable. To confirm this statement, we carried out another experiment
with a variant of bagging which leaves the structure fixed. A maximal tree is first built from the
learning set [s and its structure is used to guide the induction from 25 bootstrap samples. The
average results obtained with this method on all datasets are compared in Table 8.3 with bagging
and dual P&C (under the name “structure fixed bagging”). The mean error of this variant is
not as good as bagging but it is close to the mean error of dual P&C. Their classification bias
and variance are also quite close. Nevertheless, dual perturb and combine works better than
structure fixed bagging. Indeed, in dual P&C, the noise level on discretization is adapted to the
learning set while bagging introduces this noise by bootstrap sampling and hence is less flexible.
The adaptation of the noise level allows to exchange some regression bias for a reduction of
the regression variance which leads to a more important reduction of the classification variance.
The counterpart is that structure fixed bagging gives slightly more reliable probability estimates
essentially because it only slightly increases the regression bias.

So, contrary to bagging dual P&C only fights variance coming from the discretization thresh-
old. This analysis suggests that dual perturb and combine will give similar results to bagging if
the number of relevant attributes is small and the attribute choice variance is small. In our ex-
periments, the two problems where dual perturb and combine is better than bagging, Gaussian
and omib, precisely correspond to the two problems with the smallest number of attributes. On
the Gaussian problem, there are only two candidate attributes and the classification frontier is
symmetric in the input space. On the omib problem, two attributes among the six ones are
especially useful for classification. Another consequence is that it is also likely that the error of
dual perturb and combine should come closer to the error of bagging if the learning set size is
increased since larger learning set size allows deeper trees and thus allows to take into account



Table 8.4: bagging with dual P&C
Mean error | compl | biasy | varr |vargw | Errp bias% var p
Bagging (25 trees) 0.1402 1631 |0.0969|0.0434|0.0689 [0.0624 |0.0502|0.0121
Bagging + dual P&C 0.1150 1569 |0.0889(0.0260| 0.0468 [0.0770|0.0727|0.0043

more attributes. To check this, we carried out experiments on the two-norm and waveform
datasets for increasing learning set sizes. Figure 8.6 plots average error rates of single tree,
dual P&C and bagging for increasing learning set size. For each size, the plotted values are
the mean error (estimated from the test sample) over 10 learning sets drawn from the pool
sample (the same samples are used by each method). On both problems, the error rates of dual
P&C get near to the error rates of bagging as the learning set size increases. On the waveform
problem, dual P&C even yields better results than bagging for larger samples. These results are
also confirmed by the results presented in [GeuOla] and [GeuOlc] where we use larger learning
sample sizes and indeed dual P&C compares more favorably to bagging.

8.4.2 Combination of dual P&C and bagging

In the previous section, dual P&C and bagging both are described as a way to soften decision
trees. However, it is shown by a comparison between structure fixed bagging and dual P&C
that the latter technique is better in this goal essentially because it builds really smooth models
and also because of its parametric form. So, it could be a good idea to consider a combination
of the two methods.

There are several possible combinations of dual P&C with bagging. For example, we could
build several trees from bootstrap samples and optimize a different value of A for each one of
these trees before aggregating their predictions, i.e. apply bagging on the top of dual P&C. In
this section, we rather choose to apply dual P&C on the top of bagging because it requires to
optimize only one parameter \.

When the output of the model is numerical (regression variable or probability estimates),
the prediction given by applying dual P&C on the top of bagging is the following:

E{ Zfls, a+e)} ZE {fisi(@a+g)} (8.16)

and thus is equivalent to applying bagging on the top of dual P&C trees which use the same
value of the perturbation level. However, in classification with the majority vote aggregation
operator, there is no such equivalence since generally:

T
arg max E{1([arg max Y- 1(fu, (a + £) = ] = )}
i=1
T
# argmax 3 1(farg max Bo{1(fis (2 +2) = ©)}] = o
i=1

So, in our experiment, we will continue to aggregate predictions by averaging conditional class
probability estimates, since this will allow us to use the closed-form implementation of dual
P&C in the context of decision trees. Like for single trees, the optimal value of A is determined
by cross-validation from the validation set whose size is described in Table 5.2.

Figure 8.7 compares bagging with bagging in combination with dual P&C on all datasets.
Table 8.4 summarizes average results. On all datasets, the combination improves results with
respect to bagging (less significantly on the satellite dataset). The improvement comes from
a decrease of both classification bias and variance. The decrease in classification variance is
by 35% with respect to bagging alone and it is more than 75% with respect to single trees.
Unsurprisingly, the combination gives worse probability estimates than bagging because of an
increase of the bias. Nevertheless, the regression variance of these estimates is now almost null
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Figure 8.7: Comparison of bagging (left), and, bagging with dual P&C (right) on all datasets
in terms of error rates.

with respect to their bias. So it is the ability of dual P&C to increase the regression bias for
the benefit of the regression variance that makes the two approaches actually complementary.

8.4.3 Other soft tree models

The soft tree model which results here from the application of dual P&C to decision trees is
not new in machine learning. Actually, several methods have been proposed that are somehow
related to soft trees.

In the machine learning community, Carter and Catlett [CC87] noticed that a decision tree
misclassifies more often examples which are close to the discretization thresholds and so pro-
pose to propagate such examples to both successors of a test node and weight the predictions
of the corresponding subtrees according to the distance of these examples to the discretization
threshold. Quinlan [Qui86] following them provides in its C4.5 algorithm a (quite rudimentary)
way to soften discretization thresholds. Dietterich and Kong [DK95] observe that this variant
of C4.5 indeed reduces the classification variance of decision trees while increasing their classi-
fication bias. In [Fri96], Friedman points out the main drawbacks of the recursive partitioning
of decision tree growing: there are more errors at the classification boundaries, few attributes
can be taken into account along a branch because of the fast decrease in learning sample size,
and the parameters of the cutting are subject to high variance. To circumvent these problems,
he proposes a method which recursively divides the learning sample into overlapping subsets
and uses voting schemes to aggregate competing predictions (just like soft trees).

Markov tree models [Jor94] and hierarchical mixtures of experts (HME) [JINH91| use a
probabilistic framework to justify soft decisions. In such models, a test object goes to the left
and right successors of a test node with probabilities that depends on the input attributes. In
HMEs, tests are extended to take into account linear combinations of several attributes and
linear models are further attached to terminal nodes. Because of the soft probabilistic decisions,
the prediction (a probability distribution on the output variable) given by such a model is
continuous with respect to variations of its parameters and hence optimization can be carried
out by techniques that use gradient computation (in this probabilistic context, this optimization
algorithm takes the form of the popular Expectation-Maximization or EM algorithm). These
authors however do not provide an algorithm that learns the structure of the HME and often,
a classical tree growing algorithm is used and the resulting tree is softened before optimization.

Soft trees have also been introduced in the context of fuzzy logic under the name fuzzy
decision trees. In a fuzzy decision tree [BW99, MCSLO01], the weight used to propagate an
object to the left and right successors of a test node is interpreted as a fuzzy membership
degree to a fuzzy set. Two approaches have been studied to build a fuzzy decision tree. Like
for HME, it is possible to build a crisp tree, soften the threshold using fuzzy logic and then
globally optimize the parameters of this model (e.g. [MCSLO1]). There exist also algorithms
which directly integrate fuzzy techniques during the growing stage (e.g. [OWO02]) by dividing



at each step the learning sample into overlapping subsets (like in [Fri96]).
Eventually, some connections exist also between soft tree models and neural networks. In-
deed, the probability of our soft test (8.11) may be represented by a function:

agp — Qi 1 ath
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( < )\Uz' ) (AO'ia )\Ui

), (8.17)
which is the output of a perceptron with a integrated Gaussian activation function. It is thus
possible to combine such simple units into several layers of a neural networks to give a model
which computes the same function as a soft tree. Some researchers have proposed to transform a
decision tree to a neural networks and then use optimization techniques available in the context
of neural networks [Set95]. This parallel between soft trees and neural networks has stimulated
the use of optimization techniques developed in the neural networks community (which are also
related to the EM algorithm) to optimize fuzzy decision trees (see [MCSLO1] or [OW02]).

With respect to all these works, the originality of our approach is to present soft trees as the
particularization to decision tree of a general variance reduction technique. With respect to all
these works, the next obvious step to improve the accuracy of our algorithm is to independently
optimize the noise levels and discretization thresholds used to propagate objects. Nevertheless,
good care should be taken in this generalization step. First, although the increase of flexibility
provided by a full optimization of the parameters certainly reduces the bias, it is not sure that
this will not increase the variance with respect to our algorithm which only makes use of one
parameter and still improves very significantly the accuracy of decision trees. And, indeed,
we know for example that complex neural networks also suffer from a high variance. Second,
with further sophistications, soft trees begin to share several shortcomings of neural networks
type of models: the parameters resulting from a global optimization are instable, models are
not interpretable anymore, and global optimization is very computationally demanding. In this
prospect, we believe that algorithms which still grow soft trees in a recursive and efficient way
(for example [OWO02]) are more appealing that global optimization techniques.

8.5 Conclusion

Dual P&C is an interesting alternative to bagging in the context of decision tree induction.
Although not as good as bagging, it still gives substantial improvements of error rates. At the
same time, it saves most of the efficiency of the method and the interpretability of decision
trees. Furthermore, it can be combined with bagging where it gives the best results of all the
methods considered in this thesis on our classification problems. Nevertheless, the algorithm
requires the determination of (only) one parameter, the noise level. Since the optimal noise
level seems to be very dependent on the particular model and hence learning sample, a separate
validation set seems to be the only reasonable way to select its value.

There remain several open questions about this method. First, in combination with decision
trees, we could study the impact of pruning on accuracy. The method could also be combined
with extra-trees or boosted trees which are better than bagging. More interestingly, it would be
useful to find a way to learn the noise level directly from the learning sample, or at least to give
another interpretation of the noise level which would make it less dependent on the particular
learning sample. More generally, we could consider different ways of perturbing the attribute
vector, for example by using different noise levels for different attributes. Knowledge about the
application problem and hence about the interpretation of the attributes may also be used to
imagine different perturbation schemes. We will give an application of this idea in Chapter 11
in the context of time-series classification with the segment and combine algorithm. Another
interesting direction of research is the application of the general dual perturb and combine
algorithm in combination with other learning algorithms. Preliminary studies show that this
method can improve the accuracy when applied on the top of neural networks for example. In
this context, it could be interesting to consider the derivation of a closed-form implementation
similar to the one derived here for decision trees.



Chapter 9

Closure of Part 11

In this chapter, we provide a synthetic overview of the methods which have been proposed and
studied in the preceding chapters. After a summary of the proposed algorithms, we give some
comments about our experimentation protocol and the conclusions which can be drawn on the
basis of our empirical studies. Then, a relative ranking of the methods is given, first from the
viewpoint of accuracy, second from the viewpoint of computational efficiency. We conclude with
some general comments about complementary investigations.

9.1 On the classes of methods investigated

After a careful evaluation of the variance of standard decision tree induction, the main theme
of the research described in this part of the thesis has been the design of methods able to
reduce this variance. The two main motivations for reducing the variance of an automatic
learning method are, on the one hand, the search for higher accuracy and, on the other hand,
the improvement of interpretability.

The ideal method would of course yield improvements simultaneously on both criteria.
Thus, we started our investigation of variance reduction techniques by a class of methods which
intrinsically preserve or improve interpretability, and assessed how much they were able to also
improve accuracy. Among the methods studied in this class we find the by now classical post-
pruning methods and two novel techniques based respectively on threshold averaging and on
threshold softening (the dual P&C method applied to decision trees). The main conclusion we
can draw about these methods is that their capability of improving accuracy, while significant,
is only rarely competitive with the performances of model averaging techniques.

Hence, in a second step of our research we have relaxed the objective of interpretability,
and have focused on the sole objective of reducing the prediction variance. Naturally, we have
started our investigation with the analysis of the classical bagging and boosting methods, and
then proposed two other approaches based respectively on extremely randomized trees and on
the bagging of soft trees. The main conclusion drawn from these investigations is that there
is still much room for improvements in this area, be it from the point of view of accuracy, or
be it from the point of view of computational efficiency. For example, the extra-tree method
outperforms boosting and bagging by far in terms of computational complexity, while remaining
fully competitive in terms of accuracy. On the other hand, the combination of bagging and
threshold softening yields an improvement in terms of accuracy, which, while small in average
in our tests, is still quite significant in some cases.

9.2 On the criteria and their evaluation methodology

Given the motivations of our research, it is natural that the main criterion used to analyse the
studied methods has been variance. Of course, since bias and variance are often anti-correlated,
we naturally also have assessed the effect of the different modifications on the bias. In order to
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be able to evaluate variance and bias in empirical studies, it is however necessary to simulate
the generation of random learning samples of a given size and build models for several such
samples. Therefore, we have chosen a moderate number of test problems for which large enough
datasets were available or could be produced by simulation. For the same reason and in order to
limit the computational requirements to a reasonable amount, we also carried out the majority
of our trials with moderate sample sizes (about 500 objects). Remind that the assessment
of one method on one problem is obtained by applying the method to 50 randomly selected
learning sets, so as to estimate variance, bias and average error rate with sufficient accuracy.
For a single assessment of an ensemble method, like bagging or boosting, this eventually leads
to the growing of 1250 different trees.

The systematic obedience to this protocol, while cumbersome in some occasions (e.g. when
studying methods such as boosting or bagging), allows us to be confident in the conclusions
drawn from these simulations. Of course, it is always possible to argue that the test problems
used in our experiments are maybe not representative of all possible types of practical problems
or that the medium sample sizes used in our assessments are not representative of many real
situations where databases can contain millions of objects. Nevertheless, it is important to
note that the experiments reported in this thesis are only a small subset of all the experiments
which lead us to our final algorithms (for example, a different methodology and also other
problems were used in [Geu0la] to validate the dual P&C algorithm). Eventually, we hope that
our experimentation protocol is described with sufficient transparency so as to let the reader
decide whether our experiments have been designed with sufficient care to avoid the drawing
of overoptimistic conclusions.

The other two evaluation criteria, which were considered for each method, concern respec-
tively interpretability and computational efficiency. These are even more difficult to assess in a
precise way than variance and accuracy. In particular, interpretability is a fuzzy and subjective
notion and computational efficiency depends a lot on software optimization. For this reason,
we have discussed interpretability in a qualitative way only, and concerning computational
efficiency we have restricted our evaluation to elementary assessments of the computational
complexity and efficiency of our own implementations of these algorithms.

9.3 On the relative ranking of methods

9.3.1 From the viewpoint of bias, variance and average accuracy

Figure 9.1 provides a graphical ranking of the main methods investigated in the second part, by
decreasing order of average mean error rate over the seven test problems used in our empirical
studies.

The left part of the figure considers the bias/variance decomposition (with Tibshirani’s
measure) of the error rates, starting in the top with the standard fully developed trees, and
ending in the bottom with the combination of bagging and the dual perturb and combine
technique. The new methods, proposed in this thesis, are highlighted in bold face so as to
distinguish them easily from the reference techniques developed by other authors. The threshold
stabilization method represented in this figure is aggregation and it was combined with pruning.
Looking at the error bars, we observe that the reduction of error rates is in average about 50%
from the worst to the best method. In terms of bias reduction the best method remains boosting,
whereas in terms of variance reduction the best technique is the combination of bagging and
soft trees, which is also the best method in terms of error rates. Quantitatively, the variance of
these methods decreases from 0.1195 in average (fully grown trees) to 0.0260 (Bagging + Dual
P&C), which is a reduction of about 80%. Although boosting reduces classification bias more
than other variants, the effect is actually only marginal compared to its effect on variance.

The right part of the figure concerns the performances of the different methods when they
are used to estimate conditional class probabilities. Again, in terms of variance, we observe a
very strong reduction (from 0.0771 for fully grown trees to 0.0043, a reduction of about 95%),
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Figure 9.1: Summary of average results with all methods. Left, in terms of error rate and
classification bias and variance, right in terms of square error of probability estimates and
regression bias and variance.

even stronger than in the case of classification errors. On the other hand, we observe that the
dual P&C based methods lead to a significant increase of bias, as well as boosting.

The most important gap in terms of error rates between groups of methods appears between
dual P&C and bagging (although we have seen that in some problems, dual P&C can be
competitive with bagging). This gap also corresponds to the frontier between methods based
on one model and methods that average several of them. It thus corresponds to the limit
between interpretable and non interpretable models. From the discussion of Section 8.4.3, we
believe that this gap could be made thiner by the introduction in this table of “real” smooth
trees (built for example by a fuzzy approach).

Of course, it is certainly possible to get further improvements in terms of variance and to a
lesser extent bias!, but we feel comfortable with the experiments presented in this part of the
thesis since they already present a quite broad spectrum of techniques and yield also a broad
spectrum of improvements.

In order to check the consistency of these average results throughout the problems, Table 9.1
provides a synthetic view in terms of error rates of the eight approaches on each one of the seven
test problems considered in our experiments. The lowest error is highlighted in each column.
The table recalls also whenever available the minimal attainable error rates (the error rate of the
Bayes classifier corresponding to each problem), so as to assess how far our improvements could
possibly be outperformed by other automatic learning methods (say multi-layer perceptrons,
support vector machines or k-nearest-neighbor) which evaluation falls out of the scope of this
thesis. In terms of relative ranking, in most of the cases, these results are coherent with the
average trends depicted in Figure 9.1. Still, there are a few notable exceptions. On the Gaussian
problem, Pruning alone is better than most averaging techniques but averaging techniques still
give significant improvement with respect to fully grown trees. On the last three problems,
bagging with dual P&C, while better than bagging and dual P&C alone, does not go as far as
boosting or random tree averaging. In terms of absolute error reduction, we notice that on the
first four test problems, the best variance reduction techniques are able to provide more than
60% of the ultimately achievable improvements (given by the error of the Bayes classifier) with
respect to standard non-pruned trees.

9.3.2 From the viewpoint of computational efficiency

Eventually, the comparison of several learning algorithms is not complete without a comparison
of their computational performance. The question of computational performance optimization

'From more detailed results given in the appendices, it appears, for example, that for the first 3 problems the
bias is already negligible.



Table 9.1: Synthetic comparison of different algorithms on seven databases (error rates)

Method Gaussian | Waveform | Two-norm | Omib |Satellite | Pendigits| Digd4
Full trees 0.1736 0.2959 0.2161 | 0.1213 | 0.2119 | 0.1877 | 0.3016
Pruned trees 0.1397 0.2890 0.2162 | 0.1189 | 0.2008 | 0.1870 | 0.2947
Pr. trees and Thres. stab.| 0.1379 0.2889 0.2064 | 0.1089 | 0.1933 | 0.1773 | 0.2975
Dual P&C 0.1371 0.2451 0.1372 | 0.0752| 0.1913 | 0.1715 | 0.2511
Bagging 0.1507 0.2030 0.0857 | 0.0842 | 0.1517 | 0.1260 | 0.1802
Boosting 0.1539 0.1960 0.0634 | 0.0696 | 0.1388 | 0.0900 |0.1405
Random tree avg. 0.1463 0.1845 0.0566 | 0.0676 | 0.1361 | 0.0912 | 0.1468
Bagging and dual P&C 0.1303 | 0.1721 0.0492 [0.0492| 0.1482 | 0.1124 | 0.1433
Bayes classifier 0.1185 0.14 0.023 0.0 - - -

is by itself a very broad and difficult subject which we have only very marginally addressed in
our research, and which definitely deserves further work.

However, in terms of computing times the spectrum of the investigated methods is actually
very broad, with a factor of 100 between the fastest and the slowest method among those
investigated. Thus, it is still possible to give a gross ranking of the methods in terms of
computational efficiency. All in all, and not so astonishingly, the computational burden is an
increasing function of effectiveness in terms of variance reduction. The most notable exception
to this rule is the Extra-tree method, which is simultaneously among the fastest and the most
accurate methods. Among the other methods, we can distinguish among three classes: single
crisp trees, ensembles of crisp trees, and Dual P&C based methods.

e Single crisp trees. The fastest method is also the least sophisticated one, namely
standard fully grown trees. However, pruning is very fast and hence causes only a slight
(negligible) overhead with respect to the tree growing algorithm. Similarly, threshold
stabilization by aggregation can also be done in negligible time with respect to the original
discretization algorithm.

e Ensembles of crisp trees. Both bagging and boosting essentially amount to building
several standard trees (in our experiments this number is in the order of 25). In the case of
bagging, the trees are fully developed but grown on the basis of a bootstrap sample; in the
case of boosting, the trees are pre-pruned and built on the basis of the full learning sample
with changing weights. So the relative performance of these two methods is essentially
problem dependent, but compared to standard full tree growing these algorithms were
about 15-25 times slower in our applications.

e Dual P& C based method. The use of soft splits and the determination of the degree of
softness lead to an increase in CPU of a factor of about 2-4 depending on the method with
which this technique is combined. Thus the combination of dual P&C with standard trees
is about 3 times slower than the standard trees, whereas the combination with bagging is
about 100 times slower than standard trees.

¢ Ensembles of random trees (Extra-trees). Although it builds several models, we
have seen in Chapter 7 that the construction of one extra-tree was very fast and that, in
our implementation, ten extra-trees are built in less time than one classical tree. Hence,
this method certainly constitutes the most promising approach from the point of view of
computational efficiency, especially for handling very large datasets.

9.4 About complementary investigations

As we have seen, the design of automatic learning algorithms is a complex multiobjective
optimization problem. Among the main (conflicting) objectives in this context, we have average
accuracy over a large class of problems, interpretability of models, computational efficiency and



scalability, but also flexibility and uniformity of performances. By flexibility, we mean the
possibility of easily adapting (or customizing) a method to problem specific features, such as
non-standard data representations, missing values, non-uniform mis-classification costs...By
uniformity of performances, we mean the fact that a method should not only be good in average
over a large class of problems, but it should also continue to work under worst-case conditions.

It is probably not necessary to say that it is impossible to find a method which would be
uniformly better than all other (possible, or even existing) automatic learning methods. Thus,
given the non-existence of such a free-lunch possibility, we would suggest to continue research in
order to determine more in depth the strengths and weaknesses of the most interesting methods
among those investigated.

In particular, the dual perturb and combine method and the extra-tree approach deserve
further validation and extensions so as to make them fully exploitable in the context of the
high diversity of automatic learning problems, and in particular in the context of large scale
complex data mining applications. Above all, a very challenging and interesting question which
is partially adressed in the last part of this thesis, concerns the adaptation of these methods
in order to handle time-series and image data. Indeed, more and more databases containing
such data become available for automatic learning and there is still a lot of work to be done
before these datasets can be handled in an efficient and fully automatic way. As concerns more
specific further developments needed around these automatic learning methods, we postpone
their discussion to the last chapter of this thesis.
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Chapter 10

Supervised learning
with temporal data

In this chapter, we first give our motivation for studying automatic learning in the context of
temporal data. In particular, we discuss the practical relevance of the topic and argue intu-
itively why automatic learning has some specific problems in this context. We also position this
problem as a particular case of the more general problem of handling complex structured data in
automatic learning. Then, we formally define the problem of supervised learning with temporal
data, particularize it to time series classification, and explain more in detail why automatic
learning in this context is difficult. Before concluding we provide a description of datasets used
in the sequel, and give a short guide to related literature on time series classification.

10.1 Motivation

The basic supervised learning problem is defined in Chapter 2 as the problem of learning a
function of several input attributes which predicts as well as possible the value of an output at-
tribute. Both input and output attributes were defined as random variables taking their values
either on the real axis or in a discrete set of symbolic values. Most mature supervised learning
algorithms are actually designed for solving such problems. However, in recent applications of
supervised learning, algorithms are facing much more complex data (as input attributes but
also at the output of the model) which structure does not fit easily to the simple attribute-value
framework used in the first part of this thesis. For example, the field of text mining studies
methods that extract information from texts and, in particular, techniques to classify docu-
ments automatically according to some user’s preferences [Coh96]. In bioinformatics [BB9S],
automatic learning algorithms must be able to handle data in the form of DNA sequences, for
example in order to locate or classify genes. In network security, researchers try to build intru-
sion detection algorithms which aim at identifying abnormal behaviors of users on the basis of
a temporal sequence of discrete system events triggered by the user. In this case, the desired
output of the model is thus a time varying classification of the user as a normal user or as
an intruder [LS98]. Many other applications of automatic learning are also intended to handle
images. For example, automatic learning is used in [BAS198] to detect volcanoes on Venus
from satellite images. In [Sen99], the goal is to detect and follow faces in a video sequence, and
the desired output of a model is the sequence of positions of different faces in the successive
video frames. In all these examples, the input information which must be processed, and in
many cases also the output information provided by the model, are clearly more complex than
a single numerical or symbolic value.

From the automatic learning point of view, these problems share some common charac-
teristics that we want to highlight. At the basic level, data corresponding to these problems
is represented by a large number of low-level attributes (characters in the case of text, pixel
values in the case of images, instantaneous values in the case of time series, elementary alleles
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in the case of genetics, ...) structured in a uni-,bi- or tri-dimensional space. For example,
in the case of digital image processing, a 1024x1024 high resolution grey level image would
be represented by 1024 x1024 low-level numerical attributes. In general, in these applications
the original low-level attributes independently give almost no information about the output
variable; rather it is the way they interact among each other which defines the global proper-
ties on the basis of which classification or prediction models could be formulated easily. For
example, in an e-mail filtering application, it is clear that nothing interesting can be said from
the fact that an “a” appears in position 10 in a text. Rather, it is the way the characters are
combined to form words, and words to form sentences which is important in terms of global
interpretation. The high number of low-level attributes is responsible for the main difficulties
found when applying automatic learning to these problems. First, if automatic learning algo-
rithms are applied directly on the basis of the low-level representation they need to build very
complex models combining in some fashion the large number of low-level attributes in order to
extract information from them. As a result, these methods will almost surely suffer from a very
high variance.! Also, these problems often correspond to very large datasets (especially if the
variance is to be kept low) and for computational efficiency reasons, some techniques can not
be applied to these problems. Another difficulty is to produce interpretable rules in such cases.
Indeed, even supposing that it would be possible to build an accurate decision tree or rule using
the low-level attributes (say pixels) to classify objects (say images) the resulting model is likely
to be very intricate and essentially impossible to interprete.

Practically, these difficulties can nevertheless be overcome by introducing a priori informa-
tion about the problem. For example, in a document classification problem, we know from our
knowledge of the language that a text can be segmented into words and that it is a good idea
to characterize different texts on the basis of the frequency of occurrence of some well chosen
words. From this prior knowledge, the goal of supervised learning can thus be reduced to the
simpler problem of the choice of the words to combine to give an accurate classification rule.
As suggested by this example, we can apply the standard automatic learning methods to these
problems, provided that we are able to change the representation of objects by defining new
attributes (or features) which can be computed from the low-level ones and are more directly
related to the output variable. This is quite frustrating, since the most difficult part of the
job is in this way carried out during the feature extraction step, which in practice relies highly
on human expertise (a priori knowledge about the problem and about the automatic learning
method used) and is difficult to formalize. Also, in a growing number of applications such a
priori information is not available, or there is not enough time (or money) available to let a
human expert work out the synthetic features. In such domains, what is missing is general
approaches which would be able to directly use the low-level attributes and without requiring
other information would be able to infer the models. Such methods could either explicitly com-
bine an automatic feature generation mechanism with a general purpose automatic learning
method, or directly use the low-level features to formulate the models. In this latter case, we
would need automatic learning methods which variance does not increase significantly with the
number of attributes.

The preceding discussion gives some ideas and motivations around current topics in auto-
matic learning from complex structured data. In our research, we have considered the particular
problem where input data are time series and the output attribute is a constant symbolic clas-
sification variable. We call this problem the time series classification problem. The possible
application domains for time series classification are numerous. In speech recognition, an acous-
tic speech signal must be mapped to a set of words. In a medical application, we are interested
in detecting heart diseases from electrocardiograms (ecg) of patients. Intrusion detection sys-
tems aim at classifying user event sequences as normal or not. In all these application fields
(especially speech recognition), there exist working systems but these systems make many a
priori hypotheses about the application domain and tend to be of low flexibility. In this thesis,

'Because of the high number of low-level attributes, it is easy to find models which perfectly separate learning
samples but which in terms of generalization are meaningless.



we are interested in designing general, possibly more flexible approaches to handle such prob-
lems. Note that we are aware that our goal is quite ambitious, and also that our contribution
is only a modest first step towards this goal.

Before focusing on the time series classification problem, we will in the remaining of this
chapter define the framework and notation for supervised learning with temporal data, in gen-
eral, and discuss several typical temporal classification problems so as to circumscribe more
precisely the scope of what we call time series classification. Then, in Section 10.3, we discuss
more in depth the peculiarities of this problem that could prevent naive approaches from work-
ing. Note that (part of) this discussion can more generally be applied to other problems such
as image and text classification. The last section of this chapter describes the datasets that will
be used throughout the experiments of the other two chapters of this part of the thesis. Note
that two of these test problems have been specifically designed to make appear the peculiarities
discussed in Section 10.3.

10.2 Problem statement

In this section, we first generalize the framework given in Chapter 2 to handle temporal data in
supervised learning. Then, we propose a classification of the problems according to the exact
nature of the output attribute. The particular problem which will be tackled in this part of the
thesis is the problem of time series classification. This problem and our simplifying hypothesis
are described in Section 10.2.3.

10.2.1 General framework for temporal supervised learning

When dealing with temporal data, an object from the universe U/ denotes a dynamic system
trajectory (or episode, scenario)?. In order to describe such a trajectory, the notion of attribute
must be extended by allowing time functions as attribute values. A temporal attribute is thus
a function of object and time, defined on U x [0, +o0[3:

AL U X [0, +o0]s A, (10.1)

where A is the codomain of the function A(o,.). In what follows, we denote by A(o,t) the value
of the attribute A at time ¢ for the object 0. A(.,t) for each ¢ € [0, +00] is thus a random variable
and the time function A(.,.) denotes what is called a random or stochastic process. In what
follows, we will sometimes drop the o variable from the notation and use respectively A(t¢) and
A(.) to denote these two random values. Of course, non temporal attributes can still be mixed
with temporal ones to describe scenarios; to simplify our notation, they will be considered as
a particular case of a temporal attribute where the function A(o,.) is constant for any o. In
a supervised learning problem, a particular attribute denoted by Y is the output variable and
input attributes are denoted by a vector A, which is now a vector of random processes.

As in Chapter 2, mainly two types of temporal attribute values may be considered:

e Symbolic values: the codomain of the time function is a finite set A = {a1,a2,...,an}
of symbolic values. This kind of temporal attribute models a sequence of discrete events
(for example, the evolution of the on/off status of some switch or the sequence of discrete
actions performed by a user on a computer).

e Numerical values: the codomain of the time function is the real axis IR. A numerical
temporal attribute may be used to model the continuous evolution of some measurement
on the system.

*In what follows, we will indifferently use the terms object and scenario to denote an element of /.
3We assume that time is continuous, and without loss of generality, that the starting time of a scenario is
always 0.



A learning sample is a sample of N objects randomly drawn from I/ and described by their
attributes. Each object of the learning set is further defined on a finite interval of time [0, (0)]
during which the values of its attributes have been observed. Note that, in general, observation
times may be different from one scenario to another. Denoting by Ay 41(0,.) the restriction
of the attribute A to the interval [0,¢'] and by A 4(0,.), the same restriction applied to the
vector of input attributes, we have:

LS = ((Apo,ts(01)1(015-): Yot 01)1 (015 )5 - -5 (Aot (on)1 (0N ), Yo om0, ). (10.2)

The goal of supervised learning is to induce from a learning set /s a function of object and time
f(.,.) which approximates as well as possible the output attribute Y'(.,.) for objects of U. Of
course, the model f(o,t) must satisfy the following property:

flo,t) = g(A(o,.), 1), (10.3)

i.e. compute a prediction at time ¢ for an the object o which is a function of its input attributes
only.

Discussion

The preceeding formalization has been made in a rather general way so as to cover a broad
spectrum of temporal learning problems.

In particular, we have assumed that the time axis is continuous and that temporal attribute
values may change continuously through time, because in some applications it is difficult to fix
a priori a sampling period (in particular for the output of the models produced by automatic
learning). In terms of computer representation, even if the functions are defined on the con-
tinuous time axis, they will actually be represented by the combination of a finite number of
parameters and some implicit interpolation or function generation mechanism; these param-
eters could be temporal samples, or expansion coeflicients of some set of basis functions, for
example.

The output produced by automatic learning is a function of time, in the general case, and
this function is not necessarily generated in a causal way from the temporal attribute values.
Further restrictions can be introduced when the framework is particularized to some practical
(on-line) applications (see below).

10.2.2 Classification of temporal supervised learning problems

Depending of the type of the output attribute Y and the form of the function f, very different
problems may be fitted to our general framework. A classification of these problems is given
below.

Constant vs temporal output

Besides the distinction between symbolic or numerical output variable, there is a more important
distinction in the presence of temporal data:

e Y(o,t) = Y(o,t'),Vt,t', i.e. Y(o,t) is constant over time. It is the classical supervised
problem but now with temporal attributes. The output variable may describe in some
way the state of the system at the end or at the beginning of the scenario which should
be determined from its observation during some finite period of time. For example, in
speech recognition, the goal is to determine the word which has been pronounced from
the observation of the acoustic voice signals.

e Y(o,t) is a time function. When Y (o,t) takes its values on the real axis, one common
application is time series prediction. In this case, there is only one temporal attribute A
and the output is the time shifted version of this attribute (Y (o,t) = A(o,t+ At) , where



At defines the time horizon for the prediction) which has to be approximated at time ¢
from only present and past attribute values. One possible application is the prediction
of the evolution of prices in a financial market. When Y (o,t) is discrete, we are facing
a segmentation and labeling problem. Indeed, the time interval has to be divided into
segments where the classification is constant and each segment has to be labeled with the
correct class. One common application is again speech recognition, where it is sometimes
needed to segment a phrase before labeling each of its constituting words. Note that
segmentation is an application where it is difficult to predict in advance at what times
the output may change, so it fits better in a continuous time setting than in a discrete
time setting.

Off-line vs on-line model

Another distinction between problems appears when it comes to apply the model in practice.
Sometimes, the model must be applied on-line, i.e. be able to receive measurements on the
system in real-time and process this information to give a prediction (e.g. forecasted output)
at each time step. In such cases, the output at time ¢ must take into account only past and
present attribute values, i.e. be of the form (causality):

f(O, t) = g(A[O,t](OJ ')7 t)' (104)

In other situations, the model is used off-line to analyze the data (which is supposed to be
complete) and then, the desired model can have the more general form:

flot) = g(AI(t) (0,.):1), (10.5)

where I(t) is a subinterval of [0, +oo[ and A;q)(o,.) is the restriction of the attribute vector
to this interval. The difference is not only esthetic. Indeed, in the first case, some interesting
techniques simplifying the problem are not applicable. For example, normalization of the length
in time of the signals and classical Fourier transformation do not make any sense with partially
observed signals.

A practical model is sometimes a combination of these two kinds of models. For example,
in a real-time speech recognition system, a first model may segment the time series on-line
into words and then each of these segments are processed by an off-line model which gives the
output word corresponding to the data in this segment.

Early detection problems

In some cases, even though the desired output variable is constant over time, it makes sense
to use an automatic learning method which will produce a time varying output. Indeed, for a
non temporal output variable, an on-line temporal model could actually produce predictions
which may evolve with time as the available information about the system behavior increases.
For example, consider an intrusion detection system and suppose that objects represent the
sessions of an FTP sever, in terms of sequences of system calls generated by the server. The
goal would be to build an algorithm observing a stream of such events (for a given session)
and if the session corresponds to an attempt to intrude into the system provide an alarm. In
this application, objects are sessions and for the purpose of supervised learning we would use
a subset of normal sessions and a subset of intrusion attempts. The objective of automatic
learning would be to build a causal function of the input stream of system events, which as
early as possible would switch from “normal” to “alarm”, so as to cancel the session before
the intruder has started taking advantage of his intrusion. Notice that in this application it
would be very difficult to determine in advance how many system events would be necessary
to generate an alarm (in the case of intrusion); also the time required to detect intrusions in a
reliable fashion would most probably vary in practice from one intrusion attempt to another.



The preceding example highlights some specific features of the “early detection problem”.
In general, the early detection problem corresponds to applications where one seeks to induce
a monitoring system that can trigger emergency procedures of a system. Other examples are
patient monitoring in a medical application [KCCO01] or anticipation of power systems black-out
[GW98]. One way to handle this problem by automatic learning is to use a constant (over time)
desired output, a causal temporal model, and to incorporate into the search procedure used
by the automatic learning method a preference with respect to models which carry out the
detection as early as possible. Note that in these problems, accuracy and earliness of detection
are usually competing objectives, because in many detection problems the “undesired” behavior
tends to become sooner or later obvious to detect. For example, in the work reported in [GW98],
we have designed a method based on temporal decision trees for the early on-line detection of
instability in electric power systems; in this application the objective was to detect (or predict)
instability when it is still time to prevent it, i.e. before its undesired consequences start to show
up- In this problem, instability sooner or later translates into a monotone and strong decrease
of voltage levels in the power system, and, without bias towards early detection, the automatic
learning method would have produced useless models detecting instability when it is already
far too late to react.

10.2.3 Time series classification

From the above analysis, it is clear that the introduction of the time dimension in the supervised
learning problem increases very much the complexity and the diversity of the encountered
problems. In this thesis, we focus on the particular problem of temporal signal classification.
Every scenario, o, is classified into one class, C(0) € {c1,...,cn} and the goal of learning is to
find a function f(0) which is as close as possible to the true classification C'(0). This function
should depend only on attribute values, i.e. f(0o) = g(A(o,.)), and it should not depend on
absolute time values. A consequence of this latter property is that the model should be able to
classify every scenario whatever its duration of observation.

Furthermore, we restrict ourselves to numerical attributes and we assume a discrete time
representation of such attributes:

A(., ) tU X {to,tl,tg, .. } — A C IR. (10.6)

Each scenario is described by a sequence of vectors: (A(o,%0), A(0,%1), .-, A(0,15(0)-1)), Where
the number of time-points n(o) is possibly object dependent. We further assume that the
discretization step of time is constant over time and object, i.e. t; = i. A t,Vi. This is not a too
strong assumption since continuous signals usually are sampled for representation in computer
memory and, if the discretization step is not constant, it can be changed by resampling the
time signal at the lowest time scale. Usually, in the literature, the term “time series” is devoted
to such discrete time and constant discretization step representation of temporal signals.

As the models we will develop here are independent of absolute time values, time instants
can most of the time be forgotten. So, in what follows, we will denote by (ag,ai,...,an) a
vector of instantaneous values defining a time series, without explicit reference to the time
instants t;, and we will identify elements of IR", time series of N time steps, and temporal
signals defined on the bounded interval {¢g,%1,...,txy_1}. Also, although we are essentially
dealing with the time series representation, we will however sometimes use the term temporal
signal to denote a time function corresponding to an attribute.*

10.3 Peculiarities of time series classification problems

A large diversity of problems can be imagined with temporal data in terms of the goal of
learning. Even restricting ourselves to time series classification, there are still many different

“Moreover, we will (non-orthodoxly) mix sequence, vector, and signal notation where we find it appropriate.



Figure 10.1: Four examples of patterns

possible behaviors that can characterize scenarios of one class with respect to other classes and
it is probably too ambitious to aim at building a single learning algorithm which would be able
to handle effectively every such kind of behavior. Therefore, we will build up our reasoning
here on a class of problems for which we suppose that it is possible to discriminate between
classes by extracting some elementary more or less local patterns from the temporal signals
corresponding to attributes and by combining these patterns into decision rules able to express
temporal relationships among them (from a simple temporal ordering of the patterns to a strict
temporal constraint on their relative start times).

More precisely, we define a pattern as a limited support signal that satisfies some properties
specified a priori (say in the form of a dictionary of elementary signals and a pattern generation
mechanism). A few examples of such patterns are given in Figure 10.1: a local maximum, an
increasing trend, a cycle, a decreasing step... These patterns play a similar role to the words in
the context of text mining, and we assume that it is possible to discriminate between different
classes of signals by expressing rules or models of moderate complexity formulated on the basis
of a small number of such local patterns.

Note that there are many problems that do not satisfy this locality requirement. For exam-
ple, a system that discriminates scenarios on the basis of the integration of a temporal attribute
(or, in the discrete case, by counting the number of occurrences of a symbol) is impossible to
model with only local characteristics. Nevertheless, many of these problems may be solved by
introducing new temporal attributes which are functions of the original ones and by detect-
ing some local patterns among these latter. For example, the integration or counting problems
may be solved by introducing a new attribute which computes the integration of new functional
attribute

a'(o,t) = /Ot a(o, T)dT

and which would present discriminative local characteristics for the problem under considera-
tion.

What we do not propose at this stage is a technique that would be able to automatically
build such functional attributes. Rather, we rely on the user for an a priori good choice of
attributes.

Even with this further restriction, the problem of temporal signal classification may be
difficult to solve directly with existing standard learning algorithms. What we call here a direct
(or naive) approach consists in sampling temporal signals at different moments and using these
newly extracted non temporal attributes to induce a model without taking into account their
temporal ordering. The limits of this naive approach will be evaluated in the next chapter
but, before looking at these results, let us analyze what would prevent such techniques to yield
good results with temporal data or equivalently what makes classification with temporal data
a challenging task (see also [Kad98] for a similar discussion).

e Variable number of features. We have seen that scenarios may be described on dif-
ferent intervals of time (¢f(0) and n(o) are in general variable from one object to another)
and thus sampling may result in a different number of features from one scenario to an-
other, which is impossible to tackle with most learning algorithms. Some solutions must
be imagined (e.g. truncation of larger signals or normalization of time before sampling).

e Large number of features. The number of non temporal attributes extracted by
sampling is equal to the number of temporal attributes times the number of time instants.



Figure 10.2: Different transformations of the same pattern

If the dynamics of the system are fast, the sampling period must be small in order not
to loose information. Hence the number of potential attributes may be high, thereby
increasing variance and overfitting.

¢ Different time or amplitude scale. Discriminative patterns may differ in amplitude
and duration but still represent the same local properties in the signal. For example,
it is clear that the three signals of Figure 10.2 represent similar behaviors (a maximum
immediately followed by a minimum) but the second one is obtained from the first one by
a linear transformation of amplitude and time scale while the third one is obtained by a
non linear transformation of these two axes. Thus, these signals may correspond to very
different attribute vectors (in terms of the euclidian distance) when discretized although
they may characterize scenarios of the same class.

e Shift invariant properties. If we are interested in an on-line model, the absolute
location in time of a pattern in a signal should not be relevant for classification (only the
relative distance between different patterns may be important). The representation of
such shift invariant properties is difficult with the naive approach.

e Temporal constraints. Pattern detections may need to be relied by strong temporal
constraints for classification purpose. These relationships may also be difficult to model
using traditional learning algorithms.

Because of their universal approximation properties, learning algorithms like decision trees and
neural networks are theoretically able to model the last three properties of temporal problems.
However, this is at the price of very complex models and thus only possible if the learning
set is large and if good care is taken to reduce the variance. Before proposing real temporal
approaches, the next chapter is devoted to approaches based on sampling which do not really
take into account the temporal ordering of attributes.

Note that the characteristics presented here are not the monopoly of temporal problems. For
example, image classification models are certainly facing the same problems, further amplified
in this domain by the additional dimension.

10.4 Test problems

While there are very large repositories of data sets which can be used to validate classical
algorithms (for example [Bay99]), there is not such a large choice of datasets in the temporal
domain, and hence many researchers rely on artificial problems. In this thesis, we use six
problems for the validation of our algorithms among which four are artificial. These datasets
are summarized in Table 10.1 in terms of the number of temporal attributes, number of classes,
number of time points (minimum and maximum if it is variable) and the total number of
scenarios. Notice that the literature on time series classification via automatic learning is for
the time being much more scarce than the literature on standard supervised learning, so we
have also incorporated in our datasets some which have been used by other researchers, so as
to allow us to compare some of our results with those obtained by others.



Table 10.1: Temporal data sets summary
Data set Nb. attributes Nb. classes Nb. instants #DB

CBF 1 3 128 796
CBF-tr 1 3 128 5000
Two-pat 1 4 128 5000
CC 6 1 60 600
Auslan 8 10 32-101 200
JV 12 9 7-29 640
Cylinder Bell Funnel

7.5

o M

-2.5]

Figure 10.3: An example of each class from the CBF dataset

The first four problems are the artificial ones, specifically designed to present properties
typical of temporal problems. With respect to the enumeration of the previous section, CBF
is mainly characterized by amplitude and time scale invariant properties. CBF-tr is a variant
of this problem which emphasizes the shift invariant property (already present in the CBF
problem). In Two-pat, the combination of several patterns is necessary for classification. These
problems are described below in quantitative terms. The exact way datasets are generated is
reported to Appendix B.

Cylinder-Bell-Funnel (CBF)

This problem was first introduced in [Sai94] and then used in [Man97, Kad99, AR00] for vali-
dation of time series classification systems. There is only one temporal attribute and the goal
is to separate three classes of objects: cylinder(c), bell(b), and funnel(f). Figure 10.3 shows an
example of each class. Each class is characterized by a specific pattern. The cylinder® class is
characterized by a plateau, the bell class by an increasing (linear) ramp followed by a sharp
decrease, the funnel class by a sharp increase followed by a decreasing ramp. To catch some
typical properties of the time domain, the start time, the duration, and the amplitude of the
pattern are randomized from one scenario to another. A random additive independent Gaussian
noise is added to each time point. Note that because of this noise, the residual error in this
problem is not necessarily null. As in [Man97], we generate 266 examples for each class.

CBF-translated

Although the start times of patterns are randomized in the CBF problem, the pattern is still
always more or less centered in the time interval. In order to enable us to study the robustness
of some of our algorithms to cope with shift-invariant properties, we have generated another
version of the same dataset by emphasizing the temporal shifting of patterns. In this variant,
the durations of patterns are less variable than in CBF but their start time is much more
randomized. Figure 10.4 shows several examples of the bell class. This problem should be
harder for non temporal approaches than the original CBF problem.

5To our knowledge, the names of the class do not refer to some application; they probably are related to the
geometrical shape of the signals.
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Figure 10.4: Three instances of the bell class in CBF-tr problem

As this dataset will be used for bias/variance computation, we draw a large dataset of 5000
cases which will be divided into a pool set of size 4000 and a test set of size 1000.

Two pattern (Two-pat)

The CBF and CBF-tr problems present some typical properties of the temporal domain but the
classification of temporal signals is based on the detection on single simple patterns. In some
problems however, it is necessary to combine the occurrence of several patterns for classification.
To validate our algorithms with respect to such cases, we designed a simple artificial problem
where a class is characterized by the occurrence of two patterns in a definite order. We will call
this problem the Two-pat problem.

The problem is characterized by a single temporal attribute and four classes of signals.
Figure 10.5 shows one element of each class. Two different patterns are used to define classes:
an upward step (which goes from -5 to 5) and a downward step (which goes from 5 to -5). Class
UU corresponds to the succession of two upward steps, UD to the succession of an upward
step and a downward step, etc. By defining classes in this way, it is necessary to detect the
strict succession of patterns to distinguish elements of the class DU from elements of the class
UD. The positions and durations of the patterns are randomized (but in such a way that they
never overlap). Around patterns, the signal is characterized by a independent Gaussian noise
(of mean 0 and unit standard deviation). Note that in this problem, because there is no noise
on the pattern and because the noise level is rather small with respect to pattern levels, the
residual error is negligible. However, we expect this problem to be especially difficult to handle
with classical (non-temporal) learning algorithms.

Like CBF-tr, this problem will be used for bias/variance computation and hence a large
dataset of 5000 scenarios is generated.

Control chart (CC)

This data base was proposed in [AM99] to validate clustering techniques and used in [AR00] for
classification problems. Objects are described by one temporal attribute and classified into one
of six possible classes: normal, cyclic, increasing, decreasing, downward and upward. Figure
10.6 shows two scenarios of each class.. What makes this problem challenging for clustering
or classification algorithms in the temporal domain is that some pairs of classes are difficult to
separate (cyclic and normal, upward and increasing, downward and decreasing).
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NORMAL INCREASING UPWARD
a0+ 50 50
a0 40
e 5 g
< <
0 30
20 T T T T T | 20+ T T T T T | 20 T T T T |
o 10 20 20 ) 50 0 o 10 20 0 0 50 60 ¢ 10 B 20 50 60
t t t
CYCLIC DECREASING DOWNWARD
504 404 w0
304
404 301
= 204 —_
30 “:(3: é’, 20
10
204 10
10 T T T T T 1 T T T T T 1 o T T T T 1
[} 10 20 30 40 50 60 o 10 2 30 4 50 60 [ 10 20 30 50 60

Figure 10.6:

Two examples of each class from the CC dataset



The dataset was obtained from the UCI KDD Archive [Bay99] and contains 100 objects of
each class. Each time series is defined by 60 time points.

Japanese vowels (JV)

This dataset is also available in the UCI KDD Archive and was built by Kudo et al. [KTS99] to
validate their multidimensional curve classification system. The dataset records 640 time series
corresponding to the successive utterance of two Japanese vowels by nine male speakers. Each
object is described by 12 temporal attributes corresponding to 12 LPC cepstrum® transform
coefficients. Each signal is represented in memory by between 7 to 29 time points. The goal of
machine learning is to identify the correct speaker from this description.

Australian sign language recognition (Auslan)

This dataset was generated by Kadous [Kad99] to validate a time series classification system
and used by [AR00]. He recorded instances of the Australian sign language (the language
of the Australian deaf community, called Auslan) using an instrumented glove. There are ten
classes corresponding to ten different words. Each example is described by 8 temporal numerical
attributes: the x, y, and z positions of the hand, wrist roll, thumb, fore, middle, and ring finger
bend. The number of time points in each example is variable and ranges between 32 and 101.

10.5 Existing approaches for time series classification

The problem of time series classification has been approached by many researchers from a
very broad spectrum of origin: statistics, machine learning but mainly engineering community.
However, most of the literature in this domain is applicative and proposes techniques which
do not generalize directly to other domains or which need a lot of preprocessing to be applied.
Because of this very large spectrum of techniques, the literature is difficult to appraise. So,
the brief review given below is at best superficial and certainly incomplete. The goal of this
discussion is more to give some idea of the different approaches that exist but that we have not
deepened in our search for a general method. Approaches more directly related to our work
will be discussed at the end of each chapter.

A very large spectrum of methods for time series classification originate from the speech
recognition community. Another application domain for time series classification which presents
similar problems and hence solutions is handwriting recognition (where time series record the
time varying positions of the hand or the pencil when writing). In these fields, the approach
generally adopted is to model the probability density function of the attributes in each class.
It is assumed that the signal in each class has been generated by some stochastic process. A
model for this stochastic process is learned for each class and then to classify a new scenario, the
probability that it has been generated by the model corresponding to each class is computed and
the one which has the most probably generated the signal is chosen. Generally, a parametric
form is chosen for the model and the parameters of this model are learned from the data.
There exist many different techniques to model stochastic processes. The most widely used
models in speech recognition are certainly hidden Markov models (see [Rab89] for a tutorial).
In such models, it is assumed that the signal at each time step is generated from a distribution
conditional of a hidden state random variable which value evolves in time following a first
order Markov hypothesis (the state at time ¢ directly depends only on the state at time ¢ — 1).
Much of the recent works in this domain tries to circumvent the limitation of the hypotheses
of a simple hidden Markov model (for recent development in HMM-based models see [Ben99]).
To model stochastic processes, another method is to take advantage of the many predictive
models which have been proposed for time series prediction. These models give a probability
distribution on the next value of a time series given the previous values and hence are also

5This is a special transform often used in speech recognition.



models of a stochastic process (for a review of predictive models and their use for speech
recognition see [Gal98]). Generally, the design of models for stochastic processes uses a lot of
a priori information (see [Ben99]). When the model is complex (contains a lot of parameters),
this information is even necessary to keep learning algorithms efficient and avoid the problem
of overfitting.

Although natural for problems like speech recognition, this approach is not economic since
it supposes to model the whole process in each class. On the other hand, discriminative ap-
proaches focus directly on a modeling of the classification frontier. The usual approach for time
series classification is to extract a set of features and use existing learning algorithms to solve
the classification problem. Since using the initial low-level attributes corresponding to each
time point is often not appropriate (see the discussion of Section 10.3 and experiments of the
next chapter), some techniques may be used to reduce the dimensionality of the problems by
selecting good attributes for classification purpose. The simplest way is to use prior informa-
tion about the problem to manually define useful attributes for classification. This approach is
for example adopted in [SLCM98] for a robot learning problem. There exist however general
feature extraction techniques such as principal component analysis (PCA) which can be used
for time series classification. For feature extraction, one can also take advantage of the many
techniques of time series analysis which compute global characteristics of a time series in terms
of various statistics and parameters of predictive models (see [BJ76, WG94]). For a review of
feature extraction and selection for time series classification, see for example [Has00] and the
references therein. For time ordered data, a common approach is also to apply some transform
like Fourier transform [Shu82] or wavelet transform [Sai94] and use the transformed signal for
classification. According to the particular application domain, one or several of these feature
extraction techniques may be useful for classification and often it requires a lot of trials and
errors to find the appropriate feature subsets. In this phase, one can also use automatic feature
selection techniques (like in [KJ97]) but these techniques do not tell us which initial (large) set
of features to choose.

With respect to all this literature, the problem of time series classification has received
little specific attention from the machine learning community. Few people have tried to design
learning algorithms to solve the time series classification problem. There exists nevertheless
some recent works [Man97, Kad99, KTS99, AR00, Ols0la]. With respect to the approach
described above, the main difference is logically the focus on the induction of interpretable
models and the use of as little as possible knowledge about the application problem. The way
to satisfy these objectives is generally to automatically extract features which are used by a
standard automatic learning algorithm. So as to yield a general approach, these features are
typically automatically adapted in some way to the data. As they are more strongly related to
our work, these approaches will be discussed individually in the related work section of Chapter
12.

10.6 Conclusion

In this chapter, we have introduced the time series classification problem and the underlying
hypothesis of our approach in this thesis. Our goal in this thesis is to design general approaches,
which do not rely on any a priori knowledge about the application domain. In the next two
chapters, we tackle this objective in two ways:

e Chapter 11 is devoted to techniques which use only low-level attributes while making
very few hypotheses about the ordering of these values. We first apply in this context
the variance reduction techniques discussed in the second part of the thesis. Then, we
propose a new technique to reduce bias and variance in the context of time series data.
The goal of these experiments is to show that the time series classification problem is
indeed difficult and its solution needs specific algorithms.

e Chapter 12, on the other hand, proposes to extend the set of candidate tests used in



decision tree induction so as to make possible the explicit detection of temporal patterns
in time series. The resulting algorithm gives interpretable rules but the price to pay is a
decrease of accuracy with respect to dedicated variance reduction techniques.

Although they already provide interesting results, both these approaches only constitute first
steps in the goal of building accurate and interpretable methods for time series classification.
The main goals of the research presented in this part of the thesis is to open up the domain
and give interesting directions for future research. In our conclusion we will give some idea
about how we hope to extend our results to the treatment of other complex structured data in
machine learning.



Chapter 11

Time series classification with
low-level attributes

In this chapter, we tackle the time-series classification problem by the use of classical learning
algorithms with low-level features. First, several algorithms are tested on non temporal attributes
ertracted from time-series by simple sampling approaches. Then, a new method is investigated
which reduces both bias and variance by classifying subsequences instead of the whole time-series.

11.1 Introduction

In this chapter, we will experiment with methods that handle directly low-level features with
classical learning algorithms. This is certainly the simplest and most direct approach since it
does not demand to build new automatic learning algorithms or to extend existing ones. The
motivations for such a study are twofold: first, show that temporal problems are often more
difficult than non-temporal problems and thus justify the interest in them, second highlight
the shortcomings of these approaches and thus narrow our future research in this domain in
consequence.

We consider two ways to use a classical learning algorithm with numerical attributes ex-
tracted from time-series:

e Simple sampling approaches: the simplest way to extract numerical attributes is certainly
to sample the time series at equally spaced instants. Another method is proposed which
divides the time series into non overlapping equal length segments and uses the average
on each segment as candidate attributes.

e Segment and combine: this method starts by segmenting the original time-series into
overlapping subseries of a given length, then builds a model for the classification of such
subseries (using low-level attributes and standard automatic learning methods), and then
classifies a new scenario by aggregating the predictions given by this model for all its
subseries. Although this approach uses low-level features as well, it takes advantage to
some extent of the temporal structure of the problem; we will show that it improves
results very significantly with respect to the first class of methods.

11.2 Simple sampling approaches

The simplest way to use classical automatic learning methods for temporal signal classification
is to extract some simple scalar feature sets from signals and then consider them as candidate
input attributes for learning a classification model. In this section, experiments are carried out
with two very simple sets of features:

e Sampled values of the time series at equally spaced instants. To handle time series of
different durations, time instants are taken relative to the duration of the scenario. More
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Figure 11.1: Sampling and segmentation on the CBF-tr problem with single trees

precisely, if n is the number of time instants to take into account, each temporal attribute
A gives rise to n scalar attributes given by: A(o,tf (o)nL_'l), 1=20,1,---,n—1. In practice,
to compute these values from the time series representation, the signals are interpolated
in a linear fashion between two successive time points ;.

e Segmentation of the time interval and averaging (also proposed in [Kad99]). The time
axis of each scenario is divided into n segments of equal length and the average value of
each temporal attribute along these segments are taken as attributes. In practice, a time

series (ag,a1,-..,an—1) is described by the n following numbers:
(i+1) X -1
n
&i:N a;,t =0,1,...,n—1, (11.1)
j=if

when N is a multiple of n (otherwise the last segment receives the remaining time points).

These two approaches give n - m scalar attributes from m temporal ones. Note that the second
approach exploits the temporal ordering of values to compute the average on each segment and
so is doing some noise filtering.

In the first group of experiments, the effect of these two sets of low-level attributes in
terms of bias and variance are computed on the CBF-tr and Two-pat problems. Then, further
experiments are carried out on the remaining problems. Three classes of methods are tested:
single decision trees, variance reduction techniques (boosting and extra-trees averaging), and
the one-nearest neighbor rule.

11.2.1 Bias/variance study
Decision trees

We first build decision trees with these two feature sets. Figures 11.1 and 11.2 plot Tibshirani’s
bias and variance terms for increasing number n of non temporal attributes, respectively on
the CBF-tr and Two-pat problems, left with sampling and right with segmentation. In each
problem, 50 learning samples of size 300 are drawn from a pool sample of 4000 case and bias
and variance terms are estimated from a test sample of size 1000. Trees are fully grown.

One can observe from the figures that bias monotonically decreases with n and variance
increases, except for the Two-pat problems and the attributes obtained by segmentation where
bias increases for large values of n. Overall, the figures show that there exists an optimal value
of n which realizes the best tradeoff between bias and variance. The bias/variance profile corre-
sponding to this optimum is reported in Table 11.1 in each case (the value of n corresponding to
this optimum is in the first column). The approach by segmentation is in each case significantly
better than the approach by sampling, mostly from the point of view of bias. In both problems,
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Figure 11.2: Sampling and segmentation on the Two-pat problem with single trees

Table 11.1: Both sampling strategies with single trees on CBF-tr and Two-pat
|| Mean error | compl | biast | varr | vargw | Errp | biasfs | varp
CBF-tr (single trees)

sampling (n = 64) 0.2575 62 0.0730 | 0.1845 | 0.1735 | 0.1717 | 0.0560 | 0.1157
Segmentation (n = 16) 0.2023 71 0.0540 | 0.1483 | 0.1378 | 0.1349 | 0.0431 | 0.0918
Two-pat (single tree)

Sampling (n = 16) 0.4744 139 0.2770 | 0.1974 | 0.2637 | 0.2372 | 0.1054 | 0.1318
Segmentation (n = 8) 0.3512 128 0.1090 | 0.2422 | 0.2193 | 0.1756 | 0.0660 | 0.1096

the variance is high. But the bias is also high, especially on the Two-pat problem. This high
bias is also present for the highest value of n, although, in this case, all the information available
in the dataset is provided to the decision tree learner.

The high bias of decision trees is here due to the fact that on the one hand the relationship
between the low-level attributes and classes can be represented accurately only by very complex
decision trees, and on the other hand the rather small sample sizes used here (300) strongly
bind the complexity of trees induced by learning. Note that the shift invariant properties of the
two problems are certainly the first responsible of the complexity of the relationship between
these low-level attributes and classes (we will further discuss this issue in Section 11.2.3).

Extra-trees and boosting

Since variance and bias are high, it seems to be a good idea to repeat the experiment with extra-
tree averaging and boosting (which can reduce both bias and variance). Since segmentation
is better than sampling, we report here only the results obtained with this approach. Table
11.2 shows the bias/variance profile corresponding to the optimum of error with respect to the
number n of segments. In both cases, 25 trees are averaged.

With respect to a single decision tree, the improvement of error with the two techniques
is important (especially on the CBF-tr problem) and is mostly due to a reduction of variance.

Table 11.2: Segmentation with extra-tree averaging and boosting on CBF-tr and Two-pat

||Mean error|comp1| biasT | varr |varKW| Errp | biasja | varp
CBF-tr (segmentation)
Single tree (n = 16) 0.2023 71 10.0540(0.1483|0.1378 |0.1349(0.0431|0.0918
Extra-tree avg. (n = 32) 0.0666 5766 [0.0390(0.0276| 0.0376 |0.0576|0.0506 | 0.0070
Boosting (n = 32) 0.0863 857 10.0410(0.0453| 0.0538 |0.0710|0.0621|0.0089
Two-pat (segmentation)
Single tree (n = 8) 0.3512 128 10.1090|0.2422|0.2193 |0.1756|0.0660 | 0.1096
Extra-tree avg. (n = 8) 0.2357 8833 {0.0810]0.1547|0.1526 | 0.0908 | 0.0777{0.0131
Boosting (n = 8) 0.2621 953 |0.1070{0.1551| 0.1645 {0.1045|0.0943|0.0102




Table 11.3: Segmentation with 1-NN on CBF-tr and Two-pat
||Mean error|comp1| biast | varr |VaI‘Kw| Errp | bias?s | var p
CBF-tr (segmentation)

Extra-tree avg. (n = 32) 0.0666 5766 |0.0390(0.0276| 0.0376 |0.0576 | 0.0506 | 0.0070
1-NN (n = 32) 0.0429 - 0.0170(0.0259 0.0277 | 0.0286 | 0.0101 | 0.0185
TWO-PAT (segmentation)
Extra-tree avg. (n = 8) 0.2357 8833 {0.0810]0.1547|0.1526 | 0.0908 | 0.0777{0.0131
1-NN (n =8) 0.2222 - 0.0780]0.1442| 0.1439{0.1111|0.0392|0.0720

Notice that, like in our experiments of Chapter 7, extra-trees yield also here lower error rates
than boosting. However, even with this strong reduction of variance, bias and hence error
remains quite high on both problems. We conclude that these techniques do not succeed in
decreasing sufficiently the high bias of decision trees for these problems, because they are still
limited by the small size of the induced trees in comparison to the number of low-level attributes
which would be needed to classify these signals.

1-NN

One method which could possibly cope with a large number of relevant low-level attributes
is the nearest neighbor technique. Indeed, provided that the vectors of low-level attributes
corresponding to different classes of signals are farther away from each other than the vectors
of the same class, this method is not directly sensitive to the dimension of the input space. So,
it is interesting to try this method in this context. Table 11.3 compares 1-NN! with extra-tree
averaging (which yields the best result so far). Again, the value of n reported in the table is the
one which minimizes the error. The improvement with respect to extra-trees is quite important
and is almost only due to a reduction of the bias. Still, the error rates obtained in the case of
the Two-pat problem are very high (22%, to be compared with a residual error of 0%).

11.2.2 Further experiments

These two sets of attributes have been tried on the other four problems described in section 10.4
as inputs to the same four learning algorithms. Results in terms of error rates are summarized
in Table 11.4. Each line corresponds to a dataset and one sampling approach. Error rates were
obtained by ten-fold cross-validation for the CBF, CC and Auslan problems (in which case the
result is given in terms of the mean error rate and the standard deviation of this error) and by
validation on an independent test set of size 370 for JV2. For each method, the error which is
reported is the minimum of error with respect to n®. The value of n which realizes this error is
also reported in the table for each method. The best result in every row is boldfaced.

There are several things to say about this experiment. Like for the first two problems, there
exists an optimal value of n which corresponds to the best tradeoff between bias and variance
and this value is different from one method to another on the same problem. For the CBF and
CC problems, segmentation rather than simple sampling is highly beneficial while on the two
other problems, the difference is less pronounced. This can be explained by the presence of an
independent Gaussian noise on the CBF and CC problems which is somehow filtered out by
segmentation.

Decision trees do not work well but extra-trees averaging and boosting are quite effective.
1-NN is still the best method on CC and CBF but it is beaten by extra-tree averaging on JV
and Auslan. On CC, CBF, and JV, the best error rates we get with this simple approach are
very good with respect to previously published results on these problems (i.e. with dedicated

With respect to the algorithm described in Chapter 2, we do not normalize attribute values before computing
the distance.

2This division was suggested by the donors of this dataset [KTS99].

3n is chosen in {3,5,10,30,60} on CC, in {8,16,32,64,128} on CBF , in {2,3,5,7} on JV, and in
{2,4,8,10,16,24} on Auslan.



Table 11.4: Results with simple sampling methods (error rates in % =+ the standard deviation)

Single trees | Rand. tree avg. Boosting 1-NN

Datasets Err. n Err. n Err. n Err. n

CC - sampling || 6.83 &+ 2.29 |60| 1.67 £+ 0.75 |30|1.50 £ 1.17|60| 1.83 £+ 1.38 | 60
CC - segment. 3.50 + 2.52 {10 1.17 &+ 1.50 |10| 1.50 £+ 1.38 |10|0.50 + 1.07]| 10
CBF - sampling || 7.33 £+ 2.49 (64| 2.25 £ 1.34 32| 2.17 + 1.83 |64|1.16 £+ 1.30|128
CBF - segment. || 2.67 +1.33 |16 0.88 + 1.26 |32| 0.67 £+ 1.11 |16|0.50 + 0.76| 16
JV - sampling 14.59 3 2.97 2 5.14 3 3.24 2
JV - segment. 12.97 3 4.05 2 6.22 5 3.51 2
Auslan - sampling||16.00 + 8.31| 8 {6.50 + 5.50|16| 7.50 + 4.03 |10|11.00 £+ 5.83| 16
Auslan - segment. ||21.50 + 9.50| 4 {5.50 £ 3.50| 8 | 8.50 £ 4.50 | 4 | 8.00 £ 6.00 | 4

temporal approaches). On JV, the fact that the best results is obtained by sampling with only
two values (measured at the beginning and the end of each scenario) shows that in this problem,
the trajectory of the signal is not important for classification and hence improvement will be
difficult to obtain with temporal approaches.

Notice that in our reporting of experiments, we have selected the best value of n on the
basis of the results on the test sample. Note that, in practice, however, this value should be
fixed, either by cross-validation from the learning sample or from an independent validation
sample, and certainly not on the basis of the test sample.

11.2.3 Discussion

The results with the simple sampling approaches are not plainly satisfactory. In some prob-
lems, we get very good results but in other problems, like CBF-tr and Two-pat, which present
typical properties of the temporal domain by construction, the results are far from good even
when applying boosting and extra-tree averaging. Also, the best method in terms of accuracy
is in several problems the 1-NN method, which has several other well-known drawbacks (in
particular the necessity to store the database for prediction and the large computation times
required during prediction) which reduce the practical interest of this technique in the context
of automatic signal classification tasks which often have some strong real-time constraints.

Another drawback of these approaches based on low-level attributes is that they do not
provide interpretable models, which would be useful in order to help a human expert to under-
stand the differences between the different classes of signals. Indeed, among the four studied
methods, only decision trees would in principle be able to provide such interpretable results.
However, in the present context, their interpretability is very questionable because of the choice
of low-level attributes. Indeed, how to understand for example a rule like “if a(0,32) < 2.549
and a(0,22) < 3.48 then c(0) = bell” which was induced from the CBF dataset 7 Although
very simple and accurate, this rule does not make obvious the temporal increase of the signal
peculiar to the bell class (see Figure 10.3).

The lack of accuracy and interpretability with decision trees comes from the fact that some
very simple and common temporal features are not easily represented as a function of such at-
tributes. For example, consider a set of sequences of n random numbers in [0, 1], {a1, a2, ..., an },
and classify a sequence into the class ¢; if three consecutive numbers greater than 0.5 can be
found in the sequence whatever the position. With a logical rule inducer (like decision trees)
and using a1, as,...,a, as input attributes, a way to represent such a classification is the fol-
lowing rule: if (a; > 0.5 and a2 > 0.5 and ag > 0.5) or (a2 > 0.5 and a3 > 0.5 and a4 > 0.5)
or ... or (ap—2 > 0.5 and a,—1 > 0.5 and a, > 0.5) then return class ¢;. Although the initial
classification rule is very simple, the induced rule has to be very complex. This representation
difficulty will result in a high variance of the resulting classifier and thus in low accuracy and
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Figure 11.3: Illustration of the segment and combine approach for time series classification
(with L=5)

poor interpretability. The use of variance reduction techniques like boosting or extra-trees will
not be enough to restore the accuracy. In the next section, we propose a new variance reduction
technique which is more adapted to temporal data.

11.3 Segment and combine approach

There are two problems in using low-level features with decision trees. When the number n of
features is small, the variance is small but the bias is very high. On the other hand, when n is
large, the variance is high but the bias is also high because it is difficult to represent scale and
shift invariant properties with low-level attributes and further the tree complexity is limited by
the learning sample size. So, all in all, the optimal value of n does not give good classifiers.

In this section, we propose another technique to control the bias/variance tradeoff which
is based on subsignals classification. The idea is to segment a scenario into all its overlapping
subsignals of a given length L, derive a model to classify these subsignals on the basis of low-
level attributes and then combine the predictions given by this model for all the subsignals of a
scenario to make a prediction. We call this approach “segment and combine”. The algorithm
is described in Section 11.3.1 and then validated on our test problems in Sections 11.3.2 and
11.3.3. In Section 11.3.4, we show that some interpretable results may be extracted when
subsignals are classified by decision trees.

11.3.1 Algorithm
Learning stage

Table 11.5 describes the algorithm which builds a model for subsequences from a learning
sample. This algorithm explicitly assumes that temporal attributes are represented by time
series with a constant discretization step At. A window of L time points is defined and moved
along the time axis to extract all subsequences of L time points from every scenario of the
learning sample (see Figure 11.3). Each subsequence receives the classification of its parent
scenario and a learning algorithm is used to build a model of this relation. Any learning



Table 11.5: learning the subsignals classification model

Given a learning set LS, a length of subsignals L and a learning algorithm:

e Compute the set of all subsequences of size L appearing in each scenario o € LS:
SubL(o) = {(A(O, ti),A(O, ti+1), ...,A(O, ti_|_L_1))|i = O, 1, e 7TI,(O) — L}, (11.2)
and the set of all subsequences of size L appearing in the learning set:

Subr(LS) = ) Subr(o) (11.3)
o€eLS

Each object generates n(o) — L + 1 subsequences. Each subsequence is fully described by
m - L different numbers (where m is the number of temporal attributes)

e Give to each subsequence of Suby(LS) the classification of the source scenario.

e Use the learning algorithm to build a model fg,;, (1s) which reproduces this latter clas-
sification using the m - L numbers as input attributes.

Table 11.6: Test procedure with the segment and combine approach

Given a scenario o and a classification model f,p, (.s) for subsignals of length L
e Compute the set Suby (o) of all subsequences of size L appearing in the scenario o € LS;

¢ Classify each subsignals s in suby (o) with the model and aggregate these predictions:

frs(o) = a’ggrsESubL(O){fSubL(LS)(3)} (11.4)

algorithm could be used in this goal. Input attributes used by this algorithm are all the m - L
numbers which describe the subsequence in the time-series representation.

Prediction stage

This model is then used to classify new scenarios as described in Table 11.6. The tested scenario
is splitted into all its subsignals of length L and its classification is obtained by aggregating the
predictions given for each of these subsignals (see Figure 11.3). Possible aggregation operators
are majority vote among the predictions of subsignals or average of conditional class probability
estimates assuming the learning algorithm provides such estimates. In our experiments with
decision trees, we will only use averages of probability estimates.

With respect to simple sampling approaches, subsequences are here always represented by
low-level features at the highest resolution (corresponding to the time step of the time-series
representation). The variance is regulated by modifying the length of subsequences. Indeed,
when L decreases, the number of features which is proportional to L decreases and the number
of subsequence forming the new learning sample increases. Both these effects should reduce the
variance. On the other hand, bias should increase when the length of the subsequence decreases.
In the limit case where L is equal to the number of time points, only one subsequence is extracted
from each scenario and this method is strictly equivalent to the sampling approach with the
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Figure 11.4: bias/variance evolution with the subsequence length L left on the CBF-tr problem,
right on the Two-pat problem

Figure 11.5: A signal and three subsequences extracted from it.

maximum number of time points. Notice that, although this method yields a computational
overhead with respect to standard trees, its prediction stage remains intrinsically very efficient.

11.3.2 Bias/variance study

We first carried out experiments on the CBF-tr and Two-pat problems in computing bias and
variance. As subsequence classification algorithm, we use fully grown trees. Since the set of
all subsequences, Subr(LS), may be very large (especially when L is small), its size is limited
to 5000 in our experiments. So, If the number of subsequences exceeds 5000 cases, then 5000
samples are randomly drawn from the whole set to build the model.

Figure 11.4 plots Tibshirani’s bias and variance terms with respect to the subsequence
length L, left on the CBF-tr problem, right on the Two-pat problem. As expected, the bias
decreases when the subsequence length increases. However, even for large values of L (close to
the maximum number of time points), it is much lower than the bias which is obtained when
L is maximum (i.e. exactly matches the number of time points).

The evolution of the bias may be explained by an example. Let us suppose that a scenario
is characterized by the pattern at the top of Figure 11.5 which actually may appear at every
position in the signal. Figure 11.5 shows three smaller subsequences extracted from the initial
scenario. These subsequences correspond to three different positions of the pattern. Segment



Table 11.7: Best results with the S&C approach on CBF-tr and Two-pat
||Mean error|comp1| biast | varr |VaI‘Kw| Errp bias?s | var p |

CBF-tr

Extra-tree avg. (n = 32) 0.0666 5766 |0.0390/0.0276| 0.0376 |0.0576|0.0506|0.0070

1-NN (n = 32) 0.0429 0.0170]0.0259 0.0277]0.0286 |0.0101 | 0.0185

S&C (L = 96) 0.0272 622 |0.0180(0.0092| 0.0135 {0.0280{0.0244|0.0036
Two-pat

Extra-tree avg. (n = 8) 0.2357 8833 {0.0810]0.1547|0.1526 | 0.0908 | 0.0777{0.0131

1-NN (n =8) 0.2222 - 10.0780{0.1442 0.1439|0.1111|0.0392|0.0720

S&C (L = 96) 0.0499 1015 |{0.0100]0.0399| 0.0390 [0.0400|0.0320|0.0080

and combine is thus a way to augment the learning sample with shifted versions of the initial
signals. This increase of the learning sample allows to build more complex decision trees which
are more tolerant to the shifting of patterns and hence this translates to a reduction of the bias.
When L is small, subsequences do not contain enough information about the patterns and the
bias is more important and when L is very large, subsequences are very close to the initial
scenario and hence the bias increases as well. Note that on the CBF-tr problem, the minimum
of the bias appears earlier than on the Two-pat problems. Indeed, from our knowledge of the
problem, it is clear that the CBF-tr may be resolved by looking only to small portions of the
scenario. However, for the Two-pat problem, a larger portion of the signal must be observed
(at least some parts of the two patterns must be seen to classify a scenario).

On the other hand, the variance decreases when L decreases but at some point it also starts
increasing. Indeed, for small values of L, it is difficult to separate subsequences of different
classes and the model gives class probability estimates which are close to the decision frontier.
So, the final decision for a tested scenario may easily goes from one class to another according
to the particular learning set choice and this yields a high classification variance.

All in all, there exists an optimal value of L which realizes the best bias/variance tradeoff.
The bias/variance profile corresponding to this value on both problems is reported in Table
11.7. For comparison, the best errors obtained by extra-tree averaging and 1-NN are reported
in the same table. The improvement obtained with segment and combine is very impressive,
especially on the Two-pat problems. It comes from the reduction of both bias and variance.
Another advantage of this technique is that the decision tree that classifies subsequences is very
small with respect to the size of the set of extra-trees. With respect to 1-NN, a scenario is also
classified in much less time and this classification needs only access to a rather compact set of
trees.

11.3.3 Further experiments

We carried out further experiments on the other problems, with fully grown trees and with
extra-tree averaging. The same limitation to 5000 of the number of subsequences for learning
was applied. Table 11.8 reports the best result according to L* for each problem and method.

Like for the CBF-tr and Two-pat problems, the value of L which realizes the best com-
promise on each problem is close to the maximum length of the scenarios. Thus, from our
experiments it looks as if it was sufficient to take the length L a little bit (say 30%) smaller
than the maximal length of the scenarios to improve significantly the results. Whether this
remains true in a broader context remains to be investigated.

With respect to the direct use of low-level attributes with single decision trees, the improve-
ment with segment and combine is very important on all problems. On CC and Auslan, segment
and combine with single trees also improves the accuracy with respect to extra-trees and 1-NN
with sampling approaches. On CC, the improvement is not very important since the error was
already close to the minimum with 1-NN. On Auslan, however, the improvement is important

*L is chosen in {3,5,10,30,45,60} on CC, in {8,16,32,64,96,128} on CBF , in {2,3,5,7} on JV, and in
{2,4,8,10,16,24} on Auslan.



Table 11.8: Results with S&C on small datasets (error rates in % =+ the standard deviation)

Datasets S&C with single trees|S&C with Extra-tree avg.
Err. L Err. L
CC 0.33 £ 0.67 30 0.66 + 0.82 45
CBF | 1.50 + 1.46 96 1.25 + 1.37 96
JV 7.84 5 2.16 2
Auslan |3.00 £+ 4.00 16 1.00 £ 2.00 24

(from 5.5% to 3% error rate). On the other hand, on CBF and JV, extra-trees or 1-nn with
sampling give better results than segment and combine with decision trees. Nevertheless, a
more powerful learning algorithm can be used in combination with segment and combine to
further improve the results. To see if something can be gained this way, we ran segment and
combine with extra-tree averaging (of 25 trees) in the same conditions on all problems. On
CBF and CC where we already get almost perfect score with simple sampling or segment and
combine with single trees, the use of extra-trees does affect accuracy. On JV, with subsequences
of length 2, the error rate becomes 2.16%. On Auslan, the error rate was reduced to 1 + 2%
with a subsequence length of 24. This shows that further improvements are still possible with
this algorithm.

11.3.4 Interpretability

Some authors [Oat99, DLM*98] have proposed methods to extract a small subset of relevant
subsequences from a set of time series (or a long one) which then can be used for different
purposes, e.g. classification or rule discovery (i.e. finding small groups of subsequences which
frequently appear together in a time series). As the number of such subsequences can be very
huge, these authors have proposed to first use clustering to find relevant prototypes among
subsequences. They fix a subsequence length, L, and use a distance measure (e.g. Euclidian
or dynamic time warping, which is a distance measure between time series invariant to change
in time scale) and a clustering algorithm (e.g. k-means) to cluster all time series subsequences
of length L. The relevance of these prototypes for a given purpose is then assessed a poste-
riori. If we want to find useful subsequences for classification, there are two drawbacks with
this approach: we do not know the right number of clusters and we are not ensured to find
discriminative patterns with non-supervised clustering.

Actually, a side result of segment and combine with decision trees is that it provides a
clustering of subsequences. Indeed, to some extend, a decision tree gives a partition of its input
space into regions where the classification is constant. In the context of segment and combine,
objects which are classified by the decision trees are subsequences of a given length L. So, each
branch of the tree tries to characterize a set of subsequences which are representative of one
class. Therefore, at no additional cost, the decision tree classifier gives clusters of subsequences
which are as pure as possible in terms of the output classification variable. To visually inspect
these clusters, a prototype can be computed by averaging the subsequences which reach a
terminal node (attributes per attributes and time points per time points).

To illustrate this idea, we have built a tree for classifying subsequences of length 32 on the
CBF problem. This tree was fully grown from 2500 subsequences extracted from a learning
sample of size 500 and then pruned from 2500 other subsequences. Figure 11.6 shows the
four prototypes corresponding to the four terminal nodes which contain the largest number of
subsequences. The majority class in this node is given on the top of the prototype, as well as
the number of subsequences of this class and the total number of subsequences in the node.
When the node is not pure, only elements of the majority class have been used to compute
the prototype. The first prototype corresponds to a “garbage” node which contains actually
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Figure 11.6: Four patterns extracted from a decision tree on the CBF problem

about the same number of elements each one of the tree classes; the bell class happens to be the
majority class in this node, but the pattern corresponding to the subsequences arriving at this
node is characteristic of no particular class. The interpretation of the other three terminal nodes
is straightforward. Each one of them corresponds to one of the three classes and the degree
of purity is very high. Also, the prototypes extracted from the corresponding subsequences
exactly correspond to the patterns which are used to define the different classes in this problem
(see Section 10.4 and Figure 10.3).

Although prototypes in Figure 11.6 are interpretable on this problem, this technique nev-
ertheless assumes that there exist patterns typical of one class. For problems like Two-pat
where several patterns have to be combined to classify scenarios, this technique does not give
interpretable results.

11.3.5 Related work

The algorithm proposed here can be seen as a combination of jitter and the dual perturb and
combine algorithm proposed in the first part of this thesis. Indeed, every subsequence appearing
in a time-series may be seen as a perturbation of the initial time-series (at least for large value
of the length L). Like in jitter, the learning sample size is increased by the introduction of new
perturbed learning cases. Like in dual perturb and combine, the prediction of a new case is
obtained by aggregating the predictions given for several perturbations of it. Eventually, like
for these two methods, the noise level (here, the length of the subsequence) regulates some
bias/variance compromise.

At least two recent papers propose similar algorithms both of them for image classification
in the context of handwriting recognition:

¢ in [FH0Oa], a new scheme for character classification is proposed which consists in moving
a small rectangular window over a pixel-array representing the character image, classify
every such part of the array and then combine these predictions to give a final classification



of the image. Among other things, they analyze the effect of the window size on accuracy.
Although, in this work the window classification is apparently not using decision trees,
the overall idea is similar in spirit to our “segment and combine” method transposed to
the bidimensional signal classification case;

¢ in [DKNO1], in order to make a classification model independent of some transformations
of the input, the learning sample is augmented with new learning cases which are ob-
tained from existing ones by applying such transformations. When testing, a “virtual”
test sample is constructed by applying these transformations to the test case and the
predictions given by a unique model for these new cases are aggregated to give the final
prediction. In their application to handwritten digits classification, transformations are
+1 pixel shifts of images in x and y directions. Our algorithm can be seen as an instance
of their method in the context of time-series prediction, where the transformation is the
shifting of patterns.

In [Die00a], a divide and conquer manifesto is discussed as the proper way to handle complex
data of which time-series are a particular case. For classification problems, this manifesto
suggests to divide the complex data into smaller subparts which individual classifications are
merged to provide a solution to the initial classification problem. The paper focuses on examples
where the merge step is carried out by models that exploit the relative positions of subparts in
the complex object (such as hidden Markov models for time series). Nevertheless, our “segment
and combine” method can be considered as a particular instance of this divide and conquer
framework where time series are divided into subsequences which classifications are aggregated
by a simple (non temporal) averaging of conditional class probability estimates.

11.3.6 Discussion

On our test problems, the segment and combine approach for time series classification gives
very good results. It works by reducing both bias and variance. Furthermore, the technique is
rather general since it makes few explicit hypotheses about the problem. Its complexity depends
on the automatic learning method which is used to classify subsequences and the number of
subsequences which are used to learn this model.

All possibilities of this method have not yet been explored. For example, other learning
algorithms may be used instead of decision trees or extra-tree averaging. Whatever the basic
learning algorithm used in the approach, this algorithm may take advantage of the generally
large number of subsequences which are available after the segmentation of time series. For
example, some part of these subsequences may be used as a validation sample to estimate some
meta-parameters of the base learner (the method used to derive models from subsequences). In
the context of decision trees, this validation sample may be used for instance for post-pruning.

Given our analysis on bias and variance, it seems that this method mainly works by making
the classification more robust to shift invariant properties. Following the work in [DKNO1], other
methods could be imagined to perturb scenarios that would make the method robust to other
temporal peculiarities. For example, random non linear time axis transformations could be
applied in order to make the classification model invariant to changes in time scale. Notice that
in many automatic learning problems (not necessarily temporal ones) such invariance properties
are known to hold from a priori information about the problem and the approach just discussed
provides a generic way to incorporate such prior knowledge in the learning process. This is
certainly a very interesting field for further research.

Another research direction concerns the study of alternative methods to combine the pre-
dictions of subsequences, for example by taking into account their temporal ordering. Actually,
the segment and combine method is able to classify scenarios of any length greater than L. It
could be applied in an on-line scheme by feeding the segment classifier with a window of size
L moving forward as time progresses, and thus provide a classification that would evolve with
time. Such a time varying output could then be used to build an on-line model which would



classify a scenario as soon as the probability of one class goes above a given threshold. We
can even use it to solve the early detection problem discussed in the first chapter. To this end,
the model could be forced to favor the classification of early subsequences by assigning more
important weights to them when learning the subsequence classifier.

11.4 Conclusion

In this chapter, we have explored different ways to exploit low-level features to solve the time-
series classification problem. First, simple sampling methods which extract scalar attributes
from temporal ones have been used in combination with several algorithms. Second, we have
proposed a “segment and combine” approach and have validated and analyzed its performance
on the six test problems at our disposal. This method consists in building a model for subse-
quences of a time-geries of a given length, and then aggregating the predictions of each subse-
quence to classify time-series. The appropriate length of the subsequences can be automatically
adjusted by cross-validation so as to optimize the resulting bias/variance tradeoff.

On several problems, the results obtained by simple sampling methods are already very
good. On the problems where this approach is suboptimal, the segment and combine algorithm
improves significantly the results. Although our experiments are limited to six problems, they
show that it is possible to get good results by using low-level attributes, even when problems
present typical properties of the temporal domain.

The use of low-level attributes with classical learning algorithms however suffers from one
important drawback: induced models are often not interpretable. Even if it is possible to
interpret in some way the results given by the segment and combine algorithm with decision
trees, this possibility remains limited and has still to be investigated in problems where classes
are characterized by the occurrence of more than one single pattern.

Since the bias/variance problem seems to be solved in a satisfactory way at this stage (at
least for our test problems), while the problem of interpretability remains to some extent, our
goal in the next chapter is to design an algorithm which would help us to extract interpretable
knowledge from time series data. Anticipating on this, let us say that the adopted method
will consist in extending the vocabulary of candidate tests used by decision tree induction so
as to enable such tests to detect patterns in time-series. Nevertheless, given the unavoidable
compromise which exists between interpretability and accuracy in automatic learning, we do
not have the ambition of improving, with interpretable methods, the very good results obtained
with the segment and combine approach.






Chapter 12

Time series classification by pattern
extraction

In this chapter, we propose a mew decision tree based method for time series classification
which aims at providing interpretable rules. The method is based on the extension of the set of
candidate tests so as to enable them to detect local shift invariant properties or patterns in time
series. These patterns are extracted from a piecewise constant representation of time series
derived automatically by a regression tree induction method from the time series provided in the
learning sample. The accuracy and the interpretability of the method is verified and discussed
on the basis of our six test problems.

12.1 Introduction

The conclusion of the previous chapter is that in the context of time series classification there is
a stronger need for interpretable models than for better accuracy since some of the techniques
(e.g. “segment and combine”) already yield very good results in terms of accuracy. From the
discussion of section 11.2.3, it appears also that the lack of interpretability partially comes
from the fact that some characteristic patterns of a class of signals are generally not easily
representable with simple tests involving only one low-level attribute at the time. In this
chapter, we thus propose to extend decision tree classifiers by explicitly allowing them to detect
local shift invariant properties or patterns in time series. The underlying hypothesis is that it
is possible to identify these patterns from the learning sample and to classify the scenarios by
combining in a more or less simple way such pattern-detection tests.

In what follows, we first define the algorithm which is used to search for patterns at decision
tree nodes. Then, we validate the method in terms of accuracy and interpretability on our test
problems. Eventually, we discuss related work and some future works directions.

12.2 Proposed algorithm

The proposed algorithm is similar to classical decision tree induction, where the set of candi-
date tests are extended from elementary tests based on scalar attributes (e.g. a(0) < ay,) to
more complex tests defined on temporal attributes. All other parts of the standard decision
tree algorithm are kept unchanged (i.e the score measure, top-down induction, stop-splitting
rules,...) and like they are defined in Chapter 5 and 6. Thus, in what follows we will essen-
tially focus on the mechanism proposed to generate these new candidate tests and how they
are used to classify objects described by temporal attributes. Before going into the details of
the algorithm, we start with an intuitive presentation of the ideas which have motivated our
extension of decision tree tests for handling the time series classification problem.
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Figure 12.1: A pattern which characterizes the bell class in the CBF problem and its detection
in one scenario

12.2.1 Intuitive presentation

With low-level features, tests at decision tree nodes are of the form [A(o,t') < as]. The use
of such simple tests makes it difficult to represent temporal peculiarities such as shift invariant
properties, and above all, leads to complex decision trees which are hardly interpretable. If we
want to provide interpretable rules, we need to extend the representation power of decision trees
by taking into account the temporal ordering of low-level attributes, in such a way that the
individual tests can be translated into some easily understandable properties characterizing the
signals. We limit our ambition here to extend tests at tree nodes to detect local shift invariant
properties in temporal attributes. Furthermore, like in standard decision tree induction and
for the same reasons (interpretability and efficiency), we restrict our method to tests involving
only one attribute at a time.

Let us introduce our test definition by an example. In the CBF problem, scenarios of the
bell class are characterized by an increasing ramp which may appear at any temporal position
in the signal. It would be convenient to be able to represent such characteristics with one single
decision tree test in order to produce understandable rules, like: “if there is a portion of the
signal which looks like an increasing ramp then it is very likely to be a scenario of the bell
class”. What defines the pattern here is the description “increasing ramp”. To determine such
patterns during decision tree induction, we could provide several predefined types of patterns
(local minimum, maximum, increasing ramp, decreasing ramp,...) together with an algorithm
able to detect these latter in a signal. One drawback of this approach is that it would need
prior information about a problem in order to define the dictionary of candidate patterns in an
appropriate way.

For the sake of flexibility, we propose here to let the shape of patterns free. Thus, an
elementary pattern is a limited support signal of any shape, and we consider that such a
pattern is present in a signal, if there exists a portion of this signal which is close enough to the
pattern, in other words if the euclidian distance between the pattern and some portion of the
signal is smaller than a given threshold. So, decision tree tests could be defined by the choice of
a temporal attribute, an elementary pattern, and a threshold on the distance. An object would
be propagated to the left successor if some portion of the given attribute signal is close enough
to the pattern according to the threshold and to the right successor otherwise. For example, a
pattern defining the bell class is given in Figure 12.1. Tts detection in a particular scenario is
also plotted in Figure 12.1. With this definition, a pattern is easily interpretable since it can
be plotted like any signal.

Unfortunately, this definition of patterns turns out to be too restrictive and sometimes
unable to uncover the temporal structure of a problem. Indeed, with this definition there is
no way to represent in a simple way temporal constraints among patterns, like for example
the fact that two patterns must appear in a given order. Therefore, we further extent our
set of candidate tests to incorporate what we call complex patterns, namely ordered lists of



Table 12.1: Overview of the algorithm for pattern extraction during tree growing

For each temporal attribute A, and for each class c:
e select an object o of class ¢ from the local learning sample LS
e compute a piecewise constant model for A(o,.), denoted a(.);
e search for the best pattern from a(.) and define an optimal test for this pattern;

o if the score of this test is better than the best score so far, retain this test as the current
best test.

several elementary patterns; we say that a complex pattern is detected in a signal if all its
elementary patterns are detected in the specified order. In what follows we will generally leave
the qualification of complex implicit.

At each step of decision tree induction, among a set of candidate tests one which realizes
the best score is selected to split a node. Thus, in the present context we need to define a set
of candidate patterns to evaluate at each test node. Since such patterns are useful only if they
appear in at least some of the time series present at this node, we propose to extract the set of
candidate patterns directly from the sample of signals appearing in the local learning set at the
current node. Candidate elementary patterns will thus be chosen from subsignals of the signals
appearing in the learning sample.

Nevertheless, for each scenario, there are a priori many possible subsignals (e.g. there
are C%,s = 8128 elementary subsignals in a time series defined on 128 time points) and they
may be possibly corrupted by noise (see the signal of Figure 12.1 for example). So, it is
not practically feasible nor desirable to consider all possible sequences of all subsignals of all
samples as candidate patterns. The solution adopted here to circumvent these problems is to
extract patterns from a piecewise constant approximation derived from the sample signals. This
approach will both filter the noise and reduce the size of the search space of candidate patterns.
In our work, we build such piecewise constant models with an efficient algorithm inspired from
regression tree induction. In practice, it is still too costly to consider every sample signal of
the local learning set to define such candidate patterns. Therefore, in the method we propose,
we randomly draw only one scenario from each class and extract the best patterns from these
scenarios. This should not be too limitative since if there exist patterns typical of some class,
they will presumably appear in at least one of these scenarios selected at random.

Eventually, the general form of the algorithm which searches for the best test is given in
Table 12.1 and illustrated in Figure 12.2. It computes the best pattern for each temporal
attribute and then selects the optimal test among all attributes. Each step of the procedure is
described in detail in what follows. First, patterns and tests are formally defined. Then, the
algorithm to compute piecewise constant models for time series is presented. Eventually, we
detail the heuristics we use to extract patterns from piecewise constant representations.

12.2.2 Elementary and complex patterns and detection tests
Elementary patterns

Like temporal attributes, an elementary pattern p(.) is defined as a time series (pg, p1,---,PP—1)
(with the same discretization step as temporal attributes in the dataset). We say that this
pattern is detected at a certain position in a time series if the distance between the pattern and
the time series at this position is lower than a given threshold. More formally, denoting by a(.) =
(ag,a1,...,an—1) a time series, with N > P, and by d,, the threshold on distance, the pattern
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Figure 12.2: Pattern extraction to define decision tree tests

Figure 12.3: One possible configuration of three patterns in a time series

p(.) is detected in the time series a(.) if there exists some index i (1 = P—1,P+1,...,N —1)
such that:

i
d(p(.),a(),i) = > (pj—ivps1 —a;)” < dp. (12.1)
j=i—P+1
The idea of using a threshold on the euclidian distance to detect a pattern allows some variation
(or noise) on the amplitude with respect to the reference pattern. A binary classification rule
is constructed from this pattern by means of the following test:

T(0o) =True & 3Jie{P—-1,P,...,n(o) —1}|d(p(.), A(o,.),7) < d, (12.2)
min d(p(.), Ao, .),1)] < d 12.3

i€{P—1,P,...n(0)—1} (p(), Al0,),6)] < dy (12.3)

where A is a temporal attribute and n(o) is the number of time points for the time series

representation of the object o. So, to detect a pattern, a window of size P is slided along the

time axis and the distance between the pattern and the signal on this window is computed. If

it becomes lower than the threshold, the pattern is detected. Note that distance (12.1) looks
like a convolution product between the pattern and the signal at position .

Complex patterns

The notion of pattern is extended to take into account a succession of elementary patterns. A
complex pattern is defined as an ordered list of several elementary patterns P = (p1(.),p2(.),.-.,px(.)),
defined respectively by Py, (k = 1,..., K) time points. Given a distance threshold d,, a complex
pattern is detected in a temporal signal a(.) defined on N time points (N > Y&, P;) if there

exist 41, 49, ...,ix such that:

K
Zd(pk(')aa(')aik) < dp (124)
k=1



where d(.) is defined by 12.1 and iy (k =1,..., K) are integers in {0, 1,..., N — 1} satisfying:

i > P—1, (12.5)
iy > tgp—1+ P, Vk=2,... K, (12.6)
ik < N. (12.7)

The first two inequalities translate the fact that elementary patterns may not overlap; the last
one means that they must all be fitted in the signal duration. Figure 12.3 illustrates one possible
configuration of i; values in the case of three patterns.

The derivation of a binary test for a temporal attribute ¢ from eqn. (12.4) is naturally
following eqn. (12.2):

K
T(0) = True & [ min Z d(pr(.), Alo,.),i)] < dp, (12.8)

i1y [Cp (i) f

where Cp(i1,...,ix) corresponds to conditions (12.5),(12.6), and, (12.7).

Candidate test threshold optimization

Candidate tests during tree induction are thus defined by triplets < A,P,d, > where A is a
temporal attribute, P is a complex pattern (denoted by its sequence of elementary patterns), and
d, is a distance threshold. Of course, other more complex definitions are possible. For example,
we could use instead a different threshold for each subpattern or constrain the difference between
the time of occurrence of two successive patterns ix; —i;. However, we will see in what follows
that this simple definition still results in a quite complex induction algorithm.

Notice that the threshold d), corresponding to a combination < A,P > plays exactly the
same role than thresholds used in standard decision trees to test numerical attributes. Actually,
for a given choice of < A,P >, the optimal value of this threshold can be determined with the
same exhaustive search procedure (or any other technique) used in standard tree growing.
Indeed, for a given sample of objects [s and combination of attribute and pattern < A, P >, it
is sufficient to first compute for each object in /s the minimum distance

K
dA,P(O) = min ) Zd(pk(')aA(Ov')aik)a (12'9)
k=1

115eei i [Cp (8150l K

and then build an optimal test in the form [d4p(0) < d}] using the standard discretization
technique to determine d,.

Thus, during tree induction, the minimum in (12.9) will be computed for many objects and
many candidate patterns and this computation might be very time consuming. For example,
by taking into account the constraints (12.5), (12.6), and, (12.7) but assuming that the lengths
of patterns are small with respect to N, there are about C’]{f possible values for the vector
(i1,...,ix). Thus a computation of the minimum in (12.9) by enumeration is practically
feasible only for a small number of elementary patterns. Fortunately, there exists an exact
Viterbi-like algorithm based on the dynamic programming principle that solves this problem
with a complexity O(N 215:1 Py). This algorithm is presented in Appendix D.

Candidate complex patterns

As we will explain in the sequel, we propose to generate for each attribute, a set of candidate
patterns in three steps: (i) we randomly select an object for each class; (ii) for each such selected
object we generate a piecewise constant approximation of the given attribute; (iii) from the
piecewise constant approximation we generate a set of candidate patterns in a combinatorial
way while imposing some constraints. The following two subsections explain the two last steps
in more detail.



12.2.3 Piecewise constant modeling with regression trees

A general piecewise model for a time series is obtained by segmenting the temporal interval into
S segments and representing the signal in these segments by some parametric model of a given
form. Here, we consider the simplest piecewise model where the time signal is represented in
each segment by a constant. More complex models include for example piecewise linear models
where the signal is represented by a linear function of time, a.t + b, which parameters, a and
b, are different from one segment to another. Given the number of segments S, the goal of
piecewise modeling is to find parameters which yield a model as close as possible to the initial
signal. Here, the distance between the signal and the model is computed as the squared error.
Let us denote by

(ag,a1,...,an-1) (12.10)

the time series we want to model (in our case, this will correspond to the time series represen-
tation of a temporal attribute for a given object). A piecewise constant model with S segments
for this time series is represented for example by a sequence of pairs:

((do,é0), -, (ds—1,d5-1)), »_ds =N (12.11)

where d, is an integer denoting the length of the s segment (in time points) and a, is its
amplitude. Denoting by 4, the index in the time series at which the s** segment starts:

s—1
is=» dj,s=1,...,85, (12.12)

with 49 = 0 and ¢g = N, the error of this model at predicting the value of the original time
series is given by:
S— 17/s+1 -1

Err(a,a) Z Z as — aj)?. (12.13)

s=0 j=ig

The goal of piecewise constant model induction is to determine from the time series the param-
eters S, as, and ds. The induction of this model is generally divided in two separate steps:

e Determine the value of S (i.e. the complexity of the piecewise constant model);
e For a given number of segments S, determine G; and ds which minimize the error (12.13).

Note that since error (12.13) is null when S is equal to the number of time-points in the series
(in which case the piecewise constant model corresponds to the time series itself), the value of
S can not be determined as the one which minimizes the error (this is the bias/variance tradeoff
applied to this problem). The approaches we adopt to resolve these tasks, in the context of
our algorithm, are developed in turn below. Note that in the literature several alternative
algorithms have been proposed to build piecewise models for time series data. We postpone
their discussion until Section 12.4.

Determination of d; and d; by regression trees

Given the value of S, the goal of piecewise constant model induction is to select the parameters
ds and ds (or i5) that minimize (12.13). Once the lengths of the segments are fixed, the
estimation of the values ds that minimize (12.13) are given by averaging the signal on each
segment:

1 +
As—d— Z aj,8=0,...,8—1. (12.14)
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Figure 12.4: the regression tree modeling of a signal with 5 segments.

So the main problem is the determination of the segment length di. A dynamic programming
algorithm produces an exact (optimal) solution in order O(SN?) time. In this work, we propose
a solution based on regression tree induction which yields a suboptimal solution in order O(SN).

Indeed, using as input attribute the time ¢ and as output attribute the signal values A(o,t)
of a given object o, regression tree induction will precisely build a piecewise constant model
as the one we search for. To build a tree from a time series like (12.10), every time point
is considered as a classical object where the index i represents the value of the only input
attribute for this object and a; corresponds to the output value. The resulting algorithm for
the segmentation of a signal in S segments is described in Table 12.2 (pp. 184). Since the goal
of learning is to produce a partition of the time interval into a fixed number of segments, a
best-first strategy is used for the expansion of the tree! and further splitting is stopped when
there are already S segments. The discretization by this algorithm of an example signal in 5
segments is reproduced in Figure 12.4.

Besides efficiency, the main advantage of this algorithm is that the segmentation for increas-
ing values of S are nested and hence all models for S going from 1 to N are built in order O(N?)
(vs O(N*) with the dynamic programming algorithm). We will see below that this facilitates
the search for the right value of S.

Determination of the number of segments S

The piecewise constant model is introduced in our extension of decision trees in two goals:
reduce the search space for patterns and filter out the noise in time series to enhance inter-
pretability. Hence, two criteria may direct the search for the right number of segments:

e select S in such a way that low error rates are obtained when the resulting patterns are
used in the time series classification trees.

e model at best the time series at hand by filtering noise.

In both cases, the number of segments should regulate a bias/variance tradeoff. In the first goal,
the more segments we use, the more candidate patterns are considered during node splitting
(see Section 12.2.4) and hence bias and variance of the resulting decision trees should be affected
by this parameter. On the other hand, as S increases, error (12.13) (and hence, bias) decreases
but the model starts matching the noise in the time series (overfitting) and hence the optimal
value of S should not be the highest.

In our experiments, we compare two approaches to fix the number of segments. The first
one consist in using the same value of S throughout the construction of a decision tree and
select the value which minimizes the error rate (estimated by cross-validation or by validation
on an independent sample). The second method will consist in determining S without taking
into account the future use of the model for pattern extraction but rather focusing on producing
good models for the time series under consideration. To select the right complexity in this goal,
we can take advantage of the method used to post-prune regression trees. The post-pruning
approach we propose in the context of time series is given below.

!Contrary to the “most promising” strategy applied in the experiments of Chapter 5, algorithm of Table 12.2
follows a true best first approach.



Table 12.2: Discretization of time series by regression trees

Let us define the following quantities:

mean(i, ;)

var(i, j)

Score(i, j,1)

1 =
> (12.15)

JTvS

1 i

> (a; — mean(i, 5))* (12.16)

il
(j —d)var(i,5) — (j — D)var(l,5) — (I —i)var(i,l),i <l <j (12.17)
(12.18)

As for regression trees, Score(, j,1) is the variance reduction caused by the split of the segment
between index ¢ and j at the position [.

Build_ PCM((ao, ---,an—1),5):
(build a piecewise constant model into S segments for the time series (ag,...,an_1)-)

Set L = {(mean(0,N),0,N)}, the ordered list of current segments described by their mean
value, the start index of this segment and the start index of the next segment. Then proceed
as follows:

1.

2.

If the length of L is equal to S then go to step 7.

For each triplet (a,i,7) in L:

e Determine Score(i, j) = max;—;11,... j—1 Score(s, j,();

e Determine [*(4, j) = argmaxj—; 1, j—1 Score(, j,1);

NB. These optimal scores and partitions do not need to be recomputed at each iteration
for all segments in L. Only the newly added segments actually need to be recomputed.

. Find (a*,4*, j*) = arg max(, ; j)er, Score(i, j);
. Remove (a*,i*,j*) from L;

. Insert in order in L the two new segments:

o (mean(i*, 1*(i*,§°)), ", 1*(", 7)),
e (mean(l*(i*, j*), 7*), 1*(i*, j*), j*)-

. Go tostep 1

. From the s element of L, denoted by (a, i, j), define the s segment as:

as = a

dy = j—i

. Return ((do, éo), . .., (ds, &s));




Table 12.3: Automatic selection of the number of segments by cross-validation

Build PCM _with_pruning((ag,...,an_1)):
(build a piecewise constant model for a time series by selecting its complexity by cross-
validation.)

e Split the time series into aeven = (g, a2, . ..,an—_2) and aoqq = (a1,0a3,...,aN_1)-

e Compute the sequence of piecewise constant model {Ml,...,MN/Q}, where M, =
Build_ PCM(aeyen, 8),

e Select the number of segments s* which minimizes the error of M~ at predicting aoqq- If

the s model is written M, = ((do, o), ..., (ds_1,a5_1)), then this error is computed by:
s—1k+1—1
Error(s) = Z Z (ag — a2j+1)2.
k=0 j=iy

. .
and s* = argming_q __n Error(s).

¢ Return Build PCM((ay,...,an—1),5%);

Post-pruning piecewise constant models

In the context of regression trees, post-pruning algorithms aim at selecting the right complexity
of the model. To this end, a validation set is used to give an independent estimate of the error
and this estimate is used to select the right complexity of the model. Here, the only available
data is a series of IV time points. One possible way to split this data set into two sets is to
subsample the time series with twice the initial discretization step. A time series (ag,...,an—1)
gives thus rise to two? time series (ag,az,...,an_2) and (ag,as,...,ay_1). The first series is
used to learn the model parameters according to the algorithm of Table 12.2 and the second one
is used to estimate the error of this model. If the discretization step is sufficiently small with
respect to the system dynamics, there will not be an important loss of information by using
subsampling. on the other hand, this approach will be useful to determine when the regression
tree starts overfitting the data.

The algorithm which automatically learns the number of segments is depicted in Table 12.3.
It builds a sequence of piecewise models of increasing complexity. Although that does not appear
explicitly in Table 12.3, the whole sequence is obtained by applying only once the algorithm
of Table 12.2 with S = N/2 and saving at each step intermediate models. In consequence, the
complexity of this algorithm is at worst O(N?).

For example, right part of Figure 12.5 (pp. 186) plots resubstitution error (estimated
On deyen in Table 12.3) and validation error (estimated on a,qq) for the discretization of the
signal represented in the right of the same figure with an increasing number of segments. The
validation error goes through a minimum for 6 segments. Eventually, the model of 6 segments
built from the whole time series is represented in the right part of Figure 12.5.

12.2.4 Search strategy for candidate tests

Tests are defined by triplets < A,P,d, > where A is some attribute, P is a complex pattern,
i.e. a sequence of elementary patterns, and d,, is the distance threshold. During node splitting,
search is carried out to find a good test in terms of the score. We already noticed that once

Zthe notations assume that N is even.
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Figure 12.5: Left, resubstitution and validation errors with increasing segment numbers, right,
the optimum model with six segments for the time series

we have chosen an attribute A and a pattern P, the value of d, which realizes the best score
may be computed like in the standard tree growing algorithm as the optimum discretization
threshold on the numerical attribute:

K
da,p(0) = min > dpk(-), Ao, ). ik).- (12.19)
k=1

1150esi K [OP (81500 K

So, the main problem is the determination of a set of candidate complex patterns P and thus,
in other words a sequence of elementary patterns (pi(.),...,px(.)) for arbitrary K.

As suggested in the introduction of this section, in our approach candidate patterns are
extracted from the piecewise representation of some temporal attribute of an object appearing
in the local learning sample (selected at random, for each class). From a time series A(o,.)
corresponding to an object o, the segmentation algorithm described above produces a piecewise
constant model a(.) which can be represented by a sequence:

a(.) = ((do, ao), - - -, (ds-1,ds-1)). (12.20)

Every subsequence of this sequence equivalently represents a piecewise constant signal defined
on a smaller time interval. We propose to consider as candidate elementary patterns pg(.)
subsequences ((d;, , @), ..., (dj,,a;5,)), with 0 < 4 < ji < S. To define complex patterns,
it seems natural to impose the further constraint that elementary patterns extracted in this
way are not overlapping each other in a(.) and also that their ordering of appearance in a(.)
is respected in the definition of the complex pattern, i.e. jr < igy1, Kk =1,...,K —1. We
further impose that two elementary patterns are separated in & by at least one segment, i.e.
Je<igr1+ 1, kE=1,...,K—1.

Following these lines, we define a complex pattern from the representation (12.20) by a
mask of § boolean values:

b= (bo,...,bs_1) (12.21)

Each boolean variable b; is true if the corresponding segment is taken into account to define
the pattern. A sequence of consecutive true values for b; delimited by false values defines
an elementary pattern pg(.). For example, the boolean vector (F,T,T, F,T,T, F) defined on a
piecewise representation with 7 segments defines a complex pattern composed of two elementary
patterns. The first elementary pattern is the subsignal corresponding to the second and the third
segment and the second elementary pattern is defined by the fifth and the sixth segments. When
applied to the piecewise representation of Figure 12.6, this boolean vector defines a complex
pattern which detects the strict succession of the elementary patterns p; and ps represented in
the same figure.



Table 12.4: Pattern extraction from a segmented signal

Pattern_search(LS,A,d):
(search the best test from the signal & for the attribute A and on the subset LS.)

e Denote by S the number of segments in the representation of a(.).

e Compute the following sequence of pattern definition masks:
{b()?bl? A 7b571}7
where:

-W=T,vi=0,...,5—1,

— b**L for k =1,...,8 — 1, is obtained from b* by flipping the previously unflipped
true value (there are § — k of them in b*) which yields the highest score:

Score(LS, < A, P(t"*,a(.)), ds (1, a(.) >),

where P(b¥, 4(.)) is the complex pattern defined by 6" from a(.) and dj (", a(.))
is defined by:

d;(l_)k+1,&(.)) = arg max Score(LS, < A, P(b**1,a(.)),d >).

e Among this sequence, select the vector b* which yields the best score.

e Return the test < a,P(b",a),d;(b",a) >.
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Figure 12.6: Definition of a pattern (composed of two elementary patterns) by a boolean mask
b

So searching for interesting patterns amounts to searching the space of boolean vectors of
size S. There are in principle 2° different complex patterns in a signal decomposed into S pieces.
If we want the search algorithm to remain tractable in most cases, we thus need a way to reduce
the search complexity. We propose here to use a greedy strategy. The resulting algorithm which
is looking for a pattern in a signal a is described in Table 12.4. Starting from a vector of only
true values®, we flip at each step the previously unchanged boolean value which leads to the
pattern which together with the optimum threshold on (12.19) causes the highest increment
(or lowest decrease) in the score. So, the search path in the space of patterns is composed of
S steps, starting from a unary pattern composed of all S segments (b; = True, Vi) and ending
with a unary pattern composed of only one segment among the S ones (b; = False Vi # j).
Thus, this heuristic reduces the number of patterns to evaluate from 2° to @

To summarize, for a given temporal attribute, the procedure of Table 12.4 should be applied
on every signal A(o,.) corresponding to some master objects selected from the local subset LS.
As already explained, in our experiments only one master object will be drawn from each class
(and for each candidate attribute) at each node of the tree. The resulting search algorithm
for candidate tests when splitting decision tree nodes is depicted in Table 12.5. It replaces the
determination of the optimal test in the standard decision tree induction algorithm of Table
5.1 of Chapter 5 (pp. 79).

12.2.5 Computational complexity

Let us estimate the complexity of the algorithm of Table 12.5 for a learning sample LS of size
N. Let Ny be the number of time points used to define scenarios of the datasets and assume
that this number is the same for every scenario. The complexity of the segmentation of a time
series (construction and pruning) is at most O(N?). Assuming that the resulting piecewise
constant model gives S segments, @ different patterns are considered by the algorithm of
Table 12.4. For each of them, the minimal distance to the N objects must be computed and
the best threshold on distance searched. The complexity of the computation of the minimal

distance for a complex pattern in one scenario is at most O(N;S) for patterns defined on S

3We could also start from a vector of only false value.



Table 12.5: Search algorithm for candidate tests during tree growing

For each temporal attribute A, and for each class c:
e select an object o of class ¢ from LS,
e compute either:

— a(.) = Build PCM(4(o,.), S) for a predefined number of segments S, or
— d(.) = Build_ PCM_with_pruning(A(o,.)) by using the pruning algorithm;

e compute the test < A,P,d, >= Pattern_search(LS, A, a);

o if the score of this test is better than the best score so far, retain the triplet < A,P,d, >
as the best current test

segments (see Appendix D for the algorithm) and thus this computation for the N scenarios is
O(NN.S). The determination of the best threshold requires to sort the learning sample and to
pass once through all objects. This can be done in O(N log N).

The whole process of segmentation and best pattern search must be repeated one time
for each temporal attribute and each class. If we assume that the number of segments given
by piecewise modeling is always the same and denoted by S, all in all, the complexity of the
procedure of Table 12.5 is:

1
O(cynmN? + cznm%(c;;NNtS + caNlog N))), (12.22)

where n is the number of temporal attributes and m is the number of classes. In practice, the
dominant part of this algorithm results from the computation of the minimal distance of the
pattern to each scenario of the learning sample. On the other hand, the computation of the
piecewise models and the search for the best threshold are negligible.

Globally, this procedure must be repeated at each test node of the tree and hence the
complexity of the complete tree induction algorithm depends of course on the complexity of the
tree. In practice however, the number of nodes often increases less than linearly with respect
to the size of the learning sample and hence, the average complexity of the full algorithm is in
practice closer to linear than to quadratic with respect to the size of the learning sample. It is
on the other hand linear with respect to the number of candidate attributes and quadratic with
respect to the number of sampling steps and with the number of segments used for piecewise
constant modeling.

12.2.6 Discussion

In this section, we have proposed a way to extend decision trees to handle the time series
classification problem. Tests are extended to detect local shift invariant properties or patterns
in time series. These patterns are extracted from a piecewise constant representation of time
series of scenarios which appear in the local subsample at decision tree node. The price to pay
for the increase of flexibility and interpretability is in terms of computational efficiency, which is
mainly governed by part of the dynamic programming algorithm which computes the distance
from a complex pattern to a time series. The resulting method is a combination of bottom-up
and top-down approaches in machine learning: bottom-up because properties of an object of
one class are generalized to classify all objects of the same class and top-down because the tree
growing algorithm essentially finds more and more specific tests to classify objects.
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Figure 12.7: Effect of the number of segments on bias and variance

Note that the algorithm is random since it defines patterns from scenarios which are ran-
domly selected in the local sample. However, the hope is that specificity of the chosen scenario
will be filtered by the pattern extraction technique and hence this will not result in too much
variance of the resulting models.

Finally, note also that this extension of the decision tree induction method is especially
adapted to cope with shift invariant properties and our pattern definition is not invariant to
changes in the time scale. We will discuss in the last section of this chapter some directions to
extend this method so as to handle scale invariant properties and other peculiarities relevant
in temporal problems.

12.3 Validation of the method

In this section, the proposed pattern detection based tree induction technique is validated on
our test problems. First, we assess the accuracy of the method. Among other things, we study
the effect of the way of choosing the number of segments for piecewise constant modeling on
bias, variance, and error rates. Then, some indicative results in terms of computation times are
given. Eventually, we discuss the interpretability of the models which are produced.

12.3.1 Accuracy
Bias/variance study

One parameter which should regulate some bias/variance tradeoff in this method is the number
of segments used to represent signals by a piecewise constant model. Indeed, when S increases
the number of patterns which are searched during induction increases. Figure 12.7 plots the
evolution of classification bias and variance with the number of segments and, left on the CBF-
tr problem and right on the Two-pat problem. For each value of S, 50 fully grown trees are
learned from learning samples of size 300 drawn from a pool sample of size 3000 and tested on
a test sample of size 1000. During tree induction, time series are segmented by the algorithm
of Table 12.2 without pruning and with the same value of S at each tree node.

As expected, on both problems, bias decreases with the number of segments. It is almost
null on the CBF-tr problem at 4 segments. From our knowledge of this problem, this is not
surprising since this is the minimum number of segments that allows to distinguish between
an increasing and a decreasing ramp. On the two-pat problems, the minimum bias is reached
for larger values of S. And indeed, from the problem definition, we know that the signals in
this problem are best modeled by a piecewise constant model in 7 segments. On both problems
however, variance first increases from 1 to 2 segments and then monotonically decreases with the
segment number. On the Two-pat problems, we observe a very slight increase after 7 segments.



CBF-tr Two- pat

225 400
200 350 \
175 200
150 \
[%] » 250
() Q
S 125 ©
e 2 200
o 100 o
z \\ Z 150 »
75 =
50 . 100 ~—
. T
50 ———
2 xi*f**fff%ia T om——— - .
0 T T T T T ! 0 T T T T T T T !

Figure 12.8: Evolution of decision tree complexity with respect to the number of segments

The fact that variance does not increase with the number of segments may be attributed to
two effects. Figure 12.8 shows on the two problems the evolution of the tree complexity (the
total number of nodes) with respect to the number of segments. When the number of segments
increases, the complexity of decision trees decreases very much. It goes from 201 nodes to 15
nodes on the CBF-tr problem and from 388 nodes to 19 nodes on the Two-pat problem. When
S is small, we know from the problem definitions that it is impossible to build a decision tree
which generalizes well (the bias is non null). However, because of the noise, it is nevertheless
possible to discriminate perfectly between the different classes in the learning sample and hence
tests at deep levels in the tree overfit very much the data. The small variance and high bias
with only one segment is due to the fact that in this case, it is very difficult to discriminate
between patterns even on the learning sample (which is confirmed by the high tree complexity).
On the other hand, when S is large, a small tree suffices to realize low error on the learning
sample and this small tree turns out to generalize better than larger trees obtained with smaller
values of S.

Second, even if more patterns are considered when the number of segments increases, they
do not necessarily translate into more discriminative power for the test. Indeed, the distance
to a complex pattern (12.4) is the sum of many terms. The addition or deletion of a segment
in the piecewise representation does not necessarily change the ordering of objects with respect
to this distance. In other word, the minimal distance is quite stable with respect to the model
(at least for large enough values of S). This is confirmed by the fact that the complexity of
the tree remains almost constant when S increases behind the value of S which minimizes the
bias (see Figure 12.8). However, these two phenomena are probably related to the fact that the
method is well adapted to this kind of problems. On other problems, variance could increase
with the number of segments.

Table 12.6 compares three variants of the algorithm on both problems. The first line cor-
responds to the minimum of error on Figure 12.7. The second line is obtained by using the
post-pruning algorithm presented in Table 12.3 in the same condition. The third line is ob-
tained from the second line by pruning the decision trees from a validation sample of size
1000 (according to the algorithm described in Chapter 6). On both problems, the bias is very
small. This shows that the model and the search procedure is well adapted to the problems. In
consequence, the variance is responsible for almost all the error. The effect of pruning is not
important: it reduces slightly the variance and the complexity while leaving the bias unchanged.
The complexity of full and pruned trees is small. On CBF-tr, in average, decision trees use 5
tests and on T'wo-pat, they use 7 tests (the minimum is 2 tests to separate 3 classes and 3 tests
to separate 4 classes). On these problems, using post-pruning to select the number of segments
for the piecewise representation is beneficial. It reduces both error rates and complexity with
respect to the utilization of the same value for all time series.

With respect to the approach of the previous chapter, the error on CBF-tr is slightly greater
than with the segment and combine algorithm while it is slightly lower on the Two-pat problem.



Table 12.6: DT with pattern extraction on CBF-tr and Two-pat

HMean error‘compl‘ biast ‘ varr ‘varKW‘ Errg ‘ bias?s ‘ varp

CBF-tr
Full DT (S =7) 0.0396 15 10.0040|0.0356 | 0.0316 {0.0264 |0.0053 |0.0211
Full DT (S learned) 0.0327 14 10.0060(0.0267 | 0.0260 {0.0218|0.0044 |0.0174
Pruned DT (S learned) 0.0322 11 |0.0060|0.0262|0.0251 {0.02080.0048 |0.0160
Two-pat
Full DT (S =7) 0.0484 19 10.0000|0.0484 | 0.0427|0.0242 |0.0029 | 0.0214
Full DT (S learned) 0.0472 19 |0.0000{0.0472|0.0423 |0.0236|0.0025 |0.0212
Pruned DT (S learned) 0.0445 15 |0.0000{0.0445|0.0396 |0.0216 |0.0026 |0.0189

Table 12.7: DT with pattern extraction on other problems

H Error ‘ Compl
CC

Ful DT (5 =6) || 2.67£1.53 | 22
Full DT (S learned) || 3.33 +2.11 24
CBF

Full DT (S = 6) 1.00 £ 0.75 15
Full DT (S learned) || 1.25 £ 0.56 13
JV

Full DT (S = 6) 19.19 45
Full DT (S learned) 21.62 49

Auslan

Full DT (S =4) 15.50 £ 6.50 32

Full DT (S learned) || 17.5 £ 10.55 29

However, although very close, a comparison of the bias/variance profile of both methods shows
that they work differently. Segment and combine is characterized by a low variance while the
present method is characterized by a low bias and a relatively high variance. We have seen in
previous chapters that a high variance seems to be the price to pay for interpretable models.

Other problems

We further experiment with this method on the other test problems used in the preceding
chapter. Table 12.7 reports for each problem the best error obtained with a constant value of
S and the error obtained by determining the value of S with the post-pruning algorithm. In
each case, trees are fully grown and the average complexity is reported in the table.

On all problems, the results are better without the post-pruning algorithm although both
approaches give trees of comparable complexity. The difference is less pronounced on CC and
CBF. On JV and Auslan, it may be attributed to the fact that the number of time-points is
lower in average and hence subsampling is not appropriate to select the right complexity.

On CC and CBF, the method gives better results than the one obtained with decision trees
and low-level features. On CBF, the result are even competitive with the best results obtained
with variance reduction techniques (random trees and segment and combine). However, while
on Auslan, results are only slightly better than the results obtained by decision trees with
low-level attributes, on JV, there are significantly worse.

These rather bad results on the two last problems can be explained. Indeed, on JV, we
have seen that the temporal behavior was not important for classification (since models built



P1

) [ Cylinder | . D=

o2 3517 W 2 53 @
ssssss

[Bal ] [ Fumd ] o] [ J[uw | [ 0o ]

Figure 12.9: Decision trees with pattern extraction, left on CBF-tr, right on Two-pat.

with only two low-level features give very good results) and hence the increase of flexibility of
our approach for handling temporal behaviors is useless in this case. Also, both problems are
characterized by a large number of classes and many attributes in comparison to the size of the
learning sample and we know that decision tree induction especially suffers in such situations
because of the recursive partitioning.

12.3.2 Computing times

To give an idea of the computing times of the proposed algorithm, we ran it with the selection
of segment numbers by post-pruning on a learning sample of size 500 on the CBF-tr problems.
It took 123s to build a tree of 17 nodes. For comparison, it takes only 14s to build a tree of 89
nodes from 128 low-level attributes and 24s to build a set of 25 random trees with the same set
of attributes (which however is less accurate on this problem). So, the pattern detection based
tree method is quite demanding with respect to other approaches but computation times still
remain reasonable, especially since they are increasing only in (approximately) order O(NlogN)
with respect to the learning sample size.

12.3.3 Interpretability

Since one of the main reasons for the introduction of a new method is interpretability, it is
important to verify that the proposed method indeed produces interpretable models. To this
end, we have built a decision tree from 500 random scenarios on the CBF-tr and Two-pat
problems, by fixing the value of S with post-pruning. Figure 12.9 reproduces the shallow nodes
of both trees. Complex patterns are plotted in each box corresponding to an interior node.
When these patterns are composed of several elementary patterns, they are drawn in order
using different colors.

On the CBF problem, the first pattern is a signal at mid-level with respect to the maximum
amplitude. Since the cylinder class does not go through this mid-level, scenarios of this class
are directed to the right successors. Bell and funnel classes are then separated by a pattern
which interpretation is obvious from the knowledge of the bell class: an increasing trend from
the mid-level to the maximum level. On the Two-pat problem, the first test is composed of
two elementary patterns which only appear in this order in the DU and UU classes (U for
upward step and D for downward step). The first elementary pattern which appears in both
upward and downward step is used by the method to impose that the second elementary pattern
appears in second position. Then at the left successor, DU and UU classes are separated by
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Figure 12.10: Descriptive patterns for the bell and funnel classes on the CBF-tr problem and
for the UD class on the Two-pat problem
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Figure 12.11: From left to right, a pattern characterizing a normal heartbeat, its detection in
a normal heartbeat, and, an abnormal heartbeat

a less interpretable pattern which nevertheless only appears when there is a downward step in
the signal (which may go from -5 to 0 while the upward step always goes from -5 to 5). UD and
DD classes are separated by repeating the “trick” of the top level test. The first elementary
pattern is an upward step and the second elementary pattern imposes that the first one appears
in first position.

Although interpretable, the patterns produced by these trees are by construction more
discriminative than descriptive. They do not explicitely characterize elements of one class. In
some cases, it is useful to give descriptive rules for each class. More descriptive patterns may
be extracted by our method if we search for patterns which separate one class from all other
ones and if we further impose that patterns are extracted only from scenarios of this class (by
selecting only scenarios of this class in the procedure of Table 12.5). For example, Figure 12.10
shows typical patterns of the bell and funnel classes on the CBF-tr problem and of the UD
class on the Two-pat problem. These patterns were extracted from a scenario of the given class
by using the algorithm of Table 12.5 in trying to separate this class from all the other ones
in a learning sample of size 500. This time, patterns are very readable and really characterize
scenarios of each class.

To illustrate the interest of such methods in a more practical problem, we carried out one
further experiment on a dataset of ECG signals which is discussed in [Ols01b]. Each scenario
of this dataset records the sequence of measurements obtained by two electrodes during one
heartbeat. Each heartbeat is further classified as normal or abnormal. In the latter case, it
corresponds to a cardiac pathology known as supra-ventricular premature beat which it is of
course important to detect in practice. We run our decision tree algorithm on a sample of
200 cases. At the top node of this tree, a pattern is detected on the second electrode which
detects in majority normal heartbeat. This pattern is reproduced in the left part of Figure
12.11 and its occurrence in a normal heartbeat is plotted in the center part of the same figure.



It tells us that normal heartbeats are characterized by a low value during at least 3 time steps
followed by a high value during at least 2 time steps. Such a model gives us the information that
abnormal heartbeat are characterized by the fact that they do not present this pattern (Figure
12.11 plots one abnormal heartbeat which indeed does not present this properties). This single
pattern yields an error rate of 15% on the learning sample. Although prior knowledge of the
problem (which we do not have) can either confirm or infirm that such a pattern is really the
best one for classification, we believe that such results are interesting in themselves since they
are confirmed by visual inspection of the signals appearing in the learning sample.

12.4 Related work

The work presented in this chapter is essentially a combination and an adaptation of several
ideas which have been studied separately by others in the literature. We first give some guide
on the work on piecewise modeling for time series data. Then, we review pattern matching algo-
rithms for time series. Eventually, we provide pointers to work which also proposes interpretable
models for time series classification.

Piecewise models for time series

General (not only constant) piecewise representations for time series have been introduced in
many works for several purposes, e.g. for time series classification in [Man97] or to fasten
the search for similar time series in large databases in [KP99]. The more general problem
of image segmentation is also tackled in the very well-known textbook by Duda and Hart
[DH73]. The most used type of piecewise model is the piecewise linear model. Finding the
optimal segmentation for polynomial models in S segments in general requires an order O(N.S?)
dynamic programming algorithm (see for example [Man97] or [Ols01b] for a description of
the exact algorithm). Several suboptimal algorithms have been devised. A review of these
algorithms is given in [KCHPO1]. They can be divided into three classes: bottom-up algorithms
(which recursively merges consecutive segments), top-down algorithms, and online algorithms
(which segments the time series as data arrive). With respect to these approaches, our algorithm
is a combination of top-down and bottom-up (at the post-pruning stage).

Also, a main difference of our approach is the criterion proposed to decide on the number of
segments to use, which is essentially guided in our case by the bias/variance tradeoff, whereas, in
the related literature, the criterion used is generally a “fidelity” criterion, similar to those used in
lossy data compression. Indeed, usually, the selection of the optimal number of segments simply
relies on a predefined threshold on error. In the top-down approach, this amounts at stopping
the development of a node if the local error in this segment is lower than a given threshold.
Possible criteria use the MDL principle ([Man97]) or statistical tests ([LSLT00]). A more
original approach is adopted in [Ols01b] where the optimal number of segments is determined
by the discontinuity point in the approximation of the error curve (the resubstitution error in
Figure 12.5) by a piecewise linear model with two segments. Pruning for piecewise modeling
was also proposed in [SfJWQS], however in the more general context of scatter-plot smoothing
by linear hinges models.

Pattern matching and extraction in time series

In our algorithm, patterns are detected in the time series by using the euclidian distance and
an exact algorithm based on dynamic programming ideas. The resulting pattern definition
is certainly not invariant with respect to several interesting transformation in the temporal
domain (such as time scaling) but it was chosen so as to make learning quite efficient. Never-
theless, several works exist on pattern definition and pattern matching in time series. The main
motivations of such works are generally the design of a distance measure which is invariant to
some transformation in the temporal domain and/or the efficiency of the corresponding pat-
tern detection algorithm for searching in large databases. With these goals, distance measures



have been proposed which are based on Fourier transformation [AFS93], dynamic time warping
[BCI6], or probabilistic models [KS97, GS00]. In all these works, it is however assumed that
the patterns are previously defined by the user and to our knowledge, none of these works have
been coupled with a pattern extraction algorithm for time series classification purpose.

The problem of pattern extraction in time series is tackled for example in [DLM*98] and
[Oat99]. Patterns are defined as subsequences of a fixed number of time points and relevant
patterns are found by unsupervised clustering techniques. In [DLM™98], these patterns are
used to find association rules (i.e. conditional rules of the form “pattern A is always followed
by pattern B”). In [Oat99], the goal is to find distinctive patterns, i.e. patterns which appear
frequently in the scenarios of one class but not in scenarios which do not belong to this class.
Although the goal of the author is not directly time series classification, it is clear that his
technique may be used in this purpose.

Interpretable models for time series classification

Several machine learning approaches have been developed recently to solve the time series clas-
sification problem with a focus on interpretable models. Manganaris [Man97], for example,
constructs piecewise polynomial models for univariate time series and directly uses the parame-
ters of this representation as attributes for classification with decision trees. Olszewski [Ols01b]
uses a very similar approach but with composite piecewise models (with an automatic choice
among linear, quadratic, and exponential models in each segment). He also feeds decision trees
with the parameters of these models. Although they both use piecewise models for feature
extraction, these approaches are very different from our own approach. The piecewise model
is used in their work to provide a small set of attributes while it is used to support pattern
extraction in our method.

At least three works are based also on pattern extraction. Kadous [Kad99] defines “parame-
trized event primitives” which are extracted from the time series of the learning sample. The
number of such primitive events is reduced by using clustering techniques in their parameter
spaces and then characteristic functions of the resulting clusters are used with standard au-
tomatic learning algorithms (Naive Bayes or decision trees). Kudo et al. [KTS99] transforms
multivariate signals into binary vectors. Each element of these vectors corresponds to one rect-
angular region of the “value-time” plane and tells if the signal passes through this region. The
number of regions is reduced by a discretization of time and attribute. A method of their own,
subclass, builds rules from these binary vectors. Gonzales et al. [ARO00] extends (boosted)
inductive logic programming systems with predicates that are suited for the task of time series
classification. The number of possible predicates considered during induction is reduced by
discretization of their possible defining parameters.

These three approaches share some common characteristics with our decision tree extension.
First, authors are all interested in getting interpretable rules and so use an interpretable clas-
sifier. Second, they use some discretization techniques to reduce the search space for patterns
(by discretization of the parameter space in [KTS99] and [AR00] and unsupervised clustering
in [Kad99]). In the first two methods, patterns are extracted globally before the construction
of the classifier while, in the last one, the search for patterns is incorporated in the induction
algorithm like in our work.

The main difference with our approach is that primitive patterns are defined by some para-
metric models which are chosen so as to be useful in most application domains. In our method,
patterns are extracted from the the time series of the learning sample and hence they do not
have to satisfy any predefined form. Another difference is that patterns in these works are
defined on absolute time values (even if some variations about their start time is allowed by the
pattern definitions) while our pattern definition explicitly captures shift invariant properties.
This may be an advantage over these methods in problems which really present such patterns
but also a disadvantage when shift invariant patterns are not relevant for classification.



12.5 Conclusions and future research directions

In this chapter, we have presented a new tool to handle time series in classification problems
which produces interpretable results. This tool is based on a piecewise constant modeling of
temporal signals by regression trees. Patterns are extracted from these models and combined
in decision trees to give interpretable rules. With respect to the use of low-level features, the
advantage of this technique in terms of interpretability is undeniable. In terms of accuracy,
better results can be obtained by using either random trees or the segment and combine ap-
proach. However, in problems where we know that classes are actually characterized by local
shift invariant properties (like in CBF-tr or Two-pat), the results given by this algorithm are
competitive with these latter methods.

From this preliminary study, two future work directions seem particularly interesting: ex-
tensions of the model to handle other temporal peculiarities and combination of this techniques
with perturb and combine algorithms.

Extensions of the model

The presented method is only a first attempt to produce interpretable models for time series
classification problems and it suffers from several shortcomings essentially in terms of represen-
tation capabilities.

First, the representation of time series with piecewise constant models while computationally
efficient is somewhat crude and often needs a lot of segments to reach a high precision. It could
be advantageously exchanged for a more powerful decomposition, for example using piecewise
linear models. Although the computational cost of extracting such piecewise linear models from
the attribute values of an object would be higher, we believe that both the interpretability of the
resulting rules and the computational complexity of the resulting automatic learning method
could be significantly improved in this way. Indeed, the optimum number of segments with
a piecewise linear model should be lower than the same number with a piecewise constant
model and hence this should reduce the number of candidate patterns to consider during the
development of decision tree nodes.

Second, our model was tailored for applications where classes are characterized by local
shift invariant properties but it does not allow the detection of shrunk or extended versions
of the reference pattern along the time or value axis. This limitation comes from the use of
euclidian distance which is sensitive to change in time scale and furthermore can only compare
portions of signals of the same size. At the moment, the only way to take into account such
scale invariant properties within our method is to introduce several patterns corresponding to
this property at different time scales.

One way to circumvent the problem is to detect our patterns by using another distance
measure which would be invariant or at least less sensible to scale changes in patterns. One
possible distance measure is dynamic time warping (see for example [BC96]) which finds the
point-to-point alignment between two time series (possibly of different lengths) which minimizes
the distance between them. Another possibility is to use probabilistic pattern matching like
in [GS00] or [KS97]. More flexibility could be for example added to our system by putting a
probability distribution on the lengths and amplitudes of segments which would naturally take
into account time and amplitude deformations of the pattern. Actually, this transforms our
piecewise constant model into a particular case of a segmental hidden Markov model which was
studied in the literature (see [ODK96] or [AMGDO00] for applications). In this approach, a pat-
tern would be viewed as a probabilistic model generating time series and the pattern matching
based on euclidian distance would be replaced by the computation of the (log-)likelihood of the
signal given that model. We could then take advantage of the existing learning algorithms for
probabilistic models to learn the pattern parameters from the whole set of time series of one
class (instead of only one randomly drawn from the learning sample).

When considering extensions of the algorithm, great care should be taken for not increasing
too much the variance. If we know from prior knowledge that such extensions are not necessary



for classification, then they should be avoided.

Perturb and combine algorithm

With decision trees and pattern extraction, the bias is low but the variance is high (because
of the increase of the size of the hypothesis space). This suggests that perturb and combine
algorithms would give good results in this context. As it selects scenarios at random in the
learning sample, our algorithm is actually random. The simplest perturb and combine variant
would thus consist in running the algorithm several times on the same data and combine the
predictions of the resulting models to reduce variance. However, the resulting method will not
be computationally efficient since the search for one model is already quite demanding.

A better approach would either consist in extending the dual perturb and combine algorithm
to the present method or to design a random tree growing algorithm in this context, specifically
so as to reduce computation times. For example, the bit-vector masks that define complex
patterns might be selected at random to develop tree nodes and hence result in a fast random
tree growing algorithm. Nevertheless since this approach would result in non interpretable
classification models, it should be compared with variance reduction algorithms which use low-
level attributes. If both give the same error, then the approach which is the most efficient (for
learning or for testing), should be preferred.



Chapter 13

Conclusion and future work

13.1 Conclusion

This thesis has explored two common problems in machine learning, the improvement of an
existing learning algorithm, in our case the decision tree induction method, and the treatment
of a “new” kind of data, in our case temporal data.

Our walk to the first goal was very systematic. First, we studied in depth the behavior
of standard decision tree induction in various conditions in order to highlight its main short-
comings. The main drawback of this method turns out to be its variance, be it the prediction
variance which affects accuracy or the parameter variance which affects interpretability. From
the general considerations about variance reduction techniques in the first part of this thesis,
we had at our disposal two main approaches to reduce this variance: regulate the bias/variance
tradeoff during induction or combine several perturbed decision trees to decrease variance. The
first kind of techniques led us to the evaluation of the well-known pruning algorithm and to the
proposal of discretization threshold stabilization methods. As expected, these two approaches
only improve slightly accuracy because they inevitably increase the bias. On the other hand,
perturb and combine algorithms are very effective in combination with decision trees. As our
study of decision tree variance has shown that the parameter variance is very high, we devised
an extremely randomized decision tree based algorithm which compares favorably with bag-
ging and boosting algorithms. Trying to propose a compromise between the interpretability of
decision trees and the accuracy of perturb and combine algorithm, we reinvented another type
of soft tree model as a particular instance of a general variance reduction technique, the dual
perturb and combine algorithm.

The comparison of the resulting algorithms given in the closure of the second part of the
thesis shows that the proposed methods, from single trees to bagging of soft trees, span a large
spectrum of improvements and hence of solutions according to the main criteria used to assess
learning algorithms: interpretability, computational efficiency, and accuracy. Nevertheless, we
are convinced that there still remains ample room for improvements and further research. In
particular, the most promising approaches are certainly the dual perturb and combine algorithm
and randomized trees in general. On the other hand, from our experiments with threshold
stabilization methods, we do not expect much improvements from variance reduction techniques
within the strict hypothesis space of standard decision trees.

Tackling the treatment of time series data was more difficult. First, we defined the general
problem of supervised learning with temporal data and then restrained our ambition to the
problem of time series classification. An a priori analysis allowed us to highlight the peculiarities
of such problems that could prevent standard learning algorithms to succeed. Then, we chose
a small number of test problems which were artificially generated to present such peculiarities.
As our goal was to propose general approaches, our first experiments logically consisted in
applying existing learning algorithms on the low-level attributes with minimum preprocessing.
However, even the best variance reduction techniques were not able to tackle all test problems
in a satisfactory way. So, we proposed the segment and combine algorithm which allowed to
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improve the bias/variance tradeoff by artificially providing more information to the learning
algorithm while taking into account the temporal ordering of low-level attributes. If the problem
of accuracy on our test problems was partially solved by this variant, methods that use low-
level attributes were not able to provide really interpretable rules and hence in a second step,
we tried to design an interpretable method. To this end, we decided to extend decision tree
induction, motivated by the interpretability and the open-minded structure of this method. Our
extension focused on the detection of local shift invariant properties. The resulting method gave
good results in terms of accuracy and interpretability on problems presenting shift invariant
properties but was powerless on other problems.

The main benefits of our study in the last part are, on the one hand, to show that the
problem is indeed difficult and hence that it deserves further attention and, on the other hand,
to open up two complementary directions for the search of solutions: first adapt perturb and
combine algorithms to the properties of temporal data and second try to devise interpretable
temporal models. In both directions, we have made several choices (for example, the use of
decision trees) but it is clear that many other approaches could have been adopted which might
prove superior to the one selected here. We therefore consider that our work is only a first step
towards accurate and interpretable automatic learning methods for time series classification.

All in all, our search for solutions to both problems has shown that the design of automatic
learning algorithms is a complex multiobjective optimization problem. Among the main con-
flicting objectives in this context, we have average (and worst-case) accuracy over a large class
of problems, interpretability of models, computational efficiency and scalability. Often inter-
pretability means low accuracy and high accuracy means low computational efficiency and no
interpretability. While extra-trees show that it is possible to combine efficiency and accuracy
in the same algorithm, interpretability and accuracy on the other hand seem to be the most
difficult criteria to combine in one algorithm. While dual P&C keeps the interpretability of
decision trees, it is not as accurate as other perturb and combine algorithms. Although the
extension of decision trees to detect patterns gives accurate results in some types of problems,
in average, it is not as good as the segment and combine approach.

Another important compromise which must be taken into account when designing a learn-
ing algorithm is the bias/variance tradeoff which regulates the accuracy. Our experiments have
shown that thinking problems in terms of bias and variance is useful to understand the behavior
of learning algorithms and helps avoiding a priori bad design choices. Although it is not the
only way to study learning algorithms, one of its main advantages is that bias and variance can
be effectively evaluated (even if this evaluation is cumbersome in some cases). Furthermore,
even if the available measures of bias and variance in classification are not fully sound from
the theoretical point of view, we have seen that, in combination with the bias/variance decom-
position of the regression error on probability estimates, it allows to effectively explain many
things.

Eventually, a last conclusion from our experiments is that decision tree induction definitely
deserves its place among the most popular learning algorithms. Even if it suffers from several
well-known shortcomings (such as its variance), its open-minded structure and the simplicity
and efficiency of its induction algorithm makes it the method of choice for many improvements.
This thesis has shown for example that the extra-tree extension is a very promising alternative
for handling very large datasets and that the power of the tests may be easily extended to
handle different kinds of problems. Even if the resulting extensions are sometimes very far from
the standard decision tree algorithm, such improvements would not have been easy with more
rigid and black-box type algorithms.

13.2 Future work directions

We collect here some future research directions. First, we present short term developments
which concern improvements or extensions of the presented algorithms. Second, we discuss
interesting long term research directions in a more general point of view.



13.2.1 Short term investigations

Several possible enhancements of the proposed algorithms have already been mentioned in the
course of the thesis. The most important ones are summarized below.

Concerning our method for improving decision trees, the two methods which deserve more
attention in the future are certainly the dual perturb and combine algorithm and the extra-tree
method.

Concerning the dual P&C algorithm, it would be interesting to investigate how its perfor-
mances compare with those of bagging and boosting in a broader range of conditions (larger
learning samples, larger number of attributes). Although this method can be combined with
any learning algorithm, we have studied its effect and implementation only in combination with
decision trees. It would be also interesting to investigate the use of this method in combina-
tion with other learning algorithms such as neural networks. In this context, a closed-form
derivation of the algorithm may further increase its practical interest.

The extra-tree algorithm provides certainly the most promising basis for future research. We
would suggest to make a more in depth assessment of its accuracy, in particular, in comparison
to techniques such as multilayer perceptrons, and on the basis of broadly accepted datasets,
such as for instance those used in the Statlog project [MS94]. The question of computational
performance optimization in the context of very large databases also deserves special attention.
In particular, among the questions which have not been addressed in the thesis we mention the
storage of extra-trees which sizes might become problematic for very large sample sizes and for
some specific applications (such as embedded systems).

Concerning the segment and combine approach for time series classification, it would also be
interesting to investigate the behavior of this method on a broader range of problems to better
circumscribe its limitations. Depending on the results of such a study, other perturbation
schemes could be imagined to tackle problems for which it does not work well enough.

The most attractive extension of pattern extraction techniques is certainly the use of prob-
abilistic models for pattern matching which has been mentioned in the conclusion of chapter
12. ;From our experiments in this chapter, we have also concluded that the tree partitioning
was maybe responsible for the bad results on the two problems with small learning sample
sizes and high number of classes. So, it would be interesting to investigate other ways to take
advantage of the pattern extraction algorithm which would be more robust in such conditions
(for example, using a set of overlapping rules instead of the recursive partitioning of decision
trees).

Finally, although we have focused in this thesis on the treatment of numerical input at-
tributes and symbolic outputs, from a practical point of view it would be necessary to extend
our methods to handle other types of data, such as symbolic attributes or regression problems.
Notice that, since most of our algorithms rely on decision trees, their extension to regression
problems is often trivial (for example, dual P&C and extra-trees are easy to transpose). The
extension to symbolic attributes with dual P&C and extra-trees is also direct, although it would
need further validation. On the other hand, the treatment of discrete sequences of events with
the segment and combine approach or with our extension of decision trees for pattern detection
would require more creativity.

13.2.2 Long term research

We expose here two long term research directions which we find interesting from a broader
point of view.

Bias/variance tradeoff and other paradigms

In this thesis, all our improvements have been motivated from a bias/variance point of view.
However, the bias/variance decomposition is apparently not able to explain the good behavior
of boosting algorithms and furthermore there exist in machine learning other paradigms which



have motivated new learning algorithms. For example, recently the machine learning community
shows an increasing interest in support vector machines and large margin classifiers which have
emerged from Vapnik’s work on the statistical learning theory. We have seen that at least
qualitatively some connections may be drawn between random tree algorithms and these latter
methods (in terms of their ability to overcome the overfitting problem). The Bayesian approach
to automatic learning offers another motivation for model averaging techniques. We believe
that understanding the relationships between these different paradigms or between the learning
algorithms which they have fostered, would be helpful to improve or to design new algorithms
and hence certainly deserves further research in the future.

Fully automatic method for complex data types

A very challenging and interesting question which is partially addressed in the last part of this
thesis concerns the adaptation of automatic learning methods to handle complex data types
such as time series, images, texts, or biological sequences. Indeed, more and more databases
containing such data become available for automatic learning and there is still a lot of work to be
done before these datasets can be handled in an efficient and fully automatic way. According
to our preliminary results with time series, we believe that this problem should be tackled
from two complementary points of view: first the development of generic approaches, as far as
possible independent of the use of prior knowledge about the problem domain, and second, the
development of interpretable methods.

With the goal of providing general approaches without consideration about interpretability
questions, we believe that variance reduction techniques studied in the first part of this thesis
should be methods of choice. In particular, similarly to the segment and combine algorithm, we
could devise perturb and combine methods adapted to the considered type of data. Another
solution is to extend decision trees with candidate tests adapted to the type of data (just like
our pattern detection tests for time series) and then use randomization to avoid the problem
of overfitting which will inevitably appear with the increase of flexibility.

On the other hand, the problem of inducing interpretable models seems more challenging.
When extending the decision tree method, we have made the hypothesis that the problem may
be characterized by local shift invariant properties. This assumptation makes the method even
competitive with the segment and combine approach on problems which satisfy this hypothesis
but however, does not improve the results over the use of low-level attributes on problems which
do not satisfy it. Such hypotheses seem to be necessary to give interpretable and accurate models
especially in complex domains but prevent the design of very general solutions. One goal of
research in this context would be to evaluate to which extent it is possible to free oneself from
such a priori hypotheses.



Appendix A

Bias/variance decompositions of
zero-one loss functions

In this appendix, we review the most representative decompositions of the mean error rate into
a bias and variance terms which have been proposed in the machine learning literature. After
the derivation of each decomposition, we end this review with a short discussion of their pros
and cons and motivate our choice for a particular decomposition. Before reading this appendix,
we suggest to first review chapter 3 where the notation and relevant concepts are introduced.

Throughout the following presentation we will refer to Figure 3.5 in order to illustrate the
special properties of the measures introduced. This figure represents, at a particular point of
the input space, in its leftmost part a hypothetical true distribution P(c|a), and in its center
and righmost parts the sampling distributions of the classes predicted at this point by two
hypothetical learning algorithms. Let us recall here that P! ¢(c|a) denotes the distribution of
predictions at point g by algorithm ¢, generated when this algorithm is repeatedly applied to
infer models from random learning sets of fixed size (say N).

1 2
P, P(c|a) IID_S(C|a) F|>_S(c|a)
0.8
0.7
0.5
0.4
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Figure A.1: Left, a classification problem, right, two different learning algorithms

A.1 Bias/Variance decompositions

The local mean error in classification with zero-one loss functions is the probability of misclas-
sification at point a:

Ers{Err(frs(a))} = 1- ZP(C'Q) - Prs(cla). (A1)

The residual error at point a, noted oc(a), is given by:
oc(a) =1—P(fp(a)la), (A.2)

where fp is the Bayes classifier. By analogy with the decomposition of the square error, we
have defined in Chapter 3 the following “natural” bias and variance terms:

biasc(a) = 1(fs(a) # f1§" (a)) (A.3)
varc(a) = 1— Prs(fi5*(a)la).
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where biasc(a) is the error of the majority vote classifier with respect to the Bayes model at
point g and varg(a) is defined by symetry with respect to the residual error o¢.

We have also noted that these three terms do not add to give the mean error rate. Indeed,
for the problem illustrated in Figure A.1, the models built by the two algorithms decide class
2, while the Bayes classifier would decide class 1. So, the two algorithms are (equally) biased at
point g, i.e. biasc(a) = 1. On the other hand, residual error at point a is equal to o¢(a) = 30%,
while the average error of algorithm 1 is equal to 76% and that of algorithm 2 is 61%. Intuitively
also, the “variance” of algorithm 2 is stronger than that of algorithm 1, since its sampling
distribution is closer to uniform. Quantitatively, we have var}(a) = 0.2 and var%(a) = 0.5.
However, since in both cases the average error rates are actually smaller than the error rate
of the corresponding majority vote classifier (80% in both cases), we conclude that in this
example variance is beneficial (since algorithm 2 is better that algorithm 1). This counter-
intuitive behavior (when compared to the bias/variance decomposition of the square regression
error) leads to the difficulties already mentioned in chapter 3 and is responsible for the multitude
of zero-one loss function decompositions discussed below.

A.1.1 Tibshirani [Tib96] and James and Hastie [JH96]

Tibshirani [Tib96] defines the bias at point g as the difference between the probability of the
Bayes class and the probability of the majority vote class:

biasr(a) = P(fg(a)la) — P(f15" (a)|a). (A.5)

Thus, the misclassification error of the majority vote classifier is the sum of this quantity and
residual error:

oc(a) + biasp(a) = 1—P( 5(a)la) + P(f5(a)la) — P(f1§" (a)|a) (A.6)
= 1-P(f15"(a)|a) (A.7)
= Err(fMAJ(_)). (A.8)

This is exactly the part of the error which would remain if we could completely cancel the
variability of the predictions. The variance is then defined as the difference between the mis-
classification error and the error of the majority vote classifier:

varp(a) = Ers{Err(frs(a))} — Err(f1§" (a)). (A.9)

Tibshirani denotes this variance term the aggregation effect. Indeed, this is the variation
of error which results from the aggregation of the predictions over all learning sets. Note
that this variance term is not necessarily positive. For example, for the second classifier of
Figure A.1, Ers{Err(frs(a))} is 0.61 and Err(f}A7(a)) is 0.8, yielding a variance term of
—0.19. James and Hastie [JH96] have proposed the same decomposition. To distinguish these
bias and variance terms from biasc and varg, they call them systematic and variance effect
respectively. Note that both Tibshirani and James and Hastie have come to this decomposition
from theoretical considerations about possible generalization of the bias/variance decomposition
of squared error to other loss functions.

A.1.2 Breiman in [Bre96a]

Breiman has successively proposed two decompositions of the mean error rate. The first one
[Bre96a) is based on the idea that only biased points should participate to bias and only unbiased
points should participate to variance. Hence, the difference between the actual error and the
residual error is attributed to bias if f#47(a) # fp(a) and to variance otherwise. Since this
difference may be written at point a:

Ers{Err(frs(a))} —ocla) = 1—21’ cla) - Prs(cla)) — (1 = P(fB(a)la)) (A.10)



= ZP C| PLS c|a) (A.ll)

= Y (P(fs(a)la) - P(cla)) - Prs(cla), (A.12)

Breiman’s bias and variance terms are giv;n by
biasg 1(a) = 1(fp(a) # 1§ () - ( ZP cla) - Prs(cla)) (A.13)
varp,(a) = 1(f(a) = 15" (@) - (P(f(a)la —;P cla) - Prs(cla)). (A.14)

By definition of fg(a), we have P(fg(a)la) > P(c|a),Vc and hence, the two terms are positive.

A.1.3 Breiman in [Bre00]

To define the bias of his second decomposition, Breiman [Bre00] simply isolates the term cor-
responding to the class f}A7(a) from the sum A.12:

biasp2(a) = (P(fs(a)la) — P(f1§" (a)la)) - Pus(f1§" (a)la). (A.15)
The variance then becomes:
vargp(a) = Y (P(fB(a)la) — P(cla))-Prs(cla). (A.16)
A (a)

To distinguish this variance from the regression one, he calls this term the spread. Again, both
terms are positive.

A.1.4 Kong and Dietterich [DK95]

Kong and Dietterich [DK95] propose a decomposition of

1 - Prs(fp(a)la) (A.17)

which is the local misclassification error of the learning algorithm with respect to the Bayes
classifier or, in other words, the probability that a classifier does not predict the Bayes class at
a. This error coincides with the true misclassification error only when there is no noise. In the
presence of noise, it can be either greater or smaller than the true misclassification error (for
example, in the case of the second classification algorithm of Figure A.1, (A.17) is 0.9 whereas
the misclassification error is 0.76). Their definition of bias matches the definition (A.3):

biasgp(a) = 1(f5(a) # f1§" (a))- (A.18)
Variance is the difference between (A.17) and bias:
vargp(a) =1 — Prs(fp(a)|a) — biask p(a). (A.19)

This variance is positive at unbiased points and negative at biased ones.

A.1.5 Domingos [Dom00a, Dom00b]

Domingos in [Dom00a] and [Dom00b] agrees with the definition of bias, variance, and, residual
error given in our introduction to chapter 3 and combines them into an expression like:

Ers{Err(frs(a))} = ci(a).cc(a) + biasc(a) + ca(a).varc(a), (A.20)
where c2(a) is defined by:

Prs(fp(a)la) if fB(i) £ fMAJ(a)' (A.21)

cle)=1¢ _
1-Prs(f¥4 (a) a)

{ 1 if fp(a) = f1§" ()



So we have:

_ | 1= Pus(f1§"(a)]a) if fB(a) = f1§(a)
R s A ey oy AW (422
and hence, by combining (A.4) and (A.22):
biasc(a) + c2(a).varc(a) = 1 — Prs(fB(a)la). (A.23)

The decomposition of Domingos is thus similar to the one of Kong and Dietterich. However,
he further decomposes the global variance into two terms (according to (A.22)):

Va = Ba{l(f1§"(4) = f5(4)).(1 - Prs(f15"(4)|4)} (A.24)
Vo = —Ba{l(f1§"(4) # f5(A))-(—Prs(f5(4)|4)}. (A.25)

V. is thus the contribution from unbiased points to variance and V} is the contribution from
biased points to variance. The overall variance is thus the difference between V,, and Vj:

Ep{ca(4).varc(4)} =V = Vp (A.26)

A.1.6 Kohavi and Wolpert [KW96]

Kohavi and Wolpert [KW96] propose a very different decomposition which is closer in spirit
to the decomposition of the square regression error. Introducing the new (random) numerical
models fi4(a) = 1(frs(a) = ¢;),i = 1,...,m, and using the variable Y = 1(C' = ¢;), the local
mean error may be written:

Ers{Err(frs(a))} = Ers{Ec{1(C # frs(a))}} (A.27)
= Bis{Boul; Z 1(YE # fhs(@))) (A.28)
= ELS{EC|a{ Z — f15(@))*}} (A.29)
= 5 Z Ers{By;  {(Ye — fLs(a))?}}- (A.30)
=1

Applying the decomposition of square error for each i, we get:

Brs{Byyu{(Yé — fls@)?)) = Byi o{(Yé — By;  {¥E))?)

+(By; o {Ye} — Ers{fis(@)})?
+Ers{(fis(a) — Ers{fis(a)})*} (A.31)
= (P(cila) — P(cila)*) + (P(cila) — Prs(cila))?
+(Prs(cila) — Prs(eila)?), (A.32)
By {Ye} = By o{(YE)*} = Pleila), (A.33)
and similarly,
Ers{fis(@)} = Ers{(f1s(a))*} = Prs(cila). (A.34)

Combining (A.32) and (A.30), we obtain Kohavi and Wolpert’s decomposition at point a:

Ers{Err(frs(a))} = oxw(a) + biasgw (a) + vargw (a), (A.35)



with

swle) = 5= 5 Plda?), (A.36)
biasgw(a) = —Z[P cla) — Prs(cla)]?, (A.37)
vargw(a) = 5(1—ZPLS(C|Q)2)- (A.38)

This decomposition results into a sum of three positive terms. Their definition of variance
is almost (a factor 2 missing) equal to the gini entropy of the distribution Prg(c|a) and hence
is a finer measure of the uncertainty of the prediction at point g than varc. Note that this
decomposition ignores both the Bayes model and the majority vote classifier. A consequence
of this is that the bias of the Bayes model is not null.

A.1.7 Heskes [Hes98]
Heskes [Hes98] adopts the “natural” variance term varc:
varg = 1 — Prs(f1§" (a)la), (A.39)

and, ignoring the residual error, defines bias as the difference between the average error and his
variance:

biasH = ELS{ET'T'(fLS(Q))} - varH( ) (A4.0)
= (1- ZP (cla) - Prs(cla)) — (1 — Prs(f15* (a)|a)) (A.41)
= ZP cla)(Prs (25" (a)|a) — Prs(cla))- (A.42)

Although the two terms are positive, his bias term can not be splitted into a new positive bias
term and the residual error. Indeed, it can happen that his bias is smaller than the residual
error. For example, for the second algorithm of Figure A.1 (pp. 203), we have o¢(a) = 0.3 and
biasg(a) = 0.61 — (1 — 0.5) = 0.11.

Actually, Heskes derives his decomposition as a limit case of a more general decomposition of
error measure that can be derived from a loglikelihood. However, by taking the limit, he notes
that the derived bias (A.40) does not satisfy all the obvious requirements that a bias/variance
decomposition should satisfy.

A.2 Discussion

The multitude of decompositions which have been proposed translates well the complexity of
the interaction between bias and variance in classification. This makes the choice, both in
theoretical and in empirical studies, of a particular bias/variance decomposition difficult. Each
decomposition has its pros and cons and has proven to be useful for a study of the bias/variance
tradeoff, each one at least in the context of its introduction.

All authors which have participated to the debate agree that bias should be a measure of
the discrepancy between the Bayes classifier and the majority vote classifier and that variance
should be a measure of the prediction variability. For this reason, all bias terms are null when
the prediction of the Bayes classifier is equal to the prediction of the majority vote classifier
(except for Kohavi-Wolpert’s and Heske’s bias) and all variance terms are null when the model
prediction is constant throughout all learning sets.

However, strictly following these definitions, we have seen that more variance can be ben-
eficial if bias remains unchanged. Hence, when the variance and bias terms of a particular
decomposition both are positive, there is necessarily a “bias effect” included in the variance



term or a “variance effect” included in the bias term. For example, Kohavi and Wolpert’s bias
is dependent on the distribution Prg(c|a), rather than solely on the majority vote classifier,
and thus includes some effect which would normally be assigned to variance. A consequence is
that in a non noise setting, the bias is null only when Prs(fp(a)|a) = 1 which also corresponds
to a case of null variance. In the case of Breiman’s first decomposition, no error is imputed to
variance at biased points. However, it seems natural to at least attribute to variance the error
caused by the non null probability of ¢; and c3 in the two cases of Figure A.1. Similarly, the
second bias term of Breiman changes when the probability Prs(crs(a)|a) is affected although
the majority vote classifier remains the same. This dependence between bias and variance
makes the previous decompositions difficult to interpret.

On the other hand, Domingo’s and Tibshirani’s bias terms depend only on the majority vote
classifier and are easy to interpret. Although their variance can be negative, we believe that
a negative variance effect better reflects the kind of interaction which exists between the two
types of error in classification. If the variance term is negative, a reduction of the prediction
variability which does not affect the bias is indeed going to increase the error rate. On the
contrary, if the variance term is positive, a reduction of the prediction variability results in a
decrease of error.

Domingos’ decomposition still suffers from one drawback. It ignores the effect of the noise
which is hidden in the term c;(a) - o¢(a). As this term can be negative, the exact consequence
of a reduction of its variance or bias terms on the error may be difficult to predict. When there
is no noise on the other hand, it is easy to see that Domingos’ and Tibshirani’s decompositions
are exactly the same. For this reason, we have prefered Tibshirani’s decomposition to the other
ones. Another advantage of Tibshirani’s decomposition is that the evaluation of the sum of
bias and irreducible error does not make use of the Bayes classifier and hence can be estimated
in real-world problems where P(c|a) is normally unknown (see Section 3.2.4).

Tibshirani’s bias is the additional error with respect to the Bayes classifier which would
remain if we could drive variance to zero without affecting the majority vote classifier. Tibshi-
rani’s variance can thus be interpreted as the modification of error resulting from a complete
reduction of the prediction variability. So it is in no way a measure of the prediction variability.
A complete analysis of the bias/variance profile of a learning algorithm would be advantageously
completed with a more adequate measure of this variability. Kohavi and Wolpert’s variance
term is a good candidate for this purpose, as it satisfies the nice properties of entropy measures.
However, a diminution of this variance can not be interpreted as a direct diminution of the error
rate.



Appendix B

Datasets

In this appendix, we describe the datasets which are used in our experiments. First, we dis-
cuss the non temporal classification problems used in Part IT and then we give the equations
underlying the four artificial temporal problems used in Part III.

B.1 Classification problems

Table B.1 gives a description of the datasets used in the experiments of the second part of this
thesis. All datasets are quite large and contain only numerical attributes. In Table B.1, #PS
denotes the size of the pool set from which smaller learning sets of size #LS are randomly
drawn for repeated building of models, #V S the size of an independent validation set used for
example to prune trees or to select the optimal value of the noise level for the dual perturb and
combine algorithm, and #7T'S is the size of the test set used to estimate errors and bias/variance
decompositions.

e Gaussian. This synthetic database contains 20000 samples drawn each one randomly
from one of two bi-dimensional Gaussian distributions (each one corresponding to one
class). The first one is centered at (0.0,0.0) and has a diagonal covariance matrix, while
the second one is centered at (2.0,2.0) and has a non-diagonal covariance matrix. There
is a rather large overlapping between the two Gaussian distributions which results in a
rather high Bayes error rate of 11.85% (See figure B.1). Notice that the Bayes classifier
is of quadratic shape for the Gaussian database.

e Waveform. This is a well-known simulated database used as an illustration in the CART
book ([BFOS84]) and by many other researchers to test their algorithms. The version
we used contains 5000 cases. There are 3 equally frequent classes corresponding to three
different waveforms. Each waveform is described by 20 numerical attributes, which are
evenly distributed noisy samples obtained from the particular signal. The error rate of
the Bayes rule was estimated to be 14% and the CART decision tree induction method
is known to give about 28% on this problem.

Table B.1: Data set summaries
Data set  No. attributes No classes oc(%) #PS #LS #VS #TS

Gaussian 2 2 11.85 14000 100 2000 4000
Waveform 21 3 14 3000 300 1000 1000
two-norm 20 2 2.3 7000 300 1000 2000
Omib 6 2 0.0 14000 500 2000 4000
Satellite 36 6 - 3435 500 1000 2000
Pendigits 16 10 - 5494 500 2000 3498
Dig44 16 10 - 9000 500 2000 4000
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Figure B.1: GAUSSIAN problem

e Two-norm. This artificial problem was proposed by Breiman in [Bre96al. It is a 20
dimensional, 2 class classification example. Each class is drawn from a multivariate normal
distribution with unit covariance matrix. Class 1 has mean (a,a,..a) while Class 2 has
mean (—a, —a,.. — a), where a = —2—. Breiman reports the Bayes error rate as 2.3%.

V/(20)

The Bayes classifier is linear in this particular case.

¢ Omib. This database comes from simulations of a small electric power system [Weh98].
The state of the system is described by six numerical attributes and the goal classification
tells us if this state is stable or unstable. All 6 attributes act on the output variable in
a non-linear but deterministic way (there is no residual error). The database contains
20000 random system conditions.

e Satellite. Each object of this dataset corresponds to a small 3x3 grid of pixels corre-
sponding to different portions of a satellite image of a particular region of the earth. Each
of these grids corresponds to one of six possible types of soil. The goal of learning is to
predict the type of soil. There are 36 attributes reflecting energy levels in different fre-
quency bands obtained for each pixel in the 3x3 neighborhoods. This datasets was used
in [MS94] to compare different learning algorithms. Note that the results obtained in
our experiments are not comparable with those in ref. [MS94] since we use much smaller
learning sets.

e Pendigits. This dataset corresponds to a handwriting digit recognition problem. Each
object corresponds to one of the ten digits produced by some writer on a sensitive tablet.
Digits are described by 16 attributes which are obtained by resampling spatially the
temporal signals generated by the writer.

e Dig44. This problem is also a digit recognition problem. The dataset consists of examples
of the digits 0 to 9 gathered from postcodes on letters in Germany. Examples were
digitized onto images with 16x16 pixels and then 16 attributes were extracted by averaging
over 4x4 neighborhoods in the original images. Like satellite, this dataset is described in
[MS94]. The results obtained in our experiments are again not comparable with those in
ref. [MS94] since we use much smaller learning sets.

All these datasets are available at the UCI repository of machine learning [BM98], except for
Gaussian and Omib.



B.2 Temporal classification problems

We give in this section, the exact equations that define the four artificial time-series classification
problems used in the third part of the thesis.

B.2.1 CBF problem

Equations are taken from [Sai94]. Each object is described by one temporal attribute defined

on the integer time axis 0,1,...,127 by:
(6 +1)-X[a,p) (1) + €(t) if C(o) = ¢,
A(o,t) = ¢ (6+1).X[ay(t)-(t —a)/(b—a)+e(t) if Clo) =b,
(6 4+m)-x (t).(b—t)/(b—a)—l—e(t) if C'(o) = f,

where
1 fa<t<bd
0 otherwise

X[a)(t) = {

In the original problem,  and €(t) are drawn from a standard normal distribution N (0, 1), a is
an integer drawn uniformly from [15,31] and b — a is an integer drawn uniformly from [32, 96].

B.2.2 Cbf-tr

We have designed this dataset specifically for this research. With respect to the previous
problem, the only difference is that a is drawn from [0, 64] and b — a is drawn from [32, 64].

B.2.3 Two-pat

This dataset has also be designed by us for our experiments. In this problem, each scenario
is described by a single temporal input attribute A which is defined on the integer time axis

0,1,...,127 by the following function:
e(t)
S1 (t — tl, ll)
Ao,t) =< €(t)
59 (t — tg, lg)

e()

ifo0<t<ty

ift; <t<ti+1
ift1 4+ <t<ty
iftg <t <tg+ls
iftg+1o <t <128

(B.1)

where the time functions s; and sy are defining the patterns of respective lengths I; and ls. €(t)
is some noise surrounding the patterns, drawn from a standard normal distribution N(0,1). {3
and [y are integers uniformly drawn in [16,32] and ¢; and ¢2 are integers randomly drawn in
[0,127] such that the two patterns are not overlapping each other and are fully comprised in
the interval [0,127] (i.e., mathematically, such that ¢; + /1 < t2 and t2 + l2 < 128).

As possible instances for s; and so, we consider simple upward and downward steps defined
by the following time function where [ is the length of the pattern:

-5 ifo<t<i

us(t,l) = { el 2 (B.2)
5 ifo<t<i

ds(t,l) = { el 2 (B.3)
-5 1f%§t<l

s1 and sy are independently chosen as being either us or ds (each one with probability 0.5).
According to this random choice, the classification of a scenario in one of four classes is defined

as follows:
uu if 81 = 89 = us

ud if s1 = us and so = ds
du if s1 = ds and so = us
dd if s1 =389 =4ds

The four classes are thus equiprobable.

c(o) = (B.4)



B.24 CC

This problem is obtained from [AM99]. There are six classes and the objects are described by
one temporal attribute on the discrete time interval [1,60]. Denoting by r(¢) a random real
number in [—3, 3] and taking m = 30 and s = 2, each of the six classes is defined as follows:

e Normal: a(o,t) = m + sr(t).

e Cyclic: a(o,t) = m + sr(t) + asin(27t/T), with a and T randomly selected in [10, 15].
e Increasing: a(o,t) = m + sr(t) + gt, g a random number in [0.2,0.5].

e Decreasing: a(o,t) = m + sr(t) — gt.

e Upward: a(o,t) = m + sr(t) + z.1(t < tp), with z drawn in [7.5,20] and ¢y drawn in
[n/3,2n/3].

e Downward: a(o,t) = m + sr(t) — z.1(t < t,).

The data used in our experiments is taken from the UCI KDD Archive [BM98]. It contains
100 examples per class.



Appendix C

Experimental results of part 11

This appendix contains all the experimental results analyzed and summarized in Chapter 6 to
Chapter 8 of the second part of this thesis. Each one of the four sections of this appendix
corresponds to one of the four chapters of Part II. The results are provided only for reference
Hence, we do not recall here the experimental protocol used
to generate them. The precise meaning of the values gathered in the tables is given in the
corresponding part of the main text of the thesis. To facilitate the search for a particular
result, the caption of each table provides the section of the chapter which discusses these
results. For information, the generation of these tables has necessitated the construction of

when reading the main text.

more than 100,000 decision trees with our software.

C.1 Results of Chapter 5

Table C.1: Prediction variance of fully grown trees (see Section 5.4.1)

Mean error | compl | biasy |varr (%) | vargw (%) | var (%)

Gaussian (#1s=100) 0.1725 30 (0.1192] 0.0533 0.0876 0.0876
Waveform (#1s=300) 0.2970 74 10.1630| 0.1340 0.1737 0.1158
Two-norm (#1s=300) 0.2112 50 [0.0380| 0.1732 0.1473 0.1473
Omib (#1s=500) 0.1202 74 10.0487| 0.0714 0.0775 0.0775
Satellite (#1s=500) 0.2087 114 |0.1185| 0.0902 0.1185 0.0395
Pendigits (#1s=500) 0.1878 98 [0.0803| 0.1075 0.1190 0.0238
Digd4 (#1s=500) 0.3052 181 |0.1160| 0.1892 0.1979 0.0396
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Table C.2: Prediction variance with learning sample size (see Section 5.4.2)

[ Mean error | compl | biasy |varr (%) [varxw (%) [ var (%)
GAUSSIAN (N=100)

N 0.1725 30 0.1192| 0.0533 0.0876 0.0876
2-N 0.1729 58 10.1160| 0.0569 0.0874 0.0874
4-N 0.1670 111 |0.1173| 0.0498 0.0818 0.0818

WAVEFORM (N=300)

N 0.2970 74 10.1630| 0.1340 0.1737 0.1158
2-N 0.2767 140 |0.1540| 0.1227 0.1581 0.1054
4-N 0.2680 269 |0.1690| 0.0990 0.1473 0.0982

TWO-NORM (N=300)

N 0.2112 50 (0.0380| 0.1732 0.1473 0.1473
2-N 0.1949 95 [0.0340| 0.1608 0.1357 0.1357
4-N 0.1823 180 |0.0360| 0.1463 0.1267 0.1267

OMIB (N=500)

N 0.1202 74 |0.0487| 0.0714 0.0775 0.0775
2-N 0.1017 128 |0.0342| 0.0675 0.0665 0.0665
4-N 0.0893 218 |0.0320| 0.0573 0.0586 0.0586

SATELLITE (N=500)

N 0.2087 114 |0.1185| 0.0902 0.1185 0.0395
2-N 0.1862 208 |0.1095| 0.0767 0.1045 0.0348
4-N 0.1708 375 |0.1100| 0.0608 0.0945 0.0315

PENDIGITS (N=500)

N 0.1878 98 10.0803| 0.1075 0.1190 0.0238
2-N 0.1522 149 |0.0726| 0.0796 0.0962 0.0192
4-N 0.1168 223 |0.0537| 0.0630 0.0724 0.0145

DIG44 (N=500)

N 0.3052 181 |0.1160| 0.1892 0.1979 0.0396
2-N 0.2586 307 10.0953| 0.1633 0.1661 0.0332
4-N 0.2227 517 |0.0880| 0.1347 0.1411 0.0282




Table C.3: Prediction variance with tree complexity (see Section 5.4.3)

[ Mean error | compl | biasy | vary (%) [vargw (%) | var p(%)
GAUSSIAN (#1s=100)

Stump 0.1883 3 10.1497| 0.0386 0.0829 0.0427

0.25-C(T)|| 0.1544 9 10.1213] 0.0332 | 0.0646 | 0.0356

05-C(T) || 01569 | 15 [0.1175] 0.0394 | 0.0711 | 0.0497
Normal 0.1725 | 30 |0.1192| 0.0533 | 0.0876 | 0.0876
WAVEFORM (#15=300)
Stump 0.4461 3 [0.3030] 0.0531 | 0.1749 | 0.0246

0.25-C(T) 0.3053 19 (0.1830| 0.1223 0.1723 0.0583

05-C(T) || 02941 | 37 |0.1650| 0.1291 | 0.1690 | 0.0794
Normal 02970 | 74 |0.1630| 0.1340 | 0.1737 | 0.1158
TWO-NORM (#1s=300)
Stump 0.3372 3 [0.1041] 0.2331 | 0.2069 | 0.0471

0.25-C(T) 0.2616 13 |0.0571| 0.2045 0.1747 0.1005

05-C(T) | 02335 | 25 |0.0420] 0.1915 | 0.1602 | 0.1202
Normal 02112 | 50 |0.0380| 0.1732 | 0.1473 | 0.1473
OMIB (#1s=500)
Stump 0.2294 3 [0.2157] 0.0136 | 0.0518 | 0.0139

0.25-C(T) 0.1505 19 (0.0825| 0.0680 0.0891 0.0473

05-C(T) || 0.1305 | 37 [0.0582| 0.0723 | 0.0823 | 0.0576
Normal 0.1202 | 74 |0.0487| 0.0714 | 0.0775 | 0.0775
SATELLITE (#1s=500)
Stump 0.5899 3 10.5820] 0.0078 | 0.1693 | 0.0071

0.25-C(T) 0.2147 29 (0.1525| 0.0621 0.1074 0.0180

05-C(T) || 02054 | 57 [0.1345| 0.0709 | 0.1087 | 0.0246
Normal 0.2087 | 114 |0.1185| 0.0902 | 0.1185 | 0.0395
PENDIGITS (#1s=500)
Stump 0.8029 3 [0.7933] 0.0096 | 0.3508 | 0.0016

0.25-C(T) 0.2951 25 (0.2213| 0.0738 0.1419 0.0160

05-C(T) | 02135 | 49 |0.1032] 0.1103 | 0.1251 | 0.0189
Normal 0.1878 | 98 |0.0803| 0.1075 | 0.1190 | 0.0238
DIG44 (#1s=500)
Stump 0.7843 3 [0.7795] 0.0048 | 0.3575 | 0.0022

0.25-C(T) 0.3253 47 10.1768| 0.1486 0.1911 0.0203

0.5-C(T) 0.3121 91 |0.1355| 0.1766 0.1967 0.0271
Normal 0.3052 181 |0.1160| 0.1892 0.1979 0.0396




Table C.4: Source of variance in decision tree induction, fully grown trees (see 5.5)

[ Mean error | compl | biast | varr(%) | vargw (%) | varp(%)
GAUSSIAN (#15=300)

Normal || 0.1678 | 84 [0.1195]0.0483(100)[0.0829(100)]0.0829(100)

Att. fixed| 0.1672 | 90 |0.1187|0.0484(100)| 0.0820(99) | 0.0820(99)

All fixed | 0.1305 | 53 |0.1180] 0.0125(26) | 0.0377(45) | 0.0131(16)
WAVEFORM (#1s=300)

Normal || 0.2050 | 74 [0.1570]0.1380(100)]0.1739(100)]0.1160(100)

Att. fixed|| 0.2847 | 114 |0.1920| 0.0927(67) | 0.1542(89) | 0.1028(89)

All fixed | 0.2667 | 103 |0.2590| 0.0077(6) | 0.0737(42) | 0.0267(23)
TWO-NORM (#15=300)

Normal || 0.2091 | 52 [0.0325]0.1766(100)]0.1476(100)|0.1476(100)

Att. fixed| 01975 | 86 |0.0620| 0.1355(77) | 0.1324(90) | 0.1324(90)

All fixed | 0.1467 | 103 |0.0935| 0.0532(30) | 0.0690(47) | 0.0426(29)

OMTB (#1s=500)

Normal || 0.1194 | 74 [0.0480[0.0714(100)]0.0772(100)]0.0772(100)

Att. fixed| 0.1071 | 88 |0.0445| 0.0626(38) | 0.0688(89) | 0.0683(89)

All fixed | 0.0932 | 137 |0.0768| 0.0165(23) | 0.0380(49) | 0.0304(39)
SATELLITE (#1s=500)

Normal || 0.2072 | 116 ]0.1235]0.0837(100)[0.1176(100)]0.0392(100)

Att. fixed| 0.1906 | 164 |0.1200| 0.0706(34) | 0.1040(88) | 0.0346(88)

All fixed | 0.1441 | 110 |0.1245| 0.0196(23) | 0.0515(44) | 0.0100(25)
PENDIGITS (#1s=500)

Normal || 0.1860 | 96 [0.0718]0.1142(100)]0.1199(100)|0.0240(100)

Att. fixed|| 0.1708 | 124 |0.0975| 0.0733(64) | 0.0988(82) | 0.0197(82)

All fixed | 0.1305 | 113 |0.1126| 0.0179(16) | 0.0429(36) | 0.0080(33)

DIG44 (#1s=500)

Normal || 0.3093 | 178 [0.1142]0.1951(100)0.1989(100)]0.0398(100)

Att. fixed| 0.2676 | 236 |0.1297| 0.1379(71) | 0.1633(82) | 0.0324(81)

All fixed || 0.2071 | 203 |0.1698| 0.0374(19) | 0.0754(38) | 0.0121(30)




Table C.5: Source of variance in decision tree induction, ten test nodes (see Section 5.5)

[ Mean error | compl | biast | varr(%) | vargw (%) | varp(%)

GAUSSIAN (#15=300)

Normal || 0.1454 | 21 [0.1140]0.0314(100)[0.0594(100)]0.0290(100)

Att. fixed| 0.1386 | 21 |0.1135| 0.0251(80) | 0.0508(85) | 0.0249(86)

All fixed || 01258 | 21 [0.1220| 0.0038(12) | 0.0247(42) | 0.0054(19)
WAVEFORM (#1s=300)

Normal || 0.3020 | 21 [0.1790]0.1230(100)|0.1733(100)] 0.0603(100)

Att. fixed|| 0.2958 | 21 |0.2100| 0.0858(69) | 0.1483(86) | 0.0414(69)

All fixed | 02916 | 21 |0.2870| 0.0046(4) | 0.0386(22) | 0.0048(8)
TWO-NORM (#15=300)

Normal || 02328 | 21 [0.0390]0.1938(100)]0.1619(100)]0.1125(100)

Att. fixed| 0.2333 | 21 [0.0910| 0.1423(73) | 0.1489(92) | 0.0886(79)

All fixed | 02283 | 21 |0.2165| 0.0118(6) | 0.0653(40) | 0.0084(7)

OMIB (#1s=500)

Normal 0.1508 21 10.0763{0.0746(100)|0.0909(100)|0.0489(100)

Att. fixed|| 0.1469 | 21 |0.0822| 0.0646(87) | 0.0871(96) | 0.0464(95)

All fixed | 01330 | 21 |0.1268| 0.0063(8) | 0.0302(33) | 0.0032(7)
SATELLITE (#s=500)

Normal || 0.2202 | 21 [0.1640]0.0562(100)0.1049(100)]0.0171(100)

Att. fixed|| 02108 | 21 |0.1790| 0.0318(57) | 0.0818(78) | 0.0110(64)

All fixed | 01968 | 21 |0.1865| 0.0103(18) | 0.0493(47) | 0.0013(7)
PENDIGITS (#1s=500)

Normal || 03374 | 21 ]0.2844]0.0530(100)] 0.1488(100)[0.0146(100)

Att. fixed| 03517 | 21 |0.3270| 0.0246(46) | 0.1039(70) | 0.0083(57)

All fixed | 03419 | 21 |0.3308] 0.0112(21) | 0.0455(31) | 0.0008(6)

DIG44 (#1s=500)

Normal || 04391 | 21 [0.3103]0.1289(100)|0.2236(100)]0.0157(100)

Att. fixed|| 04202 | 21 |0.3530| 0.0672(52) | 0.1454(65) | 0.0098(62)

Al fixed | 03511 | 21 |0.3500| 0.0011(1) | 0.0014(1) | 0.0012(8)




Table C.6: Discretization threshold variance with various score measures (see Section 5.6.1)

method N =50 N = 500 N = 2000
orn (%) [Thres. bias|]| orn (%) |Thres. bias|| orn (%) |Thres. bias
GAUSSIAN (04 = 1.4619, Aog = 1.2414219)
Scoreyw 0.5855(40) -0.2102 0.3205(22) 0.0090 0.2146(15) -0.0688
SCOI‘eme 0.5494(38) -0.2433 0.2948(20) -0.0670 0.1934(13) -0.1210
Scoreg | 0.7268(50) | -0.2426 | 0.3715(25) | 0.0478 || 0.2783(19) | 0.0530
Score, o || 0.3140(21) | -0.2013 | 0.0919(6) | -0.3272 | 0.0471(3) | -0.3211
Scorexs | 0.3402(23) | -0.2827 | 0.1898(13) | -0.2232 || 0.1285(9) | -0.2587
Scoreprr || 0.3622(25) | -0.3434 || 0.2028(14) | -0.2412 || 0.1308(9) | -0.2622
WAVEFORM (04 = 2.01557, Agﬁ = 2.565)
Scorey 0.7329(36) -0.0654 0.4271(21) -0.0828 0.1232(6) -0.0371
Scoreinfo 0.7026(35) -0.0676 0.3657(18) -0.0931 0.1015(5) -0.0221
Scoreg | 1.3028(65) | -0.3266 | 0.5919(29) | -0.1578 || 0.2022(10) | -0.0360
Score,oq || 0.3679(18) | -0.1040 | 0.1367(7) | -0.0385 || 0.0522(3) | -0.0575
Scorexs | 0.5300(26) | -0.2614 | 0.2394(12) | -0.2137 || 0.1301(6) | -0.1177
Scoreg,, || 0.5634(28) | -0.4506 || 0.2444(12) | -0.1643 || 0.1548(8) | -0.0927
TWO-NORM (o4 = 1.0938, Af‘,; = 0.391884)
Scorey 0.9183(84) -0.4430 0.5661(52) -0.4376 0.3458(32) -0.5424
Scorej g || 0.7740(71) | -0.4833 || 0.4226(30) | -0.4275 || 0.2289(21) | -0.4750
Scoreg || 1.3266(121) | -0.2069 || 1.7452(160) | -0.6224 ||1.6638(152)| -1.4315
Score, g || 0.1870(17) | -0.4400 | 0.0577(5) | -0.3783 || 0.0238(2) | -0.3857
Scorexcs || 0.4232(39) | -0.4683 || 0.2431(22) | -0.4190 | 0.1383(13) | -0.4593
Scorep,, || 0.5276(48) | -0.5557 | 0.2591(24) | -0.4433 || 0.1418(13) | -0.4700
OMIB (o4 = 171.1327, Aff = 1060.695)

Scorey || 96.5026(56) | 6.2134 || 47.3234(28) | -7.0138 ||35.8138(21)] -3.7539
Scorey g, || 87.3155(51) | -5.1421 | 43.1451(25) | -18.7450 [26.7255(16)| -20.9630
SCOI'eQ 116.8300(68) | 76.4987 93.8516(55) 78.9720 ||48.1274(28)| 31.5532
Scoremed 41.6863(24) | -52.6901 12.9687(8) -60.6760 6.9955(4) -60.3774
Scoregs || 63.5767(37) -3.0804 26.3415(15) | -16.1272 |[17.1937(10)| -18.3568
Scorer,, || 61.5731(36) | 55.5413 || 27.4454(16) | 56.1267 || 13.6702(8) | 61.8505
SATELLITE (o4 = 13.5366, Afz =77.0)

Scorey || 6.1666(46) | -0.7400 | 1.6386(12) | 0.4550 || 0.9236(7) | 0.5950
Scorey o || 5.0225(37) | -1.5450 | 2.0371(15) | -0.4800 | 1.1349(8) | -0.1100
ScoreQ 13.7581(102)| -6.8950 14.4146(106) | -6.9550 8.9967(66) -0.1200
Scoreoq || 24338(18) | 85650 || 0.6031(4) | -9.3450 || 0.3782(3) | -9.1850
Scorexs | 13.6245(101)| -7.5500 | 2.8994(21) | 0.9750 || 0.6254(5) | 1.3800
Scoreg, || 6.3308(47) -3.1600 1.5438(11) 0.1550 0.4630(3) 0.0300
PENDIGITS (04 = 35.7765, Afg = 24.5)

Scorey || 12.2439(34) | -3.5650 || 5.4438(15) | -1.2950 || 2.8582(3) | -2.9700
Scores s, || 11.7152(33) | -4.4550 | 4.5207(13) | -2.2250 | 2.8892(8) | -3.3500
Scoreg || 21.6334(60) | 8.1350 || 14.6218(41) | 23.2850 ||14.4483(40)| 24.6900
Scoremed 8.0132(22) -13.7020 1.9878(6) -15.5350 0.7895(2) -16.3150
Scoreks || 26.2262(73) 32.0300 20.9179(58) 15.6000 11.5584(32)| 19.6800
Scorer,, || 14.5203(41) | -12.6950 || 11.3976(32) | -12.5350 || 8.4447(24) | -16.2600
DIG44 (o4 = 71.1541, Afg = 103.149994
Scorew || 36.6957(52) | -14.7060 15.7411(22) -6.1865 7.3613(10) -5.2945
SCOI"eme 35.9359(51) | -18.5750 13.4792(19) -8.7540 8.1819(11) -7.4915
Scoreg 55.5525(78) 39.9125 47.8297(67) 58.0010 32.7944(46)| 28.6040
Scoremed 18.3232(26) | -34.4560 6.0664(9) -33.8595 2.4686(3) -34.4245
Scorek s || 66.1367(93) 14.0375 13.7154(19) 32.2580 6.8888(10) 29.0315
Scorer,, || 40.4877(57) | -35.5190 || 27.7125(39) | -16.1415 ||12.2102(17)| -0.6535




Table C.7: Global effect of score measures on decision tree accuracy (see Section 5.6.3)

[ Mean error | compl| biasy | vary [vargw | varp

GAUSSIAN

Scoreyy, 0.1771 29 (0.1175/0.0596| 0.0910 | 0.0910
Score;p £, 0.1757 28 (0.1172|0.0584| 0.0891 | 0.0891
Scoreg 0.1779 29 (0.1165|0.0614| 0.0909 | 0.0909
Scorepoq 0.1685 48 10.1200|0.0485| 0.0810 |0.0765
Scorex g 0.1714 28 [0.11800.0534| 0.0858 | 0.0858
Scoreg,, 0.1769 107 [0.1190|0.0579]| 0.0904 | 0.0904
WAVEFORM
Scorey 0.2985 76 10.1530|0.1455| 0.1752 | 0.1168
Scorej o | 0.2972 | 73 |0.1750{0.1222|0.1710 |0.1140
Scoreg 0.3122 111 [0.1790|0.1332| 0.1808 | 0.1206
Scoreped 0.3188 156 [0.1690|0.1498| 0.1875|0.1250
Scorex g 0.3004 79 10.1650{0.1354| 0.1742 | 0.1161
Scoreg,, 0.3179 259 {0.1570]0.1609| 0.1890 [0.1260
TWO-NORM
Scorey 0.2152 50 10.0330(0.1822| 0.1503 | 0.1503
Scoreiyfy | 02118 | 47 [0.0310|0.18080.1484 | 0.1484
Scoreg 0.2023 79 10.0641|0.1382| 0.1339 |0.1339
Score 0.2154 109 [0.0526|0.1629| 0.1453 | 0.1453
Scoreg g 0.2102 50 (0.0340|0.1761| 0.1462 | 0.1462
Scoreg,, 0.2263 239 (0.0395|0.1868| 0.1558 | 0.1558
OMIB
Scorey 0.1196 74 10.0432|0.0763| 0.0774 |0.0774
Scorejpf, (| 0.1121 69 |0.0445|0.0676| 0.0720 |0.0720
Scoreg 0.1346 92 [0.0537/0.0808| 0.0863 | 0.0863
Score o4 0.1206 169 [0.0537/0.0669| 0.0750 |0.0737
Scoreg g 0.1127 74 10.0532|0.0595| 0.0707 | 0.0707
Scoreg,, 0.2077 711 ]0.1148|0.0929| 0.1166 | 0.1166
SATELLITE
Scorey 0.2089 117 [0.1230|0.0859| 0.1181 | 0.0394
Scoreig, | 0.2060 | 107 |0.1200{0.08600.1179 |0.0393
Scoreg 0.2139 146 |0.1315|0.0824| 0.1173|0.0391
Score o4 0.2241 189 (0.12500.0991| 0.1309 | 0.0436
Scoreg g 0.2145 117 [0.1245/0.0901| 0.1239 | 0.0413
Scoreg,, 0.2289 205 {0.1380]0.0909|0.1298 |0.0433
PENDIGITS
Scorey, 0.1831 95 (0.0803(0.1028| 0.1162 |0.0232
Score;p £, 0.1851 96 (0.0838/0.1013| 0.1172|0.0234
Scoreg 0.1802 98 (0.0789|0.1013| 0.1110|0.0222
Scorepoq 0.2185 215 {0.0929|0.1256| 0.1413 {0.0283
Scorex g 0.1933 114 [0.0700/0.1232| 0.1268 | 0.0254
Scoregyy 0.2009 147 |0.0812|0.1197| 0.1306 | 0.0261
DIG44
Scoreyy 0.2964 180 [0.1048/0.1916| 0.1931 | 0.0386
Score;p £, 0.3000 180 {0.1098(0.1903| 0.1950 | 0.0390
Scoreg 0.3232 209 |0.1158|0.2074| 0.2103 | 0.0421
Scoreped 0.3545 367 |0.1260|0.2284| 0.2307 | 0.0461
Scorex g 0.3499 227 10.1128]0.2371| 0.2301 {0.0460
Scoreg,, 0.3320 261 |0.1065|0.2255| 0.2207 | 0.0441




C.2 Results of Chapter 6

Table C.8: Effect of pruning on bias and variance (see Section 6.2.2)

[ Mean error | compl | biasr |varr(%) | vargw (%) | Errp | biasp, | var (%)

GAUSSIAN (VS = 2000)

Full tree 0.1757 31 |0.1182| 0.0574 0.0909 |0.1757|0.0848| 0.0909
Pruned tree|| 0.1372 9 ]0.1157| 0.0215 0.0477 10.1199|0.0862| 0.0337

WAVEFORM (VS = 1000)

Full tree 0.2987 76 [0.1530| 0.1457 0.1752 |0.1991|0.0823| 0.1168
Pruned tree|| 0.2873 39 (0.1670| 0.1203 0.1613 |0.1652|0.0857| 0.0795

TWO-NORM (VS = 1000)

Full tree 0.2159 51 {0.0350( 0.1809 0.1507 0.2159|0.0652| 0.1507
Pruned tree|| 0.2143 46 [0.0360( 0.1783 0.1496 |0.2099|0.0654| 0.1445

OMIB (VS = 2000)

Full tree 0.1213 75 10.0420| 0.0793 0.0789 0.1213|0.0424| 0.0789
Pruned tree|| 0.1223 54 [0.0530| 0.0693 0.0771 0.1161]0.0463| 0.0698

SATELLITE (V'S = 1000)

Full tree 0.2078 117 10.1240| 0.0838 0.1181 |0.0693|0.0299| 0.0394
Pruned tree|| 0.1986 46 |0.1400| 0.0586 0.0992 0.0561]0.0334| 0.0227

PENDIGITS (VS = 2000)

Full tree 0.1903 97 10.0812| 0.1091 0.1196 |0.0381|0.0141| 0.0239
Pruned tree|| 0.1895 88 (0.0818| 0.1077 0.1181 |0.0369|0.0144| 0.0226

DIG44 (VS = 2000)

Full tree 0.3030 181 |0.1230| 0.1800 0.1951 |0.0606|0.0216| 0.0390
Pruned tree|| 0.2965 112 ]0.1203| 0.1762 0.1875 |0.0532|0.0229| 0.0302




Table C.9: Discretization threshold variance with variance reduction techniques (see Section
6.3.2)

method N =50 N =500 N = 2000
VErr. | bias | ors VErr. | bias | ors VErr. | bias | o7y
GAUSSIAN (04 = 1.4619, AZ = 1.2414219)

Classic 0.619 -0.138|0.604 0.305 -0.099(0.289 0.226 -0.034|0.224
Smoothing ||0.493 (0.4) |-0.177]0.4601|0.207 (0.3) |-0.104|0.179/0.140 (0.2) |-0.099 | 0.098
Aggregation|| 0.319 (0.8) |-0.253|0.195 || 0.194 (0.6) |-0.175|0.084([0.136 (0.2) |-0.1000.092
Averaging |10.329 (3.5) [-0.224]0.241{0.174 (3.5)|-0.132|0.113|[0.131 (2.5) |-0.101{0.083
Bootstrap 0.403 -0.181(0.360 0.205 -0.093(0.183 0.152 -0.08010.129

WAVEFORM (04 = 2.01557, A% = 2.565)

Classic 0.687 -0.084|0.682 0.358 -0.115{0.339 0.162 -0.058]0.151
Smoothing ||0.521 (0.4) |-0.089|0.514|0.131 (0.6) |-0.021{0.129/0.066 (0.4) |-0.021|0.062
Aggregation || 0.298 (0.8)| 0.061 |0.291]/0.114 (0.8) | 0.029 {0.1101/0.063 (0.4) |-0.015 |0.061
Averaging | 0.414 (2.0) |-0.086|0.405(/0.146 (3.5)| 0.013 |0.145([0.076 (3.0)| 0.010 |0.075
Bootstrap 0.439 -0.179|0.401 0.288 -0.128{0.258 0.143 -0.077(0.121

TWO-NORM (04 = 1.0938, A% = 0.391884)

Classic 0.858 -0.075|0.855 0.534 0.055 {0.532 0.406 0.08710.396
Smoothing ||0.858 (0.0) |-0.075]0.855(|0.376 (0.4) | 0.141 {0.349(/0.171 (0.7) | 0.148 | 0.086
Aggregation||0.234 (0.9) | 0.157 |0.174//0.171 (0.9) | 0.155 |0.072]|0.147 (0.8) | 0.130 | 0.070
Averaging |10.303 (3.0) | 0.101 |0.286 || 0.240 (3.5)| 0.147 |0.190|[0.154 (3.5) | 0.083 {0.130
Bootstrap 0.413 0.030 |0.411 0.330 0.068 |0.323 0.267 0.088 {0.252

OMIB (04 = 171.1327, A%y = 1060.695)

Classic 108.2 23.1 (105.7 57.8 -13.0 | 56.3 35.8 1.6 | 35.7
Smoothing [ 108.2 (0.0)| 23.1 [105.7|| 35.6 (0.5) | -23.6 | 26.7 || 17.8 (0.3) | -7.3 | 16.2
Aggregation | 43.5(0.6) | -23.4 | 36.7 || 32.4 (0.5) | -22.8 | 23.0 || 17.2 (0.3) | -6.2 | 16.0
Averaging || 56.1 (2.5) | -44.3 | 34.4 || 33.4 (2.3) | -23.3 | 24.0 || 17.2 (2.0) | -7.3 | 15.6
Bootstrap 63.5 29.2 | 56.3 40.0 -6.7 | 39.4 23.3 0.7 | 233

SATELLITE (o4 = 13.5366, Agy = 77.0

Classic 6.53 -1.14 | 6.43 2.05 0.21 | 2.04 1.07 0.54 | 0.92
Smoothing || 5.69 (0.2) | -2.45 | 5.14 || 0.97 (0.2) | -0.33 | 0.91 || 0.60 (0.2) | -0.24 | 0.55
Aggregation| 5.22 (0.1) | -2.01 | 4.82 || 0.93 (0.2) | -0.29 | 0.89 || 0.67 (0.2) | 0.04 | 0.67
Averaging || 6.53(0.0) | -1.14 | 6.43 || 1.42 (1.5) | -0.85 | 1.14 || 0.80 (0.5) | -0.07 | 0.80
Bootstrap 5.29 -2.47 | 4.68 1.39 0.18 | 1.38 0.77 0.42 | 0.65

PENDIGITS (04 = 35.7765, A%y = 24.5

Classic 15.23 -0.84 |15.21 6.87 -1.81 | 6.63 3.84 -2.43 | 2.98
Smoothing || 11.47 (0.3)| -2.89 |11.10| 4.06 (0.2) | -1.75 | 3.67 || 1.52 (0.3) | -0.47 | 1.45
Aggregation || 6.38 (0.7) | 3.31 | 5.45 || 4.30 (0.3) | -0.05 | 4.30 || 1.81 (0.3) | -0.13 | 1.81
Averaging || 9.69 (2.0) | 1.11 | 9.63 || 4.94 (1.0) | -2.04 | 4.50 || 3.13 (2.0) | -2.48 | 1.91
Bootstrap 10.62 -1.85 (10.45 5.14 -1.96 | 4.75 3.28 -2.72 | 1.83

DIGA4 (0, = 71.1541, A% = 103.149994)

Classic 36.86 -14.49| 33.89 15.66 -6.18 {14.39 10.08 -6.29 | 7.88
Smoothing || 34.03 (0.3) |-15.83|30.12{|12.66 (0.5) | -9.81 | 8.00 || 8.35 (0.1) | -6.13 | 5.67
Aggregation || 21.32 (0.9) |-18.13|11.2211.99 (0.5)| -9.77 | 6.96 || 8.54 (0.1) | -6.69 | 5.30
Averaging || 19.47 (3.5)|-12.34|15.06|[10.32 (3.5)| -7.90 | 6.64 | 9.18 (1.0) | -7.60 | 5.16
Bootstrap 27.01 -14.56|22.75 13.17 -6.46 |11.47 8.11 -6.20 | 5.23




Table C.10: Threshold variance reduction techniques, fixed attribute choice, fully grown trees
(see Section 6.3.3)

[ Mean error | compl | biast |varr(%) | vargw (%) | Errp | biash |varp(%)
GAUSSIAN

Classic 0.1608 25 |0.1180| 0.0428 0.0760 |0.1456(0.0841| 0.0615
Smoothing [|0.1521(0.5)| 38 |0.1197| 0.0323 0.0624 |0.1321/0.0859| 0.0462
Aggregation ||0.1578(0.5)| 48 [0.1195| 0.0383 | 0.0725 |0.1507(0.0840| 0.0667
Averaging ||0.1568(2.0)| 41 [0.1180| 0.0388 | 0.0718 |0.1467|0.0840| 0.0627
Local boot. 0.1618 41 ]0.1197| 0.0420 0.0761 |0.1551/0.0851| 0.0700
Global boot. 0.1350 17 10.1158| 0.0192 0.0442 |0.1115]0.0852| 0.0263
WAVEFORM
Classic 0.2864 89 10.1970| 0.0894 0.1506 |0.1654(0.0903| 0.0751
Smoothing ||0.2849(0.1)| 101 |0.1970| 0.0879 0.1520 |0.16280.0899| 0.0729
Aggregation || 0.2909(0.1) | 123 [0.2010| 0.0899 0.1524 |0.1695(0.0924| 0.0771
Averaging |10.2883(1.0) 112 |0.1990| 0.0893 0.1480 |0.1629/0.0929| 0.0700
Local boot. 0.2872 149 0.2100| 0.0772 0.1473 |0.1664|0.0920| 0.0744
Global boot. 0.2788 73 10.2190| 0.0598 0.1274 |0.1403]0.1000| 0.0402
TWO-NORM
Classic 0.2236 73 10.0985| 0.1250 0.1406 |0.1956|0.0846| 0.1110
Smoothing ||0.2258(0.2)| 89 |0.1041| 0.1218 0.1394 |0.1912|0.0908| 0.1004
Aggregation || 0.2324(0.3) | 129 [0.1221| 0.1103 0.1359 |0.2004|0.0986| 0.1017
Averaging |10.2315(1.0)| 98 |0.1061| 0.1254 0.1438 |0.1983|0.0906| 0.1077
Local boot. 0.2340 136 |0.1206| 0.1135 0.1394 |0.2072]0.0963| 0.1109
Global boot. 0.2349 59 10.1436| 0.0913 0.1298 |0.1776(0.1146| 0.0630
OMIB
Classic 0.1089 78 10.0398| 0.0692 0.0709 |0.1044|0.0387| 0.0657
Smoothing [|0.1094(0.1)| 89 |0.0450| 0.0644 0.0699 |0.1008|0.0406| 0.0602
Aggregation || 0.1013(0.6) | 153 [0.0535| 0.0478 0.0593 |0.0925|0.0422| 0.0503
Averaging |10.1039(1.0)| 107 |0.0365| 0.0674 0.0673 |0.098110.0372| 0.0609
Local boot. 0.1109 144 10.0473| 0.0637 0.0701 |0.1053]0.0419| 0.0634
Global boot. 0.1183 61 |0.0670| 0.0513 0.0686 |0.0945|0.0549| 0.0397
SATELLITE
Classic 0.1845 130 |0.1400| 0.0445 0.0870 |0.0560|0.0317| 0.0244
Smoothing ||0.1848(0.1)| 136 |0.1390| 0.0458 0.0880 |0.0557|0.0317| 0.0240
Aggregation || 0.1873(0.1)| 145 [0.1450| 0.0423 0.0908 |0.0568(0.0317| 0.0251
Averaging |/0.1894(1.0)| 151 |0.1405| 0.0489 0.0915 |0.0572{0.0321| 0.0251
Local boot. 0.1873 173 |0.1410| 0.0463 0.0899 |0.0573|0.0318| 0.0255
Global boot. 0.1905 105 |0.1550| 0.0355 0.0855 |0.0509(0.0346| 0.0163
PENDIGITS
Classic 0.1650 116 |0.1029| 0.0621 0.0929 |0.0316(0.0142| 0.0173
Smoothing [|0.1605(0.1)| 130 |0.0986| 0.0619 0.0926 |0.0305|0.0135| 0.0169
Aggregation || 0.1523(0.4)| 157 [0.0915| 0.0608 0.0825 |0.0285/0.0140| 0.0145
Averaging |[0.1561(2.0)| 147 [0.0875| 0.0686 | 0.0901 |0.0293[0.0131| 0.0162
Local boot. 0.1578 139 10.0963| 0.0615 0.0875 10.0304|0.0141| 0.0163
Global boot. 0.1716 102 |0.1215| 0.0501 0.0858 0.0302(0.0170| 0.0132
DIG44
Classic 0.2680 226 |0.1328| 0.1352 0.1616 |0.0516|0.0213| 0.0303
Smoothing ||0.2685(0.1)| 249 |0.1232| 0.1453 0.1642 |0.0518(0.0209| 0.0308
Aggregation || 0.2689(0.1) | 268 |0.1343| 0.1347 0.1615 |0.0515/0.0215| 0.0300
Averaging |10.2654(1.0)| 269 |0.1295| 0.1359 0.1599 ]0.0511/0.0212| 0.0299
Local boot. 0.2696 294 10.1348| 0.1349 0.1594 |0.0514|0.0220| 0.0294
Global boot. 0.2556 183 |0.1555| 0.1001 0.1397 0.0439/0.0247| 0.0192




Table C.11: Threshold variance reduction techniques, fixed attribute choice, limited complexity
(see Section 6.3.3)

[ Mean error | compl | biast |varr(%) | vargw (%) | Errp | biash |varp(%)
GAUSSIAN (Nb. tests=2)

0.1655| 0.0293 0.0744 |0.1450(0.1192| 0.0257
0.1648| 0.0157 0.0491 |0.1416|0.1222| 0.0194
0.1653| 0.0093 0.0376 |0.1357|0.1228| 0.0129
0.1635| 0.0064 0.0268 |0.1373]0.1241| 0.0132
0.1645| 0.0172 0.0549 |0.1391/0.1209| 0.0182
0.1628 | 0.0224 0.0601 |0.1400(0.1199| 0.0200
WAVEFORM (Nb. tests=12)

Classic 0.3022 23 10.2480| 0.0542 0.1319 |0.1454/0.1106| 0.0348
Smoothing [[0.3030(0.2)| 24 |0.2410| 0.0620 0.1311 |0.1400|0.1136| 0.0264
Aggregation || 0.2993(0.4)| 25 [0.2680| 0.0313 0.1039 |0.1359(0.1177| 0.0182
Averaging |10.2960(1.0)| 24 |0.2500| 0.0460 0.1215 |0.1401|0.1126| 0.0274
Local boot. 0.2929 25 10.2570| 0.0359 0.1135 |0.1368(0.1137| 0.0231
Global boot. 0.2899 23 10.2440| 0.0459 0.1106 |0.1365[0.1145| 0.0220
TWO-NORM (Nb. tests=11)

Classic 0.2887 19 10.1746| 0.1141 0.1554 |0.195110.1393| 0.0558
Smoothing [|0.2844(0.4)| 21 |0.2376| 0.0468 0.1297 0.1890(0.1524| 0.0366
Aggregation || 0.2861(0.3) | 21 |0.2446| 0.0414 0.1253 |0.1850(0.1548| 0.0302
Averaging |10.2822(1.5)| 21 |0.2096| 0.0726 0.1323 |0.1863|0.1521| 0.0342
Local boot. 0.2820 23 (0.2191| 0.0628 0.1330 |0.1846(0.1475| 0.0372
Global boot. 0.2772 19 10.2071| 0.0701 0.1329 |0.184210.1483| 0.0360
OMIB (Nb. tests=14)

Classic 0.1455 25 10.0765| 0.0690 0.0843 |0.1125]0.0663| 0.0463
Smoothing [|0.1437(0.4)| 26 |0.1045| 0.0392 0.0727 0.1065|0.0770| 0.0294
Aggregation || 0.1339(0.5)| 27 [0.1080| 0.0259 0.0558 |0.0977(0.0770| 0.0206
Averaging |10.1351(2.5)| 25 |0.1128| 0.0224 0.0532 |0.0980(0.0791| 0.0188
Local boot. 0.1342 29 10.0940| 0.0402 0.0669 |0.1023]0.0717| 0.0307
Global boot. 0.1359 25 |0.0877| 0.0481 0.0701 |0.1028(0.0722| 0.0305
SATELLITE (Nb. tests=13)

Classic 0.2063 26 (0.1795| 0.0268 0.0758 |0.0501(0.0411| 0.0090
Smoothing [|0.2073(0.1)| 27 |0.1815| 0.0258 0.0730 |0.0497|0.0417| 0.0080
Aggregation || 0.2083(0.1)| 27 [0.1895| 0.0188 0.0737 0.049810.0417| 0.0080
Averaging |10.2127(1.0)| 27 |0.2005| 0.0122 0.0725 ]0.0514|0.0428| 0.0086
Local boot. 0.2052 27 10.1955| 0.0097 0.0716 |0.0490/0.0417| 0.0073
Global boot. 0.2106 26 |0.1940| 0.0166 0.0752 |0.04960.0420| 0.0076
PENDIGITS (Nb. tests=21)

Classic 0.2309 42 10.1893| 0.0417 0.0843 |0.0400(0.0281| 0.0119
Smoothing [[0.2170(0.2)| 43 |0.1930| 0.0241 0.0697 |0.037210.0280| 0.0092
Aggregation || 0.2060(0.3)| 43 |0.1855| 0.0204 0.0573 ]0.0351/0.0278| 0.0072
Averaging |10.2173(2.0)| 43 |0.1904| 0.0269 0.0651 |0.0365|0.0282| 0.0082
Local boot. 0.2199 43 10.1941| 0.0258 0.0671 |0.0380(0.0291| 0.0090
Global boot. 0.2228 43 10.1998| 0.0230 0.0681 |0.038210.0294| 0.0088
DIG44 (Nb. tests=25)

Classic 0.3111 51 {0.2350| 0.0761 0.1354 |0.0475]0.0349| 0.0126
Smoothing [[0.3061(0.5)| 50 |0.2610| 0.0451 0.1015 |0.0471{0.0400| 0.0071
Aggregation || 0.3083(0.1)| 51 [0.2487| 0.0595 0.1203 |0.0464|0.0368| 0.0096
Averaging |(10.3079(1.0)| 51 |0.2490| 0.0589 0.1201 |0.0459(0.0363| 0.0096
Local boot. 0.2971 51 10.2512| 0.0459 0.1107 |0.045410.0368| 0.0086
Global boot. 0.2894 51 (0.2392| 0.0502 0.1080 |0.0450|0.0366| 0.0084

Classic 0.1948
Smoothing || 0.1804(0.5)
Aggregation || 0.1745(0.6)
Averaging |10.1699(3.5)

Local boot. 0.1817

Global boot. 0.1852

Ut v Ot Ot Ut Ot




Table C.12: Threshold variance reduction techniques, free attribute choice, fully grown trees
(see Section 6.3.3)

[ Mean error | compl | biast |varr(%) | vargw (%) | Errp | biash |varp(%)
GAUSSIAN

Classic 0.1736 30 |0.1182| 0.0554 0.0885 |0.1736|0.0851| 0.0885
Smoothing [[0.1742(0.6)| 71 |0.1177| 0.0564 0.0893 |0.174210.0849| 0.0893
Aggregation ||0.1736(0.5)| 50 [0.1187| 0.0549 | 0.0888 [0.1718]0.0848| 0.0869
Averaging |[0.1713(1.5)| 41 [0.1165| 0.0548 | 0.0859 |0.1705|0.0854| 0.0851
Local boot. 0.1723 41 ]0.1155| 0.0568 0.0870 0.1720]0.0853| 0.0867
Global boot. 0.1462 18 0.1163| 0.0299 0.0582 |0.1190/0.0854| 0.0336
WAVEFORM
Classic 0.2959 73 10.1600| 0.1359 0.1727 0.1973(0.0822| 0.1151
Smoothing [|0.3003(0.1)| 84 |0.1600| 0.1403 0.1749 |0.2002|0.0836| 0.1166
Aggregation || 0.3050(0.1)| 87 [0.1610| 0.1440 0.1778 0.2033]0.0848| 0.1186
Averaging |10.2988(1.0)| 83 |0.1610| 0.1378 0.1753 0.199210.0823| 0.1169
Local boot. 0.2991 91 1]0.1620| 0.1371 0.1756 |0.1994|0.0823| 0.1171
Global boot. 0.2938 65 |0.1740| 0.1198 0.1678 |0.1575]0.0893| 0.0682
TWO-NORM
Classic 0.2161 51 |0.0345| 0.1816 0.1510 |0.2161|0.0651| 0.1510
Smoothing [|0.2096(0.4)| 73 |0.0340| 0.1756 0.1472 10.2096 |0.0624| 0.1472
Aggregation ||0.2095(0.6)| 80 [0.0370| 0.1724 | 0.1449 {0.2095|0.0645| 0.1449
Averaging |10.2101(3.0)| 64 |0.0385| 0.1716 0.1462 |0.2101|0.0639| 0.1462
Local boot. 0.2187 64 |0.0320| 0.1867 0.1523 |0.2187/0.0664| 0.1523
Global boot. 0.2329 46 |0.0380| 0.1948 0.1599 |0.1868|0.0835| 0.1032
OMIB
Classic 0.1213 75 10.0447| 0.0765 0.0786 |0.1213]0.0427| 0.0786
Smoothing [[0.1160(0.2)| 98 |0.0423| 0.0737 0.0762 |0.1160(0.0398| 0.0762
Aggregation || 0.1157(0.7) | 139 |0.0490| 0.0667 0.0736 |0.1157]0.0421| 0.0736
Averaging |10.1129(1.5)| 99 |0.0408| 0.0722 0.0736 |0.1129/0.0393| 0.0736
Local boot. 0.1258 109 |0.0510| 0.0748 0.0814 |0.1258|0.0444| 0.0814
Global boot. 0.1289 59 |0.0705| 0.0584 0.0772 |0.1032]0.0585| 0.0448
SATELLITE
Classic 0.2119 120 |0.1245| 0.0874 0.1192 |0.0706|0.0309| 0.0397
Smoothing [|0.2107(0.5)| 155 |0.1175| 0.0932 0.1222 |0.0702]0.0295| 0.0407
Aggregation || 0.2109(0.2)| 132 [0.1190| 0.0919 0.1223 |0.0703]0.0295| 0.0408
Averaging | 0.2099(3.0)| 120 |0.1140| 0.0959 | 0.1230 |0.0700[0.0290| 0.0410
Local boot. 0.2116 125 |0.1230| 0.0886 0.1208 |0.0705|0.0303| 0.0403
Global boot. 0.2079 102 |0.1420| 0.0659 0.1092 |0.0581/0.0332| 0.0250
PENDIGITS
Classic 0.1877 98 10.0843| 0.1034 0.1186 |0.0375]0.0138| 0.0237
Smoothing [|0.1807(0.2)| 115 |0.0778| 0.1029 0.1152 |0.0361/0.0131| 0.0230
Aggregation || 0.1770(0.2)| 116 |0.0729| 0.1041 | 0.1137 [0.0354|0.0127| 0.0227
Averaging |/0.1746(2.5)| 113 |0.0609| 0.1137 0.1149 |0.0349/0.0119| 0.0230
Local boot. 0.1790 108 |0.0758| 0.1033 0.1140 |0.0358(0.0130| 0.0228
Global boot. 0.1951 90 ]0.0952| 0.0999 0.1184 |0.0351/0.0157| 0.0193
DIG44
Classic 0.3016 180 |0.1123| 0.1893 0.1953 |0.0603|0.0213| 0.0391
Smoothing ||0.3006(0.1)| 196 |0.1098| 0.1909 0.1957 |0.0601{0.0210| 0.0391
Aggregation || 0.3077(0.2) | 222 |0.1153| 0.1924 0.1992 |0.0615]0.0217| 0.0398
Averaging |10.2999(1.5)| 203 |0.1128| 0.1871 0.1948 |0.0600(0.0210| 0.0390
Local boot. 0.3095 207 10.1153| 0.1943 0.2005 |0.0619(0.0218| 0.0401
Global boot. 0.2997 158 |0.1290| 0.1707 0.1880 |0.051110.0238| 0.0272




Table C.13: Threshold variance reduction techniques, free attribute choice and pruned trees
(see Section 6.3.3)

[ Mean error | compl | biast |varr(%) | vargw (%) | Errp | biash |varp(%)
GAUSSIAN

Classic 0.1397 7 10.1207| 0.0189 0.0494 |0.1182(0.0861| 0.0321
Smoothing [[0.1366(0.7)| 19 |0.1263| 0.0104 0.0396 |0.1194/0.0886| 0.0308
Aggregation [ 0.1379(0.3)| 12 [0.1250| 0.0120 | 0.0437 |0.1180|0.0876| 0.0302
Averaging |[0.1341(2.0)| 12 [0.1200| 0.0141 | 0.0433 |0.1175|0.0864| 0.0311
Local boot. 0.1364 9 ]0.1210| 0.0154 0.0434 |0.1188(0.0888| 0.0301
Global boot. 0.1375 7 10.1190| 0.0185 0.0468 |0.1159|0.0882| 0.0277
WAVEFORM
Classic 0.2890 38 10.1700| 0.1190 0.1635 |0.1660|0.0858| 0.0802
Smoothing ||0.2886(0.2)| 44 |0.1750| 0.1136 0.1636 |0.1640/0.0872| 0.0768
Aggregation || 0.2889(0.6) | 50 [0.1810| 0.1079 0.1621 |0.1611]0.0882| 0.0729
Averaging |10.2889(1.0)| 45 |0.1580| 0.1309 0.1660 |0.1662|0.0853| 0.0810
Local boot. 0.2883 42 10.1720| 0.1163 0.1635 |0.1616|0.0870| 0.0746
Global boot. 0.2906 41 0.1710| 0.1196 0.1635 |0.1517]0.0919| 0.0599
TWO-NORM
Classic 0.2162 46 0.0340| 0.1822 0.1510 |0.2118/0.0658| 0.1460
Smoothing [|0.2090(0.4)| 65 |0.0330| 0.1760 0.1470 0.2035]0.0636| 0.1399
Aggregation || 0.2064(0.6) | 62 |0.0360| 0.1704 0.1430 |0.1989/0.0654| 0.1335
Averaging |10.2095(3.0)| 58 |0.0390| 0.1705 0.1457 10.2050(0.0650| 0.1400
Local boot. 0.2189 54 (0.0325| 0.1864 0.1522 |0.2105|0.0678| 0.1427
Global boot. 0.2334 37 10.0395| 0.1939 0.1600 |0.1878]0.0861| 0.1017
OMIB
Classic 0.1189 57 10.0485| 0.0704 0.0763 |0.1132{0.0441| 0.0691
Smoothing [|0.1146(0.1)| 74 |0.0450| 0.0696 0.0741 |0.1108]0.0415| 0.0693
Aggregation || 0.1089(0.7) | 89 [0.0558| 0.0532 0.0662 |0.1012]0.0443| 0.0569
Averaging |10.1107(1.5)| 80 |0.0428| 0.0680 0.0710 |0.1061|0.0408| 0.0654
Local boot. 0.1234 77 10.0553| 0.0682 0.0781 |0.1149/0.0473| 0.0675
Global boot. 0.1291 44 10.0727| 0.0564 0.0768 |0.1033]0.0606| 0.0426
SATELLITE
Classic 0.2008 52 |0.1450| 0.0558 0.1012 |0.0577]0.0334| 0.0243
Smoothing [|0.1978(0.1)| 53 |0.1420| 0.0558 0.0989 10.0568|0.0331| 0.0237
Aggregation || 0.1933(0.5)| 54 [0.1395| 0.0538 0.0972 0.0537]0.0322| 0.0215
Averaging |10.1987(2.5)| 56 |0.1475| 0.0512 0.1002 |0.0561/0.0326| 0.0236
Local boot. 0.1991 53 |0.1455| 0.0537 0.0990 |0.0571]0.0337| 0.0234
Global boot. 0.2036 54 10.1620| 0.0416 0.0974 |0.054810.0352| 0.0196
PENDIGITS
Classic 0.1870 86 |0.0886| 0.0984 0.1162 |0.0363|0.0143| 0.0220
Smoothing [|0.1812(0.2)| 97 |0.0903| 0.0908 0.1120 |0.0347]0.0139| 0.0207
Aggregation || 0.1773(0.4) | 114 [0.0675| 0.1098 | 0.1142 |0.0346|0.0127| 0.0219
Averaging |/0.1746(3.0)| 101 |0.0652| 0.1095 0.1136 |0.0337/0.0124| 0.0213
Local boot. 0.1793 91 ]0.0838| 0.0955 0.1117 |0.0345]0.0138| 0.0207
Global boot. 0.1966 81 |0.0978| 0.0988 0.1171 |0.0347]0.0161| 0.0186
DIG44
Classic 0.2947 107 |0.1253| 0.1694 0.1858 |0.0523/0.0229| 0.0293
Smoothing [[0.2933(0.1)| 123 |0.1263| 0.1670 0.1854 |0.0525[0.0226| 0.0299
Aggregation || 0.2975(0.2) | 132 [0.1315| 0.1659 0.1866 |0.0525|0.0232| 0.0293
Averaging |(10.2919(1.5)| 121 |0.1245| 0.1673 0.1837 0.0509(0.0227| 0.0283
Local boot. 0.2974 113 |0.1353| 0.1621 0.1865 |0.051210.0236| 0.0276
Global boot. 0.2942 112 10.1333| 0.1609 0.1811 |0.048410.0248| 0.0236




Table C.14: Threshold variance reduction techniques, free structure, small trees (see Section
6.3.3)

[ Mean error | compl | biasy [vary (%) [vargw (%) | Errp | biash, [varp (%)
GAUSSIAN

Classic 0.1638 5 (0.1318| 0.0320 0.0639 |0.1286(0.0928| 0.0359
Smoothing ||0.1588(0.1)| 5 |0.1285| 0.0303 0.0582 0.1263(0.0930| 0.0333
Aggregation || 0.1565(0.1)| 5 [0.1293| 0.0273 0.0557 |0.1252]0.0928| 0.0323
Averaging |10.1513(1.5)| 5 |0.1255| 0.0258 0.0551 |0.1234|0.0913| 0.0321
Local boot. 0.1533 5 (0.1318| 0.0215 0.0494 |0.1245]0.0955| 0.0290
Global boot. 0.1536 5 10.1298| 0.0238 0.0508 10.1247|0.0935| 0.0312

WAVEFORM
Classic 0.2962 24 (0.1700| 0.1262 0.1672 |0.1550|0.0909| 0.0641

Smoothing |[0.3003(0.1)| 24 [0.1800| 0.1203 | 0.1688 |0.1522|0.0937| 0.0585
Aggregation [ 0.3005(0.6)| 24 |0.1900| 0.1105 | 0.1675 |0.1456|0.0971| 0.0484
Averaging |[0.3005(1.0)| 24 [0.1670| 0.1335 | 0.1705 |0.1513|0.0932| 0.0581
Local boot. || 0.2044 | 24 [0.1840| 0.1104 | 0.1655 |0.1495]0.0935| 0.0559
Global boot.|| 0.2953 | 24 [0.1810| 0.1143 | 0.1630 [0.1469|0.0962| 0.0507
TWO-NORM
Classic 0.2394 | 23 [0.0395] 0.1999 | 0.1640 ]0.2028[0.0835] 0.1193
Smoothing |[0.2395(0.1)| 23 [0.0385| 0.2010 | 0.1649 |0.1944|0.0853| 0.1091
Aggregation [ 0.2403(0.5)| 23 |0.0435| 0.1968 | 0.1630 |0.1867|0.0899| 0.0968
Averaging |[0.2406(1.0)| 23 [0.0375| 0.2031 | 0.1658 |0.1951|0.0862| 0.1089
Local boot. | 0.2465 | 23 [0.0370| 0.2095 | 0.1681 |0.1955|0.0895| 0.1060
Global boot.|| 0.2515 | 23 |0.0485| 0.2030 | 0.1701 |0.1869|0.0985| 0.0885
OMIB
Classic 0.1371 | 29 [0.0635] 0.0736 | 0.0852 ]0.1111]0.0565] 0.0546
Smoothing |[0.1355(0.1)| 29 [0.0653| 0.0703 | 0.0821 |0.1071]0.0591| 0.0480
Aggregation [ 0.1295(0.5)| 29 |0.0747| 0.0547 | 0.0728 |0.0978|0.0626| 0.0351
Averaging |[0.1302(2.0)| 29 [0.0720| 0.0582 | 0.0740 |0.0993|0.0626| 0.0367
Local boot. | 0.1408 | 29 |0.0798| 0.0610 | 0.0827 |0.1077|0.0662| 0.0415
Global boot. | 0.1385 | 28 |0.0803| 0.0582 | 0.0797 |0.1049|0.0685| 0.0364
SATELLITE
Classic 0.2141 | 26 [0.1635] 0.0506 | 0.1028 ]0.0553]0.0380] 0.0173
Smoothing |[0.2192(0.5)| 26 [0.1700| 0.0492 | 0.1029 |0.0550|0.0389| 0.0162
Aggregation [ 0.2127(0.7)| 26 |0.1610| 0.0517 | 0.1001 |0.0535|0.0377| 0.0158
Averaging |[0.2189(2.5)| 26 [0.1715| 0.0474 | 0.0999 |0.0546|0.0386| 0.0160
Local boot. | 0.2140 | 25 |0.1745| 0.0395 | 0.0996 |0.0547|0.0386| 0.0161
Global boot.| 0.2159 | 26 |0.1740| 0.0420 | 0.1006 |0.0543|0.0390| 0.0153
PENDIGITS
Classic 0.2219 | 43 [0.1155] 0.1064 | 0.1241 [0.0380]0.0201] 0.0179
Smoothing |[0.2179(0.1)| 43 [0.1169| 0.1010 | 0.1231 |0.0367|0.0199| 0.0168
Aggregation [ 0.2063(0.3)| 43 |0.1158| 0.0905 | 0.1114 |0.0345|0.0196| 0.0149
Averaging |[0.2129(2.5)| 43 [0.1138] 0.0991 | 0.1198 |0.0351|0.0194| 0.0157
Local boot. | 0.2132 | 43 [0.1181| 0.0952 | 0.1174 |0.0362|0.0200| 0.0162
Global boot.| 0.2239 | 43 |0.1266| 0.0973 | 0.1229 |0.0372|0.0213| 0.0158
DIG44
Classic 0.3262 | 51 [0.1700] 0.1562 | 0.1945 [0.0506]0.0291] 0.0214
Smoothing |[0.3274(0.2)| 51 [0.1798| 0.1476 | 0.1936 |0.0494|0.0304| 0.0190
Aggregation [ 0.3309(0.1)| 51 |0.1803| 0.1506 | 0.1958 |0.0504|0.0302| 0.0201
Averaging |[0.3251(1.5)| 51 [0.1783| 0.1468 | 0.1889 |0.0494|0.0306| 0.0188
Local boot. | 0.3277 | 51 |0.1755| 0.1521 | 0.1936 |0.0498|0.0302| 0.0196
Global boot.|| 0.3231 | 51 |0.1775| 0.1455 | 0.1885 |0.0487|0.0308| 0.0179




Table C.15: Attribute choice variance reduction, fully grown trees (see Section 6.3.4)

[ Mean error | compl | biasy |vary (%) [varxw (%) | Errp | biash |var (%)

GAUSSIAN

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.1736 30 ]0.1182| 0.0554 0.0885 |0.1736|0.0851| 0.0885
0.1750 41 ]0.1215| 0.0535 0.0895 |0.1732|0.0854| 0.0877
0.1466 16 10.1165| 0.0301 0.0577 |0.1177]0.0862| 0.0316

WAVEFORM

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.2959 73 10.1600| 0.1359 0.1727 0.1973|0.0822| 0.1151
0.3159 124 10.1680| 0.1479 0.1865 |0.2095(0.0862| 0.1233
0.3015 45 10.1830| 0.1185 0.1678 |0.1470|0.0961| 0.0509

TWO-NORM

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.2161 51 [0.0345| 0.1816 0.1510 |0.2161]0.0651| 0.1510
0.2235 88 10.0450| 0.1784 0.1537 |0.2229|0.0699| 0.1531
0.2371 39 10.0330| 0.2041 0.1636 |0.1878|0.0930| 0.0948

OMIB

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.1213 75 10.0447| 0.0765 0.0786 |0.1213]0.0427| 0.0786
0.1362 137 10.0612| 0.0749 0.0868 |0.1355]0.0495| 0.0860
0.1434 35 10.0872| 0.0562 0.0806 |0.1091]0.0696| 0.0395

SATELLITE

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.2119 120 ]0.1245| 0.0874 0.1192 |0.0706|0.0309| 0.0397
0.2184 165 |0.1275| 0.0909 0.1236 |0.0726|0.0316| 0.0410
0.2191 60 [0.1735| 0.0456 0.1019 |0.0560|0.0377| 0.0183

PENDIGITS

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.1877 98 10.0843| 0.1034 0.1186 |0.0375|0.0138| 0.0237
0.1955 137 10.0872| 0.1083 0.1230 |0.0390|0.0145| 0.0246
0.2195 77 10.1086| 0.1109 0.1305 |0.0361|0.0184| 0.0177

DIG44

KVALSETH
LOCAL-BAGGING
GLOBAL-BAGGING

0.3016 180 |0.1123| 0.1893 0.1953 |0.0603{0.0213| 0.0391
0.3149 257 10.1228| 0.1921 0.2019 |0.0629|0.0226| 0.0404
0.3243 132 ]0.1570| 0.1673 0.1981 |0.0507|0.0275| 0.0232




C.3 Results of Chapter 7

Table C.16: Perturb and combine algorithms and variants (see Sections 7.2.1, 7.4.2; and 7.5)
[ Mean error| compl | biasr |varr(%) [vargw (%) | Errp | biasyh, |var (%)

GAUSSIAN (T = 25, A = 0.52 £ 0.38)
Full tree 0.1757 31 |0.1182] 0.0574 0.0909 |0.1757/0.0848| 0.0909
Bagging 0.1507 521 |0.1180| 0.0327 0.0645 |0.1117/0.0852| 0.0265
Random single tree 0.1845 67 (0.1243| 0.0603 0.0972 0.1822|0.0872| 0.0949
Random averaging 0.1463 1651 |0.1187| 0.0275 0.0607 |0.1091|0.0841| 0.0250

Boosting 0.1539 75 10.1170| 0.0369 0.0673 |0.1196|0.0927| 0.0269
WAVEFORM (T =25, A = 0.73 £ 0.21)

Full tree 0.2987 76 |0.1530| 0.1457 0.1752 |0.1991|0.0823| 0.1168

Bagging 0.2030 1349 10.1540| 0.0490 0.0938 0.0965|0.0824| 0.0141

Random single tree|| 0.3379 263 |0.1530| 0.1849 0.2045 |0.2253|0.0889| 0.1364
Random averaging 0.1845 6707 10.1410| 0.0435 0.0824 |0.0957|0.0869| 0.0088

Boosting 0.1960 | 832 |0.1430| 0.0530 | 0.0947 |0.0984|0.0886| 0.0098
TWO-NORM (T = 25, A = 1.03 £ 0.28)

Full tree 0.2159 | 51 [0.0350] 0.1809 | 0.1507 |0.2159]0.0652] 0.1507

Bagging 0.0857 | 912 |0.0260| 0.0597 | 0.0587 |0.0827|0.0670| 0.0155

Random single tree| 0.2077 173 10.0365| 0.1712 0.1465 0.2077/0.0612| 0.1465
Random averaging 0.0566 4341 |0.0275| 0.0291 0.0347 |0.0693|0.0600| 0.0091

Boosting 0.0634 | 548 |0.0250| 0.0384 | 0.0415 |0.0828|0.0734| 0.0094
OMIB (T = 25, A = 0.6 + 0.23)

Full tree 0.1213 | 75 [0.0420] 0.0793 | 0.0789 ]0.1213]0.0424] 0.0789

Bagging 0.0842 | 1386 |0.0475| 0.0367 | 0.0483 |0.0611|0.0466| 0.0144

Random single tree|| 0.1299 221 |0.0415| 0.0884 0.0854 |0.1299|0.0445| 0.0853
Random averaging 0.0676 5450 [0.0370( 0.0306 0.0381 |0.0525|0.0434| 0.0090

Boosting 0.0696 926 |0.0290| 0.0406 0.0437 |0.0627|0.0547| 0.0079
SATELLITE (T = 25, A = 0.24 £ 0.07)

Full tree 0.2078 117 |0.1240| 0.0838 0.1181 |0.0693|0.0299| 0.0394

Bagging 0.1517 2048 |0.1280| 0.0237 0.0595 ]0.0366(0.0315| 0.0051

Random single tree|| 0.2490 374 10.1150| 0.1340 0.1520 |0.0830{0.0323| 0.0507
Random averaging 0.1361 9371 |0.1155| 0.0206 0.0462 |0.0348|0.0316| 0.0032

Boosting 0.1388 1483 10.1145| 0.0243 0.0609 0.0372|0.0327| 0.0045
PENDIGITS (T = 25, A = 0.40 £ 0.10)

Full tree 0.1903 97 10.0812| 0.1091 0.1196 |0.038110.0141| 0.0239

Bagging 0.1260 1931 |0.0895| 0.0366 0.0613 |0.0195]0.0155| 0.0040

Random single tree|| 0.2914 438 |0.0743| 0.2171 0.2023 |0.0583|0.0178| 0.0405
Random averaging 0.0912 |10828(0.0675| 0.0237 0.0430 |0.0191|0.0166| 0.0025

Boosting 0.0900 | 1472 |0.0600| 0.0300 | 0.0448 [0.0179|0.0151| 0.0027
DIG44 (T = 25, A = 0.75 + 0.19)

Full tree 0.3030 | 181 [0.1230] 0.1800 | 0.1951 [0.0606]0.0216] 0.0390

Bagging 0.1802 | 3269 |0.1150| 0.0652 | 0.0965 |0.0284|0.0232| 0.0053

Random single tree|| 0.4702 643 |0.1028| 0.3675 0.3105 |0.0940|0.0319| 0.0621
Random averaging 0.1468 |16085|0.0845| 0.0623 0.0833 ]0.0339/0.0306| 0.0033
Boosting 0.1405 2119 |0.0817| 0.0587 0.0776 |0.0288|0.0251| 0.0037




C.4 Results of Chapter 8

Table C.17: Dual P&C and variants (see Sections 8.3, 8.4.1, and 8.4.2)

[ Mean error | compl | biasy |vary(%) |varxw (%) | Errp | biash [varp(%)

GAUSSIAN (T = 25, A = 0.52 £ 0.38)

Full tree 0.1757 31 |0.1182| 0.0574 0.0909 |0.1757|0.0848| 0.0909
Dual P&C 0.1371 31 |0.1165| 0.0206 0.0432 |0.1165]0.0994| 0.0171
Struct. fixed bagging 0.1640 537 [0.1182] 0.0458 0.0765 |0.1204|0.0868| 0.0336
Bagging + dual P&C 0.1303 103 |0.1160| 0.0143 0.0308 |0.1101/0.0995| 0.0105

WAVEFORM (T = 25, A = 0.73 £ 0.21)

Full tree 0.2987 76 |0.1530| 0.1457 | 0.1752 |0.1991|0.0823| 0.1168
Dual P&C 0.2451 76 |0.1540| 0.0911 0.1380 |0.1207|0.1033| 0.0173
Struct. fixed bagging 0.2666 1562 |0.1540| 0.1126 0.1494 |0.1264|0.0824| 0.0440
Bagging + dual P&C 0.1721 1352 {0.1370| 0.0351 0.0714 |0.1155|0.1116| 0.0039

TWO-NORM (T = 25, A = 1.03 £ 0.28)

Full tree 0.2159 51 [0.0350| 0.1809 0.1507 |0.2159|0.0652| 0.1507
Dual P&C 0.1372 51 {0.0345| 0.1027 0.0970 |0.1283]0.1084| 0.0199
Struct. fixed bagging 0.1747 2085 [0.0280| 0.1467 0.1248 |0.1205|0.0655| 0.0550
Bagging + dual P&C 0.0492 925 |0.0245| 0.0247 0.0301 |0.1213|0.1170| 0.0044

OMIB (T = 25, A = 0.69 + 0.23)

Full tree 0.1213 75 10.0420| 0.0793 0.0789 ]0.1213]0.0424| 0.0789
Dual P&C 0.0752 75 10.0268| 0.0484 0.0491 |0.0810|0.0706| 0.0104
Struct. fixed bagging 0.0881 2861 |0.0448| 0.0433 0.0534 |0.0629|0.0448| 0.0180
Bagging + dual P&C 0.0492 1404 |0.0278| 0.0215 0.0283 |0.0846|0.0811| 0.0035

SATELLITE (T = 25, A = 0.24 £ 0.07)

Full tree 0.2078 117 ]0.1240( 0.0838 0.1181 |0.0693|0.0299| 0.0394
Dual P&C 0.1913 117 10.1290| 0.0623 0.1010 |0.0468|0.0346| 0.0121
Struct. fixed bagging 0.1816 2391 |0.1280| 0.0536 0.0922 |0.0441|0.0305| 0.0136
Bagging + dual P&C 0.1482 2031 |0.1300( 0.0182 0.0516 |0.0390/0.0356| 0.0035

PENDIGITS (T = 25, A = 0.40 + 0.10)

Full tree 0.1903 97 (0.0812| 0.1091 0.1196 |0.0381|0.0141| 0.0239
Dual P&C 0.1715 97 10.0789| 0.0926 0.1046 |0.0304|0.0229| 0.0075
Struct. fixed bagging 0.1687 2044 |0.0812| 0.0876 0.1038 |0.0254|0.0144| 0.0110
Bagging + dual P&C 0.1124 1904 |0.0843| 0.0281 0.0494 |0.0257/0.0234| 0.0023

DIG44 (T =25, A =0.75 £ 0.19)

Full tree 0.3030 181 |0.1230| 0.1800 0.1951 |0.0606|0.0216| 0.0390
Dual P&C 0.2511 181 |0.1117| 0.1394 0.1591 |0.0475|0.0411| 0.0065
Struct. fixed bagging 0.2592 3696 |0.1308| 0.1285 0.1589 |0.0365|0.0227| 0.0139
Bagging + dual P&C 0.1433 3266 |0.1030( 0.0403 0.0658 |0.0426|0.0409| 0.0017







Appendix D

Pattern detection algorithm

In this appendix, we describe the algorithm used to match a complex pattern with a time-series.
A complex pattern is composed of a sequence of subsignals of fixed shape. The matching consists
of determining the optimal positions of the subsignals in such way that they do not overlap
and that the Euclidean distance between the complex pattern and the original time-series is
minimized. This is essentially a combinatorial problem, but the algorithm described below is
efficient.

D.1 Problem statement

In this section, we view a (complex) pattern as a compact representation of a set of time-series
and the pattern matching problem as the computation of the distance between a particular
time-series and this set. Although these ideas could be applied to any kind of signals, we
particularize the presentation to the case of discrete time, finite duration, and real-valued
signals (i.e. elements of IRY).

We define a complex pattern P as an ordered sequence of K elementary patterns

PE (), p2()s- (),

where each elementary pattern pg(.) (k = 1,...,K) is defined as a time-series of P values,
(Pr,0s- - - > Pk, P,—1)- Such a complex pattern is essentially a compact representation of a set of
candidate signals. More precisely, given a total length N such that

K
NZZka
k=1

we identify the complex pattern with the following set of signals?
A
P = {s() € BN|s() = ([0p1 () "pa() -+ [ pre (V' ) }, (D-1)

where [#]%* denotes a (dummy) sequence of length I, of arbitrary real numbers (I > 0). Since
the total length of any element of Sg is equal to N we have the following additional constraint
among the lengths of the dummy signals [*]:

K
> Iy =N - Pp, (D.2)
k=0

where Pp = Zszl Py, denotes the total length of the elementary patterns defining P.

n what follows, we will identify elements of R™, sequences of real numbers of length N, and temporal
signals defined on the bounded integer time axis 0, ..., N — 1; moreover, we will (non-orthodoxly) mix sequence,
vector, and signal notation where we find it appropriate.
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Figure D.1: One possible configuration of three patterns in a time series

Given two time series a(-) = (ag,...,an-1) and s(-) = (sg,...,$n—1) defined on N, their
Euclidean distance is defined by

N—1
A ‘ .
d(a(-),5()) = D_ (a(d) — s(2))*. (D.3)
=0
Given a pattern P and a time series a(-) = (ag,...,an—_1), the Euclidean distance between
these two objects is thus defined by

4

D(a(-),P) = inf {d(a(),s(-))}. (D.4)

s(-)ESg
The objective of the pattern matching algorithm described in the next section is essentially to
compute this distance efficiently.

Notice that, once the lengths [ of the dummy portions in (D.1) are fixed, the minimization
of the Euclidean distance is obvious. Indeed, for fixed values of [; the element of Sg which
minimizes (D.4) is simply obtained by setting the values in each dummy portion of s(-) to the
values of a(-) in the same position. Consequently, the lower bound of (D.4) can be determined
by searching the optimal lengths [; of the & + 1 dummy signals under the constraints

K

Y ly=N-Pp and I;>0. (D.5)

k=0
This is essentially a combinatorial problem. Notice that the number of combinations of k + 1
integer values satisfying the constraints (D.5) is lower bounded by C%;_ pp and upper bounded
by (N — Pp)¥. In many practical situations (long-time series, large number of short patterns),
this number is far too high to allow for a complete enumeration. The next section describes an
iterative algorithm to solve efficiently this problem.

D.2 Optimal matching algorithm

In order to formulate our algorithm, let us consider a complex pattern P as defined in the
preceding section, and define, for a particular signal of s(-) € S¥, by i) the end-position of
the k-th elementary pattern in s(-). This is illustrated in Figure D.1 in the case of a complex
pattern composed of three elementary patterns. Clearly, the above considered set of sequences

(lo,l1,...,lx) characterizing the signals Sg is in one-to-one relationship with the sequences of
end-positions (i1,...,ix) satisfying the following constraints:
ih > P -1, (D.6)
iy > g1+ P, VE=2,..., K, (D.7)
igx < N. (D.8)



Thus, in terms of the i) values, the determination D(a(-),P) is equivalent to computing the
following quantity:

K
min W kzld(pk(-),a(-),lk) (D.9)

il,...,iK|C’p(Z'1,...,Z'K;

where cp(i1,12,...,ix; N) corresponds to conditions (D.7), and the distance d(pg(.),a(.),?) (for
k=1,...,Kandi= P, —1,...,N — 1) is given by:

dpe(-),a(),i) = D (Prjitpes1 — a5)>. (D.10)
J=i—Pr+1

Notice that in the distance computation (D.9) the parts of s(-) and a(-) corresponding to the
dummy portions have been dropped since they can match perfectly for each choice of locations
and thus lead to a zero contribution in the minimum distance.

D.2.1 Backwards recursion

The algorithmic solution of the above problem is based on a recursion relation holding for the
function ¢(7, k) defined by

k
g(i, k) = min Zd(pj(.),a(.),z'j), (D.11)

il,...,ik‘C’p(il,...,ik;i-i-l) ]:1
for all values of k = 1,..., K and i = Z;?:l P;—1,...,N —1. Notice that g(i, k) is by definition
the minimum distance between the time-series a(-) truncated to the first ¢ + 1 time instants
and the complex pattern truncated to the first k elementary patterns. Thus, obviously,

D(a(+),P) =¢g(N — 1,K). (D.12)

Notice also that the values g(i, k) are by definition infinite for those values of i, k for which there
is no admissible way to match the sub-signal and the sub-pattern, namely when i+1 < Z?:l P;.
The function g(-, -) satisfies the following recursive relationship

9(i, k) = min{d(p(.),a(.),1) + g(i = Pe,k — 1),9(e — 1,k)}. (D.13)
Indeed, to optimally match the first k& patterns in the first i + 1 values of a(-),

e cither the kth elementary pattern ends at position ¢: in this case the positions of the
k — 1 first patterns must be optimal over the ¢ — P, + 1 first instants, and this indeed
corresponds to the value g(i — P, k — 1);

e or the kth elementary pattern ends at a strictly lower position in the time-series than i:
in this case the minimum distance is provided by g(i — 1, k).

D.2.2 Forward sequential algorithm

This recursive formulation of g(i, k) is the basis for the forward sequential algorithm of Table
D.1, which properly initializes the table representing the values of ¢g(i, k) and, for each value
of k, computes only those values of ¢(%, k) required to determine g(N — 1, K'). Since it is also
interesting to find the values of ix, k¥ = 1,..., K, which realize the minimum in (D.9), the
algorithm stores this information in another table denoted p(i, k). This latter table is then used
a posteriori to retrieve the positions ¢y which realize the minimum, according to the algorithm
of Table D.2.



Table D.1: Forward sequential pattern matching algorithm

Set a=—1
Set ﬂ:N — P'p -1
For i=a to 8
Set g(i,0)=0
End for
For k=1 to K
Set a=a + Py ; The smallest candidate value of ij.
Set f=0 + P ; The largest candidate value of .
Set g(a — 1,k) = 400
For i=a to
Set d:d(pk(')7 a‘(')a Z)
Ifd+g(i — Py, k—1
Set p(i, k)=i
Set g(i,k)=d + g(i — Py, k — 1)
Else
Set p(i, k)=p(i — 1, k)
Set g(i,k)=g(1 — 1,k
End for
End for
Return g(N — 1, K)

) < g(i —1,k) then

~—

Table D.2: Algorithm which computes the positions corresponding to the minimal distance

Set ix = p(N — 1, K)
For k=K —1to1l
Set ix = p(ig+1 — Pt1, k)




D.2.3 Computational complexity

The algorithm computes K(N + 1 — Pp) values of g(i, k) and requires Pj operations at each
step k to compute the distances d(pg,a(-),7) for each one of the N + 1 — Pp candidate values
of 7. Hence, the number of operations of this algorithm is in general O((N — Pp)Pp).

In the particular case where the elementary patterns pi(.) are constant over the Pj time
points, the distances d(pg,a(-),7) for growing values of i may be computed in constant time
using the following update formula:

d(p(.),a(.),i) = d(p(.),a(.),i - 1) + (p - ai)2 - (p - ai7P+1)2’i =P...,N-1

with
P-1

d(p(),a(), P —1) = 3 (p—ay)*
j=0
Hence, in this particular case, the computation of the distance for all values of 7 requires order NV
operations. Following the same idea, when the elementary pattern is represented by a piecewise
constant signal in s segments, these distances may be computed in O(N.s).

Finally, when the complex patterns are extracted from piecewise constant signals represented
with S segments (and hence contain at most S elementary patterns, which all together contain
at most S segments), the computation of the minimal distance using to the algorithm of Table
D.1 requires at most O(N.S) operations, whatever the number of elementary patterns chosen
and whatever the lengths P; of these patterns.
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