DYNAMICAL BEHAVIOR OF ALTERNATE BASE EXPANSIONS

EMILIE CHARLIER!, CELIA CISTERNINO™* AND KARMA DAJANI?

L Department of Mathematics, University of Liége, Allée de la Découverte 12, 4000 Liége,
Belgium
2 Department of Mathematics, Utrecht University, P.O. Box 80010, 3508TA Utrecht, The
Netherlands

ABsTRACT. We generalize the greedy and lazy [-transformations for a real base § to
the setting of alternate bases 3 = (fo, ..., Bp—1), which were recently introduced by the
first and second authors as a particular case of Cantor bases. As in the real base case,
these new transformations, denoted T3 and Lg respectively, can be iterated in order to
generate the digits of the greedy and lazy (3-expansions of real numbers. The aim of
this paper is to describe the measure theoretical dynamical behaviors of Tg and Lg. We
first prove the existence of a unique absolutely continuous (with respect to an extended
Lebesgue measure, called the p-Lebesgue measure) Tg-invariant measure. We then show
that this unique measure is in fact equivalent to the p-Lebesgue measure and that the
corresponding dynamical system is ergodic and has entropy %log(ﬁp_l -+ Bo). We give
an explicit expression of the density function of this invariant measure and compute the
frequencies of letters in the greedy B-expansions. The dynamical properties of Lg are
obtained by showing that the lazy dynamical system is isomorphic to the greedy one. We
also provide an isomorphism with a suitable extension of the $-shift. Finally, we show
that the B3-expansions can be seen as (8p—1 - - - Bo)-representations over general digit sets
and we compare both frameworks.
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1. INTRODUCTION

A representation of a non-negative real number x in a real base § > 1 is an infinite

sequence apaias - -- of non-negative integers such that z = %2, ﬁ These representa-

tions were first considered by Reényi [23| and Parry [21] for points x in the unit interval
with digits a, belonging to the set {0,1,---,[8] — 1}. Typically each point in [0,1) has
uncountably many representations [25]. The largest in the lexicographic order is called the
greedy expansion and the smallest is called the lazy expansion. An interesting feature of
these extreme cases is that they can be generated dynamically by iterating the so-called
greedy f-transformation T and lazy (-transformation Lg respectively (see Section 2.2 for
definitions). The dynamical properties of T3 and Lg are now well understood since the
seminal works of Rényi and Parry; for example, see [11|. Pedicini [22] extended the defi-
nition of real base representations by considering digits a; belonging to some fixed finite
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set of reals A. In the last fifteen years, generalizations of classical results such as charac-
terizations of greedy and lazy expansions and the properties of their underlying dynamical
systems have been obtained; see for example [2, 7, 16]. To distinguish the general digit set
from the classical case, we refer to the resulting representations as (3, A)-representations.

In a recent work, the first two authors introduced the notion of expansions of real
numbers in a real Cantor base [5]. One starts with an infinite sequence 8 = (8,)n>0

of real bases greater than 1 and satisfying [[)2 8, = 0o, and representations of a non-

negative real number x are infinite sequences agajas - - - of non-negative integers such that

T = zf% 3 dn e In this initial work, generalizations of several combinatorial results of real
- n

base representations were obtained, such as Parry’s criterion for greedy [-expansions [5,
Theorem 26| or Bertrand-Mathis characterization of sofic S-shifts [5, Theorem 48]. The
latter result was obtained for periodic Cantor bases, which are called alternate bases and
are central in the present paper.

Representations involving more than one base have recently gained momentum as shown
by the five simultaneous and independent works [4, 5, 18, 20, 27|. In particular, these papers
all present a generalization of Parry’s theorem to their respective frameworks. But so far,
all the research was concentrated on the symbolic properties of these representations.

The aim of this paper is to study the measure theoretical dynamical behaviors of the
greedy and lazy expansions in a periodic Cantor base 8 = (Bo, ..., Bp—1,505- -+ Bp—1,---),
which we refer to as an alternate base. This is done by introducing two new transforma-
tions, the alternate greedy transformation Tjg and the alternate lazy transformation Lg,
iterations of which generate the greedy and lazy alternate base expansions respectively.
We find for each transformation a natural invariant ergodic measure absolutely continuous
with respect to an appropriate generalization of the Lebesgue measure and calculate its
measure theoretical entropy (Theorems 4.12 and 5.3). Using tools from ergodic theory, we
are able to exhibit some statistical properties of these expansions, such as the frequency
of digits in the greedy expansion of a typical point (Proposition 4.18). Furthermore, we
show that the dynamical system underlying the greedy expansion is measure theoretically
isomorphic to the dynamical system underlying the lazy expansion (Proposition 5.1) as
well as to the dynamical system underlying a natural generalization of the so-called S-shift
(Proposition 6.2); as a consequence, the three transformations have the same dynamical
behavior. Another interesting property of the alternate base expansions is that when every
p-terms are written as one fraction, then one is able to rewrite the involved series in the

form x = :i% W’ with d,, belonging to some fixed digit set Ag of real num-

bers, see formula (13). This algebraic operation transforms the alternate base expansion
to a (Bp—1---Bo, Ag)-representation. We give a sufficient condition for this transformed
representation to be greedy or lazy (Theorem 7.6).

The article is organized as follows. In Section 2, we provide the necessary background
on measure theory and on expansions of real numbers in a real base. In Section 3, we
introduce the greedy and lazy alternate base expansions and define the associated trans-
formations Tg and Lg. Section 4 is concerned with the dynamical properties of the greedy
transformation. We first prove the existence of a unique absolutely continuous (with re-
spect to a generalization of the Lebesgue measure, which is defined in (8) and called the
p-Lebesgue measure) Tg-invariant measure and then prove that this measure is equivalent
to the p-Lebesgue measure and that the corresponding dynamical system is ergodic. We
then express the density function of this measure and compute the frequencies of letters in
the greedy (B-expansions. In Section 5 and 6, we prove that the greedy dynamical system
is isomorphic to the lazy one, as well as to a suitable extension of the 8-shift. In Section 7,
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we show that the B-expansions can be seen as (Bp—1 - - fo)-representations over general
digit sets and we compare both frameworks.

2. PRELIMINARIES

2.1. Measure preserving dynamical systems. In this subsection we summerize the
ergodic properties that will be used throughout this paper, for more detail we refer the
reader to [3, 10, 13, 15, 26].

A probability space is a triplet (X, F, u) where X is a set, F is a o-algebra over X and
i is a measure on F such that p(X) = 1. For a measurable transformation 7: X — X
and a measure p on F, the measure u is T-invariant, or equivalently, the transformation
T: X — X is measure preserving with respect to pu, if for all B € F, p(T~Y(B)) = u(B).
A (measure preserving) dynamical system is a quadruple (X, F, u,T) where (X, F,pu) is a
probability space and T': X — X is a measure preserving transformation with respect to
p. A dynamical system (X, F,u,T) is ergodic if all B € F such that T~ (B) = B satisfy
w(B) € {0,1}, and it is ezact if (;—o{T"(B) : B € F} only contains sets of measure 0 or
1. Clearly, any exact dynamical system is ergodic. Two dynamical systems (X, Fx, ux, Tx)
and (Y, Fy,uy,Ty) are (measure preservingly) isomorphic if there exist M € Fx and
N e Fy with ux(M) = uy(N) =0and Tx (X \ M) C X\ M, Ty(Y\N) C Y \ N, and
if there exists a bijective map 1: X \ M — Y \ N which is bimeasurable with respect to
the o-algebras Fx N (X \ M) and Fy N (Y \ N) and such that for all B € Fy N (Y \ N),
py (B) = ux (v ~1(B)), and finally, such that for all x € X \ M, ¢(Tx(x)) = Ty (¢(z)).
Here and throughout the paper, for a subset A of X, the notation F N A designates the
o-algebra {BN A: B € F} over A.

With any given dynamical system (X, F, u,T'), one associates a non-negative real num-
ber h,(T), called the measure theoretical entropy of T', that measures the average amount
of information gained by each application of T". Moreover, the entropy is an isomorphic in-
variant, in the sense that isomorphic systems have the same entropy. Formally, the measure
theoretical entropy is defined as

‘ 1 n—1 _

hp(T) = sup lim ;Hu< \/0 T (a)),
7=

where « denotes a finite (measurable) partition of X, \/;L;O1 T~#(a) is the refined partition

consisting of all sets of the form A;, N T~ (A;,)N---NT~""D(A4; ) with Ai; € , and

n—1
Hu( \_/0 T_ia) = — Z (D) log (u(D)).

DeV} ) T-ia
Given a dynamical system (X, F,u,T) and A € F with pu(A) > 0, one can restrict the

dynamics to the sub-probability space (A, F N A, pa) where pa(C) = % for C e FNA.
This is done by defining for z € A, the first return time r(z) = inf{n > 1: T"(x) € A}. By
the classical Poincaré Recurrence Theorem, r(x) is finite for p4-almost all x € A. We then
define Ty : A — A by setting Ta(z) = T"*) (x). This function is almost everywhere defined,
but by throwing away a set of measure zero one can assume with no less of generality that
r(z) is finite on A. The induced dynamical system (A, F N A, pa,T4) inherits many nice
properties of the original system. For example T4 is measure preserving with respect to p4.
If the original system is ergodic, then the induced system is also ergodic. The converse holds
true if p(Uy2y T "(A)) = 1. A famous result of Abramov [1] relates the entropy of the
original system with the entropy of the induced system. To be more precise, the theorem
states that if (X, F, i, T) is measure preserving and ergodic, then h,(T) = pu(A)hy, (Ta).
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For two measures p and v on the same g-algebra F, we say that p is absolutely continuous
with respect to v if for all B € F, v(B) = 0 implies u(B) = 0, and we say that p and
v are equivalent if they are absolutely continuous with respect to each other. In what
follows, we will be concerned by the Borel o-algebras B(A), where A C R. In particular, a
measure on B(A) is absolutely continuous if it is absolutely continuous with respect to the
Lebesgue measure A restricted to B(A). The Radon-Nikodym theorem states that p and v
are two probability measures such that u is absolutely continuous with rebpect to v, then
there exists a v-integrable map f: X — [0, +00) such that for all B € F, u(B fB fdv.
Moreover, the map f is v-almost everywhere unique. Such a map is called the density
function of the measure p with respect to the measure v and is usually denoted Z—’Ij.

2.2. Real base expansions. Let 8 be a real number greater than 1. A §-representation
of a non—negative real number x is an infinite sequence agajas--- over N such that z =
Yoo 7 BT For z € [0,1), a particular S-representation of z, called the greedy -expansion
of x, is obtained by using the greedy algorithm. If the first N digits of the S-expansion of
x are given by ag,...,an_1, then the next digit ay is the greatest integer such that

Z 571—}—1 —

Note that, by definition of the greedy algorlthm, the B-expansion of a real number z € [0, 1)
is written over the restricted alphabet [0, [3] — 1]. Here and throughout the text, for
i,j € Z, the notation [i,j] designates the interval of integers {i,...,j}. The greedy [-
expansion can also be obtained by iterating the greedy 5-transformation

Ts:[0,1) = [0,1), z +— Bz — |Bx]
by setting a, = |81 (x)] for all n € N.

Example 2.1. In this example and throughout the paper, ¢ designates the golden ratio,
1+f

Le., ¢ = =522, The transformation T;,> is depicted in Figure 1.
1
0 |

@

©

FIGURE 1. The transformation Tgo2-

Real base expansions have been studied through various points of view. We refer the
reader to [19, Chapter 7| for a survey on their combinatorial properties and [10] for a
survey on their dynamical properties. A fundamental dynamical result is the following.
This summarizes results from [21, 23, 24].

Theorem 2.2. There exists a unique Tg-invariant absolutely continuous probability mea-
sure pig on B([0,1)). Furthermore, the measure pg is equivalent to the Lebesque measure
on B([0,1)) and the dynamical system ([0,1),B([0,1)), ug,Tg) is ergodic and has entropy

log(8).
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Remark 2.3. It follows from Theorem 2.2 that Tj is non-singular with respect to the
Lebesgue measure, i.e., for all B € B([0,1)), A(B) = 0 if and only if )\(Tﬁ_l(B)) = 0.

In what follows, we let
_[B1-1
xg = 51
This value corresponds to the greatest real number that has a §-representation over the
alphabet [0, [8] — 1]. Clearly, we have x5 > 1. The extended greedy B-transformation,
denoted 75", is defined in [11] as

Bx — | Bz| if x €10,1)
Bz — ([B] —1) ifxell,xg).

Note that for all z € [%, %), the two cases of the definition coincide since |fz| =

[B] — 1. The extended S-transformation restricted to the interval [0,1) gives back the
classical greedy (-transformation defined above. Moreover, for all z € [0,23), there exists
N € N such that for all n > N, (Tg*)"(x) € [0,1).

TE’“: 0,28) = [0,23), {

Example 2.4. We continue Example 2.1. The extended greedy transformation T;’Q‘t is
depicted in Figure 2.

0 1 2 1 2

2 2

FIGURE 2. The extended transformation T;’Q‘t.

In the greedy algorithm, each digit is chosen as the largest possible among 0,1,...,[8]—1
at the considered position. At the other extreme, the lazy algorithm picks the least possible
digit at each step [12]: if the first N digits of the expansion of a real number x € (0, z4]

are given by ag, ...,an—_1, then the next digit ay is the least element in [0, [5] — 1] such
that
N o)
Qn, [ﬁ—| -1
Z Bt + Z Bt 2T,
n=0 n=N-+1

or equivalently,
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The so-obtained S-representation is called the lazy S-expansion of x. The lazy B-transfor-
mation dynamically generating the lazy [-expansion is the transformation Lg defined as
follows [10]:

Bx if x € (0,25 — 1]

Lg: (0,2p] = (0,25], = — {ﬁx— [Bz —xp] ifx € (x5 —1,25].

Observe that for all x € (mB 5_1, zBB ], the two cases of the definition coincide since [fz —

xg] = 0. Moreover, since Lg((xg — 1,24]) = (z3 — 1,2g], the lazy transformation Lg can
be restricted to the length-one interval (zg — 1,25]. Also note that for all € (0,zg],
there exists N € N such that for all n > N, Lg(m) € (zp — 1,zg]. Furthermore, for all
z € (zg — 1,24] and n € N, we have a, = [BLj(z) — xg].

Example 2.5. The lazy transformation L2 is depicted in Figure 3.

0 2 4 _2 _2 2 _
w21 P?-1 ¢

FIGURE 3. The transformation L<p2

It is proven in [11] that there is an isomorphism between the greedy and the lazy j-
transformations. As a direct consequence of this property, an analogue of Theorem 2.2 is
obtained for the lazy transformation restricted to the interval (zg — 1, z3].

3. ALTERNATE BASE EXPANSIONS

Let p be a positive integer and 3 = (8, ..., Bp—1) be a p-tuple of real numbers greater
than 1. Such a p-tuple B is called an alternate base and p is called its length. A 3-

representation of a non-negative real number z is an infinite sequence agaias--- over N
such that
ap ai ap—l
1 T = — + + -+
@ Bo B1Bo Bp—1-+-Bo
ap ap+1 @2p—1
Bo(Bp-1- - Bo) B1Bo(Bp-1- - Bo) (Bp—1--Bo)?

We use the convention that for all n € Z, 8, = 5; mod p and B = (Bns- -+ Brp—1)-
Therefore, the equality (1) can be rewritten as:

an oﬂk‘
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The alternate bases are particular cases of Cantor real bases, which were introduced and
studied in [5].

In this paper, our aim is to study the dynamics behind some distinguished representa-
tion in alternate bases, namely the greedy and lazy B-expansions. Firstly, we recall the
notion of greedy B-expansions defined in [5] and we introduce the greedy B-transformation
dynamically generating the digits of the greedy B-expansions. Secondly, we introduce the
notion of lazy B-expansions and the corresponding lazy (-transformation.

3.1. The greedy (-expansion. For z € [0,1), a distinguished B-representation, called
the greedy B-expansion of x, is obtained from the greedy algorithm. If the first N digits
of the greedy (-expansion of x are given by ag,...,an_1, then the next digit ay is the
greatest integer such that

N

Zafn <z
n—0 [Tko P ~

Note that, by the definition of the greedy algorithm, for every n € N, the n-th digit of the
B-expansion of a real number = € [0,1) belongs to the restricted alphabet [0, [5,] — 1].
The greedy B-expansion can also be obtained by alternating the S;-transformations: for
all z € [0,1) and n € N, ap, = |8, (Tp,_, 0+ 0 Tp,(z))]. The greedy B-expansion of z is
denoted dg(z). In particular, if p = 1 then it corresponds to the usual greedy [-expansion
as defined in Section 2.2.

Example 3.1. Consider the alternate base 8 = ( HT‘/E, 5*%/ﬁ) already studied in [5]. The

greedy (B-expansions are obtained by alternating the transformations 7', 43 and T, 3,

2 6
which are both depicted in Figure 4. Moreover, in Figure 5 we see the computation of the

S Lits . 1+V5
first five digits of the greedy B-expansion of ~22.
1
0 1 1 2 1

FIGURE 4. The transformations 7', 13 (blue) and T'5, 13 (green).
2 6

We now define the greedy B-transformation by
(2)  Tp:[0,p—1] x[0,1) = [0,p — 1] x [0,1), (¢,2) > ((i + 1) mod p, Tp,(z)).

The greedy B-transformation generates the digits of the greedy B-expansions as follows.
For all z € [0,1) and n € N, the digit a,, of dg(z) is equal to |3, (Tg(O, x))] where

m2: NxR =R, (n,z) — x.
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s / : A /i s
P/ : 4 /N 4/
b iy 1Ry i
/ 4 / / )/ /

FI1GURE 5. The first five digits of the greedy B-expansion of 1+—5‘/5 are 10102
for B = (1+%/ﬁ 5+%/ﬁ).

As in Section 2.2, the greedy B-transformation can be extended to an interval of real
numbers bigger than [0,1). To do so, we define

(8] — 1
(3) xﬂ—ZHk B

It can be easily seen that 1 < zg < oo. This value corresponds to the greatest real
number that has a (-representation agajas--- such that each digit a, belongs to the
alphabet [0, [5,] —1], that is, g is the real number having ([8o] —1)([51]—1)--- as a B-
representation. Similarly, for all n € Z, the largest number that has a ﬁ(”)—representation
apajag - - - such that each digit a,, belongs to the alphabet [0, [ B4m | — 1] is given by

[o¢]
[ﬁn+m—| —1
X a(n) = E —_——.
A m—=0 H?:o Brtk
Hence, for all n € Z, we get

iy + [Bn| — 1
(4) xpa(m:xﬁ o Bn[ 1

We define the extended greedy B-transformation, denoted TEXt, by

(5) T U ({i} x [0,250)) = U ({1} x [0,2450)),
=0 =0

(i) s ((i + 1) mod p, Bz — | Biz]) if 2 € [0,1)
’ ((z + 1) mod p, Bix — ([Bz—l - 1)) ifx e [1,3;‘ﬁ(¢)).

The greedy B-expansion of z € [0,z3) is obtained by alternating the p maps

9 © TBXt o 51‘ : [0, xﬁ(i)) — [0, $l@(i+l))

for ¢ € [0,p — 1], where
0i: R = {i} xR, x+— (i,2).

Proposition 3.2. For all v € [0,23) and n € N, we have
n—1
T 0 (T§")" 0 8o(x) = Bn-1--- fox — Z Brn-1-""Bryick

where (co, . .., cn—1) is the lezicographically greatest n-tuple in T[]}y [0, [Bk] — 1] such that

py Oﬁn 1 5k+10k
Bn—1-Po =z
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Proof. We proceed by induction on n. The base case n = 0 is immediate: both members of
the equality are equal to . Now, suppose that the result is satisfied for some n € N. Let
xz € [0,23). Let (co,...,cn—1) is the lexicographically greatest n-tuple in HZ;(I) [0, [ Br]—1]

n—1
such that Zk:oﬁiiiﬂik“ck < z. Then it is easily seen that for all m < n, (co, ..., ¢p) is the
lexicographically greatest (m+1)-tuple in [, [0, [ 85| —1] such that W <z

Now, set y = m9 0 (Tg,’“)” o dp(x). Then y € [O,xﬂm)) and by induction hypothesis, we
obtain that y = B,—1 -+ Box — Y p_o Bn—1- - Pr+1¢k. Then, by setting

{mnyj if y €[0,1)

n —

8]~ 1 iy € [Lagm)

we obtain that ﬂgo(TEXt)"Hoéo(a;) =Bn-Box— p_obn - Brt1ck. Inorder to conclude,

we have to show that
a) M <z

n ﬁO
b) (co,...,cn) is the lexicographically greatest (n+1)-tuple in [[;_ [0, [k ] —1] such
that a) holds.

By definition of ¢,,, we have ¢, < B,y. Therefore,

n n—1
Zﬁn"'ﬁk—s—lck :5n25n71"'/8k+1ck+cn :Bn(ﬁnfl"'50$_y)+cn Sﬁnﬁol‘
k=0 k=0

This shows that a) holds.
Let us show b) by contradiction. Suppose that there exists (cp, ..., c),) € [[1_o [0, [Br]—

1] such that (cf, ..., c),) >1ex (co,-- -, c,) and W < . Then there exists m < n
such that ¢ = ¢, ..., ¢, 1 = ¢m—1 and ¢, > ¢, + 1. We again consider two cases. First,

suppose that m < n. Since (¢, ..., ¢),) >lex (Co,-- -, Cm), We get E’“:‘)’fmm—ﬁik“c’“ > x. But

then
n m
S Bu Besich = Bu Bui1 > B Brsich > Ba- - Bow,
k=0 k=0

a contradiction. Second, suppose that m = n. Then

n n—1
BuBor =Y Ba Braicy =Y Ba- Brarch +cn + 1,
k=0 k=0

hence By > ¢, + 1. If y € [0,1) then ¢, +1 = [Bry] + 1 > Bnry, a contradiction.
Otherwise, y € [1,z4()) and cn, +1 = [B,]. But then ¢;, > [B,], which is impossible since
¢, € [0,[B,] — 1]. This shows b) and ends the proof. O

The restriction of the extended greedy B-transformation to the domain [0, p— 1] x [0,1)

gives back the greedy B-transformation initially defined in (2). Moreover, the subspace
[0,p — 1] x [0,1) is an attractor of T, EXt in the sense given by the following proposition.

Proposition 3.3. For each (i,z) € Uf:_ol ({i} x [O,xﬂm)), there exists N € N such that
for alln > N, (Tg*)"(i,z) € [0,p — 1] x [0,1).

Proof. Let (i,z) € Uf;ol ({i} x [O,xﬁm)). On the one hand, if (TBXt)N(i,:L‘) € [0,p—1] x
[0,1) for some N € N, then clearly (Tg‘t)"(i, z) € [0,p — 1] x [0,1) for all n > N. On the

other hand, if (Tg"t)”(i, x) ¢ [0,p—1] x[0,1) for all n € N, then we would get that z = xg)
since at each step n, the greedy algorithm would pick the maximal digit [B;yn| — 1. O
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ﬁ

Example 3.4. Let 3 = (1+§/ﬁ, o+ & 13) be the alternate base of Example 3.1. The maps
T 0 TE o 50‘[0’13)¢ [0,25) = [0,25m)) and m 0 T o 51‘[0’96 oy [02gw) = [0, 2) are

depicted in Figure 6.

xﬁ(l)
g
1
0 10121 T3 Tga)
Bo B Bo

FIGURE 6. The maps 73 o T o 50“0716) (blue) and 72 0 T§* o 51‘[0%(1))

(green) with 8 = (HT‘/B, L%/E)

3.2. The lazy (3-expansion. As in the real base case, in the greedy (-expansion, each
digit is chosen as the largest possible at the considered position. Here, we define and study
the other extreme B-representation, called the lazy B-expansion, taking the least possible
digit at each step. For z € [0,zg), if the first N digits of the lazy B-expansion of x are

given by ag,...,an—1, then the next digit ay is the least element in [0, [Bnx] — 1] such
that
o0
[ﬁn—| —1
= = T
Z Hk oﬂk n%:ﬂ [T5=o Br

or equivalently,
N QA T g(N)

m + >
HZ:O [0 Be I Be
This algorithm is called the lazy algorithm. For all N € N, we have
N
2 o -
Hk oﬂk

which implies that the lazy algorithm converges, that is,

o0

>
We now define the lazy B-transformation by

xr =

p—1

Lg: | ({i} = 0,250]) — U ({i} x (0,240]),
=0

=0
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(i.2) s ((z + 1) mod p,ﬁim) ifx € (O,xﬁ(i) —1]
((z + 1) mod p, Bix — [Bix — $ﬁ(i+1)—|) ifx e (93,6(” — l,x,@u)].
The lazy B-expansion of x € (0, zg] is obtained by alternating the p maps

mpo Lgo 5,'\ : (0,$ﬁ(z‘)] — (O,xﬁ(iJrl)]

(0,7 53]

for ¢ € [0,p — 1]. The following proposition is the analogue of Proposition 3.2 for the lazy
B-transformation, which can be proved in a similar fashion.

Proposition 3.5. For all z € (0,z2g] and n € N, we have
n—1
w0 L odo(x) = Bn1-+ Box — D Pn1-Biyici
i=0

where (cg, ..., cn—1) 18 the lezicographically least n-tuple in Hz;é [0, [Br] — 1] such that

Sy Brno1-Bit1ci [Bm]—1
Bn-1-Po + Zm n 117, B > .

Note that for each i € [0,p — 1],
ng({’i} X (xﬁ(,') - l,xﬂ(i)]) - {(Z + 1) mod p} X (.%'B(i-u) - 1,$,6(i+1)].

Therefore, the lazy B-transformation can be restricted to the domain Uf;ol ({i} x (zge) —
1,z B(i)]). The (restricted) lazy B-transformation generates the digits of the lazy 3-expan-
sions of real numbers in the interval (zg — 1, 23] as follows. For all x € (xg —1,2g] and
n € N, the digit a,, in the lazy B-expansion of = is equal to [[,m2 (Lg(() x)) x5<n+1ﬂ.

Similarly to the greedy case, we obtain that the subspace Up ({i} x ( @ — 1, iUﬁ(i)D
is an attractor of Lg.

Proposition 3.6. For each (z z) € U2, ({ } x (0, ,3(1')]), there exists N € N such that
foralln > N, Li(i,z) € U ({z} X (T — 1,3:/3@)}).

Proof. Let (i,z) € ', ({z} x (0, xﬁ(i)]). On the one hand, if Lﬁ (i,2) € U, ({z} X
(g0 — l,xﬂm]) for some N € N, then clearly L7, (z z) € - ({z} (Zg0 — 1,xﬁ(l>]) for
all n > N. On the other hand, if Lj(i,z) ¢ UiZ ({z} (o — l,xﬁ,(i)]) for all n € N,
then we would get that x = 0 since at each step, the lazy algorithm would pick the minimal
digit, which is always 0. O
Example 3.7. Consider again the length-2 alternate base 3 = (Lg/ﬁ, S*'T@)

amples 3.1 and 3.4. We have zg = M ~ 1.67 and x g = QJFT\/E ~ 1.86. The maps
myoLgo 5O|(0 2]’ (0,28] = (0,250)] and mpoLgo 51‘ 00 (O,xﬁ(n] — (0, 2] are de-

from Ex-

picted in Figure 7. In Figure 8 we see the computation of the first five digits of the lazy
: 1+v5

B-expansion of ~2=2.

3.3. A note on Cantor bases. The greedy algorithm described in Sections 3.1 and 3.2

is well defined in the extended context of Cantor bases, i.e., sequences of real numbers

B = (Bn)nen greater than 1 such that the product []>7, 5y, is mﬁmte [5]. In this case, the

greedy algorithm converge on [0,1): for all € [0, 1), the computed digits a,, are such that

Yol ﬁ = x. Therefore, the value xg defined as in (3) is greater than or equal to 1.
=0

However, it might be that 3 = co. For example, it is the case for the Cantor base given
by fn =1+ 5 foralln € N.
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$5(1)

2 1 TE T
TB— 5 8= 5 B8 tgm

,’l,‘ﬂ(\)*‘}‘

FIGURE 7. The maps mp o Lgo 50‘(0 2] (blue) and w0 Lgo 51’(0 .
b k) ﬁ

(green) with 8 = (HT\/E, Lg/ﬁ)

@ 1 2 RO 0 @ 2 0o @

7 A

F1GURE 8. The first five digits of the lazy B-expansion of % are 01112
for ,8 — (1+§/ﬁ 5+%/ﬁ)'

Note that the restriction of the transformation my o (Tg"t)” o do to the unit interval
[0,1) coincide with the composition T, , o --- o Tg,. Thus, when restricted to [0,1),
Proposition 3.2 can be reformulated as follows.

Proposition 3.8. For all x € [0,1) and n € N, we have
n—1

Ty, 00 Tpy(x) =Bu1-Box = > Bt Brarc
k=0

where (co, . .., cn_1) is the lezicographically greatest n-tuple in [[}=y [0, [B] — 1] such that

SV Zo Br—1-Brticr
Bn—1--Bo <z
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For all k € [0,n — 1], the transformation Lg, is defined on (0,z4,] and can be restricted
to (g, — 1,25,]. So, the restricted transformations LTB%S“, ey Lrﬁensfrl cannot be composed
to one another in general. Therefore, even if the lazy algorithm can be defined for Cantor
bases, provided that xg < oo, we cannot state an analogue of Proposition 3.8 in terms of
the lazy transformations for Cantor bases.

Even though this paper is mostly concerned with alternate bases, let us emphasize
that some results are indeed valid for any sequence (B,)neny € (Rs1)Y, and hence for
any Cantor base. This is the case of Proposition 3.8, Proposition 4.3, Corollary 4.4 and
Proposition 4.14.

4. DYNAMICAL PROPERTIES OF Tj

In this section, we study the dynamics of the greedy (-transformation. First, we gener-
alize Theorem 2.2 to the transformation Tj3 on [0,p — 1] x [0,1). Second, we extend the
obtained result to the extended transformation Tjg. Third, we provide a formula for the
density functions of the measures found in the first two parts. Finally, we compute the
frequencies of the digits in the greedy (B-expansions.

4.1. Unique absolutely continuous 7Tg-invariant measure. In order to generalize
Theorem 2.2 to alternate bases, we start by recalling a result of Lasota and Yorke.

Theorem 4.1. [17, Theorem 4| Let T': [0,1) — [0,1) be a transformation for which there

exists a partition [ag,a1),...,[ax—1,ax) of the interval [0,1) with ap < -+ < ax such that

for each k € [0, K — 1], T“a arer) is convex, T(ax) =0, T'(ag) > 0 and T'(0) > 1. Then
krAk+41

there exists a unique T-invariant absolutely continuous probability measure. Furthermore,
its density function is bounded and decreasing, and the corresponding dynamical system is
exact.

We then prove a stability lemma.

Lemma 4.2. Let Z be the family of transformations T: [0,1) — [0,1) for which there
exist a partition [ag,a1),...,[ax—1,ar) of the interval [0,1) with ag < --+ < ag and a
slope s > 1 such that for all k € [0, K — 1], ag+1 — ar < % and for all © € lag,axt1),
T(z) = s(x — a). Then T is closed under composition.

Proof. Let S,T € Z. Let [ap,a1),...,lax—-1,ax) and [bg,b1),...,[br—1,br) be partitions
of the interval [0,1) with a9 < -+ < ag, bg < --+ < by, and let s, > 1 such that
for all k € [0, K — 1], ag11 — ap < %, for all £ € [0,L — 1], bgr1 — by < % and for all
z €[0,1), S(z) = s(z — a) if x € [ag,ax+1) and T(x) = t(z — by) if x € [by, byy1). For
each k € [0, K — 1], define L to be the greatest ¢ € [0, L — 1] such that ay + b;" < Ag1-
Consider the partition

b b b b b
o) ), o )

S S

b b bLy_1— by _ bLy_
|:CLK71+?O,CLK71+§>,...,|:CLK71+KT11,CLK71+ ;{1>,|:CLK71+ IglvaK)

of the interval [0,1). For each k € [0, K —1] and ¢ € [0, Ly — 1], ak+b"'T+1 —ay— bf < L and
ak+1—ak—bLT’“ = (aps1—ap— bL’;+1)+bL’“+1;bLk < L. Now,letz € [0,1) and k € [0, K—1]
be such that x € [ag,ag+1). Then S(z) = s(z — a) € [0,1). We distinguish two cases:
either there exists £ € [0, Ly — 1] such that € [a; + %, ap + 251 or x € [ag + bLT’“, Aft1)-

S
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In the former case, S(x) € [bg,by+1) and T o S(x) = ¢(S(x) — by) = ts(z — (ar + bf)) In

. b
the latter case, since agy1 — ap < %, we get that S(z) € [br,,br,+1) and hence that

ToS(x)=1t(S(x)—"br,) =ts(z — (ar + bLT’“)) This shows that the composition T o S
belongs to Z. O

The following proposition provides us with the main tool for the construction of a Tj-
invariant measure.

Proposition 4.3. For alln € N>y and all By, ..., Bn—1 > 1, there exists a unique (Tp, , o
-+ 0Ty, )-invariant absolutely continuous probability measure v on B([0,1)). Furthermore,
the measure p is equivalent to the Lebesque measure on B([0,1)), its density function is
bounded and decreasing, and the dynamical system ([0,1),B([0,1)),u, T, , 0 ---0Tp,) is
exact and has entropy log(Bn—1--- Po).

Proof. The existence of a unique (T, , o--- o Tjp,)-invariant absolutely continuous proba-
bility measure p on B([0,1)), the fact that its density function is bounded and decreasing,
and the exactness of the corresponding dynamical system follow from Theorem 4.1 and
Lemma 4.2. With a similar argument as in [8, Lemma 2.6], we can conclude that Z—‘/\L >0
A-almost everywhere on [0,1). It follows that u is equivalent to the Lebesgue measure on
B([0,1)). Moreover, the entropy equals log(f,—1 - - fo) since Tp, ,o---0Tp, is a piecewise
linear transformation of constant slope 5,1 - Bo [9, 24]. O

The following consequence of Proposition 4.3 will be useful for proving our generalization
of Theorem 2.2.

Corollary 4.4. Let n € N> and fo,...,0Bn—1 > 1. Then for all B € B([0,1)) such that
(T, ,o---0Ts,) Y (B) = B, we have \(B) € {0,1}.

For each i € [0,p — 1], we let ug; denote the unique (7j,_, o --- o Tp,_ )-invariant
absolutely continuous probability measure given by Proposition 4.3. We use the convention
that for all n € Z, pgn = 1Bn mod p- Let us define a probability measure pg on the o-
algebra

p—1
=0
over [0,p — 1] x [0,1) as follows. For all By, ..., Bp,—1 € B([0,1)), we set

p—1 p—1
. 1
(7) M,G( U ({i} x Bi)) = - ZM,B,i(Bz‘)-
i=0 P
We now study the properties of the probability measure pg.
Lemma 4.5. Fori e [0,p — 1], we have pg; = pgi—1° T‘:l.

Proof. Let i € [0,p — 1]. By the definition of pg; and by Proposition 4.3, it suffices to
show that pg;—1 0Ty il isa (Tp,_, o---oTp,_,)-invariant absolutely continuous probability
measure on B([0,1)). First, we have ”ﬂFl(Tﬁ:L([O’ 1))) = pg,i-1([0,1)) = 1. Second, for
all B € B([0,1)), we have
Kp;i—1 0 Til ((Tﬁifl 00 Tﬂifp)_l(B)) = Mﬁ,i—l(
= 'UIﬂﬂ’il( -2
= HB,i-1 (Tﬁjil(B))

Tﬁi—l 00 Tﬁi*p © Tﬁifp—l)_l(B))
T, _yo0---0 Tﬁifpfl)il(Tﬁ_iil(B)))

7

(
(
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Third, for all B € B([0, 1)) such that A\(B) = 0, we get that )\(Tﬁ:il (B)) = 0 by Remark 2.3,
and hence that ,u@i_l(TB:L(B)) = 0 since pg;—1 is absolutely continuous. O

Proposition 4.6. The measure ug is Ig-invariant.

Proof. For all By,...,Bp,—1 € B([0,1)),

p—1 p—1
1g (Tgl ( i} % B»)) = M,@( U 75" (i} x Bz->>
1=0

=0

p—1
— Mﬁ< LJ ({(i = 1) mod p} x Tg‘,.fl(Bi))>

i=0
1

p—1
== ppia(Ty (B)
p =0

122
== ppi(B)
p =0

p—1

- Mﬁ( iy B»)
i=0

where we applied Lemma 4.5 for the fourth equality. 0

Corollary 4.7. The quadruple ([O,p — 1] x [0,1), E,ulg,Tg) is a dynamical system.

Let us define a new measure A, over the o-algebra 7T,. For all By,...,B,—1 € B([0,1)),
we set

p—1 1 p—1

(8) Ml JW xBi) | ==Y MNBi).
i=0 P

We call this measure the p-Lebesgue measure on Tp,.

Proposition 4.8. The measure g is equivalent to the p-Lebesgue measure on Tp.

Proof. This follows from the fact that the p measures pgg, ..., g p—1 are equivalent to the
Lebesgue measure A on B([0,1)). O

Next, we compute the entropy of the dynamical system ([[O,p — 1] x [0,1),7p, ua, Tg).
To do so, we consider the p induced transformations

T, {i} x [0,1) = {i} x [0,1), (i,x) — Tg(i,x)

for i € [0,p — 1]. Note that indeed, for all (i,z) € [0,p — 1] x [0,1), the first return of

(i,z) to {i} x [0,1) is equal to p. Thus Tg; = Tg}{i}x[o,l)’ For each i € [0,p — 1], the

induced transformation T ; is measure preserving with respect to the measure vg; on the
o-algebra {{i} x B: B € B(]0,1))} defined as follows: for all B € B(]0,1)),

vgi({i} x B) = pug({i} x B).

Lemma 4.9. For every i € [0,p — 1], the map 5i‘ :[0,1) — {i} x [0,1), z — (i,2)

[0,1)
defines an isomorphism between the dynamical systems
([07 1)7 B([Ov 1))7 HB,i Tﬁifl 0---0 T/Bifp)

and
({i} x [0,1),{{i} x B: B € B([0,1))}, v3,:, T,i)
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Proof. This is a straightforward verification. O

Proposition 4.10. The entropy of the dynamical system ([0,p — 1] x [0,1), T, ug, T3) is
1]
Liog(By—1 - o).

Proof. Let i € [0,p — 1]. By Abramov’s formula (see Section 2.1), we have

s (Ts) = pp({i} X [0.1)) huy  (Tps) = ;huﬂ,xTﬁ,n.

Since the entropy is invariant under isomorphism, it follows from Proposition 4.3 and
Lemma 4.9 that hy, (Tg,:) = log(Bp—1--- o). Hence the conclusion. O

Finally, we prove that any Tg-invariant set has p-Lebesgue measure 0 or 1.
Proposition 4.11. For all A € T, such that Tgl(A) = A, we have A\,(A) € {0,1}.

Proof. Let By, ...,Bp_1 be sets in B([0, 1)) such that

p—1 p—1
75! ( Uiy x B») = J Wi} x By).

=0 i=0
This implies that
©) Tﬁ_il(Bi) = B(iq) modp forallie [0,p — 1].

We use the convention that B,, = By, mod p for all n € Z. An easy induction yields that for
alli € [0,p—1]andn € N, (T, ,0---0Tp, ) 1 (B;) = Bi—,. In particular, for n = p, we
get that for each ¢ € [0,p — 1], (T3,_, 0---0 Tﬁiip)_l(Bi) = B;. By Corollary 4.4, for each
i€ [0,p—1], A(B;) € {0,1}. By definition of Ay, in order to conclude, it suffices to show
that either A(B;) =0 for all i € [0,p — 1], or A(B;) =1 for all i € [0,p — 1]. From (9) and
Remark 2.3, we get that for each i € [0,p — 1], A(B;) = 0 if and only if A\(B;4+1) = 0. The
conclusion follows. O

We are now able to state the announced generalization of Theorem 2.2 to alternate bases.

Theorem 4.12. The measure pg is the unique Tg-invariant probability measure on T,
that is absolutely continuous with respect to \,. Furthermore, ug is equivalent to A, on
Tp and the dynamical system ([0,p — 1] x [0,1), Tp, pug, 1) is ergodic and has entropy

5 10g(Bp—1- -+ Bo)-

Proof. By Propositions 4.6 and 4.8, ug is a Tjg-invariant probability measure that is abso-
lutely continuous with respect to A, on B([0,1)). Then we get from Proposition 4.11 that
for all A € 7, such that Tgl(A) = A, we have pug(A) € {0,1}. Therefore, the dynamical
system ([0,p — 1] x [0,1), T, ug, 1) is ergodic. Now, we obtain that the measure pg is
unique as a well-known consequence of the Ergodic Theorem, see [9, Theorem 3.1.2|. The

equivalence between pg and A, and the entropy of the system were already obtained in
Propositions 4.8 and 4.10. U

For p greater than 1, the dynamical system ([0, p—1] x[0,1), 7, ug, 1) is not exact even
though for all i € [0, p — 1], the dynamical systems ([0, 1), B([0,1)), ugi, Tp,_, 0---0Tp,_,)
are exact. It suffices to note that the dynamical system ([0,p—1] x [0,1),7p, g, Tg) is not

ergodic for p > 1. Indeed, Tﬁ_p({O} x [0,1)) = {0} x [0,1) whereas pug({0} x [0,1)) = ;1).



DYNAMICAL BEHAVIOR OF ALTERNATE BASE EXPANSIONS 17

4.2. Extended measure. In order to study the dynamics of the extended greedy (-
transformation defined in (5), we define extended measures ,u,e@Xt and )\eﬁ"t by extending the
domain of the measures pg and A, defined in (7) and (8) respectively. First, we define a
new o-algebra TﬁeXt on Uf;ol ({i} x [0,:Eﬁ(i))) as follows:

p—1

'TgXt = { U({Z} X Bl) (Vi€ [[O,p — 1]], B; e B([O,xﬁ(i)))}.
i=0

Second, for A € Tg*, we set uG*(A) = pg(A N ([0,p — 1] x [0,1))) and XF*(A) =
Ap(AN([0,p—1] x [0,1))).

Note that, in the previous section, we could have denoted the o-algebra 7, by 73 and

similarly, the measure A, by Ag. We chose to only emphasize the dependence in p since the

definitions of 7, and A, indeed only depend on the length p of the corresponding alternate
base 3.

Theorem 4.13. The measure M%Xt 1s the unique TEXt -tnvariant probability measure on 7‘5’“

that is absolutely continuous with respect to )\%Xt. Furthermore, ueﬁXt 18 equivalent to Xf@Xt

on 7,'6‘3’<t and the dynamical system (Uf:_& ({z} X [O,xﬁ(i))),m"t,u%"t,TﬁeXt) is ergodic and
has entropy % log(Bp—1- - Bo)-

ext

Proof. Clearly, pg is a probability measure on ’7'5’“. For all A € 72;”“, we have

HE(TE)H(A) = e (TF)~H(A) N ([0,p — 1] x [0, 1)))
= up((T5*) (AN ([0.p — 1] x [0,1))) N ([0.p — 1] x [0,1)))
= (T (AN ([0,p—1] x [0,1))))
= ug(AN ([0,p— 1] x [0,1)))
= pg*(4)
where we used Proposition 4.6 for the fourth equality. This shows that ueﬁ"t is Tg’“—invariant
on TﬁeXt. The conclusion then follows from the fact that the identity map from [0,p — 1] x
0,1) to p;l 1} X [0,2450))) defines an isomorphism between the dynamical systems
=0 Jé]
([[O’p - 1]] X [O’ 1)7 7;77 K13, TB) and (Uf:_(} ({/L} X [07 $ﬁ(¢))),77§)¢, /’LeﬁXtv TEXt)' 0

4.3. Density functions. In the next proposition, we express the density function of the
unique measure given in Proposition 4.3.

Proposition 4.14. Consider n € N>y and By, ..., Bn—1 > 1. Suppose that

e K is the number of not onto branches of T, , o---0Tjg,

e forj € [1,K], ¢;j is the right-hand side endpoint of the domain of the j-th not onto
branche of T, , 0---0Tg,
T:[0,1) — [0,1) is the transformation defined by T'(x) = Tp, , o --- o0 Tp,(z) for
z ¢ {ci,...,cx} and T(cj) = limxﬁcj Tp, ,0---0Tg (x) for j €1, K]

S is the matriz defined by S = (S ;)1<i,j<x where

= 5(T™(¢;) > ;)
Si | = ! )
J Z (Bn_1---Bo)™
where 6(P) equals 1 when the property P is satisfied and 0 otherwise

1 is not an eigenvalue of S
do=1and (di---dg) = (1---1) (=S + Idg)™!

m=1
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o = fo (do + Z] 1di Y %) d\ is the normalization constant.

Then the density function of the (T, _, o- - -0Tg,)-invariant measure given by Proposition 4.3
with respect to the Lebesque measure is

(10) <d0+ZdZ OT”J )

Proof. This is an application of the formula given in [14, Theorem 2]. O

In [14] Gora conjectured that 1 is not an eigenvalue of the matrix S if and only if the
dynamical system is exact. Thus, if Gora’s conjecture were true, thanks to Proposition 4.3,
the hypothesis that 1 is not an eigenvalue of the matrix S could be removed from the
statement of Proposition 4.14. In particular, Proposition 4.14 would then provide the
density function of the (T, ,o---0Tp,)-invariant measure given by Proposition 4.3 without
any further conditions.

. The com-

(1+\/ﬁ 5+\/ﬁ)
2 0 6
position Tg, o Tj, is depicted in Figure 9. Since B% = (1 — 1, keeping the notation of

Example 4.15. Consider once again the alternate base 3 =

1

0 101 frt+l 2

B1Bo  Bo BiBo Bo

FIGURE 9. The composition T, o T, with 3 = (H‘\/ﬁ, 5+\/ﬁ).

Proposition 4.14, we have K = 3, ¢ = 5%, cy = % and c3 = 1. We have T'(¢;) =
T(c2) = T(c3) = c1. Therefore all elements in S equal 0, dy = d; = do = d3 = 1 and
C=1+ Wﬁo_l) 1 + . The density of the unique absolutely continuous (7, o Tj,)-

invariant probability measure is

é<1 * ; X[O’Bo >

For example, 4([0, %)) = B‘gi%/ﬁ. Moreover, it can be checked that 1((T, 0Tj,) [0, %)) =
(10, 5))-
dug,i

We obtain a formula for the density function lequ by using the density functions —5
for ¢ € [0,p — 1]. We first need a lemma.

Lemma 4.16. For all i € [0,p — 1], all sets B € B([0,1)) and all B([0,1))-measurable
functions f:[0,1) — [0, 00), the map fomg: [0,p—1] x [0,1) — [0,00) is Tp-measurable

and .
/ fOWQd)\p:/fd)\.
{i}xB pPJB
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Proof. This follows from standard arguments by using the definition of the Lebesgue inte-
gral via simple functions. O

Proposition 4.17. The density function ?‘T‘; of pg with respect to the p-Lebesgue measure
on T, is

) > (% o)
1=0

Proof. Let A € T, and let By, ..., B,_1 € B([0,1)) such that A = [J'=({i} x B;). It
follows from Lemma 4.16 that

p—1 du p—1 du
/Z( Bid >X{}X01 dAp_Z/ momd)\

{i}xB;

1P 1 d
Z/ Y

zOB

15
= Z Mﬂ,i(Bz)
p =0

=np(A).

O
Note that the formula (11) also holds for the extended measures pG* and AG* on Tg*".

4.4. Frequencies. We now turn to the frequencies of the digits in the greedy B-expansions
of real numbers in the interval [0,1). Recall that the frequency of a digit d occurring in
the greedy B-expansion agaias - - - of a real number z in [0, 1) is equal to

lim #{O<k:<n ap = d},

n—oo n

provided that this limit exists.

Proposition 4.18. For A-almost all x € [0,1), the frequency of any digit d occurring in
the greedy (B3-expansion of x exists and is equal to

*ZMB, ( . n o, 1))

Proof. Let € [0,1) and let d be a digit occurring in dg(z) = agaiaz---. Then for all
k € N, a, = d if and only if FQ(TL];(O,ZE)) € [ﬁ%’ %) N[0, 1). Moreover, since for all k € N,
Tg(O,a:) € {k mod p} x [0,1), we have

k _ k
Xl Ghnlo, 1 (m2(T5(0:2))) = X4 1oq phx ([, 5)n(0,1)) (T5(0,2))

p—1

= k
B ; Xipx ([%,dﬁ—tl)m[o,l)) (Tﬁ(O, 17))

Therefore, if it exists, the frequency of d in dg(x) is equal to

nlpl

am Z Zx{z}x (1£.%1)n0,1)) (75(0.)).

k=0 i=0



20 DYNAMICAL BEHAVIOR OF ALTERNATE BASE EXPANSIONS

Yet, for each i € [0,p — 1] and for pg-almost all y € [0,p — 1] x [0, 1), we have

n—1

nlLIEOEZX{ }x [&,441)n), 1))( 5( )) /IIO,pl]]x[O,l) X{i}x([ﬂ%,
= up({i} x ([£. 41 n 0. 1))
— upa([4. 41 no.1)

where we used Theorem 4.12 and the Ergodic Theorem for the first equality. The conclusion
now follows from Proposition 4.8. O

dg;l )0[0,1)) d/"[’ﬁ

Note that, when p = 1, Proposition 4.18 gives back the classical formula ,ug([%, %) N
[0, 1)) for the frequency of the digit d, where p15 is the measure given in Theorem 2.2.

5. ISOMORPHISM BETWEEN GREEDY AND LAZY ﬁ—TRANSFORMATIONS

In this section, we show that

p—1 p—1
(12) ¢p: | ({1} x [0,250)) = | ({1} x (0,250)), (i,2) = (6,240 — )
1=0 1=0

defines an isomorphism between the greedy B-transformation and the lazy B-transfor-
mation.
We consider the o-algebra

p—1
Lp= { Uit x By):vie[0,p—1], B; € B(<0,%<f>1)}

=0
-1 X
on UZy ({i} x (0,250])-
Proposition 5.1. The map ¢g is an zsomorph@sm between the dynamical systems (U ({z}x
[07 x/@(z)))77EXt) M%Xt? TeXt) and (U ({l} ( ﬂ(z)])7£ﬂ Mext o ¢B 7Lﬁ)

Proof. Clearly, ¢g is a bimeasurable bijective map. Hence, we only have to show that
5 o Text = Lgo ¢g. Let (i,2) € U, ({z} x [0, xﬂ(i))). First, suppose that € [0,1).
Then

$go TeXt( x) = ((z + 1) mod P Tt — Bix + Lﬁﬁj)
and
Lg o ¢g(i,z) = ((i + 1) mod p, Bi(z 50 — ) — [Bi(z50) — ) — z50+1)])-
Second, suppose that x € [1, 555<i))- Then
bg o Tg’“(z’,m) = ((z + 1) mod p, Tt — Bix + | 5i| — 1)
and
Lgo ¢g(i,x) = ((z + 1) mod p, /Bi(xﬁ(i) — l‘))

In both cases, we easily get that ¢g o Tg"t(i, x) = Lg o ¢g(i,x) by using (4). O

Thanks to Proposition 5.1, we obtain an analogue of Theorem 4.13 for the lazy (3-
transformation.
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Theorem 5.2. The measure M%Xt o qSBl is the unique Lg-invariant probability measure on
Lg that is absolutely continuous with respect to )\%"t o gbgl. Furthermore, M%Xt o qb;;l 18
equivalent to )\eﬂ"t o (;551 on Lg and the dynamical system (U’;:_O1 ({i} x (0, xﬁ@]),ﬁg, ,ueﬁ"t o
gbgl, Lﬁ) is ergodic and has entropy ]%log(ﬁp_l -+ Bo).

Similarly, we have an analogue of Theorem 4.12 for the lazy B-transformation, by con-
sidering the o-algebra

p—1

[’%estr — { U({’L} X Bi) Vi € [[O,p — 1]], B; € B((xﬁ(i) — 1,.%[3(1')])}.
i=0

Remark that in the lazy case, we denote the restricted o-algebra by L’rﬁes'“ since there is a

dependence on the alternate base B8 and not only on its length p as in the greedy case. We

also set

p—1
¢rﬁestr: HO,p— 1]] X [Q’ 1) N U ({z} X (xﬁ(i) — 1,%5(1)]), (1733) — (i,xﬁ(i) - .T)
i=0
and
p—1 p—1
Lrﬁestr: U ({i} x (x50 — 1,335@)]) — U ({i} x (T — 1,:55@)]),
i=0 =0

(i,7) — ((Z + 1) mod p, Bix — [Bir — 513,3<i+1)1)-

Theorem 5.3. The measure jig o (gb%esn)_l is the unique L%eStr—invariant probability mea-
sure on Egss“ that is absolutely continuous with respect to A, o gbgl. Furthermore, pg o
(qbrﬁes“)_l is equivalent to \p o (qﬁgsm)_l on Egsn and the dynamical system ( f;ol ({i} x

(@gm — 1, $ﬂ(i)])7£rﬁeStr, g © ((ﬁrﬁem)*l, LrBeStr) is ergodic and has entropy %log(ﬂp_l -+ o).
Remark 5.4. We deduce from Proposition 5.1 that if the greedy (-expansion of a real
number = € [0,23) is apajag---, then the lazy B-expansion of zg — x is ([fo] — 1 —

ao)([B1] =1—=a)([Bs] =1 —ag)---.
6. ISOMORPHISM WITH THE (3-SHIFT

The aim of this section is to generalize the isomorphism between the greedy S-transfor-
mation and the B-shift to the framework of alternate bases. We start by providing some
background of the real base case.

Let Dg denote the set of all greedy (-expansions of real numbers in the interval [0,1).
The 3-shift is the set Sg defined as the topological closure of Dg with respect to the prefix
distance of infinite words. For an alphabet A, we let C4 denote the o-algebra generated
by the cylinders

Calag,...,ar—1) = {we AN :w[0] = ag, ..., w[l —1] = as_,}

for all ¢ € N and ag, ...,as—1 € A, where the notation w[k] designates the letter at position
k in the infinite word w, and we call

JA: AN—>AN, apai1ag - — aja2a3 - - -

the shift operator over A. If no confusion is possible, we simply write o instead of g 4. Then,
it is a folklore fact (similar to [10, Example 1.2.19]) that the map 3: [0,1) — Sz, = —
dg(zx) defines an isomorphism between the dynamical systems ([0, 1), B([0,1)), ug, T) and
(Sp,Cay N Sp,pp o wﬁ_l,a‘sﬁ) where Ag denote the alphabet of digits [0, [3] — 1].
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Now, let us extend the previous notation to the framework of alternate bases. Let Ag
denote the alphabet [0, ﬁnax ]](Bﬂ —1], let Dg denote the subset of Ag made of all greedy
i€ —1

).

B-expansions of real numbers in [0, 1) and let Sg denote the topological closure of Dg with
respect to the prefix distance of infinite words:

Dg ={dg(z) :x€[0,1)} and Sg= Dg.
The following lemma was proved in [5, Proposition 32].
Lemma 6.1. For alln e N, if w € SBW then o(w) € Sﬂ(n+1).
Consider the g-algebra
p—1
Gs = { U({i} x Ci): Vi€ [0,p—1], C; € Cag mSﬁ@}
i=0
on /= ({i} x Sg). We define

p—1 p—1
op: |J Ui} x Sg0) = | J{i} x Sgw), (i w) = ((i + 1) mod p, o (w))
=0 1=0
p—1
b [0,p— 1] x [0,1) = [ J({i} x Sgw), (6,2) = (i, dge (2)).
=0

Note that the transformation o), is well defined by Lemma 6.1.

Proposition 6.2. The map g defines an isomorphism between the dynamical systems

p—1
([[O,p— 1]] X [0,1),7;,,/1,/3,173) and ( U({Z} X Sﬂ(i)),gg,yﬁo¢g17gp>.
i=0
Proof. 1t is easily seen that 1)goTg = 0,013 and that 1)g is injective. Moreover, Q/Jg([[O,p—
1] x [0,1)) = W2 ({i} x Dgw) and pg(vg" (WZy({i} x Dgw)) = 1. O
However, although 13 is continuous, it does not define a topological isomorphism since
it is not surjective.

Remark 6.3. In view of Proposition 6.2, the set Uf:_ol({z} x Sg ) can be seen as the 3-
shift, that is, the generalization of the S-shift to alternate bases. However, in the previous
work [5], what we called the 3-shift is the union U?;Ol S 50)- This definition was motivated
by the following combinatorial result [5, Theorem 48| : the set Uf;ol S 30 is sofic if and

only if for every i € [0,p — 1], the quasi-greedy ,B(i)—representation of 1 is ultimately
periodic. In summary, we can say that there are two ways to extend the notion of 3-shift
to alternate bases 3, depending on the way we look at it: either as a dynamical object or
as a combinatorial object.

Thanks to Proposition 6.2, we obtain an analogue of Theorem 4.12 for the transformation
Op-
Theorem 6.4. The measure ,ugo@/;gl is the unique op-invariant probability measure on Gg
that is absolutely continuous with respect to \p o 1[)51. Furthermore, pg o zﬁgl 18 equivalent
to )\powgl on Gg and the dynamical system (Uf;ol({z} X SB”))’ Ga, 13 01/151, op) is ergodic
and has entropy I%log(ﬁp_l -+ Bo).
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Remark 6.5. Let D’ﬁ denote the subset of Ag made of all lazy (B-expansions of real
numbers in (zg — 1,2g] and let 5’,’3 denote the topological closure of Db with respect to
the prefix distance of infinite words. From Remark 5.4, it is easily seen that

p—1 p—1
O [J Uiy xSg0) = (JUi}xShe), (yaoar---) = (i, ([Bi] =1—ao)([Bip1] ~1—az) ---)
=0 1=0

defines an isomorphism from (Uf;ol({z} xSgm), 98, ugod)gl, op) to (U ({z} X ﬁ(”) Ga:
pa o ¢,§1 o 951, 01’3) where

p—1
G = { U (i} x (CinSga) : Ci € CAB}

i=0
p—1 p—1
o) U({z} X S’,’B(i)) — U({z} X S,/G“'))’ (i,w) = ((1 + 1) mod p, o(w)).
i=0 =0

We then deduce from Propositions 5.1 and 6.2 that 63 o 13 o ((;52,65“)_1 is an isomorphism

restr restr restr -1 N
from (UPZy ({i} x (200 — 1,20 ), L5, g o (@5™7) ™, L) to (UPZe ({i} x '(>) G5
1@ © q/)ﬁ o Gﬂl, 1/7) It is easy to check that, as expected, that for all (i,z) € [JI_, ({z} X

(@) — 1,x54], we have Og 0 Ygo o (™)~ i, x) = (i, L5 (w)) where lg(x) denoted the
lazy B-expansion of x.

7. B-EXPANSIONS AND (fp—1 - - o, Ag)-EXPANSIONS

By rewriting Equality (1) from Section 3 as
Bp—1---Prao + Bp—1---Pear + -+ + ap_1

(13) ! Bp—1-+-Bo
n Bp—1---BPrap + Bp—1--- Brapy1 + -+ + a1
(Bp—1---B0)?

we can see the greedy and lazy B-expansions of real numbers as (3,—1 - - - fy)-representations
over the digit set

p—1
Alg = {Zﬁp—l "'Bi—l—lci Vi e [[O,p— 1]], Cc; € [[07 [BZ—‘ — 1]]}
=0

In this section, we examine some cases where by considering the greedy (resp. lazy) (3-
expansion and rewriting it as (13), the obtained representation is the greedy (resp. lazy)
(Bp=1--- Bo, Ag)-expansion. We first recall the formalism of S-expansions of real numbers
over a general digit set [22].

7.1. Real base expansions over general digit sets. Consider an arbitrary finite set
A ={dy,dy,...,dn} CR where 0 =dy < d; < -+ < dp,. Then a (B, A)-representation of
a real number z in the interval [0, %) is an infinite sequence agajasz - - - over A such that
r=>, B"“ Such a set A is called an allowable digit set for B if

dm

14 d d <7
(14) keﬁ?ﬂ{w( k1 — di) < 5
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In this case, the greedy (8, A)-expansion of a real number z € |0, %) is defined recursively

as follows: if the first N digits of the greedy (5, A)-expansion of z are given by ag, ...,an_1,
then the next digit ay is the greatest element in A such that

Z 571—}—1 —

The greedy (5, A)-expansion can also be obtained by iterating the greedy (8, A)-transfor-
mation

Tpa: [0, 42) = [0, =), @ > {

Br—dy, ifzell
Bx — dm 1fx€[ﬂ

€ [0,m —1]

as follows: for all n € N, a,, is the greatest digit d in A such that % < Ty a(2) [7].

Example 7.1. Consider the digit set A = {0,1,¢ + é, ©?}. Tt is easily checked that A is
an allowable digit set for ¢. The greedy (¢, A)-transformation

oz ifxe[O,é)
z—1 ifrell1+L
Tpat [0 £5) 0.2, o {7 | et
’ 4 ’ pr—(p+3) fzell+,9)
2 : 2
T — ¢ if € [p, )
is depicted in Figure 10
A,L‘i
P—1
2
2
1
. /
=)
0 19419 o
© ¥? o1

FIGURE 10. The transformation T, o for A = {0, 1, ‘P"‘l,@ 1.

Similarly, if A is an allowable digit set for 3, then the lazy (8, A)-expansion of a real
number z € (0, %] is defined recursively as follows: if the first N digits of the lazy (5, A)-

expansion of x are given by ag,...,any_1, then the next digit ay is the least element in A

such that
Z ﬁn—‘rl + Z 5n+1 2T

n=N+1

The lazy (5, A)—tmnsformatwn

Bx ifx e (0, 7’”—%]
Lgna: (0, 92] — (0, &) 2 p-1 B
sa:(0,575] = (0, 57], @ {m:—dk it x e (o Omdio1 dm _dm—di] poc [1,m]
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can be used to obtain the digits of the lazy (B, A)-expansions: for all n € N, a,, is the least
digit d in A such that ¢ 5t POy B’”l > L A(z) [7].
In [7, Proposition 2. 2] it is shown that 1f A is an allowable digit set for 8 then so is the
set A :={0,dp,—dm—1,...,dn—d1,dy} and
LN [Ovﬁd:nl) (O>ﬁd 1] xH%_"E
is a bicontinuous bijection satisfying L/B,E o pgA =dga o TaA.

Example 7.2. Consider the digit set AN where A is the digit set from Example 7.1. We
get A ={0,1— é, 0, ©%}. The lazy (¢, A)-transformation

oz —(1—1) if:ce(*o L]

L~:O7<P2_>07<P2,’_> %) P ¥
K,D,A ( (,0—1] ( (p—l] x SO:E_(;D lf:L' S (8077 Lpfll]
2
@x_ﬁoz 1f$€(511as;p_1]

is depicted in Figure 11. It is conjugate to the greedy (¢, A)-transformation T, A by

2 2 2
bon: [0, 20) = (0, 25, v £ — o

FIGURE 11. The transformation L x for A={0,1,0+ é, %

7.2. Comparison between (3-expansions and (f,—1 - - - fo, Ag)-expansions. The digit
set Ag has cardinality at most Hf;ol [Bi] and can be rewritten Ag = im(fg) where

p—1

p—
fﬁ: H [0,18:] = 1] = R, (co,- .. 7Cp*1) = Zﬁpfl - Bit16i
i=0 i=0

Note that fg is not injective in general. Let us write Ag = {do,dl, ooy dpy} with dy <
di < -+ < dpy. We have dg = fg(0,...,0) =0, dy = fg(0,...,0,1) =1 and d,, =
8([Bo]—1,...,[Bp—1]—1). In what follows we suppose that | s [[O [Bi]—1] is equipped
with the lexicographic order: (co,...,¢p—1) <iex (Cj; - - - ) if there exists ¢ € [0,p — 1]
such that co = ¢{,...,ci-1 =¢,_, and ¢ < c.

I p—]_

Lemma 7.3. The set Ag is an allowable digit set for B,_1--- Bo.
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Proof. We need to check Condition (14). We have dy = 0 and

p—1
dn = fa([Bo] =1, [Bpa] = 1) 2D Bpa--Bina(Bi— 1) = Bpr -+ fo — 1,

i=0
Therefore, it suffices to show that for all k € [0,m — 1], dg+1 — di, < 1. Thus, we only have
to show that f(cj, ..., c,_1)—f(co, ., cp—1) < 1 where (co,...,cp—1) and (g, . .., ¢, 1) are
lexicographically consecutive elements of Hf:_ol [0, [Bi] —1]. For such p-tuples, there exists
j € [0,p—1] such that co = cp,...,cj-1 =¢_q, ¢; =¢; =1, cjr1 = [Bjs1] = 1,...,cp-1 =
[Bp-1] —1land ¢j =+ =¢, 1 =0. Then

p—1
F(oseeshpmt) = f(Coseeescp1) = Byt Bt — D Bp—1 -+ Bira([Bi] = 1)

i=j+1

p—1
<BporBixa— Y Bp1Bira([Bi] = 1)

i=j+2

< 5}7—1 - (Wp—lw - 1)
<1.

O

Since zg = %, it follows from Lemma 7.3 that every point in [0,z3) admits a
greedy (Bp—1 - fo, Ag)-expansion.
Proposition 7.4. For all x € [0,2g), we have Tg, ,..50n4(7) < 720 (Tg‘t)p o do(z) and
Lg, . po,0p(T) > m20 LI[; 0 d0p(z).
Proof. Let z € [0,23). On the one hand, Tp, ,..g,a5(%) = Bp-1---Pox — d where d
is the greatest digit in Ag such that m < z. On the other hand, by rephrasing
Proposition 3.2 in terms of the map fg when n equals p, we get m o (TBXt)p o dp(x) =
Bp—1--- Box — fa(c) where c is the lexicographically greatest p-tuple in Hf:ol [0, [8:] — 1]
such that -9 < 4. By definition of d, we get d > fg(c). Therefore, we obtain that

Bp—1--Bo —
T3, 1-Bo.0(®) < 20 (TBXt)p odp(z). The inequality Lg, ;.5 a5(7) > m20 L% 0dp(x) then
follows from Proposition 5.1. O

In what follows, we provide some conditions under which the inequalities of Proposi-
tion 7.4 happen to be equalities.

Proposition 7.5. The transformations Tp, .., A5 and w2 0 (Tg"t)? o 50‘[0 25) coincide if
e
and only if the transformations Lg, .5, A5 and m o Lg o 50‘(%6] do.
Proof. We only show the forward direction, the backward direction being similar. Suppose
that T, ,..5,05 = 20 (Tg’“)p o (50‘[0@3) and let z € (0,zg]. Since zg = W and
Ag = KB’ we successively obtain that
L, 1-p0.06(%) = L, 180,05 © Py 10,8526 — )
= Pp 160,85 © T8y 10,0 (T — 2)
= 08,1802 © T2 0 (TF")" 0 b0 (28 — @)
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=mpo¢pgo (TEXt)p odp(zg — x)
:ﬂ2OL%O¢B050(x5—$)
— T O L% o (50(1‘)

O

The next result provides us with a sufficient condition under which the transformations
T, 1-po,Ag and mg 0 (Tg’“)p o 50“0 25) coincide. Here, the non-decreasingness of the map
26

fa refers to the lexicographic order: for all ¢, ¢’ € [[?2, [0, [8i]1 —1], ¢ <iex ¢ = fa(c) <
fa(c).
Theorem 7.6. If the map fg is non-decreasing then T, .5, Ag = T2 © (TEXt)p o 60’[0’%).

Proof. We keep the same notation as in the proof of Proposition 7.4. Let ¢’ € Hf:_ol [0, [B:]1—
1] such that d = fg(c’). By definition of ¢, we get ¢ >1ex ¢. Now, if fg is non-decreasing
then fg(c) > fa(c’) = d. Hence the conclusion. O

The following example shows that considering the length-p alternate base 8 = (3, ..., )

with p € N>3, it may happen that Tge A4 differs from 79 o (Tg"t)p o 50‘[02 ) This result
> s
was already proved in [6].
Example 7.7. Consider the alternate base 3 = (92, 92, ?). Then Ag = {¢ co+pci+cs
co,c1,¢2 € {0,1,2}}. In [6, Proposition 2.1], it is proved that Tgn ny = Ty for allm € N
if and only if fs is non-decreasing. Since fg(0,2,2) = 2¢* +2 > ¢? = f3(1,0,0), the
tranformations T s A, and 73 o (Tg"t)?’ o 50‘[0 25) differ by [6, Proposition 2.1].
) T3

Whenever fg is not non-decreasing, the transformations Tp, ,..5,A, and
M O (Tg‘t)p o 50|[0x , can either coincide or not. The following two examples illustrate
)

both cases. In particular, Example 7.9 shows that the sufficient condition given in Theo-
rem 7.6 is not necessary.

Example 7.8. Consider the alternate base 8 = (¢, ¢,v/5). Then Ag = {V/5pcy +v/5bey +
ot co,c1 € {0,1}, c2 € {0,1,2}}. However, f5(0,1,2) = /5 + 2 ~ 4.23 and f5(1,0,0) =
V5p =~ 3.61. It can be easily check that there exists x € [0,73) such that T /502,n, (x) #
9 © (TB’“)?’ odo(z). For example, we can compute T » Ag (0.75) ~ 0.15 and mp 0 (TE‘;Xt)3 o
90(0.75) ~ 0.77. The transformations T\ » Ag and 7y o (TSXt)g o 50‘[0715) are depicted in

Figure 12, where the red lines show the images of the interval [‘\7%;22, ‘/\%";1) ~ [0.72,0.78),

that is where the two transformations differ. Similarly, the transformations L NI and

Ty O L% o (5()| (0.25] are depicted in Figure 13. As illustrated in red, the two transformations
e

differ on the interval ¢ sz . Aﬁ([ﬁ—;227 ‘/\/E%P;l)) ~ (0.82,0.89].

Example 7.9. Consider the alternate base 3 = (%, %,4). We have Ag = [0,13]. The
map fg is not non-decreasing since we have fg(0,1,3) = 7 and fg(1,0,0) = 6. However,
Tong = T20 (Tg‘t)?’ o 50‘[07%) and Loy = m2 0 L?i o 5()‘[0,%). The transformation 79 a4

is depicted in Figure 14.

The next example illustrates that it may happen that the transformations Tj, ,..5, A4
and 7y o (T§)P o (50“0 25) indeed coincide on [0, 1) but not on [0, zg).
238



28 DYNAMICAL BEHAVIOR OF ALTERNATE BASE EXPANSIONS

B e
1 .............................. ]_ .............................
0 1 T3 0 1 e

FIGURE 12. The transformations T\ 5 » A (left) and 79 o (Tgxt)s o 50‘[0 »
: za
(vight) with 8 = (¢, 9, V5).

g —1 AL zg— 1
0 1‘5—1 xﬁ 0 ,7,‘/3—1 xﬁ

FIGURE 13. The transformations L/ Ap (left) and o oL?3 050‘[03: )
’ "B
(right) with 8 = (¢, ¢, V5).

\%

Example 7.10. Consider the alternate base 8 = (i, i, 7). Then f5(0,1,1) > f5(1,0,0)
and it can be checked that the maps T /515 Ap and (TCXt) o 50‘[0 ) differ on the in-
= B

terval [f 52(2’116’?, I 52(;’105’3)) ~ [1.28,1.44). However, the two maps coincide on [0,1).

Finally, we provide a necessary and sufficient condition for the map fg to be non-
decreasing.

Proposition 7.11. The map fg is non-decreasing if and only if for all j € [1,p — 2],

(15) Zﬁp 1 B ([Bi] = 1) < Bp—1-+- B;.
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rp

rp

FIGURE 14. The transformations Ty o, where 3 = (%, %,4).

Proof. 1f the map fg is non-decreasing then for all j € [1,p — 2],

p—1
Zﬁp_l--ml(w —1) = f5(0,...,0,0,[8;] = 1,..., [Bp-1] — 1)

< f3(0,...,0,1,0,...,0)
=Bp1- .

Conversely, suppose that (15) holds for all j € [1,p — 2] and that (co,...,cp—1) and
(chys- -y c;_l) are p-tuples in Hf:& [0, [8i] — 1] such that (co, ..., cp—1) <iex (¢p,- - - ,C;)_l).
Then there exists j € [0,p — 1] such that ¢p = ¢f,...,cj—1 = c;-_l and ¢; < c;- — 1. We get

J p—1
folco, - ep1) <Y Byt Bigaci = Bpo1--Bixi+ Y Bpo1- - Bira([Bi] — 1)
i=0

i=j+1

g

Corollary 7.12. Ifp = 2 thenTp, g, np = T2 © (Tlg,Xt)2 ) 50‘[07%). In particular, TﬁlBU’AB‘[OJ) =

T/gl o) T/BO .

Proof. This follows from Theorem 7.6 and Proposition 7.11. O
Example 7.13. Consider once more the alternate base 3 = (1+%/ﬁ, 5+(‘3/E) from Exam-
ple 31. Then Ag = {0,151, 51 + 1,281,281 + 1} and x5 = 20, = S5 The

: ext )2 2 : : :
transformations 7y o (Tﬁ ) o 50‘[07%) and mo o Lﬁ o 60‘(0’:%} are depicted in Figure 15. By

Corollary 7.12, they coincides with T, 5, A5 and Lg, g, A4 Tespectively.
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rp rp

1’5—1

g 0 ag—1 g

FIGURE 15. The transformations WQO(TEXt)QO(S()’[Ox ) (left) and
B
1+/13 5+\/ﬁ)
2 0 6 /)

9 O L% o 50‘(07%] (right) for B8 = (

8. FURTHER WORK

In this work, we concentrated on measure theoretical aspects of alternate base expan-
sions. A natural question would be to consider the topological point of view. For example, it
would be of interest to prove that the topological entropies of the topological dynamical sys-
tems under consideration coincide with the measure theoretical entropy %log(ﬁp,l -+ Bo)
found in this paper. In particular, this would prove that the measure theoretical dynamical
systems studied in this paper are all of maximal entropy.
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