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Let 8 > 1, a S-representation of a real number x is an infinite
word a € (N)Y such that

a a a
o A @

g p? B3
oo ai
= rar Bitl

The greedy [-representation of x € [0, 1] is called greedy
-expansion of x and denoted ds(x) = apay - - - € [0, | B]]"

e a9 = |xf] and rp = x5 — ap
® a, = Lrn—lﬁJ and r, = rp—18 — ap, Vn>1
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On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

0 1 2 1

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

0 L2 ]

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.
We have a, = |3T5(x)| € [0, [8] — 1].

1

o x a1

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.
We have a, = |3T5(x)| € [0, [8] — 1].

1

o x a1

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.
We have a, = |3T5(x)| € [0, [8] — 1].

1

)

/

o x a1

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

0 1 ;=1

2 2
14

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

0 1 2 1

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

T

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

T

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.

We have a, = |3T5(x)| € [0, [8] — 1].

o~ ER

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.
We have a, = |3T5(x)| € [0, [8] — 1].

0

o~ ER

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.
We have a, = |3T5(x)| € [0, [8] — 1].

0

0T 21

The transformation T,

2/45



On [0, 1), the greedy [3-expansion is generated by iterating the
transformation

Ts: [0,1) = [0,1), x — Bx mod 1.
We have a, = |3T5(x)| € [0, [8] — 1].

0

0T 21

The transformation T,

2/45



Backgrounds
00®00

Let
8] -1
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On [0, x3), the greedy [(3-expansion is generated by iterating the
transformation

Xg =

Bx — |/ if x € [0,1
Ty: 0,x5) = [0,x5), x> 4 [5x] ' x €0,1)
| Bx—([B] 1) if x € [L,xg).
1 bermeeegeeeie g E
0 L2 1 2

-1

The extended transformation T
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Greedy algorithm:
If the first N digits of the greedy [-expansion of x are given by
ao, - - -,an—_1, then the next digit ay is the greatest integer in

[0, 3] — 1] such that

Lazy algorithm:

If the first N digits of the lazy S-expansion of x are given by
ag, ..., ,an_1, then the next digit ap is the least integer in
[0, [5] — 1] such that
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Greedy algorithm:
If the first N digits of the greedy [-expansion of x are given by
ao, - - -,an—_1, then the next digit ay is the greatest integer in

[0, 3] — 1] such that

Lazy algorithm:

If the first N digits of the lazy S-expansion of x are given by
ag, ..., ,an_1, then the next digit ap is the least integer in
[0, [5] — 1] such that

R
+
1 Cgnt+l =
n=0 /3I‘I+ +1 3f7+
__*B
= BNFT
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On (0, xg], the lazy B-expansion is generated by iterating the
transformation
Bx if x € (0, x5 — 1]

Lg: (0,x3] — (0,x5], x —
5+ (0.x5] = (0,5] {3X — [Bx —xg] if x € (xg — 1, x5].

0 212 -2 2
e

1
21 2 21 2 21

The transformation Lgo.
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Alternate bases

Let p € Ng and B = (fo, - - ., Bp—1) € (R>1)P.
A [B-representation of a real number x is a sequence (a;);en such

that
— EN] al o ap—1
X = Bo + RBp T T BB
% L Gpil o L F2p=1
+ (Bo-+Bp—1)Po + (Bo-+Bp—1)BoS1 + + (Bo-+Bp—1)?
+
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Let p e Np and B = (ﬁo7 . ,ﬁp_l) € (R>1)P.
A [B-representation of a real number x is a sequence (a;);en such

that
— a0 ai o dp—1
X = Bo + Boli T T BB
9 __ Gl o _Gp-1
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+
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— Z 4
J
j_O k=0 Bk
Notation:

Forall i € N, 8; = Bi mod p-
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The greedy f-representation of x € [0, 1], denoted dg(x), is called
the B-expansion of x.

Let B = (Bo,---,Bp-1) € (R>1)P, x € [0,1] and denote
dg(x) = (ai)ien-

e ay = |xBo] and rp = xBy — ao

e a;=|r_1fi] and ri = ri_1fi —a;, Vi>1
In particular, for all i >0, a; € [0, |5i]].
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Let B = (H%/ﬁ, 5+%/§)_ We have

dg(1) = 2010



Alternate bases
00®000000000

dg(x) = (an)nen
e a9 = |xBo] and rp = xBo — ao
o ay=[r,_1Bn]and ry = r, 18y — an

Let B = (H%/ﬁ, 5+%/§)_ We have

dg(1) = 2010

e a9 — Ll(lg/ﬁﬂ =2, n= 73%\/@ ~ 0.30



Alternate bases
00®000000000

dg(x) = (an)nen
e ay = |xBp] and rg = xBy — ap
® an= L’n—lﬁnJ and rp = rp_1Bn — an

Let B = (1+§/ﬁa 5+%/E). We have

dg(1) = 2010.

In fact,
e a=[1(H{8)| =2, r==91~030
o o= | (B (5/B) | =0, =115~ 043
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Let B = (1+§/ﬁ7 5+%/ﬁ). We have

dg(1) = 2010.

In fact,
e a=[1(H{8)| =2, r==91~030
o o= | (B (5/B) | =0, =115~ 043
¢ = [(259) (545)| -1, -
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Combinatorial results (Charlier & C., 2020):

e The B-expansion of a real number x € [0, 1] is the greatest of
all the B-representations of x with respect to the
lexicographic order.

e The B-expansion of 1 can't be purely periodic.

e The function dg is increasing.

o Definition of a quasi-greedy representation dj(1).
e Generalization of Parry's theorem and its corollary.
e Characterization of the B-shift.

e Generalization of Bertrand-Mathis' theorem: The B-shift is
sofic if and only if all quasi-greedy B(’)—expansions of 1 are
ultimately periodic, where () = (Bis---, Bp—1, P05, Pi-1).
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Let B8 = (Po, .., Bp-1) € (R>1)P. We define the transformation

Tg:[0,p—1] x[0,1) = [0,p — 1] x [0,1),
(i,x) — (i+1mod p, Tp(x)).

The greedy B-expansion of x € [0, 1) is obtained by alternating the
p maps
T3

Por

TH b

—1"
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Consider 8 = (o, f1) = (Hz ' 6

2
w
ol
+
2
w
=
>0
Q
<
D

d 5 ( 1+75\/g ) —
1 T/go
Ts,
0 1 1 21
’30 ‘/))1 30
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Consider 8 = (o, /1) = (H%/ﬁ, 5+6 13) We have

ﬁ

jsy)
S
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Alternate bases
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Let

n=0 IIZ:O/gk.

The extended greedy (-expansion is generated by iterating the
transformation

Xﬁ:

p—1 p—1
To: U ({1} < [0,x50)) = U ({1} % 0,x40)).
i=0 i=0
(1x) s {((i +1) mod p, Bix — | Bix] ) if x € 0,1)
’ ((i+1) mod p, Bix — ([8i] = 1)) if x € [1,x50)).
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Alternate bases
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The greedy B-expansion of x € [0, xg) is obtained by alternating
the p maps

720 T 0B, ¢ 0.550) = oxpen)

for i € [0, p — 1], where
m: NXR =R, (i,x) — x

and
0i: R—={i} xR, x> (i, x).
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00000000 e000
The maps m o Tg o dg and m 0 Tgody with
p 5 |[O:XB) ﬁ |[O:Xﬁ(1))

8= (1+§/ﬁ7 5+%/ﬁ)

Xg(l) 72 O T,B06O
Xﬁ o O TﬁO(Sl
1
0 101 21 X3 Xg(1)
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Greedy algorithm:
If the first NV digits of the greedy B-expansion of x are given by
ao, - --,an—_1, then the next digit ay is the greatest integer in

[0, [Bn1 — 1] such that

N

2 1o B g S

Lazy algorithm:

If the first N digits of the lazy B-expansion of x are given by
ao, - - -,an_1, then the next digit ay is the least integer in
[0, [Sn] — 1] such that

N = /317 *1
an NP I

n=N+1

15/45



Greedy algorithm:
If the first NV digits of the greedy B-expansion of x are given by

ao, - --,an—_1, then the next digit ay is the greatest integer in
[0, [Sn] — 1] such that

N

Z oﬁk

Lazy algorithm:

If the first N digits of the lazy B-expansion of x are given by
ao, - - -,an_1, then the next digit ay is the least integer in
[0, [Sn] — 1] such that

4 nl > x.
jg;: IAIk 0 (3k n :%%;Fl IAIk 0 [3k
_ Xg(N+1)

- Iglﬁt:O‘ﬁk
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Alternate bases
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On (0, xg], the lazy B-expansion is generated by iterating the
transformation

p—1 p—1
Lt [J ({1} x (0,x50]) = | ({7} x (0,x40]),
i=0 i=0
. ((i + 1) mod p, Bx) if x € (0,xg0) — 1]
(I~,X) — {((/ + ]_) mod p,ﬁ,'X — ’—/3,X — XIB(;+1)-‘) if x S (XI@(;) — 1,XI@(;)].

The lazy B-expansion of x € (0, xg] is obtained by alternating the
p maps
molgo 5,-}(07)(/3([)] 1 (0, x50] = (0, xg4)]

for i € [0, p — 1].
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Alternate bases
00000000000 e
Consider B = (112 24¥13) The first five digits of the lazy
B-expansion of 1+5\/g are
Xgv o O Lﬁ 0 dp
X3 T2 O Lﬂ @) (51
Xﬁu)*l
X_g*l
1 X Xg(1)

o

2
X[j*%
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Alternate bases
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Consider B = (Hgﬁ, 5+%/ﬁ). The first five digits of the lazy
B-expansion of 1+5\/g are 0
0 1 2
Xgv o O Lﬁ 0 dp
XB T O LB o (51
Xﬁu)*l /
xg—1
|
’ Xﬁié xg(iﬂ:ﬁlﬂ 8 S

17/45



Alternate bases
00000000000e

Consider B = (Hgﬁ, 5+%/ﬁ). The first five digits of the lazy
B-expansion of 1+5\/g are 01
0 1
Xgv o O Lﬁ 0 dp
XB T O LB o (51
/

Xﬁu)*l /
xg—1
0 _2 _1 X8 Xgm
B~ B, « Xﬂi fu
BT B
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Alternate bases
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Consider g = (Y13, 5+%/ﬁ). The first five digits of the lazy
B-expansion of —‘[ are 011
0 1 2
Xg» T O Lﬁ 0 dp
XB / y

T2 O Lﬁ o) ()1
/ (
Xﬂ(1)71 /

X_g*l

o
[

_2 _1 XB Xg()
X3 Bo X3 1‘30 B8~
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Alternate bases
00000000000e

Consider B = (2 r, 5+%/ﬁ). The first five digits of the lazy
B-expansion of —‘[ are 0111
0 1
Xp® 7T O L,B o 50
XB / T2 O Lﬁ o (51
7
//
Xﬂ(1)71
X_g*l /
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Alternate bases
00000000000e

Consider B = (2 r, 5+%/ﬁ). The first five digits of the lazy
B-expansion of —‘[ are 01112.
0 1 2
Xp® 7T O L,B o 50
XB / T2 O Lﬁ o (51
/
//
Xﬂ(1)71
X_g*l /
O Xﬁ*é X[-;*Y% Xg Xz)
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Measure Theory

Consider a probability space (X, F, ) and amap T: X — X.
» uis T-invariant: u(T1B) = u(B).
» u absolutely continuous w.r.t v: v(B) =0 = u(B) =0.
» u is equivalent to v: p(B) =0 < v(B) = 0.
» T isergodic: T"1B=B= u(B)=0or 1.

Theorem (Rényi, 1957)

There exists a unique Tg-invariant absolutely continuous
probability measure 115 on B([0,1)). Furthermore, the measure 113
is equivalent to the Lebesgue measure on B([0,1)) and the
dynamical system ([0, 1), B([0, 1)), 18, Tp) is ergodic and has
entropy log(3).

18/45



Question:
e Can we find a Tg-invariant probability measure p5 equivalent
o “Lebesgue” and such that the transformation Tg is
ergodic?
Steps:
e For all i € [0, p — 1], we consider the alternate base

B(i):(ﬁi‘/""“jp 17/30 . ’ 1)

and we find a (Tg_,0---0Tg o Ty, oo Tg)-invariant
probability measure 15 ;, equivalent to Lebesgue and such
that Tg,_,0---0Tg,0Tg, ,0---0 Tg is ergodic.

e With the probability measures j15; we construct a probability
measure fi3.

e We prove the properties on 3.

19/45
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00@0000

For all n € N>j and all By, ...,Bp—1 > 1, themap Tg, ,o0---0Tg,
is piecewise linear with a slope Gy -+ 8,1 > 1. From a result of
Lasota and Yorke, we get the following.

Theorem (Charlier, C. & Dajani)

For all n € N> and all By, ..., Bs—1 > 1, there exists a unique
(Tg, , o---o Tg,)-invariant absolutely continuous probability
measure p on B([0,1)). Furthermore, the measure y is equivalent
to the Lebesgue measure on B([0, 1)), its density is bounded and
decreasing, and the dynamical system

([0,1),B([0,1)), , Tg, , ©---0 Tg,) is exact and has entropy
10g(Bo -+ Bn-1).

Remark: Exactness implies ergodicity.
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Measure
[elele] Yolole}

For all i € [0, p — 1], consider the alternate base

ﬁ(’) = (8,’, . ,Ji/))pfl, 8o, ... ,‘;‘3),',1)
and let g ; be the measure given by the theorem for

Tg_,0--0Tg0Tg _,0---0Tg.
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Measure
[eleleleY Tole}

We define the o-algebra

p—1

To={ Ui} x B): vie [0,p— 1], B € B([0,1))}.

i=0

We define the probability measure 1153 on 7, as follows:
For all By,...,Bp—1 € B([0,1)),

p—1 1 p—1
Hﬁ( U ({i} x B,-)) = > 1p,i(Bi).

i=0
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We define an extended Lebesgue measure A\, over T, as follows.
For all By,...,By,—1 € B([0,1)),

-1 -1
p 1P

(U B)) = 3 M(B).

i=0 i=0

Theorem (Charlier, C. & Dajani)

The measure 1 is the unique Tg-invariant probability measure on
T, that is absolutely continuous with respect to A,. Furthermore,
g is equivalent to A\, on 7, and the dynamical system

([0, p — 1] x [0,1),Tp, g, Tg) is ergodic and has entropy
Llog(fo- -~ Bp-1)-
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The result can be extended on the dynamical system
p—1
(_LJO ({i} % [0,x50)) T3 13> Tp)
where
p—1
" { Ui} < B):Vieo.p-1]. B € B([Oaxﬁm))}
i=0

by setting

15(A) = g (An ([0,p — 1] x [0,1)))

and
Ap(A) = Ap (AN ([0, p — 1] x [0,1))).

24 /45
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Isomorphisms

Two dynamical systems

(vaXaMXa TX)

and
(Ya fY? Hy, TY)

are (measurably) isomorphic if there exists an almost everywhere
bijective measurable map ¢: X — Y such that

poTx=Tyor

and
py = px otp .
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Isomorphisms
00®000000

Greedy-Lazy isomorphism

Consider the map
p—1 p—1

os: | ({11x[0,x50)) = U ({13 x(0,x50]), (i, %) = (7, x50 —%)-
i=0

i=0

We have
¢ﬁo Tﬁ = Lﬁod)l@.

Hence, if x € [0, x3) has greedy [3-expansion
dpdaiaz -,
then m(¢3(0,x)) = xg — x has lazy B-expansion

([Bol =1 —a0)([f1] —1—a1)([B2] —1—a2)---.
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Isomorphisms
[eleleY Yololelele)

We define the o-algebra

p—1
ﬁﬁ - { U ({I} X Bi): Vi e |IO,P - 1]]7 Bi € B((vaﬁ(f)])}
i=0

on Ljﬁ;g'({i} X (O,Xﬂ(n}).

Theorem (Charlier, C. & Dajani)

The map ¢g is an isomorphism between the dynamical systems
p—1
( U ({I} X [vaﬁ(i)))77,-37ME7 T,@)
i=0
and
p—1
(U {7} x (0,x50]), L, g © d57, L)
i=0

28/45



Isomorphisms
[eleleleY Yolelele)

Theorem (Charlier, C. & Dajani)

The measure ug o ¢§1 is the unique Lg-invariant probability
measure on Lg that is absolutely continuous with respect to
Ap© gzﬁgl Furthermore, f1g 0 ¢51 is equivalent to A, o d)gl on Lg
and the dynamical system

(U’.’:l ({} (0, ;)]),Eﬁ,uﬁ o (;551, Lg) is ergodic and has
entropy = Iog(ﬁo Bp_l).

Remark: Analogue result on |5, ({ it % (xg0 — l,xﬁ(;)]).

29/45



Isomorphisms
000008000

B-shift isomorphism

Let
Dﬁ = {dﬁ(X)Z X € [O, 1)} and 5[3 = D7ﬁ

Lemma (Charlier & C., 2020)

Forall n €N, if w € Dy (resp. Sgn) then o(w) € Dgininy (resp.

5/3(,,“)).
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Consider the o-algebra
p—1

g,@ = { U ({l} X (C, M Sﬁ(i))): C,' c CAB}
i=0

on Uf?;ol({"} X Sg()) where

As =0, il —1
p =0, max [5]-1]
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000000080

We define the maps

p—1 p—1

ap: [JU} % Sg0) = Ui} x Sg0),

i=0 i=0
(i,w) — ((i+1) mod p,o(w))
p—1

wﬁ: IIO,p — 1]] X [O, 1) — U ({/} X Sﬁ(f))a

i=0
(i, x) = (i, dgir (X))

We have
Ypo Tg=0povp.
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Isomorphisms
00000000e

Theorem (Charlier, C. & Dajani)

The map 13 defines an isomorphism between the dynamical

systems
([0, p—1] x [0, 1), Tp, g, Tp)
and -
( UO({"} X Sg)), Gy 1 © Vg5 0p)-

Remark: Analogue result on the measure jg o 1/)/51.

33/45



(Bo - - Bp—1, Ag)-Expansions
©00000000000

B-expansions and (5of - - - fp—1)-expansions

Let B = (Bo,---,Bp—1) € (R>1)P. By definition of the dg(x), we

have
— £l a 3p—1
x = B + g T T HeBo
% Gl e __Fp-1
T G T GoBe)BoBi " T Go b2
+

That can be rewritten as follows

aoP1-Bp—1+aifo--Bp—1++ap_1

X = BoB1+Bp-1
+ apP1--Bp—1tapr182-Bp—1+-+azp-1
(BoB1-Bp—1)?
R
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(Bo - - Bp—1, Ag)-Expansions

O®0000000000

Define the digit set

Ag ={agB1---Bp-1+afBa--Bp1+ - +ap2fp1+ap1:
p—1

= {Z 8j/jj+1 R ﬁp—l: aj € |IO, (,ﬁgj—‘ — 1]]_/ S [[O,p — 1]]} .
Jj=0

Questions:
e Can we compare the maps 7 o Tg o dg and T‘go.‘.gpil_Aﬁ on
[O,Xg)?
e Can we compare the maps 75 o Lg o dg and Lgo...ﬁpilyAB on
(0, xg]7?
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(Bo - - Bp—1, Ag)-Expansions
00®000000000

Backgrounds on expansions over a general digit set

Consider > 1 and a digit set
A:{O:d0<d1<"'<dm}CR.

The word a = apa; - - - over A is a (3, A)-representation of
x € [0, fn) if
1
x=> B+l

i=0
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(Bo - - Bp—1, Ag)-Expansions

000e00000000

Greedy algorithm:
If the first N digits of the greedy (3, A)-expansion of x are given

by ag, ..., an_1, then the next digit ay is the greatest element in
A such that
A
n
:5:: - < X.
Vs n+1 —
n=0 /j)

Lazy algorithm:
If the first N digits of the lazy (3, A)-expansion of x are given by

ao, - - -, an—_1, then the next digit ap is the least element in A such
that
N
Z[—}I+1 Z 5:+1 = X
i=N+1
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Greedy algorithm:
If the first N digits of the greedy (3, A)-expansion of x are given

by ag, ..., an_1, then the next digit ay is the greatest element in
A such that
A
n
E - < x
- n+1 =
n=0 /j)

Lazy algorithm:

If the first N digits of the lazy (3, A)-expansion of x are given by
ao, - - -, an—_1, then the next digit ap is the least element in A such
that

N
,Z; g:+1 Z 5/+1 = X

i=N+1
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The transformation that generates the greedy and lazy (3, A)-
expansions are

Tsn: [0, 42) — [0, 2=r]),

fx —d;  ifxe [i,d’jl) for i € [0, m — 1]
X = < g
Bx —d, ifxe [—,’”, 3 ’"1)

and

Lo.a (0, 2] — (0, £ny].

X if x € (0, £o; — ]
X s s
Bx —dy i x € (o — =gt dn_dnodk] o 1, m].
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The maps Tz A and L, x are isomorphic where

A = {0, dn—dm_1, ..., dm—d1, dm}.

© S
-1 pil /
3p—1
2
o—1
3
2
©
1
1
2
p /.
1 1+sz9 ©? 0 L o+3 20-1 2
¥ (2 ©—1 o—1 v p-1 o1

The transformations T, o and L@,Z for A ={0,1, “”:1,992}.

39/45



(Bo - - Bp—1, Ag)-Expansions
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B-Expansions and (fy - - - Bp—1, Ag)-expansions

Define
fg: [0,[Bo] — 1] x - -+ x [0, [Bp-1] — 1] — Ag,

p—1
(ao, cey ap_1) — Z aj,@j+1 cee ﬁp—l-

j=0
We get Ag = im(fg) and

X *—dm
? T Bo Bpr— 1
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Lemma

For all x € [0,x3), we have

720 T§ 0 80(x) = flp-1+ fox — f3(c)

where c is the lexicographically greatest p-tuple in

[0, [Bo] = 1] x -+ x [0, [Bp-1] — 1] such that 52D < x.

Proposition (Charlier, C. & Dajani)

We have

Tho--p1,86(X) <20 Tgodo(x), Vx € [0,x5) (1)

and
Lﬁo---ﬁp,l,Aﬂ(X) > 1m0 Lg 0do(x), Vx e (0,xa]. (2)

Moreover, equality in (1) occurs if and only if equality in (2) do.

v
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Lemma

The function f3 is non decreasing if and only if for all j € [1, p—2],

p—1

Y (181 = VBisa-- Bp-1 < Bj -+ Bp-1.

i=j

N

Theorem (Charlier, C. & Dajani)

If the function fg is non-decreasing then

T/BO"'ﬁpfleﬁ = T20 Tg o 50|[07X5)

and
LgyBo1,85 = T20 LZ o 50’(07)%]-

In particular, for all length-2 alternate bases equalities hold.
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ﬁ

Let B = (Bo, f1) = (AY13, 5+Y13) Then

7—‘30‘81,Aﬁ = Tm20 Té © 60}[0.Xﬁ)

and
L\ﬁoﬁl,Aﬂ = T2 0 L% © 60}(0»@].
XI@ X
1
xg—1
0 X3 0 xg — 1 XB
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Let B = (¢, ¢, V/5). Then

2 ~
T\/EWQ’AB # mp o0 Tﬁ o OO|[O,><[3)

and
2 -
L\/§@2,A5 # T2 O L,B ¢} OO‘(O,Xﬁ]'
X g
1 1 ..................
0 N

X X
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Let B = (¢, ¢, V/5). Then

2 -
T\/ﬁwz,Aﬂ #moTzo OO|[0,><B)

and
2 -
L\/§@2,A5 # 7 O L,B o) OO‘(O,Xﬁ]'
RN .
xg—1 7 S R SR T )(‘371
0 xg — 1 Xp 0 xg—1 Xg
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Let B =(3,3,4). We have Ag = [0,13]. The map f3 is not
non-decreasing:

f3(0,1,3) =7 > 6 = f3(1,0,0).
However, we have

_ 3
Ton, =moTg0 50|[0,XB).

X

XB
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e Numeration systems:

@ Link between numeration systems without a dominant root
and alternate bases v/

Convergence of the greatest words v/

Link between Ostrowski numeration systems and alternate
bases v/

Hollander's conjecture : characterization of the linear
numeration systems without a dominant root having a regular
numeration language

@ Correction of Bertrand's Theorem?

© 00

e Normalization:
O In alternate bases (Prague & )
@ In numeration systems without a dominant root
@ In Ostrowski numeration systems
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