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How to estimate the probability 8 of going left when hitting a pin?
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oooooooooo

The probability of ending in bin & corresponds to the total probability of all the
paths z from start to z,

p(z|0) = /p(x,zye)dz - (Z) 6% (1 — 6)" .

Therefore § = arg max 11, p(x:|0)m(6).
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But what if we shift or remove some of the pins?
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The Bean machine is a metaphore of simulation-based science:

Bean machine Computer simulation

Parameters 0 Model parameters 0

Buckets x Observables x

L L

Random paths 2 Latent variables z

(stochastic execution traces
through simulator)

Inference in this context requires likelihood-free algorithms.
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Parameters

0

Credits: Johann Brehmer.

A 4

Simulator

Latent z

Prediction:

Well-understood mechanistic model

Simulator can generate samples

Inference:

Likelihood function p(x|€) is intractable

Inference based on estimator p(x|0)

Observables
T



A thriving field of research
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(..and many others!)

Astrophysics and cosmology
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Particle physics

Parameters Simulator Observables
0 > Latent z > T
SM with Simulated observables x Real observations x

parameters




Parameters
of interest

Parton-level Theory
momenta parameters

Latent variables

Zp —— )

Credits: Johann Brehmer. 10/29



Parameters
of interest
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Credits: Johann Brehmer.

Parameters
of interest

Detector Shower  Parton-level Theory
interactions splittings momenta parameters

Latent variables

24 —— 25 —— Zp —— ()

Key: Muan
¥ Elactren
Charged Hadron ie.
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hi
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Parameters

Features Latent variables .
of interest
Observables Detector Shower  Parton-level Theory
interactions splittings momenta parameters
€T < Zq —— g —— Zp —— ()

| antik,R=1 |

[Image source: M. Cacciari,
G. Salam, G. Soyez 0802.1189]

Credits: Johann Brehmer. 10/29



p(z|0) = /// (2p|0)p(25|2p)p (24|25 )P(2|24)d2pdzsdza

mtractable
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Ingredients

Statistical inference requires the computation of key ingredients, such as

e the likelihood p(z|6),

e the likelihood ratio 7(z|0y, 0;) = %IZ?;

e orthe posterior p(0|x).

In the simulator-based scenario, each of these ingredients can be approximated
with modern machine learning techniques, even if none are tractable during

training!
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Likelihood ratio

The likelihood ratio

r(m\@o,ﬁl) — M

p(z[61)
is the quantity that is central to many statistical inference procedures.
Examples

e Frequentist hypothesis testing

e Bayesian model comparison

e Bayesian posterior inference

e Supervised learning

e Generative adversarial networks

e Empirical Bayes with Adversarial Variational Optimization

e Optimal compression
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Frequentist inference



The frequentist (physicist's) way

The Neyman-Pearson lemma states that the likelihood 0;
ratio

r(z]o, 0,) = 2ZI%)

p(z|6)

is the most powerful test statistic to discriminate between
a null hypothesis 6y and an alternative 0.

[X. On the Problem of the most Efficient Tests of Statistical Hypotheses.

By J. Nuyman, Nencki Institute, Soc. Sci. Lit. Varsoviensis, and Lecturer at the
Central College of Agriculture, Warsaw, and B. 8. Pmarson, Department of
Applied Statistics, University College, London.

(Communicated by K. Pearson, F.R.S.)

(Received August 31, 1932.—Read November 10, 1932.)

CoNTENTS.
Pace
I Introductory . . . . . . . ... 289
II. Outline of General Theory . . . . . . . . . . . . . . . .. .. 293
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Observables 1D summary statistics
—_— .’17’

Parameters .

Define a projection function s : X — R mapping observables 2 to a summary
statisticz’ = s(x).

Then, approximate the likelihood p(x|@) with the surrogate p (z|0) = p(x'|d).
From this it comes

p(zl6o) _ p(xl6o) _ .
p(alo) = paley) | (&0 00):




Wi ilks theorem

Consider the test statistic

a(6) = -2 log p(w‘e)) = 2% logr(z/6, )

. p(z|0

for a fixed number IV of observations {x } and where § is the maximum
likelihood estimator.

When N — 00,q(0) ~ xa.

Therefore (and provided the assumptions apply!), an observed value gg1s ((9)
translates directly to a p-value that measures the confidence with which € can be
excluded.
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Discovery of the Higgs boson at 5-0
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CARL

Supervised learning provides a way to automatically construct s:

e Letusconsider aneural network classifier § tasked to distinguish
x; ~ p(x|6) labelled y; = 0 fromx; ~ p(x|01) labelled y; = 1.

e Train § by minimizing the cross-entropy loss.

— 5(x|6y, 1)
Xe ~ p(x|8 =60 =0.0)
Xe ~ p(x|0=01=0.6)
1.0
o)
q_g 0.8 A
X
“ 0.6
(]
>,
0.4 A
0.2 A
0.0 A (1] ] ® o
0 2 4 6 8

Cranmer, Pavez and Louppe, 2015 [arXiv:1506.02169]. 18/29


https://arxiv.org/abs/1506.02169

The solution § found after training approximates the optimal classifier

()~ s () —  P(xl01)
@)~ 5 (@) = i80) + p(alfn)

Therefore,

. 1— §(x
r(x|6,01) ~ 7 (z|6y,61) = W())

That is, supervised classification is equivalent to likelihood ratio estimation.

Cranmer, Pavez and Louppe, 2015 [arXiv:1506.02169].
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parameter 6 —> |

<« ¥ O
4. observable |75~ .
latent Z Ll —— T .;,?,:, 7751 approximate
DJEF Io 2 likelihood
v v el ratio
RS NG T . A
T sl — 7o) —
Simulation Machine Learning Inference

To avoid retraining a classifier § for every (6, 61 ) pair, fix 61 to 6,.¢ and train a
single parameterized classifier § (x|0, 0,ct) where 6y is also given as input.

Therefore, we have

]. — § ($‘90, Href)
5(z|0p, Orer)

7 (2|60, Oret) =

such that forany (6, 61),

7 (|00, Oret)
7 ()61, Oret)

Cranmer, Pavez and Louppe, 2015 [arXiv:1506.02169]. 20/ 29
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Bayesian inference



Bayesian inference = computing the e

posterior

S0l  PEO)

o0

Doubly intractable in the likelihood-free scenario:

e Cannot evaluate the likelihood p :13\6’ = [p(z,2|0)dz

e Cannot evaluate the evidence p(z) = [ p(z|0)p(0)db.
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Amortizing Bayes

The Bayes rule can be rewritten as

p(z[0)p(0)
p(x)

p(flz) = = r(z|0)p(0) ~ 7 (x|6)p(6),

p(z|0)

wherer(z|6) = o) s the likelihood-to-evidence ratio.
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Amortizing Bayes

The Bayes rule can be rewritten as

p(0lz) = PEDPO) o 10vp(6) ~ #(2/0)p(6),

p(x)
p(z|0)

wherer(z|6) = o) s the likelihood-to-evidence ratio.

As before, the likelihood-to-evidence ratio can be approximated e.g. from a neural
network classifier trained to distinguish © ~ p(x|@) from z ~ p(x), hence
enabling direct and amortized posterior evaluation.

Algorithm 1 Optimization of d(x, 0).

Inputs: Criterion / (e.g., BCE)
Implicit generative model p(x | 6) -
Prior p(0)
Outputs: Parameterized classifier dg(x, ) /
Hyperparameters: — Batch-size M x \ 7 (X | 9) — d(x,6)
1: while not converged do \ 1—-d(x,6)
2:  Sample 6 < {6, ~ p(6)}. - ’]‘
3 Sample 0 « {0 ~ p(6)}M u / |—
4: Simulate x < {x,, ~ p(x| 0 1
S L Udo(x,0), 1)+ Uds(x. o') 0) 0 5 Q / > d(x,0)
6 ¢ < OPTIMIZER(¢, V4L)
7: end while

8: returnd,

Hermans, Begy and Louppe, 2019 [arXiv: 1903.04057]; Brehmer, Mishra-Sharma, Hermans, Louppe, and Cranmer, 2019 [arXiv:1909.02005]. 22/29
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Bayesian inference of dark matter subhalo population parameters
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Brehmer, Mishra-Sharma, Hermans, Louppe, and Cranmer, 2019 [arXiv:1909.02005].
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MCMC posterior sampling

Drenigity MCMC Reration

T
-y

N{€1,0)

— —T T
D o kol e A ®m W m oW

i
3
!
!
8
[
4
3
2
1
0

Posterion(8,..) Beta(1,1,0.306) x Binomial{10,4, 0.306)
Posterior(8,, ) Beta(1,1,0.429) x Binomial{10,4, 0.429)

Step 1 (B, B11)

= 0.834

Step 2: Acceptance probability o6y, B11) = min{r(Be. B}, 1} = min{0.834, 1} = 0.834
Step3: Draw u ~ Uniform(0,1) = 0.617

Stepd: f u<aBu,04) = If 0617 <0834 Then B = On = 0.306
DthErWFEE' E’t - Er—1 = '3429

Credits: Chuck Huber, 2016. 24/29


https://blog.stata.com/2016/11/15/introduction-to-bayesian-statistics-part-2-mcmc-and-the-metropolis-hastings-algorithm/

Likelihood-free MCMC

MCMC samplers require the evaluation of the posterior ratios:

P(bnew|T)  P(Z|Onew)p(bnew)/pP(T)
p(0i-1lz)  p(z|0:-1)p(0:-1)/p(2)

( )p(
(x Hnew)p(gnew
( )p(

i~

3
8
S
L

Again, MCMC samplers can be made likelihood-free by plugging a learned
approximation 7 (|6pevw, 0; 1) of the likelihood ratio.

Hermans, Begy and Louppe, 2019 [arXiv:1903.04057]. 25/29
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Figure 3: Posteriors from the tractable benchmark. The experiments are repeated 25 times and the approximate posteriors
are subsampled from those runs. AALR-MCMC shares the same structure with the MCMC truth, demonstrating its accuracy.
Some runs of the other methods were not consistent, contributing to the variance observed in Table 2.

Hermans, Begy and Louppe, 2019 [arXiv: 1903.04057]. 26/29
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Summary

e Much of modern science is based on "likelihood-free" simulations.

e The likelihood-ratio is central to many statistical inference procedures,
regardless of your religion.

e Supervised learning enables likelihood-ratio estimation.

_

Simulator

Parameters Observables

6

Latent 2 > T

A 4
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The end.
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