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ABSTRACT: Our quantum device is a solid-state array of semiconducting quantum dots
that is addressed and read by 2D electronic spectroscopy. The experimental ultrafast
dynamics of the device is well simulated by solving the time-dependent Schrödinger equation
for a Hamiltonian that describes the lower electronically excited states of the dots and three
laser pulses. The time evolution induced in the electronic states of the quantum device is
used to emulate the quite different nonequilibrium vibrational dynamics of a linear triatomic
molecule. We simulate the energy transfer between the two local oscillators and, in a more
elaborate application, the expectation values of the quantum mechanical creation and
annihilation operators of each local oscillator. The simulation uses the electronic coherences
engineered in the device upon interaction with a specific sequence of ultrafast pulses. The
algorithm uses the algebraic description of the dynamics of the physical problem and of the hardware.

About 40 years ago in a highly cited paper,1 Feynman
reflected on simulating physics with computers. One of

the two main options that Feynman discussed was using a new
kind, a quantum computer, to simulate other quantum systems
(section 4 of ref 1). Feynman remarked that there can be a
class of intersimulatable systems and possibly there can also be
a universal machine. Here we discuss the former, more limited
class with a specific application.
In the intervening years, there was spectacular progress in

the theory of quantum computing,2−15 not all of which related
to the vision of Feynman. An arguably concrete demonstration
of quantum supremacy has been published by the Google
team.11 Quantum computing algorithms also start to be
applied to simulate quantum many-body problems in physics
and chemistry,12−15 with special reference to eigensolvers.16−18

Quantum-enhanced machine learning algorithms19 that take
advantage of the new capabilities of quantum computers for
linear algebra operations are being actively developed.14,20,21

Such algorithms include principal component analysis canon-
ical correlation analysis and other algebraic methods used for
dimension reduction. Quantum algorithms are also being
developed for sampling probability distributions.22 The debate
remains open at to which physical hardware support is most
suitable for quantum computing23 and what will be the optimal
quantum architecture, standalone computer, or task-dedicated
module integrated into hybrid quantum classical architecture.24

Here we go back to the classification of Feynman and describe
a class of intersimulatable machines in which a member of the
class has been realized experimentally on a solid-state array of
CdSe QDs.25,26 The special point about the class is that we
describe dynamics, not only energetics.
The hardware we consider is an array of semiconducting

quantum dots, QDs. Each dot has lower-lying electronically
excited states with absorption in the visible within the

coherence bandwidth of a fast laser. Addressing the device
by a sequence of laser pulses and read-out is performed
simultaneously on many dots25−30 as in 2D electronic
spectroscopy.31,32 Reading many dots concurrently means
that each value is read many times so that the observed mean
value is the true average, similarly to NMR quantum
computing.33 Measuring over a classical ensemble of dots
importantly means that there is practically no interference
between measuring different observables that individually do
not commute and so are not subject to a quantum uncertainty
principle. There is, however, a negative side: the size variability
of quantum dots means that the different dots are not quite
identical and one must average the read-out over the
distribution of sizes. This limits the frequency resolution or,
equivalently, the time available for read-out34 to faster than the
coupling to phonons and in that time scale for the device
operates on a purely electronic spectrum of an isolated system.
We theoretically describe the device as an N-state quantum
system. At the moment, it is the finite size dispersion of the
dots as synthesized in the better experiments, say 5% or below,
that limits the frequency resolution of the read-out by limiting
the number of distinct states that can be resolved.
The physics of an N-state quantum system, |i⟩, i = 1, 2,.., N,

is fully described by N2 real variables that we chose as the N
occupation probabilities, N − 1 if we impose normalization
and N(N − 1) real valued coherences. We think of these
numbers as expectation values of N2 Hermitian operators, one
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of which is the identity operator, I.̂ A carat superscript will be
used to denote an operator. The N2 operators induce
transitions between quantum states, and their expectation
values are the logic variables. The operators are our analogues
of the logic gates of quantum computing. It is sometimes
simpler to use non-Hermitian operators, specifically X̂ij ≡ |i⟩⟨j|
where the Hermitian operators are (X̂ij + X̂ji/2) and (X̂ij −
X̂ji)/2i. We tend to think of X̂ij ≡ |i⟩⟨j| as a coherence because
its expectation value is the coherence between states i and j.
Scheme 1 on the left shows the algebra for a system with a

ground and two accessible excited levels, i, j = 0, 1, 2 or N = 3
that is a simple hardware. Quite different algebra for the two
coupled oscillators we mean to emulate is shown on the right.
The hardware as shown in Scheme 1 can simulate up to nine

variables. That turns out to be just enough for our needs. To
have more flexibility, we will recognize that in the CdSe
quantum dots that we use each one of the two lowest excited
levels is 12-fold degenerate. As discussed below and in the
Supporting Information (SI, section S2), the strong spin−orbit
coupling in Se will split each into two levels so that we will
have 52 logic variables at our disposal.
In 2D electronic spectroscopy, the laser pulses optically

connect the different states of the systems, which means35,36

that the set of N2 operators is closed under commutation with
the Hamiltonian, H X x X, ij k l

N
ij kl kl, 1 ,[ ̂ ̂ ] = ∑ ̂

= . The rate of change

of the operators and thereby the rate of change of their mean
values over the ensemble are therefore closed:

X t H X i x X(d /d ) i ,ij ij
k l

N

ij kl kl
, 1

,∑⟨ ̂ ⟩ = ⟨[ ̂ ̂ ]⟩ = ⟨ ̂ ⟩
= (1)

The closure property defined on the operators means that eq 1
is valid for any density matrix ρ̂ of the isolated system, pure or
mixed, ⟨X̂ij⟩ ≡ Tr(ρ̂X̂ij). Equation 1 allows our physical device
(i.e., the hardware) to emulate the time dependence of the N2

values ⟨X̂ij⟩ starting from their value in the initial state and the
parameters of the lasers and the transition dipoles. We have
shown25,26 that the experimental response of our hardware is
well reproduced by a numerical solution of eq 1 using quantum
chemical computations of energy levels and transition dipoles.
We will use this numerical solution here.
All quantum systems for which we can determine up to N2

operators that are closed under commutation with the
Hamiltonian are therefore intersimulatable by a suitable
arrangement of the addressing of the computing device by
the laser pulses. One can exhibit the output for a particular
input as a 3D map. By convention, one axis is the time interval
T between the second and third laser pulses, so we show the
read-out from the device as a series of 2D maps in which each
one is a cut of the 3D map at a particular value of T. Closure
under commutation with the Hamiltonian is relevant only
during the time when the evolution is unitary, meaning the
time when the system is effectively not coupled to its
environment. This is only realistic for a short time, so we
limit our attention to systems that can be read within that short
time. A special but very common case of a system admitting an
algebra of N2 operators that are closed under commutation
with the Hamiltonian is a quantum mechanical system of N
states. But there are more general cases, and in the example we
discuss in the main text we demonstrate the closed algebra of
five and nine operators. What is needed is that the expectation
values of the operators in the algebra are sufficient to specify
the initial state of the system we mean to simulate.
We discuss a linear molecule (e.g., COS) with two harmonic

local stretches. Of course such a system is analytically soluble,
giving rise to symmetric and antisymmetric vibrational normal

Scheme 1. Operators and Their Evolution in the Hardware
(Single QD) and in the Physical System

Figure 1. Realization of the concept. (Left) Two lowest excited states of a single dot. At the lowest resolution, each state is an unresolved band of
12 quantum states as mimicked by the shading. At an intermediate resolution that is achievable by experiments at room temperature, each band is
split by spin−orbit coupling into two bands of four and eight states, respectively. See Figures S2 and S3 of the SI for more details. (Right) Coupled
oscillator system and two time-dependent mean values, energy transfer, and bond oscillation, which can be simulated. Intermediate resolution
allows resolving up to 52 variables. The same number of variables can be simulated using a QD dimer read at the lowest spectroscopic resolution.
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modes.37 It is, however, physically rather different than the
quantum device we use for the simulation, a device (i.e.,
hardware) that is built on the ultrafast dynamics of
electronically excited states. In the main text, we discuss a
device using just one semiconducting CdSe nanometric
quantum dot with two electronically excited states, S1 and S2
(Scheme 1). At very high spectral resolution, each one of the
two excited states is split by spin-orbit and crystal-field
couplings38−41 to 12 fine structure states, so 1(S0) + 12(S1) +
12(S2) = 25 states per dot (including the ground state) and
there are (25)2 operators that require high resolution to be
observable. (Recall that expectation values for these operators
are logic variables). This high resolution is not achievable with
the currently available size dispersion of the dots. At an
intermediate resolution that is already experimentally avail-
able,25 each band of 12 states is resolvable into two bands of 4
and 8 states, respectively. See Figure 1 and Figures S2 and S3
in the SI. For specific QD sizes and limited size dispersion, the
four bands do not overlap and each band can be separately
optically addressed, so for intermediate resolution two bands
for each excited state or (1(S0) + 2(S1) + 2(S2))

2 = 52 logic
variables are already experimentally available using only the
two lowest electronically excited states of a single dot. At a
higher size dispersion, one can have only three states or (1(S0)
+ 1(S1) + 1(S2))

2 = 9 variables using a single dot.
For a quantum dot dimer, using the two lowest excited states

on each monomer at the lowest resolution gives (1(S0) +
1(S1,A) + 1(S2,A) + 1(S1,B) + 1(S2,B)) = 5 states or 52 variables.
Accounting for the fine structure splittings in the quantum dot
dimer provides 48 states at the highest resolution, a resolution
that will not be achievable due to the size dispersion of

colloidal QD and the thermally induced transition between
states. We emphasize the question of frequency resolution
because the inevitable size dispersion of quantum dots means
that the different spectroscopic transitions have a finite width
due to the size variation.42 Not all coherences can, in practice,
be resolved. For example, we can emulate the dynamics of the
two coupled harmonic oscillators, only for a limited number of
vibrational periods, a time scale of about 200 fs, during which
the set of operators that describe the electronic eigenstates of
the computing device remains closed under commutation. At
longer times, the coupling to the phonons and transfer of
population between states due to the coupling to the
environment leads to a loss of the closure property for the
device.
The physical system we aim to simulate is the dynamics of

two coupled oscillators. In the main text, we use the simplest
but most realistic Hamiltonian, that of two coupled harmonic
oscillators. This Hamiltonian can be written as

H a a b b a b b a( /2)( )a bω ω α̂ = ̂ ̂ + ̂ ̂ + ℏ ̂ ̂ + ̂ ̂† † † †
(2)

where a ̂ and b̂ are the annihilation operators for the two bonds
and X̂ ≡ a†̂b̂ + b̂†a ̂ is the coupling between the two bonds as
described in a force field model.37 It is a harmonic coupling in
that it describes only a one-quantum exchange between the
two local bonds. In the SI, Section S1, we refine this
description in two directions. One is that we allow a Fermi-
type coupling which is relevant when the frequency of the
faster mode is about twice the frequency of a slower mode. So
one quantum of the fast mode is exchanged with two quanta of
the slow one. This 1:2 frequency match is typical of the
symmetric stretch and bending modes in linear triatomic

Figure 2. Emulation of vibrational dynamics. (a) Energy transfer δE(t) from a hotter to a colder vibration, eq 3, and (c) bond displacement r(t) vs
time. (b, d) Evolution of the coherences in 2D frequency maps, computed for a 3% size dispersion, shown at different values of the delay time T
between the first and second laser pulses as used in 2D electronic spectroscopy. These values of T are shown on the plots of the energy transfer and
bond distance vs time. Different regions on the 2D map are used to compute the low-frequency oscillation of the energy transfer and high-
frequency oscillations of the bond. See the SI, S3, for more details about computing such maps.
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molecules (SI, Section S1.4). The other extension we discuss
in the SI is when the two local modes are anharmonic Morse-
type oscillators43−45 (SI, Section S1.5).
In the main text, we first consider the case when the two

local harmonic oscillators are identical, ωa = ωb = ω (e.g.,
CO2), and there is an initial state that is not an equilibrium
state but is stationary when there is no coupling, α = 0. We
compute a classical-like periodic quantity, the quantum
mechanical energy transfer between the two oscillators. Then
we discuss a state when initially the two bonds are displaced
from their equilibrium distances. This more general case can
also be simulated by a single quantum dot.
To compute the energy transfer, note that for the

Hamiltonian (eq 2) the number of vibrational quanta N̂ =
a†̂a ̂ + b̂†b̂ is a constant of the motion [Ĥ, N̂] = 0, while the
difference Ẑ = a†̂a ̂ − b̂†b̂ is periodic in time dẐ/dt = αŶ , dŶ/dt
= −αẐ, where Ŷ = i(ab̂̂† − a†̂b̂). It follows that Ẑ(t) = Ẑ(0) cos
αt, and the energy transfer at time t is

E Z t Z Z t( ( ) (0)) (0)(cos( ) 1)δ ω ω α= ⟨ ̂⟩ − ⟨ ̂⟩ = ⟨ ̂⟩ −
(3)

where ω⟨Ẑ⟩(0) = ω⟨a†̂a ̂ − b̂†b̂⟩(0) is the initial mismatch in
energy of the two oscillators. See the SI, Section S1.1, for more
details and Figure 2(a,b) for an example of a simulated energy
transfer.
The energy transfer can be read from the time-dependent

evolution of the mean values of the populations in the two
lowest excited eigenstates 1 and 2 of a single dot and of the
coherence between these two states, after a sequence of fs laser
pulses that builds the electronic coherence between them:

t t

t t Et

1 ( ) 2 2 ( ) 1

2 1 ( ) 1 2 ( ) 2 cos( / )

ρ ρ

ρ ρ

⟨ | ̂ | ⟩ + ⟨ | ̂ | ⟩

= ⟨ | ̂ | ⟩⟨ | ̂ | ⟩ Δ ℏ (4)

The density matrix of the device at time t is ρ̂(t),

t x t X( ) ( )i j
N

ij ij,ρ ̂ = ∑ ̂ , and ΔE is the energy spacing between

the two excited states. It is read by the oscillation of the
coherence, which is the mean value of the projection operator
X̂12 = |1⟩⟨2|. The amplitude is read by the amplitude of the
oscillation of the coherence, Figure 2(b,d), or from the
population of the two states, entries that appear along the
diagonal in a coherence map representation of the output of
2D electronic spectroscopy.31,32

To describe the energy of each local oscillator, their
coupling, and the resulting energy transfer, we need the closed
algebra of five operators, I,̂ N̂, Ẑ, X̂, Ŷ where (N̂ ± Ẑ) specifies
the number of quanta in each oscillator. To compute the
expectation values of quantum mechanical operators such as
⟨a⟩ or ⟨b†⟩, we need to enlarge the algebra. It turns out that
adding the four operators a, a†, b, and b† to the previous five
provides a nine (Lie)-operator algebra that is closed under
commutation with the Hamiltonian (eq 5). The algebra is also
closed for inequivalent local modes and even for a more
general Hamiltonian as shown in the SI (Section S1.3). Nine
operators is the number of operators corresponding to the
three lowest electronic states of a single QD. The full details
are given in the SI (Section S1.2), and here we discuss the case
of equivalent oscillators, when the two operators a ̂ and b̂ and
separately a†̂ and b̂† form two closed subalgebra sets. For
example, for the first pair,

t

a

b

a

b

d
d

i
/2

/2

ω α
α ω

̂
̂

= −
̂
̂

i
k
jjjjj

y
{
zzzzz

i
k
jjjjj

y
{
zzzzz
i
k
jjjjj

y
{
zzzzz (5)

with two eigenfrequencies (ω + α/2) and (ω−α/2) and
eigenvectors a ̂ ± b̂ and similarly for the second pair. For two
identical local oscillators that are initially at rest and equally
displaced from their equilibrium length, ⟨a(̂t)⟩ = ⟨a(̂0)⟩
exp(−i(ω + α/2)t) and similarly for its complex conjugate
⟨a†̂(t)⟩. The bond length oscillates as ⟨r(t)⟩ = ⟨r(0)⟩ cos((ω +
α/2)t) while the initial mean momentum is zero and oscillates
as sin((ω + α/2)t). See the details of the analytical solution in
the SI, Section S1.2.
To simulate the dynamics of the nine operators, we need to

compute three variables that oscillate with time at different
frequencies. An example of the oscillation of the bond is shown
in Figure 2(c,d). These oscillations are resolvable even for the
larger dispersion of the sizes of the QD (Figure S5 in the SI).
Variables changing with a low frequency, such as energy
transfer, 524 cm−1, are read closer to the diagonal, so the
broadening due to size dispersion is more critical (Figure S6 of
the SI).
An example of two coupled shifted oscillators using nine-

membered closed algebra is discussed in the SI, Section S1.3.
Finally, we comment that one can have quite realistic physical
situations where one is unable to close algebra of a few
operators. At the same time, it follows from the discussion in
connection with eq 1 that in an isolated quantum mechanical
system of N states there is always (nonunique) closed algebra
of N2 operators. Coherences X̂ij ≡ |i⟩⟨j|, i, j = 1, 2,.., N are a
convenient set of such operators. When quantum states |i⟩ and
|j⟩ are connected by a transition dipole, such coherences can be
detected by optical means. For electronic states, this could be
pump−probe transient absorption spectroscopy or a nonlinear
method such as 2D electronic spectroscopy or four-wave
mixing.
In this letter, we used only the time dependence of the

coherences of the quantum device to simulate the physical
system. This is less of a restriction than one might think. To
see the point, consider the equations of motion of the
observables of the physical system. Arrange the observables as
components of a vector. The rate of change of this vector is
described by a Liouvillian matrix (e.g., eq S27 in the SI). When
we diagonalize this Liouvillian matrix, we get a set of
eigenfrequencies that fully characterize the time evolution of
the physical variables. We simulate the time dependence by the
oscillation of the coherences of the quantum device, and size
dispersion is beneficial for the fine-tuning of the oscillation
frequencies.
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