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Abstract

Exciting molecules with a short strong few cycle IR pulse triggers coherent electronic–nuclear
dynamics on multiple electronic states. This creates a new type of initial state where
non-adiabatic transfer takes place between already populated electronic states. We explore this
new feature using accurate quantal simulations of the ultrafast laser-induced dissociative
dynamics in LiH-LiD-LiT series of isotopomers. In this novel type of initial state the
non-adiabatic amplitude exchange between the coupled electronic states strongly depends on
isotopic composition. The effective non-adiabatic coupling strength is modulated by two
counteracting factors. On one hand, the 1/mass factor makes the non-Born–Oppenheimer
coupling weaker for the heavier masses. On the other hand, the transfer is modulated by the
momentum coupling of the two non-stationary nuclear wave packets on the two electronic
states. The magnitude of this coupling tends to be larger for the heavier isotopes and varies in
time as the wave packet dynamics unfold. The correlation in motion of the nuclear wave
packets in R- and k-space is then critical. The direction of population transfer changes in time
according to the evolution of the coherences built during the short fs excitation. In addition,
heavier isotopomers move slower through the non-adiabatic interaction allowing a longer
effective duration for the transfer. As a result, an initially very moderate isotope effect in the
immediate post excitation population rapidly grows when the wave packets transverse the
non-adiabatic coupling region. We compare and contrast with similar time dependent effect of
the mass in the non-adiabatic transfer in N2 where the optically accessible singlet electronic
states are all bound and the couplings are quite different.

Keywords: coherent states, non-adiabatic dynamics, isotope effect, ultrafast photochemistry,
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1. Introduction

Progress in experimental ultrafast photochemistry [1–4] sup-
plemented and complemented by advances in the theory [5–9]
allows the study of the dynamics of a molecule pumped to a
coherent superposition of excited electronic states by an ultra
short optical pulse. It is not a mixture of states: because of
large bandwidth of the pulse in energy each molecule is by
itself in a linear combination of several electronic states acces-
sible within this energy range. To each electronic state one can
assign a nuclear wave packet, a non-stationary nuclear wave
function which can be represented as a coherent superposi-
tion of the vibrational eigenstates of that electronic potential.
The entire wave packet of correlated electrons and nuclei is
initially localized in the Franck–Condon region and shortly
after the pulse each nuclear wave packet evolves coherently
according to the respective electronic potential. The dynam-
ics of each wave packet re�ect the bonding character of the
potentials and can be probed via transient absorption [3, 10]
or photoionization spectroscopy [6, 8, 11–13].

The coherent superposition of electronic states of the
molecule can exhibit unique features during non-adiabatic
dynamics. As we discuss here, in particular these features give
rise to a strong time dependent isotope effect in the coherent
dynamics. The electronic states coupled in a breakdown of the
Born–Oppenheimer separation [14] are often of different char-
acter. They could be ionic and covalent states [15], which is
the case of LiH [16], or Rydberg and valence in N2 [17]. In the
region of their avoided crossing the stationary adiabatic elec-
tronic wave functions exchange their character with small
variation in the nuclear distance. Such non-adiabatic cou-
pling between electronic states are found to be the rule rather
than the exception in the photochemical processes at higher
energies [18].

The transfer of the wave packet from one potential to the
other is determined by the non-zero coupling terms that are off-
diagonal in the electronic index. These terms induce changes in
the composition of the initial superposition of states pumped
by the pulse. The unique feature of the dynamics originates
from the fact that this transfer is modulated by interference
of the two nuclear wave packets that make the coupling inte-
gral [6, 19–21], analogous to the interference patterns in the
Young several-slit experiment. In the coupling region the two
nuclear states probe one another as the transfer between them
is governed by the relative motion and the stationary phase-
difference conditions between the coupled wave packets.

The amplitude exchange between two electronic states is
analogous to electronic energy transfer in a collision of
two molecules. Except that here the exchange is within one
molecule that is coherently in two (or more) different elec-
tronic states.

Correlation in the motion of the two ‘reactive’ nuclear
wave packets each along a given adiabatic potential affects the
magnitude of transfer between them. For the localized wave
packets there is a clear propensity: a large overlap in R- and
k-space is needed and governed by the time-dependent mean
values—mean positions and momenta on the coupled states
[21]. If the wave packets reach the coupling region at the

same time and similar velocities, they will overlap most effec-
tively. The interference pattern seen in the overlap between the
coupled wave packets controls the direction of the population
exchange [6, 21]. In the case of dynamics on the coupled bound
states of N2, by comparison of different isotopomers we exam-
ined the effect of mass on both these aspects, magnitude and
direction of transfer. We demonstrated how the history of the
dynamics, in particular the nuclear phase accumulated during
the motion along the potential, depends on the reduced mass
and thereby results in different interference patterns in the pop-
ulation exchange [19]. Similar isotope effect connected to the
evolution of the nuclear phases was described by Martin et
al [22] in the auto-ionization pro�les of the pumped coherent
wave packets in H2/D2.

In the present work we examine the dynamics on the cou-
pled dissociative potentials of LiH, �gure 1(a), and contrast
it with the case of N2 where longer time dynamics unfolds
on the bound singlet potentials. For N2 there will be several
recurrences of the wave packets in the coupling region, hence
the isotope effect persists in time. There is no recurrence on
the dissociative electronic states of LiH. Therefore the non-
adiabatic dynamics is not as persistent as that observed in
N2. So the correlation in motion on the two repulsive states
becomes critical for ef�cient population transfer. LiH serves as
a rough introduction to the dynamics for polyatomicmolecules
with many vibrational degrees of freedom, where the recur-
rence of the wave packets is less probable. We report that as
in N2 also in the case of LiH there is a strong time-dependent
isotope effect originating from constructive overlap of the cou-
pled wave packets. In addition and importantly, in LiH the
interference affects the asymptotic yield into the different exit
channels.

The initial coherent state in LiH has qualitative differences
compared to the UV-excited coherent state of N2. First, the
strong IR pump pulse used induces multiphoton transitions
toward a large band of excited electronic states and enables
transfer to the ground electronic state of the cation and its pho-
toionization continuum. Second, as the excited states are of
alternating polarity large electronic transition dipoles between
them induce very rapid population exchange during the strong
IR-pulse. Our results show that even in the presence of such an
extensive electronic reorganization during the �eld, the initial
isotope effect on the population at the very early times is quite
moderate. This supports the idea that initial coherences built
by the pulse are similar for different isotopomers and enables
us to discern the effect of the nuclear motion and nuclear mass
on the non-adiabatic dynamics after the pulse.

Accurate ab initio quantum chemical computations
[23–27] of the adiabatic state potentials for the excited states
of LiH are reported in the literature. For the response to the
strong pulse that we aim to simulate electronic states all the
way to ionization are accessed. We use the state-averaged
(SA) CAS–SCF level of theory described in reference [23] for
computing the potential, dipole and non-adiabatic coupling
curves of a band of 19 states of the neutral converging to the
ionization limit and the four states of the cation as a function
of the internuclear distance up to 20 Å (a table of the potentials
is provided in a supplementary data �le, which can be found
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Figure 1. (a) Potentials of the ground (GS) and of the 9 lowest excited singlet Σ electronic states of the neutral LiH and the Σ ground state
of the cation involved in the �eld-induced dynamics, adapted from [23]. The potentials of the 3 excited states: Σ2,Σ3 and Σ4 are strongly
coupled at the exit of the FC region and highlighted with color. (b) Potentials and non-adiabatic couplings τ between the strongly coupled
states. The Franck–Condon region of the ground state is shown as a grey shaded area. As the bond is stretched, the ionic character of the GS
is transferred to higher excited electronic states through strong non-adiabatic coupling.

online at http://stacks.iop.org/JPhysB/53/134001/mmedia).
While not reaching the accuracy required to compare with
high resolution spectroscopic results [24], the SA–CASSCF
level used here allows for implementing quantum dynamical
simulations taking into account non-adiabatic coupling, photo
excitation for a band of 10 1Σ

+ states in the neutral coupled
to the GS of the cation by photoionization.

We focus on states of 1Σ
+ symmetry and we refer to them

as Σ states for brevity (�gure 1). The potentials of the three
states Σ2,Σ3 and Σ4 (31Σ+, 41Σ+ and 51Σ+ in spectro-
scopic notation) [23] that are important for the non-adiabatic
dynamics that we discuss agree quite closely with those com-
puted by Gadea and Leininger [24]. The strong non-adiabatic
couplings, τ 23 between the Σ2 − Σ3 states and τ 34 between
Σ3 − Σ4 repulsive excited states of LiH are localized in imme-
diate proximity to the Franck–Condon region, �gure 1(b). This
allows examining the non-adiabatic dynamics between the
pumped wave packets on these electronic states after the pulse
is turned off, within the �rst 50–100 fs [23]. The localization of
the coupling facilitates the examination of dynamical effects,
such as time-dependent position, momentum and phase of the
non-stationary wave packet. A wave packet picture is a sug-
gestive analogue to the Landau–Zener model for the adia-
batic/diabatic types of transfer [28]. There is however one dif-
ferencewith the classical trajectorymodel of Zener [29]: in the
present study both electronic states are initially populated.

Further on theway to dissociation there is a second coupling
region, see �gure S1 in the supplementary information (SI).
The transfer is not ef�cient in this region because the coupled
wave packets do not reach it at the same time. So we focus
on the �rst region of coupling at shorter internuclear distances
which affects the population dynamics at earlier times.

The paper is organized as follows. In the next section
essential background information is outlined. Then the com-
putational details for the �eld-induced quantum dynamics
simulations on the grid are reviewed. In this section we
describe also the details about the analysis of the wave pack-
ets and the coupling integrals computed on the grid using the
expansion (1) in either R- or k-space. In section 4 the results
for the isotope effect in the population dynamics are shown.
The origin of the role of the mass is examined using simple

approximate analytical formulas for the coupling integrals in
comparison with the accurate numerical results. The connec-
tion between the coupling integral and the coherence in the
k-space is discussed. Finally the condition on the stationary
nuclear phase difference for the ef�cient non-adiabatic transfer
is analyzed.

2. Background

We analyze the dynamics in different isotopomers to extract
parameters of the coupled electronic–nuclear motion that have
a major effect on the non-adiabatic transfer and the yield of
products. The electronic–nuclearmotion consists of the coher-
ent motion of two nuclear wave packets each along a given
electronic state and the interference between them. Themotion
can be characterized by the properties of the wave packets
such as the mean position and themean momentum and higher
moments. Herewewill use the �rst and secondmoments of the
exactwave function to generate a Taylor expansion of the wave
function. This will allow a direct interpretation of the isotope
effect in the exact computation.

The interference requires examination of the phases of the
two coupled wave packets. There are two contributions to
the phase difference. One is the energy difference, Ω21t =
(

〈E2〉 − 〈E1〉
)

t, where the averaging is over the nuclear wave
packet on the particular electronic state [21] referred to by the
subscript. Ω21 is the ‘beating frequency’ of the coherence bet-
ween the two nuclear wave packets. Another component of the
phase difference comes purely from the nuclear dynamics as
it is driven by the mean momentum of the respective nuclear
wave packet. For an effective transfer this phase-difference
needs to be stationary which results in a large non-adiabatic
transfer between the electronic states. We found this in N2 and
we will show that it also is true for the case of the dynamics in
LiH.

We use the parameterizationof themotion of a nuclearwave
packet on a given electronic state in a quadratic potential in
the form proposed by Heller [30, 31]. The wave function is
de�ned by a Taylor series of lnχ around the mean value of the
1D internuclear distance, 〈R(t)〉:

χ(t) ≈ exp
[

iα ·
(

R− 〈R〉
)2

+ i 〈P〉
(

R− 〈R〉
)

+ iγ
]

(1)
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here {α, γ, 〈R〉 , 〈P〉}—are time-dependent parameters: com-
plex width, phase, and mean values of the coordinate 〈R〉 and
momentum〈P〉. Heller identi�ed the nuclear phase γ(t)as a

coef�cient of a zeroth order term
(

R− 〈R〉
)0
. By writing a Tay-

lor expansion for the potential also up to the second order
around the mean 〈R(t)〉 in the time-dependent Schrödinger
equation, and collecting all the coef�cients in front of the same
powers of

(

R− 〈R〉
)

, Heller derived the time evolution of this
phase as:

dγ

dt
= 〈P〉

dR

dt
= 〈P〉2/m. (2)

One can see that γ(t) is determined by the mean
momentum〈P〉, and is also explicitly dependent on the
reduced mass, m. This phase enters as a zeroth-moment term
in the Taylor expansion of the wave function. For anhar-
monic or repulsive potentials higher powers of the Taylor
expansion need to be included. However, this will not affect
the coef�cient of the zeroth moment. We can therefore use
equations (1) and (2) to describe the isotope effect for the
repulsive potentials of LiH.

Finally, it is important to note that we follow the isotope
effect in the transfer of population between speci�c electronic
states, hence it depends on the chosen basis representation
for the electronic subspace. The strong effect of mass on the
population exchange in N2 was initially described in the dia-
batic representation. For the electronic states in this represen-
tation the kinetic energy is diagonal and the coupling between
the electronic potentials comes from the electronic Hamilto-
nian. Therefore the so-called diabatic coupling V12(R) is not
mass-dependent, and the coupling integral can be written in
the Condon approximation simply as a product of the effec-
tive coupling at the mean position and the overlap integral:
V12(R̄(t)) · 〈χ1(t,R)|χ2(t,R)〉. In this case the direct connec-
tion between the coupling integral and the coherence, or inter-
ference, between the wave packets on the coupled electronic
states is explicitly evident. In a recent paper [32], we have
shown that the isotope effect is also present if one uses an
adiabatic electronic basis to describe the dynamics in N2. In
the case of the adiabatic representation, which we use also
in the present study, the coupling integral, which originates
from the off diagonal kinetic energy non Born–Oppenheimer
terms [14, 33], (1/m) · 〈χ1| τ12P̂ |χ2〉, is (i) explicitly depen-
dent on mass and (ii) includes the momentum operator that
acts on the nuclear wave packet. To clarify the connection to
the coherence,we discuss the componentsof this integral in the
k-space, where the integrand of 〈χ1| P̂ |χ2〉 is a simple product:
k · χ̃∗

1(k, t)χ̃2(k, t). The two components of the phases that are
discussed above are not R-dependent and therefore will have a
similar role also in the coherence expressed in k-space.

3. Computational details

3.1. Quantum dynamics on the grid

In what followswe mention only the essential steps in the sim-
ulation, while for further details about the quantum chemistry
of LiH and the photoionization dynamics we refer to [23]. In

section S2 of the SI we provide technical details about the
dynamical computations.

Quantum dynamics of a non-rotating LiH molecule is
computed by numerically integrating the time-dependent
Schrödinger equation on a one dimensional grid of Li–H inter-
nuclear distance, R [34]. The Cartesian molecular frame is
attached to the center of mass, and the molecule is oriented
along the z axis with zLi > 0, R = zLi − zH, see �gure S1 in
the SI. For each grid point the Hamiltonian matrix elements
are de�ned for the two orthogonal subspaces of 10 adiabatic
neutral and 1 cationic electronic states of LiH. The neutral
electronic states are coupled together both by the interac-
tion with the electric �eld associated with the pulse, in the
dipole approximation, and by the nuclearmotion, through non-
adiabatic coupling. The neutral and cation subspaces are cou-
pled by the interaction with the electric �eld through the pho-
toionization coupling elements that were computed using the
method described in reference [23].

The strong IR one-cycle pulse is treated semi-classically via
the dipole approximation with the time-dependent Gaussian
pro�le of the electric �eld polarized along the LiH molecular
axis:

E(t) = |Emax| exp
(

−
(

t − tp
)2
/2σt2

)

×

(

cos (ωt)−

(

t − tp
)

ωσ2
t

sin (ωt)

)

(3)

here the carrier wavelength is set to 720 nm (ω = 1.17 eV), a
peak intensity of 1.14 · 1013 W cm−2 (�eld strength |Emax| =
0.017 a.u.) and a FWHM of 3.5 fs (σt = 1.5 fs). The FWHM
in energy of the pulse is about 1 eV, so that the variance of
the Gaussian envelope of the pulse in the frequency domain is
σω = 0.44 eV. The carrier-envelope phase is taken to be zero,
which corresponds to the electric �eld at its maximumpointing
towards the Li-nucleus.

The LiH molecules with their high permanent dipole
moment are assumed to be oriented so that the laboratory
frame coincide with the molecular frame, therefore only the
states of Σ symmetry are accessed by the pulse. For sym-
metry breaking by the �eld see discussion in [35]. This will
allow non-adiabatic coupling between the states of Π sym-
metry as well. We focus here on the very short timescale
of the dynamics, �rst 50–100 fs, and therefore no effects of
rotation are taken into account. The experimental possibili-
ties to align molecules using their dipole moments are dis-
cussed in [36] with attention also being given to ultrashort
laser pulses in [37].

To describe the isotope effect in the population dynamics
we perform a separate calculation of the �eld-induced quan-
tum dynamics for each given LiH–LiD–LiT reduced mass,
1617.95/2873.10/3872.68 a.u. respectively. The change in the
reduced mass of the system in the adiabatic picture has no
effect on the electronic Hamiltonian. The potentials, dipoles
and derivative coupling terms between the electronic states
|ψ j〉and|ψk〉, τ jk = 〈ψ j|∂ψk/∂R〉, are taken to be the same for
different isotopomers. In the molecular Hamiltonian the non-
adiabatic couplings, NACs, are obtained by multiplying the
coupling τ jk by the momentum operator and dividing by the
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mass of the respective isotopomer:

NAC jk ≡ −(1/mLiX) · τ jk(R)
∂

∂R
. (4)

The change of mass therefore contributes both to the dynamics
along the single adiabatic potential through the kinetic energy
term and to the non-adiabatic coupling between pairs of the
electronic states.

The terms of the electronic Hamiltonian: potentials, perma-
nent and transition dipoles, and non-adiabatic couplings are
computed at each internuclear distance via the state-averaged
CAS SCF using 6-311++G(3df, 3dp) Gaussian basis set aug-
mented by 2S, 3P and 3D Rydberg orbitals centered on the H
atom [23]. Large active space of 4 electrons and 20 molecular
orbitals is crucial in properly describing the convergenceof the
10 Σ electronic states of the neutral toward the 1Σ state of the
cation. All the quantum chemical computations are performed
using the MOLPRO package [38–42].

The population on each grid point on each electronic state
|ψkg〉 for the propagated wave function Ψ(t) is used to de�ne
the population nk on electronic state k as:

nk =
∑

g

〈Ψ(t)|ψkg〉 〈ψkg|Ψ(t)〉 =
∑

g

|ckg|
2 (5)

where |ckg|
2 is population of the state at a grid point g and sum

runs over N-grid points. The wave functions in the k-space are
computed using the standard fast Fourier transform routines
[43, 44].

3.2. Analysis of the dynamics using a Taylor series

expansion

We de�ne amodelwave packetχk(t,R) on each electronic state
|ψk〉 as discussed in equation (1) by multiplying it by its time
dependent amplitude ck(t):

χk(t,R) = ck(t) exp
(

iαk(R− Rk)2 + iPk (R− Rk)+ iγk
)

.
(6)

The parameters Rk etc are calculated for the exact wave pack-
ets Ψk(R, t) propagated on the grid at each time step of the
dynamics, for example:Rk = 〈Ψk(R, t)| R̂ |Ψk(R, t)〉. The val-
ues of real and imaginary parts of the complex width αk(t) are
de�ned from the given dispersion in the probability distribu-
tion in R and k-space, σ2

R and σ
2
P (see also section S1 of the SI):

Im(αk) =
1

4σ2
R

Re(αk) =

√

4σ2
Rσ

2
P − 1

4σ2
R

. (7)

We de�ne the zeroth order term ck(t) · exp [iγk(t)] in accord
with the Taylor expansion using the value of the exact wave
packet at the grid point nearest to the mean Rk(t):

ck(t) · exp [iγk(t)] =Ψk(R, t)|R=Rk(t). (8)

With this, the analytical expression is complete and one can
trace the effect of mass on speci�c nuclear observables. Such
an approximation can capture the main features of the local-
ized non-stationary nuclear wave function that evolves on a
smooth potential. As the dynamics unfolds the wave packet

splits into several branches and the single Gaussian toy model
is no longer accurate for longer times.

4. Results and discussion

4.1. Field-induced dynamics and the isotope effect

Population dynamics in the LiH–LiD–LiT molecules during
and after the pulse are shown in �gure 2 for the important
excited states. Populations in the full 11 states basis can be
found in �gure S2 of the SI. The populations at each time step
are evaluated for the exact wave packets using equation (5).

For all three isotopomers the population during the pulse
is about the same, with substantial ionization of about 25%
and 8.5% of the population in the excited electronic states,
�gure 2(a). After the �eld, non-adiabatic coupling between
the Σ3 and Σ4 states induces extensive population exchange
already within 15–20 fs, �gure 2(b). The isotope effect in the
transfer for this pair of states is weak at early times of the
population exchange but rapidly increases at about 30–40 fs,
�gure 2(b). Similarly, in the coupling ofΣ3 toΣ2: strong effect
of mass is seen only at later times of the transfer at 40–45 fs,
�gure 2(c). The states are dissociative so the mass-sensitive
transient dynamics alters the yield in each electronic state in
the exit region, shown for example in Σ4 state around 45 fs in
�gure 2(b).

We begin the analysis of the isotope effect by examining
the rate of change of the populations in the exact computa-
tion. We estimate the rate as a derivative of the population
with respect to time using the simplest 3-point �nite difference
approximation. The calculated rate for the Σ3 state is shown
in �gure 3(a). The rate of transfer exhibits several oscillations
which re�ect the beating of the coherence between the cou-
pled states as we will discuss in the section 4.3. At the �rst
peak around 20 fs the rate is almost twice as large for the
LiH compared to LiD/LiT. At the next few peaks the mag-
nitude of the transfer alternates and the heavier isotopomers
exhibit higher rates. Post this the rate decreases with time most
rapidly for the lightest isotope. The sign of the rate deter-
mines the direction of transfer and it changes sequentially,
‘depletion–acquiring–depletion’ for the well-resolved three
peaks in the heavier species. As emphasized in section 2, the
population transfer is induced by the mass dependent non-
adiabatic coupling integral (1/m) · 〈χ1| τ12P̂ |χ2〉. This inte-
gral is a product of two factors that act in an opposite way
when the reduced mass of the molecule is changing. It is clear
from this equation that the 1/m factor tends to reduce the rate
of transfer as the mass of the isotope rises. To eliminate the
dependence of the coupling integral on this factor, we scale
the computed rate of population transfer by the isotopic mass,
leading to �gure 3(b). As the in�uence of the 1/m factor is
removed, we can see that the remaining coupling integral is
clearly dependenton the isotopicmass and is higher for heavier
masses.

4.2. Condon approximation for the coupling integral

To understand the origin of the isotopic effect on the non-
adiabatic rate of transfer we build an analytical model. Using
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Figure 2. Isotope effect in the quantal accurate non-adiabatic dynamics. (a) Population dynamics during the �eld and (b) and (c) dynamics
after the �eld in the (b) Σ3 ⇔ Σ4 and (c) Σ3 ⇔ Σ2 coupled channels. Shown are the populations of the Σ1 (black), Σ2 (blue), Σ3 (green), Σ4
(purple) excited states and the ground state of the cation (orange) for LiH (solid lines), LiD (dashed lines) and LiT (dotted lines). The pro�le
of the pulse is shown as a grey line in panel (a). Initially the population is not sensitive to the reduced mass, m. For the Σ3 ⇔ Σ4 case the
isotope effect increases signi�cantly after 30 fs of the dynamics, reaching in Σ3 almost 50% of the overall population (shown with a black
arrow). The effect of mass on the Σ3 ⇔ Σ2 population exchange is maximal around 45 fs of the dynamics. The transient exchange affects the
asymptotic yield for the population in different states, which is also sensitive to the mass as seen at longer times in both panels (b) and (c).

Figure 3. Isotope effect in the rate of transfer. (a) The rate of population transfer, dn3/dt, in the Σ3 state during the transient non-adiabatic
dynamics in LiH (solid lines), LiD (dashed lines) and LiT (dotted lines). (b) The rate of transfer scaled by the reduced mass mLiX of the
respective molecule. Negative values of the rate correspond to loss in the Σ3 population and positive values to gain in the population. Note
the ratio between the isotopomer reduced mass and the mass of LiH is 1.8 and 2.4 for LiD and LiT. Larger gain/loss in the population for the
heavier masses at 30 fs and 37 fs is highlighted with red/blue arrows, respectively.

the Liouville–von Neuman quantal equations of motion for
the population in the adiabatic basis of electronic states (see
detailed derivation in section S2 of the SI) we compute a non-
adiabatic rate of transfer that has a simple analytical expres-
sion. We consider the dynamics after the pulse and there-
fore we can limit our basis only to the set of coupled Σ2–Σ4

states. To simplify the analysis we allow only the coupling
between the neighbouring pairs of states {τ32 : Σ3 ⇔ Σ2}
and {τ34 : Σ3 ⇔ Σ4}. In this basis of three coupled elec-
tronic states we here focus on the equation of motion for the
population on the Σ3 state:

dn3

dt
= −

2
m
Re

[

〈3| τ32P̂ |2〉
]

−
2
m
Re

[

〈3| τ34P̂ |4〉
]

. (9)

The coupling integrals above include integration over the
nuclear coordinate:

〈3| τ32P̂ |2〉 = −i

∫

Ψ
∗
3(R, t)τ32(R)

∂Ψ2(R, t)
∂R

dR (10)

whereΨk(R, t) denotes the exact wave packet on the electronic
state Σk propagated on the grid accounting for the full basis of
10 electronic states.

We further simplify the integral by assuming that the two
coupledwave packets are localized close enough for a Condon
approximation to be valid:

〈3| τ32P̂ |2〉 ≈ τ32(R̄) · 〈3| P̂ |2〉 (11)

here τkn(R̄) is the effective value of the non-adiabatic cou-
pling between the pair of state k and n taken at the dis-
tance R averaged between the mean values Rk and Rn:R̄ =

[Rk(t)+ Rn(t)] /2.
Comparison between the approximate population dynam-

ics determined using equations (9) and (11) and the full 10-
state exact results for LiH and LiT isotopomers is presented in
�gure 4. Good correspondence in the isotope effect between
the exact numerical and analytical populations justi�es the
assumptions made in deriving equations (9) and (11). This
allows us in the next section to relate the isotope effect to the
two components of equation (11).
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Figure 4. Population dynamics for the coupled Σ2 (blue), Σ3 (green), Σ4 (purple) electronic states in LiH (a) and LiT (b). The curves with a
brighter shade of the color represent the analytical 3-state population dynamics computed within the Condon approximation, equations (9)
and (11). The curves in deeper colors show the results of the full quantum dynamics simulation for the 10 coupled electronic states of the
neutral system.

Figure 5. Components of the two coupling terms in equation (11) for the population transfer of the Σ3 state for the {Σ3 ⇔ Σ4} and
{Σ3 ⇔ Σ2} coupling channels, shown in red and green colors, respectively, in LiH (solid lines), LiD (dashed lines) and LiT (dotted lines).
(a) and (b) Non-adiabatic coupling at the mean R averaged over the two electronic states; (c) and (d) the real part of the momentum integral.
Faster exit from the coupling region for the lighter isotopomer can be clearly noted in both coupling channels, highlighted in the width of the
effective coupling in panel (a). The coupling τkn

(

R̄
)

acts to quench the oscillations of the 〈k| P̂ |n〉 integral.

4.3. Coupling integral and the coherence

We discuss dynamics in the Σ3 ⇔ Σ4 and Σ3 ⇔ Σ2 coupling
channels. Comparison between the individual contribution
from each channel to the overall rate of transfer, equation (9),
is shown in �gure S3 in the SI. At the �rst peak in the rate of
transfer, �gure 3, the major depletion of the Σ3 population is
due to its coupling to the Σ4 state. After 25 fs of the dynam-
ics, as the coherent wave packet moves closer to the Σ3 ⇔ Σ2

non-adiabatic coupling region population exchange with the
Σ2 state starts to be signi�cant.

Components of the coupling integrals, equation (11), for
the two channels are presented in �gure 5. The top row shows
evolution in time of the magnitude of the effective coupling,
τkn(R̄), while the bottom panels show the real part of the
momentum coupling integral 〈k| P̂ |n〉. By de�nition τkn(R̄) is
related to the change of the mean 〈R〉 on the coupled states,
see �gure S4 in the SI. As a function of time τkn(R̄) has a
maximum at a longer time for the heavier isotopes. The dura-
tion of the coupling, the width of the effective coupling in
time, is also increasing as the wave packets are transversing

7
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Figure 6. A heat map representation, for LiH and LiT of the integrand of −Re
[

〈k| P̂ |n〉
]

, contributing to equations (9) and (11), between
the Σ3 and Σ2 (a) and (b) and the Σ3 and Σ4 (c) and (d) states in momentum space. Shown as a function of momentum, k, vs. time.

the interaction region more slowly, see the highlighted region
in �gure 5(a). The ef�ciency of the non-adiabatic coupling
therefore becomes larger.

The interference between the wave packets enters through
the momentum integral. This can be seen by comparison of
the gain–loss dynamics in the rate of transfer, �gure 3, and
the oscillatory behavior in the momentum integral, �gures 5(c)
and (d). The magnitude in the momentum integral is very
much affected by the reduced mass. To show this explicitly,
�gure 6 exhibits the integrand as a heat map in momentum
space where the action of the momentum operator is just a
multiplication of the coherence by k. The maps for LiD are
given in �gure S5 of the SI. Note the larger momentum for
the heavier mass and the higher width for both coupling chan-
nels. In the case of Σ3 ⇔ Σ2 channel, the oscillation of the
coherence in LiH, �gure 6(a), are clearly different from the two
other isotopomers. We next examine the relevant parameters
for oscillations in the interference.

4.4. Stationary phase difference during the non-adiabatic

transfer

We discuss the non-adiabatic transient exchange between two
electronic states that are both populated at the onset of the cou-
pling. As shown in �gure 6 and earlier this is determined by
the overlap of the two wave packets. This is unlike the Lan-
dau–Zener model where only one state is initially populated,
see [28, 29] in particular. To estimate the overlap of the two

wave packets we use the expansion shown in equation (6).
Comparison between the exact heat maps of the integrand of
〈k| P̂ |n〉, �gure 6, and maps obtained using the Taylor expan-
sion are given in �gure S6 of the SI. These show that the
approximation using from the zeroth to the second moment
is accurate in the time range where the isotope effect is strong.

Using the Taylor expansion the overlap of the two wave
packets can be written as:

〈χk|χn〉 = ΞknΦkn exp
(

−ηkn(Pk − Pn)2 − ξkn(Rk − Rn)2
)

(12)

Φkn = c∗kcn exp (i∆γkn) (13)

here Ri and Pi are the mean values of the coordinate and
momentum in the electronic state i. The other parameters
in equation can be found in section 3 of the SI. This
equation shows that large values of the overlap require the
two packets to be localized in the same place and to have a
comparable momenta. The magnitude of the momentum cou-
pling integral, 〈χk| P̂ |χn〉, in the Condon limit Rk = Rn ≡ R̄

and Pk = Pn ≡ P̄ has direct relation to the overlap:

〈χk| P̂ |χn〉 = P̄ 〈χk|χn〉 . (14)

Analytical formula for the 〈χk|P |χn〉 integral in general case
is given in section 3 of the SI. Equation (14) shows that the
magnitude of the transfer scales with the value of the mean
momentum. This explains the larger values of the integral for
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Figure 7. The phase-difference, ∆γ(t), (a) and (b) versus the magnitude of the rate of transfer (c) and (d) in LiH (solid lines), LiD (dashed
lines) and LiT (dotted lines) for the {Σ3 ⇔ Σ4} (a) and (c) and {Σ3 ⇔ Σ2} (b) and (d) coupling channels, shown in red and green colors,
respectively.

the heavier isotopes. Divided by the reduced mass in the �nal
form for the rate of transfer, equation (9), it can be regarded as a
mean velocity, d 〈R〉 /dt ≈ 〈P〉 /m of localized wave packets.
From the exact dynamical computations of the 〈R〉 vs time,
shown in �gure S3 in the SI, one can see that the velocity is
smaller for the heavier isotopomers. This approximate treat-
ment explains the lower rates of transfer for the heavier masses
at the early time dynamics. At later times, faster exit from the
coupling region for the lighter isotopomer, see τkn(R̄) dynamics
in �gures 5(a) and (b), results in less effective transfer.

Another important term that governs the overlap in the Con-
don limit is the constant in R factor Φkn, equation (13). This
term changes rapidly with time for two reasons. One is the
phase factor ∆γkn = γk − γn see equation (2) and �gure S7
in the SI for the evolution of the phases of the wave packet
on each electronic state. The other component of this factor:
c∗kcn ≈ exp (iΩknt), oscillates with a frequency related to the
gap between the two electronic states, �gure S8 in the SI. For
an effective transfer these two components should interfere
constructively with a beating at one dominant frequency, here
Ωkn. So in both N2 and LiH and its isotopomers we �nd that
the difference in phase between the two wave packets, ∆γ(t),
needs to be essentially stationary in the time interval of a large
rate, see �gure 7.

As can be seen in �gure 7, in the time framewhen the effec-
tive coupling, τkn(R̄(t)), is large in almost all cases the ∆γ(t)
is stationary. Exception is the case of LiH during theΣ2 ⇔ Σ3

transfer. In the time range of large τkn(R̄(t)), 23–35 fs, the phase
difference∆γ(t) in LiH is growing rapidly, �gure 7(b). Change

of the phase difference from 0 to 2π results in faster oscilla-
tions in the integral and lower rate of transfer compare to the
other isotopomers.

The condition for the phase difference to be stationary can
be written as a propensity rule:

(

P2
k − P2

n

)

/m ≈ 0. In such a
form the effective transfer is large when the difference in the
momenta on the coupled states, P2

k − P2
n, is small compare to

the reduced mass of the system. This is reminescent to the
process of energy transfer during molecular collision [28].

In view of the condition on the momenta the effect of mass
is different for the two coupling channels considered. In the
case of Σ3 ⇔ Σ4 channel in the region of the avoided cross-
ing their potentials are quite similar in shape, see �gure 1(b).
This provides similar effect of mass on the mean momenta
for their wave packets and weak isotope effect on the differ-
ence P2

3 − P2
4 in the time frame of interest, see �gure S9 in

the SI. In contrast, the Σ2 potential has a steeper slope in the
Franck–Condon region. This results in faster evolution of the
momentum on the Σ2 state, compare �gure S9 (a) and (b) in
the SI in the early time range 15–20 fs. Close matching of the
momenta on the coupled states occurs only for the heavier iso-
topomers LiD and LiT. In these cases the phase is staying sta-
tionary for longer times, �gure 7(b), providing strong isotope
effect in the population dynamics.

5. Concluding remarks

The ground and lowest excited state potentials of molecules
are typically isolated. For higher energies even for simple
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molecules there is a forest of excited states interacting by
non Born–Oppenheimer terms. This is the regime we discuss
here. During an ultrafast excitation a set of such electroni-
cally excited states is coherently accessed. Therefore the non-
adiabatic transition is often an exchange of amplitude between
states that are both populated already before the exchange.
It is the extent of this exchange that is different for different
isotopomers.

The exact equations of motion show that the transient
rate of exchange between two states is driven by the coher-
ence between them, e.g., equation (9). The coherence between
any two wave packets is determined by the motion of the
nuclei on the two potentials and the resulting interference.
The mass effect on the rate arises in two ways. There is the
classical effect that heavier molecules transverse the coupling
region more slowly. There is the quantum mechanical effect
expressed through the overlap integral of the two wave pack-
ets. The net transfer is roughly the rate times the duration and
the duration is longer for heavier molecules. This makes the
dependence on the mass nonlinear. But at early times a Gaus-
sian parameterization, equation (6), is suitable and this allows
us to identify the main factors that play a role in the magnitude
of the isotope effect.
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