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Abstract— Several recent control applications consider the locally coupled through an operator satisfyingsiate sym-
coordination of subsystems through local interaction. Oféen  metry condition The coupling operator is then viewed as the
the interaction has a symmetry in state space, e.g. invaria® yiseretization of a spatial derivative operator. This appr

with respect to a uniform translation of all subsystem valus. tion is sh to b lid for | tial si |
The present paper shows that in presence of such symmetry, mation 1S shown to be valid for long-range spatial signais.

fundamental properties can be highlighted by viewing the The utility of our viewpoint is illustrated by (i) providing
distributed system as the discrete approximation of a partal a natural explanation for several observations associated

differential equation. An important fact is that the symmetry  very different system response to long-range and shogeran
on the state space differs from the popular spatial invariace effects; (i) showing that spatial invariance is not neeegs

property, which is not necessary for the present results. Ta . . e L e )
relevance of the viewpoint is illustrated on two examples:ifill-  [Of these observations to hold; and (i) highlighting tiel

conditioning of interaction matrices in coordination/consensus Petween string stability (see e.g. [22], [26]) and stapibf
problems and (ii) the string instability issue. the associated PDE for some simple settings.
The goal is to draw a link which allows to reflect on the
behavior of locally coupled distributed systems by exjojt
|. INTRODUCTION existing knowledge and tools for PDEs. The link between

During the last decades, the control literature has consi DEs and their discretization is subtle; see e.g. the finite

ered several applications involving the collective bebaoif |ﬁerence PDE dlscretlzatlo['l literature ,[19]’, (51, 19] Wh
locally interacting subsystems. For instance, distrien- studies the converse operation: approximating a contisiuou

trol is applied e.g. to stabilize a perfectly smooth configur PDE by a discrete system. Formal conclusions are therefore

tion for a membrane or segmented telescope mirror (see [24fnit€d in this paper. The hope is th@pntroller design

[13], [3]), or for cross-directional control of industripaper can Penefit from intuitive insights of the PDE viewpoint,
machines (see [25], with additional applications); plamof although final analysis of the resulting system may stillehav

cars following each other are considered a key technolod§) Consider the exact discrete setting. It seems that trés ha
enabling automated highways (see [26]); the “consensl] t peen exploited in the literature. The fa_ct that_ PDEs_m
problem” where a set of communicating agents must reacﬂby_s'cs are often used to model the behavior of interacting
agreement on a decision value has become standard (see [Q%Tcles Supports our point. _

for an early discussion, [20] for a review). complementary approach may be found in papers

Applications focus on different aspects like optimal conlik® [12]: interactions on graphs are written with “partial
figuration, collision avoidance, nonlinear dynamicsn.tie difference equations” whosabstract formulations mimick

literature on vehicle formation control (see e.g. [18],]j17 PDES; however, the only abstract analogy precludes it
[11], [7], [15]); information passing issues, e.g. timeaje COMparison of system properties.
and the graph structure formed by communication links, in Much previous work on locally coupled distributed sys-
the consensus literature [27], [4], [21], [20]; decengrati f€MS focuses ompatially invariant systemsAnalysis (see
linear controller design in the distributed systems litera €-9- “spatial bandwidth” discussion in [14], [8], [1]) and
(see e.g. [25], [13], [2]). These different studies featur€onstructive controller design results are proposed thamk
similar basic properties for controlling the overall beloav & “spatial frequency shaping” approach (see e.g. [25],,[13]
of a set of locally interacting entities, e.g. phenomenatdue [2]), similar to the standard “temporal frequency shaping”
very different system response to long-range and shogeranThe present paper rather proposes a “spatial continuous”
effects (see e.g. [3], [24], [14], [8], [21], [16]). approximation of distributed systems, similar to the stadd
The present paper proposes to view distributed systerilProximation of time sampled systems by continuous-time
with particular symmetries as the discretization of a pérti €quations. It shows that spatial invariance is in factnec-
differential equation (PDE); it shows that this allows to€Ssary for several observations, which is a major distncti
study fundamental system properties on the basis of tiith respect to previous work.
continuous PDE approximation. Specifically, the considere A behavorial viewpoint on interconnected systems and
distributed systems consist of linear subsystems which aggmmetries can be found e.g. in [10].

. o _ The paper is organized as follows. Section Il defines how
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by showing that the associated PDE reflects some bagdoposition 1: Associate to the spatially discrete signal
properties of the distributed system. Section Ill considery(k,t) the spatially continuous signaj(z,t), wherez is
the correspondence at a static level between local coupliegntinuous. IfT" satisfies (A.1), then a Taylor development
and spatial derivatives; this allows to naturally explaowh of (1),(2) associates tg(z,t) the “infinite-order” PDE

the collective response of a coupled system differs fordong too

range and for short-range effects. Section IV considers the p(d — 02 aq(z) M+

link between dynamical distributed systems and associated Play(.1) = Q) ( ()t MMH) v @)
PDEs, starting with examples of the string stability praoble
before briefly discussing the general case; the latter is t
subject of ongoing investigation.

Notation: Imaginary unit isj = /—1; ||s| and arg(s)
denote the norm and angular argument of complex numberProof: One readily checks, by expanding the expression,
s. Rq is the set of strictly positive real numbers. that (A.1) is equivalent t&_, I'y; (I — k)™ = 0 VI for all
m € {0, 1, ..M — 1}. Consider the Taylor expansion

q=0
I%lere aq(x) is a continuous interpolation ofi, (k) =
l

Ly ((I = k)moduloN)4+M | In particular, for z = k the
PDE becomes equal to the distributed system equation.

II. ASSOCIATING APDETO A DISTRIBUTED SYSTEM

The present section takes the opposite step of PDE dis- y(k +n)=y(k) + n%(k) +n? %% 4o (4)
cretization (see e.g. [19], [9], [5]). For simplicity, eyéhing ) ) ) o
is kept one-dimensional at this stage. where constants im are overlined for better visualization.
Consider a distributed system composedVosubsystems. NSerting (4) inu(k) =5, I'(k, [)y(1) with | = k+n, (_A-l)
Denote byu(k,t), y(k,t) and Hy respectively the scalar IMPlies that thel first terms of (4) sum to zerofk; the
input, scalar output and linear dynamics of subsysterfor others yield coefficients, (k) as specified. Thus by taking

k=1,2,.., N. Dynamics are typically formulated as aq(x) to be intgrpplations of the, (k), (3) indeed becomes
J J equal to the distributed system equations for k. A
Po( L)y (k,t) = Qu(L)u(k,t 1
) k(dt)y(d ) Qk(dt)u( ) B ( ) Remarks:

where Py.(;) and Qx(Z;) are constant coefficient polyno- 3y Theinfinite series in (3) is not handy; its convergence
mials in the time derivative operator. Denotingt) and for = # k is an issue that will not be discussed here.
y(t) the column vectors containing allk, t) and ally(k, t) The following sections show that some properties of the
respectively, the subsystems are coupled through distributed system can be investigated by truncating the

u(t) = Ty(t) 2) sum in (3) to a few terms. This kind of argument is

) ) ] well known in the finite differences literature like [19],
wherel is a linear static operator represented by a constant [9]. The important property is the absence of spatial

matrix € RV>¥; the element in row, columnk of T is derivatives of orders to M — 1 implied by (A.1).
denotedl’, ;. To separate spatial and temporal couplingsp) The assumed invariance combines elements on the same
we here assume |d.ent|cal sub_system_dynanﬂ@s: H row of T', implying symmetry with respect to certain
vy, k; futl_Jre work m|gh_t relax this condmon. The following y-patterns. In contrast, spatial invariance ([8], [2]....)
assumptions are considered on the coupling. requires equality of elements on the sadiagonal of
(A.1) Symmetry iny: 3 M > 1 such that ()y(k) = k™ I, such thatl' becomes circulant; this is a symmetry
belongs to the kernel df, i.e. >, I\ k™ = 0 VI, for in k (or z). If (A.1) and spatial invariance hold, then
all m € {0, 1, ..M —1}; (i) >, Tux kM £0. (3) becomes a (infinite-series) linear PDE withnstant
(A.2) Local coupling (one-dimensional latticed ¢ < N coefficientsa,, and spatiotemporal frequency domain
such thatl'y, y+m = 0 when |m modulo N| > c. tools can be used. This is strictly analog to time-domain
The meaning of (A.2) is clear; it can be easily adapted to  characterizations: time-invariance simplifies the analys
multi-dimensional coupling lattices. Th@&odulo N opera- but many properties hold without it.

tion allows ring interconnections where the “last” subsys- we believe that state space symmetry, as a fundamental
tems are coupled to the “first” ones. Integkf in (A.1) structural property of the couplingharacterizing the dis-
characterizes the degree of state space symmetry, agsbciagibuted system, plays an important role regardless of the
in what follows to the order of spatial derivativel = 1  complexity of subsystem dynamics. Taking such structural
corresponds t9 -, I';,, = 0 which implies that any constant properties into account in large state space approaches to
signaly(k) = ¥ leads tou(k) = 0; this situation is familiar analysis and design can be difficult. The following sections
at least in consensus problems. Importantly, note thatadpatjllustrate how the spatial derivative/PDE viewpoint, whic

invariance is not considereltis not assumed to be circulant. inherently contains the symmetry, provides useful insight
Assumptions (A.1) and (A.2) often hold locally in Typ-

ically, higher symmetry ordel/ is obtained when disregard- I1l. L OCAL COUPLING AS DISCRETIZED SPATIAL

ing the boundary of the overall system, where the number DERIVATIVES

of coupled subsystems decreases. Since the developments iithis section leaves dynamics aside, focusing on the inter-
this paper are based on spatially local analysis, theywstilf  pretation of coupling operatdr as a discretization of spatial
reasonably hold when discarding boundaries. derivatives. This is justified as follows.



Proposition 2: Consider a linear static coupling (2) satisfy- A similar effect is observed foshort-rangedeformations
ing (A.1) and (A.2). Then the smajllterms are dominant when segments onlgtate to orientations(k). In this case
in the Taylor series of (3) describing at least for low m(k) = —sin(6(k+1)) —sin(6(k)) =~ —(6(k + 1)+ 6(k)).

spatial frequencies of a harmonic signg(k) = sin(wk). Change of variablesd(k), m(k)] = (=1)k[0(k), m(k)]
In particular, the amplification of; throughT" decreases as transforms high spatial frequenéysignals into low spatial
wM whenw approaches). frequency#f-signals and conversely, and leads to the same

Proof: Consideny(l) = y(k+n) = sin(w(k-+n)). Building output equation as for vertical translatiom,(k) = 6(k +

its Taylor expansion aroung(k) and applying (2) as for 1) — (k). The property is then similarly interpreted.
Proposition 1 leads to

+oo
w(l— (q+M)
u<k>—z< r%) Wi )
l

q=0

where|b, (k)| € {sin(wk), cos(wk)} <1 Vk,q. Low spatial Fig. 1. Setting of the segmented mirror example: (left) rietsd to
frequencies correspond to = % with f a small integer. translation, (right) restricted to rotation.

If Tx; # 0, then (A.2) implies|(l — k)] < ¢ < N so _ _
w(l — k) < 1. Therefore the series is dominated by théexample 2: (see Figure 2, e.g. [24], [8]) A membrane is
terms of small. In particular, the first nonzero term implies controlled with actuators uniformly distributed at posits

a behavior inw™ whenw tends to0. Ak = 0,1,..,N — 1. Actuator inputy(k) is assumed to
R ks: linearly induce deformations in its neighborhood, e.g.hsuc
emarks. that membrane displacemeitk) = y(k) + w

(a) The conditions “smalb” and “local couplingc < N”  (except at boundaries). Controllability is seen to go down
are actually combined to getc <C N. Thus for more \yhen approaching the spatial Nyquist frequency of short-
localized coupling (smaller), the approximation holds range deformations. Change of variablggk), d(k)] :=
up to higher frequencies. _ (—1)*[y(k), —d(k)] brings the Nyquist frequency to the

(b) If the moduloN operation is used in (A.2), then the origin, transforming high spatial frequengy, d]-signals into
distributed system is coupled in a ring structure and thgyy spatial frequencyy, d]-signals. The resulting equation
continuous variable belongs to the circles®. If (A.2) d(k) = ﬂ(k—l);ﬂ(kﬂ) — (k) involves a discretized second-
holds without applyingnoduloN, thenz belongs to @ rqer spatial derivative (see Appendix). This naturally ex
line segmentzo, xr]. plains quadratic decrease of controllability for low freqey

The viewpoint of ' as a discretized spatial derivatived'Signals' thus foei-signals close to the Nyquist frequency.

provides a natural fundamental explanation for an order of _/I\
magnitude difference in responses to long-range and td-shor, -0 A(3) —_—
range effects in distributed systems. Phenomena related_fa T T T T T

the latter fact — e.g. bad system conditioning for robust-! 2 3 N 123 N

ness/performance (see [3], [24], [14], [8]), or slow corsen (g 2 Setting of the membrane example: (left) actuatordsy here

in non-“small-world” networks (see [21], [16] and refer@sc y(k) # 0 for k = 3 only; (right) membrane response to these forces.
therein) — have been independently observed in several

applications. The following reviews several examples witliExample 3: (see e.g. [16]) Theonsensus problemequires
our common viewpoint. Spatial invariance plays an impdrtara set of agents, indexed ldy to reach agreement on an e.g.
role in existing studies, like [1]. However, according t@th scalar quantityy. In the standard consensus algorithm (see
present interpretation, spatial invariance is not necgdsa e.g. [27], [20]), every agent moves towards the averagesof it
the observations to hold; this is illustrated in Example 4. “neighbors” in the “interconnection graphj(k)* = u(k) =

Example 1: (see Figure 1, e.g. [3]) Asegmented mirror 3 jencighbors (U(7) — y(k)) wherey™ denotes the update on

is composed of straight segments aligned along a spatl%il Particular graphs of interest are the path or the ring. In
dimension atk = 1,2,...,N. The outputm(k) used to a directed ringu(k) = y((k + 1)moduloN) — y(k) Vk. In

control mirror shape is the difference in vertical positionan undirected ringy(k) = (y((k + 1)moduloN) — y(k)) +

X . k—1)moduloN) —y(k)). The right sides of these equa-
at adjacent segment edges. First assume that segments AN match counling relations of Example 1 and Example
translate vertically to positiong(k); thenm(k) = y(k + Pling P P

1) — y(k). Observability is seen to go down for Iong-range2 respectively. The viewpoint of spatial derivatives exmda _
S : why convergence speed to consensus decreases respectively
deformations; this induces noise robustness and perfarenan

issues in the MIMO controller design for the full system.asw and asw* for low spatial frequency disagreements.
This property can be understood by viewing output§k) Example 4: Previous examples are all invariant in the
as the first-order spatial derivative (see Appendix) ofestat direction ofk, i.e. the output ak + 1 due to input atj + 1
y(k): thenm(k) is expected to linearly decrease to zero withis the same as the output &tdue to input atj (up to
spatial frequency. possible boundary effects). This spatial invariance ikéno



e.g. by introducing &-dependent weigha(k) > 0 in the consensus of thg(k), and vehiclek comparesy (k) to e.g.
consensus algorithm on a directed ringk) = a(k)(y((k+ y(k — 1). String stability — see e.g. [22], [6], [26] and
1)moduloN) — y(k)). Thenuw = T'y with " containing references therein — characterizes how a disturbance on one
zeros excepl'y, = —a(k) and Ty (x4 1)moauion = «(k),  vehicle affects the others: lettingy tend to infinity, if a

Vk. Figure 3 shows the 40 smallest singular valagesf I'  bounded disturbance ay{k) leads to unbounded disturbance
for N = 100 and three different choices ef(k): uniform on y(l) for |l — k| tending to infinity, then the system is
alk) = 1 Vk, linearly increasinga(k) = £k/10, and string unstableelse it isstring stable Several dynamics and
uniformly independently randomly distributed (6, 1). Only  coupling schemes have been analyzed against string stabili
the first case is invariant along, but the roughly linear The following considers three simple examples.

decrease of singular values to zero, causing a decrease in s

consensus convergence speed, is clearly visible in al§plot —
- O O O O O
e 3 2 1

15 4
o a —

p

Fig. 4. Vehicles (depicted by circles) following each otloer a straight
2 road, to be examined for string stability. Note thatncreases in opposite
direction of p.

0.5
! Example 5: Vehicles have first-order dynamics and react to
0 eqv. # 0 egv. # the preceding vehicle according to
0 20 40 0 20 40
Ly = & (Yr—1,6) — Y(iot)) (6)
04 NEQC! with o € R (. Equation (6) is equivalent to the continuous-
03 time consensus algorithm on a directed path, which is known
08 to appropriately converge. The cascade interaction sireict
02 06 implies that a disturbance dnis transmitted tat + 1, then
0.4 k+2,... through the vehicle chain. The transfer functiort at
0.1 0.2 from inputy(k — 1) to outputy(k) is s, so fromy(k) to
0 K y(k+ K), K >0, itis (:25)". Its amplitude is lower than
% 20 40 0 50 100 1 for any s = jw, tending tol for w = 0. Thus time-varying

disturbances are attenuated when transmitted through the
Fig. 3_- Sméi”_est Si_nﬁulaf_ V;ilu(is) of Upzika)fe Cotiflling m?g)ibf ?/ﬂsensgs chain, while aconstantdisplacement of one vehicle implies
in a directed ring with weightv - Wye =1 , 0.« = 10 an f [ f
¢. a(k) uniformly randomly chosen 0, 1)N; plot d. shows the actual thg exact same displacement of its followers. The system is
a(k) used inc. string stable.
In terms of the associated PDE, keeping the first term in

the series, (6) corresponds to tttensport equation
IV. LINKING DISTRIBUTED SYSTEM AND PDE

oy __ 01
PROPERTIES = g - ()
Section Il indicates that, for low spatial frequencies|ts solution isy = f(z — at) for any function f: any

the series development df can be truncated to its first disturbance travels towards the positivat speedy without
term(s). The present section returns to the interplay batwemodifying its shape. This situation is marginally stable.
spatial coupling and temporal dynamics in relation with thé\dding the second term of the expansion yields

associated continuous limit of a partial differential etijpra ay _ oy 9%y 8
It first considers examples of thetring stability problem ot = TOgr T g (8)
before discussing the general case. with o/ € R-o. This adds dissipation to (7), such that
) ) ) - disturbances are in fact smoothed out in time. More formally
A. A PDE viewpoint on string stability assume a solutiop(z,t) = e’é7¢5! with ¢ € R ands € C.
ConsiderN vehicles aligned one behind the other on @lugging into (8) we obtais = —jaé — o/¢2. Thuss has

straight line (“the road”). The goal is to make each vehicl@megative real part, such that any solution that is not costa
interact with neighboring vehicles to maintain inter-vai in = vanishes to zero as time evolves.

distanced, see Figure 4. Numbering the vehicles fram
(leader) to N (tail), the desired evolution of vehiclé’s
position is p(k,t) = a(t) — dk for somea(t) : R —
R independent oft. The vehicles donot get an explicit ;_;y(m) =aWh-1,0) = Yt) T B CEYE-1.0) — 2y(rr))
referencex(t): to position itself correctly, vehicle compares (9)

p(k) to e.g.p(k — 1) + 4. Definey(k,t) = p(k,t) + dk. with «, 8 € R(. Equation (9) is equivalent to a second-
Then the desired evolution becomeék,t) = a(t), i.e. order dynamics consensus algorithm on a directed graph,

Example 6: Each vehicle follows the preceding one accord-
ing to second-order spring-damper dynamics



for which convergence isiot ensured as with first-order Proposition 3: Consider the PDE associated as in Section Il
dynamics, see [23]. The transfer function from inp(k —1)  to a distributed system satisfying (A.1) and (A.2), trurdat
to outputy(k) is szisﬁ;ia' Its amplitude is larger thah at to a few first terms. If its general solution, restricted to
least for smalls = jw, so slow disturbances are amplifiedpropagation directions allowed by the distributed systesg(
along the chain and the system is string unstable. Thesg. Example 6), is exponentially unstable for all spatial
conclusion still holds when adding dissipatieny%y(k,t)  frequencies inf0,e) for somee > 0, then the distributed
with ~ small enough. system is unstable.

In terms of the associated PDE, (9) corresponds to

Proof idea:For low spatial frequencies [0,¢), the dis-

% = —a% — ;:gt . (10) tributed system described by the truncated PDE corresponds
to (1) with modified coupling:(¢) = (T + §(¢))y(t), where

the elements o become arbitrarily small when tends to

0. Robustness of exponential system properties then implies

that the original distributed system is unstable. A

Assuming a solutiony(x,t) = e/¢¥est, (10) requiress? =
—jaé — jB€s. This impliess = —j\; + \2e/*s where
A= B8 s 0y = MIEEHE g ang =

w € (%, 27). Therefore one solution takes
the forms = i — juo with 1, p2 € Rso, implying

y(x,t) = el&@—mbemt: g solution propagating towards
positivex (the direction of information passing in the original

discrete setting) ismplifiedas time evolves.

Remark: The truncation to “a few first terms” is chosen
to at least contain the first term which leads to exponential
stability or instability of the PDE (e.g. second term for
Example 5, first term for Examples 6 and 7). Adding further
terms to this dominant part will not change the limit behavio
Example 7: Each vehicle is coupled to the precediagd for spatial frequency tending to.

following one according to spring-damper dynamics: A tighter link cannot be proposed in general because the

j—;y(k_,t) = aYu—1,0) T Yht1,6) — 2Y(k,t)) (11) PDE approximation is valid for low spatial frequencies only
d d _9d instability of the PDE at high spatial frequencies does not
T Caey-1.0 T @b ~ Zayon) necessarily carry over to the distributed system, and hilsta
with o, 3 € R. Since the system is bidirectionally coupledity of a distributed system at high spatial frequencies is no
it is not possible anymore to use the transfer functioRecessarily reflected on the PDE. The last point means that
argument. Equation (11) is equivalent to a second-ordgrstable PDE does not necessarily imply a stable distributed
dynamics consensus algorithm on andirectedgraph, for system. The existence of differences in stability progerti
which convergence can be ensured, see [23]. The systempistween a PDE and its discretization is well-known and
string stable. analyzed in the literature offinite differencesfor PDE
In terms of the associated PDE, (9) corresponds to  pymerical simulation, e.g. [19], [9]. Their results may be
%y _ 0%y o 5& _ (12) advantageously used in the present context both for asalysi
o w7 0x20t and design. Indeed, “bad” and “good” discretization scheme
For 3 = 0 this would be a wave equation > 0 _— the latter accurately reflecting stability properties loé t
adds dissipation, such that (12) is sometimes called thfiginal PDE — are characterized for many standard PDEs.
strongly damped wave equatiohssumingy(z,t) = e/**e*" |t js worth noting that “good” spacand timediscretization
with (12) requiress® = —a&? — §¢%s; this impliess =  schemes sometimes requireplicit update equations.
—BEy 52254_40‘52, Both cases have negative real part for all In a design context, a first step would be to examine what
¢. Thus any such solution vanishes to zero as time evolvége of PDE can be obtained with the imposed temporal
andy(z,t) converges to a solution constantan dynamics and coupling structure of the distributed system.
A second step could then design a PDE with the appropriate
o ] .. behavior on the basis of physical PDE knowledge. Further or
(@) Although the formal definition of string stability in- iy narajlel, one might check how/if the distributed systean ¢
volves a spatially invariant system, observations remaip,yiement a “good” discretization of the designed PDE. The
valid if e.9. a, § depend ork (< x); however, when eqiting discrete system could finally be analyzed on its ow
non-standard PDEs appear in this way, the required confirm its behavior. The examples of Subsection IV.A,

analysis may be difficult. _ where PDE and distributed system have the same stability
(b) The converging algorithms still feature different atie properties, are encouraging for our ongoing work on this
ation for short- and long-range disturbances, accordingpjgt.

to the observation of Section Ill. This is reflected in the
¢-dependence of the exponential attenuation factor. V. CONCLUSION

Remarks:

B. Discussion towards general conclusions The present paper proposes to study distributed systems
The previous examples are encouraging for a charaedth appropriate symmetries on the basis of an associated
terization of distributed system properties on basis of thEDE. Itillustrates this viewpoint by providing a naturaien
associated PDE. However, the link is weak in the genergfetation for very different system response to long-raange
case. A formal result takes the following form. short-range effects, and by highlighting the corresponden



between string stability of a discrete chain and stability 0[11] J. Fax and R.M. Murray. Information flow and cooperatégntrol of

the corresponding PDE for several simple settings. Thempape
also shows that invariance along the “spatial” dimensio[lz]
along which the systems are interconnected is not necessary

for fundamental observations to hold.

The goal of the paper is mainly to describe the concepts
and argue its plausibility. Several questions remain to be
answered to formalize the link between PDE and distributed

system behaviors. In particular, sufficient conditionsueimg
stability of the distributed system (for all spatial freqegees)

on the basis of conditions on the associated PDE would
be of practical interest. Extensions are also planned to
more complex dynamic settings — maybe nonlinear ange)
heterogeneous subsystems — and higher-dimensional local

coupling lattices; indeed [1] shows, under spatial invace

that performance of locally coupled systems is inherently

limited for 1- or 2-dimensional interconnection latticdssit

better performance is recovered in higher dimensions. Most

importantly, we plan to further examine distributed coliéno

and algorithmdesignon the basis of associated PDEs. This
could motivate further development of “PDE shaping con*

trol”, where in contrast to traditional e.g. boundary cohtr
problems, the actudbrm of the PDE must be designed.
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APPENDIX

The present appendix recalls Fourier transforms of discret
derivative approximations, to illustrate how they closely
approximate continuous derivatives at low frequencies.
1st order: The first derivativey™) (z) := j—i’ of signal

Randomizeg(z) is approximated by (") (k) = y(k+1)—y(k). Theny™®

is the convolution ofy with the signalder = [-110 ... 0].
In the Fourier domainy() = gder, where for a signay
of (e.g. even) length/period/ the functions are defined at
frequencieso, = k2 owith k= =~ =K 41, 8 — 1.
Thender(wy,) = e/*+/22jsin(%%). For smallwy, this is a
close approximation in frequency domain of the continuous
derivative £ = jw.

2nd order: The second derivativg(® (z) := 2% of
y(x) is approximated by (k) = y(k + 1) + y(k — 1) —
2y(k). Then y® is the convolution ofy with dder
1 —210 ..0] In the Fourier domainy(® = gdder

d2y

dx

with cﬁgr(wk) =4 sinQ(%), which for smallw,, is a close

approximation of the continuous derivati\gg = —w?.



